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(ABSTRACT) 

An object model based on the principle of duality where a plane has a point as a dual and a point 

has a plane as a dual is presented. Using this representation we present methods for performing 

intersection detection and face overlap checks to determine if a parallel jaw gripper is in a position 

to execute a valid grasp. Valid grasps are ones physically realizable and can lift an object when it 

is assumed that the gripping forces and the friction coefficients are large enough to keep the object 

from slipping. The objects considered are polyhedra and valid grip checks for both convex and 

concave objects are developed. A generate and test method for synthesizing valid grasp positions 

is also presented. 
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Chapter I 

INTRODUCTION 

In a manufacturing environment we often fmd machines such as turning machines, gauges, 

material handling systems and robots, interacting to produce some part or assemble. Usually these 

machines form what is typically called a cell and fall under the control of a H cell controllerN
• The 

interface between a cell controller and a robot is a "black box" that translates what the cell controller 

request into instructions for the robot controller. As the manufacturing environment becomes more 

unstructured, such as the surface of a plant or the ocean floor, it is desirable that the controller 

specify operations in terms of their effects on objects in the environment. For example, place the 

part on the conveyor rather than a sequence of move points and open and close points for the robot 

to execute. This type of robot programming is known as task level programming. For a robot to 

execute these tasks it must fust have the high level instructions translated into a sequence of specific 

actions by a task planner. A very important part of any task planner for a robotic system is grasp 

determination: how to choose a good grip on a target object. 
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The grip determination process is dependent on the type of hand doing the grasping. Robot 

hands are becoming more sophisticated so that the next generation of robots can perfonn a greater 

variety of tasks. These hands, such as the Stanford-1PL [1] hand or the Utah-MIT [2] hand are 

designed to grasp arbitrary objects and apply arbitrary forces and moments to them. To understand 

these new hands, much of the current work concerning gripping is in the area of analyzing multi

fmger and dexterous fmger grips. 

Researchers have been looking at how the fmgers of such hands interact with the objects they 

are holding by developing equations describing the forces and torques exerted by the fmger tips on 

the objects. Finger contacts are described as hard or soft and as with friction or without friction. 

The independent degrees of force that can be generated by a contact depends on the type of fmger 

contact. Forces and torques are generally dealt with by using a six element vector called a wrench, 

three elements for the independent torques possible and three for the three independent 

translational forces possible [1]. With these models, researchers can study what types of forces 

particular grasps can exert and develop relationships that must be satisfied for stability. 

Another issue involved in the grasping problem is the development of an algoritlun for gen

erating grasp positions. This area has not received as much attention, must of the work in grasp 

planning being done on analyzing grasps rather than synthesizing them. TIlls seem natural since the 

problems of stability and the related problem of path planning must first be well understood so that 

a task planner can decide what to look for as a reasonable grasping goal. We will now look at some 

of the research being done in the areas of grasp stability analysis and generating grasp configura

tions. 

INTRODUCfION 2 



1.1 Force-closure and Stability 

Kerr and Roth [3] developed kinematic relationships between the fmgers of a generalized 

dexterous hand and the object it is holding. This allows them to determine where the singularities 

of the hand's global Jacobian matrix are and hence tell if the hand has certain configurations that 

can not exert the appropriate forces to make a grasp force closure. It also allows them to detennine 

optimal directions of fmger joint movement in order to avoid high joint velocities, although they 

do not consider the question of path planning. 

The concept of force closure has received much attention with respect to multi-point grasp 

configurations. A force closure grip is defUled as a grip that can exert an arbitrary force and mo

ment to the object being grasped. Nguyen [41 gives a mathematical defmition of a force-closure 

grasp in 2D. He models fUlger contacts as frictionless point contacts and proves that all force

closure grips can be made stable by solving for the spring stiffness coefficients representing the 

compliance of the particular fmgers. He shows how his method can be used not only to stabilize 

the grasp but to place the center of compliance within a compliance polygon. 

Nguyen [5] is one of the few to address the problem of actually synthesizing planner grasps 

that have force closure. He presented a way of representing fUlger contacts as combinations of a few 

primitive contacts, each primitive capable of exerting a singularly directed force. Given a set of 

edges, an algorithm returns locations for four frictionless point contacts and he then solves for the 

set of wrenches (forces and torques) such that any arbitrary wrench can be applied to the object. 

This is the dual to solving the forces and torques required to give a total twist convex of zero. A 

twist convex can be thought of as the compliment to the wrench convex, i.e., it describes the in

dependent degrees of freedom an object has. 
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\Vhen Nguyen [61 extended the idea of planner force closure to 3D he uses the idea of contact 

primitives again and fonnulates the problem as a solution of linear inequalities such that the contact 

wrench matrix can exert arbitrary forces and torques on the object. He uses bounding circular disks 

to approximate convex faces and non convex faces by sets of overlapping circular disks and suggest 

methods such as Voronoi Diagrams be used to fmd local convex regions. He shows that planner 

grasps require four frictionless contacts and 3D grasps require seven frictionless contacts at a mini

mum to be force closure. 

Nguyen [7J goes on to show that all 3D force-closure grips can be made stable by choosing 

the correct spring constants. He uses the same potential function to describe a grasp as in his earlier 

paper describing the stabilization of planner polygons. This potential function is the sum of the 

potential energy functions from all linear and angular springs in the hand. He defmes grip stability 

as having the system in equilibrium, i.e. the gradient of the potential function equal to zero. As in 

the planner case the center of compliance can be chosen by adjusting the stiffness matrix. This is 

a great advantage over a mechanical remote center of compliance since it could be relocated de

pending on the operation to be perfonned with the part. For example it could be placed at the end 

of a peg for a peg in the hole operation. 

The definition of what is a stable grasp is at times viewed differently among different re

searchers. Nguyen [7J by using a minimum in the sum of the potential energies of the springs in 

the fmgers, assures a grasps will return to its equilibrium position after a small perturbation which 

does not cause the object to slip with respect to the fmger. Cutkosky [8) uses the same criteria and 

calls it infmitesimal stability. The perturbation to the system is considered a disturbance to the 

displacements of the springs, i.e., compliant motion. Others consider the case of the object slipping 

relative to the gripper and the question will it return and/or remain in eqUilibrium. Fearing (9) uses 

exactly this defmition for stability when he presents a method of fmding constraints on the angles 

INTRODUCTION 4 



between polygonal edges to be grasped such that when the planner object is "grabbed" by two fm

gers with friction, it will rotate or slide to an equilibrium point with respect to the gripper. 

When dealing with grippers that depend on distributed contact for secure grasps, such as the 

parallel jaw gripper, often a grasp is defmed as stable if the object is fixed with respect to the hand. 

Jameson and Leifer [10) defme a quasi-static analysis in which they assume an object is held stably, 

as just defmed, with an external load slowly increasing until the object slips. The magnitude of the 

external load, as the object is sliding, gives them a margin of stability in that direction. In order to 

evaluate a grasp to choose an optimal one from a set, Wolter, Volz and WOO (l1J develop what 

amount to two measures of stability. A rotational torque to cause a rotational slippage is calculated 

and used as a stability measure in the same manner as Jameson and Leifer (10) but they also cal

culate how far the grippers jaws would have to separate in order for the part to twist while gripped. 

This second measure is more in line with the stability criteria of perturbation rejection. Cutkosky 

IS] also points out that calculating how much force or torque the grip can resist before slipping is 

a useful measure of how "good" a grasp is although he doesn't defme it as a measure of stability. 

1.2 Generating / Synthesizing Grasps 

Much more work has been done in the area of analyzing grasps then in to synthesizing them. 

As mentioned earlier, Nguyen [4} has generated regions to place fmgers to make a grasp stable if 

given which edges to search over. Baker, Fortune, and Grosse [12} work with a hand having three 

fingers oriented in a ring and aimed at the center of the ring. The angle between fUlgers is adjustable 

as are the forces each fUlger can exert. They construct a maximal inscribed circle within the polygon 

to be grasped. Such a circle will touch the polygon either at two points or three. The two or three 

points where the circle tangantly intersects the polygon are where the fmgers are to touch. He then 

calculates the forces the fmgers must exert such that there is no translation of the polygon. Un-
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wanted torques do not need to be considered since the line of action for all the fmger forces are 

through a common point, the center of the circle. 

Mason [131 investigates grasping objects whose position and orientation are only partially 

known. He does this by developing mathematical representations for the mechanics of planar ob

jects being pushed and squeezed. Ignoring the objects inertia, he assumes all forces and torques are 

caused by the gripper and planner distributed friction. Through pushing and squeezing on certain 

features, an object can be rotated to a stable position. A stable position here means the object does 

not rotate with respect to the pushing gripper. After a sequence of push and squeeze operations, 

the object has a higher degree of certainty as to its orientation and location. 

Brost [14] also considers the problem of planner grasping under bounded uncertainties in the 

position of the target. He develops a push-stability diagram which is object dependent. From the 

diagram he can tell if the squeezed object will rotate or wedge into a stable grasp position and can 

tell which direction the planner object will rotate when pushed. He considers the gripping surfaces 

to be infmite parallel lines and as such does not have to worry about the location of the gripper, 

only its orientation. He does not extend his method to non-convex object. 

There are other considerations beside force closure and stability to the grasp determination 

problem. In order that a grasp configuration be safe, the gripper and the object most not collide 

and the configuration must be reachable. In a more realistic situation, the environment maybe 

cluttered and so we must also watch for collisions with the manipulator links as they move and 

worry not only about colliding with the target object but with the obstacles in its vicinity as well. 

Hence, grasp planning is related to obstacle avoidance yet there are significant differences. The goal 

of grasp planning is to identify a single configuration, not a path, and this configuration wants to 

contact an obstacle, the target object, in a specific way. 
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How a search is performed to fmd regions where the gripper is free to move is very dependent 

on the representation used to model the objects and gripper. Hayward (15] gives a review of possible 

schemes used for representing solid objects. He points out that representations such as constructive 

solid geometry I cell decomposition, and octree, which have primitives that are volumes, are easier 

to use for interference detection verses representations based on features, the latter being called 

boundary representations. Sweep representations are presented as having the greatest generality and 

being the most structured of the schemes, but he notes it is not well understood computationally. 

Hayward goes on to describe an efficient method for storing and sorting for an octree representation 

and an algorithm to do collision detection. He points out that transformations on octrees such as 

rotations and translations are computationally intensive because they involve re-arranging the nodes 

of the tree, and so the methods presented do not work well for moving robots. Hennan [16] de

scribes a collision free motion planning scheme based on an octree representation also. 

As a sub problem of trying to move a gripper to a configuration while avoiding collisions is 

the problem of moving a point object through a cluttered field. Volpe and Khosla (17] make use 

of a topographical potential energy function for guidance. Regions the end effector should move to 

are modeled as attractive potentials (energy valleys) and areas to avoid are modeled as repulsive 

potentials (energy poles). Thus for each point in the real work space, there is a modeled value of 

potential energy and an associated gradient or force telling the end effector or point which way to 

move. The major problem with this concept is the presence of local minimum where the gradient 

gives no net force and the manipulator stops. He goes on to describe a type of elliptical potential 

function to help alleviate this problem. 

INTRODUCTION 7 



Lozano-Perez [18} attempts to calculate free areas among obstacles where arbitrary objects 

can move by defming configuration space. An object in 3D has a position and a orientation and 

so is represented as a 6-dimensional configuration vector. The 6-dimensional space of configura

tions for an object is called its configuration space. Finding where objects can be moved collision 

free is a matter of solving unions and differences of sets and this presents significant problems in 

6-dimensions. Lozano-Perez presents a method of computing what he calls slice projections. These 

are projections from 6-dimensional space to 3-dimensional space and the number of slices he takes 

depends on the tolerances he is trying to achieve. 

Ghallab [191 makes the point that lIinference making systems involving pattern-directed non

deterministic searches are of such high combinatorial complexity as to impede their effectiveness in 

real time", He suggest that the use of application and domain specific knowledge be used for 

pruning the searches. This is particularly tme in the search of grasping positions. 

In order to reduce the complexity of the grasp search, Rao, lVtedioni, and Bekey [20] de

compose visual data and range data into a connected set of volumetric shape primitives. These 

primitives are generalized cones and are generated by rotating a bounded patch of the object about 

an inferred axis of rotation. He points out that these are difficult to compute and he presently breaks 

the image into primitives by hand. Grasp modes are found for each primitive via a look up table 

and heuristics are applied to generate a sorted list. Examples of heuristics used are to use the grasp 

which is on the primitive with the most volume or the grasp which is on the primitive closest to 

the center of mass for the object. 

Feddema and Ahmad [21] present an algorithm for detennining static grasps with respect to 

the gripper for an "n" fmgered robot hand. They prune their search using a priori knowledge of the 

object to be grasped. He defmes sets that contain object related infonnation like "forbidden grasping 
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regions"', "faces in initial contact with another surface" and sets containing grasp related information 

such as "object surfaces contacted by grasp G/'. Perfonning set operations he calculates sets of all 

surfaces contacted by each possible grip. Finally each face is discretized into possible grasping points 

for the fIngers. For each of the possibilities ( number of points given number of fmgers ) the forces 

needed to hold the object in equilibrium are calculated and the minimum energy solution taken. 

Laugier [22) describe a program that generates grasp positions for a parallel jaw gripper. He 

uses a hybrid geometrical description of the object. It includes the object's topology linking ge

ometrical entities together with descriptions such as which side of a face matter is on, the object's 

geometry for metric property calculations ( vertex coordinates, radius of a circular edge ), and the 

objects physical attributes such as weight or location of the center of mass. Laugier's approach is 

to generate a list of all pairs of geometrical entities, faces, edges, and vertices, and then uses the list 

as candidate grasping features. These are passed through consecutive mters which pass or reject each 

pair. Two heuristics guide the "reasoning". One attempts to estimate the quality of each grasping 

pair not yet rejected and the other evaluates the pair's change of passing the remaining mters. The 

success of the program is in the use of extensive object models. 

Wolter, Volz, and Woo [11] have also done work on generating gripping positions for a parallel 

jaw gripper. They fIrst make the point about using a priori knowledge about the target object and 

the obstacle to perform as many computations off line as possible. Assuming the worst case of no 

a priori knowledge, they selects pairs of parallel faces facing away from each other and for each pair 

generate a fmite set of approach vectors using an edge driven algorithm which spaces the approach 

vectors out unifonnly and perpendiCUlarly along each side of the face and bisect the face's vertices. 

Form this set, each approach vector is tested to see which ones can be achieved without having the 

gripper intersect the part. Approach vectors are assumed to be straight and parallel with the fmgers 

of the jaw. They propose a projection method to reduce the problem to a two dimensional inter

section problem for each pair of grippable surfaces. From the grips remaining, one is selected based 

INTRODUCTION 9 



on a weighted average of its resistant to rotation under an increasing torque and its resilience to 

twisting within the jaws of the gripper. 

1.3 Dual Space Representation 

As pointed out earlier, the representation used for object modeling influences the methods 

used in the searching for grasp configurations. The central focus of this thesis is analyzing grasps 

for interference detection using an object model based on the spherical dual representation. 

The spherical dual representation was rust presented by Roach, Paripati, and Wright {23J as 

a method for storing models of objects for use in a CAD system. They developed this represen

tation by starting with the Gaussian sphere as a basis but point out that by simply storing the 

Gaussian image of an object a great deal of information is lost. They recognized the need to encode 

additional information with the Gaussian image and mention previously tried schemes such as 

storing the area of the face or the curvature for smooth objects as "weights'" associated with the 

points of the Gaussian sphere. They choose as their Hweight", a measure based on the inverse 

perpendicular distance of the face from the origin and call it the measured Gaussian image. As with 

other extensions to the Gaussian sphere representation, they encountered trouble in reconstructing 

non-convex objects. To rectify the problem, they encode more information with the model by 

connecting points on the Gaussian sphere by cords if the faces they represent share a concave edge. 

It is shown that this model exhibits many of the properties of "duality" as presented by Huffman 

[24}. Constructive solid geometry and primitive solids are employed so users of the system can build 

up complex object models. 
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Huffman [25] was one of the frrst to realize that the idea of geometric duality might be useful 

in interpreting object drawings. Huffman [24] showed that the information lost in a picture of a 

polyhedron, the orientation of the faces, is preserved in the picture of the dual polyhedron. Pictures 

are the projections of the three dimensional polyhedra. He presented as an application for the 

properties of dual space a method of determining which faces of a polyhedron would be illuminated 

from a light source and which would be in a shadow. 

Mackworth [26] developed a program called POLY that can help interpreting the meaning 

of pictures of polyhedral scenes. The conceptual framework for his program is based in a large part 

on Huffman's idea of duality. In particular, Mackworth uses a picture where a picture is again a 

projection of the scene, either orthogonal or perspective, and its corresponding dual picture in 

conjunction, to determine how to interpret lines in the picture. Lines could represent concave or 

convex edges, or a crack. He then extends the program to help interpret the pictures of vertices by 

comparing them with their dual pictures. His program gives users addition information to help in

terpret a picture of a scene if it has both the scene picture and the dual scene picture as input. 

Draper [271 builds on l'vIackworth's program by labeling all edges as being connected or 

non-connected. Then for each proposed labelling, it tries to construct a corresponding dual scene 

picture. This is done by initially drawing duals of a couple of edges and then trying to complete the 

dual picture without violating any of the known correspondence between dual pictures and real 

pictures. The initial choices of the frrst two edges influence the placement of the remaining dual 

edges. If a dual picture can be found then the proposed labelling is a valid labelling and may rep

resent what is in the actual scene. The diagram then forms the bases for determining which edges 

are concave and which are convex. 
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Researchers in the field of vision hope that these ideas of face and edge labelling may help them 

interpret their visual data. Shafer [281 uses the idea of a dual representation and dual picture, also 

called gradient space, to interpret a line drawing from an image. His line drawings include the 

shadow regions cast by the faces of the object and the bulk of his work is the task of geometric 

analysis of these shadows. This is what Shafer calls shadow geometry. He begins his work by of~ 

fering a collected set of results on gradient space properties and defmitions for generalized cylinders, 

presenting results for both orthogonal projections and perspective projections. He then develops a 

theory describing the relationships among surface orientations in the drawings with shadows based 

on the concept of illumination surfaces. Illumination sUlfaces are planner and represent a boundary 

between an illuminated region and a dark region. Even by including the shadow information, Shafer 

points out that additional information such as the position of the light source is still needed if exact 

surface orientations are to be found. 

In this thesis, definitions and theorems describing some of the main properties of duality are 

forwarded and we present a description of how they are used to describe an object. It will be shown 

that the object model used does not store the concave edge connections explicitly as does Roach's 

model [23] but rather stores the planes which defme real object vertices. We will be working with 

the parallel jaw gripper and will not be concerned with multifmgered dextrous grippers. We will 

define the real world model for what we call the parallel jaw gripper and its dual representation and 

present our defmition of a valid grasp. Object features for grasping exclude vertices and edges, e.g., 

grasping of an object by a vertex and a face is not allowed. \Ve consider only parallel face pairs. 

We assume that the coefficient of friction is high enough and the nonnal forces exerted large enough 

to be able to pick up an object with out it slipping. Hence we are not concerned with stability and 

we will not be considering the dynamics involved with grasp configurations. 

Having defmed the valid grasp criteria for this thesis, we look at the problem of analyzing a 

grasp configuration. A grasp configuration is the gripper model and the object model together, with 

the gripper in a particular position with respect to the object and is used to detennme if it is valid 
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or not. Convex objects are considered separately from concave objects because grasp configurations 

are easier to analyze on convex objects. This leads us to develop methods of fmding the convex 

hulls of non convex objects to take advantage of this fact. The analyzing for validity and the 

methods for fmding the convex hull are performed in the dual domain so to minitnize object re

construction. 

We will present methods and heuristics for searching out safe gripper locations in the dual 

domain. As in other algoritluns that use boundary representations for models, our method is a 

generate and test using discrete points on the faces for grasping points. Since we assume no prior 

knowledge about the object, these points are generated by the algoritlun. 

The thesis is organized as follows: Chapter 2 contains defmitions and theorems concerning 

dual space. Chapter 3 presents the method in which we use the duality concept to model an object. 

In Chapter 4 we describe the parallel jaw gripper model and the defmition of a valid grasp. Chapter 

5 is concerned with analyzing grasps on convex objects to see if the grasp meets the valid grasp 

criteria presented in Chapter 4. A method of constructing the convex hull of a non convex object 

directly in dual space is also described. Chapter 6 is concerned with the same grasp validity checking 

but on non convex objects. In Chapter 7 a method of generating grasping configurations is pre

sented which uses the work of Chapters 5 and 6 for testing whether the generated grasp is valid. 

Finally, the conclusion summarizes the must important results. 
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Chapter II 

THE DUAL REPRESENTATION 

In this chapter we introduce the concept of dUality. We will present some basic defmitions 

and theorems as well as some important tenninology to be used throughout the remainder of this 

thesis. While most of the work presented here involves a three dimensional space we will often fmd 

it convenient to present ideas in two dimensions and so we will present a few of the properties of 

duality for the degenerate case of two dimensions. 

The principle of duality in geometry arises from the interchangeability of points and lines in 

axioms of plane geometry. According to this principle, every theorem has a dual theorem and every 

figure a dual figure attainable by interchanging the words point and line in two dimensions or point 

and plane in three dimensions [29]. In the three dimensional real space R3 with coordinate axises 

x,-v and z fonning a right handed system, the equation of a plane can be described by: 

Ax+ By+ Cz= D. (2.1) 

There are three degrees of freedom so ( 2.1 ) can be Hnormalized". Huffman[24] chooses to nor

malize ( 2.1 ) with respect to the z axis as: 
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z=ax+by+c (2.2) 

This normalization does not allow representation of planes parallel to the z axis, a fact not very 

desirable in a CAD system. Alternately, we normalize ( 2.1 ) as: 

ax + by + cz = 1. (2.3) 

This normalization allows planes parallel to the z axis to be represented but disallows representation 

of planes passing through the origin. This restriction is a less severe one then using Huffman's 

normalization since the origin can always be relocated. 

Consider RJ as the usual Euclidean space. Let (P t R3) be the set of planes in R3. Let D3 be a 

copy of RJ with orthogonal coordinate system having U, v I and tV as unit direction vectors. 

Definition (2.3.1): Let the mapping/: (P,R3) -+ DJ be given by f: (ax + by + cz = 1) -+ (atb,c) . 

The image off is called here three dimensional dual space. In the degenerate two dimensional case, 

the mapping g: (P,R2) -+ D2 is given by g: (ax + by = 1) -+ (a,b) and the image of g is two di

mensional dual space . 

Remark (2.3.2): The dual to a plane P: ax + by + cz = I is a point P' = (a,btc) and is located in dual 

space by a position vector P' = au + bv + cw. In two dimensions. a line L: ax + by = 1 has a dual 

which is a point L' = (a,b) located by the position vector l/ = au + bi!. 

Remark (2.3.3): 1be dual to a line in three dimensions is also a line. A line in three dimensional real 

space is defmed by the intersection of two planes. The dual to that line is defmed in dual space as 

the line passing through the two dual planes. 
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Remark (2.3.4): The dual to a point in three dimensional real space is a plane in dual space. A point 

being the intersect of three planes has a dual which is a plane defmed by the three dual planes. In 

two dimensions, a point is the intersection of two lines. The two dimensional dual is a line passing 

through the two dual points. 

With defmition (2.3.1) and remarks (2.3.2) through (2.3.4) we see that polygons in Rl map 

to polygons in D2 . Likewise, polyhedra in R3 map to polyhedra in D3. In the following as 

throughout this thesis, the duals to geometric features such as points, lines, and planes as well as 

bounded planes, i.e., polygons and faces will be indicated by a prime. 

Note, when we speak of the "dual plane", we are referring to a point in dual space D3 that 

represents the plane. 

These defmitions and remarks show the complete symmetry between dual space and real 

space: planes have duals that are points, lines have lines as duals and points have planes as duals. 

Note that the two dimensional cases are obtained by simply setting the z and w values to zero. 

In this thesis we will often consider whether a position vector to a dual plane "intersects'" a 

plane. We do this by considering a position vector as a line segment pi from the origin to the point 

it locates, P'. P' intersects a plane if P' is on one side of the plane and the origin is on the other. 

This can be tested as follows. If the plane is given by: Xu + Yv + Zw - 1=0, and the dual plane 

by: (A,B,C), then XA + YB + ZC - 1 = c , where c:s;; 0 if there is no intersection and c> 0 if the 

position vector does intersect the plane. 
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Since dual space is defmed by an orthogonal coordinate system similar to real space, all the 

vector properties that hold in R3 hold in D3. Often we will fInd it convenient to Hoverlay'" the two 

coordinate systems. By "overlay'~ we mean place the dual and real origins at a common point and 

align the x and U I Y and v and z and w axises. We now present some useful properties relating dual 

space DJ and real space R3. 

Theorem (2.3.5):{30] The angle between two planes in real space R3, is equal to the angle between 

the position vectors locating the dual planes in dual space D3 . 

Proof: Let two planes be given by: 

(2.4) 

and 

(2.5) 

with normals 

(2.6) 

and 

(2.7) 

Their duals are: 

(2.8) 

THE DUAL REPRESENTATION 17 



and 

(2.9) 

respectively. The angle between the planes is found from the dot product of their normals, 

(2.10) 

hence, 

e cos -l{ (2.11) 

-" -" 

The angle between PIland p/:2 in R3 can be derived from: 

-......... ...... ....... 

Pll • P/2 = I Pll II pi 21 cos P (2.12) 

so, 

(2.13) 

=8 
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Corollary (2.3.6): Parallel planes in real space are represented in dual space by points on a com

mon line through the dual origin. 

Theorem (2.3.7):[30] The perpendicular distance from the origin to a plane in real space is: 

D (2.14) 

Proof: Some scalar s times the unit normal to the plane, n, such that the point q described by 

s. n is a point on the plane will be this distance. The unit normal to the plane of (2.1) is: 

(2.15) 

Substituting the point located by s. ;, into (2.1) and solving for s: 

(2.16) 

(2.17) 

(2.18) 
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Corollary (2.3.8): The distance to a dual plane from the dual origin is equal to the inverse per-

pendicular distance of the plane it represents to the origin in real space. 

Theorem (2.3.9):[30] In three dimensions a line in real space is perpendicular to its duailine when 

the real and dual coordinate systems are overlayed. 

Proof: Let the intersecting planes be PI and Pl given by: atx + btY + CtZ = 1 and 

ar- + blY + C2Z = 1 respectively. The intersection of the planes gives a line in the direction: 

(2.19) 

~ -
The dual planes are located by: Pi' = < all b ll c1 > and P2' = < a21 b21 c2 > and the line between 

these two points has the direction: n/ = < at - a21 b l - b21 C1 - ~ >. The angle between the di-

rection vector of the line and the direction vector of the dual line can be found from their dot 

product. 

(2.20) 

=0 

Since the dot product is zero the lines are perpendicular. 
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Chapter III 

THE OBJECT MODEL 

In this chapter we introduce our geometric model for objects based on the dual principles 

presented in Chapter 2. Since these properties deal with planes and intersections of planes, the 

only objects that can be represented are polyhedra. Objects with non-planar surfaces must first 

be approximated with facets, a common technique in graphics and CAD systems. It is assumed 

that these models are given to us and do not need to be generated. 

3.1 Recorded Information 

The object model we will use to check the validity of a grasp configuration is comprised of 

two tables. The ftrst table is a list of the dual planes that make up the object and the second table 
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is a list of the vertices of the object. The table of the dual planes is simply a list of points in 

dual space. The vertex table has an entry for each vertex of the object. Each entry contains a list 

of all the face planes comprising that vertex. 

3.1.1 Storing object face planes 

Storing only the dual representation of the face plane provides information about the 

face's orientation and position relative to the origin but does not give an indication as to which 

side of the plane is the outward side of the face. This information is needed because two parallel 

faces facing in the same direction cannot be grasped. To solve this ambiguity the dual planes have 

a positive or negative sign attached to them. Positive if the outward normal of the face points 

away from the origin and negative if it points toward the origin. Faces E. F, and G in Figure 1 

have negative values attached to their duals while the remaining faces have positive values attached 

to the duals of their planes. Example, face E would be stored as: 

E' = (ex, ey • e, ! - ) where ex, ey ' and e, are the X, y, and z coefficients of the plane containing E 

and normalized by our convention. 

Actually. storing the coefficients of the normalized plane and the sign could more compactly 

be stored as a unit vector in spherical coordinates indicating the normal direction of the face 

plane with a weight assigned equal to ~ where d is the perpendicular distance to the plane. The 

weight is given a positive or negative sign by the convention described above. In Figure I, E would 

be stored as E' = (IX , P , - dE ) where IX and fJ are the point's spherical coordinates and the dE is 

the perpendicular distance of the plane containing face E from the origin. This is what is known 

as the spherical dual representation since the dual planes are represented as points on a unit sphere 
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VERTEX LIST 

v(l) A,I,H 
v(2) A,H,B 
v(3) A,B,E 
v(4) A,E,F 
v(S) A,F,G 
v(6) A,G,e 
v(7) A,C,D 
v(8) A,D.I 
v(9) J,I,H 
v(lO) J,H,B 
v(ll) J,B.E 
v(l2) J,E,F 
v(l3) J,F,G 
v(l4) J,G,C 
v(IS) J,C,D 
v(16) J,D,I 

FACE LIST 

A • (O,a"o, + ) 
B • (O,O,b:. +) 
e . (O,O,ct , +) 
D· (dll.O,O. +) 
E • (e",O,O,·) 
F • (O,otz • • ) 
G • (g.,O,O, + ) 
H . (h..O,O, + ) 
I • (O,O,~. +) 

Note: B and C are in the same plane 
so b, = ~ but B and e are 
stored as seperate dual faces. 

Figure 1. An object and its dual representation. 
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[23]. We will not use this representation in this thesis perferring instead to use the signed rectangular 

coordinate method of the previous paragraph. 

3.1.2 Storing object vertices 

The table of vertices has an entry for each vertex of an object. Each entry in this table stores 

which planes intersect to form that vertex. Knowning these planes we can calculate the actual co

ordinates of each vertex in RJ from which we get the coefficeints for each dual vertex. 

Dualism as described here is symmetrical; a plane maps to a point, a line to a line, and a point 

to a plane. So a point being the common intersection of three or more planes is represented as 

a plane in the dual domain. The plane being defmed by the three or more points representing the 

planes. \Vith this in mind, it may seem at ftrst glance that storing the vertex information is 

redundant since coplanar points in the dual domain defIne a plane that in real space represents the 

point of common intersection for the planes, i.e., a vertex, represented by the coplanar points. In 

fact the coplanar points in dual space represent planes that would, but do not necessarily 

intersect at a common point. An example is a pyramid with its top cut off. Figure 1 gives the 

complete vertex listing for the object shown. 

From the vertex information all the equations of the lines in which the object's edges lie can 

be calculated. If any vertex contains at least two planes in common with another vertex, then those 

planes must intersect to form an edge of the object. In the example of Figure I, vertices v( 1) and 

v(2) share faces A and H, hence we conclude there is an edge from vel) to v(2), between H and 

A. The equation of an edge line is found from solving for the intersections of the common planes. 
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Points in the dual domain model are allowed to be equal. This is necessary because a dis

tinction must be made between faces that lie in a common plane. B and C in Figure 1 represent 

an example of two distinct faces in a common plane. This underlines the fact that although the 

information stored in the models are duals of planes, the addition of positive or negative signs 

and separate storage of faces in the same plane implies we are storing the duals of faces, that 

is, bounded planes. 

From this model of the object we often will draw a dual object to help visualize certian 

properties of the model. A dual object in DJ is drawn by drawing the dual planes on the coordinate 

system and including all dual edges between the appropriate dual faces. These dual edges then form 

faces on a dual object which represent the vertices of the original object. In two dimensions a dual 

polygon is drawn by connecting the daul edges if they represent adjacent edges of the original 

polygon. These line segments represent the vertices of the original polygon. 

3.2 Origin Location and Axis O,-ientation 

The normalization we have chosen prohibits placing the origin on a plane containing a face. 

Barring this restriction, the same information will be in the model no matter from where the 

dualization is performed, so the choice of origin becomes a matter of convenience. As will be 

shown there are advantages to having the origin inside the object in that the duals are better 

behaved. Convex objects will have convex duals and concave objects will have duals which 

contain a distinct convex portion representing the convex hull of the object. Mostly this helps 
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with the visualization of the problem of grasping in the dual domain. To this end the duals used 

here are taken from the centroid of the objects. This guarantees that the origin will be within at 

least the convex hull of the object. It also has the advantage that it locates the center of mass in 

the model and would be useful in calculating dynamic properties of a grasp in order to give a 

qualitative measure of the tendency of the object to slip or rotate. We are not concerned with cal

culating these dynamic properties in this thesis. 

Once the origin has been chosen, an orientation for the real space coordinate axis system 

needs to be specified. We only require that the y-axis be perpendicular to the face on which the 

object rests. The positive y direction points away from the table top. This orientation allows us 

to detect where the table top is from the dual model of the object and to detect gripper positions 

that collide with it. 
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Chapter IV 

DEFINITION OF A VALID GRASP 

Having presented the representation used for modelling objects, we now describe what we 

are calling the parallel jaw gripper and the method by which we model it. Next we consider the 

gripper model in union with the object model and we present the conditions necessary for this un

ion to represent a valid grasp. 

4.1 The Grippe,· Model 

Figure 2 shows the model of the parallel jaw gripper we will be considering here. It is 

characterized by a maximum fmger opening, palm depth, and exterior dimensions. The maxi

mum fmger opening is a parameter of the gripper which will be considered often. It is called the 
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Fi~ure 2. The parallel jaw gripper and the two models used to represent it. 
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grip width tolerance. The fmgers are idealized in that they close parallel to each other and do not 

trace an arc as they close. In applying the valid grip criteria describe below, we will consider the 

swept volume of the gripper as the fmgers move from fully open to their grip position. 

We will use two dual models to represent the gripper. One is a dualization of the "inside'" 

features of the gripper, i.e., the gripping pads and the gripper's palm. This model is used for 

checking pad/object contact and for clearance between the object and the palm. The second dual 

is of the "outside" features of the gripper and is used to check for unwanted intersections (collisions) 

with the object. The reason for using separate models is that the outer surfaces of the gripper are 

involved only in interference checks and only on concave objects or simple obstacle collision de

tection. Additionally, the inside model changes in terms of metric properties depending on the fmger 

separation while the outside model remains constant. It is in this manner that we automatically 

take into account the swept volume of the fmgers mentioned above. It will be clear in the dis

cussions to follow which model is used for the test under consideration. 

4.2 Valid Grip Criteria 

The following three conditions defme what is considered a good grip and are concerned with 

object or face properties and relationships between the object and the gripper in the grip position. 

In addition to these three conditions we consider a simple obstacle avoidance case as a forth con

dition for a good grip. 
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1. Object faces suitable for gripping are considered to be pairs of parallel planes, facing 

away from each other, and separated by less then the maximum opening of the hand. Hence, 

only exterior grips are studied as opposed to interior grasps such as grasping the inside of a hole 

by expanding the gripper's fmgers. 

2. Parallel faces must also have nonzero overlap. Nonzero overlap means that when the 

outline of one face is projected onto the outline of another parallel face, there is a nonzero 

intersection of area. This is required so as the gripper closes, moments will not be generated that 

would cause the object to rotate. Figure 3 demonstrates this idea. 

3. There must be an intersection of the gripper's pads with the intended faces of the object 

but there can be no other intersection of the gripper with the object. For a good grip, the only 

contact between the gripper and the object allowed is between the gripper's gripping pads or fmgers 

and the intended faces. TIlls is a non interference criteria which keeps the gripper from colliding 

with the object. 

4. As well as identifying unwanted intersections of the gripper with the object there is the 

concern of intersecting other objects in the vicinity of the target object. The table top the object 

part rests on is an obstacle and will be the only one considered in this thesis. The methods to 

be described for identifying unwanted intersections between the target object and the gripper 

could easily be applied to avoid other obstacles if each obstacle is considered individually with the 

gripper. 

\Ve intend to identify whether a grip position is valid in tenns of the above four criteria di

rectly from the dual model with the dual of the gripper superimposed in the position to be 
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checked. Any reconstruction of the object from the model should be keep to a minimum. We 

want to perform all computations in the dual domain directly. 
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Chapter V 

GRASPING CONVEX OBJECTS 

In the next two chapters we analyze a grasp configuration in terms of the criteria presented 

in Chapter 4 to determine if it is valid. Convex objects are considered in this chapter separately from 

concave objects. This is because convex objects are more easily checked for criteria 3 which is 

concerned with the non interference between the gripper and the object. \Ve begin by proving the 

convexity of the dual to a convex object and use this property as we consider each criteria of 

Chapter 4 in tum. In the last section of this chapter we present a method of calculating the convex 

hull of a non convex object. This method allows us to use the results developed in this chapter to 

check certain types of grasp configurations on non convex objects. 
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5.1 COllvexity of the Dual Model 

Convex polyhedra have the property that any plane containing a face will divide space into 

empty space and the space containing the polyhedron. This guarantees that no object edges or 

vertices, other than the ones belonging to the face in that plane, will intersect the plane. This fact 

greatly simplifies the grasping of this class of objects. In the dual domain the following fact is also 

of great utility. 

THEOREM (5.1.1): A convex polygon in R2 ,enclosing the origin has a dual that is itself a convex 

polygon. 

PROOF: Refer to Figure 4. Assume the dual polygon is non convex and the concavity is at the 

e j vertex. A line through e't-l and e'i+l of the dual polygon represents the intersection of edges ej _ 1 

and ei+l belonging to the real polygon. Since the line from e't-l to e/
i -'-1 does not intersect the position 

vector e'i! it represents an intersection of those two edges closer to the origin then the edge ej and 

so the original polygon is a non simple and hence non convex. 

Hence all convex polyhedra, having convex polygons for faces, have convex duals. These 

convex duals divide dual space into two regions. Since the origin of dual space corresponds to in

fInity it is known that the interior of the dual polyhedron represents all free space while the ex

terior of the dual polyhedron represents the volume of the real object. Hence, for convex 

objects containing the origin, the ftnite volume of the object maps to an infinite volume in the 

dual domain and the inftnite free space maps to a fmite volume. TIils deftnes the dual volume in 

which the gripper can be located. 
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Figure 4. Con,",'ex polygons have convex polygonal duals. 
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To search for a valid grasp the dual object is analyzed to fmd suitable faces for grasping, 

then the gripper is dualized in the frame to be checked and this gripper dual is compared with the 

object dual. In the dual domain the face pair of the object to be gripped is checked for nonzero 

overlap and checks are made to detect unwanted collisions between the object and the gripper and 

between the gripper and the table top. 

5.2 Suitable Face Pairs 

It is required that faces suitable for grasping lie in planes parallel to each other and close 

enough together to fit within the gripping pads of the gripper when it is fully open. Parallel faces 

are identified on the object model as points on a common line through the origin. Since the dual 

model is itself convex any points found will lie on either side of the origin and represent faces 

with opposite pointing normals. The absolute inverse distances to the two points are checked 

to insure they are faces spaced closely enough together to be grasped. Hence two face planes 
-~ ~ 

represented by P't = (AI! Bl , C\) and the other by P'2 = (A21 B21 C2) located by P't and p/
21 will be 

suitable if: 

SP'l=P'2 (5.2.1) 

for some scalar s < 0 and, 

1 1 "d h 1 - ...... - + -_- < gnp WI t to erance. 
IP't l IP '2 1 

(5.2.2) 
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Figure S. Parallel faces and their representation. 
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In Figure 5, dual face pairs A'e' and F'E' lie on common lines through the origin and so 

represent parallel pairs of faces. Pair F'E' represent a pair of faces closer to each other than face 

pair A/C'. 

5.3 Non Zero Overlap of Parallel Faces 

As well as the above requirelnent, suitable face pairs must have non-zero overlap for reasons 

mentioned earlier. To check this condition, the vertices of one face are perpendicularly projected 

onto the parallel face plane. These projected vertices are tested to see if they lie on this parallel face 

and then the other face's vertices are projected in the same manner onto the fIrst face plane for the 

same test. If such a vertex can be found, then the faces have non zero overlap. However, this is 

a sufficient but not necessary condition for overlap. If no such vertex is found here, then a method 

to be presented in Chapter 7 will have to be used to check for overlap. 

5.3.1 Perpendicular vertex projection 

To fmd the location of the projected vertex, Vp I let the vertex to be tested be located by V, 

and the face plane be P: ax + by + cz = 1 , with nonnal IIp = < a,b,c >. Referring to Figure 6, two 

conditions must be satisfIed: 

(5.3.1) 

guarantees that Vp is on P and, 
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(5.3.2) 

guarantees VI' is an orthogonal projection of V onto P. Substituting, 

Up • < V + s -;p > = I (5.3.3) 

(5.3.4) 

s= (5.3.5) 

-
and so VI' can be calculated. 

The nonnal iiI' is obtained directly from the dual model as equivalent to P' and V is obtained 

from the equation of its dual, V'. The method for determining if a point is on a face is presented 

in the following paragraphs. 

5.3.2 Point inclusion on a face 

Checking to see if a point lies on the faces of a convex object in dual space is accomplished 

quite easily. The following theorem will be used. 

Theorem (5.3.1): Let Q be a point in R3 and Pk be the ktlt face plane of a convex object containing 

the origin. If a dual point Q' is incident on a dual plane pi k of an N faced convex 0 bject' s model 

and Q' does not intersect the dual object model, i.e., 
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{ pIt I i = 1 to N } n Q = pit k (5.3.6) 

and 

{ Pli I i = 1 to N } n Q = 0 i =F k 

then the point Q is on the face k which lies in plane Pic' 

Proof: If a dual point passes through a dual plane then the point is on the plane as follows: 

let the point be Q = (q;cI qy,~) and the plane be P: Ax + By + Cz = 1 so the duals are 

Q': q;cu + q,v + ~w = 1 and P' = (A,B,C) respectively. If Q' passes through P' then 

qxA + qyB + 'hC = 1 or Aq;c + Bqy + C~ = 1 which means Q is on P I a necessary condition for 

Q to be on the face contained on P. Referring to Figure 7, as Q moves around on P the plane Q' 

changes orientations in the dual domain. If Q moved to a face edge it would be on the face plane 

P and a bounding edge plane, P, of the object. Q' would lie on the corresponding dual edge 

intersecting both P' and P',. If the Q moved over the edge, off the face to a point R, it would 

lie on a hypothetical plane P', e away from and parallel to P" Q' would now intersect pIli at a dis-

t 1 tance (d ) where d = -~-, Since pI, is a vertex in the dual domain, Q', would be intersecting 
+ e Ip/,l 

the dual object. 

So, to check if a point is on a convex object's face, we simply check that the dual point 

passes through the face's dual plane and none of the position vectors to the other dual planes of 

the object intersect the dual point. To check if a position vector intersects a dual point, we use 
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Figure 7. Determining if a dual point is on a dual race. 
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the method described in Chapter 2. With the ability to check if a point (vertex) is included on aface, 

we can perfonn the check to guarantee non-zero overlap and to solve the following problem. 

5.4 PadJ Face OveJ·lap 

\Vhen the gripper is dualized in a frame such that it's gripping pads lie in the same plane 

as the intended faces to be grasped, the duals of the pads l planes and the faces' planes will be 

located by equal position vectors. This does not guarantee that the pads will lie on the intended 

faces. Nonzero overlap between the pads and the faces Inust be checked to insure proper inter

section. For a pad face to intersect an object face we require at least one vertex of the pad to lie 

on the object face and/or at least one face vertex will lie on the pad face. Now it can easily be 

checked whether either of the bottom vertices of a gripper pad lie on a face or if one or more 

face vertices lie on the gripper pad by using the method presented in section 5.3.2. Both pads of 

the gripper must be checked to insure they both properly overlap on the intended faces. 

5.5 InterfeJ·ence Detection 

5.5.1 Interference between gripper and object 

So far we have checked that the gripper's pads are in a legal position for grasping the object, 

that is the gripper's pads lie on a pair of parallel, non-zero overlapping faces. We now must check 
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for unwanted intersections between the gripper and the object. It should be noted that only the 

inside model of the gripper, i.e. the model of the gripping surfaces and palm, were used for the 

pad/face overlap test. This is also the case for the following discussion on interference detection. A 

special case of obstacle avoidance is also presented at the end of this section which will make use 

of the outside model of the gripper. 

There is only one unwanted intersection between a convex object and the gripper that can 

occur when the gripper's pads are on a pair of the object's faces. It is an intersection between the 

palm of the gripper and the object. A necessary condition for the object to intersect the palm is 

to have at least one of its vertices on the outward side ( wrist side) of the palm plane. If an object 

vertex were on the outward side of the palm plane then a hypothetical plane through the vertex 

and parallel to the palnl plane would be further from the origin than the palm plane. This con

dition can be checked in the dual domain. If the position vector to the dual plane containing the 

palm does not intersect any of the dual vertices of a convex object then this necessary condition 

for an object/palm intersection is not met and no further check is required to know that the palm 

is clear of the object. An example of this case is shown in Figure 8a. 

\Vhile a dual vertex intersected by the position vector of the dual palm plane as in Figure 

8b, is a necessary condition, it is not a sufficient condition to guarantee a palm object intersection. 

If a vertex is on the outward side of the palm plane then any connccted vertices to that vertex are 

checked to see if they lie on the origin side (inward side) of the palm plane. A vcrtex on the origin 

side of the palm plane is indicated by a dual that is not intersected by the position vector to 

the dual palm plane. If such a vertex is found then the connecting edge intersects the palm plane 

but mayor may not intersect the palm face. To check to see if the edge intersects the palm, the 
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Figure 8. Checking for intersections with the gripper's palm. 
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intersection of the connecting edge and the palm plane IS calculated and that point is checked in 

the dual domain to see if it lies on the palm's face. 

If the gripper is enclosing the origin, this is a very easy check by the last theorem since the 

gripper's model looks like a convex object, i.e., it has a convex dual. If it does not enclose the origin 

then a method to be described in the chapter on concave objects must be used to determine if the 

point is on the gripper's palm. The above procedure is carried out for all dual vertices intersected 

by the position vector to the palm's dual plane. 

5.5.2 Interference between gripper and table top. 

As mentioned earlier, another unwanted collision is between the gripper and the table top that 

the object is resting on. The detection of this unwanted condition is simplified since the objects 

are dualized from a real world frame that has the y-axis perpendicular to the face plane the object 

is resting on and therefore the table top. There can only be one face in this plane for convex ob

jects. This face is immediately found from the model representation as the dual point on the 

" . - v aXIs. 

If there is a collision with the table top, it will be with one of the outside vertices of the 

gripper. A collision would occur if one of these vertices were placed below the table plane and 

would be indicated in the model if the position vector to the dual table top plane intersecting any 

of the dual vertices of the gripper. A very simple check. Figure 9a depicts a case where the gripper 

is intersecting the table top and Figure 9b a depicts a case where the gripper is clear of the table 

top. 
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5.6 Convex Hulls of COllcave Objects 

5.6.1 Non simple polyhedron 

Determining whether or not a grasp on a concave object is valid is not as straightforward 

as with convex objects. The problem arises because a face plane of a non convex object does not 

divide space into a half space containing the whole object and a half space containing no object. 

This leads to duals that are not simple polyhedra. A simple polygon is defmed as having edges 

that intersect only at the vertices of the polygon and divide a plane into exactly two regions. A 

simple polyhedron is made up of simple polygon faces. Figure lOis an example of a face with 

a concavity and its non-simple polygon dual. Since the polyhedra duals are not simple, they 

do not divide dual space into two volumes, one representing the object and one representing free 

space as 'With convex duals. This makes determining whether or not a point is on a face a much 

more difficult task. In the next chapter a version of the Jordan Curve theorem will be presented 

to deal with this problem. In this section a method is presented that can determine whether a 

grasp position is good but cannot conclusively determine whether it is bad. 

The method to be described in this section will fmd the convex hull of an object from its 

dual space model. A check of the grasp position against the dual model of the convex hull as de

scribed in the previous sections can then be perfonned. If there is no interference detected be

tween the convex hull of the object and the gripper then there is no interference with the actual 

object. TIlls is computationally simpler than the method presented in the next chapter which can 

determine if the gripper is intersecting the object at a grasp position within the convex hull of an 

object. 
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Figure 10. A concave polygon and its non simple dual. 
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5.6.2 Finding convex hulls in dual space 

Since the models presented here are dualized from an origin located at the center of mass of 

the object, the origin will always be located within the convex hull of the object. Consequently, 

when dual space is filled from the dual origin, which is the mapping of the infmite plane from real 

space, a bounding set of planes will be found that form a closed polyhedron. These bounding 

planes represent the vertices belonging to the convex hull of the object. The intersections of this 

set of bounding dual vertices represent real planes and edges as well as the constructed ones 

belonging to the convex hull. The principle can be demonstrated in 2 dimensions with the fol

lowing theorem. 

Definition (5.6.1): A constructed edge of a convex hull is an edge belonging to the convex hull of 

a non convex object but not an edge of the object itself. 

Theorem (5.6.2): The vertices of a concave polygon through which the edges and constructed 

edges pass to form the convex hull will have duals that are lines and intersect to defme the vertices 

of a simple dual polygon. These vertices of this simple dual polygon will be the duals of the 

edges and constructed edges belonging to the convex hull of the original polygon. 

Proof: A constructed edge, e, of the convex hull of a concavity will be a certain perpendicular 

distance, d. , away from the origin. The N vertices within the concavity ( concave or convex ) 

can be thought to have lines through them parallel to the constructed edge e, e II~, i = l. .. N, 

where Ii are these imaginary lines. See Figure 11. The perpendicular distances, di , to each line 4 

will be less than d., dt < d." i = I ... N. In the dual domain each dual imaginary line, l'i , and the 
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dual of the constructed edge e' will lie on a common line through the origin since they are parallel. 

Since the perpendicular distance to a line is equal to the inverse of the distance to its dual, 

I ~. I < I d, I, i = LN, and so I e' I < 1/',1. i = l...N. This says no dual vertices intersect 

the position vector to the dual constructed edge. So any duals of constructed edges of a convex 

hull will form real vertices of a simple polygon in the dual domain. 

In Figure 11, the convex hull of the polygon in R2 is made up of edges A,E,F, and G, and 

the constructed edge e. In two dimensional dual space this convex hull is found from the portion 

of the dual polygon surrounding the origin, which is itself convex. In the example of Figure 11 t this 

portion of the dual polygon has vertices A', E', F', G' and e' I corresponding directly to the edges 

of the convex hull of the original polygon. 

The above proof leads to a natural method of fmding the convex hull of a polygon from 

its dual representation. Find all the intersections of the dual vertices. Any intersection point 

located by a position vector that does not intersect any dual vertices, represents an edge in the 

convex hull of the original polygon. This argument is easily extended to 3 dimensions by taking 

all combinations of three dual vertices and fmding their point of intersection. If a position vector 

to one of these points does not intersect any dual vertices, then that point represents a face plane 

of the convex hull of the object. 

5.7 Summary 

With what we have developed in this chapter we can determine if a grasp on a polyhedron 

object is valid given the dual representations of the object and the gripper in the positions to be 

checked. By directly checking the duals candidate grasping planes we can tell if they are parallel and 
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Figure II. Finding the convex hull for a polygon from its dual representation. 
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close enough together. By doing simple perpendicular projections of the vertices of one face on to 

its parallel face and using the test for point inclusion on a convex face, we can check for face 

overlap. 

Using the same point inclusion test also allows us to check for gripper pad/face overlap and 

palm/object intersections. For non convex we showed how to find the convex hull directly in the 

dual domain. Knowing the convex hull of the object and knowing which planes of the convex 

hull are real ones, the methods developed earlier in the chapter can be applied to the grip deter

mination problem. 
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Chapter VI 

GRASPS ON CONCAVE OBJECTS 

If no suitable grasp is found on the convex hull of a concave object, it may be necessary 

to check a grip position inside the convex hull of the object. This is a much more complicated 

procedure because as seen earlier concave objects do not have simple polyhedra as their duals. This 

causes the test to determine whether a point is on a face to become the union of several conditions. 

A version of the Jordan Curve Theorem will be presented to help simplify this problem. 

6.1 Suitable Face Pairs 

As earlier, the fIrst test for a valid grip is to determine whether the gripper pads are in 

contact with parallel, opposite faces. This still has the necessary condition that the dual face planes 

lie on a common line through the dual origin, but with concave objects this is not sufficient. 

Parallel faces on concave objects may occur with the same outward direction or maybe facing 
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each other. This is where the sign information attached to the dual face planes becomes important. 

Faces parallel to each other and on opposite sides of the origin will have the same sign attached 

if they face each other or if they face away from each other; negative if the faces face each 

other and positive if they do not. So for exterior grips, we look for positive pairs on either side 

of the origin. In Figure 12, A'F' or A'D' are examples of acceptable pairs. Faces parallel but 

on the same side of the origin will have different signs attached if they face each other or face away 

from each other. A pair of dual planes on a common line with the negative point closer to the 

origin indicates faces facing each other. If the closer dual plane is positive then the faces point 

away from each other and are valid face planes for grasping. In Figure 12, A'B' and F'E' are ex-

amples of valid face plane pairs while B'C' and E'D' are not. 

After insuring the face normals are correct, the spacing between the pair is checked by looking 

at the inverse distances to the dual planes. The spacing is equal to the sum of the inverse distance 

to the dual planes if they are on different sides of the origin. If they are on the same side of the 

origin, the spacing is equal to the absolute value of the difference of the inverse distances. This can 

be compactly stated as: 

sgn[P'l] sgn[P' 2] 
..... +..... < grip width tolerance 

I pili I P'21 
(6.1.1) 

where P'l and P'l are the position vectors to the dual face planes and sgn[p'a returns the sign given 

point PI;. 
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Figure 12. A non convex object with its signed dual representation. 
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6.2 Face I1ltersection Detection 

When the gripper is in a position to be checked for meeting the valid grip criteria we must 

have a method for determining whether the pads are actually on faces and determining whether 

there are any unwanted intersections of the gripper with the object. One way to determine if there 

are unwanted intersections is to check that no faces of the gripper intersect with any of the faces 

of the object. 

The following method can be used in real space to determine if two faces, A and H intersect. 

First we derme a "vertex pair". A vertex pair is any two vertices that are connected by an edge. To 

determine if two vertices defme a pair. we look in the vertex table. If the two share at least two 

common planes then they form a pair. 

Check all pairs of connected vertices of face A against the plane of the other face B. For ever 

pair found that has one vertex on either side of the face plane H, there is a possibility that A and 

B intersect along these edges. For each pair found satisfying this condition, calculate the point 

of intersection between the edge connecting the vertex pair and the plane. Now check if this point 

is on the face belonging to the plane. We can perform this face intersection check completely in 

the dual domain. The face with the fewer vertices should be checked against the plane of the face 

with the greater number of vertices to reduce the number of checks to be performed. 

The check to determine if a vertex pair has a vertex on either side of a plane is simple. Figure 

13 will be referenced to demonstrate the procedure. Plane A is checked against plane B. If the 

position vector to B' intersects one and only one of a connected pair of dual vertices, then in 

real space, those vertices lie on either side of face plane H. In Figure 13, vertex pair (v'(l),v'(2» 

and (v'(2),v'(3)) are the only pair satisfying this condition, B' intersecting v'(2) and not v'(l) or 
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Figure J 3. Checking vertex pairs of face A against plane B. 
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v'(3). If the equation for the dual vertex is: v}(u + VyV + V:lW - I = c ,where c = 0, then entering the 

coordinates for a dual plane, (A,B,C), will give a c < 0 or c> 0 depending on which side of the 

dual vertex it is on. So if a different sign of c is obtained for each vertex of the pair the intersection 

point of the edge connecting the vertices and the face plane B is calculated. We must now 

detennine if this dual point is on face B' . 

6.3 Jordall Curve Tlzeoreln 

A method for determining if a point is on a non convex face is needed. 

Jordan Curve Theorem (6.3.1):{31J If S is any simple polygon in a plane P, the points of P which 

are not on S can be divided into two sets A and B in such a way that any two points in the same 

set can be joined by a polygonal path not intersecting S J while no two points, one of which is in 

A and the other in B, can be so joined. 

Corollary (6.3.2):[31J A half line from a point in A in a direction not parallel to any side of polygon 

S, will intersect S an odd number of times while such a line drawn from a point in B will 

intersect an even number of times. 

To apply the Jordan Curve corollary in RJ the half lines are normally taken parallel with an 

axis in order to simplify calculations. In two dimensions the half line is a locus of points with a 

constant x value and a variable y value, for example. In three dimensions, two degrees of freedom 

must be varied in order that the half line remain on the face. For example, x constant, y variable, 
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and z = fly), unless the face is perpendicular to a coordinate axis. 1bis is why it is preferred to use 

the Jordan Curve corollary (6.3.2) in two dimensions. The same applies to its application in dual 

space. 

To reduce the problem to two dimensions, a method of projecting the dual face, its dual edge 

planes, and the dual point to be checked to a single planner dual polygon and dual point will be 

presented next along with a procedure to apply the above corollary directly in dual space. 

6.4 Face Rotation 

In reducing the problem to a two dimensional one, the coordinate axes are rotated such that 

if A' is the position vector to the dual face plane of interest, it will be aligned with the tV axis. 

After the rotation the dual model is reduced to the u-v plane by a simple projection. Let 

- -
A' = < all, ayt 3w > and make an angle (X between the projection of A' onto the u-v plane and the 

positive u axis and an angle P between A' and the positive tV axis. Refer to Figure 14. 

1[ av ] (l = tan- a; (6.4.1) 

and 

(6.4.2) 

- -
Bringing the coordinate axis tV into alignment with A', can be thought of as fITst rotating A' 

about w by - a to give an All and then rotating the new All about v by - P to get an A21 . 

(6.4.3) 
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Figure 14. Parameters for locating the dual plane A. 
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= Rot[v, -P] Rot[w, -tl]A' 

[

COS P 0 - sin P][ cos (1. sin (1. 0 1 
= 0 1 0 - sin (1. cos (1. 0 

sin P 0 cos P 0 0 1 

[

COS p.cos (1. cos P sin (1. - sin P ] 
= - sm(1. cos (1. 0 

sin P cos tl sin P sin (1. cos P 

= [ROT] A', 

6.5 Face Projection 

After the rotation the projection of the dual face to a planar polygon is perfonned. The 

projection is carried in the dual domain. For each edge plane of the face ftnd the intersection of 

the dual edge v.;th the u-v plane. The point found defmes the plane perpendicular to the face 

plane and intersecting the face along the same edge as the original edge plane. Refer to Figure 
~ ~ 

15. Let A' be the position vector to the dual face plane and B' be the position vector to a dual 
~ -

edge plane defming the face. Let L be the vector from A'to B' and C be the position vector 

( two dimensional) to the projected point. From Figure 15, 

..... 
L = B' - A' (6.5.1) 

...... 
tL= C-A' (6.5.2) 
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The projected point C representing 
a plane perpendicular to A and 
intersecting A along the same edge 
as plane B. 

,. 
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Figure 15. Geometry of the dual face projection. 

In rectangular coordinates, 
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Solving for t, 

aw 
t=-

lw 

The projected point is then, 

cw = 0 

(6.5.3) 

(6.5.4) 

(6.5.5) 

(6.5.6) 

(6.5.7) 

A list defming how the projected vertices are connected is obtained by searching the 

original vertex list to fmd elements that have both the face plane and an edge plane in common. 

This procedure completely defmes a planar face equivalent to the original. 

6.6 Poi!,t Rotation 

Since the dual domain coordinate system has been rotated, the dual point that is being 

tested must be found in the new system. The simplest method is to fmd the new axis intercepts 

of the plane representing the point. If the point being tested is, 
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(6.6.1) 

then 

(6.6.2)R 

The new coordinate axes are given by: 

U I = cos P cos (1.U + cos P sin (1.V - sin p; (6.6.3) 

v'=-sinau + cos a): (6.6.4) 

w' = sin P cos au + sin p sin a): + cos pw (6.6.5) 

so the new axis intercepts are: 

[ 
I 1 ]r 
~' Iy '-C (6.6.6) 

1 1\ 

The projection of the dual point in the rotated system is the line passing through -1- u 
1/ 

1 1\ and -1 v. The problem now is strictly a two dimensional one and the following dual version 
v 

of the Jordan Curve corollary (6.3.2) can be applied. 

6.7 Dual Edge Boulldaries 

To apply corollary (6.3.2), we fIrst must be able to detennine whether a point is on a line 

segment, i.e. an edge of a polygonal face. Recalling that we are now working in two dimensional 

dual space D2, the line segment is represented by three points which are the duals of the edge line 

and the two lines intersecting the edge line to [ann the ends of the edge. Let the dual edge line 
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be B' and the bounding dual lines be A' and C'. See Figure 16. The three points form two angles 

in dual space with the dual edge line B' as the vertex. All points on the face \vill be represented 

as lines within one of the angles A/B'C' and intersecting B'. The correct angle is the angle that does 

not bound the origin, for if it did, one of the points on the edge would be at infInity. 

There are two cases to consider. In the flIst, the dual lines A' and C' are on the same side 

of the line through the origin and B , a B' as in Figure 16a. Let the line for edge B be given by 

bxx + b,.v = 1 so its dual is B' = (b x! by). In Dl , OB' is given by 

(6.7.1) 

The duals to the two boundary lines are A' = (aX! ay ) and C' = (cx' cy )' By substituting these points 

into (6.7.1) we get the following condition. 

(6.7.2) 

If (6.7.2) is satisfied, then for a point P to lie on edge B, the following conditions must be met: 

...... 
1. B' n P' = B' (6.7.3) 

and 

..... ..... 
2. [( A' n pi i= 0) and ( c' n P' = 0)] or [( A' n p' = 0) and ( c' n pI i= 0 )]. 

In the second case, A' and C' are on opposite sides of OB' as in Figure 16b, and 

(6.7.4) 

For P to be on edge B, the conditions are now: 

...... 
1. B' n p' = B' (6.7.5) 
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Figure J 6. Angles defining the boundaries of a dual edge. 

and 
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2. [A' n pI = 0] and [ C' n pI = 0 J. 

So to tell if a point is on an edge we check to see if (6.7.3) or (6.7.5) is satisfied depending 

on which of (6.7.2) or (6.7.4) respectively is met. In both Figure 16a and Figure 16b the line P' 

represents a point P on edge B. 

6.8 Application of Jordan CUI·ve COI·ollary in Dual Space 

Since we can now rotate and project any face, we can look at applying the corollary to the 

Jordan Curve Theorem in dual space to tell if a point P lies on a face F. 

The half line from the point under test, P, to infmity can be in any direction, so for conven-

ience we let it be parallel to the y axis. In D this half line is an infmite set of lines between P' and 

the u axis with the same u intercept as P' where pI : P ... u + pyv = 1. Any dual edges of F' that are 

in the region between P' and the u axis represent edges that the half line may intersect. 

If the N dual edges of F' are e'f i = l. .. N , where each e'f = (e;x, ely) , then the ones that satisfy 

P.xClx + Pye,y - 1 S; 0 (6.8.1) 

and 

[ely > 0 if Py > 0] or [ely < 0 if Py < 0] 

defme a set PI, of possible edges intersected. 
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The last two conditions of (6.8.1) correspond to looking at the half line from P' to positive 

infmity or to negative infmity respectively and depends on which side of the x axis P is on. For each 

e'i E PI satisfying (6.8.1), the line from (Px' 0) to (eix ' elY) is computed and checked by the methods 

of section 6.7 to see if it represents a point of intersection between the half line and the edge e/. If 

the number of intersections indicated after checking all e/ s of PI have been so checked is odd, then 

the point P is on F, if the number of indicated intersection is even then P is not on F. 

Figure 17 shows an example. In D:2 as the line pIt is rotated about its u axis intercept such that its 

v intercept moves toward the origin, it represents the point PI moving parallel to the y axis toward 

negative infmity. As p/
l rotates it intersects E' then F pr before reaching the origin. By the checks 

of section 6.7 when P'l is incident on each of these points, it represents a point on an edge, therefore 

pi l has a count of two and so it does not represent a point on the face. 

Likewise, as p/:2 is rotated about its u intercept it becomes incident on C' and then A'. By 

the checks of section 6.7 when it is incident on C' it does not represent a point on an edge, when 

it is incident on A' it does represent a point on an edge and so P':2 has a count of one and represents 

a point on the face. 

Using the methods of the last three sections, it can be detennined if the gripper pads are in 

contact with the intended faces and not just lying in the same planes. This is done by checking each 

vertex of the intended face against the intended gripping pad. If one vertex of the face can be found 

to lie on the pad or one vertex of the pad on the face, then there is overlap. Each of the two gripper 

pads are checked in this manner. 
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Figure 17. Examples of applying the Jordan Curve Corollary in dual space. 
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6.9 Clzec/iillg for Gripper/ Object /Iltersections 

Mter it is confirmed that the pads are in correct contact with the intended faces we must 

check for unwanted gripper/object intersections. This can be a costly operation if each face of 

the gripper is arbitrarily checked in turn to see if it is intersecting any of the object's faces. This 

was the method used for the convex objects but there we could restrict the checks to a single face 

of the gripper, the palm. While we do not have any prior knowledge about the object, we do have 

it for the gripper and we use this knowledge to facilitate the gripper/object intersection check. 

By recognizing that the gripper, G, is composed of a convex polyhedron, GOI with a convex 

section GI , removed, we can exploit some of the nice properties of convex objects to write explicitly 

the conditions for a point to lie outside of the gripper body. Go corresponds to our outside model 

and G I corresponds to the inside model of the gripper. 

For a point to be in a convex polyhedron, it must be on the origin side of planes containing 

faces with normals pointing away from the origin and not on the origin side of planes that contain 

faces with normals that point toward the origin. For a point P and a polyhedron with N faces, ~ , 

this can be written in the dual domain as: 

If sgn[f tJ = positive then fin pi = 0 for all i, i = 1 to N 

and 

If sgn[ftJ = negative then f J n p' *" 0 for all i, i = 1 to N 

(6.9.1) 

For a point to be outside of this convex polyhedron, the compliment of (6.9.1) is taken to yield: 

If sgn[f t] = positive then r i n pi =1= 0 for some i, i = 1 to N 

or 

If sgn[f I] = negative then r i n pi 0 for some i, i = 1 to N 
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Let fi i = I to 6 represent the faces of the convex hull of the gripper, what we have called 

~ 

the outside model of the gripper and f { i = 7 to 12 represent the faces that compose the convex 

piece that is removed, what we have called the inside model of the gripper, V', be the lit vertex of 

the object and sgn[P;] returns the sign of point fl' 

So for the parallel jaw gripper considered a convex polyhedron with a convex section re-

moved, the conditions for a vertex to lie outside the gripper body are that it lie outside 

Go or inside Gf • 

If sgn[P a = positive then Pin V'} * 0 for some i, i = 1 to 6 

or 

If sgn[PtJ = negative then Pi n V'} = 0 for some i, i = 1 to N 

or 

If sgn[f,] = positive then PI n V'} = 0 for all i , i = 7 to 12 

and 

If sgn[PtJ = negative then PI n V'} * 0 for all i, i = 1 to 12 

(6.9.3) 

For no object/gripper intersection to occur, (6.9.3) must be satisfied for all vertices of the object. 

Clearly intersection checks on the convex hulls are much simpler procedures since we do not have 

to check all vertices but only those not on the origin side of the palm plane. 

The checks for the gripper/table top intersection is performed in the same manner as de-

scribed in the chapter on convex objects since the check is independent of the target object. 

GRASPS ON CONCAVE OBJECTS 73 



6.10 Sllmnzary 

In this chapter we have extended the results from the chapter on convex objects. We can now 

check for parallel faces when the faces lie on the same side of the origin and we can differentiate 

between parallel faces facing toward each other and faces facing away from each other as required 

for an external grasp. \Ve developed a method of applying the Jordan Curve corollary (6.3.2.) di

rectly in the dual domain so we can now check for non zero face overlap and gripper pad/face 

contact. We also showed how modeling the gripper as two convex pieces, as in constructive solid 

geometry, allowed us to develop a simplified check for determining if there was an unwanted 

intersection of the gripper and the object. 
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Chapter VII 

GENERATING GRASP POSITIONS 

All the work in this thesis up to this point has been concerned with procedures for checking 

whether a particular grasp configuration is valid. No simple or guaranteed method has yet been 

fOlUld which will generate valid gripping positions. As mentioned in the introduction, most present 

algorithms attempting to do this task start with a set of candidate gripping positions either defmed 

apriori or generated by a few simple heuristics, then consecutively mter the set to obtain a set of 

feasible grip locations. These are usually evaluated and sorted using greatly varied criteria based on 

what the algorithm's author considers an "optimal grip", for example stability, reachability, or 

simply fmdability. These are essentially generate and test algorithms and differ mainly in the Urea-

soning" used in the generate stage and/or the methods used in the test stage which are often de

pendent on the model being used as stated in the introduction. 

Since the model we are working with is a boundary representation, methods for computing 

free space volumetric solutions are much more difficult to calculate then a cell decomposition or 

octree representation. Previous work on grip determination using boundary representations, al

though not working in the dual domain, never the less give many useful heuristics which we can 
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apply to a generate and test algorithm for grip determination using the dual representation presented 

in this thesis. 

The algorithm forwarded here is a two stage generate and test. The ftrst stage of generation 

and test determines a set of suitable face pair combinations. This set includes all surface pairs with 

properties desirable for gripping with the parallel jaw gripper. The second stage of generation and 

test breaks candidate grasping areas for each pair of faces found, into a fmite number of discrete 

points. For each point a set of gripper orientations are tested to fmd valid grasp configurations. In 

an attempt to reduce the number of tests performed some intelligence is built into the algorithm in 

the form of heuristics. These will help in determining which set of generated face pairs stand the 

best chance of containing fmdable, valid grasping points. Heuristics are also used to some extent in 

the face discretization in an effort to generate gripping positions on the object that will pass through 

the remaining mters. 

7.1 Findillg Calldidate Grasping Areas 

7.1.1 Generating Candidate Plane Pairs 

A set Fe is generated which contains all possible pair combinations of all the dual faces of 

an object. If F is the set of all dual object faces then, 

(7.1.1) 

From this set we apply the criteria for suitable face pairs presented earlier, 
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(7.1.2) 

...... 

f I = 5 f J for some scalar 5 (7.1.3) 

where 

if 5 < a then sgn[fa = sgn[fj] positive 

and (7.1.4) 

if 5>0 then sgn[fa1fjl +sgn[Pj]lrll >0 

Condition 7.1.4 guarantees the face normals are correct for a pair of faces to be gripped. 

Also eliminated are face pairs that are know not to be grippable by some a priori information 

and pairs that have a face in contact with the table top, recognized by either £'1 or £'] being the point 

on the -v axis closest to the origin. The duals of face pairs known to be ungrippable a priori are 

placed in a set and subtracted from FC. In this paper we assume no prior knowledge about the part. 

Equations (7.1.2) through (7.1.4) ftIter FC to give a set FPO containing the duals of parallel 

opposing faces with proper spacing. 

7.1.2 Prioritizing Candidate Pairs 

The set FPO is now divided into three sub sets with different degrees of priority for further 

processing. FPOch E FPO represents the set of all pairs with planes located on the convex hull of 

the object. These are identified on the dual model as pairs (por;) satisfying: 

(7.1.6) 
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where 0' is the dual object. The set FPOclt is searched frrst because if valid grasping faces can be 

found in the set, the interference checking will be greatly simplified. 

The set FPOd e FPO is the subset representing pairs with planes located on either side of the 

origin. These pairs have sin (7.1.3) and (7.1.4) less then zero. This set is attractive because it will 

tend to minimize torques exerted on the gripper and the chances of the object twisting while 

grasped. Not all of FPOd will need to be searched by recognizing FPOch e FPOd• Hence, FPOch 

is attractive for this reason as well as the simplified interference checking. 

The third set contains the duals of remaining faces. FPO: e FPO represent the pairs con

taining planes that are on the same side of the origin where 

FPOs = FPO - FPOd (7.1.7) 

and FPOIl can be recognized by sin (7.1.3) and (7.1.4) being greater then zero. 

All three sets are sorted by the criteria that the pairs with planes which are more centered 

around the origin have a higher priority. This will keep the center of the gripper as close as possible 

to the centroid of the object. For pairs represented by set FPOs we want the average perpendicular 

distance to the planes to be as small as possible. This means ranking by the minimum of: 

(7.1.8) 

where ~ and ~ are the perpendicular distances to planes of faces f, and ~. If the pair has planes 

on different sides of the origin, we want to rank by the minimum of: 

(7.1.9) 

These two ranking criteria can be accomplished for all pairs in FPO by a single ranking of the dual 

faces by minimizing the values of: 
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sgn[ra 
..... (7.1.10) 

If't ! 

From this point the search continues by frrst only looking at FP0ch , then only at 

FPOd - FPOch! and fmally at FPOs only after later fllters eliminate all elements of a set do we go 

back and begin working with the next set. 

7.1.3 Checking Face Overlap 

In checking for non zero overlap we frrst calculate the set of all intersections between the 

edges of the two projected faces. This can performed in the dual domain. After doing the rotation 

and projection of the faces under consideration by methods of section 6.4 and 6.5, calculate all lines 

formed by connecting the dual edges of one face with the dual edges of the other face. Each of these 

lines is checked to see if it is on both dual edges as explained in section 6.7. Each line found to 

be on both dual edges represents a vertex belonging to the set of vertices defIning the area of overlap 

of the two projected faces. This area is called the overlap polygon, OPij , of face pair (fi'~)' The 

vertices found above form a set which is either a subset or equal to the full set of vertices belonging 

to OPij called OPV;j . The guaranteed full set of vertices belonging to the overlap polygon is found 

from 

(7.1.11) 

where e'i and e/j are the dual edges of fj and ~ respectively and the sets {V'I C f'J) and {v'} C f'i} 

are the vertices of one face which lie on the polygonal face of the other. 

Note when set FPOch is tested for this overlap, the overlap polygon will be convex since the 

two faces and their projections are convex. This will help out in the second stage of the algorithm 
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where we pick discrete grasping points in the overlap polygon for each face pair. Summarizing, what 

we have found so far are sets of vertices defIning regions on face pairs that are feasible gripping lo

cations. These regions now need to be checked to see if the gripper can grasp them in some manner 

without collisions. 

7.2 Finding Valid Positio1ls and Orientations 

At the second stage we generate a discrete set of points for each face pair's overlap polygon. 

The locations of the planes of the face pair have already restricted the gripper to three degrees of 

freedom. By picking discrete points to test at, two more degrees of freedom are removed leaving the 

gripper with only one rotational degree of freedom. 

One method to fmd a point on the overlap polygon would be to defme a pseudo-center for 

the polygon equal to the median value of its vertices. Note that since the origin is located within 

the object there is a chance that such a point may lie near the perpendicular projection from the 

origin making the solution in dual space numerically ill conditioned. This arises because of the in

ability of our model to represent planes or lines through the origin. An example of an extreme case 

is if the projected origin intersects a projected face at (OJ') or (x,D), then the dual point could not 

be calculated. 

The pseudo-center can be found as follows. The dual vertices can be written as: 

(7.2.1) 

or 
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(7.2.2) 

where the Vi fPc'S are row vectors containing the coefficients of the kth dual vertex of 0 Pij and so V' 

is N x 2. The dual pseudo-center, C'ij! is C'i/xU + C'ijyv = 1 with 

N 

C'ljx= ~ LVkl 
k=O 

and, 

N 

C'ljy = ~ LVk2 
k=O 

(7.2.3) 

(7.2.4) 

As mentioned at the end of the last section the overlap polygon is convex if both faces are 

convex. In this case we are guaranteed that the point found above is on the face. But if one or both 

faces are concave we can not say this. Also, we would like more then one test point per face pair 

to improve the odds of fmding a successful grip location. 

To generate more points we take three of the overlap polygon's vertices at a time and use 

(7.2.1) to fmd a pseudo-center for each. Three vertices taken at a time will always defme a convex 

region and the center as defmed, will always be contained in this region. A region could be totally 

on the overlap polygon, partially on it, or not on it at all, but there will always be some of these 

triangular regions totally contained on OPij and so we are sure to fmd some points in the desired 

overlap polygon. So for each pair of faces remaining take all three at a time combinations of their 

overlap polygon vertices, fmd their pseudo-centers and check to make sure they are on the actual 

overlap polygon. Let the set of points found for each OPIj be called OPP/j' These are used as the 

discrete points for further testing. 
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Each of these points deflnes an axis for the gripper when it is in a position to grasp. If the 

gripper is going to grasp a desired point it is restricted to a single rotational freedom about that axis. 

So discretizing the 3600 the gripper can rotate in gives a ftnal set of conflgurations that must pass 

the non interference tests as presented in the previous chapters. Points and orientations passing 

these fmal checks are considered valid grasp positions. 

To pick a fmal grasp position we can take the fIrst few produced and know that they are the 

"best" in so far as the order in which they were processed reflects what we considered as more de

sirable features in a pair, i.e., keeping the center of mass centered between the fmgers and grabbing 

on the convex hull. Alternately, we can take all pairs from each of the sets 

EPOch' EPO, , and FPOch - FPOd that make it through these fIlters, retaining their order to preserve 

their "quality" ranking, and apply application specillc criteria or other rating measures to them. 

7.3 Summary 

In this chapter we have presented a means of generating grasp positions by frrst generating a 

set of all possible face pair combinations of the target object and then applying the criteria for valid 

grasping faces developed in previous chapters to fIlter the set. Next we presented a method for pri

oritizing the set of feasible face pairs for further processing and described a method for generating 

grasping points on each face pair. To the face pairs remaining the interference checks were applied 

as a last test for checking the validity of the generated conftguration. 

As a fmal note to this chapter, it seems realistic that grasps could be found on the convex hulls 

of objects if the relative size of the gripper to the parts is large. Typically we would not expect a 

small gripper to be used to pick up a Inuch larger object. Additionally, as the number of facets used 
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for approximating curved surfaces are increased to itnprove accuracy, the more parallel faces are 

available for gripping. 
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Cilapter VIII 

CONCLUSION 

This thesis has addressed the problems involved with determining if a grip position for the 

parallel jaw gripper is a valid one when the objects are represented by a boundary model based on 

duality principles. The solution to the gripper/object interference problem was found for two classes 

of objects, convex and non convex and a third case involving the convex hulls of non convex ob~ 

jects. The interference problem was solved completely in the dual domain, minimizing recon

structing the object from the model. 

We showed that convex objects have convex duals and this lead to simplified procedures for 

checking if a point was on a face and hence made checking grasp configurations easier. This prop

erty of having a convex dual warranted studying convex objects as a separate class of objects and 

for developing a method for calculating the convex hull of non convex objects from their dual 

representations. 

Difficulties with detennining if a point is on a face of an object with concavities required more 

complex procedures for checking grasp configurations. We presented a method of applying a cor

ollary of the Jordan Curve Theorem directly in the dual domain to determine if a point was in-
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cluded on a non convex face. The procedure presented included a method for projecting an object's 

dual edges to obtain a two dimensional representation of the face and a method of determining if 

a point was on a bounded edge. The ability to check for point inclusion on a face gave us a means 

for checking that the criteria for face pair overlap and gripper pad/face contact in the concave cases 

were met. 

A method of checking if two faces intersect which depended on being able to determine if a 

point is on a face was presented, but to use it for determining gripper/object intersections required 

checking every face of the gripper against every face of the object. While we assumed no prior 

knowledge about the objects being grasped, we did show that using knowledge about the gripper 

allowed us to model it as a difference of two convex pieces. This lead to the use of simpler methods 

derived for convex objects to simplify this checking for gripper intersections with concave objects. 

Computational error analysis must now be studied to determine to what extend the developed 

algOritJ:'illlS will be affected by inaccuracies in such things as fmger positioning and object location. 

Also of concern are the numerical ill conditions that occur when we try to calculate the duals of 

faces which lie in planes passing near the origin. This will have to taken into account when toler

ances are set for determining which planes are parallel from the dual model representation. 

\Vhi1e the bulk of the thesis dealt with analyzing grasp configurations to determine if they 

were valid, we also presented a means of synthesizing valid grasp configurations. As in much of the 

work in the field of path planning using other forms of boundary representations for object mod

eling, our method is a generate and test algorithm. The rules or heuristics we presented for gener

ating points and fmal grip configurations were intended to give "intelligence" to the algorithm and 

there by reduce the amount of testing to be performed. Procedures were developed to prioritize 

possible points and configurations for further processing which adds to the intelligence of the al

gorithm by insuring that the first configurations to be tested "valid" were in some sense "better" then 

ones check later. The testing of the generated configurations was based on the procedures devel

oped in the previous chapters. 
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The idea of what is a "better" grasp configuration is a topic of further research. In this thesis 

we only considered a pass/no pass type of criteria for evaluating a grasp with the exception of 

Chapter 7 where generated candidate grasps were sorted by how close they were to the center of 

mass of the object is to the center of the grip. This was dO,ne for reasons of stability. Much more 

work could be done on calculating the other dynamic properties of a grasp configuration in order 

to analyze an object's stability with respect to the gripper under various accelerations and torques 

as the object is worked on and moved about in the work space. 

Another open area of research, not only for models based on duality but for any boundary 

representation, is the topic of path planning. It is of great interest for the gripping problem for two 

reasons. Generate and test algoritluns are clumsy brut force methods that are computationally ex

pensive. Methods for generating boundaries of free space for the gripper to move in would allow 

solving for all positions the gripper could use to grasp an object. Secondly, although our algorithm 

gives valid grasping configurations, it does not guarantee that the positions can be reached. A path 

must be found from the gripper's present position to the fmal grip position such that the gripper 

and the manipulator to which the gripper is attached, do not collide with the object or with other 

obstacles in the work space. Once methods to solve this problem are understood, what is considered 

an optimal grasp configuration may have to redefmed as we consider what should be an optimal 

path/grasp trajectory combination. 
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