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Numerical Approximation and Identification Problems for Singular Neutral Equations 

by 

Graciela M. Cerezo 

Commitee Chairman: Dr. Terry L. Herdman 

Mathematics 

(ABSTRACT) 

A collocation technique in non-polynomial spline space is presented to approximate 

solutions of singular neutral functional differential equations (SNFDEs). Using solution 

representations and general well-posedness results for SNFDEs convergence of the method 

is shown for a large class of initial data including the case of discontinuous initial function. 

Using this technique, an identification problem is solved for a particular SNFDE. The 

technique is also applied to other different examples. Even for the special case in which 

the initial data is a discontinuous function the identification problem is successfully solved.
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Chapter 1 

Projection Methods: A short 

summary of results



1.1 Introduction 

1.1.1. Classification of Volterra Integral Equations 

An Integral Equation is a functional equation in which the unknown function appears 

under one or several integral signs. An integral equation, for the unknown function y, of 

the form 

(1.1.1) y(t) = g(t) + [ K(t,s,y(s))ds, te I= [a,6] 

is called a Nonlinear Volterra Integral Equation of the Second Kind. Note that g(t) and 

K(t,s,y(s)), the kernel of the integral equation, are given real valued functions. The 

function g(t) is known as the initial function. 
If the unknown function occurs only under the integral sign, we will have a Nonlinear 

Volterra Integral Equation of the first kind, ie. 

(1.1.2) | “k(t, s,y(s))ds = g(t) LET. 

A Volterra integral equation is said to be linear if its kernel has the following form 

(1.1.3) k(t, s,y) = k(t, s)y 

When the kernel function is the product of a smooth function and a weakly singular 

one, 

(1.1.4) k(t, s, y(s)) = (¢— 8)“*7(t,8,y(s)), O<a<i 
with y smooth, the equation is called an integral equation of Abel type. 

1.2 Existence and Uniqueness of Solutions 

1.2.1 Volterra Linear Integral Equations of the Second Kind 

Consider equation (1.1.1) with a linear kernel K and a real valued continuous initial 
function g. 

Definition 1.2.1 Let Ky(t,s) = K(t,s) and set 

(1.2.1) K,(t,s) = / Kilt) Kyalh,s\db, n>1 

the functions K, n> 1 are called the iterated kernels associated with the given kernel K 

an (1.1.1).



The introduction of the iterated kernels of K is motivated by the Picard method for 

constructing successive approximations {y,(t), 2 > 1} to the exact solution of (1.1.1) 

by means of 

(1.2.2) Yn(t) = a(t) + f K(t,s)yni(s)ds,  yo(t) = g(t), tel 

the iterate y, can be expressed in terms of the given function g and the iterated kernels 

Ky,---K, , namely 

(1.2.3) Yn(t) = g(t) + [ > Km(4, s)g(s)ds, n> 1. 

For a given kernel that satisfies || A(t, s)|| < M for all (¢,s) € S = IzI it follows that for 
alln > 1 

  (1.2.4) \|Ku(t, s)|| < ue < a" 

Thus the series 

(1.2.5) So K,,(t, s) = hm SS Kin (t, 8) 
nal m=l1 

converges absolutely and uniformly on S to a continuous function R(t, s) = 0>_, Km/(t, s) 
called the resolvent kernel of the given kernel AK. The function y given by 

t 
(1.2.6) u(t) = 9) + RG, s)g(s)ds, te 

0 

is a continuous solution of (1.1.1) on J. 

Theorem 1.2.2 Let the functions g and K characterizing the integral equation (1.1.1) be 

continuous on I and S respectively. Then this equation has a unique solution y € C(I) 

given by 

(1.2.7) y(t) = g(t) + [ R(t, s)g(s)ds, tel 

where R € C(S) is the resolvent kernel associated with the given kernel K . The resolvent 

kernel satisfies the identity 

R(t, 8) = K(t,s) +f! K(t,)R(a), 8)dw for all (t,s) € 5. 
For a proof of this theorem see [4].



1.2.2 Volterra Linear Integral Equations of the First Kind 

The existence of a unique solution y € C(Z) of the first kind integral equation (1.1.1) is 
assured under certain conditions on A’ and gq. 

Theorem 1.2.3 Let K and gq satisfy 

a) g€C'(1) with g(0) = 0, this assures the continuity of the solution at t = 0; 
cd Ook ' ty, b) K ECCS), SP € C(S); 

c) K(t,t) £0 for alit € I. 
Under these conditions, the first kind equation (1.1.1) has a unique solution y € CC). 

Under these conditions the first kind equation (1.1.1) can be transform into an integral 

equation of the second kind for which Theorem 1.2.2 can be applied. For a proof of this 

theorem see [4]. 

1.3. Projection Methods 

Projection Methods include such techniques as collocation, Galerkin’s method and Least 

Squares methods. We will describe briefly this methods and analyze some interesting 

convergence results. 

Let X be a Banach space and consider the operator D : X —> X defined by 

b 

(1.3.1) Du= | K(t,s)u(s)ds 

for K(t,s) continuous or with certain types of integrable singularities, D introduces a 
compact operator on X, see [1] [10]. Equation (1.1.1) can be written in operator form as 

y=gt Dy. 
Let {X,,}°., be a sequence of finite-dimensional subspaces of X such that UT... Xn 

is dense in X. Let ¥, be another sequence of finite dimensional subspaces of X and 

let P, : X — Y, define a sequence of projection operators. Then to solve the original 

equation, we intend to approximate y by a sequence {y,}°2, such that y, € Xp. 

Let R(yn) = Yn — Dyn — g denote the residual. If y, = y, then R(y,) = 0. As this 

is in general not the case, one tries to select y,, so that R(y,) is small. In projections 

methods this is accomplished by requiring the projection of R(y,) onto Y, to be equal to 

zero. That is, picking y, such that P,, R(y,) = 0 or equivalently Prin — PrDyn = Pug- 

In the most common implementation of this technique we have X, = Ynz,n > 1, so 

that PrYn = Ym and y, solves the equation of the second kind, 

(1 3.2) Yn — P, Dyn = Pug.



To do numerical calculations we take {y,}7_, as a basis for X, and write 

(1.3.3) Yn = S| On Pk 

k=1 

the coefficients {a,}%_, will be obtained by solving the projected equation 

(1.3.4) Do Lil Pree — DU (Pn Keron = 'i(gn) J = 1y-ooy”. 
k=1 k=1 

where {1;}%_, are polynomials such that l;(,) = 1, for 7 = k and vanish otherwise.



Table 1.2: Polynomial Collocation 
  
  

  

Space X Basis for Xy Projected Equation 

Cla, 6], [loo {le }t, Lagrange ya(t)— f? Kn(t,s)yn(s)ds =.gn(t) 
Polynomials 
  
  

Table 1.3: Galerkin’s Method 
  
  

  

Space X Basis for X, Projected Equation 

Lala, bj, ||-\l2 {ve}~-,, orthonormal y,(#) — f K,(t, 8)yn(s)ds = gn(t) 

Polynomials 
  
  

In the following tables it is shown how the three most standard projection methods 

are selected. 
Letting T = I — D the following table holds for Least Squares method. 

Table 1.4: Least Square Method 

Space X Basis for X, Projected Equation 

Lofa, 6], || \l2 {Tde} <1, orthonormal jn 2; [2 TT bj bydt = [2 T* ove 
Polynomials 

  

  

  

 



So the approximate solution for an integral equation will be the solution y,, to the 

corresponding project equation. 

1.4 Convergence Analysis 

1.4.1 General Convergence Result for Projection Methods 

Let us write (1.2.2) as 

(1.4.1) Yn — DrYn = In 

where 

(1.4.2) Dn = P,D 

(1.4.3) Qn = Pug 

Then the following convergence result holds: 

Theorem 1.4.1 Let the operator D and the projection P,, be such that ||D — D,|| — 0 
and P,g +g. Then for alln > no (I- Dn) € X, ||(1 -— Dn)7'|| ts uniformly bounded, 
||u — un|| + 0, and the error estimate 

(1.4.4) lly — yal) < (-— Dr)" WIly — Prl| 

holds. 

For the proof of this theorem see [10], [1]. 

It is interesting to note that convergence results could be drastically improved by 

changing adequately the projections spaces and the partition of the interval used. We will 

show this kind of behavoir of Projection Methods for the particular case of Collocation 

Methods, similar analysis could be done for the other methods mention above. 

1.4.2 Analysis of a particular case: The Collocation Method 

The most common formulation of Polynomial Collocation is to take the projection space 

as X = (C[a, )], ||.||..) where Cla, 6] is the space of continuous functions on [a, b] and ||.|| 
is the supremum norm. X,, is the subspace of polynomials of degree n — 1. In this case 

we have Y,, = X,, and P, will be the operator which maps a function y in X onto the 

polynomial which interpolates it on the set of points {t,}?_,, 

(1.4.5) Prly(t)) = y y (te le(t) 
k=1



where {/,(¢)}%_, are the fundamental polynomials of Lagrange interpolation . Then ap- 
plying the projection P,, to D we will have 

(1.4.6) (P,, Dy)(t) = > I,(t) [ K (tg, s)y(s)ds. 
k=1 a 

Let pz(t);_, be a basis for X,,, then the projection equation (1.4.1) becomes 

(1.4.7) u(t) — So le(2) / * K (th, 8)yn(s)ds = > la(t)a( te). 
k=1 a k=1 

Evaluating both sides of (1.4.7) att =t; 7 =1,---,n and using the fact that l,(t;) = éx;, 

we obtain 

5 

(1.4.8) in(ts) — f K (ts, 8)yn(s)ds = g(t;), f= 1, N- 

Writting 

(1.4.9) Yn(t) = > anpe(t) 
k=1 

and substituing into (1.4.8) we obtain the usual collocation equations, (see [1]) 

(1.4.10) > anpe(t;) — > ak [ K(t;,8)pe(s) = g(t;), jg=71,---,N. 

k=1 k=1 a 

For numerically solving the projected equation, a partition of the interval is need. For 

simplicity, we will work from now on for the interval I = [0, 1]. 

Let hj = tj41 —t; and h = mazh;, i> 1 and assume that Nh; < Nh < T (quasi 

uniform partition). Let the finite subset X(V) of [0,1] be given by X(N) = Ujso X ; 
with 

(1.4.11) Xj = {tn = tj tenhy OS cr Seg S +++ < en < 1. 

The set X(N) is called the set of collocation points and the points {c,} n=1,---,N are 

called the collocation parameters, the J; is the 7 — th Lagrange fundamental polynomial 

for the collocation parameters {c;}, 

(1.4.12) L,(s) = I {s= 6) 
r=1rf4j (¢; a” Cr)



Definition 1.4.2 Let m and d denote integers satisfying -1 <d< m—1. Then S24 (zn) = 
{U = Ul (tn tna) = Un} } u3 (tn) = u?_4(tn) forj =0,---,d and t, € Zn is the 
linear space of (real) piecewise polynomials (or polynamials splines) of degree m which are 

in the continuity class C4*((0,1]) and which have the nodes Zn. 

Note that: If d = —1, then an element u € S71(Zn) (with m > 0) has jump disconti- 
nuities on the set Zy. The step functions with breakpoints Zy correspond to Sp '(Zy). 

The dimension of 54(Zy) is given by 

(1.4.13) dim(S4(Zy)) = N(m—d)+(d+1) (-1<d<m-1) 

For more details about the properties of this spaces see [6], [11]. 

Theorem 1.4.3 Let g and K be continuous functions. If the collocation parameters{c,, } 

are such that a = cy < cg < +++ < ey = 1, then the collocation approximation u defined 

above is an element of S°._,(Zn). 

For a proof of this theorem see [4]. 

1.4.3 Improvement of Convergence 

Importance of the choice of the collocation parameters, Global Convergence 

Results 

We will analyze convergence results assuming that the integrals needed for the approxi- 

mation scheme are evaluated analitically, we will not take into account the effect of the 

error due to numerical integration in the accurancy of the polynomial collocation. 

Let e = y — yp, and denote its restriction to the subinterval (t;,t;41] by e?. Note 

that this error function will in general have finite jumps on Zjy.We will use the notation 
llelloo = sup{le’(t)|, t € (tj,tji], 9 = 0,---,N —1} with h = maa(tjy,—t;), 7 > 1, 
the maximun width of the given mesh. 

For integral equations of the first kind the following global convergence result holds. 

Theorem 1.4.4 Let g and K in (1.1.2) possess continuous derivatives of order m+1 on 

their respectives domains, and suppose that g(0) = 0, ||K(t,t)|| > ¢ > 0 for allt € [0,1]. 
Then the collocation equation (1.4.10), defines for each quasi-uniform mesh sequence with 

sufficiently small h = mazh,, n> 1 a unique approximation y € S7\,(Zy). This 
collocation approximation yields an error with |le||.. = O(h™), ash > 0 and Nh < yT 
for all collocation parameters c; with 0 < ¢1,:°+< Cm =1. [f0< 1 < +++ < tm < 1 then 

the same result holds for all m > 1 if and only if 

  

(1.4.14) — <1



For the proof of this theorem see [4]. 
For integral equations of the second kind we have the following global convergence 

result: 

Theorem 1.4.5 Consider the equation (1.1.1) with g €E C™U) , K €EC™(S). Then there 
exists h* > 0 such that the collocation equation defines for each h € (0,h*) a unique 

element y € S7',(Zn). The error induced by this approximation to the exact solution y 

of (1.1.1) satisfies for every choice of the collocation parameters {c;} withO<¢, <-:-< 

Cm <1 and for all quasi -uniform mesh sequences |le||.. < Ch™. Where C denotes some 
finite constant independent of h, but depending on the {c;}. 

For the proof of this theorem see [4]. 
It is interesting to note that for particular choices of the collocation parameters and 

the projection spaces, the highest order of convergence can be locally achieved. This is 

analysed in the following sections. 

Local superconvergence results for the collocation method: Analysis of the 

superconvergence for integral equations of the first kind 

Theorem 1.4.6 Let g € C™+? and K € C%, and let y € S7!(Zn) is uniquely determined 

by collocation on X*(N) = Upig XE where XZ = {tej = tet cjh:0< 0 <a < 
5m < 1} and c; are the zeros of Pm42(s) — Pm(s) € (0,1), where P;(s) are the Leg- 

endre Polynimials for [0,1] of degree i, with the normalization P;(1) = 1. The collocation 
parameters mention here are known as the Lobatto points which lie in the left open interval 

(0, 1], with c*, = 1. 
Then 

(1.4.15) leg(z)|| < ch™*?, forallz € Qj,k =0,1,---,N—-1 

Where Qy = {44,5 = tj + urh :0 < to < Uy < +++ < tm, < 1}, and us, j = 0,1,---,m 

are the zeros of Pm4i(s) and as above P;(s) denots the Legendre polynomial for [0,1] of 

degree 1 such that P;(1) = 1 

A proof of this result can be found in [7]. 
In this paper it is also shown that the order of superconvergence p = m+ 2 is the best 

posible, for the corresponding sets X(N) and Q(N), it cannot be replaced by m + 3. 

Analysis of the superconvergence for integral equations of the second kind 

As for the case of the equation of the first kind, for second kind equations we can (locally) 

improve the convergence by choosing the best collocation parameters. The following local 

superconvergence theorem on {Zy} holds 

10



Theorem 1.4.7 Let u € S>',(Zn) denote the collocation approximation to the solution 
of the integral equation (1.2.2) and assume that g and K satisfy g © C?™-*(I), , K € 
C?™—°(5) for some v € {0,1,2} and with m > [v/2] +1. 

a) If the collocation parameters {c;} are the zeros of Py1(2s — 1) — Pm(2s — 1), 
ie. the Radou I points for (0, 1], then for v = 1 we have, 

(1.4.16) max |le(t,)|| = O(h?"~'), ash = ONhA<T 
tnE Zn 

b) If the collocation parameters {c;} are the zeros of s(1— s)P/,_,(2s— 1), te. the 
Lobatto points for [0,1], and if v = 2 ,then it follows that 

(1.4.17) max |le(t,)|| = O(h?"~7), ash = ONA<T 
tnEZn 

c) If the collocation parameters {c;} are the zeros of P,(2s — 1), te. the Gauss 
points for (0,1), and if v = 0 then we obtain 

(1.4.18) max |le(¢,)|| = O(h™), ash -O0ONA<T 
tnE€Zn 

then the collocation at the Gauss abscissas does not lead to local superconvergence on 

ZN. 

d) If the first m—1 of the collocation parameters {c;} are the zeros of Py,-1(28—1) 

and tf Cy, = 1 then with v = 2 the same result that in b holds, te. we have the same order 

of local superconvergence as for Lobatto points. 

For a proof of this theorem see [4], also see [6]. 
Note that all these superconvergence results hold for the case in which the kernel 

K depend linearly on the function y(t), for the more general case of nonlinear integral 

equations these results do not hold. 

Importance of the choice of the projection spaces 

Making use of the special structure of each problem we can get higher order convergence 

results. In [5] it can be seen that more imformation about the form of the solution of a 
particular problem allows us to build up special non-polynomial spline projection spaces 

for which the order of convergence of the method is drastically increased. It is interesting 

to note that in this case the convergence results does not depend on the choice of the 

collocation parameters. 

The imformation about the form of the solution plays an essential role in the choosing 

of the adequated projection spaces. This special choice of the projection spaces turns out 

to be the key for numerical approximations that leads us to succesfully solve identification 

problems for the parameter of IVP with weak singularities. 

For the particular IVP we studied, we found very usefull to apply this technique. 

An introduction to this problem can be found in Chapter II, a complete analysis of the 

11



numerical scheem is given in Chapter III and finally in Chapter IV the identification 

problem is solved. 
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Chapter 2 

The Aerodynamic Problem and 

Its Semigroup Setting 
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2.1 Introduction 

During the last ten years the study of feasibility and advantages of active control surfaces 

to reduce maneuver, gust and fatigue loads and dampen vibration that contributes to 

flutter had been an important field of research. Some of the most important problems 

studied in this field are related to well-posed mathematical models of aeroelastic systems. 

To carefully develop a procedure for control design one needs a realistic mathematical 

model that predicts the dynamic behavior of the physical system, in [12], a complete 

dynamical model was formulated in terms of functional differential equation of neutral 

type for the elastic motions of a three-degree-of-freedom typical airfoil section, with flap, 

in a two dimensional, incompressible flow. For the sake of completness, we’ll briefly present 

the model here. In this work we’ve studied a simpler case suggested by the singularity 

presented in the general model. 

2.2 The Aerodynamic Model 

As can be seen in [12] a mathematical model that gives as an input- output relation 
between the motion of an airfoil and the resulting forces on the airfoil is given by 

(2.2.1) <[Ax(t) + [. A(s)z(t + s)ds] = Ba(t) + [. B(s)a(t + s)ds + Gu(t) 

where the matrix A € R878 

  

wa aa | 
has Ay2 = 0, Ag, = 0, Ay, is nonsingular 

w|i 
and the matrix B € R878 

Poin | 
14



has 

0 
Ba =| 

  

1 

0 

and By = Bio = Bo = 0 

The state vector X(t) is given by x(t) = col(h(t), 0(t), A(t), h(t), O(t), (t), Yq(t), Yq(t)) 
with h(t) the plunge coordinate, 0(t) the pitch coordinate, §(t) the flap angle and y(¢) the 
extended total airfoil circulation. 

Note that although the matrix A,, is nonsingular, the matrix A is singular (since 

the eighth column is identically zero). The matrix functions A(s) and B(s) have the 
first seventh columns all zeros and Bg;(s) = 0 except for i = 5,6. The matrix A(s) has 
Asi(s) = 0 except for i = 4,5,6 and the function Ags(s) = /(¥*=2). Notice that Ags(s) 

is weakly singular and that Povo A(s)x(t + s)ds is impossible to integrated by parts since 

A(s) is not L, on neighborhoods of zero. 

For each z : (—00, +00) > R® let a:(s) = z(t +s). For »: (—co,0] > R® satisfying 
we L140 L. the followings operators are defined 

(2.2.2) De = Ag(0) + / _ A(s)p(s)ds 

and 

(2.2.3) Le = By(0) + [. B(s)p(s)ds 

so that the above equation can be written in the form 

d 
(2.2.4) qe = Lx, + Gu(t). 

Note that the D operator is nonatomic at s = 0, since the matrix A is singular. 

However this particular problem has a very interesting structure since the singularity in 

the matrix A is at precisely the rigth position to be compensated by the weak singularity 

of the kernel function Agg(s) at s = 0. This is, to have any imformation on what’s going 

on with ¢g(t) we must solve an integral equation with a weakly singular kernel at ¢ = 0. 
In this work we isolated the eighth coordinate and studyed a much more simpler 

problem in which the weak singularity of the kernel at t = 0 is still present. 

15



2.2.1 Statement of the Problem 

The problem we investigate is the following: 

d (2.2.5) “Dei = Ley 

with 

(2.2.6) vols) = ls), 9s) € C[-1,0) 
where z,(s) = a(¢+ 8) sé[-1,0] t>0. 

The operators D and L are given by 

(2.2.7) De(s) = [. y(o)(-o0) “do, D<a<l 

and 

(2.2.8) “ / : z(t + s)(—s)~* = La,(s). 

2.3. Well-Posedness of Singular Neutral Equations in a 

Semigroup Setting 

Concerning the well-posedness of (2.2.5)-(2.2.6) we have the following result. 

Theorem 2.3.1 (i) For each p € C the initial value problem Dz,;= Dy, t>0, «t= 
y has a unique continuous solution x(-,y) on [0,00). The family of operators S(t)p = 

t({-,~) t > 0 defines a C, semigroup on C. 

(it) If p < 1/(1 — a) then for each (n, yp) € RX L, the initial value problem Da, = 
n, t>0, & = has a unique solution x(-,y) defined a.e. on [0,00). Moreover, the 

family of operators S(t)(n, p) = (Dzi,2:),  t > 0 defines a C, semigroup on RX Ly. 

(iu) If p > 1/(1 — a) then (2.3.1) has a unique solution for (n, yp) in a dense subset 
of RX L,. However, the family of operators S(t) defined as above fails to define a C, 

semigroup on RX Lp. 
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The operator D defined by (2.2.5) is bounded on C[—1,0] for all a € (0,1), and is 

bounded on L£,[—1,0] if p > 1/(1—@). However the operator D is unbounded and densely 
defined on L,[/—1,0] if p< 1/(1— a). A proof of this existence and uniqueness results for 
the initial value problem can be found in [13]. 

For the numerical approximation (Chapter III), we will exploit the form of the solutions 

of equation (2.2.5). The result needed is given in the following Theorem. 

Theorem 2.3.2 Let y € C[-1,0]. Then the IVP for (2.2.5) has the unique integrable 
solution 

ot 

p(s) ds 

sinan ft (t—s)*} 
wT) (s—1)ds, O<t<s. 

1 » Gas) 41° )ds =* 

t 

Ss 

    

T S 

sinazx f° 1 n(t) = i 
    

(2.3.9)   

For a proof of this theorem see [13]. Note that the solution x(t) in Theorem 2.3.2 can be 

written in the form 

(2.3.10) x(t) = t%vo(t) + v(t) 

where vp € C'*[0,1] and v; € C™[0, 1]. So we can approximate both vo(t) and v(t) 
using Taylor’s expantion arround any to € [0,1]. This idea will be used in the next Chapter 

to choose the best projection spaces in each interval of the numerical approximation. 

17



Chapter 3 

A Numerical Solution For The 

Initial Value Problem 
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3.1 Introduction 

We now direct our attention to the numerical approximation of solutions to 

dDzx, 

dt 
  (3.1.1) =a, O0<t<T 

where L = 0, with initial data 

(3.1.2) to(s) = y(s), s € [-1,0] 

where z;(s) = x(¢+ s) for s € [-1,0], t > 0 and the linear operator D has the following 

representation for y € C[—1, 0] 

0 

(3.1.3) Dy = I, o(s)\(—s)-“ds, O<a<l. 

We use the non-polynomial spline collocation technique which will be described in this 

Chapter, also see [14]. Note that equation (3.1.1) is a neutral functional differential equa- 
tion, which is singular due to the nonatomicity of the difference operator, D, in (3.1.3). 
By reformulating (3.1.1)-(3.1.2) as a well-posed Abel-Volterra equation of first kind on the 
state spaces Lz ,[—1,0] (g is a weight function) and C[—1,0], we can apply a collocation 
technique recursively on approximation spaces generated by functions (non-polynomials) 

whose form is suggested by the weak singularity appearing in the equation, see [5], [14]. By 

using the well-posedness of (3.1.1)-(3.1.2) on L2,, convergence of the collocation technique 

can be shown even in the case of discontinuous initial data. 

3.2. Approximation Scheme 

Collocation techniques can be formulated as projection methods in spaces of continuous 

functions. Here we use collocation in a recursive way on approximation spaces generated 

by non-polynomial basis functions. (Note that the same idea is applied by Brunner in [5] 

to approximate Volterra equations of the second kind with weakly singular kernels.) 

Using the density of C(—1,0] in Lo, estimate solutions to IVP (3.1.1)-(3.1.2) can be 
approximated in two steps: 

i) Approximate Lo, initial function by continuous initial functions, 

and 

ii) Use collocation technique on C[—1, 0] to approximate solutions to IVP (3.1.1)-(3.1.2) 
in the continuous data case. 

In the space X = C0, 1], with ||2||) = maxzejoi)|z(4)|, ¢ € [0,1] we consider the 

finite dimensional subspaces XN = span{ed’,e%,...,eN%}, with projections PY : X > 
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XN, PNa(t) = wo u(t; )e® (t), x € C[0,1]; where O < m <4 <...< TH <1, 

are the collocation points. We define the family of operators DY, N > 1 by D* : 

XN -, XN, DN = PND and the family of functions f¥, N > 1 as fY : X = 

XN, f% = PN f. The sequence of approximating functions 2% (t) = eo eh (t) is the 

solution of the system DV2% = f% or equivalently, eo 9; DN e® (73) = f(t), i= 

1,...,N. This is an algebraic system in the unknowns 71,72,--.,7n. In matrix no- 

tation we have: QN = ANFN, where QN = DeN(1,), AN = (91,72,--->9Nn)?, and 

FN = (fN(71),-.-,f% (tw). 
Integrating (3.1.1) and splitting the integral in the operator D we get 

[. a(t + s)(—s) “ds + [ a(t + s)(—s) “ds =c 

or equivalently, 

I z(t + s)(—s) “ds = ec - [- p(t + s)(—s) “ds. 

Setting 

(3.2.1) Da(t) =f a(t—s)s-ds 

and 

(3.2.2) f(t) =e- / . v(t + s)(—s)~°ds 

the integrated form of IVP (3.1.1)-(3.1.2) can be written as 

(3.2.3) Dza(t) = f(t). 

Note that the left hand side of this last equation contains the unknown function x and 

in the right hand side we have already known “past” data. Accordingly, collocation 

is used in a recursive way. Let N be an integer, h = 1/N and partition the interval 

[0,7], TT > 0 by t, = nh. Denote by oo the interval [0,¢,], and by o, the interval 

Cn tnoi], 2 =1,..,N—1. The recursion is motivated by the fact that for ¢ € o,, that 
ist =t, +s, s € [0,h), so equation (3.2.3) can be written as: 

(3.2.4) | "a(t — u)u~* du = f(t) — / mT it —w)un@ du, ton. 
0 8 

Note that in the integral on the left hand side the argument of the function z lies in the 

interval o,,, while in the right hand side its argument belongs to the interval of “past 

values” [to,t,-1). This will set the recursion. 

Our scheme consists on using collocation in each interval o,, on equation (3.2.3). The 

basis functions used to build the projection spaces are suggested by the form of the solution 

given by the following lemma. 
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Lemma 3.2.1 Consider the problem (3.1.1)-(3.1.2) with » € C™[-1,0] and assume 
y(0) = y'(0) = ... = yl™-Y(0) = 0. Then the unique solution of the IPV has the 

form 

(3.2.5) z(t) = t“vo(t) + v(t) 

where vo belongs to C™(0, 1]. 

Using Taylor’s expansion for the functions v, and v1 we may write 

m—1 m—-1 

(3.2.6) a(t) =t* S~ Agt® + S> Bet* + 4° R(t) + Kilt), # € [0, Al. 
k-0 k=-0 

Let 

m—1 m-1 

(3.2.7) ai (t)= So Beetto 4 So week, t € [0,h] 
k=0 k=0 

be the approximate solution of (3.2.3) obtained using collocation on ao. 

Denote by X, the space C[t,,tn4i] with ||| = maxte, |z(t)|. Let m be 
as in the lemma, then the above expantion suggest the following projection spaces 

XN, n=0,1,...,N—1as X% = span{l,s,...8"7}, s%, s¢t1,.., s°t™)}, and, XN = 
span{1,s,...,8"~!,(1+ s/n)*, (14 s/n)%s,...,(1+ s/n)%s""}, n=l,....N—-1. 

The space XX is a subspace of X,. Denote the projection from X,, into X‘ by PN. 

The sequence of approximating functions {2 }j>1, each of them defined on the interval 
On, is the solution of the system - 

(3.2.8) (P’ Da )(t) = (PX F)(t), te on 

or equivalently 

tngi—t 
py | " a(t — s)s~*ds = 

0 
t 

PN (re -| aN (t — ojsnas) , bon. 
inti —t 

Let ¢=t, + TN, where 7,, 2 = 0,1,...,m-— 1 are the collocation points on the interval 

Op». Equation (3.2.3) yields the set of 2m equations 

Tay tn+Tr, 

[ an (tn +t —s)s~ “ds = fltntrh)= an (tn tT —s)s~“ds, n=0,1,...,2m-—1. 
0 Try 

(3.2.9) 
Now define the function «%(t), t¢ € [0,T] as 2%(t) = x(t), t € on , with |la|| = 
maxze[o,7] |2(4)| for « € X = C(O, 1]. 

The following theorem establishes the convergence of the scheme. 
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Theorem 3.2.2 Let x(t) be the solution of (3.2.3) with initial condition p € C™|-1, 0], 
y(0) = y/(0) =... = yl™-D(0) = 0. Then 

(3.2.10) la” — al) < Kae 

with K a constant which depends on the collocation points and on the initial function. 

For a proof of this Theorem see Chapter V. 

3.3. Numerical Examples 

All computations were carried out on a IBM 3090. The numerical integrations were 

performed using a Gauss Quadrature Method with 5 nodes. An ordinary Gauss Method 

solves the system of (ko + ky + 2) equations with (ko + ky + 2) unknowns. 

Example 3.3.1 Smooth Case We consider the problem with initial function y(s) = —s. 

The solution z(t, a) for a = 0.5 is (t,0.5) = —t + 4y1/2 
Figure 1 shows the approximated solutions for N = 4, N = 10 and N = 50. For this 

choice of the basis we obtained a relative error smaller than 0.006. Since y € C™[-1,0] 

we could have used spaces XV of higher dimension, to obtain a smaller error. 

Example 3.3.2 Nonsmooth Case Consider formula (3.2.3), where the RHS is given by 

f(t) = 2xt?. The true solution, for the case a = 1/2 is a(t) = 3/2, 
Figure 2 shows approximates solutions for this problem for N = 4 and N = 10. 

Example 3.3.3 Discontinuous Case 

We consider the scalar equation 

0 

(3.3.1) / (—s)"°a(t+s)ds=1, t>0 
-1 

with initial data 
_f 0 ifs e€(-1,0) 

(3.3.2) els) = 1/2 ifs=0. 

This example is a generalization of Example 4.1 in [2]. 
The solution of equation (3.3.1)-(3.3.2) is given by 

1 
(3.3.3) a(t,a) = —t?"'sinaz, +t € [0,1). 

T 

Note that in this case the initial data y, is not a continuous function therefore our lemma 

about the form of the solution does not apply so the scheme described in Section 3 can 
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not be applied directly. To estimate the solution we approximate, in a suitable way, the 

initial function y by a sequence of differentiable functions. 

In particular, for ¢ € (—1,0) consider the family of functions y, given by 

0 ifs<e | 

ve(s) = < a(e)s* + b(e)s+1/2 if s € (e,0) 
1/2 otherwise. 

Let {e,} be a sequence with ¢, — 0. The sequence y,, is not a Cauchy se- 
quence in (C'[-1, 0], ||- ||.o), but converges to y in L2,, therefore from Theorem 3.2.2, 

limnsoo(@n)t = tein Log. 

Figure 3 shows the approximations to the solution of (3.3.1)-(3.3.2) for t € [0,3] and 
a = 0.5. The approximations are plotted for ¢ = 107? and values N = 4, N = 10 and 

N = 50. 
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Figure 3.1: Real and Numeric Solution for a Smooth Case 
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Chapter 4 

Solving The Identification 

Problem 
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4.1 Introduction 

As it was discuss in Chapter II, a realistic mathematical model is need for the aerodynamic 

problem. For a model to be reliable it is important that all the parameters involved are 

correct. The identification of parameters involved in the L operator, the right hand side of 

the IVP we are studying , is studied by Herdman et all in [3]. In this Chapter we present 

the identification problem for the parameter in the D operator of our IVP. It is important 

to note that a differentiability result for this case is given. 

4.2 The Identification Problem 

Consider the problem: 

Given the measurements y;,7 = 1,---,n of z(t), solution of (3.1.1)-(3.1.2), at discrete 

points t;,7 = 1,---,n we want to identify the parameter a. Thus, we consider the quadratic 

cost function 

(4.2.1) J(a)= S- |z(ti, @) — y;\|? 
7=1 

and the minimization problem 

4.2.2 in J(a). (4.2.2) amin (ar) 

Associated with problem (4.2.2) we have the approximated problems, 

4.2.3 in JN ( ) nin (ar) 

where 

(4.2.4) IN(a) = So |\2™ (ti, e) — y;ll? 
t=1 

and a(t, a) are the functions obtained by the scheme in Chapter III. 

In order to study the convergence of the identification procedure we establish the 

following differentiability results. 
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Lemma 4.2.1 For every t € (0,1), 2(t, a) given by Lemma 1 is differenciable with respect 

to a and the function Q(t, a) is continuous for allt € (0,1),a € (0,1). 

For a proof of this Lemma see Chapter V. 

4.3. Numerical Examples 

In the two examples below we identify the parameter values a = 0.5 and a = 0.75 using 

the approximation scheme discused previously. In figures I and II we plotted some of 

the curves for the a’s furnished by the minimization subroutines as they converge to 

a = 0.75 and a = 0.5, respectively. The optimal values obtained are a,,; = 0.7499 and 

Qopt = 0.4999. 

4.3.1 The Special Case of Discontinuous Initial Data 

Below we show the numerical results of identifying the parametrer a on the IVP for (2.2.5). 
Note that this is example 3 from Chapter III. 

We considered measurements on [0,1] for the solutions with a = 0.5. In figure III we 
show the curves furnished by the minimization subroutine. The initial guess is 0.4. The 

optimun value obtained is agp: = 0.518. 

In figure IV we identify a = 0.5 but the measurements x; are taken for ¢; in the interval 

[1,2]. The initial guess is 0.4. The optimum value obtained is a,,; = 0.512. 
Figure V, shows the results for the identification problem for a = 0.5, for ¢ € (0,2). 
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Chapter 5 

Conclusions and Proofs



5.1 Conclusions 

The technique studied is a very effective tool to built approximations for the solutions to 

our problem. Since it is both accurate and easy to compute, it allows us to succesfully 

solve the identification problem for the parameter that appears in the D operator. The 

accurancy of this tecnique, however, is not much better than others that can be found in 

the literature, see [2], but the greatest advantages of it seens to be that it doesn’t requires 

a small partition of the interval to get a ”good approximation” of the solution. By ”good 

approximation” we mean an approximation that is accurate enough to succesfully run the 

identification routine. Recall that the identification scheme builds an approximation to 

the solution at each of its steps, so it needs an approximation method for which the error is 

small with the less computational work possible. The results shown for the identification 

problem with ¢ € [1,2] gives a nice example of the possibilities of this technique. 

Using all the imformation we have about the form of the solution gives us the possibility 

to build this technique to be very accurate, ( since we are choosing the projection spaces). 

In solving the identification problem this is a good advantage, however, if we only want 

to get a numerical approximation for the solution of an IVP, using so much imformation 

about the analytic solution might be a problem. In solving the identification problem, this 

not only gives us a great advantage over the usual approximation techniques (including 

the classical collocation that is descrived at the beginig of this work), but also allows us 
to prove the differentiability of the solution with respect to the parameter, which is a 

nessesary condition for the identification scheme to work. 

5.2 Proofs 

5.2.1 Proofs of results in Chapter III 

Proof for Theorem 3.2.2: From Lemma (3.2.1) we have that the function x can be 

expressed in the form: 

(5.2.1) w(t) = t%v,(t) + 0, (t) 

where vo, v1; € C™ (0, 1]. 
Using Taylor’s expansion for the functions v, and v; we may write 

m-—1 m—-1 

(5.2.2) x(t)=t™ S~ Apt! + D> Byt* + t° R(t) + R(t), t € [0, Al. 
k=0 k=0 

Let 

m—i1 m—1 

(5.2.3) aN (th= So Spehto 4 So oee*, te [0,4] 
k=0 k=0 
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be the approximate solution of (3.2.3) obtained using collocation on oo. Recall that we can 
write (1.2.7) in terms of the basis of XN 2 (t) = TM! Eeskto + Te bes*, 8 € [0,1] 

where 

Be = Ben (ete) 
&% = dfh Ft), 

Let CN =ch, c; € [0,1],7=0,1,...,2m-—1 be the collocation points on og. Then 

for each TN we have 

(5.2.4) De (GY) = f(rN), i= 1,...,2m 

Also we have that 

(5.2.5) Da(tn) = f(tX), i =1,...,2m 

Formulas (5.2.4) and (5.2.5) yield 

(5.2.6) D(aN —2)(r%)=0, i=1,...,2m 

Simple manipulations and the form of D yield 

m-l 

(Ee - Ax) [ "GN — s)RF% s—% ds + = (bf — By [” ‘(rN — s)¥s~* ds 
k=0 

N rN 
— [ R(t — s)s "ds — [ Ri(ry —s)s “ds 

0 0 

— )rNeH oO Ne a+1 

- Ye =i + S(a- Bort 
= k=0 

N N 

— rr it orn fs R(t — s)s-“ ds = 0, +=0,1,...,2m—-1 
0 0 

This yields the following system of algebraic equations on (=? — A;,) and (®2 — By) 

  

(EO — Ag)rN + (B2 — Ayr $0 + (8, — Am) 

+ (© — Bor + (9 - By)” + ...4 (85-1 — Bm)” 
yim t)) nmt+i ymth) Neti a 

(6) (6) , i=0,1,...,2m—1 
(m + 1)! (m+ by 

Using Cramer’s rule we can write the solution as =? — Ay = Ay, /A, ©; — By = Ap, /A 

k=0,1,...,m-—1 where A, Ay, and Ap, are 

A = M(eq, vey Com) tY™ 

Aa, M,(e1, wey Com ati kt (mtd jm I] 
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and 

Ap, = My(e1,..-,Com)h™ tht mt = 0,1,...,m— 1. 

In the equation above M, M;, and Mj are independent of h. Simple calculations using the 

form of the coefficients of z% — x given by the formulas obtained above yield max{|z(t) — 
aN (t)|,t € oo} < Kjh™*". For the interval o,, n > 0 the proof follows the same lines as 

the one for o,. 

If t € o, it has the form t = t, + C, with t, = nh. Writing ¢ = sh for s € (0, 1], and 
t=t,(l+ <) = t,(1+ 2) Using Taylor’s expansion on v,(t) and v;(t) about t, for each 
subinterval o,, we have v(t) = t2(1 + £)*% wig Ets*, and v1 (t) = xLp O%s* In this 
way we get a representations analogous to (3.2.6) for the intervals o,. This proves the 
theorem. 

5.2.2 Proofs of results in Chapter IV 

Proof of Lemma 4.2.1: 

Using Lemma 3.2.1 we can compute ae. in the following way: 

dz ig dvo.q , 4% 

where 

Ge = SP tint) y(s)/((t— 8)Ils|[ ds — J, [fell enr([Isl)e(s)/((é — 8)[Is||*) 4s 
I~ JP, ll\*en(\|s|e(s)/(t— s)[lsll*)as 

Note that the second term is similar to vo(t) but for a problem with In(s)p(s) as initial 
condition instead of only ¢y(s). 

Tl] = [lettn(t) f°, o(s)/(Ct— s)|Is|I*) ds 
llin(t) fo” p(—to)t/((t + toto )do|| 
\lIn(t) fo" p(-to)/((1 + 20%) do |). 

If t,a¢ < 1 then 

eI < [eI + [len(o)] = [en(t) + In(o)|] = |[en(to)]| 
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I ln(e)INIl So e(—to) (1+ @)o%)dol] + || fr" (ot) (1 + 2)o%)do| 
II fo In(ot)e(—to)/((1 + a)o%)dol + [mCi A’ e(—2t)/(C + @)o%)do|| 
Ji + Jo I 

IA
 

IA
 

Note that since [n(at)y(at) is continuous at 0 we can write 

Ail < [lln(ot) p(t) ||o8(, @) 

where ((.,.) is the usual Beta function, and /n(t) = In(ot) — In(a), then 

Ja inl" In(ot)p(-ot)/((1 + @)o%)do = fr!" In(o)g(-ot)/((1 + o)o%)dol| 
Jg4+ J4 IA

 
Il 

where 

1/t 
|all < Iielloo f° In(o)/(( + a)o*)ao. 

1 We have 75 < 

9 
|e

 

, thus 

Fall <- [lelloo SI!" In(o)o-8-1do = |Iplloo(In(o)o-*/(—a) |i" + £ fy! o-9-"do) 
= |[ylloo(In(t)é*/a — sa(F)~* — 1) = IIelloo(¢n(t}t*/e@ — ga(t* — 1). 

dvuy For 42 we have, 

om ~ [ In(t — s)\(t — 8)*-1y(s — 1) /((t— 8 + l)do 

and changing variables s = ta we have 

oe fo In(t — to)(t — to)*“1 y(to — 1)t/(t — to + 1)do 
t fo In(tl — 0))(1 — ¢)* 1 (te — 1)/(# — 2) + 1)do 

t*( fo In((1 — 0)(1~ 2)! (ta — 1)/(t(1 - 0) + 1)do 
tn(t) fo (1 — 0)** (te ~ 1)/(t(1 -— ¢) + Ido) 

= t? hy + t?In(t)Io. 

If py € L° we have 
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all < Nelleo f° tm(1 = o)(1 ~ a) [(t ~ 0) + 1) 
Recall that 

lim (#*In(t)) = lim(In(t)/#~*) = lim (4-8) = im(=—) = 0 
so the lemma is proved. 
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