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(ABSTRACT)
Techniques based on Lyapunov theory for the stability analysis and control of
nonlinear systems are developed.

In the first part of this work, procedures for

determining conditions of guaranteed asymptotic stability are developed for nonlinear,
uncontrolled systems. A second order model of an aircraft which is potentially unstable
in pitch is used to demonstrate these methods.

This approach is then expanded for use

with systems of arbitrary order and applied to the investigation of a nonlinear model
describing the lateral-directional motion of a departure prone aircraft. These
investigations show that concepts based on Lyapunov stability can be used to effectively
analyze nonlinear systems.
A systematic method of finding an efficient controller is then developed for
systems having controls which behave nonlinearly. These control techniques are
demonstrated on a generic aircraft which exhibits nonlinear elevator behavior at high
angles of attack. Although a conventional controller based on linear theory results in an
unstable divergence, a Lyapunov based controller intelligently uses the available elevator
power to augment the stability of the aircraft. A Lyapunov controller is then developed
for use with the orbital Clohessy-Wiltshire equations of relative motion. When an engine
unpredictably fails, this controller automatically accounts for the new conditions and the
desired rendezvous is thus, still obtained. These Lyapunov based controllers are shown
not only to perform well under highly nonlinear circumstances but to also maintain a high
level of efficiency under more linear conditions.
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Chapter 1: Introduction and Background
The need for an understanding of stability is important to nearly all fields of
engineering as well as biology, astronomy, and even economics.

Such a diverse field of

application is associated with a broad interpretation of what is really meant by stability.
An engineer typically interprets stability as implying the return of a system to its
equilibrium after some finite disturbance. A biologist on the other hand may refer to the
stable growth of a population. The location of a celestial object in a stable orbit is
constantly changing, but in a manner such that each orbit nearly repeats the last.
Stability theory is generally used to qualify the behavior of some dynamic
process. Such a process can generally be modeled with a set of nonlinear ordinary
differential equations.

Stability theory is used to relate these differential equations to the

behavior of their solution. Conditions for stability can thus be found for either
uncontrolled or controlled systems. Results based on these models are assumed to apply
to the actual process. Because stability theory has such a diverse and lengthy history, a
careful usage of existing concepts and theorems is required.
Newton was the first to study the mathematics of stability when he investigated
the motions of the solar system. Later, Euler, Lagrange and Laplace continued to build
on Newton’s astronomical studies. Lagrange, in particular, made important contributions
to stability theory by examining the form of differential equations rather than their
analytical solutions, as had been done by Newton, Euler and Laplace. This approach lead
to the concept of stability being based on the energy of a system. By the late 1800's,
Maxwell had developed a method for linearizing dynamic systems and determining their

stability based on the nature of the associated characteristic roots. He used this
knowledge as a basis for the development of controls for steam engines. Next came the
development of second order phase plane analysis techniques from Poincaré.

In 1893,

Lyapunov published his thesis, “Problem general de la stabilite du mouvement” which
expanded previous theories to a higher order of sophistication and applicability [1].
During the past hundred years, the topics of stability and control have become
well developed for linear constant coefficient models. The understanding of nonlinear
systems, however, is much less complete. This restricted scope is unfortunate when we
realize that almost every linear system is at some level a simplification of what is in

reality a nonlinear process. Linear systems can be classified as stable, neutrally stable, or
unstable via relatively simple calculations. The ability to determine analytic solutions to
linear systems is the primary reason for their broad understanding.

By expanding a set of

nonlinear equations into the form of a Taylor series and taking their first linear
approximation, it is possible to develop a quantitative relationship between easily
determined eigenvalues and the stability of a system. Additionally, these stability
characteristics for linear systems are generally global.

Nonlinear systems, however, can

exhibit various types of stability depending entirely on initial conditions. An eigenvalue
analysis of a set of linearized equations may indicate global asymptotic stability when in
fact, a large enough disturbance will push the system into an unstable response according
to the nonlinear equations. Although their usage is less straightforward, the theories of
Lyapunov are investigated here because they are equally applicable to linear, nonlinear
and/or controlled systems.
The direct method of Lyapunov allows one to address stability without having any
knowledge of the analytic solution. Such an approach opens many possibilities into the
study of nonlinear systems while maintaining applicability to linear ones. The Lyapunov
approach, however, is less specific than linear theory since it generally provides sufficient
but not necessary conditions.
Lyapunov stability is essentially rooted in intuitive concepts of physical energy.
As mentioned earlier, Lagrange was the first to use the concept of energy to examine
stability. If the total energy of a system decreases with time for every possible state
except the equilibrium, then the system will eventually reach its minimum energy state at
this equilibrium. A
to rest at the bottom.

ball rolling in a bowl with friction, for instance, will normally come
Along the same lines, Lyapunov proposed his direct method for

using a scalar function, although not necessarily energy, of the systems state called a
Lyapunov function. While the total energy may be a valid Lyapunov function for the ball
rolling in a bowl, the concept of energy may not always apply.

In such a case, a more

general form of the Lyapunov function, or V-function must be assigned to the system. A

sufficient condition for stability is that an appropriately chosen V-function approaches
zero with increasing time along any trajectory. Choosing a good V-function is the
primary challenge to applying Lyapunov theory.
In the first part of this work, procedures for determining conditions of guaranteed
stability are developed for autonomous, nonlinear, uncontrolled systems. The Lyapunov
conditions of stability are simple to understand but can be difficult to apply effectively
since no unique method exists for the determination of a V-function.

Lyapunov theory

has been typically applied to low order systems since the difficulty of customizing a Vfunction for a given system rises exponentially with the system's increasing order. A
systematic approach for easily determining a valid V-function for systems of arbitrary

order is developed here. An existing method for basing a quadratic V-function on a
linearized set of differential equations is used as a starting point. This V-function is used
to develop new methods for determining conditions of guaranteed stability for high order
nonlinear systems.

A second order model of an aircraft which is potentially unstable in

pitch is first used as a demonstration of these methods.

This approach is then applied to

the investigation of a fifth order nonlinear model describing the lateral-directional motion
of a departure prone aircraft. These investigations show that concepts based on
Lyapunov stability can be used to effectively analyze nonlinear systems.
As with stability analysis, the problem of control is simplified for a linearized
system since the global effect of a controller upon the stability of such a system is easily
determined.

The linearized differential equations are only valid, however, within a

certain region about the equilibrium point. There has recently been some effort spent
using Lyapunov theory to develop stability augmentation controllers for nonlinear
systems which are already stable. Such systems can be analyzed in terms of a V-function
based on the uncontrolled portion of the system. This function can then be used to
develop a controller which augments the stability of the system in some ‘optimal’
manner.

Little thought has been put towards marginally stable systems (meaning one or

more zero eigenvalues in the case of linear systems) because no valid Lyapunov function
based solely on such a system exists as a starting point. This is because, of course, the
system isn’t stable about an equilibrium point. Kalman and Bertram, in their pioneering
paper on Lyapunov control [2], state “Hence it is assumed that the free system is
asymptotically stable: i.e., that the real part of all eigenvalues is negative. The case
where A has eigenvalues with zero real parts can be treated similarly, albeit much less

simply.” Even less effort has been dedicated to systems with initially unstable
characteristics, as will be developed in this thesis.
Techniques are developed here for the systematic creation of efficient controllers
for autonomous, nonlinear, high order systems regardless of their uncontrolled stability.
It will be shown that a closed-loop controller based on the Lyapunov requirements of
guaranteed stability can be created. These control techniques are demonstrated on a
generic aircraft which has a nonlinear elevator effectiveness at high angles of attack.
Although a conventional controller based on linear theory results in an unstable
divergence, a Lyapunov based controller uses the available elevator power to augment the
stability of the aircraft. A Lyapunov controller is then developed for the orbital
Clohessy-Wiltshire equations of relative motion. When an engine unpredictably fails,
this controller automatically adapts to the new control power and the desired rendezvous
is thus still obtained. These Lyapunov based controllers are shown not only to perform
well under highly nonlinear circumstances but to also maintain a high level of efficiency
under more linear conditions.
The first chapter of this thesis reviews the fundamentals of stability and
introduces the theorems of Lyapunov.

Chapters 2 and 3 develop and utilize methods for

applying Lyapunov theory to the stability investigation of various nonlinear systems.
Chapters 4 and 5 develop and utilize techniques for using the Lyapunov concepts of
stability in the development of controllers for nonlinear dynamic systems.

Chapter 2: Fundamentals
This chapter formally introduces many of the definitions that will be used
extensively in the development of the theories presented throughout this paper. First,
various forms of differential equations are discussed as they relate to this work.
Necessary definitions regarding relevant types of stability are then given. Finally, the
existing theories of Lyapunov stability are presented. With these preliminary issues
resolved it will be possible to meaningfully develop new methods concerning stability
and control in later chapters.
2.1

Forms of Differential Equations

The most general form of a nonlinear system can be represented by the vector
differential equation
x = F(x, u,f)

(2.1)

where x is the state vector, u is a control and tis time. Note that if a system is described
by an n!* order differential equation

dx" _ (e
dxn-2
K ,x,U, }
de
| qn-1z” qn-2,’

(2.2)

it can always be written in the form of (2.1) by substituting [2]
xy

=X

x7

_= dt
dx

x3 = 47x
3

dt?

M
Xn

_

dnvly
ath-!

(2.3)
°

to create a set of n first order differential equations. Lyapunov theory is completely
applicable to such systems, but the conditions of stability are greatly simplified if the
system is not explicitly a function of time. These autonomous systems [2] are written as
x = F(x,u)
(2.4)
and will be the exclusive subject of this work. Without control, or with control fixed, the
system reduces to
x = F(x)

(2.5)

Methods for the stability analysis of equations in this form are later developed.
Controllers will eventually be developed for systems that can be represented in a
special form. An affine set of differential equations will be defined by a nonlinear
autonomous system in which the control vector appears linearly. Such a system has the
form

x = F(x)+ G(x)u

(2.6)

where F(x) describes the uncontrolled behavior of the system and G(x) relates the effect
of a given controller u to the system. The free motion described by F(x) in sucha
system may be completely nonlinear. The effect of any given control u;, may have
nonlinear influences but must remain uncoupled from the other controls.
A restricted type of affine differential equation is given in a linear constant
coefficient time invariant form as
x = Ax+Bu

(2.7)

where A and B are constant matrices. Most systems can be represented nicely by such a
set of equations in the neighborhood of an equilibrium point. This form is useful to deal
with since its stability can be determined precisely and globally. Linear systems can
prove of limited use, however, when any of the simplifying assumptions are invalid.
2.2 Fundamentals of Stability

When dealing with a somewhat intuitive concept such as stability it is vital to be
very mathematical and precise. Without presenting a careful set of definitions it is easy
to be led into pitfalls by intuition. These concepts are now rigorously defined.
An uncontrolled nonlinear autonomous system is guaranteed to have a unique
solution so long as the function F(x) is continuous and has continuous partial derivatives
xy
[2]. A time history of the system for any initial condition x, at time t, can be
found in x state space as

t

xo(t)=xg + [Far

(2.8)

t0

The path of the system through x state space over some time period is the trajectory [2].
It is useful to define the reference equilibrium state x,, as the origin [3] of the
coordinate system. In other words, the equilibrium state is x, = 0. Defining the origin
this way is always possible through a simple translation of coordinates. It will be
assumed in the following stability definitions that the system has been be represented in
this way.
Intuitively, an equilibrium point is considered stable if after some disturbance, the
motion remains within some region about the equilibrium point. The question still
remains, does the disturbed motion return to the equilibrium point or simply remain near
it? Furthermore, does the magnitude of the perturbation effect the stability? The
following definitions describe the various types of stability [3].
1) The equilibrium point x, = 0 is stable if, for any R>O, there is an r>0, such
that if
then

|x,(0)|| <r

(2.9)

|Ix,(¢)|| < R for all t= 0

(2.10)

where the operation ||(.)|| is the Euclidean norm.
2) The reference solution is asymptotically stable if it is stable and there is any
r>0 such that

\x,(0)| <r leads to x(t) > x, =0 as t> ©

(2.11)

These concepts are shown graphically in Figure 2.1.
3) The equilibrium point is globally asymptotically stable if it is asymptotically
stable for any initial condition x,(0). This implies that the state will eventually return to
the origin regardless of initial condition
lim xo(t)=0
t—yoo

|

(2.12)

The preceding definitions of stability (2.9)-(2.12) neglected the aspect of control

by addressing a system that was strictly a function of state. All controllers examined in
this work will be closed-loop, that is they will be functions of state such that
u = u(x)

(2.13)

These definitions of stability will then be applicable, since the controlled system becomes
only a function of state
x = F(x,u) = F(x, u(x)) = F(x)

(2.14)

2.3 Lyapunov Stability Theory
Lyapunov's second, or direct method is now introduced as a tool for the stability
analysis and control of nonlinear systems. Consider again a dynamic system of arbitrary
order represented by the vector differential equation (2.5). Assume this system is
mechanical in nature and allow the function V, to represent the sum of its kinetic and

potential energies. Alternately, the V-function could be the sum of electrical and
magnetic energies in a circuit. [4] The value of the V-function is clearly a positive real
number,

V 2 0 for any realizable system.

If it is observed that V <0 forall time, then

the system is always heading towards its zero energy state, indicating asymptotic
stability. Such an analysis is equally valid when the states of a dynamic system have no
clear physical meaning.

Lyapunov's direct method is a particularly powerful tool for the

analysis of nonlinear systems since no analytic solution is required. The direct method
will be used to determine a region about the equilibrium point in which all of the
solutions are guaranteed stable. Additionally, it will be used for the creation of feedback
controllers which guarantee a stable response from a nonlinear model. The conditions of
stability as provided by Lyapunov's direct method are now given completely.
Suppose there is a function of the disturbance from equilibrium
V(x-—x,) =V(x) forx, =0

(2.15)

This Lyapunov function, or V-function must be a continuous single-valued scalar
function with continuous partial derivatives. The conditions for global asymptotic
stability are relatively basic for autonomous systems [3].
1) V(x)>0 except V(0)=0
The V-function must be positive definite.

2) V(x)<0

The time derivative of the V-function, or Lie derivative, must be negative definite.

(2.16)

(2.17)
The

theorem of Barbashin and Krasovskii [1] gives a condition for asymptotic stability when
the Lie derivative is negative semidefinite V(x) < 0, but the Lyapunov conditions are
otherwise met. If the locus of states where V(x) = 0 is not a possible trajectory of the
system at hand, then asymptotic stability is proven since the system cannot remain at the

condition V(x) =0.

3) V(x) > © as |x|] > ©

(2.18)

The V-function must approach infinity as the states it is a function of approach infinity.
To understand these conditions completely it is necessary to formally introduce
the concepts of sign definiteness [1]. In particular, the sign definiteness of a scalar
multivariable function such as
V(x)

(2.19)

where x is vector of the related variables is detailed. Since the V-function (2.15) is only a
function of state, x it will be written simply as V. The function is assumed continuous
within some region about the origin and that
V(0)=0

(2.20)

A function is considered positive (negative) definite if it takes on a positive
(negative) value for all states within some region about the origin except at the origin
itself. A typical positive definite V-function surface is shown in Figure 2.2a for a second
order system.
A function is considered semidefinite if it has the same sign throughout the given
region but can possibly take on values of zero at states other than the origin. A sample of
a semidefinite surface is drawn in Figure 2.2b. This V-function is not a function of the
second state and hence, the V-function surface does not vary along the xz axis. The
resulting surface is a valley instead of a bowl.
An indefinite function takes on both positive and negative values in the given
region. A simple example of such a surface is given in Figure 2.2c. In this case the
surface is a simple incline, though much more complex indefinite surfaces could be

envisioned.
As a simple example, consider the mechanical system defined by a ball rolling
with friction in a bowl. The stable equilibrium point is simply the bottom of the bowl.
This system is autonomous since neither the shape of the bowl nor the friction
coefficients at a particular point in space vary with time. A simple choice for V would
be the total energy of the ball. The first condition of stability is satisfied after defining
the state of rest at the bottom of the bow! as the zero energy state.

Any other position or

motion will contribute to a positive V-function (total energy in this case). The second
condition is satisfied since the V-function decreases while friction dissipates energy. The
third condition simply formalizes the assumption that the motion of the ball remains
constrained to the inside of the bowl. A fast enough initial speed could result in the ball
flinging out of the bow! if the wall of the bowl was of finite height. If the ball is outside

of the bowl then the defined relationship between state and V-function is lost. These
three conditions for global asymptotic stability will remain applicable to system where
this type of visualization is impossible.
The three Lyapunov conditions are sufficient for stability but not necessary.
While Lyapunov techniques can be applied to a broad range of differential equations, the
conditions for stability can be very restrictive and are at the least conservative.

A stable

system may not meet these requirements for any given Lyapunov function but any system
that meets these requirements must be asymptotically stable. While the Lyapunov
conditions are deceptively simple, the useful application of these theories to a particular
problem require that several sophisticated issues be resolved. In particular, a consistent
way of determining an effective Lyapunov function must be developed.

These issues

become apparent after working through a simple example.
2.4 Stability of a Damped Mass Spring System
Consider the damped spring mass system described by the linear time invariant
differential equations
x4

.

= X32

x2 = -£xy -4x,

(2.21)

where x, is the displacement of the mass and x9 is its velocity. The positive spring
constant and damping coefficient are given by k and d, respectively. The mass is given
by m. This system can easily be analyzed in terms of linear theory and shown to have
eigenvalues with strictly negative real parts, indicating asymptotic stability.
The same problem can be evaluated using Lyapunov theory after choosing the
total energy as the V-function, namely

V = thy? +4mxy?.

(2.22)

Since this is clearly a positive definite function, the first Lyapunov criteria is met. The
third condition is also clearly met since the Lyapunov function approaches infinity as the
states of the system go to infinity. These conditions are typically easy to satisfy since
they have little to do with the dynamic system being studied, but it is the second criteria
which is the true test. Taking the time derivative of V yields

V = kxyiy + mxxk2

(2.23)

which, after substituting in equation (2.21), becomes

10

and reduces to

V = hoy (xg) + my(-£ xy - 2x9)

(2.24)

V =-dxy*

(2.25)

It is this derivative that incorporates the dynamics of the system into the stability analysis.
Since equation (2.25) is always negative except at x2 = 0, it is negative semidefinite.
The second condition for asymptotic stability (2.17) is thus not strictly satisfied until the
theorem of Barbashin and Krasovskii is applied. The danger here is not one of instability.
Unstable motion is not possible since the system cannot leave the neighborhood of the
origin since the Lie derivative is never positive.

The possibility exists, however, that the

system may settle to some other equilibrium state since the Lie derivative is zero at places
other than the origin. This possibility is easily eliminated in this case. Examining the
behavior of the system at x7 = 0 leads to
x4 =0
~ _
_k
x2 =m “1

(2.26)

While the Lie derivative can be zero instantaneously, the system immediately restarts its
decay since there is no possible equilibrium for x2 = 0 except at the origin. With all
three Lyapunov stability criteria (2.16)-(2.18) met (although conditionally) we are
assured that the system is asymptotically stable. While this dilemma can be handled
intuitively for this example, similar but more complex conditions will occur later during
the development of controllers.
Now examine a nonlinear form of the damped spring mass system

Xy
= X2
- Ay *1 7ka*1 37_dd72 2

x2 =H

2.27
(2.27)

The extra term accounts for a spring which hardens as it is lengthened, assuming the
constant k» is positive. Although eigenvalues are now useless, the Lyapunov approach is
still straightforward. Creating a Lyapunov function in the form of the total energy leads
to

V =F hyxy? + Fkgxy? + 4x2?

(2.28)

A quick inspection verifies that this function is positive definite and approaches infinity
as the states approach infinity. Taking the time derivative and substituting in the original
differential equations again leads to a Lie derivative of

V =-dx,?

(2.29)
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It is easily shown that there are no equilibrium states possible at x3 = 0 except at the
origin, thus proving that this non-linear version of the damped spring mass system is
asymptotically stable.
In this case it was fairly easy to create a V-function based on the total energy of
the system. Doing so for systems of higher order, on a case by case basis, can prove both
difficult and inefficient. A uniform approach for finding good V-functions is necessary
for the systematic analysis of new problems.

A theory is developed in the next chapter

showing how a quadratic form of the V-function can be chosen which is suitable and
convenient for the analysis of uncontrolled autonomous dynamic systems.
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Chapter 3: Stability Analysis Using Lyapunov Theory
With an understanding of Lyapunov stability in hand, it is now possible to
develop methods for studying a broad range of dynamic systems.

Several unresolved

techniques and conventions must be settled before Lyapunov theory can be developed
into an analysis tool. A systematic method for determining a V-function is first laid out.
Then the actual methods for using this V-function to obtain stability information are
developed.

A summary of the steps for investigating a given system is then provided.

3.1 Selection of the V-function
As already stressed, the success or failure of Lyapunov's direct method rests
squarely upon the selection of the V-function.

The three conditions of stability given by

equations (2.16)-(2.18) only give certain qualitative requirements for the sign definiteness
of the V-function and its time derivative. Any particular system, however, may have an
infinite number of V-functions which satisfy these broad conditions. Each unique Vfunction will lead to a set of conditions for the stability of the given system.

A poor

selection of the V-function will yield conditions that are so conservative that they will be
useless.

Many methods exist for the determination of a V-function, the merits of each
being dependent on the character of the specified dynamic system [1]. A method for
creating a V-function is typically chosen after examining the particular equations at hand.
The exact properties of the function are then determined in some appropriate manner.
The results can be quite variable depending on how these parameters are chosen.
It is highly desirable to have a systematic method for the creation of V-functions,
so as to reduce labor and yield more repeatable results. Such a method is developed here
for creating a V-function having a quadratic form. The general properties and advantages
of quadratic functions are discussed. A method of actually defining the parameters of
such a function is then given.
13

3.1.1

Quadratic Functions

An advantage of the quadratic form is that it can be easily written in vector
notation, which also leads to a straightforward vector representation of the time
derivative.

The V-function must be positive definite so as to satisfy requirement (2.16).

A quadratic form such as

V =A Pyxy? + Pax?+L +P,
x," |

(3.1)

is a natural choice, where the weighting coefficients, P; are positive constants.

Such a

function can be written in vector notation as

V= 4x" Px

where P

(3.2)

is a diagonal matrix of the weighting coefficients.
A quadratic function with a diagonal matrix is positive definite if all its diagonal

terms are positive. The coefficient matrix P does not need not be diagonal, however.
Using any positive definite symmetric matrix will result in a quadratic surface or
hypersurface.

Sylvester’s theorem states that a sufficient condition for the positive

(negative) definiteness of a real symmetric quadratic function (3.2) is that the matrix P
have all positive (negative) eigenvalues [1]. The quadratic V-function will be positive
definite for any possible x if the eigenvalues of P are positive.
The time derivative of an arbitrary function is given by

pad _ OV oy | OV Oxy
dt

Ox,

Ot

ax,

at

| WV Om| OV
Ox,

Ot

at

(3.3)

For a quadratic function based on a constant matrix P, this time derivative can simply be
written as

V = [x7 Px
+ x7 Pi] = x7 Px

(3.4)

It is easy to see at this point how directly the Lie derivative (3.4) is effected by the
dynamic model.
The Lie derivative (3.4) is easily evaluated for either linear or nonlinear systems.
An applicable V-function must be found first, however.
way of finding V-functions for linear systems.

The Lur'e method is a consistent

Since the stability characteristics of linear

systems are global, a V-function can be derived from the dynamic equations so as to
satisfy the Lyapunov stability conditions in some precise way. It is harder to find valid
V-functions for nonlinear systems since stability may be highly dependent on state. It is
true, however, that nonlinear systems can be taken to behave linearly in some arbitrarily
small region about equilibrium.

This implies that if the linearized system is stable, then
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the nonlinear system must at least behave in a stable manner within this small region
about the origin. The V-function based on the linearized system will thus apply directly
to the nonlinear system near the origin. Although stable within this small region, a
nonlinear system may exhibit instability further from the origin. It is possible to
determine the size of the region where the system is guaranteed stable by finding where
the Lyapunov criteria begin to fail using the linear based V-function. A method for
finding a V-function based on the linearized system, and then applying it to the study of
the nonlinear system is now discussed.
3.1.2 The Lur'e Method of Defining a Quadratic V-Function
The elements of the weighting matrix P must be determined in some systematic
manner before the stability of the given differential equations can be investigated. A
method for finding P as a function of a dynamic system must be found, since no single
matrix can be applied to all systems. The Lur'e [1] method is a fairly common way of
doing so for linear systems. Conditions are developed here for applying such a Vfunction to nonlinear systems.
Imagine an asymptotically stable system that decays in a nicely uniform manner
as drawn in Figure 3.1. It can be seen from this Figure that a function with circular

contours of constant potential (V = 4x," + 4x,”) is not a valid V-function. Although the
net value of this function will decay to zero, there are regions where its value briefly
increases along a trajectory (point B). The time derivative (3.4) of this function will be
characterized by alternating periods of negative, positive, and zero values as indicated on
the Figure by points A, B, and C, respectively. The contours for a suitable function are
easily envisioned for this same trajectory as illustrated in Figure 3.2. Note that the Vfunction is now customized to the dynamic system such that the Lie derivative is always
negative, thus making a mathematical confirmation of stability possible. This need for a
negative definite Lie derivative will be used as a basis for determining an ideal Vfunction.
The Lur'e method for finding a valid V-function based on a linear system is now
given. Consider the linear time invariant unforced system
x = Ax

(3.5)

For a quadratic V-function the Lie derivative (3.4) becomes

V = [xTPx + x7 Px] = 14[x7ATPx + xTPAx|
=\ x"|A™P + PA|x,

(3.6)

15

Defining this new inner matrix as

N=/4[ATP+PA|

(3.7)

results in a form of the familiar Lyapunov equation. The Lie derivative (3.4) can thus
given by the vector equation

V =x!Nx

(3.8)

for linear systems. The matrix N must have negative eigenvalues to indicate a negative
definite Lie derivative. It can be shown that if the matrix A describes an asymptotically
stable system then any negative definite matrix, N will lead to a positive definite matrix,
P [5]. Finding the matrix P requires solving n(n+1)/2 equations for an n“ order system.
For the sake of simplicity, it will be assumed that N is equal to the negative identity
matrix I. The Lie derivative is then constrained to be negative, and in particular, it will

be equal to the negative sum of the squares of the states.
Numerical techniques for solving the Lyapunov equation for P are well
developed.

The V-function based on this solution can be used to evaluate the Lie

derivative of the nonlinear equations with the relationship (3.4). The Lie derivative (3.4)

will very nearly approximate the pre-defined function (3.8) near the origin, where the
system behaves linearly such that

x? Px = x Nx

(3.9)

As conditions further from the origin are investigated, the values of the Lie derivative

(3.4) may begin to disagree with the negative definite values based on linear behavior
(3.8). This then is an indication that the stability is being effected by nonlinearities.
3.2

Survey of the State Space

It is now possible to find a region of guaranteed asymptotic stability for a
nonlinear set of dynamic equations. Imagine finding the Lie derivatives for a given
system over a broad field of states. These derivatives are found through a purely
algebraic operation (3.4). There will exist some region of finite size about the origin
which contains only negative Lie derivatives if the equilibrium point is stable. If the
system is prone to instability then there will also be a region of state space removed from
the origin with positive Lie derivatives. These regions will be divided by a locus
containing zero Lie derivatives. A graphical representation of these regions for an
arbitrary second order system are sketched in Figure 3.3. Various statements can now be
made about the stability of these regions.
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One must be careful not to believe that every trajectory starting within the V <0
region is guaranteed stable. To guarantee stability the requirement of a negative definite
Lie derivative must hold true for the entire trajectory. A trajectory starting at point A for
instance, may or may not be stable. It is possible to initially exhibit V <0

but then still

drift into the V>0 region.
Also recall that the direct method gives sufficient but not necessary conditions for
asymptotic stability. The region of state space having a positive Lie derivative is
certainly influenced by the nonlinear effects of the system. Additionally, it is likely that
this effect is a somewhat destabalizing one. But Lyapunov's direct method says nothing
about the stability of this region. A trajectory starting at point B in this region may or
may not be stable about the origin.
A region of guaranteed stability can be determined by starting with an arbitrarily
small contour, V = C; of constant potential as given by an ellipse in Figure 3.3. All
points inside such a region exhibit stability because all internal points have a negative Lie
derivative. No trajectory can leave this region since the Lie derivative would have to be
at least instantaneously positive for the trajectory to cross the contour, heading away from
the origin. Therefore, any trajectory starting within this region will retain a negative Lie
derivative until equilibrium at the origin is reached. Imagine slowly expanding this
region by increasing the value of the potential that defines the contour. The border of this
region will eventually approach the locus of zero Lie derivatives. The area inside this
contour, V = C; will be guaranteed stable just as the first region was. A set of states that
are guaranteed to have asymptotically stable trajectories is thus found for an autonomous
nonlinear system.

The process outlined above for defining a region of guaranteed stability is now
detailed. A small enough value for the Lyapunov hypersurface, or L-surface is chosen so
as to ensure that all trajectories within the enclosed region behave linearly.

The Lie

derivative of points internal to the surface are calculated along a grid in state space
having the necessary dimensions.

This step is extremely computationally demanding, as

a fourth order hypercube with only 25 grid points along each edge will require 390,625
Lie derivative calculations (3.4). Each of these calculation requires evaluating the
possibly nonlinear system equations (2.5) at that particular condition.
It is highly desirable to create a grid that approximates the shape of the L-surface
since only grid points internal to the L-surface are important. A quadratic V-function will
have elliptic type contours with a principle axis for each order of the system. It is
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desirable to enclose the L-surface such that its principle axes will perpendicularly contact
the faces of the n™ order rectangular grid. These state space vectors will also be referred
to as the principle axis of the test grid. The principle axes can be found through an
analysis of the eigenvectors and eigenvalues of the P matrix associated with the
Lyapunov function being used. Only the small portion of grid points near the vertices of
the hypercube will lie outside the L-surface.
The direction of the principle axis of the hypersurface are given by the
eigenvectors of P, while the associated eigenvalues can be used to find their length.
Specifically, it is known that a symmetric matrix A has n real eigenvectors e; and
associated eigenvalues A; with the following properties [5].
Imagine the surface defined by all state vectors of unit length (shown in Figure
3.4 for the second order case).

1) The largest eigenvalue is the maximum value of the quadratic form 4x7Px

which is contacted by the above mentioned surface such that
Aq = max

2xiPx

(3.10)

x? x

The associated eigenvector pointing along a principle axis to this point of contact is then
defined by the relationship
Pe; =A4e1

(3.11)

2) The intermediate eigenvalue A;, is the maximum of the of the quadratic Vfunction Y,x™ Px for all vectors x of length 1 given that

xle, =x’e, =xle3 =K =x e;_) =0

(3.12)

The vector thus defined is the associated eigenvector e;.
3) The smallest eigenvalue A,,, is the minimum value of the quadratic function
for any vector of length 1 such that
Ay = min

YxTPx
xlx

(3.13)

These concepts are easily visualized although there are no intermediate eigenvalues
(3.12) for the example shown in Figure 3.4 since it is only of second order.
Each eigenvector points along a principle axis of the L-surface but must be scaled
so as to be extended from the origin out to a point where the V-function has the specified
value. The necessary scaling of the eigenvectors is straightforward by writing modified
forms of (3.2) and (3.10) such that

V=4x,7Px,,

(3.14)

and
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Aj = Yye;" Pe;

where X,, is a principle axis for the L-surface having a potential value of V. Since each
principle axis is a scalar multiple of an eigenvector they can be written as
Xp, = Ae;

(3.15)

where @; is a unique scalar for each axis. Rewriting (3.14) in terms of the eigenvector
results in

V =4A(a;e;)' P(az;e;) = 40;2e;7 Pe; = a;2A;

(3.16)

which yields the result
Qa; =it

(3.17)

V
x. Pj = Ve.
A; I

(3.18)

indicating

These principle axes define the dimensions of the grid used to enclose an Lsurface of given size (given potential value). The Lie derivatives of the internal grid
points defined in this manner are then evaluated. The size of the L-surface is repeatedly
increased until the largest potential that still contains only negative Lie derivatives is
found. This region defines the least conservative set of conditions for stability possible
using the given V-function.
It is not truly necessary to check all of the internal points for each successive

expansion. Once the first region is evaluated, it is only necessary to evaluate the points
along the surface of each new contour. Numerical techniques for doing this did not seem
obvious, however.

Thus, the entire region was rescanned after each expansion. Future

effort could be devoted to increasing the efficiency of this operation by developing
techniques for only testing the surface of each new contour.
3.3 Summary of Techniques
It is now helpful to summarize the techniques to determine these conditions of
asymptotic stability for an autonomous uncontrolled nonlinear system described by
x = F(x)
(2.5)
1) Linearize the given dynamic system about an equilibrium point so as to
represent the system in the form
x = Ax

(3.5)
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2) Use the A matrix from this linearized equation to solve the Lyapunov equation

N= [ATP +PA|

for some negative definite N. The quadratic V-function is then defined as

V = 4x7 Px

3) Define the Lie derivative based on this V-function as

V =x! Px

(3.7)
(3.2)

(3.4)

for use with the linear and nonlinear equations of motion.
4) Find the largest value of the V-function, (V,,.¢,) that defines a region of state

space containing only negative Lie derivatives. This process involves its own series of
steps.
a) Start with a L-surface defined by a potential, V; small enough to ensure
that the behavior of the enclosed states is nearly linear.
b) Find the principle axes of the L-surface for a given value of potential
V

x Pi =e;
A;

(3.18)

I

These dimensions define the rectangular test grid.
c) Numerically determine the Lie derivatives of the grid points internal to
the L-surface.
d) If all Lie derivatives are found to be negative, increase the value of the
potential and repeat step b-c. If non negative values are encountered, the previously
successful L-surface is taken to define the region of guaranteed stability with the
associated potential value being Vinay.
5) Conclude that any state, x internal to this contour (V < V,,4,) exhibits
asymptotically stable behavior.

With this region defined, it is a simple matter of finding

the value of the V-function for any given state to test for guaranteed stability.
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Chapter 4: Applications of Lyapunov Stability Analysis
The techniques for finding a valid Lyapunov function and using it to investigate
stability are now applied to a pair of examples based on potentially unstable aircraft. A
second order model of the longitudinal dynamics of an aircraft with unstable dynamics at
high angles of attack is first investigated. The end result is a graphical representation of a
region of states about the origin with guaranteed asymptotically stable responses. The
second case is a representation of the lateral-directional dynamics of a departure prone
fighter aircraft.

The model includes two parameters which vary irregularly as a function

of state such that instability can result. The end result is again the determination of a
maximum scalar value of the V-function that can be guaranteed asymptotically stable.
With this value determined, the V-function can easily be evaluated for any given
condition and the stability indicated as asymptotically stable or unknown.
4.1 Analysis of the Longitudinal Dynamic Stability of an Aircraft
4.1.1

Pitch Departure

There are many nonlinear systems which can exhibit either stable or unstable
behavior depending on initial conditions, a notable example being an aircraft. The
response of an aircraft can be very successfully evaluated over a wide range of flight
conditions using linear theory. However, the aerodynamics can become very nonlinear at
extreme conditions, such as high angle of attack (AOA).

If the aircraft dynamics become

unstable, the aircraft's nose may suddenly pitch up, for instance, resulting in a pitch
departure. The ability to predict conditions which may lead to such a departure is
important for aircraft flying in these dangerous regimes.
The static pitch stability of an aircraft is fairly easy to evaluate by an examination
of its equations of motion. A pitch departure occurs as a result of the change in total
pitching moment with respect to AOA, M,, changing from a negative to positive value.
Any nose up disturbance during stable flight will result in a net nose down pitching
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moment, tending to restore the aircraft to its original flight condition. Stable steady state
flight is only possible below the AOA where the trimmed M,, function becomes positive.
Dynamic stability is at issue here, and is much more complex.

Imagine that the

nonlinear model is trimmed somewhat below this critical angle. It is important to know
how dynamic stability is affected by nonlinearities when the danger exist that a wind gust
could disturb the aircraft into a departure. At first it might seem that a simple
measurement of how far the aircraft is from the AOA at which M, becomes positive is a
good indicator. This is not generally true for a dynamic system, however, and in fact a
disturbance that pushes the aircraft to the AOA of trimmed neutral stability or even
slightly beyond can result in a stable response. To find the actual level of disturbance
that will cause a departure, one can simulate the trajectories over a wide range of possible
initial conditions by integrating the nonlinear equations of motion numerically.
Unfortunately, this type of approach is time intensive.
Lyapunov stability criteria is now used to define conditions of guaranteed stability
without using any knowledge of the nonlinear solution. Once this region is defined, the
test for guaranteed stability require only a trivial amount of computation.
4.1.2

Longitudinal Aircraft Model

The longitudinal dynamics of an aircraft can be approximated by
aly =M=Mz +My&+ Ms 6,

(4.1)

where a is angle of attack, ly is the moment of inertia, 6, is the elevator deflection and

the coefficients M4,M,,M 5, describe the moments due to attitude, pitch rate damping,
and elevator deflection, respectively. It is assumed that the moments due to damping and
elevator deflection are linear functions of & and6,, respectively. It is consequently
assumed that these moments are unaffected by changes in AOA over the full range of
flight conditions. The attitude moment, M, is given as a parabolic function of AOA so as
to approximate the basic characteristics of a departure prone aircraft. The M, curve, and
its derivative with respect to AOA, M Ay are given in Figures 4.1a and 4.1b. An elevator
effectiveness of M 5, = 4450
assumed.

Since neither M,

Mo, = Ma,

and a pitch damping of M, = —2472. 2Nomas
deg” are

or M §, are functions of AOA

it is evident that

(4.2)

By examining Figure 4.1b it is clear that the aircraft can be trimmed to an AOA below
60° before becoming statically unstable. Putting the given aerodynamics into equation
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(4.1) and using an aircraft moment of inertia of 1, = 3708. 3kgm2 leads to the nonlinear
differential equations

X= X2
X

= —0, 667x4

+

% — 00 | ~ 24- 1.26,

(4.3)

96

where x1 is , x2 is & and 6, is elevator deflection, with all angles expressed in
degrees.

4.1.3 Analysis
The steps for determining a region of state space exhibiting guaranteed asymptotic
stability are now performed as outlined in section 3.3.
1) The nonlinear equations of motion for the aircraft must be linearized. It can be
shown that the linearized A matrix for this system about some steady state trim

(x2 =07/) becomes

0

A=

1

p 01665( xy - 60°)

-0. ‘61

_

x4 =x,

trim

4.4
@4)

Trimming to an alpha of 50° leads to

A=

0
0.1665

1
at 5, =-19.3°
—0.667

As predicted, the linearized equations with eigenvalues of
A(A) = 0.3335 £0.235]i

(4.5)
(4.6)

indicate a globally asymptotic response.
2) This A matrix can now be directly used with the Lyapunov equation (3.7) to
find a suitable V-function. Solving equation (3.7) with N =—I yields
_ é 7549
6.0060
6.0060

10.5038

(4.7)

which is positive definite. Substituting this matrix into (3.2) provides a V-function of
5.7549
6.0060
(4.8)
V=Xyx?
xX
6.0060 10.5038
3) The Lie derivative (3.4) for any state is then simply given by the equation
pl 27549
6.0060
x
(4.9)
=x
6.0060 10.5038
4) A region of stable state space can now be determined.
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a) As a Starting point, the region defined by V = 500 is tested.
b) The shape of the two dimensional test grid is defined by the
eigenvalues and eigenvectors of 4P

Ay = 7.2938

Ay = 0.8355

_ [0.5623
1 | 0.8269

_[ 0.8269
2 | -0. 5623

(4.10)

Substituting (4.10) into (3.18), the principle axes of the L-surface for any specific
potential, V are given by

V
[0.5623
Xp, =
1 ~ \ 7.2938] 0.8269

and are
x

Pl

=

4,6556
| 6.8464

Xp, =

xX

=

V | 0.8269
0.8355 | -0. 5623

(4.11)

20. 2286

(4.12)
.

P22 | -13.7556

for V = 500. It will be possible to follow the analysis for this problem graphically since
this is a second order system which can be represented on a two dimensional phase plane.
The V = 500 contour is shown in Figure 4.2 along with its principle axes. The
MATLAB routine used to evaluate the V-function and define these contours is provided
in appendix A-1. An associated rectangular grid with ten steps along each axis is also
shown.

Note that all but 81 of the 121 grid points are internal to the test region.
c) For this second order case, it is fairly easy to simply calculate the Lie

derivative over a wide range of states. For higher order systems, however, it will crucial
to only evaluate the points indicated by the rectangular grid. The MATLAB

script given

in appendix A-2 is used to evaluate the Lie derivative over possible ranges in AOA and
pitch rate of +30° and +3077 , respectively. Plotting the locus of zero Lie derivatives
divides the regions of positive and negative values as also shown in Figure 4.2.
d) All of the internal grid points for V= 500

defined by the principle

axes have negative Lie derivatives. By gradually increasing the size of the contour, it is
found that the ellipse given by V,.4, = 1000 is the largest possible that is entirely
constrained within the negative Lie derivative region. This contour is shown in Figure
4.4, along with the zero Lie derivative locus.

5) This region thus defines the least conservative set of guaranteed
asymptotically stable states possible, based on this V-function.
A few trajectories of the nonlinear equations are also shown in Figure 4.3 to
corroborate the Lyapunov conclusions. The trajectories resulting from five typical initial
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conditions are calculated numerically using a MATLAB SIMULINK model as given in
appendix A-3. The system rapidly departs when it is given initial conditions well inside
the positive Lie derivative region at point A. Although this is not surprising, instability is
not guaranteed.

Initial conditions well within the negative region are simulated at points

Band C. Although trajectory C is stable about the origin, trajectory B drifts across the
Lie derivative locus and diverges. Only trajectories starting within the elliptic region are
guaranteed asymptotically stable as exemplified by cases D and E. Notice how nicely the
shape of the contour matches these stable trajectories.
A certain set of states can now be labeled as safe from departure. Although the
aircraft can only be trimmed up to an angle of attack of 60° before becoming statically
unstable, Figure 4.3 shows that a disturbance as high as 69° from a steady state AOA of
50° will result in a dynamic stability.
4.1.4

Qualitative Results

In addition to finding conditions of guaranteed stability, it is possible to learn a
good deal of qualitative information about the nonlinear influences on the system. Recall
that the V-function was defined by the desired relationship between the Lie derivative
and the linear A matrix

V = 4x7 ATP + PA]x = x Nx = -x!x

(4.13)

It is useful to normalize the Lie derivative by the sum of the squares of the states, x7 x.
The normalized Lie derivative is then given for a linear or nonlinear system as
4
WV
xTPx
(4.14)
Ve
=:
x‘x
x‘'x
The three dimensional surface of the normalized Lie derivative versus the two states is
given in Figure 4.4 for the nonlinear equations. For a completely linear system this
surface would be the plane defined by V(x) =-—J. For nonlinear systems, the normalized
Lie derivative might only maintain a value of approximately -1 within an arbitrarily small
region about the equilibrium point. The entire +2 axis also has a value of -1 since there
are no nonlinearities directly associated with x2. By examining the surface's shape it is
possible to glean information about how AOA and pitch rate combine with the system's
nonlinearities to create instability.

It is clear, for instance, that modest combinations of

positive angle of attack and positive pitch rate lead to positive Lie derivatives. Further
relationships could be deduced through continued examination.

This type of
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visualization would be particularly useful for the study of second order systems that are
harder to physically visualize than the pitch response of an aircraft.
4.2 Analysis of the Lateral-Directional Dynamic Stability of an Aircraft

The methods that have been developed thus far can be used on much more
complex systems. In particular, Lyapunov theory will be applied to higher order systems
for which graphical phase plane analysis is useless. Although previous examples
exhibited nonlinear behavior, such influences were smooth and continuous functions of
state. It will now be shown that models using experimental data can similarly be
investigated.
4.2.1

Lateral-Directional Departure

The stability of a fourth order lateral-directional model describing a typical
tactical aircraft is analyzed. Certain coefficients are modeled as discrete functions of
sideslip such that a departure will occur for extreme flight conditions.
Since all four states are dynamically linked, it is difficult to say much concerning
the regions of stability via a simple examination of the system equations. It is even
difficult to address the issue of static stability for a fourth order system, especially since
the aircraft will be modeled in its body axis. There are various methods of addressing the
lateral-directional dynamic stability of an aircraft model, but they are primarily applicable
to linear systems, and/or require vast simplifications [6]. The nonlinear system, of
course, can be simulated with any set of initial conditions to determine if the associated
response is stable. It is highly desirable to be able to say something about the stability of
the aircraft model without simulating it and watching to see if the states return to
equilibrium. Lyapunov techniques will allow for a simple algebraic indication of stability
for any given initial condition.
4.2.2 Lateral-Directional Aircraft Model
The lateral directional dynamics of a typical tactical aircraft will now be
developed.

Although the model will be reasonable, it will not truly represents any

specific aircraft. This exercise is intended as a proof of the related techniques, not as a
complete investigation.
The four states of the system are given as
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(4.15)

where 8 is the sideslip angle, p is roll rate, ris yaw rate, and $ is the bank angle. All
states are expressed in terms of degrees. The form of a dynamic model is most generally
written as

x = F(x)

(2.5)

but can be written as

x = F(x)x

(4.16)

for the model about to be introduced. This notation will allow a direct comparison
between this nonlinear set of equations and the linearized version written
x = Ax

(3.5)

The model will be considered as completely linear except for the rolling and yawing
moments due to sideslip.
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[I.Lg (8) + 1,.Ng (B)|
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F(x) =

The F(x) matrix will thus take on the form [6]
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Fro

Fy
F3.

Fqg
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F 33 -F 34
F43

(4.17)

Fag

where the elements F;; are constants and I,, is the moment of inertia about the specified
axis. The variable coefficients L, and N,

are the roll and yaw moments due to sideslip,

respectively, and

I=LI, -I,”

(4.18)

The moments of inertia for a typical tactical aircraft are taken as

I, =17,086 kgm?

I, = 105,639 kgm?

(4.19)

I, = —2,191 kgm?
The values of L, and N, are given as discrete functions of sideslip in Figures
4.5a and 4.5b, respectively. This type of data could be encountered when using a model
based on experimental results. Both parameters are nearly constant for small sideslip
excursions, but become nonlinear for larger displacements. The aircraft modeled with
this data will thus behave linearly and have stable responses for modest values of sideslip
(8 < 4°). Both parameters change character with increasing sideslip and eventually lead
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to unstable motions of the aircraft. Precisely how these nonlinearities combine to do so,
however, cannot be easily envisioned or calculated analytically. The analysis techniques
developed in this paper are now shown to be applicable to this system.
4.2.3 Analysis
The steps for using Lyapunov's direct method to determine a set of conditions for
the guaranteed stability of this system are now followed.
1) A typical linear A matrix is given in body axis for a model based on a F-16 [7]
in straight and level flight

AK

—0.322
-31.0

0.039
-3.67

-0.990
0.674

0.064
0)

4.20

9.47

0.026

-0.490

0

(4.20)

0

1

0.039

0

|

at the following trim conditions
Velocity = 502.0 ft/s
AOA

=2.25°

Altitude = Sea Level.
This matrix is consistent with the nonlinear model for the condition of zero sideslip.
2) Solving the Lyapunov equation for N=-I and using (3.2) leads to
60.0118
-5.1429 -14.9082 —15.6172
V= yx?

—5.1429

5.1453

16.0524

18.5218

—14.9082

16.0524

58.0952

59.7753

—15.6172

18.5218

59.7753

= 70.5428

x

(4.21)

3) The Lie derivative for any given state vector x is then simply given (3.4) as
60.0118
-5.1429 -14.9082 -15.6172
.

V=xl

—5,1429

5.1453

16.0524

18.5218

—14.9082

16.0524

58.0952

59.7753

—15.6172

18.5218

59.7753

70.5428

|,

x

(4.22)

4) The region of stable state space can now be determined.
a) The hypersurface in state space defined by V = J is selected as an

initial test region.
b) By examining the eigenvalues and eigenvectors of the given Vfunction it can be shown that the principle axes of the test grid are given by
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Xp,

1

3

=

=

V

—0. 1877

67.8729|

—0.6306

0.6987
0.0102
V | 0.1165
\2.1350| 0.7546
0.6457
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Xp,

Xp,

2
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=

=

V

0.0392

26.7715 | 0.1773

(4.23)

0.2153.
0.0167 1
V | 0.9745
V0.1181| -0.0384
~0. 2204|

for any given potential.
c) The four dimensional field of Lie derivatives was evaluated for

successively larger regions using the MATLAB routine given in A-4.
d) It was eventually found that the region defined by V = 430 very
nearly, but not quite, contained non negative Lie derivatives. The principle axes of this
L-surface are then given as

0.7072 7
0.4723
“Pr ~|_1,5872|
| 1.7586 |
r 0, 14447
- 1.6533
*P3 “| 10.7092|
| 9, 1632.

r 3. 8455
0.1572
P21 0.7106
| 0.8627
r 1.0072
58. 8026
~P4~ | -2,3150
| 13,2991

(4.24)

The longest dimension of the hypercube is some 24 times the length of the shortest.
Testing this region with a grid of 51 points along each axis results in 6,765,201 grid
points, of which 5,631,702 were found by the MATLAB routine to be internal to the Lsurface.

This method of defining the grid lead to 83% of the test points being internal to

the hypersurface.
5) The maximum Lie derivative encountered within the tested region is
V =-0.0886, indicating that any state vector resulting in a V-function value of 430 or

less can confidently be described as asymptotically stable.
The conservative nature of the Lyapunov approach can be demonstrated by
finding what level of sideslip is guaranteed stable compared to what is actually found to
be stable through simulation. The nonlinear model is simulated with the MATLAB
SIMULINK block diagram given in A-5. A sideslip of 3.8° with zero bank angle, roll
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and yaw rates results in a potential of roughly V = 430 while an actual sideslip of /0° is
allowable before a departure. The simplified case of a single state displacement,
however, is of limited value. The Lyapunov approach can just as easily be used to
examine any combination of conditions. For instance, a departure can obviously occur
for levels of sideslip less than /0° if a high enough yaw rate is introduced. What level of
initial yaw rate must be present, however, depends on the yaw damping, which in turn

depends on the nonlinear aerodynamics of the aircraft. The V-function can now be used
effortlessly to determine positive stability for a wide range of sideslip and yaw
combinations. A condition of 3° sideslip and 3. 2%, yaw rate can be guaranteed to result
in a stable response since the associated V-function value is 425. A much more
complicated combination of states including roll rate and bank angle such as
3°

gal UA

(4.25)

3.47,
_3°

is also guaranteed stable since it has a V-function value of 430. Additionally, any of the
principle axis vectors have a potential of 430 and are thus guaranteed to result in a stable
response.
Improvements upon this analysis can be envisioned.

A good V-function will

predict stability very nearly to the actual point of instability as determined by simulation.
A poor V-function, on the other hand, will be nearly useless, because the region of

guaranteed stability will be trivially small. It may be possible to improve upon the
selection of the V-function without altering the basic techniques developed here. The Vfunction was initially determined by solving the Lyapunov equation (3.7) such that the
Lie derivative would be negative definite. Equation (3.7) was solved throughout this
paper by using a value of N = —I but any negative definite matrix is usable.

Say, for

instance, it is known that bank angle has little effect on the departure dynamics of an
aircraft. The Lie derivative would be customized so as to be less influenced by bank
angle. The result would ideally be a larger region of guaranteed stability since the Vfunction would be less effected by increases in this unimportant state. A minimally
conservative indicator of stability should be obtained after some trial and error, combined
with a qualitative understanding of the system at hand.
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The stability of a coupled nonlinear eighth order aircraft model could readily be
analyzed using these techniques. The usefulness of such an investigation would depend
on how conservative the conditions for stability turned out to be.
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Chapter 5: Lyapunov Based Control
The concepts of Lyapunov stability will now be used to find suitable closed-loop
controllers for certain types of dynamic systems. An effective controller can be found by
ensuring that the augmented system satisfies the Lyapunov criteria for guaranteed
asymptotic stability. Specifically, a control is designed such that the Lie derivative of the
associated V-function is negative definite for all conditions. The investigation will be
limited to systems which are affine in control as given by

x = F(x)+ G(x)u

(2.6)

The terms "control power" and "control effector", or simply "effector", will be

taken to describe the part of the system represented by G(x). The terms "controller" and
“controls” will be taken to mean the control law given by u.
Two issues arise in extending Lyapunov theory from stability analysis to stability
control. The determination of a V-function will not be possible using the previously
developed techniques if the uncontrolled linearized system (as defined by the A matrix) is
not already stable. Additionally, a systematic method of selecting an optimal controller
from the many stabilizing possibilities must be developed. These issues are now
investigated.
5.1 Finding a V-function Based on an Augmented System
A method for finding a quadratic V-function that is useful in the development of a
controller is now developed. As stated earlier, a positive definite solution to the
Lyapunov equation cannot be found for unstable or neutrally stable systems.

This

dilemma is a straightforward consequence of the fact that finding a V-function implies
finding a set of potential contours that are crossed by any possible trajectories from
outside inward.

Clearly no set of such closed contours can exist for unstable or neutrally

stable dynamic systems.
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A valid V-function can be found by stabilizing the linear form of the system in
some well developed conventional manner before solving the Lyapunov equation (3.7).
The V-function based on the now stable augmented system can then be used in the
development of a Lyapunov controller, which can be applied to systems where
nonlinearities appear.

It was found that a control based on this V-function, however, did

not perform very well.
A control based on the linear system can be used in a somewhat different way,
however, to find a V-function.

Note that at no time will the conventional controller be

applied to the system directly. It is only used as a step in determining the V-function.
The V-function is based on the conventional control, and then the nonlinear control is
based on this V-function. The result is a control scheme for the nonlinear system that
will be inclined to mimic the conventional controller without having the limitations
associated with applying linear theory to a nonlinear reality.
Examine the linearized time invariant system
x = Ax+ Bu
where an equilibrium of unknown stability is given at
x=0
u=0
Now consider a feedback control such that

u = —K(x)x

(2.7)
(5.1)

(5.2)

where K(x) is a suitable gain matrix.

A linear quadratic regulator (LQR) control is selected from many such
conventional methods that are applicable to linear systems because it will be shown that
its quadratic nature combines nicely with the stability theory already developed.
The LQR gain is found by minimizing a cost function, J of an integral defined by
the sum of quadratic functions based on the state, x and the control, u such that
T

J= Y|[x(2)" Qx() + u(t)" Ru(1)|dz

(5.3)

where t is considered to be the present time, T is the ending time, and T is the time
variable over the integration. These symmetric state weighting and control weighting
matrices are given by Q and R, respectively. The Q matrix is positive semidefinite and
the R matrix is positive definite, so that a positive penalty is always accumulated for
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every non-zero state or control. The cost function will stop increasing when the
equilibrium is reached at conditions (5.1).

For some problems a specific final time is specified. The unbounded time
solution (JT = ce )is preferred here, however, since the associated gain matrix is constant.

The control determined in this manner is applicable to the steady state control of the
system and results in a constant gain controller

Wigr = —KigrX

(5.4)

The matrices Q and R are chosen so as to assign importance to the various states
and controls. The elements of Q are customized so as to weight the importance of the
various states. The relative magnitudes of the elements of Q and R define the trade off
between a quick response and a response that minimizes control usage.
Dropping the explicit indication of x and u dependence on time and rewriting the
cost function (5.3) with the convention that the starting time is zero t=0, leads to

J=¥,|[x7Qx-+u7Ruldz

(5.5)

0

Function (5.5) will be simply referred to as the cost function throughout this work. The
gain matrix, K),, that minimizes this integral can be found by numerically solving the
algebraic Riccati equation given by

0=MA+A™TM -MBR-!BIM+Q

(5.6)

for M. The constant matrix, M is positive definite and defines the optimal gain matrix
through the relationship[8]

K,,, = R-/B7M

(5.7)

Rewriting equation (5.5) for the control given by equation (5.4) results in

J= Y[xTQ + K ig!
RK igp XAT

(5.8)

0

The LQR controller can now be seen to minimize the integral of a quadratic function over
an unbounded time period. This quadratic function of state will be chosen as the Vfunction such that

V= xT (Q + Kigy?
RK jg, )X = xT Px

(5.9)

Any control scheme will stabilize the system if it makes the Lie derivative
globally negative definite. An optimal Lyapunov controller will be defined as making the
Lie derivative as negative as possible, thus pushing the system down its potential well
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and towards the equilibrium as quickly as possible. Rather than minimizing the integral
of the chosen quadratic, the Lyapunov control will minimize the integrand continuously.
The Lyapunov control can at best approach the efficiency of the LQR control for linear
systems, as measured by equation (5.5), since the LQR control is defined as yielding the
mathematical minimum.

The Lyapunov approach begins to show some advantage,

however, as the control effectors becomes more and more nonlinear.

The LQR control is

based strictly on linear state feedback while it will be shown that the Lyapunov controller
is also a function of control power. This additional type of feedback will allow the
Lyapunov controller to apply a greater level of control when it is particularly effective,
and less control when it is ineffective.
A quadratic V-function has been found which is based on both the dynamic
model and its linearly optimal controller. A Lyapunov controller must now be developed
based on this V-function. The following section describes how the concept of optimal
control is defined as related to a V-function.
5.2 Determination of Lyapunov Based Control Vector
Any new control scheme will ideally approximate a conventional controller, such
as an LQR, when it is applied to a system that is linear. Since even a nonlinear system
will begin to behave linearly as it approaches its equilibrium point, the new controller
will be unsatisfactory if it performs poorly when compared to a LQR controller. It will
be shown that a Lyapunov controller can be used to guarantee stability for the nonlinear
form while behaving similarly to a linear controller when the system behaves linearly.
Lyapunov stability criteria will be used to develop a closed-loop controller for an
affine system (2.6) such that the stability of the augmented system is guaranteed
asymptotically stable. It may be possible to globally guarantee stability for systems that
are naturally stable. It may only be possible to produce local regions of asymptotic
stability about the origin, however, for systems which naturally exhibit neutral or
unstable motions.
Recalling equation (3.4), the Lie derivative can be readily written for system (2.6)

as
or equivalently

V = x'P[F(x) + G(x)u]

(5.10)

V = xT PF(x)+ x? PG(x)u =V/+V,

(5.11)

35

Note that this indicator of stability now explicitly contains the control, u. This time
derivative must be negative definite for a valid V-function to satisfy the Lyapunov
stability requirements. The first term, V f depends only on the state of the system and the
particular V-function being used. Since V f is unaffected by the control, the sum of the
two terms will be instantaneously minimized when V,. is minimized.
The optimizing Lyapunov controller will be devised to minimize the Lie
derivative due to the control, taken from equation (5.11) as

V, = x7 PG(x)u

(5.12)

The control will be considered optimal if it pushes the state of the system opposite the
direction of the gradient in the potential field defined by the V-function as shown for a
typical second order state space in Figure 5.1. The gradient of the potential field for any
given state is simply

VV =(x7P)’ = Px

(5.13)

where the nabla operator, V is given by
ae)
V(e) =

x4

Ae)
M

Ox2

(5.14)

(*) be,

ofe

The control would ideally be selected such that the dynamic result would be
opposite to the gradient so that
G(x)u = —Px

(5.14)

A solution to equation (5.14) does not generally exist, however. For example, the control
matrix given by
G(s) =|

0

(5.15)

§

where g is some constant, can provide a control force only along a single axis in state

space as shown in Figure 5.1. To select a stabilizing controller, however, it is only
necessary to choose one that results in a projection of the controller, G(x)u onto the
negative gradient of the potential, —Px.
The form of equation (5.12) can be reexamined.

It can also be thought of as the

dot product of two vectors, namely [x7PG/ X )|' and u bearing in mind that the
multiplication of two arbitrary vectors

y

z

Ixnnxl

is equivalent to the dot product of
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y!e

nXI

z . The Lie derivative will thus be minimized by having these two vectors point

nxl

opposite to one another. The resulting control is therefore

uy = —7G(x)?
Px

(5.17)

where 1 is a positive scalar multiplier of the control yet to be determined.

The preceding

type of vector manipulations would not have been possible if the control u, had not
appeared affinely in the system equation. This method of defining an optimal controller
is called quickest descent [9] because it is based on minimizing OVA. , the rate at which

the system is driven to the origin. It is assumed throughout this work that the control is
unbounded.

This assumption is good so long as the multiplier, n keeps the magnitude of

the control from reaching any of its limits. It must also be assumed that the commanded
rate of change in control is not faster than physically allowable.
Applying this control law (5.17) leads to an augmented system having a Lie
derivative due to control (5.12) of

V, =—nx?PG()|”

(5.18)

which is clearly negative semidefinite. The Lie derivative of the free part of the system

Vp =x! PF(x)

(5.19)

will play a crucial role in determining overall stability. The total Lie derivative will not
be negative definite if Vy > 0 for any solution V,. = 0.
The Lyapunov controller is not yet defined until some way of scaling its
magnitude is developed. Finding the control multiplier, 7 is the subject of the next
section.

5.3 Scaling of the Control
The Lyapunov control vector points as directly down the negative gradient of the
potential as possible, but the magnitude of the controller still remains to be determined.
The control can not simply have the magnitude of G(x)'Px. The matrix P has been
determined by constraining the Lie derivative (3.4) to be a negative definite function of
state for a linear system.

Such a V-function will thus have contours which match the

trajectories of the linear system in the necessary way. All scalar multiples of any given
matrix P will lead to contours which are shaped the same.

Hence, the vector G(x)’ Px

points along the optimal control direction, but its magnitude is proportional to the
arbitrary scale of P.
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No theoretical method has been developed for determining the value of the
multiplier 7, which leads to a minimum in the cost function (5.5).

A minimizing value

of 1 can be found by simulating the completely linearized system from an arbitrary
initial condition using a range of 1. It has been found that the value of n determined in
this manner does not vary with the initial condition used in the simulation. Once this
value has been found it is set as a constant for future use.

It is now discussed how the

stability of the augmented system can be determined for all cases.
5.4 Analysis of Controlled Systems
Although the stability of an augmented system may be investigated using the
techniques developed in chapter 3, it is possible to do so analytically for many special
cases. This section gives conditions for the effective use of Lyapunov control for several
of these situations.

5.4.1 Stability of General Affine System
The most general system that the Lyapunov controller can be applied to is given
by (2.6). Since the controller is of a closed-loop feedback form, the system becomes

& = F(x) + G(x)u(x) = F(x)

(5.20)

where F(x) is the augmented system model. It is of an autonomous nonlinear form. The
stability of this system can by analyzed using the techniques developed in chapter 3. The
region of guaranteed asymptotic stability will thus give conditions describing where the
Lyapunov control is guaranteed to be successful.
5.4.2, Dynamic System without Free Motion
Although the Lyapunov control is based entirely on the forced part of the system
dynamics, it may not stabilize a system which does not also have free motion.

Such a

system is given by
x = G(x)u
with a total Lie derivative of

V=V,

Inspection of equation (5.18) reveals that the scalar x"PG(x)

(5.21)

(5.22)
may have zero values at

states other than the origin. Such is the case when the only possible control force is
orthogonal to the gradient of the V-function as shown in Figure 5.1. Recall that the

38

theorem of Barbashin and Krasovskii can be applied in cases such as this. The closedloop dynamics of the system are given for the condition of zero Lie derivative by

& = G(x)u(x) = —G(x)G(x)"Px = —nG(x)[x7PG(x)]}) =-nG(x)0=0 (5.23)

Stability is thus not ensured, and the system is likely to come to rest at some point other
than the origin. The system must have some natural motion to remove it from a state of
zero Lie derivative.
5.4.3 Normalized Controllers
The possibility of a zero Lie derivative also limits the use of Lyapunov theory, as
presented here, to systems with variable magnitude controls. A normalized controller is
occasionally desired for systems where the control magnitude is known, but its direction
is unknown.

A typical example would be the aiming of a constant thrust rocket nozzle.

Using this Lyapunov controller for such a system would result in an instantaneous change
in the control direction as the system passed through one of these points of orthogonality.
The result could be a controller which switches back and forth rapidly as it toggles the
state of the system around a locus of V, = 0 in a condition know as chattering [10].
When the magnitude of the control is allowed to vary as a function of state it still
switches direction under these conditions but its magnitude can be zero, thus avoiding a
chatter.

5.4.4 Systems with Linear Stable Free Dynamics
It seems natural that a system which is naturally stable will remain stable after the
application of a Lyapunov control. This result can easily be verified analytically for a
given linear system.
becomes

When

V, = 0

the total Lie derivative of a linear system (5.11)

V- =x! PAx

(5.24)

Sylvester's theorem cannot be directly applied to the matrix PA since it is not generally
symmetric.
quadratic

This function can be written equivalently, however, as the symmetric
T
Vp. =x7(PALATP)

(5.25)

Stability of the controlled system is guaranteed if this function is negative definite since
the total Lie derivative would be the sum of a negative definite function and a negative
semi-definite function.
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5.4.5 Linear Constant Coefficient Systems
There is usually little need for applying a Lyapunov controller to a system that is
completely linear. Such a system given by (2.7) would more typically be controlled
directly by a scheme based on linear theory such as a LOR.

A Lyapunov control can be

applied, nonetheless, and its effectiveness easily investigated. Substituting the control
matrix, B from (2.7) into the Lyapunov controller (5.17) yields

u;, =—7B! Px
The augmented system then becomes

x = Ax - 7BB’Px =(A — nBBTP)x

(5.26)

(5.27)

System (5.27) is completely linear for a given 1 and is thus stable if the real parts of the

eigenvalues of A— 7BB/P are negative.
5.4.6 Systems with Neutral or Unstable Dynamics
The test given in section 5.4.4 will always fail when applied to a linear systems
having neutral or unstable stability. The second condition of the direct method (2.17)
forbids such a system from having a negative definite Lie derivative. There is no reason
to believe, however, that the particular states resulting in a zero V,. will be coincident
with any of the states having a positive V f- The stability of such systems can be
analyzed using the generally applicable techniques of chapter 3.
The resulting region of stability may depend heavily on the selection of the
control power multiplier, n. If it is not large enough, the natural motion, if unstable, may
overcome the stabilizing force of the controller. On the other hand, if it is too large then
the control effectors will be saturated for most of the maneuver.

5.5 Summary of Procedures for Finding a Lyapunov Controller
Lyapunov control theory as presented here applies to dynamic systems which can

be represented by a model of the form
x = F(x) + G(x)u

(2.6)

The steps for developing a Lyapunov based controller are now outlined.
1) Linearize the given dynamic system about the desired equilibrium point to
obtain

x = Ax+Bu

(2.7)

2) Determine the LQR state feedback controller
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Ugr = —Kjg,x

(5.4)

minimizing the cost function

J=¥,|[x7Qx+u7Rulde

(5.5)

0

3) Define the V-function as

V = 1x7(Q+ Kyo,
RK jg, x = 4x7 Px

(5.9)

4) Define the Lyapunov optimal control (5.17) for the linearized control

effectiveness as

u;, =-7BT Px

(5.26)

5) Numerically determine the costs, J for this controller for a range of multipliers,
n. Once the multiplier is determined which leads to a minimum cost, it is set as a
constant and the Lyapunov control can be written as

u = —1)G(x)'Px

(5.17)

6) The effectiveness of the Lyapunov controller in stabilizing the system at hand
must be evaluated by either a stability analysis of the closed loop system as given in
chapter 3, or one of the specialized methods given in section 5.4.
5.6 Simple Example

Consider the stable linear system with A and B matrices defined by

fl -27fx,)

*=lo

fo

-2Klx,f ha |"

508

(5.28)

Since this system is linear it will not be possible to improve upon the LQR solution
because such a solution is mathematically optimal. It will be shown, however, that the
Lyapunov controller yields results quite similar to those given by a LQR controller. In
fact, it will be shown that the Lyapunov controller nearly converges to the LQR solution
for this linear case. Following the steps given in section 5.5 leads to
1) The system is already provided in completely linear form.
2) Finding the LQR solution with the weighting parameters Q=I and R=1 results
in a LOR controller of

Wgr = -[-1

1x

(5.29)

3) Creating a V-function with equation (5.9) leads to

vedxr|?
= 5x
2"

|[-1

2

x

(5.30)
.
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4)

The Lyapunov controller is then given by equation (5.26) as

uy,=-7[-/

2)x.

5) The cost function is minimized for the this example with a multiplier
of 7 = 0.28. Since the control effectors are constant for this example (the B matrix is
constant) the Lyapunov controller can be defined by
uy =-|-0.28
0.56]x

(5.31)

6) The real parts of all the eigenvalues of the augmented system matrix can easily
be shown as negative as described in section 5.4.5.
The time histories of the system using both the LQR and Lyapunov controllers are
given, along with the natural motion, in Figure 5.2. Both controls can be seen to lead to
similar, although not identical, trajectories.
Time histories of cost (5.5) are given for the three cases in Figure 5.3. The
uncontrolled system (being stable) leads to an integrated cost of 0.63 using the above
mentioned values for Q and R. When using the LQR control, the total cost is reduced to

a value of 0.50, while the Lyapunov controller leads to a cost of 0.51. Again, the
Lyapunov control can only hope to approach the cost of the LQR control for a linear
system. For this case, the Lyapunov control proved to be only 2% more expensive than
the LQR solution.

5.7 Alternative Approaches
It should be briefly noted that this method of defining a controller is only one
possible approach using Lyapunov's direct method.
scheme called steepest descent [9] wherein H(x)=

V(x) = vi.

Many recent papers [9,11] employ a

oN x

ax” |x|

is minimized (recall that

By filling in the particular parameters for a system, and its associated

Lyapunov function, one can then find the derivative of H(x) with respect to the controls.
By setting this to zero and solving for u, the controller that maximizes or minimizes the
arc length of the trajectory to the origin is found. This approach eventually leads toa
piece wise control that seems practical only for second order systems due to the amount
of the algebra involved.
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Chapter 6: Application of Lyapunov Control Theory
A new method for augmenting the stability of dynamic systems has been
developed.

These techniques are now proven via their application, first to an aircraft and

then to a satellite. A small penalty is demonstrated in both cases for using the Lyapunov
controller instead of the LQR controller when each system behaves linearly. Dramatic
advantages of the Lyapunov approach are demonstrated, however, when the control
effectors behave nonlinearly.
The longitudinal model of an aircraft used earlier is modified to address the issues
of nonlinear controls. The potentially destabilizing effects of the wing body
aerodynamics are removed, but the effectiveness of the elevator is now given nonlinear
characteristics. In particular, the elevator looses effectiveness with increasing angle of
attack in a highly nonlinear fashion. The conventional controller can lead to a pitch
departure even though the uncontrolled aircraft is now perfectly stable regardless of
attitude. The Lyapunov controller, however, demonstrates its ability to react and
continue to successfully augment the aircraft.
The control of a satellite is then examined.

Both conventional and Lyapunov

controllers are developed to accomplish the desired rendezvous.

The LQR controller

performs only slightly better than the Lyapunov controller when the control effectors
(thrusters in this case) behave as predicted. When an engine failure is simulated,
however, the Lyapunov controller is able to adapt to achieve a rendezvous while the LQR
blindly continues making impossible commands and fails to reach the target.
6.1 Control of an Aircraft with Nonlinear Elevator Effectiveness
6.1.1 Model Development
The longitudinal aircraft model explored earlier will now be investigated in light
of the newly developed control theory. The free motion of the aircraft will now be
considered linear, while the elevator effectiveness will be considered highly nonlinear.

In
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particular, the elevator will have a nearly constant effectiveness at low angles of attack,

but will sharply drop as the angle of attack approaches 30°, becoming zero at 32°. The
effectiveness of the elevators will then actually reverse at angles of attack beyond 32°.
The elevator effectiveness was previously considered to have a constant value of
M 5, = 4450 "ey
It will now be described by the exponential function

Ms, = -4450(1- e0-4363(32°—x;7) )

(6.1)

which reduces to very nearly 4450 Geet at low angles of attack as shown in Figure 6.1.
The aircraft will be trimmed to 30° angle of attack so as to demonstrate the advantages of
the Lyapunov approach in a relatively nonlinear flight regime.
6.1.2 Development of Control

The Lyapunov controller is now developed.
1) Recall that the linearized A matrix for any trim condition is given by
0
I
A=
| 01665(x1—60°)
-. $07) _
aa | =X brim

The linearized equations of motion about the desired trim are thus given by
0
1
0
K y— 39° =
x +
u

*a=30

ls 5 -0. sor

0 "0

G4)

4.4

6.2

(6.2)

This model is asymptotically stable without any control augmentation.
2) The LQR control must first be determined for the above linear equations of
motion.

Defining the cost function (5.5) with the weighting parameters Q=I and R=1

results in a LQR controller of
Ugr = —[-0.5146

-0.8852|x

(6.3)

3) Using this result (6.3) with (5.9) to determine a valid V-function yields

_1 "|
+

2"

1265

[0.4555

0. ve

6.4

1.784

04)

4) The resulting Lyapunov control with the linear elevator is then given by (5.17)
as
uy =—1(-0.7)[0.4555

1.784|x

(6.5)

5) The cost function (5.5) is evaluated over a range of 1 in Figure 6.2 indicating
a minimum in J at 7=0.8.

Substituting this multiplier and the nonlinear elevator model

(6.1) into (5.17) gives the finalized control for the general system as

uy = 0.96(1 — 6 0-4363(32°—X1) 90,4555

1.784]x

(6.6)
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6) Since the free dynamics of this system are stable, the effectiveness of this
controller can be tested using the techniques of section 5.4.4. In particular, the Lie
derivative due to the free portion of the system is given by the quadratic

Ve

x7 (PASATP

~ "| -0.2278
0.0346

0.0346 hs

-0.7344

6.7
(6.7)

which is negative definite. The total Lie derivative is thus proven negative definite for all
states.

6.1.3 Results
The qualitative impact of the two controllers can be judged for this second order
system by examining the closed-loop Lie derivative. The normalized Lie derivative
(4.14) was evaluated over a range of states using the MATLAB routine included in
appendix A-6. Figure 6.3 shows the Lie derivative surface for the uncontrolled system.
As might be expected for a stable system, V maintains a fairly uniform negative value
throughout. The nonlinearities from the elevator do not enter the dynamics since no
control is applied. Figure 6.4 shows how the LQR control (6.3) effects the stability of the
system. Although V is decreased in some regions when compared to the uncontrolled
system, the augmented system now has highly positive values of V in the region effected
by nonlinearities. Instability is thus indicated. The normalized Lie derivative is plotted
for the same system using the Lyapunov control (6.6) in Figure 6.5. Although the surface
is irregular, the general trend is towards a lower V when compared to the uncontrolled
system. Of particular importance, is that the region exhibiting the nonlinear elevator
(high AOA) retains negative values of V.
The AOA and pitch rate responses of the linearized aircraft model to an initial
pitch rate disturbance of /0°/s are given in Figures 6.6 and 6.7, respectively. Results are
given for the augmented systems resulting from the LQR controller, the Lyapunov
controller, and no controller at all. Although they follow slightly different trajectories,
both controllers provide a high level of augmentation when compared to the uncontrolled
response.
The costs (5.5) must be calculated to quantitatively compare the efficiency of the
two controls. Since it is stable, the uncontrolled system will also have a finite cost
integral.

The costs based on the two controllers, as well as that of the natural response,

are plotted in Figure 6.8. The optimized Lyapunov control very nearly approaches the
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efficiency of the LQR control.

The cost of LQR and Lyapunov controls are 63.31 and

65.36, respectively. The Lyapunov approach is thus only 3% more costly.
The linear elevator model is now replaced with the nonlinear one, as given by
equation (6.1). The same pitch rate displacement will result in angles of attack beyond
the 32° elevator reversal threshold. The same controls are again applied with Figures 6.9
and 6.10 showing the AOA and pitch rate responses, respectively.

The LQR control now

leads to a rapid departure in angle of attack and pitch rate, while the Lyapunov approach
still results in a nicely stabilized system.
The instability of the LQR control is pretty easy to understand. The LQR gain
matrix is a constant based on the control effectiveness at trim given by equation (5.4).
The states are fed into this gain, resulting in a dynamic effort towards the origin. The
dynamic effect becomes the exact opposite when the actual control power is of a different
sign than what the LQR gain was based on.
The Lyapunov controller (5.17) is nonlinear and can accommodate such changes
because it is a function not only of the states but also of the control effectiveness. If the
control effectiveness changes sign, so does the commanded control. Similarly, if the
effectiveness of the elevator becomes zero then the commanded control power is
conserved by also going to zero.

The time histories of each elevator control are given in Figure 6.11. The states
become greater and greater as the system diverges for the LQR control thus leading to an
ever increasing commanded elevator. The Lyapunov control, however, diminishes to
zero as the angle of attack approaches 32° and then changes sign as the aircraft continues
above 32°. It then adapts again as the elevator returns from its reversal.
6.2 Optimal Control for Satellite Rendezvous with an Engine Failure
A further investigation of Lyapunov control is now performed on the ClohessyWiltshire (CW) equations of relative motion for two satellites.

The CW equations are

first developed in their full sixth order nonlinear form. These equations are then
linearized and shown to decouple.

An optimal (LQR) controller is developed for the

fourth order linearized system that describes the in plane motion of a maneuverable
satellite. An adaptive Lyapunov based controller is generated and proven only slightly
inferior to the LQR control under ideal conditions.

The control power for this system is in the form of two variable output thrusters
each directed along a coordinate axis. These thrusts are envisioned here as being
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produced via two independent engines. The control needs of the craft are greatly effected
if one engine should perform radically differently than expected. It is shown here that a
near total loss of thrust in one of the engines can result in a no rendezvous situation when
a LOR control is employed.

The commanded thrust goes on blindly as a function of

state. The Lyapunov controlled case, however, still leads to a rendezvous (although
handicapped) when an engine malfunctions.

The reduction in thrust for a given command is represented as a change in the
G(x) matrix. It is assumed that a device exists for detecting this change in engine
performance.

In this case, the engine failure results in the G(x) matrix changing from a

predicted constant matrix to a different constant matrix. For this particular case it would
be possible to redesign a LQR controller based on the model including the failure
dynamics.

The necessary onboard computational power would be greater, however, to

allow for such a capability. Finding the Lyapunov control after this failure simply
requires evaluating the control law (5.17) for the given state and control power. Finding
a new LQR control would require the ability to solve the relatively complex algebraic
Ricatti equation. More importantly, however, is that this type of linear failure is a very
special case. A rapidly changing control power could require hundreds of new LQR
solutions a second. The Lyapunov control, however, requires no such computations.
6.2.1 Development of the Clohessy- Wiltshire Equations
The CW equations are now developed. The problem is posed in terms of a
primary satellite which remains in a circular orbit and a secondary satellite which can be
controlled via onboard thrusters. Both satellites are assumed to orbit about a much more
massive attractor which defines the inertial frame. The equations developed here
describe the motion of the secondary satellite as seen from the primary. Thus, a
rendezvous is accomplished if the secondary is driven to the origin.
6.2.1.1 Kinematics
The position vector of the controllable satellite in the inertial frame is given by

R=(d+x)b, + yb, + zb3

(6.8)

as shown in Figure 6.12a. The B-frame is defined as a set of coordinates fixed to the
primary satellite with the b, axis directed away from the inertial axis, the b» axis
pointed along the velocity vector, and the b3 axis pointed normal to the plane of motion.
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Differentiating equation (6.8) to find the inertial velocity vector and assuming a circular
orbit for the primary gives

6

=£(R)+N@8 xR=(d+i)b,+yb2+2b3+|

by by 6;
0

0

|

d+x

y

Zz

69)

=(x—wy)b, +(y + @(d + x))b, +2b,
where the vector, Y@* describes the rotation of the B frame relative to the inertial frame,
N. Differentiating equation (6.9) to find acceleration results in

p

.

p

P

a

a

A=4£(V)+*@® x V = (X - My — wy)b, +[(¥ + O(d + x) + O(d + X)]b, + Zb,

+1

b,
0
xXx-@My

and finally

6.2.1.2

b,
0

b,
@

yto(d+x)

z

A =[X —2oy - @7(d+x)]b, +[¥ + 2@x — @’y]b, + Zb,

(6.10)
(6.11)

Dynamics

Two forces impact upon the secondary object, gravity, Fg and thrust, T as shown
in Figure 6.12b. The gravitational force is described in the body axis of the secondary, S.
The S coordinate system is defined such that the gravity force acts directly along the

negative §, axis. The other two axis, 82 and S3 are arbitrary and do not enter into the

following calculations. The thrust can be easily broken into its three components and
given in terms of the B-frame.

The total force vector is thus given by

F=—F,8, +t,b, + t,b, +t,b,

Using the gravitational force equation F,| = >

(6.12)

and the coordinate transfers

§, = cos(8)cos()b, + sin(@)cos()b, + sin(o)b,

(6.13)

Ss, = [EF cos() cos() +t iD + | EF cos (8)cos(p) +t »)b.

(6.14)

yields

+ | - Ee sin(o) +t sb.
The angles can be written in terms of their components as
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(d+x)

s(0)

cost)

sin(@)

= ———__—_

[(a +x) + y’}"

_ [atx ty}?

cos()= [(d+x) ty? +2?}"

y

)

°

.

= ——__|r

a

[(d +x) + y°|"

e)

2

anya}

but

r=|(d+x)

+y° +2}

(6.16)

so the total force on the secondary object can be written as
F=

—um(d

+ x)

7 +t,

fect

—ymy

A

|
+

jb, +

7 t+t,

mer
—UmZz

oa

—+t,

A

|b,

, ;

A

|b,.

1 °

The equations of motion are now easily found from F = ma

K-20y —aF(d+x)= HY

4

r

y+ 2a%— oy =

go

r

(6.17)

m
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(6.18)
(6.19)

5

(6.20)

m

6.2.1.3 Nondimensionalized Form
It will be convenient to have these equations in their non-dimensional form.
Lengths will be divided by the constant orbital radius of the primary satellite, d. Nondimensional states will be written with a caret (“) such that

2, =.

(6.21)

Writing (6.18) in terms of non-dimensional states results in

|
ak — 2nd} — 02(d + dk) = HET)
(dr)

m

(6.22)

Time will be nondimensionalized by using the constant angular rate of the primary
satellite, @ such that

T= ot

(6.23)

Using the chain rule to relate dimensional and non-dimensional time derivatives leads to

a )=&( )e=O8()

(6.24)
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Where a dot above a state indicates a time derivative for the dimensional equations, a
prime will now indicate a non-dimensional derivative with respect to t. Equation (6.22)
thus becomes

dw’k” — 2°d¥’ — w’d(1+ %) =

—yd(1 +x) 1 t

—G

(dr)

m

(6.25)

and with further simplification using the orbital relationship pp = @7d°

R" 29

3

(1+ 16 r - \ =w*dm

(6.26)

Repeating for (6.19) and (6.20) yields

y+ 2x’ + ()r
and

an

°

(1lYn

"“+)—-|Z=

(5

3

- ih =

(6.27)

:2

«@*dm

ty

wo’dm

(9.28)

6.28

These three equations can be written equivalently as six first order differential
equations with the substitutions given by (2.3) as
Xy = 3 Xq = H'3X3 = 3 Xq = W's = BX =’
leading to

Xy = %2

3

4 = 28, -c+5f(2) -1| —
5 = hy

1

x4 =—-2x4—-||—|
4
2
(F)

7

(6.29)

-—J1/x3+
3" @2dm

xg = X¢

Re6 = (i).
+3
7)
> w2dm
6.2.1.4 Linearization
The nonlinear equations (6.29) can now be linearized. This is done by finding the partial
derivative of each equation with respect to each state and evaluating at some reference
condition.
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The primary object is chosen as the reference state. The linearized equations will thus
represent the dynamics of the secondary object relative to the primary.

So, using

x=y=z=0 and r= d, leads to

co 1 00
(0 «(OT
3002
0 0
00010 0

A=l)
9 00

0

0

000001
10 0 0 0 -1 0

(6.31)

Note that the out of plane motion (z) uncouples from the in plane dynamics.
The controls appear affinely and do not need to be linearized as such. Writing the
dynamic effect of thrust in matrix form

G(x)

(=

1
= ——

‘0

O

0

ty

0

O

0

0

0

2am| 0 ty 0
00

OO

0

(6.32)

6.32
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Recall that ¢; is the actual thrust being applied to the spacecraft. The case is examined
here where the commanded thrust, u; may not be equal to the resultant force due to an
engine failure such that
t) = Eju;

(6.33)

where €; is the command efficiency of the given thruster. An efficiency of one implies
an actual thrust equal to the commanded thrust while an efficiency of zero indicated no
actual thrust.

The control matrix (6.32) can thus be given by
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=
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0

O

| O

0

€3 |

6.34

(6.34)

The given efficiencies must either be a constant or a function of state. Erratic, time

varying effects are not allowable since the Lyapunov conditions for stability given here
are for autonomous systems. A change in control efficiency due to sloshing around of the
fuel during high acceleration, for instance, would be allowable.

In the analysis performed

here, it is assumed that the efficiencies are not variables. An efficiency simply takes on a
lower value do to some type of failure. Since it is assumed that the mass of the spacecraft
is constant over a typical maneuvers, the only variability of the control matrix is
contained to these control efficiencies.
The linearized differential equations written as equation (2.7) using the matrices
(6.31) and (6.34) are known as the Clohessy-Wiltshire orbital equations of relative
motion. They are valid for a region of space where the distance between the two
satellites is small when compared to the orbital radius.
6.2.2 Development of a Lyapunov Controller
Designing a LQR controller for the CW equations is relatively straightforward.
Following the steps of section 5.5
1) The linearized CW equations are given by the matrices of (6.31) and (6.34).
The uncontrolled motion of the non-dimensionalized system can be studied

independently of any particular orbit. The non dimensionalized effect of the thrust,
however, is dependent on the gravitational body, the orbital radius of the primary, and the
mass of the secondary. The earth is used as the gravitational body. The orbit of the
primary is roughly that of the space shuttle (altitude of 300 km, orbital radius of 6675
km). The angular velocity of the primary is thus given by the equation
oO

=

fs 0.001158"
r

(6.35)

3

for Uearth = 3.986 x 10°ane . The mass of the secondary is selected as 1375 kg, a
s
typical satellite mass. The system is now completely defined.
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2) After simulating the linear system with e€; = / for various weights it was found
that matrices of Q= I, and R =.01(L,) led to a relatively direct trajectory without an

especially high fuel burn. The secondary satellite typically reaches rendezvous in
approximately one orbit (t = 27). For the sake of simplicity, only in plane motion is
examined.

Solving the optimization problem with the above weights leads to a LOR

controller (5.4) of
qr = —

44,7172

26.2106

-9.7890

8.8406

37.4274

8.8406

2.0436

22.5193

(6.36)

x

3) The V-function is then defined simply by (5.9) as
35.0044
15.0294
-3.6125
12.3816

V=4x?

15.0294

8.6515

-2.3851

4.3080

—3.6125

-—2.3851

2.0000

—-0.4052

12.3816

4.3080

-0.4052

6.8527

x

(6.37)

4) The Lyapunov controller (5.26) is given for the reference system as
0

O}'

n
|1
———__!
12.30|0
O

[35.0044

15.0294

-3.6125

12.3816

O|

| 15.0294

8.6515

-2.3851

4.3080

O|}

|-3.6125

-2.3851

2.0000

—0.4052

1 | | 12.3816

4.3080

-0.4052

6.8527

5) The magnitude of the multiplier 1 is still to be determined.
range of magnitudes for the initial condition

100k, stm
0

x=

=

0

015

x

(6.38)
(6.

After trying a

Z

0

x’

=|.

0

y

=1, 5(1 00k stm) | | -+0225]
a value of 1, = 52 was found as the optimal multiplier. The Lyapunov control applicable
to the general system is thus given by equation (5.17) as

u = —4. 23

0

o7}'[ 35.0044

15.0294

-3.6125

12.3816

E}

15,0294

8.6515

—-2.3851

4.3080

O

Of

|-3.6125

-2.3851

2.0000

-0.4052

O

€|

| 12.3816

4.3080

-0.4052

6.8527

x

(6.39)

6) The stability of the augmented system must be proven for this control during a
nearly complete engine failure. The thruster acting along the radial axis will be assumed
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to fail such that it creates only 10% of its commanded thrust, €; = 0.1. Evaluating (6.39)

for the failing system results in a Lyapunov control of
_

-—6.3574

-3.6596

1.0089

—-1.8223

|

52.3744

-18.2228

1.7139

-28.9871

*

The augmented system may written in linear form since the Lyapunov scheme reduces to
a constant gain controller. Following the procedures of section 5.4.5, the augmented
system can then be shown to have only eigenvalues with negative real parts. This
Lyapunov control is thus proven to effectively continue augmenting the stability of the
CW equations for this particular engine failure.
6.2.3 Results
The results of various simulations are now discussed. Again, a MATLAB
SIMULINK block diagram was used to simulate the system as given in appendix A-7.
The Lyapunov control scheme is first compared to the LQR controller for a satellite
without an engine failure. The trajectories and their associated costs are then discussed.
Then, the control of a satellite with an engine failure is investigated.
For ease of comparison, all simulations begin with the same initial conditions.
The secondary object is placed in a circular orbit 100 km outside that of the primary. The
simulation is started at an instant when both objects are colinear with respect to the earth.
The relative location of the secondary will thus be 100 km directly along the x direction.
The secondary will have no relative radial motion since both orbits are initially circular.
The tangential velocity of the secondary will be the difference in the orbital speeds of the
two objects.
When simulating the CW equations without an engine failure, the LQR control
results in a stable trajectory as seen in Figure 6.13. The associated time histories of the
radial and tangential controls are given in Figure 6.14. As desired, the weights chosen in
the development of this control lead to a relatively direct flight path to the primary, while
still allowing for some of the natural dynamics to be exhibited. Note that the secondary
initially drifts tangentially in the negative y direction, in agreement with the initial
conditions (its orbit being larger and slower). If left uncontrolled, the secondary would
simply continue in this direction as the faster orbiting primary left it behind.

The bulk of

the maneuver is dominated by inward (radial) thrust. The secondary is thus pushed
inward, eventually coming closer to the earth than the primary. It then naturally speeds
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up towards the primary since its orbital radius is now shorter. The rendezvous is then
finished with a relatively small thrusting along each axis.
The trajectory based on the Lyapunov controller is also shown in Figure 6.13. It
can be seen to very closely follow the LQR solution. The two paths are nearly
indistinguishable for the initial leg of the maneuver.

The Lyapunov solution takes a

somewhat wider turn, however, towards the end. The radial and tangential thrust time
histories for each method are compared in Figures 6.15 and 6.16, respectively.

As

predicted, the Lyapunov control mimics the LQR system very nicely.
The overall test of similarity between the two controls is the cost as defined by
(5.5) for the given weights. The time histories of the costs are given in Figure 6.17. The
final cost for the Lyapunov control is only slightly higher that the theoretically minimum
value. In particular it is less than 3% more costly. This cost is of course based on the
condition that the forced and unforced dynamics behave exactly as predicted.
Now recall that the radial and tangential thrust can be envisioned as being
produced by separate engines. Imagine a situation in which the radial thruster becomes
much less effective. Perhaps the nozzle becomes damaged or the propellant fails to
ignite. It has been assumed that actual thrust will be reduced to 10% of the commanded
value. The LQR controller will continue to command thrust from the damaged engine
based on its ideal performance.

The Lyapunov control will adapt to the reduced

performance by diminishing the command to the ineffective thruster. The near loss of the
radial thruster will clearly have a large impact since it is ideally used at nearly ten times
the magnitude of the tangential thruster for a large part of the maneuver (Figure 6.14).
Simulating the damaged satellite with the Lyapunov control still leads to a
rendezvous.

The basic form of the trajectory is similar to the ideal case although it

travels a less direct path and takes more time as seen in Figure 6.18. This is
understandable since an axis of control has almost entirely been eliminated. The optimal
control (based on ideal performance) not only performs poorly but is unable to achieve a
rendezvous when subjected to an engine failure. The time histories of the two
commanded controllers now differ quite significantly as shown in Figures 6.19 and 6.20.
The Lyapunov controller avoids using the damaged thruster almost completely while the
LQR control continues to ineffectively command more and more radial thrust as the two
satellites drift apart.
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Chapter 7: Conclusions and Recommendations
Lyapunov's direct method was developed into a systematic tool for the stability
analysis and control of autonomous nonlinear systems.
Conditions for the asymptotic stability of nonlinear systems were found using
Lyapunov theories. Methods were developed for applying a quadratic V-function found
via the Lur'e method to nonlinear systems. Experimental techniques were then developed
for testing the Lyapunov conditions of stability on high order systems. The result from
performing this analysis on a given system is a scalar function of state, which can quickly
provide a conservative indication of stability. Any given initial condition can then be
evaluated independently of the equations of motion.
These stability analysis tools are applied separately to the longitudinal and lateraldirectional dynamic stability of an aircraft. Regions of stability defined by a maximum
allowable V-function value are first found, and then verified via simulation.
The systems investigated in this thesis are primarily used for demonstrating the
application of the techniques developed here. Having done this, future research could be
more focused with the analysis of modern engineering problems. The systematic
methods used here could quite easily be applied to a fully nonlinear coupled aircraft
model.

The success of such an investigation would in the end depend on just how

conservative the related stability conditions are. If successful, these conditions could be

used as a warning that flight conditions had been reached which could no longer be
guaranteed as stable.
A control scheme was also developed for use on systems with affine but possibly
nonlinear control effectors. Using the conditions of Lyapunov stability, it was possible to
create a nonlinear feedback controller which guarantees the stability of a system. A way
of generating a V-function for unstable systems was developed based on linear control
theory. An optimal controller based on minimizing the Lie derivative of this V-function
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was shown to nearly approximate an optimal LQR controller when circumstances
permitted, but could adapt to nonlinearities when necessary.
Lyapunov based controllers were demonstrated on a longitudinal model of an
aircraft with a nonlinear elevator effectiveness, as well as a satellite with a damaged

thruster. It would be interesting to see how this control theory would develop for systems
with many more control effectors than considered here. It is expected that control power
would be allocated away from ineffective surfaces and transferred to those which were
performing well.
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Figure 2.2 a)

Surface of Positive Definite Function
V= Ynxy? + Ynxy?
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Figure 2.2 b)

Surface of Positive Semidefinite Function
V=

Yyx4?
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Figure 2.2 c)

Surface of Indefinite Function
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Appendix A
Enclosed are MATLAB scripts and MATLAB SIMULINK block diagrams used
in the analysis and simulation of the systems studied in this thesis.
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%
%
%
%

This MATLAB script determines the potential field for the V-function
based on the linearized version of a departure prone longitudinal
aircraft.
Neil Thomas / Virginia Tech / 2 Feb. 96

clear

clg
hold off

j=0;

i=0;

%Define V-function
p=[5.7549 6.0060
6.0060 10.5038];
% Determine field of V-function values

for x1=-30:1:30
i=i+1;

j=0;

for x2=-30:1:30

j=i+1;

x=[x1 x2]';

end

end

VQG.D=.5*x'*p*x;

Appendix A-1
Evaluation of V-Function over Field of States

% MATLAB script for creating a field of Lie derivatives
% for a pitch departure prone aircraft.
% Neil Thomas / Virginia Tech / 2 Feb. 96
%
%lnitialize
clear
clg
hold off

j=0;

i=0;

% Define Quadratic V-function

p=[5.7549 6.0060
6.0060 10.5038];
%
% Loops for filling in grid of states
% x1 equals angle of attack, deg
for x 1=-30:1:30
i=1+1;
x1=x1+50;
% x2 equals pitch rate, deg/s
for x2=-30:1:30
j=jt+l;
x=[x1-50 x2]';

% Differential Equations of Nonlinear Aircraft

x ldot=x2;

x2dot=-.667*x2 + ( (x1-60)/(-10.96) )*2 -24 + 23.16;
xdot=[x
1 dot x2dot]';

vdot(j,i)=x'*p*xdot;

end

end

lie(j,1)=vdot(j,1)/(x'*x);

j=0;

Appendix A-2
Determination of Lie Derivatives over Range of States
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P

u(2)
adot

alpha
Mux

bel -.667*u(2)+(( (u(1)+50)-60 )/(-10.96))*2 - 24 + 23.16
addot

alphadot
Mux

Appendix A-3
Block Diagram of Nonlinear Longitudinal Aircraft
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% This MATLAB script evaluated the Lie derivatives internal
% to a hypersurface defined by a constant potential contour.
% The system being investigated are the 4th order lateral-directional
% model developed in chapter 4.
% Neil Thomas / Virginia Tech / 12 Feb. 96
%Initailize Variables
clear
i=0;
vdottest=- 100;
vdotmax=-100;

test=0;
inside=0;
failed=0;

%\oad in file of data
load lateral
sp=size(P);

[E,D]=eig(P);

%Eigenvalue analysis to find dimensions of unit hypercube

for num=1:sp(1)
a(num)=sqrt(D(1,1)/D(num,num));

end
a

%Scale axis so that hypercube encloses given V contour

V=430; %V-function value being tested
c=sqrt(V/D(1,1));

a=c*a
pause

%Cycle thru hypercube in its axis frame

for y1=-a(1):a(1)/10:a(1)

yl

for y2=-a(2):a(2)/10:a(2)
for y3=-a(3):a(3)/10:a(3)
for y4=-a(4):a(4)/10:a(4)
test=test+1;
%Convert to real axis for V-function analysis
x=E*[yl y2 y3 y4]';
verid=.5*x'*P*x;

Appendix A-4
High Order Scanning of Hypersurface for Positive
Lie Derivative
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%Don't count corners of cube

if vgrid<V

inside=inside+1;
beta=ceil(abs(x(1))+.0001);
coef1l=Lbp(beta);
coef2=Nbp(beta);

xdot(1)=-.322*x(1)+.0389*x(2)-.99 156*x(3)+.064032*x(4);
xdot(2)=coefl*x(1)-3.673*x(2)+.67425*x(3);
xdot(3)=coef2*x(1)-.026358*x(2)-.49849*x(3);
xdot(4)=x(2)+.039385*x(3);
vdot=x'*P*xdot’;

vdottest=vdot/(x'*x);
if vdottest>vdotmax
vdotmax=vdottest
xmax=x
xdotmax=xdot;
end
if vdot>0

failed=failed+1;

xdot;

end

end

end

end

end

X;

end

Appendix A-4 (cont.)

High Order Scanning of Hypersurface for Positive
Lie Derivative
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