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CHAPTER I 

INTRODUCTION 

Of the more than 3600 utilities in the United States, about 100 are 

producing about 90 percent of the total power [7]. Since these few com

panies generate the vast majority of the electrical power and support the 

majority of the research work being done in this area, one could only ex

pect that this research be large-systems oriented. Because of the size 

of the companies and the trend toward more interconnections, load flow 

and other types of analysis programs capable of handling networks of 

several thousand busses are necessary. These large and complicated pro

grams make necessary the availability of a large computer, such as the 

IBM 370. However, not all of the analyses performed by a major utility 

are performed on the entire system. There are instances when only a small 

section of the entire layout must be analysed. Also there· are departments 

within a big company whose work requires computer aid, but not the full 

capacity of a large computer. In addition, the plarming and operation of 

the approximately 3500 small utilities requires the analysis of networks 

on the order of ten to fifty busses. These needs for power system analy

ses of modest size networks provide an impetus for a study of the appli

cability of minicomputers and programmable calculators. The continuing 

trend towards reduced price and increased capability for these small dig

ital machines provides lnore motivation for a study of this type. 

The subject of this theseis is the development and implementation of 

a power systeJnS analysis package for use on minicomputers and programmable 

calculators. An attempt will be made to define a set of criteria for use 
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in picking the most 'optimal' approach of analysis in order to keep down 

program size and be capable of working a moderate size system. All of 

the work presented in this thesis relating to a computer was performed on 

a Hewlett-Packard 9830A programmable calculator. 

1.2 APPROACH 

The approach taken is to define a set of criteria for selecting a 

load flow technique. Given this set of criteria, a review and comparison 

of various methods of load flow will be made. Then attention will be 

given to a review of the stability problem and a discussion of two methods 

of solving the differential swing equations. Afterwards the selected load 

flow and stability techniques will be combined to form an analysis package. 

At this point conclusions will be drawn and ideas for further work in this 

area will be suggested. 



2.1 CRITERIA SELECTION 

C11AFrER I I 

METIlODS OF LOAD FLOW 

lVhen power systems analysis is mentioned, the first type of analysis 

most often brought to mind is that of load flow. The load flow study de

termines the voltage, current, power, and power factor at various points 

in an electric network. Other types of analysis, such as economic dis

patch, fault analysis, and stability analysis, require the knowledge of 

these factors in advance. Because of the dependence of the other types 

of analysis on the predetermined values of voltage, current, power, etc., 

the load flow analysis could be considered the heart of a power systems 

analysis package. Therefore, the selection of criteria has for the most 

part been focused on load flow. 

Since the work is being done on a progranm~ble calculator, two of 

the most important aspects would be the size and complexity of the load 

flow program itself. The larger and more complex a program, the larger 

the amount of space required to take care of array storage and complicated 

logic. The more space taken by the program itself, the less the size of 

a system that can be solved. 

Other criteria to be considered are the covergence quality of the 

load flow method and the speed with which results are obtained. These 

two criteria go hand in hand because if the iterating technique conver

gences in only a few iterations, then the required time is going to be 

reasonably small. Let it be pointed out that speed on a programmable 

calculator and speed on a large computer are in no way comparable. What 

can be done on a large computer, such as the IBM 370, in a matter of 

3 
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microseconds and seconds takes seconds and minutes on a programmable cal

culator. Thus, if one wants to do on-line analysis the larger computer 

is needed. 

Since the purpose of this theseis is to develop a power systems pack

age, a criterion which must be included is that of ease of implementation 

of the load flow technique into other forms 6f analysis. To include all 

other forms of analysis would require man~ many hours of research and pro

granuning. As was stated in Chapter 1, only a stability analysis program 

will be included. Therefore, this criterion can be restated as the ease 

of implementation of the load flow technique into a stability analysis 

program. 

In summary, the set of criteria to be used in determining a 'best' 

load flow technique for the analysis package is the folloWlllg: 

1. Size and complexity of the program. 

2. Convergence quality of the method. 

3. Relative time for solution. 

4. Ease of implementation of the method into stability analysis. 

Now that the criteria have been selected a review and comparison of the 

various load flow methods with respect to these criteria must be made. 

2. 2 NEWTON-RAPHSON LOAD FLOW 

The one method of load flow analysis most often used on large-scale 

systems that of Newton-Raphson. Only a brief discussion of the method 

will be presented in this thesis. For a more detailed approach see ref

erences [13], [17], [18]. 

With Newton-Raphson load flow a new guess of bus voltages is found 

by updating the previous guess with incremental values. 



where 
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(2.2-1) 

~ek ~pk 

= J- l (2.2-2) 
~fk ~Qk 

ek = vector of real bus voltages after the kth iteration 

fk = vector of imaginary bus voltages after the kth iteration 

~ek = vector of incremental changes in the kth iterate of real 

bus voltages 

f k f" 1 han . th kth . f ~ = vector 0 Lncrementa c ges Ln e lterate 0 

imaginary bus voltages 

~pk = vector of differences in scheduled bus real powers and 

calculated real powers for the kth iterate of bus 

voltages 

~k = vector of differences in scheduled bus reactive powers 

and calculated reactive powers for the kth iterate of 

bus voltages 

J = 2(n-l)x2(n-l) Jacobian matrix where n is the size of 

the system. 

'This method of analysis has the characteristic of quadratic covergence 

and thus a solution is obtained in only a few iterations. The bus ad~ 

mittance matrix, which can be easily obtained, is used with this method. 
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The Newton-Raphson method, however, is a very complicated one, re-

quiring difficult programming and a considerable amount array storage. 

The Jacobian matrix is, as previously stated, a 2(n-I)x2(n-l) matrix for 

an n-bus system. This matrix itself requires a noticeable amolUlt of space 

and logic to program, and because the entries are dependent upon the bus 

voltages they have to be recalculated after each iteration. Also, as can 

be seen by Equation (2.2-2), the inverse of the Jacobian must be found 

after each re-evaluation, which means solving a set of 2 en-I) simultaneous 

equations. A user programmed algorithm to solve these simultaneous equa

tions would require much space and time. If a built-in matrix inversion 

routine is available, as is the case with the Hewlett-Packard 9830, the 

extra space would not be required, however this routine, too, takes time 

to solve 2(n-l) simultaneous equations. 

Because of the complexity of the Newton-Raphson program and the many 

disadvantages of the Jacobian matrix due to the use of a programmable 

calculator, the decision was made to omit this method of load flow from 

any further consideration for use in an analysis package. 

2.3 DECOUPLED NEWTON-RAPHSON LOAD FLOW 

Work has been done in the area of decoupling the Newton-Raphson load 

flow problem, the most notable work being that of Brian Stott [14]. In 

his paper, Stott has mathematically decoupled the bus voltage angle and 

magnitude calculations. In its polar form, the Newton Raphson algorithm 

becomes 

(2.3- 3) 
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where fipk and ~k are previously defined and 

fisk = vector of incremental change in bus voltage 

angles after k iterations 

fiVk = vector of incremental change in bus voltage 

magnitudes after k iterations 

tlk ,Nk ,Ik ,1 k = submatrices of the Jacobian matrix. 

Neglecting the effects of the bus voltage magnitudes on the reactive 

powers and the effects of the bus voltage angles on the real powers leaves 

two separate sets of equations 

(2.3-4) 

!£1..k =!:. k 6 Vk • (2.3-5) 

Such a separation would mean that (2.3-4) and (2.3-5) could be solved 

independently, reducing storage and computation time. 

When implementing this decoupled algorithm, Stott found it to be 

weak in convergence and not competitive with Newton-Raphson or any of 

the other accepted load flow methods, therefore he replaced Equation 

(2. 5) with the polar current mismatch. 

(2.3-6) 

This method was given considerable attention in this thesis work and 

every attempt was made to implement the algorithm, however, it was found 

to be unsuccessful on every test system to which it was applied. Stott 

and Alsac have since revised Stotts original work in the area of decou-

pIing [16]. This more recent method has been programmed and tested by 

E. L. Dove [6]. Dove f s preliminary findings are in agreement with the 

claims of the paper. 
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2.4 Y-BUS GAUSS-SEIDEL 

The Gauss-Seidel iterative tedmique, like Newton-Raphson, most often 

uses the bus admittance matrix in its formulation of the load flow problem. 

- --* This rnetilod takes the system power equations S = V I and manipulates them 

into recursive type equations by expressing the bus currents in terms of 

the bus voltages and the bus admittance matrix. For a more detailed ap-

proach see Stagg & El-Abiad[13] , Stevenson [14], and Elgerd [7]. 

The power at any bus k in the electrical network can be expressed 

as 

k = 1.2, ... ,n (2.4-1) 

where Sk is the complex power at the bus, Pk"is the real power, Qk is the 

reactive power, and Vk and Ik are the bus voltage and current, respectively. 

The system is also governed by the matrix equation 

I = Y V: 
~us -=bus -=-bus (2.4-2) 

where 

ltus = vector of bus currents 

~us = vector of bus voltages 

~us = system admittance matrix. 

Solving Equation (2.4-1) for I k, removing the kth equation from (2.4-2) 

and setting the two equal gives 

n 
Pk - jQk ~ 
-----.*-- = L Yk . V. k = 1,2, •• ,no 

- . 1 1 1 Vk 1= 
(2.4-3) 
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Equation (2'.4-3) can then be rearrMged into a recursive equation for all 

buses except the slack bus, whose generated powers are unknown. The re-

-f Yki Vi) 
i=l 
i1k 

k = 2, ... n (2.4-4) 

- th .th where Yki is the k row, ] column element of the system in~edance ma-

trix and all other variables are the same as previously defined. 

The above formulation of the Y-bus Gauss-Seidel load flow problem 

does not include the capability of handling voltage controlled busses. 

At a voltage controlled bus, the voltage magnitude rather than the gener-

ated reactive power is specified. Before the real and imaginary components 

of voltage at such a bus are determined, a new value of reactive power at 

that bus is found. 
n 

Qk = -1m (Ykk Vk + ~ Yki Vi)V~ 
i1k 

(2.4-5) 

where 1m means 'imaginary part of I and all variables are as previously 

defined [14]. 

The Y-bus Gauss-Seidel technique is an easy orie to program and there-

fore uses a relatively small amount of calculator space with its logic. 

The fact that the logic of the program is straightforward means each iter-

ation is fast. 111is method of analysis is also advantageous in the fact 

that it uses the bus admittance matrix, which, as has been stated, is 

easily fOtnld. 
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Not everything about Y-bus C(1uss-Seidel is quick and easy. 111e iter

ations of bus voltages are found quickly, but the convergence of the method 

is slow (around the order of 1.6)Jwhich means TIWUly iterations are needed to 

reach convergence. To say that the convergence of the method is on the 

order of 1.6 simply means that 

e1. 6 
lim _n_ = constant 
n+«> en+l 

(2.4-6) 

where en the difference between the true solution and the nth iteration 

value, and similarly en+l is the difference between the true solution and 

the Cn+l)th iteration value. 

The criterion of ease of implementation' into stability analysis has 

yet to be discussed. Discussion of this criterion will be considered in 

the next chapter when the stability problem is presented. 

2.5 AITKEN'S 6
2 PROCESS 

The convergence quality of the Y-bus Gauss-Seidel method can be im

proved by the use of accelerating factors. With accelerating factors the 

ne\v voltage value is found by updating the previous value with an adjusted 

increment. That is 

.,-,new .,-,.old -
v = v + 0. 6V 

T-,.old . where v = prev10us quess of bus voltage 

6V = calculated incremental change in bus voltage 

0. = scalar (or complex) accelerating factor. 

(2.5-1) 

The use of accelerating factors improves the convergence and therefore 

reduces the number of iterations required, but unfortunately the optimal 
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a is different for every system. Rather than try to find the best a for 

each individual system studied, it would be more convenient if a process 

were included in the load flow program that picked the optimal accelera

tion factor for any given system. A method that chooses a near optimal 

accelerating factor is a mathematical technique called Aitken's ~2 process. 
00 , 00 

Let [Xn]n=l,be any sequence and define a new sequence [Xn]n=l with 

where 

1 (~X ) 2 
X = X '_ n 
n n ~2X 

n 

(2.5-2) 

(2.5-3) 

(2.5-4) 

the sequence [Xn]~=l is converging to a point S such that the 

error after the nth iteration, e = X - S, is not equal to zero and the 
n n 

f h 1th.. b d error a ter t e n+ lteratlon, en+1 , can e expresse as 

(2.5-5) 

1 

where IBI<l and lim f3 = 0, then X goes to S faster than X , in the 
n~ n n n 

sense that 
, 

lim X - S n = o. 
n~ 

X S -
(2.5-6) 

n 

This teclmique discussed in detail by Conte and deBoor [5]. 

Putting this accelerating teclmique in tern~ of bus voltages and 

simplifying the expression gives 

_1 Vn Vn+2 - V~+l 
V = --------

n Vn+2 - 2Vn+1 + Vn 
(2.5-7) 
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where 

v = bus voltage after n iterations n 

Vn+l = bus voltage after n+l iterations 

Vn+2 = bus voltage after n+2 iterations. 

Al though this tec1mique is well known in nlDllerical analysis, to the 

author's knowledge this is its first application to load flow. The re

sults of this testing will be discussed in a later chapter along with all 

other applications of methods under consideration. 

2.6 Z-BUS GAUSS-SEIDEL WITH P£SPECT TO GROUND 

TIle Gauss-Seidel technique is most often used with the topology of 

the system being described by the bus admittance matrix, however the meth

od can also be applied using the bus impedance matrix, Z-bus, to describe 

the system. Such an approach is called a Z-bus Gauss-Seidel load flow. 

The Z-bus Gauss-Seidel load flow problem can be formulated with respect 

to one of two reference points, these being ground and the slack bus. 

Both methods will be discussed in this chapter, with the formulation of 

the problem with respect to ground being presented in this section and 

the formulation with respect to the slack bus conting in the next section. 

In Y-bus Gauss-Seidel, the injected bus currents are expressed in 

terms of the bus voltages as 

j = y V 
=nus -=-tus .!..bus (2.4-2) 

If this equation is rearranged to give an expression for the bus voltages 

in terms of the bus currents, it becomes 
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~us = [4usJ-
l ~us 

v = Z I -bus -bus..:!:bus· 

(2.6-1) 

(2.6-2) 

TIle voltage at any bus k in the n-bus system can then be expressed as 

(2.6-3) 

To formulate a recursive equation, the bus currents need to be ex-

pressed in tern5 the bus voltages by an equation other than (2.4-2). 

Such an expression is found from the system power equation 

k = 1,2, .• ,n. (2.4-1) 

Solving (2.4-1) for Ik gives 

(2.6-4) 

Note that this equation for the injected bus current is in terms of 

the bus voltage and the scheduled power (real and reactive) at bus k. The 

generated powers, and therefore the scheduled powers, at the slack bus 

(usually the first bus in the system) are not specified, so this equation 

cannot be used to find the slack bus injected current. Since the voltage 

at this bus is known,(2.6-3) can be used to express the slack bus current 

in terms of the slack bus voltage and the other bus currents, to give 

I = 1 -
Zll 

(2.6-5) 
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Substituting this expression back into (2.6-3) gives 

n 

Vk = L Zkj I j + Zkl ~ k = 2,3, .•. ,n . 
j=2 Zll 

(2.6-6) 

Note that the two summations are over the same variable, therefore the 

expression can be simplified to give 

n Z 
Vk = L (Akj Ij) + _kl VI k = Z, ••• ,n (2.6-7) 

j=2 Zll 

where 

(2.6-8) 

Now if (2.6-4) is substituted for I., the following recursive equation is 
J 

obtained 

k = 2, ••• ,n . (2.6-9) 

When used in Gauss-Seidel this equation takes the form 

where 

= tth iterate of voltage at bus k 

v~t+l) = t+lth iterate of voltage at bus k. 

In the above formulation, specification of all real and reactive bus 

powers (excluding the slack bus) was assumed. 'If the system lll1der con-

sideration contains a voltage controlled bus, such an assumption is 
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invalid. At a voltage controlled bus the voltage magnitude and the real 

power are given and the reactive generation is left unspecified. To per

form a load flow analysis on a system with a voltage controlled bus, an 

equation for the scheduled reactive power in terms of what is known in the 

system, nrust be found. 

To obtain an expression for the reactive power at a voltage controlled 

bus (2.6-7) is used. Suppose that bus k is a voltage controlled bus; 

Solving (2.6-7 
for Ik gi v{es [ Z 

- 1 - kl I =- V - -k - k -
Akk Zll 

(2.6-11) 

From (2.6-4) 

(2.6-12) 

therefore 

(2.6-13) 

where 1m is defined in Section 2.4 and all variables are previously de-

fined. 

Like Y-bus Gauss-Seidel, Z-bus Gauss-Seidel is relatively easy to 

program, therefore keeping space required for logic close to a minimum. 

The time per iteration for this method is longer than that of Y-bus 

Gauss-Seidel, however convergence is usually obtained in a much smaller 

number of iterations. The use of the bus impedance matrix makes the 

implementation of this method of load flow into a stability analysis an 

easy task, as shall be seen in the discussion of this criterion in the 

next chapter. 
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Unlike the bus admittance matrix, the bus impedance matrix is not 

easily obtained. A somewhat complicated algorithm is needed to calcu

late this matrix, and therefore nruch more time is required than when 

obtaining the bus admittance matrix. Let it be pointed out here that 

the time required to obtain Z-bus or Y -bus, whichever the case, is not 

of great importance. The matrix can be found initially and stored for 

further use. The only time its elements will change is when changes are 

made in the system topology. 

One major disadvantage of Z-bus Gauss-Seidel with the impedance ma

trix grown with respect to grown is that a simplified system that ne

glects shunt admittances, such as Stevenson's 5-bus system [14], cannot 

be worked by such a method because there are no lines connecting the 

system with the reference point. A further discussion of this problem 

will be carried out in Chapter 4, when example systems shall be listed 

along with the disadvantages and advantages of each method of load flow. 

2.7 Z-BUS GAUSS-SEIDEL WITII RESPECf TO TIIE SLACK BUS 

As was pointed out in Section 2.6, the impedance matrix approach 

to Gauss-Seidel load flow can be formulated with respect to one of two 

references. Ground can be used as reference to solve the load flow 

problem, as was formulated in the previous section, or, if the necessary 

information is retained separately from the impedance matrix, the slack 

bus can be used as reference. In the latter formulation, the invetlmlce 

matrix is grown using the slack bus as reference while all shtnlt lines 

from the system busses to ground are stored in a separate vector. 
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With the shoot cOIlllections being treated as current sources the ll-

jected current at any bus k in the system can be expressed as 

(2.7-1) 

where 

Yk = sI1l.lllt admittance at bus k 

and all other variables are as previously defined. A new estimate of bus 

voltages can be obtained from the network equation 

where 

v = Z I + V -bus -bus -bus -s 

Ybus = en-I)-vector of bus voltages for an n-bus 

system with the slack bus being omitted 

Ibus = (n-l)-vector of injected bus currents 

ys = en-I)-vector with all entries equal to 

slack bus voltage 

Z = (n-l)x(n-l) impedance matrix grown with -bus 

respect to the slack bus. 

(2.7-2) 

Note that the injected bus current at the slack bus is not needed because 

of the selection of that bus as the reference point. 

If bus 1 is taken as the slack bus, the Gauss-Seidel form of (2.7-2) 

becomes 

k = 2,3, •.. ,n 

(2.7-3) 
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where 

(2.7-4) 

For a more clear and complete discussion of the formulation of this method 

see Chapter 8 of Stagg and El-Abiad [13]. 

As with Y-bus Gauss-Seidel and Z-bus Gauss-Seidel with respect to 

ground, if a voltage controlled bus is included in the system under study 

an expression for the reactive power must be obtained. Solving the kth 

equation of (2.7-2) for the current Ik gives 

- 1 1=-k -
Zkk 

(2.7-5) 

Substituting (2.7-1) for the left hand side of (2.7-5) and solving for 

Qk gives 

TIris equation for the reactive power at the voltage controlled bus k must 

be reevaluated prior to each reevaluation of the voltage at the bus. 

Like Gauss-Seidel using the Z-bus matrix grown with respect to ground, 

this method usually converges in only a few iterations. Because this meth-

od of load flow analysis employs the bus impedance matrix grown with respect 

to the slack bus, any type of system can be handled, including those with 

no shunt admittances to ground. 

The big disadvantage of using the impedance matrix grown with respect 

to the slack bus is found when a stability study is attempted using this 



19 

representation of the system topology. Because of the way in which Z-bus 

was formed, no information other than the voltage value is known about the 

slack bus. There is no way of knowing what happens to this bus when a 

fault is applied elsewhere in the system. This disadvantage will be pre

sented more clearly in the next chapter when implementation of the load 

flow techniques into a stability analysis is discussed. 

2.8 SUMMARY 

In summary of the chapter, attention has been given to six forms of 

load flow analysis with two methods being dropped from further consideration 

in this thesis. Newton-Raphson load flow was considered to be too compli

cated, too large and too time consuming for'use on a programmable calculator. 

The method of decoupling, first introduced by Stott, was found to be non

satisfactory due to the fact that it proved unsuccessful in all attempts 

made. This leaves the last four techniques discussed in this chapter to 

be implemented and compared according to the set criteria previously 

determined. Results of such a comparison will be discussed in Chapter 4 

of this thesis. 



CHAPTER III 

TRANSIE\lT STABILITY ANALYSIS 

3.1 INTRODUCTION TO STABILITY 

Although it is preferred, a power system does not always operate at 

an equilibrilUIl point. When a system is operating in an undesired mode, 

a transient stability analysis is needed so that necessary information 

can be obtained. Such an analysis " •.. provides information related to 

the capability of a power system to remain in synchronism during major 

disturbances resulting from either the loss of generating or transmission 

facilities, sudden or sustained load changes, or momentary faults." [13] 

When a stability study is performed, a load flow analysis is needed 

in advance so as to know the condition of the system prior to the appli

cation of a fault. With the data acquired from the load flow solution 

and the system generator data, the network impedance or admittance matrix 

is updated to include equivalent load impedances (or admittances) to 

ground and the transient impedances of the machines. After the impedance 

or admittance matrix has been modified to include all of these element 

representations, the fault is applied. TIle nmchine swing equations are 

now solved by one of several methods to obtain the new positions and speeds 

of the rotors. Each time this is done, the fault voltages, a products of 

the system performance equations, have to be recalculated because of tileir 

dependence upon the equivalent currents of the network, which are depen

dent upon the positions of the machines rotors. 

3.2 SYSTEM PERFORMANCE EQUATIONS 

At any generator bus in a power system the madline can be represented 

as a voltage source with a series impedance as shown in Figure 3.2.1, where 

20 
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V. = voltage at the i th bus 
~ 

= emf of the ith generator 

-' .. d f h .th 
Z d. = trans1ent llIIpe ance 0 tel generator. 

1 

The magnitude and angle of the generator emf, E., is not known. However, 
1 

with the transient impedance being given and the bus voltage and generated 

real and reactive powers at bus i being found from a load flow analysis, 

the emf can be calculated as 

(3.2-1) 

where 

PTi = real po\ver of the turbine at generator i. 

QTi = reactive power of the turbine at generator i. 

By use of Norton's Theorem, the generator emf and transient impedance 

can be represented by a current source in parallel with the transient im-

pedance. Such an equivalent circuit for Figure 3.2.1 is seen in Figure 

3.2.2, with 
E. 

Ieq. = _1_ 
1 -' • 

Zd. 
1 

If the ith bus is not a generator bus then 

(3.2-2) 

= 0 and therefore i eqi = o. 

With all of the system generators now being treated as equivalent 

current sources, the bus voltages can be found by use of the system per-

formance equation 

:2bus = ~us (faul t) .!eq (3.2-3) 



E. 
1 

22 

+ 

V. 
1 

Figure 3.2.1. Generator Representation at Bus 1· 

Ieq. 
1 

+ 

V. 
1 

Figure 3.2.2. Norton's Equivalent Circuit of Figure 3.2.1. 



23 

or 

I = Y (fault) V~us ' -eq -=bus -u (3.2-4) 

where the bus impedance or admittance matrix has been updated as stated in 

Section 3.1. 

From Equations·~.2-3) and (3.2-4) it can be seen that there is an 

advantage of using the bus impedance matrix rather than the bus admittance 

matrix in a stability analysis formulation. If ~us is employed, finding 

the ne,,, bus voltages is a simple matter of matrix multiplication. However, 

if ~us is used, either the inverse of the admittance matrix must be found 

or an iterating procedure used in order to obtain the bus voltages. 

Either of the two ways of finding the voltages with y~ being used -uus 

takes up time. an inverse is found, then only matrix multiplication 

is needed until the system topology is changed at which time the bus ad

mittance matrix is updated and a new inverse obtained. If (3.2-4) is 

solved iteratively to find ~us' the solution time will be longer than 

when finding an inverse, because the voltages must be updated at each 

increment of time, using the latest positions of the machine rotors. 

When using the bus impedance matrix in the stability formulation, 

modification of ~us' due to changes in the network topology, are handled 

by use of the algorithm for growing ~us. When the impedance matrix is 

used for stability studies ground is usually taken as reference because 

all bus voltages, except at the faulted bus, change during the transient 

period [4]. When the slack bus is taken as reference, there no way 

of knowing wllat happens to the slack bus when a fault is applied else-

where in the network. 



3.3 SWING EQUATIONS 

The operating characteristics of the system generators are described 

by sets of differential equations. Depending upon the necessary details 

of a machine, the number of differential equations needed to describe tile 

machine will vary. The simplest representation is with two first-order 

differential equations. For a further discussion and derivation of these 

equations see Elgerd [7], Grigsby [8] and Stagg and El-Abiad [13]. 

The differential equation describing the motion of the machine rotor 

called the swing equation. This equation in per unit fom is 

where 

H. d2o. do. 
P

T1
. - P

G
. = _.._1__ 1 + D. ~ 
1 wfO dt2 1 dt 

P Ti = turbine power at bus i 

PGi = generator power at bus i 

H. = per unit inertia constant of machine at bus i 
1 

D. = per unit damping constant of machine at bus i 
1 

o. = angle of the rotor of the machine at bus i 
1 

o 

f = nominal operating frequency 

w = 3.14159. 

(3.3-1) 

do. d2
0. 

Substituting w. = _1 into (3.3-1) and solving for 1 gives the 
1 dt 

following set of differential equations 

do. 
1 

dt 
= w· 

1 
(3.3-Za) 



where 

dw. 
1 

cit 

-D. 
1 --

M. 
1 
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Wi = speed of the rotor on the machine at bus i 

(3.3-2b) 

The solution to this set of differential equations can be found by 

any of several methods, such as Euler's method, state transition, pre-

dictor-corrector, or Runge-Kutta. In this thesis the methods of state 

transition and fourth-order Runge-Kutta have been applied. In the fol-

lowing sections the application of these tw~ methods is discussed. 

3.4 SOLUTION OF THE SWING EQUATIONS BY STATE TRANSITION 

Given the state Equations (3.3-2a) and (3.3-2b), these equations 

can be rewritten in matrix fonn as 

where 

The solution to (3.4-1) 

x=Ax+Bu 

x = 

A= 

B = 

can be 

T [0. w.] 
1 1 

a 1 

-D. 
0 

1 

M. 
1 

[0 I/MJ T 

found using state transition. 

(3.4-1) 

That is, 



~[(k+l)Tl = !(T) ~[kTl + (f !(T-T)B(T)dT) U[kTl 
o 

(3.4-2) 

where ¢ (T) is the state transition matrix [10]. 111is matrix can be fotmd 

by any of several methods, among which are Taylor series expansion, in-

verse Laplace transform, Caley-Hamilton, and transfer function. 

Since the system is only of order two, the use of the inverse Laplace 

transform technique, to give a closed form of !(T) , is a rather simple 

task. Using this method, 

where 

I = identity matrix of order two 

s = Laplace transform variable 

[ ] -1 = inverse of the matrix wi thin the brackets 

'-P -l{ } ~ = inverse Laplace transform operation 

T = chosen time increment. 

(3.4-3) 

As can be seen in (3.4-3), before !(T) can be found, [s l - ~] must be 

formed and its inverse determined. 

s -1 

[s I - A] = - D. 
0 s + ~ (3.4-4) 

M. 
1 

lis 1 
D. 

s(s +~) 
M. 

-1 1 

[s .!. -~] = 
1 

(3.4-5) 

0 D. 
s + ~ 

M. 
1 



27 

Substituting (3.4-5) into (3.4-3) and perfornring the appropriate operations 

gives 

Mol (-Do )j 1 D~ 1 - exp M~ T 

!(T) = 
( -Do ) 0 exp M~ T (3.4-6) 

Since U(k'I) is independent of X, (3.4-2) can be expressed as 

where 

X[ (k+l)T] = !(T)X[kT] + Q(T)U[kT] 

T 
8(T) = 1 !(T-T)B(T)&r , 

o 

(3.4-7) 

(3.4-8) 

and T is the solution time increment. Without showing the mathematical 

details, 8(T) becomes 

8(T) = 

D~ [T -~~ (1 -exp(-~~ T))] 

D~ [1 - exp(-~~ T)] 
(3.4-9) 

damping is neglected in a machine, (3.4-6) and (3.4-9) are not 

applicable, because by setting D. = 0 most of the tenus of the two matri-
1 

ces become undefined. However, a complete new derivation is not necessary. 

With D. = 0, (3.4-5) becomes 
1 

~
/s 

-1 
[s.!. - A] = 0 

(3.4-10) 
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By the same procedure as before, ! (T) and e (T) now becomes 

(3.4-11) 

and 

0(T) = 
T 

(3.4-12) 

As can be seen in (3.4-11) and (3.4-12, neglect of the damping in the 

system machines simplifies the two matrices greatly. 

The accuracy of state transition increases with a decrease in the 

solution time increment. Wi th a very small time increment the solution 

is nearly exact, however, accuracy is not the only desired outcome for 

obtaining a solution. Simple programming and small storage requirements 

are two characteristics of this technique that also should be considered. 

3.5 SOLUTION OF THE SWING EQUATIONS BY FOURTH-ORDER RUNGE-KUTTA 

A well knOVJll and accepted method of solving the machine swing equa

tions is that of Runge-Kutta. The various ways of using Runge-Kutta are 

all'bne step methods that do not require the evaluation of higher deriv-

atives of the function, but they nevertheless produce solutions accurate 

to the same order of magnitude as those produced by using a corresponding 

number of tenns in a Taylor-series expansion. It [11] 

Solving the swing equations by fourth-order Runge-Kutta is equivalent 

to using the first five terms of the Taylor series. This means the for

mulas have a truncation error proportional to ~x5. For a complete discussion 



29 

of this method see Ley [11] and Stagg and El-Abiad [13]. 

When fourth-order Runge-Kutta is applied to the machine swing equa-

tions the solution takes the form 

and 

where 

O. (n+l) 
1 

1 = O. (n) + -6 (K. + 2 K. + 2 K. 2 + K. 3 ) 1 1 l+m 1+ m 1+ m 

1 w· (n+l) = w· (n) + -6 (L. + 2 L. + 2 L. 2 + L. 3 ) 
1 1 1 l+m 1+ m 1+ m 

(3.5-1) 

(3.5-2) 

O. (n) = rotor angle of machine i after n time increments 
1 

w. (n) = rotor speed of machine i after n time increments 
1 

and the K' s and L' s are fOlUld in the following marmer. 

Evaluation of the K and L variables is accomplished by the following 

procedure. 

2. K. = w· llt 
1 1 

7ffo 
L. = -H U. llt 

1 . 1 
1 

m 
3. c~l) + j d~l) =L 1 1 

j 

u~l) 
IE. I 

4. = P - 1 
f 1 T. 

I Zd.l 1 

1 

[c. sinCo.) - d. cos(o.y 
1 1 1 1~ 

[lEO I KO~ z .. z~~ LCo i + 21.) 1J 

1 

~~l) K. 
_ d~l) sin(Oi + 21) 1 

KoJ cos (oi + {) 



L-
5. K. = 1 

l+m (Wi + 2) 

0 

L = nf u~l) 
i+m H- 1 

1 

m 
6. c~2) + d~2) 

=E 1 1 

j=l 

L. 

Llt 

Llt 

Z .. 
1J 

:')0 

~17il 
Zd. 

L (Oi + Ki;m~ 
1 

[ C~2) sinCo- + Ki+m) _ d~2) cos CO. + Ki+m).l 
1 1 -2- 1 1 2 ~ 

8 K ( l+m) 
• i+2m = wi + -2- Llt 

o 

L = nf U~2) Llt 
i+2m H. 1 

1 

9. c~3) + j dP) =~ Z .. [l.l-LCO. + K. 2)] 
1 1 l..; 1J Z '1 1 + m 

J-=l d. 
. 1 

10. 

where 

• 

o 

L. = 'ITf U(3) Llt 
1+3m H. i 

1 

PT. = turbine real power at bus i 
1 

I Ei I = magnitude of the emf of machine at bus i 

Zd. = transient impedance of mach:ine at bus i 
1 



c. = real voltage at bus i 
1. 
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di = imaginary voltage at bus i 

o. = rotor angle of machine at bus i 
1. 

w. = rotor speed of machine at bus i 
1 

H. = per unit inertia constant of machine at bus i 
1. 

o 
f = nominal operating frequency 

1T = 3.14159 

m = number of generator busses in the system 

~t = solution time increment 

Z- h .th .th 1 f h b . dan ij= tel row, J co umn entry 0 t e us lmpe ce 

matrix grown with respect to ground. 

As can clearly be seen, fourth-roder Runge-Kutta is a difficult method 

to program. The logic involved in performing the eleven steps is compli

cated and requires a significant amount of computer space. Also, obtaining 

a solution for the swing equations over a somewhat lengthy time interval 

is a very slow process because the eleven steps, listed previously, have 

to be performed after each incremental time increase. 

All of the above presentation and discussion gives the picture of 

fourth-drder Runge-Kutta being ffil extremely troublesome method to use when 

solving the swing equations. However, the complicated logic ru1d the long 

solution time can be tolerated. if an accurate solution is desired. rIllc 

method is very accurate, as previously stated, and thus can be solved with 

an incremental solution time of magnitude much larger than one used in a 

method such as state trru1sition to obtain as accurate results. 
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3 • 6 SLJlvt.r1ARY 

In this chapter, the concept of transient stability has been presented 

with the advantages and disadvantages of using the system impedance matrix 

and the system admittance matrix being pointed out. Also a discussion of 

solving the machine swing equations by state transition and by fourth-order 

Runge-Kutta has been presented. A comparison of the accuracy and solution 

times of these two methods will be included in the next chapter. 



CHAPTER IV 

RESULTS AND CONCLUSIONS 

4.1 INTRODUCTION 

This chapter is a compilation and comparison of results obtained 

in the implementation of the load flow methods, the transient stability 

program, and the two methods of solving the machine swing equations. 

These results will be used, to point out the characteristics of the var-

ious teclmiques. Finally, conclusions will be drawn, where applicable, 

and ideas for further work in this area will be suggested. 

4.2 C~WARlSON OF LOAD FLOW TECHNIQUES 

The load flow teclmiques were tested on E1gerd's three bus system 

[7], Stagg and El-Abiad's five bus system [13], and Stevenson's five 

bus system [14]. Tables 4.2.1, 4.2.2, and 4.2.3 are compilations of 

the number of iterations required, the maximum errors, approximate so-

lution times, and appropriate core usages for each of the four methods 

of load flow under consideration. Since the HP9830A programmable cal-

culator contains no clock for measuring solution times, exact times 

could not be obtained. The times listed in the tables were obtained 

by observing a wristwatch to measure the time intervals between inputs 

and outputs. Because of this crude method, answers are approximations 

to the nearest second. The maximum error for each method is defined as 

e = max IV~!) _ v~!-l)1 
max ill 

(4.2-1) 

where convergence is obtained after ! iterations. 

33 
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The normal Y-bus Gauss-Seidel load flow technique required the 

greatest number of iterations in all test cases, and for the majority 

of the cases, this was also the slowest method. When Aitken's ~2 pro

cess was applied to the Y-bus Gauss-Seidel technique, the results were 

not uniform. When convergence was obtained, the process proved effec

tive in decreasing the required number of iterations. However, con

vergence was not always achieved with the process included in the load 

flow algorithm, as can be seen in Table 4.2.3. 

In all of the test cases, Z-bus Gauss-Seidel load flow, using the 

bus impedance matrix with the slack bus as its reference, was the fast

est method. In this formulation, the bus impedance matrix is a (n-l) 

x(n-l) matrix for an n bus system, which is a contributing factor to the 

method also requiring the least amolUlt of core. If only a load flow 

analysis were needed, this method would be very appealing; however, the 

selection of the slack bus as reference hinders any attempt to perform 

a transient stability analysis. The reasons for this were presented in 

Chapters II and III. 

The Z-bus Gauss-Seidel load flow technique, employing Z-bus with 

ground as its reference, was in no case the fastest method used. In all 

cases the teclmique was second to the other impedance matrix load flow 

fonnulation in the minimum amount of required core. The method has the 

disadvantage of not being able to handle a system without shlUlt elements. 

In his example system, Stevenson [14] has assumed a short line model ne

glecting all shunt elements. Therefore, this example cannot be analysed 

by this algorithm. Use of this formulation is very advantageous in the 



error tolerance error tolerance 
0.001 0.0001 

k e time core k emax time core max 

Y-bus Gauss-Seidel 5 0.00012 9 1205 6 0.000031 10 1205 

Y-bus Gauss-Sei~e1 
with Aitken f s 11 4 0.00011 9 1338 4 0.000011 9 1338 

Z-bus Gauss-Seidel 
with slack bus 3 0.00044 5 872 4 0.000026 7 872 reference 
Z-bus Gauss-Seidel 
with ground refer- 3 0.00034 9 1110 4 0.000030 12 1110 
ence 

-

k = number of iterations 

core = number of 16 bit, 2 byte words 

Table 4.2.1. Load Flow Comparisons Using Three Bus System of E1gerd. 

VJ 
t./l 



error tolerance error tolerance 
0.001 0.0001 

k emax time core k e time core max 
J 

Y-bus Gauss-Seidel 14 0.00059 57 1516 0.000062 90 1516 

Y-bus Gauss-Seidel 
with Aitken's 82 7 0.00055 40 1758 20 0.000029 105 1758 

I 

Z-bus Gauss-Seidel 
wi th s lack bus 

4 0.00015 17 1152 .5 0.000016 21 1152 reference" 
Z-bus Gauss-Seidel 
with ground refer-
ence 4 0.00019 32 1294 5 0.000022 40 1294 

k = number of iterations 

core = number of 16 bit, 2 byte words 

Table 4.2.2. Load Flow Comparisons Using Five Bus System of Stagg and El-Abiad. 

t.t-l 
C\ 



error tolerance error tolerance 
0.001 0.0001 

k e time core k emax time core max 

Y-bus -Seidel 7 0.00041 40 1868 12 0.000026 67 1868 

Y-bus Gauss-Seidel (27) (0.131) (200+) 2149 
with Aitken's ~2 (convergence not obtained) 
Z-bus Gauss-Seidel 
with slack bus 

4 0.00044 27 1573 5 0.000083 33 1573 reference 
Z-bus Gauss-Seidel 
with ground refer- (not applicable) 
ence 

k == number of iterations 

core == nlIDlber of 16 bit, 2 byte words 

Table 4.2.3. Load Flow Comparisons Using Five Bus System of Stevenson. 
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implementation of the load flow technique into a stability study. These 

advantages have been pointed out in the discuSsion in Chapter III. As 

stated in this previous discussion of the matter, if the impedance ma

trix, with ground as reference, is to be used for a stability study, 

then it is usually used in the load flow program. 

4.3 APPLICATION OF TRANSIENT STABILITY ANALYSIS 

When performing a stability analysis, the system performance equa

tions can be represented in impedance form, as in (3.2-3), or in admit

tance form as in (3.2-4). A decision to use the bus impedance matrix 

in the stability analysis was made as a result of the previous discussion 

of the matter in Section 2 of Chapter III and Section 2 of this chapter. 

A stability program has been written which has the capability of handling 

a three phase fault, or a generator removal from any bus in the system. 

The five bus system of Stagg and El-Abiad [13] was used as a test system 

for the program. 

Plots of the machines responses, for various faults on the system 

are included in this thesis as proof of the existence of an analysis 

progrrun. Figure 4.3.1 is a plot of the machules' performances with the 

generator at bus two being removed from the network and put back on-line 

after a 0.1 second duration. Figure 4.3.2 shows the machines' perform

ances with the generator at bus one being removed and put back on line 

after a 0.1 second duration. The system's performance due to a three 

phase fault being applied at bus two and lasting for 0.09 seconds is 

shown in Figures 4.4.1 and 4.4.2. 
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4.4 C(X\1PARISON OF ME'IHODS OF SOLVING THE SWING EQUATIONS 

The two methods used for solving the machine swing equations have 

been presented in detail in Chapter III, therefore, only a comparison 

of results and appropriate conclusions will be made in the section. As 

can be seen in the previous discussion of the methods, the state transi

tion approach to solving these differential equations is much less com

plicated and easier to program than the fourth order Runge-Kutta tech

nique. The system perfonnance equations are solved four times for each 

time increment in fourth order Runge-Kutta, compared to once for state 

transition. Therefore, a solution time fo~ Runge-Kuttaon the order of 

four times that of state transition would be expected when the same so

lution time increment is used in both methods. 

Using the same basic stability program and inserting each of the 

two methods as a subroutine, plots and solution times were obtained. 

Figure 4.4.1 is a comparison of the methods with a solution time incre

ment for both methods of 0.01 seconds. Because of the nllll1erous re

evaluations of'the system performance equations, the method of Runge

Kutta takes much longer to obtain a solution, than does the state tran

sition technique. Total solution times, including plotting time, are 

given in Table 4.4.1. 

The solution tinre increment of the state transition method was 

decreased by a factor of four (6t = 0.0025 seconds) and the corresponding 

solution curve was compared to a Runge-Kutta solution using 6t = 0.01 

seconds. This comparison is shown in Figure 4.4.2. As can be seen by 

the curves in the figure, this decrease in the state transition solution 
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At Total 
time 

Rlmge-Kutta 0.01 31.5 

State 
Transition 0.01 9.0 

State 
Transition 0.0025 30.0 

llt is in seconds 

Total time is in minutes 

Table 4.4.1 

Incremental and Total Solution Times of 4th 
Order Runge-Kutta and State Transition. 
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time increment brings the responses of the two methods closer together. 

From Table 4.4.1 it can be seen that even with the much smaller solution 

time increment, state transition still the faster of the two methods. 

4.5 CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK 

Four methods for solving the load flow problem and two methods for 

solving the machine swing equations have been developed and implemented. 

The results of the implementation of the load flow methods show that the 

two impedance matrix approaches yield a solution in the least amount of 

time and use the least amount of storage to perform the analysis. For 

a stability program, Z-bus Gauss-Seidel using the slack bus as reference 

cannot be applied. Because of the ease of solving the system performance 

equations, Gauss-Seidel employing the impedance matrix with ground as 

reference is the most comformable type of load flow for use in a stability 

analysis. To solve the swing equations by state transition required a 

smaller solution time increment than Runge-Kutta, however, the logic is 

less complicated and the total time for solution less. 

The conclusion that Z-bus Gauss-Seidel with ground as reference is 

the better load flow method to use and the state transition approach is 

the better technique for solving the swing equations should not be con

sidered final. These conclusions were made from the work that has been 

done; however, the nwnber of approaches to the problem are in no way 

exhausted. Because of its speed and simplified algorithm, Stott and 

Alsac's Fast Decoupled Load Flow [16] looks very appealing for use on 

minicomputers and programmable calculators. Also, a very detailed exam

ination of the application of Aitken's AZ process to the Y-bus Gauss

Seidel load flow technique should be performed. It is the author's 
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opinion that this process may be very promising for use in reducing the 

time and iterations for the load flow analysis. 

Work should be done to determine an upper bound on the size of a 

system that can be worked on the HP9830A programmable calculator. The 

AEP fourteen bus test system [1] was analyzed on the calculator by the 

Y-bus Gauss-Seidel load flow progran1; however, due to data errors, com

plications were encountered when analysis was attempted by the other 

load flow methods. The calculator has the storage capability to handle 

a system of this size on larger, depending upon the load flow method 

used for analysis. 

The power systems package developed in this work contains only a 

load flow program and a stability program. Further work could be done 

to include other types of analysis in the package. 
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(ABSTRACT) 

The objective of this thesis is to develop and implement a power 

systems analysis package for~use on minicomputers and programmable 

calculators. Algorithms for four different load flow techniques are 

developed and tested on the HP9830A programmable calculator. The 

transient stability analysis problem is reviewed, with special atten

tion being given to the solution of the system performance equations 

by either the bus impedance matrix approach or the bus admittance 

matrix approach. Also attention is focused on the solution of the 

machine swing equations by the state transition method and by the 

techniq~e of fourth order Runge-Kutta. Comparisons are made between 

the different load flow methods to possibly determine the 'best' meth

od to be used in the analysis package. Comparisons are also made 

between the methods of solving the swing equations in order to select 

a preferred technique for use in the stability program. 




