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(ABSTRACT) 

The large-signal transient response of duty ratio controlled dc-fo-dc converters is in

vestigated using the phase-plane technique. 

') The transition pattern of large-signal trajectories is provided in terms of the circuit 

parameten; and operating conditions. Several transient trajectories of practical in-

terest including start-up, step input voltage change and step-load change are ana

lyzed. The effect of large-signal characteristics of the feedback controller on the 

transient trajectory is presented. 
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I. INTRODUCTION 

To provide an efficient power conversion, a dc-to-dc converter is composed of only 

reactive elements and high speed switches. The basic function of the converter, de

livering energy from source to load in an efficient and regulated manner, is achieved 

by the suitable configuration of reactive elements and on-off action of switches. The 

existance of switches allows the converter to have several circu it structure. De

pending upon the state of switches, the converter may have entirely different circuit 

configurations. Due to this inherent nature of changing the structure during the op

eration, a converter is a nonlinear time-variant system and does not lend itself to the 

direct application of the linear system theory. One of the most successful approachs 

for modeling the converter has been the state-space averaging technique whose 

principle is to replace the state-space representations of two linear systems by a 

single state-space representation under the small-signal assumption. The small

signal model derived from the state-space averaging technique enables one to apply 

linear system control theories such as Bode plot, root locus and pole placement 

technique to design the feedback controller which provides the optimum small-signal 

characteristics. However, the small-signal model can not describe the behaviour of 
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the converter during a large transient. The small-signal approximation which is the 

crucial step of the state-space averaging technique is no longer valid in large tran

sient. 

Unfortu nately, since there is no general model which can describe the large-signal 

characteristics of the converter, most of the design procedure is based on the small

signal model. It is, therefore, quite possible to design a converter which results in 

an unacceptable or unstable large transient response in spite of its excellent small

signal performance. Therefore, it is imperative to understand the large-signal 

behaviour of the converter to design one which has acceptable large-signal re

sponses as well as the desired small-signal characteristics. 

The large"signar characteristic of the converter has been investigated by several 

people. D.B. Edward investigated the global stability problem of the buck converter 

using the second method of Liapunov and derived the sufficient condition for global 

stability [1]. R.W. Erickson derived a set of nonlinear state equations which describe 

the converter in large transient by using the averaged equation without any small

signal assumption. He showed that a boost converter could be stable for small signal 

but unstable for large signal [2]. In Reference [3], K. Harada analyzed the start-up and 

step load change response of buck converter. W.W. Burns. III employed the phase

plane technique to study the qualitative behaviour of the converter [4,5,6]. Based on 

his analysis, he proposed a new conceptual converter control Jaw which can, in the

ory, achieve steady state operation with one switching cycle regardless of the initial 

condition. More recently, Ram Venkataramanan employed the variable structure 

system theory to study the large-signal behaviour of converter [7]. He proposed the 
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sliding mode control law which can control the large-signal dynamic response of the 

converter using a switching line. 

Despite numerous efforts to characterize large-signal behaviour of the converter, 

there is no general model or guideline which one can rely on during the converter 

design process. The main purpose of this thesis is to characterize the large-signal 

properties of the duty ratio controlled dc-to-dc converter. The phase-plane technique 

is employed with the aid of extensive computer simulation. The efforts are exerted 

to identify the pattern of transient trajectories of the converter in general ( rather than 

analytical treatment of a specific topology or control method ). 

In Chapter II, the phase-plane technique is employed to study the qualitative charac

teristics of the converter. The phase-plane portraits of buck, boost and buck/boost are 

developed by considering the converter as a piecewise linear system which changes 

its structure by function of controller. The transition patterns of transient trajectories 

are investigated in Chapter III. The global behaviour of transient trajectories is ex

plained. Making use of the concept developed in Chapter III, the important transient 

trajectories including start-up, step load change and step input voltage change tra

jectory are analyzed in Chapter IV. Finally, the effect of large-signal characteristics 

of the controller such as soft start circuit, duty ratio limitation and current limiting is 

presented in the Chapter V. 
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II . PHASE PLANE ANALYSIS OF DC-TO-DC 

CONVI;RTERS 

2.1 Introduction 

In this chapter, the phase-plane technique is employed to study the large-signal 

characteristics of the buck, boost and buck/boost converter. The phase-plane por

traits are used to investigate the behaviours of a transient trajectories of the con

verters. 

The dc-to-dc converter is viewed as a piecewise linear system changing its circuit 

configuration periodically. A particular circuit configuration of the converter at spe

cific switching time instant is called the subcircuit. Depending upon the state of 

switches, the converter is broken down into several subcircuits. Each of these sub

circuits is analyzed in the phase plane to yield the phase-plane portrait. By over

plotting the phase-plane portraits of subcircuits, a complete phase-plane portra.it of a 
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converter is presented. The large-signal behaviour of transient trajectory of a con

verter is discussed by the incorporation of the phase-plane portrait and the function 

of feedback controller. 

In Section 2.2, the structure of buck, boost and buck/boost converters are investi

gated, leading to the introduction of four subcircuits which can identify those con

verters completely. The subcircuits are analyzed in the phase plane extensively in 

Section 2.3. In addition to the nature of the equilibrium point, the phase-plane portrait 

of each subcircuit is presented. The composite phase-plane portraits of converters 

are introduced in Section 2.4 by combining the phase-plane portraits of subcircuits. 

The start-up trajectories are explained providing considerable information about the 

transient behaviours of the converters. The phase-plane portraits and start-up tra

jectories Of three basic converters (buck, boost and buck/boost) are compared. 

2.2 Structure of DC-ta-DC Converters 

To provide an efficient power conversion, converters are composed of only non

dissipative devices such as inductors, capacitors and high speed switches. The 

suitable configuration of reactive elements and the appropriate method of controlling 

the switches enables the converter to work as a very efficient power conversion de

vice. However, the existence of switches allows the converter to have several differ

ent circuit topologies during its operation. The basic converters such as buck, boost 

and buck/boost converters contain one transistor and one diode as switching de

vices. Depending upon the state of switches, a conv.erter has several different circuit 
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configuration. These circuit configurations are classified into the following subcir

cuits. 

• On-time subcircuit Circu it configuration with transistor on and diode off 

• Off-time subclrcuit : Circuit configuration with transistor off and diode on 

• Zero inductor current subcircuit 

diode off 

Circuit configuration with transistor off and 

Since the switches used in converters are all uni-directional, a third circuit config

uration is possible in addition to on-time and off-time subcircuit. Whenever the 

inductor current is reduced to zero during the off-time subcircuit, the diode inhibits 

the reversal of the inductor current making both switches turn off. The circuit con

fjguration under this situation is referred to as zero inductor current subcircuit. 

The circuit diagrams of buck, boost and buck/boost converters are shown in Figs. 2.1, 

2.2 and 2.3, respectively, and their various subcircuits are also included in the figures. 

A closer in'I/estigation of the structure of the basic three converters reveals that only 

four subcircuits are participating in forming the converters. In other words, all sub

circuits of basic converters can be classified into four categories. Those four subcir

cuits are shown Fig. 2.4 where a different name is designated to each subcircuit for 

convenience. A specific combination of these subcircuits forms a particular converter 

such as buck, boost and buck/boost. For instance, subcircuits S, C and D constitute 

a complete buck converter. The combinations of subcircuits for basic converters are 

summarized in Table 2.1. 
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Figure 2.1 Buck converter and its subcircuits 
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(a) Buck converter (b) On-time subcircuit 
(c) Off-time subcircuit (d) Zero inductor current subcircuit 
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Figure 2.2 Boost converter and its subcircuits 
(a) Boost converter (b) On-time subcircuit 
(c) Off-time subcircuit (d) Zero inductor current subcircuit 
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Figure 2.3 Buck/boost converter and its subcircuits 
(a) Buck/boost converter (b) On-time subcircuit 
(c) Off-time subcircuit (d) Zero inductor current subcircuit 
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Figure 2.4 Four subcircuits of basic converters 
(a) Subcircuit A (b) Subcircuit B 
(c) Subcircuit C (d) Subcircuit D 
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TABLE 2.1 

On-time Off-time Zero inductor 
subcircuit subcircuit current subcircu it 

Buck converter Subcircuit B Subcircuit C Subcircuit D 

Boost converter Subcircu it A Subcircu it B Subcircuit D 

auck/Boost converte Subcircu it A Subcircuit C Subcircu it D 
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2.3 Phase Plane Analysis of Subcircuits 

The converter can have several circuit topologies during its operation. The circuit 

topology of the converter at particular instant of time was classified as on-time, off

time and zero inductor current subcircuit according to state of switches. The char

acteristics of subcircuits are different and the overall characteristics of the converter 

are quite different from those of subcircuits. 

The conveners are nonlinear and time-variant systems and do not lend themselves 

to the direct application of linear system theory because their special nature of 

changing structure during operation. The most efficient way to analyze this perIod

Ically structure changIng system is to study all subcircuits separately and to combine 

their properties appropriately. After understanding the behaviour of each subcircuit, 

a clear idea of the behaviours of converters should be apparent by combining each 

subcircuit's characteristics. Even though a converter is a nonlinear system, its sub

circuits are of a linear system whose characteristics can be precisely specified by a 

set of circuit parameters. 

The phase-plane technique has several advantages in studying the time-variant sys

tem. The time information is suppressed or implicit in the phase-plane technique 

making the analysis much easier and more informative. Particularly, this technique 

is very handy for the second-order system and brings out the features of a system 

graphically. 

A number of methods exist for the analytical construction of trajectories such as the 

vector field method or isoclines method. An alternative of these methods is to use 
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a computer to generate a family of trajectories with different initial conditions. The 

all phase-plane trajectories illustrated in this thesis were generated by a computer 

simulation using the EASY-5 software package developed by Baing Computer Service 

[8]. The structure of EASY-5 simulation is such that the particular circuit to be in .. 

vestigated is entered in terms of the system state equation. The state equation is in" 

tegrated by means of the Euler Method to yield the time domain solution of system. 

The time-domain solutions are plotted in the phase plane to yield the trajectory of 

system. 

2.3.1 Subcircuit A 

The state f:,~uation of subcircuit A in Fig. 2.4 is 

-1 
RC 

a 

a 
(2.1) 

The capacitor voltage and inductor current are chosen as state of system in (2.1). By 

solving equation (2.1) for ve = a and iL = 0, we get the equilibrium point of system. 

vc=O 

Equation (2.1) can be transformed into a homogeneous version by changing variables. 
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[
' (t)] = 

~(t) 

where 

..::.L 
RC 

o 

{(t) = vc(t) 

o 

-R, 
L 

[

{(t)] 

~(t) 

Eigenvalues of (2.2) and corresponding eigenvectors are 

(2.2) 

Note that, in usual power stage design, I -;' I < 1 ;~ I· The general solution of 

(2.2) is given by: 

(2.3) 
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where 

x = ['(t)] 
'fI(t) 

1/, UI eigenpairs (i = 1,2) 

C1 I C2 arbitrary constant 

From the equation (2.3), we can infer the behaviour of the solution of the system as 

foHows. 

• X approach to Q as t approaches to the infinity_ 

• For a farge t, e(.I1-.I2)t < < 1 

Therefore, X approaches to .Q a line through Uz • In other words, vc(t) and i,.(t) will 

V 
approach to 0 and R: ' respectively, along the line through Vc = O. A family of 

trajectories with given circuit parameter values are shown in Fig. 2.5. In this plot, 

Vc(t) and iL(t) , rather than {(t) and ,,(t), are chosen as coordinates. The equilibrium 

point ( 0 , 150 ) is called the stable node. Note that, since every switch used in 

subcircuit A is uni-directional, only first quadrant is effective in the trajectory of 

DC-to-DC converter. 
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Figure 2.5 Phase plane portrait of subcircuit A 
(L=100 .uH I C=50.uF, Vg=15 V t R=5 n t R, = O.t n) 
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2.3.2 Subcircuit B 

The state equation of subcircuit B in Fig. 2.4 is 

[:~] = 

-1 
RC 

-1 
L 

1 
C 

-R, 
L 

[~~ 1 + [:g 1 

The equilibrium point of (2.4) is 

R 
Vg Vc = 

R + RI 

IL 
Vg 

= 
R + R, 

With change of variables, we get the homogeneous version of ( 2.4 ) 

where 

-1 
RC 

-1 
L 

1 
C 

-R, 
L 

[

e(t)] 

'1(t) 

R 
e(l) = ve(t) - R + R/ Vg 
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With practical converter circuit parameters, the eigenvalues of (2.9) turn out to be a 

complex conjugate pair. 

where 

1 R, -(- + -) RC L <0 p= 
2 

J 4( L~ R, 1 R, 2 
+ RCL ) - ( RC + -) 

L > 0 Jl.= 2 

With the comp!ex conjugate eigenvalues, the equ ilibrium point of (2.5) is a stable 

spiral point. The detailed discussion about the phase plane analysis of the subcircuit 

B is provided in the Appendix A. The general shape of phase plane portrait is shown 

in Fig. 2.6. Again, vc(t) and iL(t) are chosen as the coordinates of phase plane. 

2.3.3 Subcircuit C and Subcircuit D 

The subcircuit C has same structure as that of subcircuit B. The state equation of 

su bcircu it C is 

[::l = 

-1 
RC 

-1 
L 

II • PHASE PLANE ANALYSIS OF DC·TO·DC CONVERTERS 

(2.6) 

18 



. 
w.-------~------r_----~~----~------~------~ 

o o 

8 

o 
o 
o 

8 
m~------+_------~--~~~~--~------_+------~ 

10 .00 .00 

Figure 2.6 Phase plane portrait of subcircu it B 
(L 100,uH, C = 50 .uF , Vg = 15 V , R = 5 Q , R, = O. t n) 
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A simple comparison of equation (2.6) and (2.4) shows that conclusion about the 

behaviour of subcircuit B can be directly applied to subcircuit C except that subcircuit 

C has its equilibrium point at the origin of phase plane. The computer generated 

phase plane portrait of subcircuit D with given parameter is given in Fig. 2.7. 

The subcircuit D is effective whenever the inductor current reduces to zero during 

off-time subcircuit. In this subcircuit, the inductor current remains zero and the 

capacitor voltage decreases monotonously. 

The state equation of subcircuit D is 

And its solutions are 

-t 
v c(t) = V c(O) exp RC 

2.4 Phase Plane Portraits of DC-to-DC Converters 

(2.7) 

(2.8) 

The time instant when the converter should change its circuit configuration from the 

one subcircuit to another subcircuit is determined by the feedback controller of con-

verter. The controller, governed by a predetermined control law, generates a se-

quence of transistor on-off command during the converter's operation. As the 
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Figure 2.7 Phase plane portrait of subcircuit C 
( L= 100 ,uH , C = 50 ,uF , Vg = 15 V , R = 5 Q , R, = 0.1 Q) 
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converter changes the circuit configuration from one subcircuit to another subcircuit, 

its trajectory will follow the trajectories of the subcircuits accordingly. Consequently, 

any trajectory of a converter is composed of a sequence of trajectories of subcircuits 

and the phase-plane portraits of subcircuits constitute the phase-plane portrait of the 

converter. Based on the structure of three basic converters (buck, boost and 

buck/boost ), four subcircuits were introduced with a comprehensive phase-plane 

analysis in the previous section. By overplotting the phase-plane portraits of the 

subcircuits, a composite phase-plane portrait of a converter will result. 

The phase-plane portraits of four subcircuits with the following circuit parameters are 

in Fig. 2.8. 

L= 100 Jl. H 

C= 50 Jl. F 

R= 5a 

R, = 0.1 a 

v = 9 15 V 

It is easy to see that the trajectory of subcircuit 0 is, simply, Vc axis in phase plane. 

For the buc..i< converter, the on-time subcircuit is subcircuit B and off-time subcircuit 

is subcircuit C. In figure 2.9, the phase-plane portrait of subcircuit Band Care over-

plotted in the same plane resu Iting a complete phase-plane portrait of buck converter. 

A simplified start-up trajectory of the buck converter, ( without considering any non-

linearities of controller), is superimposed with bold fine on this plot. Let's call the 

trajectory of on-time subcircuit of a converter on-time trajectory. Also, the trajectory 
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Figure 2.8 Phase plane portrait of subcircuits 
(a) Subcircuit A (b) Subcircuit B 
(c) Subcircuit C 
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Figure 2.9 Phase plane portrait of buck converter and start-up trajectory 
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of off-time subcircuit and zero inductor current subcircuit will be called off-time tra

jectory and zero inductor current trajectory, respectively. 

Starting from the origin, the state trajectory follows the on-time trajectory and off-time 

trajectory successively in attempting to reach the steady state trajectory by means 

of transistor on-off commands generated by the controller. Initially, the trajectory 

travels on-time trajectory. At point A, the controller generates the transistor-off com

mand and trajectory starts to follow off-time trajectory up to the point B where the 

controller generates transistor on command again. From point B, the trajectory fol

lows on-time trajectory again as illustrated. By repeating this process, the trajectory 

eventually arrives at the desired steady state trajectory. Once the converter starts its 

steady state operation, the trajectory will trace out a fixed segment of one of off-time 

trajectory and one of on-time trajectory periodically forming a closed path in the 

phase plane, namely, a steady state trajectory. The closed path of trajectory repres

ents the desired steady state trajectory of buck converter. 

Unlike the buck converter, the boost converter may have two different kinds of 

start-up trajectories. If the input voltage, Vg , is applied earlier than the transistor on

off command, the converter has been held the subcircuit B in Fig.2.4 with non-zero 

initial condition. Thus, the initial point of start-up trajectory is not the origin of the 

phase-plane but the equilibrium point of subcircuit B. In Fig. 2.10, the phase-plane 

portrait of subcircuit Band Care overplotted resulting a phase-pl~ne portrait of a 

boost converter. A simplified start-up trajectory is depicted on the phase-plane por

trait of converter assuming the situation explained above. The general behaviour of 

trajectory starting out at the equilibrium point of subcircuit B can be explained in the 

same way as before. 
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Figure 2.10 Phase plane portrait of boost converter and start-up trajectory 

II. PHASE PLANE ANALYSIS OF DC·TO·DC CONVERTERS 28 



Three other start-up trajectories of a boost converter are shown in Fig. 2.11 with the 

assu mption that the input voltage and transistor on-off command were applied at the 

same time. The start-up trajectory in Fig. 2.11 (a) assumes the converter begins its 

operation with transistor on command. Trajectory in Fig. 2.11 (b) illustrates the case 

the transistor off command is issued at the beginning of start-up process. As illus

trated in those figures, both trajectories show a large excursion indicating the 

inductor cll .. rent should go through the large value before it reachs a steady state. 

It is worthwhile to note that any transistor on command during the early stage of the 

start-up process will increase the peak value of the inductor current. The minimum 

value of the Inductor current which any start-up trajectory must go through can be 

identified from the phase-plane portrait of converter. The start-up trajectory of boost 

converter, which has a minimum excursion of Inductor current, is shown in Fig. 2.11 

( c ) with the assumption that the converter holds the off-time subcircuit during the 

early stage of start-up process. 

In Fig. 2.12, a simplified trajectory of buck/boost converter is shown on the convert

er's phase-plane portrait which is composed of phase-plane portraits of subcircLi it A 

and subcircuit C. Steady state trajectory is represented by a closed path in phase

plane as before. The start-up trajectory may reach to the steady state trajectory. 

without undergoing a large excu rsion. 

Above examples show how phase-plane portraits of subcircuits can be used to pre

dict the general behaviour of transient trajectory of converters. The simplified 

start-up trajectories shown in this section are rather artificial and may be different 

from the real start-up trajectories of the converters when other nonlinearities such 

as soft start circuit, duty ratio limitation and current limiting are included. Neverthe-
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Figure 2.11 Phase plane portrait of boost converter and start-up trajectories 
(a) Start-up with ON command (b) Start-up with OFF command 
(c) Trajectory with minimum current excursion 

II. PHASE PLANE ANALYSIS OF DC·TO·DC CONVERTERS 28 



0 
0 

en 

(1.)0 
0.. 0 

~w 

..J -0 
0 

"" 

0 
~ 
N 

0 
~ 

3.00 

Figure 2.12 Phase plane portrait of buck/boost converter and start-up trajectory 
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less, they provide a picture of start-up mechanism and large-signal behaviour of the 

converters. A more realistic start-up trajectory will be introduced in Chapter IV. 

Several interesting observations can be made from the phase-plane portraits of the 

converters in Fig. 2.13. First, the phase-plane portrait of the buck converter has two 

stable spiral points. On the other hand, the boost and the buck/boost converter's 

phase-plane portraits have a stable spiral point and a stable node. Their structures 

are almost the same except the location of equilibrium point. As a result, the boost 

and the buck/boost converter have very similar transient trajectories as we will see * 
later. 

Secondly, whereas the phase-plane portra.its of off-time subcircuit of buck and the 

buck/boost converters have equilibrium points at the origin, neither of the boost 

converter's subcircuit has the equilibrium at the origin. Furthermore, the boost the 

converter's phase-plane portrait shows the existence of an unavoidable large excur

sion of inductor current in start-up process. The above observation have a simple 

physical interpretation. In the buck or the buck/boost converter the transistor is 

connected to the input voltage in series. Thus, the inductor current can be controlled 

within a certain bound by transistor on-off commands during start-up. However, in 

the boost converter, the inductor is directly connected to the input voltage. As a re

sult, the inductor current will increase regardless of the transistor on-off command 

at the earl~' stage of start-up as illustrated in Fig. 2.11. 

Finally, the phase-plane portraits provide some insight about the steady state voltage 

gain of the converters. For the stable steady state operation, the trajectory must have 

a closed path within a fixed switching period. From the phase-plane portrait of the 

buck the converter, it is obvious that any closed path trajectory can be found only in 
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(a) Buck converter 

(b) Boost Converter 

(c) Buck/boost Converter 
12.00 IS.oo 18.00 21.00 2 
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Figure 2.13 Phase plane portrait of converters 
(a) Buck converter (b) Boost Converter 
(c) Buck/boost Converter 
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lower left hand region ( shown separated by the double lines) in Fig. 2.13(a). Thus, 

the voltage gain of the buck the converter is always less than unity. Similarly, for the 

boost converter, any closed path trajectory can be found only in upper right hand re

gion ( shown separated by the double lines) in Fig. 2.13 (b) which accounts that the 

voltage gain of the boost converter is always greater than unity 

2.5 Conclusion 

The graphical phase-plane method was employed to study the qualitative behaviour 

of the buck, boost and the buck/boost converters. 

To explain the behaviour of the converter systematically, the structure of each con

verter was investigated and four subcircuits which represent these converters pre

cisely depending on the state of switches were introduced. Using the inductor current 

and capacitor voltage as two coordinates of phase-plane, the phase-plane portrait of 

each subcircuit was explained. 

The phase-plane portrait of each converter was obtained by overplotting the phase

plane portrait of its subcircuits. A simplified start-up trajectory of each converter was 

explained providing a considerable insight into the transient behaviour of converter. 

The phase-plane portraits of three basic the converters are compared. 
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III. GLOBAL BEHAVIOUR OF STATE TRAJECTORIES 

3.1 Introduction 

The large signal transient trajectories of converters Is discussed in the phase plane. 

A number of new ideas are employed to describe the transient behaviour of convert

ers. 

In Section 3.2, the converter control schemes, whose characteristics dominate the 

transient response of converters, are reviewed briefly. The steady state trajectory 

of a converter is introduced in Section 3.3. The envelopes of steady state trajectories 

are explained by considering a family of trajectories with different steady state duty 

ratios. As we will see later, those envelopes provide many information about the 

transient behaviour of a converter. The equations of these envelopes are presented 

with assumptions. 
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In Section 3.4, several terminologies are introduced to characterize the transient tra

jectories. Computer generated trajectories are interpreted in terms of them. A tran

sition pattern of arbitrary trajectory is given in this section also. 

3.2 Controller of DC-fa-DC Converter 

The controller generates a sequence of the transistor on-off commands according to 

the control law during converter's operation. The particular sequence of on-off com

mands, which entirely depends on the characteristics of controller, governs the tran

sient response of converter. Therefore, the transient response of a converter mainly 

depends on the characteristics of controller in addition to circuit parameters. With 

the same initial condition and same circuit parameters, the converter may have dif

ferent transient trajectories by virtue of different control schemes. 

There are several types of controllers such as constant frequency, constant on-time, 

constant off-time, and free running types. Throughout this thesis, the converters are 

assumed to be operated by the constant frequency type controllers which are char

acterized by a fixed switching period with a variable ratio of transistor on-time to 

switching period. The variable ratio, which is called the duty ratio, plays an important 

role in the transient behaviour of the converter. In the converter with constant fre

quency type controller, the ultimate function of the controller is to change the duty 

ratio within a fixed switching period and the converter is called the duty ratio con

trolled converter in this sense. 
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In the duty ratio controlled converter, the transient response is the portion of opera

tion where the controller is adjusting the duty ratio continuously in an attempt to ar

rive at a steady state. On the other hand, the steady state response is the portion of 

operation where the controller provides a fixed duty ratio. Hence, the steady state 

operation of converter is characterized by its fixed duty ratio. 

Two kinds of control strategies are widely used for the duty ratio controlled convert

ers. The first method known as the single-loop control uses the output voltage and 

an external ramp function to generate the duty ratio control signal. The output volt

age is compared with a fixed reference voltage to yield the error voltage. The error 

voltage is connected to the input of a differential amplifier with suitable compensation 

circuitry to optimize the small signal characteristics of converter. Finally, the output 

of a differential amplifier is compared with the external ramp to generate the pulse 

width modulated duty ratio control signal as shown in Fig. 3.1 (a). 

The other method, which is called the two-loop control, utilizes both output voltage 

and inductor current or switch current to produce duty ratio control signal. Sensing 

the switch current, which is called current-mode control, is widely used due to se

veral advantages over using an inductor such as inherent over-current protection and 

current sharing in parallel module converters. It also provides the same advantages 

of two-loop control as in the inductor current sensing scheme. Thus, for two-loop 

control, the current-mode control will be discussed in this thesis and the terminol

ogies 'two-loop control' and 'current-mode control' will be used interchangeably. The 

output voltage is compared with reference voltage as before. The resulting error sig

nal is connected to the differential amplifier to yield voltage loop error signal. The 

switch current is multiplied by a constant gain to produce the current loop feedback 
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Figure 3.1 Control methods of duty ratio controlled converter 
(a) Single loop control (b) Two loop controJ 
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voltage. The current loop feedback voltage is added with an external ramp function 

and compared with voltage loop feedback voltage to generate the duty ratio control 

signal as shown in Fig. 3.1 (b). 

3.3 Steady State Trajectories and Envelopes 

The converter starting from the arbitrary initial condition goes through some transient 

and eventually reaches the steady state by virtue of feedback controller. Unlike other 

linear systems, the trajectory of the converter in a steady state is a closed path and 

the time domain waveforms of the state are periodic with the non-zero ripple com

ponents. The shape, size and location of the closed loop uniquely are determined by 

the set of circuit parameters and the switching period. The closed path determined 

by circuit parameters provides the steady state information about the converter. 

The typicat inductor current and capacitor voltage of a buck converter at a steady 

state with a constant frequency type controller are shown in Fig. 3.2(a) and (b). In Fig. 

3.2(c), the corresponding state trajectory is also depicted. The on-time and off-time 

trajectory start at the same point for every transistor on-off cycle. The ending point 

of on-time trajectory is the starting point of off-time trajectory; conversely, the ending 

point of off-time trajectory is the starting point of on-time trajectory. It is important to 

note that these two points are uniquely determined by the duty ratio, circuit parame

ters and switching frequency. 
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The highest and the lowest point of the closed path show us the maximum and 

minimum of inducter current, respectively. And the vertical distance between these 

points represents the peak-to-peak value of the inductor current ripple. Similarly, we 

can figure out the maximum and minimum value of the capacitor voltage and the 

peak-to-peak value of ripple component from the location of the furtherest right and 

left points of the closed path. 

One of the most important functions of a controller is to regulate the capacitor volt

age, which is the output of a converter, at a preset level by adjusting the duty ratio. 

Depending upon the desired output voltage, the converter may have the different duty 

ratio and different trajectory In steady state. However, once output voltage is speci

fied, the converter with given circuit parameters has a fixed duty ratio and unique 

trajectory in steady state. Thus, there is a one to one correspondence between duty 

ratio and steady state trajectory of converter. 

Fig. 3.3 shows a family of steady state trajectories of buck converter with different 

steady state duty ratios. Each closed path represents a steady state trajectory cor

responding to the particular duty ratio. If we connect the highest point and the lowest 

point of closed paths, two curves will result as shown in Fig. 3.3. These curves are 

referred to as the upper envelope and the lower envelope of steady state trajectories. 

The upper and lower envelopes constitute the region in the phase plane where any 

steady state trajectory can exist. In other words, the steady state trajectory of a con

verter, whatever its duty ratio may be, shou Id be located only in the region confined 

by these envelopes. As we will see later, these envelopes provide considerable in

formation about the transient response of converter. 

III. GLOBAL B :HAVIOUR OF STATE TRAJECTORIES 39 



Upper envelope 

Lower envelope 

Figure 3.3 Steady state trajectories and envelopes of buck converter 
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The equations of the upper and lower envelopes for buck, boost and buck/boost 

converters are driven in the Appendix B with following assumptions. 

• Parasitic resistance of the inductor can be neglected. 

• The converter is operating in the continuous conduction mode. 

• Inductor current can be approximated by a triangular wave. 

• Capacitor voltage is constant. 

BUCK CONVERTER 

UPPER ENVELOPE 

LOWER ENVELOPE 

where 

BOOST CONVERTER 

UPPER ENVELOPE 

Vc Vc Vc 
tupper = 2L (1 - Vg ) Ts + R 

"ower = 
Vc Vc Vc 

- 2 L (1 - Vg ) Ts + R 

Vc : ,Capacitor voltage 

Vg : I nput voltage 

Ts : Switching period 

L Inductor 

R : Load resistor 

Vg 
lupper = 2L (1 
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LOWER ENVELOPE 

'lower = 

BUCK/BOOST CONVERTER 

UPPER ENVELOPE 

LOWER ENVELOPE 

Vg 
--(1 

2L 

The envelopes of steady state trajectories of buck, boost and buck/boost converters 

are overplotted on the phase-plane portraits given in the Chapter /I in the Fig. 3.4. 

The envelopes and the actual steady state trajectories of a buck converter operating 

at 50 kHz with different duty ratios are shown in Fig. 3.5. The circuit parameters of 

buck converter are repeated below for convenience. 

Vg = 15 V 

L = 100 ~H 

C = 50 ~F 

R = 5a 
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(a) Buck converter 

(b) Boost Converter 

(c) Buck/boost Converter 
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Figure 3.4 Envelopes and phase plane portraits 
(a) Buck converter (b) Boost converter 
(c) Buck/boost converter 
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Figure 3.5 Steady state trajectory of buck converter 
( Vg = 15V , L = 100J,tH , R = 5.Q , C = 50J,tF ) 
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For boost converters, the envelopes and actual trajectories of each converter are 

plotted assuming the same switching period and circuit parameters as the buck con

verter case in Fig. 3.6. One of the assumptions used to derive the equations of en

velopes is that the capacitor voltage is assumed constant. However, this assumption 

is not quite satisfied with the capacitor used in this converter resulting in slanted 

trajectories. As a result, the envelopes driven with constant capacitor voltage as

sumption fail to bound the trajectories as shown in Fig. 3.6 (a). To avoid this situation, 

the capacitor is increased to 500 /JF making the constant capacitor voltage assump

tion as a satisfactory one. Since the most important design consideration of a con

verter is to have a small capacitor voltage ripple, the constant capacitor voltage 

assumption is easily satisfied in practice. With a sufficiently large capacitor, the en

velopes approximate the bounds of trajectories well. The trajectories look like 

straight lines with very little capacitor voltage ripples as shown In Fig. 3.6 (b). 

The simu lation resu It of steady state trajectories of the buck/boost converter are 

overplotted with the envelopes of trajectories as shown in Fig. 3.7. The trajectories 

of the converter with the same parameter values as a buck converter are shown in 

Fig. 3.7(a) ~'nd that of the converter with C = 500/JF are given in Fig. 3.7(b). With the 

larger capacitor, the envelopes approximate the bounds of trajectories more accu

rately as expected. 
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Figure 3.6 Steady state trajectories of boost converter 
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3.4 Global Behaviour of Transient Trajectory 

Whereas the phase-plane portrait of a converter provide information about the tra

jectory of converter, the dynamic properties of controller plays a dominant role in the 

transient response of converter. Converters having the same phase-plane portrait 

may show an entirely different transient trajectory by virtue of different characteristics 

of the controller. 

In the duty ratio controlled converter, the transient response results directly from the 

change of duty ratio. Thus, the transient trajectory can be investigated in terms of the 

duty ratio variation. If the duty ratio is allowed to change over a wide range, the tra

jectory would go through a large transition. On the other hand, the trajectory would 

show a systematic behaviour with gradually changing duty ratio. 

The transient trajectory of converter can be divided in the following three modes ac

cording to its behaviour and changing pattern of duty ratio. 

• Large transition mode The portion of trajectory which shows relatively 

farge transient behaviour which can not characterized systematically. The 

change of duty ratio is usually large in this mode. 

• Duty ratio tuning-mode The portion of trajectory which shows a systematic 

behaviour. The change of duty ratio in this mode is small and continuous. 

• Steady state The portion of trajectory which travels a fixed closed path, 

namely, a steady state trajectory. 
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A typical transient trajectory undergoes the large transient mode and then starts duty 

ratio tuning-mode operation, eventually ending up with the steady state trajectory. 

An example of transient trajectory of buck converter is shown in Fig. 3.8(a). The time 

domain waveforms of state ( inductor current and capacitor voltage ) and the duty 

ratio of each switching period are depicted in Fig. 3.8(b) and 3.8(c), respectively. The 

trajectory originated from the arbitrary initial state ( marked by " X ") passes through 

the large transition mode. This mode corresponds to the first several switching cy

cles of time response in Fig. 3.8{b). The duty ratio in this mode changes in a large 

scale as shown in Fig. 3.8(c). 

The duty ratio tuning-mode is the region of trajectory which shows a slow varying 

behaviour; that is trajectory is confined in some region and changing pattern of tra

jectory is quite systematic. Note that the capacitor voltage and inductor current 

change slowly and the duty ratio changes almost continuously in this mode. This 

mode ends up with steady state where the inductor current and capacitor voltage are 

periodic and the trajectory yields a steady state closed loop with a fixed duty ratio. 

Before beginning the detailed discussion about each mode, we need to mention that 

although it is very difficult to predict converters' behaviour in large transition mode, 

the motion of trajectory in duty ratio tuning-mode can be predicted from circuit pa

rameters, or, from phase-plane portrait. 

LARGE TRANSITION MODE 

The trajectory in this mode can be characterized by the relatively large scale transi

tion with the large fluctuation of duty ratio. The duty ratio can be zero or one ( which 
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Figure 3.8 Transient response of buck converter 
(a) Transient trajectory (b) Time response of state 
(c) Duty ratio of converter 
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implies the converter stays in off-time or on-time subcirclJit for a whole switching 

period) in this mode. 

There are many factors from which the large transition mode of trajectory result. 

Some of them may be a large perturbation of state and nonlinearities in feedback 

controller. One typical large transition mode occurs in converter's start-up trajectory. 

At the early stage of start-up, the converter stays in on-time subcircuit or off-time 

subcircuit for several switching period. Also, various nonJinearities of the controller 

will affect the transition trajectory. The start-up trajectories of the converters will be 

discussed l'3ter in detail in Chapter IV. 

DUTY RATIO TUNING MODE 

The most prominent feature of this mode is that trajectory with gradual changing duty 

ratio can be characterized systematically. The typical trajectories of buck,boost and 

boost converters operating in this mode are shown in Fig. 3.9. As shown in this fig

ure, the trajectories move in a regular fashion toward steady state. Although the 

detailed shape of the trajectory of converters are different, their moving patterns are 

quite similar. Furthermore, we will see that the moving pattern of each converter's 

trajectory can be predicted by its circuit parameters and operating conditions. 

In this subsection, the behaviour of a trajectory in duty ratio tuning-mode will be ex

plained with the buck converter example. 

To understand the behaviour of a trajectory under duty ratio tuning-mode, consider 

the trajectories shown in Fig. 3.10. As explained in Section 3.3, there is a one-to-one 

relationship between duty ratio and steady state trajectory. The closed path in Fig. 
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Figure 3.9 Trajectory in duty ratio tuning mode 
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3.10(a) represents the trajectory of a buck converter with a particular duty ratio 0 1, 

Point A represents the place where transition from off-time subcircuit to on-time 

subcircuit takes place and point B represents the transition point from on-time sub

circuit to off-time subcircuit. Obviously, the trajectory from A to B is a part of on-time 

trajectory and the curve from 8 to A is part of off-time trajectory. 

If the converter starts its on-time operation with initial condition ( vc(O) , h(O»), the 

trajectory will trace out the trajectory shown in Fig. 3.10(a), provided that duty ratio 

is exactly 0 1, A slightly different situation is explained in Fig. 3.10(b). The initial 

condition is the same as before, but the duty ratio is assumed to be larger than D1• 

Additionally, it is also assumed that duty ratio increases in each consecutive switch

ing period with the function of the controller. The time interval allowed for the con

verter to stay in on-time subcircuit is defined TON' Likewise, the time interval 

assigned to the off-time subcircuit is defined ToFF' 

TON = Ts 0 

T OFF = Ts (1 - 0 ) 

Where 

Ts : Switching Period 

D : Duty ratio 

Initially, The trajectory travels the part of the arc from A to 8 as before. However, the 

increased TON prevents the trajectory from the following off-time trajectory at point B. 

As a result, the trajectory bypasses point B and starts to follow the off-time trajectory 

at the point B'. Since increasing TON implies decreasing TOFF with a fixed switching 

period, poirt C, where the converter starts following on-time trajectory again, will be 

located somewhere above A as illustrated in Fig. 3.10(b). In the next switching pe-
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riod, the on-time trajectory starting out at point C with further increased duty ratio 

wiH extend to point D. By continuing this procedure, the trajectory moves forward 

in a helical motion. 

The transition trajectory with continuously decreasing duty ratio can be explained in 

a similar manner. Fig. 3.10(c) illustrates this situation. The closed path with broken 

line represents a trajectory generated by a fixed duty ratio and the solid line repres

ents the trajectory of converter with a decreasing duty ratio. Note that the trajectory 

is moving backward in contrast to the motion of trajectory with increasing duty ratio. 

There are many possible situations when the duty ratio tuning-mode takes place. The 

trajectories shown in Fig. 3.10 are only two simple cases. Nevertheless, the basic 

ideas used in the examples can be applied to the more case with appropriate mod

ification. Consider the situation shown in Fig. 3.11. Again, the closed path with bro

ken line stands for a closed path with a specific duty ratio 0 1 and the coordinate ( 

vc(O) , iL(O» represent the instantaneous values of the state at the point A. Suppose 

that the converter initiates the on-time subcircuit operation with (Vc(O) , IL(O» and 

with duty ratio O2 which is smaller than 0 1, The controller is considered to provide the 

increasing duty ratios. 

The trajectory originated at A goes through the on-time trajectory and it begins to 

follow off-time trajectory at point 8' instead of B due to the smaller TON' The off-time 

trajectory is assumed to be effective up to the point C with larger ToFF' We can think 

of another trajectory with duty ratio 0 3 which starts on-time trajectory exactly at the 

point C. This trajectory is represented by a closed path with broken line near the 

point C. Note that that 0, is smaller than 01 since average capacitor voltage associ

ated with the latter trajectory ;s smaller than that of the former trajectory and the 
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Figure 3.11 An example of trajectory of buck converter in duty ratio tuning mode 
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capacitor v"'ltage of buck converter is proportional to duty ratio. The converter's new 

duty ratio when trajectory reaches C is assumed to be greater than D3 by function of 

controller. At this point, the situation is exactly the same as the one considered in 

Fig. 3.10(b). By making use of the same argument used in that figure, the final tra

jectory is portraied in Fig. 3.11. 

One important point to mention is that the trajectory in the duty ratio tuning-mode 

does not show any large deviation in moving pattern. Once the trajectory starts the 

duty ratio tuning-mode, it continues the same pattern as long as duty ratio changes 

gradually. This distinct feature of trajectory is used to identify the duty ratio tuning

mode. 

To start the duty ratio tuning-mode operation, the converter should satisfy another 

condition in addition to the small variation of duty ratio between each consecutive 

switching periods. Fig. 3.12 shows a transient trajectory superimposed on the 

phase-plane portrait of buck converter. Whereas, the converter has almost constant 

duty ratio, the trajectory does not show the duty ratio tuning-mode. The reason for 

this is that the trajectory is located in the region where a closed path-like trajectory 

can not be made within a relatively small switching period. From the above exam

ple, we know that the converter trajectory should fall into some region to begin the 

duty ratio tuning-mode. In conclusion, the converter starts the duty ratio tuning

mode if following two conditions are satisfied. 

• Initial state lies in the region where trajectory can form a closed path-like curve 

within predetermined switching period. 

• Duty ratio is changing gradually. 

III. GLOBAL BEHAVIOUR OF STATE TRAJECTORIES 57 



8 
1.00 2.00 

VC 
3.00 
VOLTS 

".00 5.00 

Figure 3.12 Transient trajectory of buck converter 

III. GLOBAL BEHAVIOUR OF TRANSIENT TRAJECTORY 

6.00 

58 



I~ the Section 3.3, we introduced the upper and lower envelopes of steady state tra

jectories and derived their equations for buck,boost and buck/boost converters. The 

upper and lower envelopes constitute a region in which all possible trajectories of a 

converter with arbitrary duty ratios should be located. Since this region results from 

a family of closed path trajectories, the trajectory, with slowly changing duty ratio, 

moves in a closed path-like manner in the neighborhood of this region. The region 

obtained by connecting upper and lower envelope is called the region bounded by 

envelopes. If trajectory meet the region bounded by envelopes with gradually vary

ing duty ratio, it will begin the duty ratio tuning-mode. Fig. 3.13 shows a transient 

trajectory and the region bounded by envelopes of a buck converter. After the large 

transition rr.ode, the trajectory hits the region bounded by envelopes and begins the 

duty ratio tuning-mode operation. 

Another important feature of trajectory in duty ratio tuning mode is the trajectory 

tends to converge to the region bounded by envelopes if the converter is stable. The 

trajectory of a converter with a very close duty ratios in two consecutive switching 

periods is illustrated in Fig. 3.14. Two closed paths in this figure represent trajecto

ries with two different duty ratios 0 1 and Oz. Two lines, AB and CO, constitute the 

region bounded by envelopes. The trajectory of a converter with increasing duty ratio 

is depicted with broken line with the assumption that duty ratio of converter is taking 

the values between 0 1 and O2, Note that the trajectory of converter is, approximately, 

confined in the region bounded by envelopes. The smaller the variation of duty ratio 

becomes, the closer the region bounded by envelopes confines the trajectory. A 

simple extention of above reasoning explains the tendency of trajectory converging 

to the region bounded by envelopes. 
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Figure 3.13 Transient trajectory and attraction region of buck converter 
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Figure 3.14 Trajectory of buck converter with very slowly changing duty ratio 
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As a conclusion, we can make a conclusion about the behaviour of trajectory in duty 

ratio tuning-mode. With the duty ratio converging to the steady state duty ratio, the 

trajectory converges to the region bounded by envelopes. 

GLOBAL BEHAVIOUR OF TRANSIENT TRAJECTORY 

For convenience, only a buck converter is considered in drawing the conclusion 

about the general behaviour of transient trajectory in the previous subsection. It 

shou Id be noted, however, the validity of conceptual reasoning presented in that 

subsection is not dependent on the particular choice of converter model. Thus, the 

same argument is applied to boost and buck/boost converter. 

The behaviour of the transient trajectory of converters ;s summerized below as a 

conclusion of this section. 

• Trajectory undergoes the large transition mode with an arbitrary initial condition. 

• The converter begins the duty ratio tuning-mode operation as trajectory ap

proaches in the neighborhood of the region bounded by envelopes. 

• The trajectory converges to the region bounded by envelopes in duty ratio 

tu n i ng-mode. 

• The trajectory forms a stable closed path in steady state. 

The computer generated transient trajectories of the buck,boost and buck/boost 

converters ·ue shown in Figs. 3.15, 3.16 and 3.17. The region bounded by envelopes 
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Figure 3.15 Transient trajectory of buck converter 

(a) Large disturbance of state (b) Small disturbance of state 

(c) Duty ratio tuning mode 
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(a) 

(b) (e) 

Figure 3.16 Transient trajectory of boost converter 
(a) Large disturbance of state (b) Small disturbance of state 
(c) Duty ratio tuning mode 
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Figure 3.17 Transient trajectory of buck/boost converter 

(c) 

(a) Large disturbance of state (b) small disturbance of state 
(c) Duty ratio tuning mode 
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TABLE 4-1 

~ Buck Boost Buck/boost 

Vg 15 V 15 V 15 V 

L 100 pH 100 p.H 100/.LH 

C 50 J.lF 50 J.lF 50 JJ.F 

R 10 SO SO 

RJ 0.10 0.1 n 0.1 n 

Ts 20 p. sec 20 p. sec 20 /.L sec 

III. GLOBAL BEHAVIOUR OF TRANSIENT TRAJECTORY .8 



of these plots are found by making use of section 3.3 and the parameter values used 

in those simulation is listed in Table 4.1. For boost and buck/boost converters, some 

difference between envelopes and bounds of trajectory is resultant of the relatively 

small value of capacitor. 

3.5 Conclusion 

The transient trajectories were investigated in the phase-plane. With the aid of en

velopes of steady state trajectories, the transient patterns of trajectories were pre

sented. Tile steady state trajectory in the duty ratio controlled converter was 

discussed reading to the introduction of envelopes of them. The envelopes define the 

region in the phase-plane to which any stable trajectory will converge. This provides 

useful information about large signal properties of converter. We can predict the 

transient trajectory from them. Analytical expressions of envelopes of steady state 

trajectories are given. 

The transient trajectory was divided into two modes according to the transition pat

tern in phase-plane. The large transition mode ;s characterized by relatively large 

variation of trajectory and the duty ratio tuning-mode is characterized by systematic 

behaviour of trajectory. The behaviour of trajectory in each mode was discussed in 

details foclJsing the relation between transition pattern and change of duty ratio. The 

region boundea by envelopes was introduced to define the region to which any stable 

transient trajectory converges. The behaviour of arbitrary transient trajectories was 

III. GLOBAL BEHAVIOUR OF STATE TRAJECTORIES 67 



given in terms of large transition mode and duty ratio tuning mode in conjunction with 

the region bounded by envelopes. 
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IV. LARGE SIGNAL TRANSIENT TRAJECTORY 

4.1 Introduction 

In this chapter, the large signal transient trajectories of buck,boost and buck/boost 

converters are analyzed. The computer generated transient trajectories are inter

preted in terms of concepts introduced In Chapter III. The qualitative behaviour of 

trajectories of practical interest is explained 

The start-up trajectory Is presented in Section 4.2. As discussed before, the boost 

converter may have two start-up situations depending on the initial condition. In 

Section 4.3, the step-load change trajectories are investigated focusing on the 

behaviour of capacitor voltage. The input voltage change trajectol·ies are studied in 

Section 4.4 in a similarway to the step-load change response. 

If there is no explicit comment, the circuit parameters used in Section 3.4 are as

sumed and the current mode controller is used throughout this chapter. 
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4.2 Start-up Trajectory 

One of the largest transients of a converter may be the start up process. The 

behaviour of start-up trajectories of converters are discussed in this section. The 

behaviour of them is explained on the basis of concepts introduced in previous 

chapter. Nonlinearities such as soft start circuit, duty ratio limitation and pulse-by

pulse current limiting will not be considered in this section. 

Buck Converter The start-up trajectories of buck converter are shown in the Fig. 

4.1 on the phase-plane portrait. The single-loop controller is used to generate the 

first trajectory. and current-mode controller is employed to the second trajectory. 

As shown in this figure, the two different controllers result in different trajectories on 

the same phase-plane portrait. The basic difference between the controllers dis

cussed in the Chapter III, ( the single loop controller uses only output voltage and the 

two-loop controller uses both output voltage and switch current to determine the duty 

ratio), is responsible for noticeablly unlike transition pattern of trajectories. Even 

though two trajectories look different, they have a common transition pattern. In Fig. 

4.2, the previous trajectories and envelopes of steady state trajectories are overplot

ted to show transition pattern more clearly. With the zero initial condition of power 

stage and feedback controller, the feedback control circuit generates the switch on 

command. Then, the controller will generate a series of switch on-off commands 

according to the state of converter and feedback control law. At the beginning of 

start-up, trajectories undergo the large transition mode by large excursion of duty 

ratio as explained in Section 3.4. Once the trajectories hit the region bounded by 

envelopes, they start the duty ratio tuning-mode. As Fig. 4.1 shows, the converter 
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Figure 4.1 Start-up trajectories of buck converter 
(a) Single loop control 
(b) Two loop control 
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Figure 4.2 Start-up trajectories of buck converter 
(a) Single loop control 
(b) Two loop control 
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using the current-mode control reaches the duty ratio tuning-mode earlier and,thus, 

less inductor current excursion. This is because in current-mode control, the switch 

current is used together with the output voltage feedback to generate duty ratio con

trol signal. The early switching action before the duty ratio tuning-mode is due to the 

dynamics in feedback compensation network. 

Boost converter In the Fig. 4.3, two start-up trajectories of boost converters are 

depicted. The two-loop controller is employed to generated both trajectories. Since, 

for boost and buck/boost converters, It is not easy to achieve the optimum small

signal characteristics using a single-roop control, the two-loop control is widely em

ployed in practice. The starting point of the first trajectory is the origin. The starting 

point of the second trajectory is the equilibrium point of subcircuit B in Fig. 2.4. In 

this case, it is assumed that the input voltage is applied earler than the switch on-off 

command. Thus, the converter has been herd the subcircuit B. Note that the first 

trajectory shows a large excursion of inductor current as explained before. Due to 

the large excursion of inductor current which may saturates the core, it is clear that 

a soft start circuit is needed for the boost converter. This problem is even more se

vere in single-loop control in which the switch off command cannot be generated due 

to the large initial output error. The second trajectory originating from the equilibrium 

of subcircuit B shows more systematic behaviour. The start-up trajectories can be 

divided into a large transition mod~ and a duty ratio tuning-mode as before. The 

behaviour of trajectories can be explained in the same way as the buck converter 

case. Fig. 4.3 shows the start-up trajectories and region bounded by envelopes. 

Again, the trajectories converges to the region bounded by envelopes as time in

creases. 
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Figure 4.3 Start-up trajectories of boost converter 
(a) Starting from origin 
(b) Starting from equilibrium point of subcircuit B 
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Figure 4.4 Start-up trajectory of buck/boost converter 
(a) Start-up trajectory on the phase plane portrait 
(b) Start-up trajectory and attraction region 
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Buck/boost converter Fig. 4.4 depicts the start-up trajectory of a buck/boost con-

verter. The transition pattern of trajectory is very similar to the boost converter 

originating from the equilibrium of subcircuit 8 as shown in Fig. 2.13. As pointed out 

in the Chapter II, the phase-plane portrait of boost converter and buck/boost con

verter have same structure in the practical operating range. As a result, transient 

trajectories of two converters are very similar. The Fig. 4.4 (b) illustrates the qual

itative behaviour of start-up trajectory in conjunction with the region bounded by en

velopes. 

The qualitative behaviour of start-up trajectories of converters is explained using the 

concept introduced in the previous chapter in this section. 

4.3 Step Load Change Trajectory 

One of the most important transient responses of converter is that of step-load 

change. Since the load of a converter is not a constant, the transient response of a 

converter with respect to load variation has been a great concern for the converter 

designer. In this section, the step-load transient response of converter will explained 

in phase-plane. 

It is clear that a converter with a new load introduced by step change has a new 

phase-prane portrait. Consequently, the converter has new steady state trajectory, 

envelopes of trajectories and the region bounded by envelopes. The initial inductor 
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current and capacitor voltage are steady state values of the converter before step 

change. 

Buck converter I n the Fig. 4.S(a), the step-load change trajectories of buck con

verter using the current-mode control is shown. The load resistor is assumed to 

change from SO to 10 abruptly. The closed path located in the lower part of these 

ptots are the steady state trajectories of the converter before load change. Note that 

the transient trajectory is composed of segments of on-time and off-time trajectories 

of converter with R = 10. As time passes, the trajectory converges to the region 

bounded by envelopes by duty ratio tuning-mode operation. 

The transient trajectories of a buck converter with step-load change from R = 10 to 

R = 20 are illustrated in the Fig. 4.S(b). 

By comparing the trajectories in Figs. 4.S (a) and (b), an observation can be made. 

While the trajectories in Fig. 4.S(a) show the capacitor voltage undershoot, the tra

jectories in Fig. 4.S(b) show the overshoot. The decrease of R involves the under

shoot and the increase of R causes the overshoot of the capacitor voltage. The 

capacitor voltage undershoot and overshoot depends on the output impedance of 

converter. To explain this tendency in the phase-plane, let's consider Fig. 4.6. Two 

closed curves represent the steady state trajectories of converter with different load 

resistors. The upper one corresponds the steady state trajectory of converter with 

small R and the lower is that of converter with large R. From the phase-plane portrait 

of buck co,lverter, we know that the on-time trajectories move upward in clockwise 

direction and the off-time trajectories travel downward also in clockwise direction 

within the normal operation range in the phase-plane. With the introduction of step-
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Figure 4.5 Step load change trajectories of buck converter 
(a) ( R : 50 - 1Q ) 
(b) ( R : 10 - 2Q ) 
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Figure 4.6 Step load change trajectories of buck converter 
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load change, the on-time and off-time trajectories starting out the point A and B will 

change accordingly. As R decreases, the on-time trajectory starting from A would 

rotate in clockwise direction as shown in the figure. Similarly, the off-time trajectory 

starting from B would rotate in clockwise direction with a larger R. It is clear that for 

the change of operating point from the lower trajectory to upper trajectory, there must 

be a net upward motion of trajectory. From Fig. 4.6, we can easily see that any ef

fective upward motion of trajectory would result in the capacitor voltage undershoot. 

The ideal step-load change trajectory in the case of load stepping-up is described by 

the broken line assuming the trajectory would follow the on-time trajectory during the 

transient. In reality, the controller may generate the transistor off-command during 

transient due to the dynamics of feedback circuit. The trajectory drawn with solid line 

represents this situation. The transistor off command issued during the early stage 

of transient significantly increases the magnitude of undershoot and response time. 

One of the possible solutions of eliminating undesireable switch on-off commands 

during transient is to add the large-signal control law, which is effective only In a 

large transient, to the controller. With the large-signal control law, the transient re

sponse can be improved without changing the small-signal performance of converter. 

The transition pattern of trajectory from upper trajectory to lower trajectory can be 

explained in the same manner. To have net downward movement, the transient tra

jectory should be dominated by the off-time trajectory accompanied by the capacitor 

voltage overshoot. The ideal transient trajectory is depicted with a broken line. Note 

that there is unavoidable voltage overshoot even in the ideal transient trajectory The 

transistor on command issued during the early stage of transition would increase the 

voltage overshoot and response time as illustrated with a solid line. 
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With the aid of Fig. 4.6, we can easily understand the step-load change trajectories 

of the buck converter. Furthermore, we can infer the behaviour of arbitrary transient 

trajectory in terms of the capacitor voltage from the above example. 

Boost con"l)rter For the boost and buck/boost converters, the on-time trajectory 

moves upward in clockwise direction and off-time trajectory moves downward in 

clockwise direction. Therefore, general behaviour of transition trajectories explained 

before can be applied in the step-load transient of boost and buck/boost converter. 

Fig. 4.7 shows the step-load change transient trajectories of current-mode controlled 

boost converter. With the decrease of R, the trajectory yields the capacitor voltage 

undershoot. On the other hand, there is a overshoot with a larger R as shown. Note 

that the trajectory in Fig. 4.7 (c) generated with large step decrease of R shows a 

relatively large undershoot and slow system response. 

Buck/boost converter The step-load change trajectories of buck/boost converter 

are illustrated in Fig. 4.8. Like the start-up case, the shape of trajectories are very 

similar to that of boost converter. The trajectories converges to the region bounded 

by envelopes showing undershoot or overshoot of the capacitor voltage as expected. 

4.4 Step Input Voltage Change Trajectory 

The step input voltage trajectory can be analyzed in the same way as the step-load 

change case. The converter after step input change has new phase-plane portrait, 

steady state trajectory and the region bounded by envelopes. The transient trajectory 
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Figure 4.7 Step load change trajectories of boost converter 
(a) R: 5,Q - 30 (b) R : 50. -7 n 
(c) R: 50. - 1.5 n 
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Figure 4.8 Step load change trajectory of buck/boost converter 
(a) R: 5n - 3n 
(b) R: 5n - 70 
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can be considered as one of general transient trajectories of the converter with new 

input voltage. 

To investigate the transition pattern of trajectories, the average inductor currents are 

expressed as the function of input voltage and capacitor voltage. 

't = 
Vc 

(Buck converter) 
R 

It 
V~ 

(Boost converter) = VgR 

It Vc 
(Vg + Vc) 

(Buck/boost converter) - VgR 

Whereas the average value of inductor current of buck converter is independent of 

input voltage, those of other converters are function of input voltage. 

Buck converter Since the fundamental function of the controller is to hold the 

capacitor vortage as a constant regardless, of the operation condition, the location of 

trajectory of the buck converter remains in the same place after step input change. 

Fig. 4.9 illustrates this situation. Even though the trajectories show some transient 

response with the sudden disturbance of input voltage, they start duty ratio tuning-

mode without causing large deviations of capacitor voltage due to the fact that 

inductor current is independent of input voltage. 

Boost converter For the boost converter case, the situation is different. Since av-

erage inductor current is inversely proportional to the input voltage, the steady state 

trajectory will move down with the increase of input voltage. Similarly, the steady 
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Figure 4.9 Step input change trajectories of buck converter 
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Figure 4.10 Step input change trajectories of boost converter 
(a) Vg: 15V - 20V 
(b) Vg: 15V - 10V 
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Figure 4.11 Step input change trajectories of buck/boost converter 
(a) Vg: 15V - 20V 
(b) Vg: 15V - 10V 
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state trajec:ory will move up with the decrease of input voltage. Therefore, the step 

input change trajectories behave like the step load change trajectories discussed in 

the previous section. As illustrated in Fig. 4.10, the capacitor voltage undergoes 

overshoot with large input voltage and goes through undershoot with small input 

voltage. 

Buck/boost converter The step input change trajectories of buck/boost converter 

are illustrated in Fig. 4.11. Due to the dependency of the inductor current on the input 

voltage, the trajectories show the undershoot and overshoot of capacitor voltage re

spectively. 

4,5 Conclusion 

The large-signal transient trajectories of practical interest are Investigated in the 

phase-plane. 

The start-up trajectories are analyzed by using duty ratio tuning-mode and envelopes 

of trajectories. From the study of step-load transient trajectories, the following con

clusion is made. The trajectory trying to increase the inductor current involves the 

capacitor voltage undershoot and the trajectory moving to the direction of decreasing 

the inductor current resu Its in the overshoot. For the first case, any transistor off 

command issued in the early stage of transition significantly increases the under

shoot and response time. Likewise, for the second case, the transistor on command 

results in an increase of overshoot and response time. These undesirable switch 
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on-off command can be eliminated by adding the large-signal control law, which is 

effective only in large transient, without changing any small signal performance of 

converter 

The step input voltage change trajectories are analyzed by making use of the de

pendency of average inductor current on the input voltage. The buck converter's 

trajectory cloes not have a large excursion due to the independency of inductor cur

rent on the input voltage. On the other hand, since the inductor current is a function 

of the input voltage, the boost and buck/boost converters' trajectories showed a 

considerable excursion of capacitor voltage. The similar structure of phase-plane 

portraits of boost converter and buck/boost converters produced a common transition 

pattern of trajectories. In the step input change transient, the current-mode control 

results in faster response than the single-loop control because information of input 

voltage change directly appears in inductor current, hence, in the feedback controller, 

without going through the output filter stage. 
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v. EFFECT OF LARGE SIGNAL CHARACTERISTICS 

OF CONTROLLER 

5.1 Introduction 

The nonlinearities of controller, whether intentional or inherent, may affect the con

verter's dynamic behaviour in various way. For example, the soft start circuit gov

erns the start-up trajectory and the duty ratio limitation affects the transient response 

greatly. 

In this chapter, the effect of the large-signal characteristics of the controller on the 

transient response are investigated in detail. The behaviour of start-up trajectories 

under the control of soft start circu it is presented in the Section 5.2. Among the var

ious nonlinearities of controller, the duty ratio limitation and the inductor current 

limitation are investigated in the Section 5.3 and 5.4, respectively. 
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Regarding computer simulation, the same circuit parameters as the previous chapter 

are assu med for the converters without any explicit comment. 

5.2 Soft Start Circuit 

In the most converter designs, it is desirable to introduce a certain type of delay, 

which is called soft start, during start-up for two reasons. The first is to avoid any 

excessive overshoot of inductor current and capacitor voltage. As discussed before, 

the start-up trajectory may show current and voltage overshoot without proper soft 

start scheme. The second reason, which is more important, is to guarantee the suc

cessful start-up of converter. As will be expla.ined, we can not only assure the suc

cessful start-up but also predict the behaviour of start-up trajectory adequately with 

suitable so~ start circuit. 

The most common soft start strategy is to control the duty ratio to increase from zero 

to a desired operating value very gradually. In other words, the duty ratio during 

start-up is controlled in such way that it varies from zero to a steady state value 

slowly during the start-up process of converter. Fig. 5.1 shows how a soft start circuit 

may be implemented in a single-loop controlled converter. Initially the capacitor C 

is uncharged and the error amplifier output is held to ground through diode D1 inhib

iting the comparator output. As time increases, the capacitor starts to charge through 

resistor R with time constant, T = Re, toward Vcc. As capacitor C attains full charge, 

diode D1 is reverse-biased, making the output of the error amplifier isolate from soft 
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start circu it. The slow charge of capacitor resu Its in gradual increase of duty ratio as 

shown in Fig. 5.1. 

The start-up trajectories of a buck converter with the soft start circuit in Fig. 5.1 with 

different time constant are shown in Fig. 5.2 where the upper and lower envelopes 

of limit cycles are also attached. 

With the gradually changing duty ratio from zero to the steady state value, the tra

jectories are confined in the vicinity of the region bounded by envelopes without any 

large transition mode. Since the large time constant of soft start circuit implies the 

more gradual change of duty ratio, the trajectory approaches the region bou nded by 

envelopes more closely as the time constant increases. Thus, with the suitable soft 

start circuit, the envelopes of steady state trajectories approximate the start-up tra

jectories. Note that the trajectory does not show any current or voltage overshoot. 

Furthermore, since the start-up trajectory governed by soft start circuit is inherently 

stable, the successful start-up is always guaranteed. 

It is obvious that soft start imposes a considerable increase of rise time of output 

voltage, thus, a reasonable value of time constant must be selected to keep the rise 

time within practical limit. 

5.3 Duty Ratio Limitation 

In practical converter design, quite often, it is necessary to limit the duty ratio for 

various reasons such as a converter operating in push-pull mode. As explained be-
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Figure 5.2 Start-up trajectories of buck converter 
(a) T = 0.0025 (b) l' = 0.005 
(c) l' = 0.01 
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fore, the on-time trajectory dominates the transient trajectory moving from one 

closed-path trajectory to another one which is located above. Likewise, the off-time 

trajectory dominates the transient trajectory moving down. Thus, it is obvious that 

the maximum value of the duty ratio, D"...x , influences the transient trajectories mov

ing up and the minimum value of duty ratio, Dmin, affects the trajectory moving down. 

In this section, the effect of duty ratio limitation on the transient trajectory and time 

response is explained. 

Fig. 5.3 shows the step-load change trajectories of single-roop controlled buck con

verter with different Dmax. The trajectory in the Fig. 5.3 (a), assumes no limitation on 

the duty ratio, shows the least voltage undershoot and the smallest number of tran

sition from one subcircuit to another during the large transition mode. As the Dmax 

decreases, the trajectory shows substantial increase of voltage undershoot and the 

number of transition. In this case the most desirable trajectory is generated without 

any limitation on the duty ratio. The small value of Dmax deteriorates the system re

sponse with the increase of the voltage undershoot. Fig. 5.4 is the time response of 

state of converter corresponding to the Fig. 5.3. Note that the smaller value of Dmax 

increases the response time in addition to the capacitor voltage undershoot due to 

the frequent change of trajectory during the large transition mode. 

Fig. 5.5 illustrates the influence of the minimum duty ratio, Dm'n , on the trajectory 

moving down. Again, the first trajectory, generated without any minimum duty ratio 

limitation, shows the most desireable behaviour. The voltage overshoot and re

sponse time are increasing with the larger value of Dm'n The time response of these 

trajectories are shown in the Fig. 5.6. 
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Figure 5.3 Step load change trajectories ( R : 5,Q - 10 ) 
(a) Dmax = 1.0 (b) Dmax = 0.8 
(c) Dmax = 0.6 (d) Dmax = 0.5 
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(a) 
Time ( mSec) 

(b) 

(e) (d) 

Figure 5.4 Step load change responses ( R : S!l - 1!l ) 
(a) Dmn= 1.0 (b) Dma.=0.8 
(c) Dmax= 0.6 (d) Dmax= 0.5 
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Figure 5.5 Step load change trajectories ( R : 10 - 2.Q ) 
(a) Dmin = 0.0 (b) Dmin = 0.1 
(c) Dmin = 0.2 
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Figure 5.6 Step load change responses ( R : 10 - 20 ) 
(a) Dmin = 0.0 (b) Dmin = 0.1 
(c) Dmin = 0.2 
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From the above examples, we can conclude that the limitation of duty ratio may de

teriorate the large-signal response if the system is globally stable. 

5.4 Maximum Current Limitation 

To prevent any excessive flow of the inductor current during transient, the inductor 

current excursion is limit by predetermined value. Since, in three basic converters, 

the inductor current increases only in on-time trajectory, we can control the maxi

mu m inductor current by turn-off the switch if the cu rrent reaches to the critical value. 

Due to the simplicity of the idea behind the current limitation, the effect is quite sim

ple. Fig. 5.7 shows two step load change trajectories of a single-loop controlled buck 

converter. I n the second plot the trajectory follows off-time trajectory as it reaches 

the preset maximum inductor current. 

With the maximum current limitation, the response time may increase due to the 

large number of transitions of trajectory during the large transition mode. 

5.5 Corac:/usion 

The effect of control method and large-signal characteristics of a controller on the 

transient response is investigated in this chapter. 
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Figure 5.7 Step load change responses ( R : 50 - 10 ) 
(a) Without current limiting 
(b) Irnax = 5.4 
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The soft start circuit produces the regular and inherently stable start-up trajectory. 

The limitation of duty ratio of converter imposes a considerable effect on the transient 

trajectories. The maximum value of duty ratio increases the response time and the 

capadtor voltage undershoot of trajectory which is trying to increase the inductor 

current. The minimum value of duty ratio increases the response time and capacitor 

voltage overshoot of trajectory attempting to decrease the inductor current. The peak 

current limiter also has similar effect as in the duty ratio limiter. 
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VI. CONCLUSION 

In this thesis the farge-signal transient response of duty ratio controlled converter is 

analyzed. By defining the inductor current and capacitor voltage as the state of con

verter, the phase-plane technique Is employed. 

It is shown that the behaviour of large-signal transient trajectory can be predicted in 

terms of circuit parameters and operating conditions. Particularly, the bounds of 

transient trajectories of converter with gradually changing duty ratio is identified in 

phase-plane. The important transient trajectories, start-up and step load/input 

change trajectory are analyzed. The results presented in this thesis not only provide 

the insight into large-signal behaviour but also can be used to generate a new 

large-signal control law for the optimum large-signal transient response. By adding 

the large-signal control law, ( that is effective only in a large transient), to the feed

back controller, we can control the large-signal response of converter without affect

ing the small signal performance. The soft start circuit is a typical example. 

The main results of this thesis are summarized as follows. 
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The converter is viewed as a piecewise linear system changing its structure de

pending on the state of switches. By examining the structure of buck, boost and 

buck/boost converters, four subcircuits are identified. On the basis of the phase

plane analy:,is of those subcircuits, the composite phase-plane portraits of converters 

are presented. Using the phase-plane portra.it of converter, the transient trajectories 

of converters are explained. 

The concept of envelopes of steady state trajectories is developed. The envelopes 

define the region within which any stable trajectory would converges. The transient 

trajectory is divided into two parts according to variation of duty ratio. The large 

transition mode is characterized by the relatively large fluctuation of duty ratio. The 

duty ratio tuning-mode is identified by the gradual change of duty ratio. The transition 

pattern of arbitrary transient trajectory can be explained in terms of those two modes. 

A transient trajectory undergoes the large transition mode until it reach to vicinity of 

the envelopes of steady state trajectories. In the neighborhood of envelopes, the 

trajectory starts duty ratio tuning-mode showing very systematic behaviour. The un

avoidable capacitor voltage overshoot or undershoot are explained accor~ing to the 

direction of movement of transient trajectory. The trajectory trying to increase the 

inductor current involves the voltage undershoot. The trajectory moving to the direc

tion of the decreasing inductor current results in the capacitor voltage overshoot. 

The effect of nonlinearities of controller such as soft start circuit, duty ratio limitation 

is presented. The duty ratio limitation cou Id cause a considerable increase of 

capacitor voltage excursion and response time. 

SUGGESTIONS FOR FUTURE WORK 
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• The trajectory in the duty ratio tuning-mode can be related with the state space 

averaged small-signal model to study the validity of it in a small transient. 

• The parasitic resistance of output capacitor may be included in phase-plane 

analysis on converters. 

• The transient trajectory in the inductor current discontinuous current mode. 

• The exnerimental verification of the transition pattern of trajectory is desired. 
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APPENDIX 

A. Phase Plane Analysis of Subcircuit B 

STATE EQUATION : From Figure 2.4 

EQUILIBRIUM POINT 

-=..1. 
RC 

-1 
L 

CHANGE OF VARIABLES : From (A.1) 

APPENDIX 

_1 
C 

-R/ 
L 

[~l + [:g 1 (A.1) 
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[
' (t)] = 

net) 

Where 

EIGEN VALUES : From (A.2) 

Where 

-1 
RC 

-1 
L 

_1 
C 

-R, 
L 

1 R, -(- + -) 
RC L 

p= 
2 

J 4( L~ + 
R, 1 

ReL ) - ( RC 
/.1.= 2 

(A.2) 

<0 

!!L)2 + L > 0 

Equation (A.2) needs to be transformed to a canonical form to reveal its qualitative 

properties directly. To do this, we need to cite two fundamental theorems. 

• Theorem 1 A nonsingular linear transformation from l!. = [:] to JI. = [:J 
11. = Px 
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does not change the nature of equilibrium point; for example, spirals in the for

mer plane remain spirals in the latter plane. 

• Theorem 2 : There exist a nonsingular similarity transformation Q such that the 

matrix A = Q-1AQ has the form 

Where 

1'1' 1'2 = a ± iv are eigenvalues of matrix A 

By making use of theorem 1 and 2, we can transform (A.2) into following standard 

form. 

Where 

From the equation (A.3), 

K = [~] M = [:J 

iJ = pu + JlV 

it = - JlU + pv 

(A.3) 

(A.4) 

By making use of polar coordinate for u and v , we have following relationships. 
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u(t) = ret) cos 8(t) 

vel) = ret) sin 8(t) (A.S) 

Where 

ret) = J U(t)2 + v(t)2 

-1 vet) 
8(t) = tan u(t) 

From the equation (A.4) and (A.S), we have 

ti(t) = ret) cos 8(t) - r(t)8 (t) sin OCt) = pr(t) cos 8(t) + Ilr(t) sin OCt) 

vet) = ret) sin 8(t) + r(t)8 (I) cos 8(t) = -Jlr(t) cos 8(t) + pr(t) sin OCt) (A.S) 

By solving (A.S) for jet) and 8 (t) 

ret) = pr(t) 

8 (t) = -Il (A.7) 

From equations (A.7), we get the general solution of system. 

(A.8) 

where 

With u(la) = u(t) at t = to 

veto) = vet) at t = to 
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Using equations (A.B), we can extract qualitative information about trajectory. 

• Since p < 0 , the polar radius tends to zero as t approaches to infinite. 

• As t increases, 8(t) approaches to negative infinite. 

Hence, the trajectory winds around the equilibrium point in clock-wise direction 

many times. 

If we eliminates t in (A.B), the final solution of system becomes 

p 
, = '0 exp Ii' (fJ - ( 0) (A.9) 

and the equilibrium point is called stable spiral point. 

B. Derivation of Envelopes of Limit Cycles 

BUCK CONVERTER 

Since capacitor voltage is assumed to be a constant, we have following expressions 

for the voltage across the inductor. 

( ON TIME ) (B.1) 

VL - - Vc = L (1 _ D) Ts ( OFF TIME ) (B.2) 

where 

Instantaneous inductor current 
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VL : Inductor voltage 

Vc Capacitor voltage 

Ts Switching period 

D Duty ratio 

From (B.1), (B.2) and the flux balance requirement for inductor, we have the ex-

pression for capacitor voltage. 

(B.3) 

And from (B.1), we get the expression for the peak to peak value of inductor current 

ripple. 

(1 -D)VgDTs 
~iL = L 

The average inducter current is equal to the load current in buck converter. 

iL average = 
DVg 

R 

(B.4) 

(B.5) 

By making use of (B.4) and (B.5), we have the expressions for the maximum and 

minimum value of inductor current for a given duty ratio. 

iL max (B.6) 

iL min = 
- ~iL Ts DVg 

2 + itaverage = - DVg(1 - D) 2L + R (B.7) 

If we eliminate D in (B.3), (B.6) and (B.7), the final expression for upper and lower 

envelope are obtained as follows: 
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Vc Vc Vc 
'upper = 2L (1 - Vg ) Ts + R (B.8) 

Vc Vc Vc 
',ower = - 2 L (1 - V 9 ) Ts + R (B.9) 

Where 0 < Vc < Vg 

BOOST CONVERTER 

With the constant capacitor voltage assumption, the inductor voltage can be ex

pressed by: 

(B.10) 

~iL 
VL = Vg - Vc = L (1 _ D )Ts (OFF TIME ) (B.11) 

From (8.10), (8.11) and flux condition for inductor, the capacitor vortage is given by: 

Vc = (1 - D) (B.12) 

8y making use of the fact that forward voltage gain equals to the reverse current gain, 

average inductor current is expressed by: 

iLaverage = (B.13) 

Also, from (8.10), the peak to peak value of inductor current ripple is given by: 
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(B.14) 

With (8.12),(8.13) and (8.14), we have final equations for envelopes of limit cycles 

given by: 

flit Vg V V~ 
'upper = + ; L average = 2L (1 V: ) Ts + 2 vgR 

(B.15) 

- flit Vg V V~ 
',ower = + i L average = --(1 V; ) Ts + 2 2L vgR 

(B.16) 

Where 

BUCK/BOOST CONVERTER 

With same assumptions used buck converter case, the inductor voltage is given by: 

( ON TIME ) (B.17) 

( OFF TIME ) (B.18) 

From (8.17) and (8.18) and flux balance condition, we find capacitor voltage. 

D 
Vc = 1 _ D Vg (8.19) 
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In steady state, the capacitor must satisfy following the charge balance condition. 

o DTs 

Where 

IL average inductor current 

Ve - R on time capacitor current 

Ve h - R off time capacitor current 

By simplifying (B.20), we get the expression for average inductor. 

iLaverage = 
D Ve 

( 1 - D)2 R 

From (8.17), the peak to peak value of inductor current ripple is 

Vg 
= -Drs 

L 

(B.20) 

(B.21) 

(B.22) 

Using (B.19), (B.21) and (8.22), we have the final equations of envelopes as follows. 

iupper = 
flh 

+ 'average = 
Vg Ve 

Ts + 
Ve(Vg + Ve) 

(B.23) 
2 2L (Vg + Ve) VgR 

i/o""dr = 
-flh 

+ 'average = 
Vg Ve 

Ts + 
Vc(Vg + Ve) 

(B.24) 
2 - 2L (Vg + Ve) VgR 
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