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1.0 INTRODUCTION 

1.1 Background 

Transient stability has long been of importance in the study of 

electric power systems, especially when generating stations are located 

far from the major load centers which they serve. 

The ability of a power system to remain stable during any given 

disturbance is a function of many variables, the most obvious of which 

include: 

1. the nature of the disturbance, its location and its duration; 

2. the size and topology of the system under study; 

3. the strength of ties with neighboring power systems. 

Some factors which are not as obvious, yet affect the ability of any 

given power system to remain stable are: 

4. the time of day at which the fault occurs; 

5. the season of the year at which the fault occur~; 

6. the particular types of customers the utility services, e.g. 

industrial, residential, .agricultural, commercial. 

To date, a great amount of research has been done in modeling the 

first group of variables, namely, the system itself, including a high 

degree of modeling of the generator, the fault and the effect of ties 

with neighboring systems. The second group of variables are not as 

easily modeled as the first group. These variables describe the types 

of loads which draw power from the different buses in the system. The 

wide variability among load types t the difficulty involved in collecting 

and classifying data on these loads, and the computational time and 

effort involved in their modeling (especially in the days of the net-

1 
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work analyzer) gave rise to three crude load models prevalent today: 

constant impedance, constant current and constant megavoltampere (MVA) 

(Fig. 1.1.1). 

1.2 Classical Load Types 

Load centers have historically been modeled, in the analysis of 

power system stability, as being composed of one or a combination of 

the following (Fig. 1.1.1): 

1. Constant Impedance 

2. Constant Current 

3. Constant MVA 

The complex power drawn by constant impedance loads is proportion

al to the square of the voltage, given that the system frequency remains 

at nominal value. Constant frequency will be assumed throughout this 

study. These types of loads have a damping effect on th~ system under 

study. This is due to the fact that most disturbances that will be 

encountered have the net effect of reducing the magnitude of the volt

ages throughout the system t especially near the fault. When these volt

ages dip, the currents drawn by the constant impedance loads dip accord

ingly. Most utility companies model their loads as constant impedance 

loads when studying the effect ofa large-scale disturbance. 

Constant current loads draw prefault current independent of the 

bus voltage. The most common combination of classical loads in study

ing large-scale disturbances is a constant current and constant impe

dance combination. 

Few loads behave as the constant-MVA model does, especially when 
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the voltage dips very low. For most system topologies, this is the 

most severe model for a load, since as the voltage dips, the current 

increases. During a severe disturbance the currents can become quite 

large. Under small-scale voltage oscillations, induction motor loads 

behave nearly like constant-MVA loads. This justifies using such a 

severe load model since, with few exceptions, industrial loads are 

composed mainly of induction motors. 

1.3 Drawbacks of Classical Load Types 

The particulars describing load centers in power systems vary wide

ly from one load center to another or even from one season of the year 

to another. One load center may consist of a manufacturing facility 

composed mainly of induction machines, such as an automobile assembly 

plant. Another load center may consist primarily of electric furnaces, 

such as are used in the mining and production of phosphorus. Residen

tial loads may be primarily resistive in the winter, due to electric 

heating, cooking and water heaters. Yet, in the summer, residential 

loads may become significantly more reactive due to the effect of 

air conditioning. 

Clearly, none of these situations can be adequately modeled as 

either constant impedance, constant current or constant ~WA. Even 

though modeling the loads as a combination of these three is an im

provement, it is still not totally satisfactory. An obvious drawback 

of any of these models is the fact that all loads are treated as static 

(inertialess) when, in reality, dynamic loads comprise a significant 

portion of the total power delivered by a utility. 
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These factors provide an impetus for research which will atte~pt 

1. model inertialess and near inertialess loads more accurately 

than the classical load models; 

2. account for the dynamics of prevalent non-static loads, i.e. 

induction motors; 

3. ascertain whether refining the load model increases the accu

racy obtained in a transient stability study to a high enough 

degree to make the extra computational effort worthwhile. 

This research is presented herein. The question of the effect of 

frequency deviation is beyond the scope of this thesis. 



2.0 MATHE~~TICAL MODELS AND METHODS OF SOLUTION 

2.1 Classical Load Models 

Specific parameters describing power system loads under transient 

conditions are difficult, if not'impossible, to obtain. Thus a need 

exists to model a load, in toto or in part, by one of the classical 

load models, namely constant impedance, constant current, or constant 

MVA. 

When the load center being modeled is assumed to have constant-

impedance characteristics, the equivalent load admittance at the ith 

bus (Y
di

) is computed from the complex power demand and the prefault 

bus voltage as follows: 

Let Sdi = total load power at bus i in per unit 

and V. = complex voltage at bus i. 
1 

(2.1.1) 

Then, the equivalent shunt admittance to ground which will draw the 

given prefault load power at prefault voltage is given by 

where the superscript "ort indicates the prefault value of the variable 

(Fig. 2.l.l-b). 

Once this admittance is computed, it is added to the ith diagonal 

element of the bus impedance matrix (Y
b 

) where it remains (constant) - us 

throughout the solution time. 

The active and reactive powers at a constant-impedance load bus 

vary as the square of the bus voltage magnitude, making this a fairly' 

accurate representation of a load comprised mainly of industrial elec-

6 
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tric furnaces or a residential area in the wintertime. 

When the complex power at a load center exhibits a linear or 

nearly-linear relationship with the complex voltage, at least for some 

voltage range, the model which will most closely represent it will be 

the constant current model (Fig. 1.1.1, Fig. 2.l.l-c). The current 

which draws the specified prefault complex power at prefault bus volt-

age (Idi) is given by: 

(2.1.3) 

The load current computed by Eq. (2.1.3) is kept constant throughout 

the solution time. Section 2.5 describes the role of Idi in the solu-

tion procedure. 

The last of the classical loads is the constant MVA model. The 

magnitude of the load power is assumed to remain constant at the speci-

fied prefault level r.egardless of the voltage at the load bus. The 

model is simply given as follows (Fig. 2.l.l-d): 

(2.1.4) 

This type ~f model causes the load' currents to become unwieldingly 

large at load buses in the vicinity of a short circuit due to the volt-

age drop associated with that type of disturbance. Since most loads do 

not behave in this manner, this model is seldom used. 

2.2 Polynomial Approximation of Load-Voltage Characteristics 

In the previous section, the loads in question were modeled in a 

way that decoupled the load characteristic from the bus voltage. A 

more accurate model would represent the loads as a function of both 

voltage and frequency. Since the frequency is assumed to remain constant 
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throughout the solution time in this study, the load curves reduce to 

a function of voltage only. 

At each load bus, there will be a mixture of devices (load types) 

drawing power from the bus, e.g. induction motors and fluorescent 

lights at an industrial site. The total load power drawn at a bus will 

be, by conservation of power, the sum of the complex powers drawn by 

each individual load type at the given bus. Specifically: 

Let 

Then 

where m 

Sij = complex power being drawn by 

load type j at bus i 

= P .. + jQij 1J m - L S .. Sdi = 
j=l 1J 

= number of different load types being 

served by the utility company 

(2.2.1) 

(2.2.2) 

There are two basic philosophies of expressing load curves as a 

function of the bus voltage: 

1. express the real and reactive powers as proportional to a 

possibly non-integer power of the voltage magnitude; 

2. express the real and reactive powers as proportional to a 

polynomial expansion of the voltage magnitude. 

The real and reactive powers described in case 1 can be represent-

ed as follows: 

P ij 

Q •• 
1J 

c .. lv.IPj 
1J 1 

(2.2.3-a) 

= d .. Iv.lqj 
1J 1 

(2.2.3-b) 

where Pj = an exponent (possibly non-integer) describing the P-V 

characteristic, 

q. = an exponent (possibly non-integer) describing the Q-V 
J 
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characteristic, and 

cij ' dij = constants of proportionality. 

Limiting consideration to small changes in voltage, the real power 

drawn by load type j at bus i at the (k+1)th iteration can be approxi-

mated by the following truncated Taylor's series expansion: 

p(~+l) ~ p(~) + ~Pijl ~Iv I(k) 
iJ iJ d Vi k i 

(2.2.4-a) 

where p~~+l) = real power drawn by load type j at bus i at the (k+1)th 

iteration; 

dP
i

, 
~ = derivative of power with respect to voltage magnitude 
dlVil k 

evaluated at the kth iteration; and 

I V .1 (k+ 1) - I V .1 (k) 
1 1 

(2.2.5) 

= change in voltage magnitude at bus i at the kth itera-

tion. 

Similarly, for the reactive power: 

Q ~~+ 1) = Q ~~) + dQiL- ill v. I (k) 
1J 1J d I Vii k 1 

(2.2.4-b) 

By expressing P .. and Qi " as proportional to a possibly non-integer 
1J J 

power of the voltage magnitude CEq. 2.2.3), the derivatives in Eqs. 

(2.2.4) become 

I I (k) p.-1 
c .. p.( V. ) J 

1J J 1 
(2.2.6-a) 

and 

dQi . _ (k) q.-l 
~d V - di·q·(IV,1 ) J dlVi , k J J 1 

(2.2.6-b) 

Thus, eqs. (2.2.4) yield an iterative relationship for the powers. 
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This model, although satisfactory in the analysis of small-scale 

perturbations around an operating point, loses validity during major 

disturbances when voltages are likely to dip considerably. 

The second philosophy, where the active and reactive powers are 

expressed as a polynomial in voltage magnitude, represents a more 

accurate model when wide voltage deviations are considered. 

It can be shown [6, 9, 14, 15] that, given k data points (xl' Yl)' 

(xZ' yZ)' ---, (xk ' Yk)' there is one and only one polynomial 

(2.2.7) 

such that 

f(x.) = y. 
~ 1. 

(Z.2.8) 

This polynomial is known by many names, the most prevalent being the 

interpolating polynomial. 

Given k data points, however, a kth-order interpolating polynomial 

will, in general, not be desirable. This is due to the fact that the 

values used as data points are not absolutely correct due to a certain 

degree of experimental error assoc·iated with each point. Representing 

this data in an exact manner, then, would be meaningless since the 

data itself is not exact. What is needed, then, is a model that will 

"smooth oue' the data points. 

This leads to a least-squares type approximation, where the data 

points are approximated by an nth-order polynomial (n < k - 1) 

2 n 
f(x) = ao + alx + a 2x + ... + anx , n < k - 1 (2.2.9) 

For the polynomial approximation in eq. (2.Z.9) of the k data 

p'oints, the following over-determined linear system must be solved: 
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·1 
2 n 

xl xl xl Yl 

2 n 
1 x2 x2 

x2 Y2 

1 
2 n 

x3 x3 x3 a Y3 0 

1 
2 n 

x4 x4 x4 
a l Y4 

1 
2 n (2.2.10) Xs Xs Xs YS 

1 
2 n 

x6 x6 ... x6 Y6 a 
nxl n 

1 
n 

~ kxn 
Y 

k kxl 

or, in matrix notation, 

(2.2.11) 

Since a unique vector ~ which satisfies this set of constraints does 

not exist, one must find an n-vector a* such that 

II x. - ~~ * " < II x. - e~ II (2.2.12) 

for all n-vectors a. 

That is, to find a "solution" a* which minimizes the sum of the squares 

of errors between the ordinates of the experimental data points and the 

value calculated by the nth order polynomial approximation. The norm 

of any vector z is given by 

(2.2.13) 

In symbols, let 

A 2 n 
Yi = ao + alxi + a 2xi + •.. + anxi = f(xi ), (2.2.14) 

Yi = experimentally obtained ordinate corresponding to xi' and 
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e = y - y .. 
i i 1 

The optimum solution ~* must minimize 

k 2 
I e i = 

j=l 

k A 2 2 I (y - Yi) = II y - ~~II 
. 1 i J= 

(2.2.15) 

(2.2.16) 

Thus, this optimum solution a* for the polynomial coefficients ao ' aI' 

••• , a (n<k-l, k data points) is the best in the least-squares sense. 
n 

It can be proved [6,14,15J that this a* can be obtained by solving the 

system 

or 

T -1 T 
~* = (e e) e y. 

(2.2.17) 

(2.2.18) 

T -1 T The matrix (~e) ~ is referred to as the pseudo-inverse of e' Clearly, 

if the system matrix ~ is square, then 

( T )-1 T -l( T)-l T x x x = x x x - - - - - -
-1 

x (2.2.19) 

that is, the pseudo-inverse reduces to the true inverse of the square 

matrix (assuming e is non-singular). 

The loads in this study were represented as a fourth-order poly-

nomial in V; that is, for each different load type, there are two 

fourth-order polynomials in V representing the P-V and Q-V characteris-

tics of the load in question. The real power drawn by load type j at 

bus i is given by: 

= c i . f . ( I V .1 ) 
J J 1 

(2.2.20) 

= c .. [(a ). + (al).1 v.1 + (a2).1 V .1 2 + 
1J 0 J J 1 J 1 

(a
3

) .lv.1 3 + (a
4

) ./V.14] 
J 1 J 1 

(2.2.21) 
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where c .. is a constant that normalizes the function value at prefault 
1J 

voltage to prefault power. The constant c .. is calculated immediately 
1.J 

after performing the prefault loadflow as follows: 

c .. 
1.J 

Pi· 
= I J I f. ( V? ) 

J 1. 

(2.2.22) 

where, as mentioned previously, the superscript "0" denotes prefault 

values. 

Similarly, for the reactive power at bus i, 

Qij = d .. g . ( I V . I ) 
1.J J 1. 

(2.2.23) 

2 = d .. [(b ). + (bl).1 V . 1 + (b2).1 v. 1 + 
1.J 0 J J 1. J 1. 

(b
3

) .1 V .1 3 + (b4)./ v.1 4
] 

J 1. J 1. 
(2.2.2~) 

where (2.2.25) 

At this juncture, a recapitulation of the load models used in ana-

lyzing the effects of large-scale disturbances is in order. The classi-

cal constant impedance, constant current, and constant MVA models, given 

byeqs. (2.1.2), (2.1.3) and (2.1.4), respectively, are repeated below: 

Ydi = (Sdi)*/l viI 2 (2.1.2) 

Idi (Sd ./V~) 1( 
1. 1. 

(2.1.3) 

Sdi 
= g-o 

di (2.1.4) 

Polynomial approximations to load-voltage characteristics of a specific 

load type j are given by: 
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(2.2.20) 

Q.. = d i · g . ( I Vi I ) 
1J J J 

(2.2.23) 

where c .. and d .. are'the appropriate constants of proportionality. 
1J 1J 

The first three models are useful when specific data on a load 

center is, for one reason or another, unavailable. The last one is 

useful when load-voltage characteristic data for certain load types is 

known. In all these models, however, the complex power drawn is rep-

resented, at best, as a function of the bus voltage at the present 

time only. This limits the types of loads modeled to being either 

static or quasi-static. Since a great part of the energy supplied by 

a utility company powers dynamic loads, namely induction motors, 

another load representation which models the dynamics of this type of 

machine will be developed and used. 

2.3 Induction Motor Loads 

Induction motor loads represent a considerable portion of the 

total load served by an electric power utility company, especially in 

a heavily industrialized area. Since the effects of the induction 

motor transients on the generator swing curves will be studied, a dy-

namic model which accounts for both electrical and mechanical tran-

sients will be used. In the model presented herein, the quantities 

involved are expressed in per-unit, as are all quantities in this study. 

Modeling each individual induction machine in an industrial load 

center is a formidable task, especially when many load centers are 

involved. For the purposes of this study, all machines will be com-

bined and represented as a single equivalent induction motor, repre-
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sentable in the steady state by Fig. (2.3.1). 

Fig. (2.3.2) depicts the transient model of the induction machine 

[7,19]. The differential equation describing the rate of change of the 

induction motor equivalent emf Et behind the transient impedance at bus 

i is given by: 

dE' 
'd; = -jWOiEi - (Tl) .{Ei - j(Xi - Xi)(Im)i} 

o 1 

where j = r-l, 

w = synchronous angular speed, 

O. = slip of machine at bus. i, 
1 

(2.3.1) 

(To)i = rotor open-circuit time constant of machine at bus i, 

X. = open circuit reactance of machine at bus i, 
1 

Xi = blocked rotor reactance of machine at bus i, 

I . = current drawn by equivalent machine at bus i. ml 

When combined with the motor swing equation, both rotor electrical and 

mechanical transients are modeled. The dynamic model parameters can be 

computed from the steady-state equivalent circuit parameters as follows: 

w - W act,i o. = (2.3.2) 
1 W 

x ri +x 
(T ). mi (2.3.3) = o 1 wr ri 

X. = x + x (2.3.4) 
1 si mi 

x .x . 
X~ = x + 

ml rl (2.3.5) 
1 si x + x mi ri 

To simplify notation, the subscripts indicating the ith bus will 

be dropped. The development that follows holds true in general for any 

machine at any bus even though the subscript has been omitted. Rewriting 
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Circuit of Induction Motor at Bus i. 
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at Bus i Under Transient Conditions 
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eq. (2.3.l) using the new convention yields the following: 

dE' - _ ~{-E' -~ = -jwaE' T - j(X - X')Im} 
o 

But the motor current is given by 

I = m 
Eft - E' 

jX' 

(2.3.6) 

(2.3.7) 

where En is the voltage between the stator resistance and the transient 

reactance (Fig. 2.3.2). 

Substituting the expression obtained for the current into eq. (2.3.6) 

yields 

Suppose 

Then, 

dE ' - _ -.l.{-E' X f ) (E" - IE')} ~ = -jwcrE' T - j(X - jX' 
o 

E' = at + jb t 

E" = aft + jb" 

dE' = ~(a' + j b ') = - j wcr '( a t + j b ' ) 
dt dt 

(a' + jb') 
T 

o 

(2.3.8) 

(2.3.9) 

(2.3.10) 

+ Tl (X ~,X')«a" - a') + j(b U 
- b'» 

o 
(2.3.11) 

Separating real and imaginary parts and grouping terms gives the follow-

ing pair of coupled differential equations: 

(2.3.l2-a) 

db f = a' [-wcr] + b' ~1 _ 1.. (X - X')~ + bT" (X ~t X' ) 
dt T T X' 

000 

(2.3.12-b) 
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Recognizing that 

-1 1 X - X' -1 X T - reX' ) == T X" (2.3.13) 
000 

the pair of differential equations (2.3.12) reduces to the following 

second-order system: 

-1 X· 
IX' WO' 

o 

-1 X 
-wO' IX' o 

[::] + 

~j{ - X' 
T l- x' ) 

o 

b" X - x' r( X' ) 
o 

(2.3.14) 

where the dot over a variable indicates time differentiation. The sys-

tern of equations (2.3.14) is identical to the complex-valued equation 

(2.3.8) provided that 

(2.3.15) 

Since the slip a and the forcing function E'are not constant, eq. 

(2.3.14) represents a time-varying system. By limiting consideration 

to a small time increment 6t, a and E" can be considered constant. 

Under these assumptions, at each iteration eq. (2.3.14) represents a 

time-invariant linear system in standard form 

= Ax + Bu (2.3.16) 

A closed-form solution can now be .obtained, thereby achieving a 

considerable savings in computer time. 

Taking the Laplace transform of both sides of eq. (2.3.14) (under 

the assumption that IT and E are constant during the solution interval) 

yields: 

r J r] -~'(tOJ 
~ s ~, B'(t) 

o 

== 
[

lL 
T X' 

o 

-wa 



20 

where capital letters indicate Laplace-transformed quantities and 

'" an X - X' 
a == T(' X' ) 

o 

'" btl X - X' 
b = T( X' ) 

o 

Regrouping terms one obtains 

1 X ( s +~. --) 
T X' 

o 

wcr 

-wcr 

1 X ( s + -~) 
T X' 

o 

-1 

Performing the indicated inversion gives 

A' 

1 
== --------~I 

1 X 2 2 
(s + T XT) +(wcr) 

o 
at 

1 X 
(s + T xr) 

o 

-wo 

+1: 
s 

wa 

( s + ~ L) 
T X' 

o 

(2.3.l8-a) 

(2.3.l8-b) 

a 

(2.3.19) 

b 

(2.3.20) 

Inverse Laplace-transforming both-sides of this equation yields the 

following: 

~'(tJ ;G' (to] + {~J = (2.3.21) 
b' (t) bf(t) b 

0 

where 

~ 1 X 

-1 X sin waJ exp (- To: ' t) cos wcrt exp(! X' t) 
0 

w = -1 X (2.3.22) 
-exp( - T jT t) sin wcrt exp(! X' t) cos wat 

0 0 
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and 
-1 X -1 X 1 X 

{exp(r XT 1;) (T Xl coswot + wasinwat) + T x,-} 
000 

1 e - ------~------~ 
(Tl X~) 2 + (wo) 2 -1 X -1 X . 

o -{exp(~XT t)(~X' S1nwat - wocoswot) + wo} 
o . 0 

-1 X -1 X 
(exp(T X' t) (r X' sinwat - wacoswat) + wa} 

o 0 

(2.3.23) 

-1 X -1 X 1 X 
{exp(T xr t) (~xr coswat + wasinwat) + T ~ 
000 

Since consideration is limited to small time increments, time is dis-

cretized in the following manner: 

Let 

t = nllt 
o 

time at the nth iteration, 

t = t + Llt 
o 

= (n+l)llt 

(2.3.24) 

(2.3.25) 

(2.3.26) 

= time at the (n+l)th iteration. 

Then the ~ and e matrices used to' calculate the real and reactive por-

tion of the transient emf i' at the (n+l)th iteration are given by 

-1 X [COSWOLlt 
~(n) = exp(~ F fit) . 

o -sinwDllt 

and 

Sinwot;~ 

coswot;J 

(2.3.27) 
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-1 X -1 X 1 X 
{exp(T xrllt ) (T x-rc0swullt + wusinwullt) + T X"'} 

~ 1 o 0 0 

e (n) = ---:'1--::CX:::--2~--2=-' 
(T X") +( WU) 

o 
-1 X -1 X 

-{exp(r-X'llt)(T~inwullt - wucosw011t) ~ wa} 
o 0 

-1 X -1 X . 
{exp(TX'llt)(T~lnwallt - wacoswullt) + wa} 

o 0 (2.3.28) 
-1 X -1 X 

{exp(TXTllt)(Tx-rc0swollt + wcrsinwcrllt) 
o 0 

These matrices must be calculated at each iteration. The iterative 

equation then becomes 

~ ' (n+1J ~ ~'(nJ ~ ~(nJ = ~(n) + 8(n) ~ 
b'(n+1) - bIen) - ben) 

(2.3.29) 

To this point, only the dynamics of the transient emf E' have been 

discussed. Coupled to these are the mechanical dynamics of the machine. 

The masses of rotating machines can be modeled as 

o = -~ .s + 1ff P 
H H a 

where H inertia constant, 

D = damping constant, 

1T == 3.14159265, 

f synchronous frequency, 

P = accelerating power. 
a 

(2.3.30) 

Assuming the motors in question are undamped, that is, D 0, 

equation (2.3.30) reduces to 

o = iTf(p _ P ) 
H m e 

(2.3.31) 

where the accelerating power has been defined as 



and 

p 
a 
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p - p 
m e 

P = mechanical load on motor 
m 

P = electrical torque-producing power in motor. 
e 

The slip is defined as: 

where 

Since 

W - 00 act 
a=--~..;....;;... 

W 

00 z synchronous angular velocity, 

W t = actual angular velocity. ac 

the slip can be expressed as 

(2.3.32) 

(2.3.33) 

(2.3.34) 

8 a = - ( 2. 3. 35 ) 
w 

Dividing both sides of eq. (2.3.31) by 00 (00 = constant) yields 

! = 1ff (P _ P ) (2.3.36) 
00 wH m e 

Since 

00 = 21ff (2.3.37) 

substituting (2.3.35) into (2.3.36) yields 

From eq. (2.3.38), 

, 

d 
dt(a) 

P - P m e 
2H 

f 
(n+l) 1 t+llt 

da = 2H J (P - P )dt 
a(n) t m e 

(2.3.38) 

(2.3.39) 

For the period of time of interest in transient stability analyses, the 

mechanical load on the motors can be assumed constant. Furthermore, if 

the electrical torque-producing power in the motor is clamped constant 
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throughout the iteration, that is, 

P (t) = P (n) for n~·t ~ t ~ (n+l)~t e e (2.3.40) 

then the solution to equation (2.3.39) becomes 

~t 
a(n+l) = a(n) + .2H(P

m 
- Peen»~ (2.3.41) 

Equations (2.3.29) and (2.3.41), then, describe the mathematical 

model used in this study to represent an arbitrary induction motor. 

The slip equation is solved first, and with this value of slip, a new 

value of the transient emf E' is computed. One set of these equations 

must be solved at every load bus serving induction machines. The sub-

script indicating the machine number will now be replaced so the final 

model for the ith machine becomes 

a.(n+1) = a.(n) + ~(P - P .(n» 
1 1 2Hi roi el 

~
~ (n+l)] = 

b !(n+l) 
1 

2.4 Generator Models 

(2.3.42) 

(2.3.43) 

The synchronous generator is usually the most carefully studied 

single piece of equipment that makes up a typical power system. Many 

mathematical models exist for representing the behavior of this machine. 

Since the time constants of the governor, exciter and other devices are 

long compared to the duration of the transient stability period, neglect-

ing saliency effect the generators in these studies can be represented 

by an emf in series with an impedance (Fig. 2.4.1), where: 

Vi = voltage of the ith bus, 

Ei = erof of the ith generator, 
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Fig. 2.4.1 Equivalent Circuit of Synchronous 
Machine Under Transient Conditions 
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~~i = transient impedance of the ith generator, 

SGi = complex power generated by the ith generator. 

It is assumed that the generator numbering coincides with the bus num-

bering. Unlike the induction machine, where the emf was described by 

a complex-coefficient linear differential equation, the emf of the ith 

synchronous generator is given, at any time, by: 

SG' * E = V + Z, . (_1) 
i i d1-

Vi 
(2.4.1) 

The rotating masses, however, are modeled exactly as they were in the 

induction machine. For the ith generator, then, the motion of the 

rotor can be represented mathematically as: 

where, as before, 

o. = 
1 

-D.1Tf 
H1 6. + H1Tfp i 

i 1 i a 
(2.4.2) 

0i = the electrical angle between the rotor of the ith generator 

and a synchronously rotating reference, 

Di = damping coefficient of .the ith generator, 

Hi = inertia constant of the ith generator, 

f = nominal frequency, 

1T == 3.14159 

and the accelerating power at bus i (P .) is defined as: 
a1 

Pai = PTi - PEi 

where 

PTt = turbine power at the ith generator 

= pO 
Ei 
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P
Ei 

= electrical power generated at the ith generator. 

The turbine power is analogous to the mechanical load power on the in-

duction motor. Like the mechanical load, the turbine power is assumed 

constant throughout the transient stability period. The electrical 

power is given, at each point in time, by 

(2.4.3) 

The swing equation (2.2.3) can be expressed as two coupled first-

order equations, that is, 

(2.4.4) 

(2.4.5) 

In matrix form, these become 

(2.4.6) 

Assuming the accelerating power is clamped during the iteration time 

step f1t, eq. (2.4.6) represents a linear system of equations in the 

standard form 

x = Ax + Bu (2.4. 7) 

where 

x = (2.4.8) 



A = 
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o 

nf 
H. 

1 

1 

-D.nf 
1 

H. 
1 

(2.4.9) 

(2.4.10) 

Again, many ways exist for solving this system. Like the solution to 

the induction motor emf, Laplace transforms were used and the expression 

for the st~te of the ith induction machine at the (n+1)th iteration is 

given by: 

For damped 

and 

where 

~.i (n+lJ 
Q. (n+1) 

1 

generators, 

~ q.. = 
~1 

~
.(nJ 

~. 1 + 0.P .(n) 
-1 ~.(n) ~1 a1 

1 

1 Aillt 1)] -·(e 
A. 

1 

A.llt 
1 

e 

1 A.llt 
---( 1 - e 1 ) + II t 

1 Ai 
~i = Di 

(1 -
A.llt 

e 1 ) 

-D.nf 
1 A. == ~~.-

1 Hi 

(2.4.11) 

(2.4.12) 

(2.4.13) 

(2.4.14) 
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For undamped generators, the state transition matrix phi is given by 

(2.4.15) 

and the theta matrix becomes 

(2.4.16) 
w 

2H. (ot) 
1. 

Unlike the induction machines, the * and @ matrices for the synchronous 

machines are a function only of the time increment 6t. These matrices, 

therefore, need only be evaluated once at the beginning of the run. 

2.5 Solution Method 

In this section, the models discussed will be integrated into a 

routine to analyze the transient stability of electric power systems. 

Figure (2.5.1) shows an abridged flowchart detailing the solution 

method used. Steps such as readin~ in data, initializing variables, 

printing error messages, and others not pertinent to the discussion 

have been omitted. Each step of the flowchart is detailed below: 

1. Determine the least-squares coefficients for any load modeled as a 

(b )., (b
1
)., ••. , (b

4
) d 

o J J J 
j = 1, ... , m 

where m = number of loads represented by curves. 

2. Perform a loadflow to determine the state of the system before the 

fault occurred. Polar form Newton-Raphson loadflow was used in 

this study. 



'1. Determine Polynomial 
Load Coefficients 

2. Perform Loadflow 

3. Compute (E~) 0, (8" .)0 
1 m1 

4. (E.) 0 

1 
Compute 

5. Compute Constant 
Impedance Load 

6. Compute Constant 
Current Load 

7. Form Prefault 
Admittance Matrix 

8. Compute normalizing 
coef. c .. , di . 

1J J 

9. Read in fault data 

10. Form Faulted 
Admittance Matrix 

11. Print t, Vi' 0i' etc. 
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21. Re-create 
Prefault Admittance Mtx. 

19. Solve_for E' (n+l) 
and E(n+1) 

17. Solve for V 

16. Compute I 
-eq 

15. Compute Pdi and Qdi 

14. Evaluate f.(lv.I), 
J 1 

g. (I v.l) 
.J 1 

13. t = t + L\t 

Fig. 2.5.1 Flowchart of Solution Algorithm 
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3. In the input data, the complex power drawn by induction machines 

is lumped with the power drawn by constant impedance loads. More 

on this in Step 5. Given the machine particulars and initial slip, 

the prefault current and power drawn by the induction machine at 

bus i is given by 

I . = V.tCZ. d)i and m1. 1. 1.n 
(2.5.l) 

S = V 1*. mi i m1. 
(2.5.2) 

where (Zind)i = input impedance of the steady-state model (Fig. 2.3.1), 

I . ~ current drawn by the ith motor, and m1. 

Smi complex power drawn by the ith motor. 

Once the power drawn by the machine has been determined, the initial 

equivalent transient emf E' is computed as follows (Fig. 2.3.2): 

(E~)O = V. - I .(r i + jX~) 1. 1. m1. s 1. (2.5.3) 

4. The initial emf E of the synchronous machine at bus i is calculated 

in a method analogous to the method above; that is, 

s . 
(Ei)O = Vi + (~1.)*Z'di (2.5.4) 

v. 
5. The assumed induction motor load w\s lumped with the constant impe-

dance load so that the loadflow could be performed. Once the bus 

voltage is determined and the induction motor power is solved for, 

this power must be subtracted from the constant impedance load power 

in order to maintain a power balance. The operation indicated in 

the flowchart is 

(2.5.5) 
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where 5
Zi 

= power drawn by constant impedance load at bus i, and 

SZi(l.f.) = quantity used in performing prefault loadflow. 

6. The constant current portion of_the load is simply given by 
8° 

I . = ( cc,i)* (2.5.6) 
CC,l V? 

1 

where the subscript "cc,iu indicates the constant current portion 

of the quantity at bus i. 

7. The bus admittance matrix must now be modified to account for the 

constant impedance loads, the induction motors, and the synchronous 

generators. Constant impedance loads are represented by an equiva-

lent shunt admittance added to the diagonal element of Yb . As 
- us 

seen in section 2.2, the value of this equivalent admittance for 

the constant impedance load at bus i (YZi) is given by 

- - I 2 YZ' = (8Z')*/ V?I 
111 

(2.5.7) 

The induction motors and synchronous generators are represented by 

their respective Norton equivalents (Figs. 2.5.2, 2.5.3) where 

Y
Mi 

1 
= + jX' r s 

(2.5.8) 

IMi = E~YM' 1 1 
(2.5.9) 

YGi 
1 =--

Z~i 
(2.5.10) 

IGi = E.YG· 
1 1 

(2.5.11) 

The generator and motor shunt admittances at the ith bus are also 

added to the ith diagonal element at ¥bus; that is, 



1 

t 
v. 

1 
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Fig. 2.5.2 Norton Equivalent of Induction Machine 
at Bus i Under Transient Conditions 

Fig. 2.5.3 Norton Equivalent of Synchronous Generator 
at Bus i Under Transient Conditions 



34 

(2.5.12) 

where the argument (l.f.) indicates the quantity used in performing 

the loadflow and the superscript "0" indicates a prefault quantity. 

8. At this point, the only thing needed before proceeding with the 

fault analysis is the evaluation of the normalizing coefficients 

for the loads modeled as polynomials in V. These are given by 

P? . i = 1, · .. , n 
cij = 1J 

f.(lv.l> j = 1, · .. , m 
J 1 

Qi j i = 1, · .. , n 
d .. = 

1J gj <I Vii) j = 1, · .. , m 

where n = number of buses in the system, and 

m = number of loads represented as polynomials. 

9. Fault data is now read in: 

a. Type 1 - three-phase admittance to ground at a bus 

Type 2 - generator tripped 

Type 3 - line opened at both ends. 

b. Location - location of the fault 

c. Duration - time at which fault is removed as measured from t=O 

10. The bus admittance matrix is once again modified to model the effect 

of the fault. For a three-phase admittance to ground at bus i, 

the value of the fault admittance is added to the ith diagonal ele-

ment of Yb ; that is, 
... us 

(2.5.13) 
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where Y
f 

is defined to be the fault admittance and the superscript 

"ftt indicates a faulted quantity. For a generator trip at the ith bus, 

the Norton generator admittance is subtracted from the ith diagonal 

element of Yb ,that is, 
- us 

-f 
Y. , = yo - Y

G1
, 

1,1. i,i 
(2.5.14) 

For a tripped line, the series admittance of the line is subtracted 

from the transfer terms of Yb and the shunt admittance of the ... us 

line is subtracted from the diagonal terms corresponding to the 

end points of the lines; that is, if line k connects buses i and j, 

-f 
Yi ' ,J 

Yi ' - ~_l~~ 
,J Z 

ser,k 

-f 
Y. i J, 

1 

Z ser,k 

-f -
Y, . = Y? . - Y h k 

1.,1 1,1 S, 

-f Y. . = yo _ Y 
J,J j,j sh,k 

(2.5.15) 

(2.5.16) 

(2.5.17) 

(2.5.18) 

where transmission lines are assumed to be modeled by pi equivalent 

circuits and 

z = series impedance of line k, ser,k 

Y = half the total shunt admittance of line k. sh,k 

11. At this point, all quantities of interest, such as bus voltages and 

generator angles, are printed out. 

12. Has the maximum solution time elapsed? 

a. Yes - stop. 

b. No - continue. 
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13. Increment time by the timestep. 

14. Evaluate polynomial loads; that -is, compute 

fj(lvil) = (ao)j + (al)jlvil + ... + (a4)jl vi I4 

gJ' ( I V
1
,1) = (b ). + (bl)·1 v.1 + ... + (b4).1 v.1

4 
o J J 1 J 1 

for j 1, ... , m and 

i = load buses. 

15. Compute real and reactive power drawn at each load bus by poly-

nomial loads as follows: 

m 
Pdi = L c.,f,(lvil) 

j=l 1J J 

m 
Qdi = I di,g·<lv.l) 

j=l J 1 1 

for all load buses. 

16. Calculate an equivalent injected current source I where 
-eq 

P di + jQdi 
( I eq) i = IG i + IMi - - Icc, i , i = 1 , "', n ( 2 • 5 • 19 ) 

V. 
1 

Note 1: IMi o if there is no motor at bus i. 

Pdi Qdi = 0 if there are no polynomial loads at bus i. 

I = 0 if there is no constant current load at bus i. cc,i 

Note 2: IGi is set to zero if the ith generator is tripped. 

17. Solve the following algebraic system for a new voltage profile: 

yf V = I 
_bus - --eq (2.5.20) 

18. Since the polynomial portion of I represents a voltage-controlled --eq 

current source, the new voltage profile must be arrived at by 
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iteration. This step, then checks for convergence: 

m~x !IlV I 1 < 1 < n i < E 
(2.5.21) 

where 6V. is defined as the change in the voltage at bus i induced 
1 

byeq. (2.5.20). If the inequality holds, continue. If the ine-

quality does not hold, go to step 14. 

19. With the new voltage profile, solve for new values of E. and E~. 
1 1 

Solving for the slip first: 

(J. (n+l) (J • (n) 
llt 

- P .(n» = + 2H {P • 1 1 . m1 e1 
1 

where P 
ei Re{E~I . } 

1·m1 

and p . 
m1 

prefault mechanical load 

(2.3.42) 

(2.5.22) 

(2.5.23) 

Now that the slip has been determined, the ~i and ~i matrices can 

be evaluated and the real and imaginary parts of the emf E' at the 

(n+l)th iteration are given by 

(2.3.43) 

where the quantities a. and b. are defined in Section 2.3 (eqs. 
1 1 

2.3.18) and 

E!(n+l) = a! (n+l) + jb~(n+l) (2.5.24) 
111 

Now the new generator emf's E. are solved for. Since the magnitude 
1 

is assumed constant during the transient stability period, only the 

new angles O. and angular velocities ~i need be solved for: 
1 . 
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~
i (n+lJ ~i (n

J 
' 

= ~ + e P (n) 
~.(n+l) -i ~.(n) -i ai 

1. 1. 

(2.4.11) 

where ~. and 8i are defined in section 2.4 and need only be evalu-
... 1. -

ated once since they are a function only of the time step 6t. The 

accelerating power is given by 

(2.5.25) 

The electrical power, since it is a function of bus voltage (eq. 

2.4.5), must be evaluated at each iteration. The turbine power is 

assumed constant throughout the transient stability period and is 

given by 

P
Ti 

= pO 
Ei 

Note: If the fault is a generator trip, 

P . (n) = Pr' 
a1. 1. 

since no electrical power is delivered by the generator. 

20. Has the fault time elapsed? 

a. No - go to step 11. 

b. Yes - continue. 

(2.5.26) 

(2.5.27) 

21. Reconstruct the prefault admittance matrix by reversing operations 

performed in step 10. After the prefault admittance matrix is ob-

tained, go to step 9. 

These steps outline the procedure used in solving for the generator 

swing curves. 



3.0 RESULTS 

3.1 Introduction 

In this chapter, a specific fault was analyzed under six different 

loading conditions: 

1. loads modeled as constant-impedance loads, 

2. loads modeled as constant-current loads, 

3. loads modeled as a combination of constant impedance and in

duction motors with the induction motor inertia constant H = 

0.03, 

4. Same as 3 above but H = 3.0, 

5. Same as 3 above but H = 300, 

6. loads modeled as a combination of constant impedance, induction 

motor, air conditioning, and fluorescent lighting with induc

tion motor inertia constant H = 3.0. 

Swing curves and load bus voltage curves obtained from analyzing 

the six cases outlined above are included and discussed in section 3.3 

and section 3.4, respectively. The next section describes the system 

under study. 

3.2 Test Data 

The nine-bus system used in this study (Fig. 3.2.1) is from Ander

son and Fouad's book Power System Control and Stability [4]. Pertinent 

generator data is tabulated in Table (3.2.1) and induction motor data 

is in Table (3.2.2). 

When the effect of induction machines is studied, all three load 

buses are assumed to serve this type of device. Table (3.2.3) shows 

39 
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GENERATOR 
NUMBER 

1 

2 

3 
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Table 3.2.1 - Generator Data 

TRANSIENT 
ADMITTANCE 

0.0000 - j16.4474 

0.0000 - j 8.3472 

0.0000 - j 5.5157 

INERTIA 
CONSTANT 

23.64 

6.40 

3.01 

DAMPING 
COEFFICIENT 

0.00 

0.00 

0.00 
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Table 3.2.2 - Induction Motor Data [3] 

Stator resistance r 0.0450 s 

Stator reactance x 0.0750 s 

Rotor resistance r = 0.0450 r 

Rotor reactance x = r 0.0750 

Magnetizing reactance x = 3.0000 
m 

Initial slip a O = 0.0210 
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the amount of active and reactive power drawn at load buses serving 

constant impedance and induction motor loads. Table (3.2.4) shows the 

mixture of active and reactive power drawn from buses serving constant 

impedance, induction motor and polynomial curve-fit loads. Air condi

tioners were assumed to be quasi-static devices. This allowed 

representation of their characteristics as a polynomial in Ivl. 
The data used to simulate load behavior with a polynomial is simi

lar to that obtained by Adler and Mosher [1]. The devices which were 

modeled in this fashion were fluorescent lights and air conditioners, 

the characteristics of which are depicted in Fig. (3.2.2) and Fig. 

(3.2.3), respectively. The curves indicate the polynomial approximation 

and the asterisks indicate experimental data points. 

The fault under study is a three-phase admittance of jlOOO per 

units between bus 7 and ground which is cleared in 0.83 seconds by 

opening line 3 at both ends. 

3.3 Swing Curves 

The plots of the electrical angles of synchronous generator rotors 

as measured from a synchronously rotating frame of reference versus 

time will be referred to as swing curves. These swing curves give the 

system designer an idea of the effects of a disturbance on the particu

lar system in question. 

In order to obtain the swing curves, certain information about the 

customers served by the utility must be obtained in order to model the 

load accurately. If this information is unavailable, the loads are 

generally modeled as constant impedance loads or a combination of 

constant impedance and constant current. 
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Table 3.2.3 - Load Power Distribution at 
Buses Serving Induction Motors and Constant Impedance Loads 

-
BUS NUMBER 5 6 8 

CONST. Z POWER 0.8148 + jO.1609 0.4498 - jO.0508 0.5468 - jO.0031 

IND. MOTOR POWER 0.4352 + jO.3391 0.4502 + jO.3508 0.4532 + jO.3531 

TOTAL LOAD POWER 1.2500 + jO.5000· 0.9000 + jO.3000 1.0000 + j 0 . 3500 
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Table 3.2.4 - Load Power Distribution at 
Buses Serving Mixed Loads 

BUS NUMBER 5 6 8 

CONST. Z POWER 0.1148 - jO.1191 0.2499 - jO.0008 0.3468 - jO.0469 

IND. MOTOR POWER 0.4352 + jO.3391 0.4501 + jO.3508 0.4532 + jO.3531 

AIR CONDITIONING 0.5000 + jO.3300 o + jO o + jO 

FL. LIGHTING 0.2000 - jO.0500 0.2000 - jO.0500 0.2000 - jO.0500 

TOTAL LOAD POWER 1.2500 + jO.5000 0.9000 + jO.3000 1.0000 + jO.3500 
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1.0 

OO--I--------~~--~------~----------~---------,-----------r 

.6 .8 1.0 1.2 

PER UNIT VOLTAGE 

Fig. 3.2.2 - Fluorescent Light Characteristics 
a-Active Power 

1.4 
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.6 .8 1.0 1.2 
PER UNIT VOLTAGE 

Fig. 3.2.2 - Fluorescent Light Characteristics 
b-Reactive Power 

1.4 
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o.~~----------------------__ ~------------------------~ 
1.0 1.2 

PER UNIT VOLTAGE 

Fig. 3.2.3 - Air Conditioning Characteristics 
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In this section several swing curves (Fig. 3.3.1 to Fig. 3.3.6) 

will be compared. The only difference between them is the method of 

load modeling. 

The most common type of load model in use today is the constant 

impedance model. Because of this, the results obtained by modeling 

loads in this way will be referred to as the "base case". Fig. (3.3.1) 

depicts the fYbase caseu swing curves, that is, the curves describing 

the relative position of the generator rotors when the loads are all 

modeled as constant impedances. 

Another method of modeling loads is to assume that they draw 

prefault current throughout the solution time. Fig. (3.3.2) depicts 

the swing curves of the generators when loads are modeled in this manner. 

This method of load modeling causes the generators to swing much faster 

than the constant impedance case in order to satisfy the algebraic con

straints on the system. This situation clearly represents a more un

stable case than the one previously mentioned. 

Fig. (3.3.3) through Fig. (3.3.5) represent a combination of in

duction motor and constant impedance loads. The quantities of each 

type of load are listed in the previous section (Table 3.2.3). Since 

the induction motors are modeled dynamically, an inertia constant 

associated with these loads must be arrived at. This model, however, is 

for a conglomerate of induction machines. This makes obtaining a single 

value for the inertia constant an impossibility. The figures mentioned 

above, then, all depict the same fractional loading but have different 

induction motor inertia constants. 
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Fig. (3.3.3) represents the behavior of the synchronous generators 

when the conglomerate induction motor is very "light", that is, H = 

0.03 MW-s. This figure shows a marked improvement in generator swing 

over the most conservative classical load model, constant impedance. 

Fig. (3.3.4) shows tha4 as the machine which represents the many 

small induction machines gets heavier (H = 3.0), the improvement over 

constant impedance decreases. This improvement, however, is neverthe

less significant. 

As the inertia constant of the induction machine gets very large 

(H = 300.0), the machine tends to behave more like a constant impedance 

load, as borne out by Fig. (3.3.5). This is due to the fact that the 

emf E' changes very slowly when the terminal conditions are changed. 

Even this very large inertia constant, however, produces results which 

tend to show that the constant impedance load ,is too conservative. 

The last graph in this series (Fig. 3.3.6) shows th~ effect of 

mixed loading on the stability of the system. The load types included 

constant impedance, induction motors (H = 3.0), and some polynomial-fit 

loads (Table 3.2.4). These results represent the most accurate method 

of modeling loads. The curve, however, resembles very much the swing 

curve obtained by assuming all non-induction motor loads (H = 3.0) to 

be constant impedance (Fig. 3.3.4). Some conclusions will be drawn 

from this in the next chapter. 

3.4 Load Bus Voltage Curves 

Half of the research conducted herein has been aimed .at modeling 

the loads as a function of voltage, not voltage independent as are the 
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classical load types. If the voltages of the load buses do not change 

appreciably, however, no justification exists for modeling a load as 

anything but voltage independent. 

Fig. (3.4.1) through Fig. (3.4.6) represent the load bus voltage 

conditions associated with Fig. (3.3.1) through Fig. (3.3.6), respec

tively. In all cases the voltage swing at the load buses is considera

ble, up to a 0.8 p.u. voltage dip. 

Fig. (3.4.1) and Fig. (3.4.2) represent a condition where the loads 

are inertialess, namely constant impedance and constant current. The 

bus voltages at these types of load buses change instantaneously with 

the onset and subsequent clearing of a fault. 

In contrast to the first two figures in the section,Fig. (3.4.3) 

to Fig. (3.4.6) depict a smoother voltage transition at buses serving 

dynamic loads. The back-emf of the induction machines tends to slow 

down the voltage response to the fault. As one would expect, the 

voltages of the buses serving high-inertia machines swings more slowly 

than the corresponding voltages at· buses serving low-inertia machines. 

The glitch in Fig. (3.4.6) is due to an undervoltage relay on the air 

conditioners closing upon fault clearance. 
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4.0 CONCLUSIONS 

In the previous chapter, the results of studying the effects of 

different load models on the swing curves of the generators were pre

sented. Several trends are evident in examining these results. 

In all the studies, the dynamic load model shows the constant 

impedance model to be too pessimistic. Even the extreme case when the 

inertia constant of the machine is very large (H = 300.0), dynamic load 

modeling shows systems to be overdesigned when the constant impedance 

load model is used. 

The constant-MVA load model was not used in any of these studies 

since voltage convergence could not be achieved when the system was 

faulted. Since loads do not behave in this fashion during> major system 

disturbances, the matter was not pursued any further. 

When the loads were modeled as constant prefault current, the 

system became unstable very quickly. This represents a situation where 

the system is being overdesigned to a greater extent than by assuming 

all loads to be constant impedance. 

One of the most important conclusions, however, is that modeling 

loads as polynomials in Ivl does not seem to make any appreciable diff

erence in the final outcome when the bulk of the load (at least 50%) 

consists of induction motors. This may not be the case if the load 

consists mostly of fluorescent lighting, as may be the case in a heavily 

commercialized area. A utility serving primarily an industrial load or 

any type of load consisting of a large number of induction motors should 

not attempt to model the balance of the loads as polynomials in Ivl. 
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This study, then, has shown that most electric power systems 

are too conservatively designed. This overdesigncosts both the cus

tomer and the utility money that could be better spent elsewhere. In 

the days when systems were small and the capital involved was small, 

the "safe" approach was indeed feasible. But now, when an increasing 

number of utilities are being interconnected and the megawatt output of 

the plants gets larger and larger, a more realistic model for the loads 

must be used to ascertain the true behavior of the system during a 

major disturbance. 
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The objective of this thesis is to examine the effect of dynamic 

induction machine modeling and polynomial static load modeling ori the 

stability of electric power systems and to compare the results with 

those obtained using constant impedance or constant current load models. 

A least-squares curve fit algorithm is developed and used in model-

ing static and quasi-static loads as a function of the bus voltage. 

A dynamic model for the induction machine which accounts for rotor 

electrical and mechanical transients is incorporated into the solution 

algorithm. 
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