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(ABSTRACT) 

Currently, many missile fire control systems use a three degree of freedom (3-DOF) 

trajectory model. The three degrees of freedom represent the linear motion of the missile 

in three dimensions. A 6-DOF model adds roll, pitch, and yaw, or angular motion in three 

dimensions to the first three degrees of freedom. Because more of the missile’s attributes 

are modeled, a 6-DOF model is more accurate than a 3-DOF model. For the same reason, a 

3-DOF model is easier to develop and executes faster. Also, because a 3-DOF model ignores 

the seemingly random angular motion, the step sizes used to integrate 3-DOF models are 

larger. 

The goal of this project is to develop a 6-DOF re-entry model with the accuracy of 

a 6-DOF model with conventional equations of motion and computational speed at least 

comparable to the 3-DOF model. This can be achieved by transforming the equations that 

compute the effects of angular motion so that they are better conditioned. Essentially, this 

is done by fitting a sine wave to the oscillating state variables representing the orientation 

and angular rates, namely the quaternions and the angular velocity. This thesis shows the 

results of transforming the oscillating variables of the state vector.
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Chapter 1 

Introduction 

1.1 Background 

The computation of trajectories that involve rigid bodies moving through the atmo- 

sphere requires the numerical solution of a large set of ordinary differential equations 

z(0) = 20, (1.1) 

dz = = f(2,t). (1.2) 

One way to model this trajectory is to use a three degree of freedom (3-DOF) simulation, 

which is essentially a point-mass model computing only the linear motion. A second way 

is to use a six degree of freedom (6-DOF) simulation, which computes both the linear and 

angular motion of the rigid body. For typical 6-DOF simulations, the components of the 

unknown vector z include the three components of the angular velocity—pitch, yaw, and 

roll—and the four components of the quaternion vector. The quaternion vector is a way 

to represent a transformation from one frame of reference to another. Depending on the 

trajectory, all of these components can oscillate very rapidly. This pattern is regular enough 

that when the angular velocity and quaternions are graphed versus time they look very much 

like sine waves. For a detailed derivation of Equations (1.1-1.2) and a detailed discussion 

of 3- and 6-DOF simulations see Regan [19]. 

It is possible, however, to give a very high level view of the initial conditions, state 

equations, and major parameters of 3- and 6-DOF simulations in this chapter. The major 

parameters in a 3-DOF simulation include the mass, speed, latitude, longitude, azimuth, 

and flight path angle of the rigid body, the dynamic pressure the atmosphere exerts on the
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rigid body, and the gravitational and aerodynamic forces experienced by the rigid body. 

The azimuth is the direction the rigid body is heading in, measured from due north. For 

example, a rigid body heading due east would have an azimuth of 90. The flight path angle 

is a measure of the steepness of the rigid body’s dive. A large, negative flight path angle 

means a steep dive. A small, negative flight path angle means a shallow dive. The initial 

conditions for a 3-DOF simulation are as follows: 

(Apb + Pe) cos cos A 

(h,, +r.) cos p sin » 

(hep + re) sing 

in
) | 

S 

<= 

0 

where P is the rigid body’s position, r, is the radius of the earth, A,, is the altitude of 

the rigid body, ¢ is the rigid body’s latitude, 4 is the rigid body’s longitude, V is the rigid 

body’s velocity, S is the rigid body’s speed, and 7 is a transformation matrix computed 

from the product of rotational matrices based on latitude, longitude, azimuth, and the flight 

path angle. More details on rotational and transformation matrices are given in Chapter 

3. Generally, in a 3-DOF simulation only position and velocity are members of the state 

vector. Typical state equations are as follows: 

P=av¥ 
* . 1? 
V= g+——-A, 

Mrb 

where g is the gravitational acceleration and A is the aerodynamic force. Major parameters 

for a 6-DOF simulation include the center of mass, center of pressure, surface area, and 

diameter of the rigid body, the axial and normal aerodynamic forces, the pitching and 

pitch damping moments, and the angle of attack. The axial force is caused by the airflow 

over the front of the rigid body. The normal force, also known as lift, is caused by air
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flowing perpendicular to the rigid body. The pitching moment is an aerodynamic moment 

influencing the angular velocity of the rigid body. The pitch damping moment causes the 

rigid body to attempt to snap back to an earlier orientation, in much the same way that 

a stretched spring will attempt to snap back to its earlier position. The angle of attack is 

defined as the angle between the direction the rigid body is pointed in and the direction the 

rigid body is moving in. The state vector, in addition to the position and velocity, includes 

an angular velocity vector (@), and an orientation vector called a quaternion (g). As for 

initial conditions, the components of the angular velocity vector are given initial numerical 

values, and the quaternion vector is ultimately computed from a transformation matrix, 

similar to the one referred to above. The additional state equations are given as follows: 

@ = I\(M-é&-x (Id)) 
. 1 
Gg = 59 

where I~! is the inverse moment of inertia matrix, M is the aerodynamic moment vector, 

I is the moment of inertia matrix, and Q is a matrix composed entirely of elements of 

the quaternion vector. Also, the state equation for the velocity derivative vector has a 

transformation matrix composed entirely of quaternion components added to it. 

The state vector z is an element of #", where n > 13. This state vector in 6-DOF 

simulations includes at least position, velocity, and angular velocity vectors, which are 

elements of %?, and a unit vector called a quaternion, which is an element of R*. Since these 

quantities are changing continuously, one must numerically integrate them to determine 

their value at a particular point in time. For further details on the actual structure of 

a typical state vector, see Regan [19]. When numerically integrating the state vector, one 

either calculates the initial values of the dependent variables from known quantities, or these 

values are themselves known at the beginning of the trajectory, in this case, at a particular 

time £. One can then use a numerical integration scheme (e.g., Runge-Kutta) to compute 

the values of the dependent variables at the next interval; i.e., at time ¢ + At. Typically, 

3-DOF simulations are much simpler than 6-DOF simulations, because the angular motion
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is not computed in a 3-DOF simulation. Since the angular motion is ignored in a 3-DOF 

simulation, the state vector of a 3-DOF simulation is usually an element of R°. Thus, 

computing the derivatives of a 3-DOF model requires many fewer operations than computing 

the derivatives for a similar 6-DOF model. 3-DOF simulations can also generally use larger 

integration step sizes than 6-DOF simulations, because angular motion is ignored. Thus, 

6-DOF models have high accuracy with long computational times, and 3-DOF models yield 

less accuracy, but execute faster. Some situations desire the accuracy of the 6-DOF with 

the speed of the 3-DOF, or at least close to the speed of a 3-DOF. For example, real-time 

software in missiles, and CFD (computational fluid dynamics) codes. For real-time software, 

speed is the critical factor, so 3-DOF simulations are usually preferred. 

By transforming the equations used in these types of problems to a more tractable form, 

6-DOF simulations can be placed on a better footing in comparison with their 3-DOF coun- 

terparts. There are two areas to investigate for potential improvements in computational 

efficiency of 6-DOF simulations. 

1. The integration methods can be investigated from two perspectives. 

(1) Reduce the number of derivative calculations per iteration. 

(2) Use a more accurate and/or stable method, allowing the integration step size to 

be increased. 

2. The differential equations can be investigated from two perspectives. 

(1) Simply reduce the cost per derivative calculation. 

(2) Transform the equations so that they are better conditioned, thereby allowing 

the step size to be increased. 

These two options are not mutually exclusive. For example, changing the differential equa- 

tions may improve the conditioning of the formulation, which in turn allows a different 

integration method to be used. When examining the differential equations of a 6-DOF
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simulation for potential improvements, the equations corresponding to coordinate transfor- 

mations and angular motion are good candidates for transformation. 

The goal of this project is to improve the computational efficiency of a 6-DOF re-entry 

model (i.e., a rigid body re-enters the atmosphere and falls to the ground) to improve the 

feasibility of executing in a real-time environment. This can be accomplished by pursuing 

the second option (mentioned above) of investigating the differential equations. That is, the 

tractability of the model solution can be improved by transforming the equations used to 

compute the coordinate transformations and the angular motion so that their conditioning 

is improved, thus increasing the numerical stability and efficiency of the overall formulation. 

Section 1.2 sketches the general approach of improving the tractability of the model solution. 

Only one Runge-Kutta integration method is used by the 6-DOF model described in this 

thesis (see Appendix A for details), and the state vector used is an element of }%. 

1.2. Research Issues 

6-DOF type problems, such as trajectories at high mach numbers with viscous flows, are 

computationally intense. The reason for this is that angular motion often involves oscilla- 

tions that restrict the integration step size. Our approach will attempt to take advantage of 

these oscillations, rather than be hindered by them. Essentially, this can be accomplished 

by fitting a sine wave to the oscillating functions. With these oscillating functions in mind, 

it is desirable to know how much the step size can be increased by taking these oscillations 

into account. This will depend on the stability of the frequencies and amplitudes of the 

oscillating functions. 

One potential difficulty with the transformation methods being proposed here is that 

the atmosphere is not uniform. At an altitude of roughly 18000 ft, half of the atmosphere 

is above you and half is below; at 36000 ft, three quarters is below and one quarter above; 

and at 54000 ft seven eighths is below and one eighth is above. The airflow is laminar 

in the upper portion of the atmosphere; i.e., the flow is smooth and predictable. In the
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lower part of the atmosphere, however, the airflow is turbulent. As a result, the frequencies 

and amplitudes of these oscillating functions may change nonlinearly, which could cause 

problems for this method, especially in the lower part of the atmosphere. 

This thesis will describe three transformations that can be made to the trajectory for- 

mulation. Two of these transformations replace the oscillating state variables one for one, 

making the state vector an element of R13. The third transformation replaces three state 

variables with four other state variables, making the state vector an element of R!4. We will 

compare these methods with the unmodified formulation. Hybrid methods (i.e., transfor- 

mations in the upper part of the atmosphere and the unmodified formulation in the lower 

part of the atmosphere) will also be considered. 

To summarize, an approach that takes the oscillatory nature of angular motion into 

account appears to be based on sound principles, but it may not work out as well as might 

be expected. Nevertheless, any reduction in the execution time of real time software is 

useful, and this technique is worth investigating even if it yields only a small part of its 

potential. 

1.3 Thesis Organization 

Chapter 2 deals with previous literature in the general area of oscillating functions and 

trajectory simulations, and the lack of literature dealing specifically with the integration of 

oscillating state variables in 6-DOF models (most attempts to improve the execution time 

of 6-DOF models do not get to the crux of the problem: the oscillating state variables, 

mainly due to their seeming intractability). Chapter 3 gives an overview of the quaternion 

vector and an approach that deals with its oscillatory nature. Chapter 4 gives an overview 

of the angular rates and two approaches that deal with their oscillatory nature. Chapter 5 

describes the 6-DOF model that was used, how the numerical experiments were conducted, 

and the results. Chapter 6 concludes and summarizes the thesis. In addition, there are two 

appendices. Appendix A describes the algorithm used to simulate the missile trajectory.
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Appendix B presents results supplementing the results from Chapter 5.



Chapter 2 

Review of Literature 

The main point to consider when dealing with previous literature is that there is not 

much research involving improving the tractability of 6-DOF models. Since the primary 

impediment to a rapidly executing 6-DOF model is the rapid oscillations of the angular mo- 

tion, special integration methods that deal with oscillating functions should be considered. 

These include the following. 

1. Fourier methods, including Fourier series, immediately come to mind when attempting 

to solve these problems. Weinan [24] discusses the use of the Fourier-Galerkin method 

in the solution of Navier-Stokes equations, which are commonly used in aerodynamic 

problems. 

2. Laplace transforms are also often used in aerodynamic problems. Derrick and Gross- 

man [9] describe their use in engineering mathematics in general. 

3. Bessel functions. Regan [19] describes the use of Bessel functions in computing the 

value of the angle of attack of a nonrotating rigid body. The angle of attack is the 

angle between the velocity vector and the direction the missile is pointed, and has a 

significant effect on the aerodynamic forces and moments. Martin [13] does the same 

for rotating rigid bodies. 

These three methods will be discussed further in Chapter 4. In general, however, even 

advanced engineering books do not come equipped with details describing how to apply these 

methods to specific and complex aerodynamic problems. Regan and other sources develop 

equations for the nutational and precessional frequencies, both of which refer to certain
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aspects of angular motion, but they usually say very little about the amplitudes of angular 

motion, and often many aspects of angular motion are ignored altogether. Nayfeh [15] [16] 

wrote two reports that cover similar subject matter. One other special method deserves 

some mention: stochastic differential equations. Stochastic methods have been used to 

compute the initial angular velocity (due to uncertainty in the initial wobble), and to 

approximate 6-DOF behavior in a 3-DOF model. However, using stochastic methods to 

solve for highly oscillatory state variables can be something else entirely, and requires that 

at least reasonable estimates of the frequency and envelope, or amplitude of the oscillating 

variables be obtainable. The two state vector variables that deal specifically with 6-DOF 

behavior, and especially the angular velocity, are not always very well behaved, and therefore 

good estimates of the frequency and amplitude cannot be counted on. As a result, these 

oscillating state variables would have to be integrated first, obtaining an average value for 

the state variable, and using a random variable to mimic the oscillatory behavior. This 

process would have to be repeated because of the exponential atmosphere (i.e., once for 

altitudes between 0 and 10,000 feet, once for altitudes between 10,000 and 20,000 feet). 

As a result, it would not be feasible to apply stochastic processes to the problem at hand. 

For further information, Papoulis [17] has a section on Kalman filtering and a chapter on 

harmonic analysis of stochastic processes. 

In fact, articles in journals on 3-DOF approximations to the angular motion contained 

in 6-DOF models are more common than articles dealing directly with 6-DOF models. 

Luke [11], for example, shows a method for approximating the angular rates using the 

thrust vector. But with a re-entry body, one is dealing with an uncontrolled vehicle (i.e., 

there is no thrust). Lawton and Bushong [2] use the thrust vector, which is a reasonably 

good approximation for the direction the missile is pointed in, and the velocity vector to 

compute the angle of attack. But again, the re-entry body has no thrust, so this approach 

has problems. For that matter, most rigid bodies are missiles or rockets and have thrust. 

This is one reason not much literature on optimizing 6-DOF re-entry models exists.
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There are methods that appear fairly general. Summerset and Chowkwanyun [23] de- 

vised a method that takes advantage of parallel processors, allowing the simultaneous com- 

putation of multiple trajectories. This is done by using Jacobian matrices. However, this 

investigation concerns the optimization of a single trajectory, so this approach is not di- 

rectly relevant. Also, Giannakoglou, Chaviaropoulos, and Papailiou|6] devised a method for 

separating the rotational and nonrotational portions of transonic airflows. But this article 

only refers to airflows in two dimensions. In three dimensions, the spin, pitch, and yaw are 

intertwined in a complex manner. A change in the spin rate of a rigid body could affect 

its pitch, and vice-versa. Therefore, this approach does not appear to hold much promise, 

either. 

There are a number of reasons for the scarcity of technical literature in this area. An- 

gular motion is difficult to visualize, and as a result, is not exactly a popular topic for 

discussion. Trying to imagine a rigid body simultaneously spinning, pitching, and yawing, 

and predicting what will happen next, one can get an idea of how counter-intuitive angular 

motion can seem. 

Secondly, 3-DOF models usually provide a close approximation to 6-DOF models, and 

since 3-DOF models are much faster than 6-DOF models, the 3-DOF models are the ones 

usually used to control the actual rockets and missiles. Thus, there might not seem to be 

any point in making the 6-DOF models more efficient. For zero angle of attack, the 3-DOF 

model is essentially equivalent to the 6-DOF model. However, if the angle of attack is not 

zero, a lifting force must be taken into account. This lifting force is difficult to estimate 

in a 3-DOF re-entry model, due to the difficulty in approximating the angle of attack for 

a 3-DOF model; but this is simple to do in a 6-DOF model. This is one example where a 

6-DOF model must be used. 

Thirdly, and surprisingly, attempts to improving the execution times of 6-DOF simu- 

lations are often met with indifference. The usual approach to solving a 6-DOF model is 

by brute force. Concerns with computational efficiency are often answered by advising the 

purchase of a newer, faster computer. Although by no means universal, this attitude of 

10
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apathy is difficult to understand in light of the current environment of tight budgets in the 

aerospace community, but it can at least in part be attributed to the esoteric nature of the 

subject matter. Admittedly, 6-DOF models will never be as fast as their 3-DOF counter- 

parts, but 6-DOF models are used to confirm the validity of 3-DOF models, among other 

things, and any savings in execution time should be welcomed. To quote Ernest Rutherford, 

“We are short of money, so we must think.” 

Mathematicians and other scientists may be able to assist the aerodynamic commu- 

nity, however, by applying their knowledge to specific engineering problems. For example, 

Solovyov, Volpert, and Davtyan [22] discuss the flow of liquids with changing viscosity, an 

important problem in many 6-DOF models. Muraskin [14] discusses sine curves within 

sine curves. Both of these articles refer to a repeating pattern of oscillations (e.g., a small 

amplitude in the first period, a large amplitude in the second period, then back to the 

small amplitude). But all these approaches do not find an optimal solution to computing 

aperiodic functions dealing with coordinate transformations and angular rates that have no 

repeating pattern and an oscillating amplitude. 

There is a great deal of literature dealing with stiff ordinary differential equations that 

can be considered. Chartier [3] describes methods that use parallel techniques which are 

L-stable. Shroff and Keller [21] describe an iteration method for stabilizing systems of 

equations. Lambert [10] and Shampine and Gordon [8] devote an entire chapter to stiff 

methods in general. Gear [5] has a book on ordinary differential equations in general. 

Shampine [20] also describes methods for testing for stiffness and ways of dealing with it. 

Additionally, Gaffney [4] describes the performance of several numerical methods for the 

integration of stiff oscillatory ordinary differential equations and the use of the Jacobian 

matrix to smooth out the equations. All of these articles and books deal with numerical 

methods, but the main thrust of this investigation is reformulating the differential equations. 

Petzold [18] does suggest a reformulation, but this involves transforming the differential 

equations to a form where the period of the function is constant and the change in amplitude 

is linear. A perfectly constant frequency and a linearly changing amplitude cannot be 

11
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counted upon in this problem. Acton [1] also has some sections on stiff methods in general. 

Acton [1] also points out that many analysts, when confronted with stiff equations, 

will blindly integrate with standard methods, and when they fail, will resort to methods 

specially designed for stiff systems, rather than transforming the equations into a potentially 

more tractable form. He mentions the second order equation w+ Ew = 0, where L > 0, 

being a large, positive, slowly varying function. He then notes that when solving a function 

like this, developing an alternate method in which the analyst can utilize, rather than be 

hindered by, the oscillatory nature of the function is very worthwhile. In this regard, he 

is absolutely correct, and this thesis follows his approach. Madelung [12] details a similar 

method. The solution he proposes is to integrate the amplitude and phase angle of the 

oscillating function, rather than integrating the function directly. He then sketches out 

a very general method for going about this. The subsequent chapters in this thesis will 

describe three methods along these very lines that can be applied to 6-DOF models. 

12
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Quaternion Transformations 

This chapter deals with the missile orientation and its oscillatory nature in this problem. 

The first section deals with the different coordinate systems needed to develop the 6-DOF 

model. The second section describes the transformations of vectors from one coordinate 

system to another. Section 3.3 describes the different sets of state variables that can be 

used to represent the transformations. Finally, in Section 3.4 a way to transform the state 

variables representing the orientation to a more tractable form is described. Numerical 

results from implementing this transformation are given in Chapter 5. 

3.1 Coordinate Systems 

When one considers a 6-DOF simulation of some object, such as a missile or a reentry 

body, flying relative to the earth, there are several different coordinate systems (or frames) 

necessary to construct the simulation. By having several coordinate frames, the simulation 

can compute vector quantities in the frame in which they are most naturally represented, 

and then transform the vector quantities from one coordinate system to another. These 

transformation techniques become part of the differential equations. The following are three 

typical coordinate frames. 

1. The geocentric frame. This coordinate system is an inertial frame used to compute 

the flight of the object relative to the earth. The inertial frame does not rotate with 

the earth; rather, the earth rotates within this frame. The origin of this frame is 

the center of the earth. The z-axis goes through the north and south poles. The 

x- and y-axes lie in the equatorial plane. For this model, the x-axis goes through 0 

13
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and 180 degrees longitude, and the y-axis 90 and -90 degrees longitude. The rotation 

of the earth is taken into account by a rotational matrix computed from the earth’s 

angular rate. The geocentric frame is used to compute values such as the gravitational 

acceleration. 

2. The object or rigid body frame. The origin of this frame is the center of mass of 

the object. The x-axis goes through the front and back of the object, with the positive 

half going through the front. The z-axis initially goes through the top and bottom 

of the missile, with the positive half going through the bottom of the missile. The 

y-axis initially goes through the left and right sides of the missile, with the positive 

half going through the right side when looking from the rear. The object frame is 

used to compute quantities such as the angle of attack and the angular velocity. 

3. The object’s velocity frame. This frame is also known as the wind or aeroballistic 

frame. The velocity frame is chosen so that initially the y and z-components of the 

velocity vector with respect to this frame are equal to zero. The velocity frame is used 

to compute quantities such as the aerodynamic drag on the object. 

In solving equations of motion, the formulas must often change the frame of reference 

of various vector quantities by using a coordinate transformation. Strictly speaking, this 

transformation does not change the magnitude or direction of a vector, but the values of 

the vector components do vary as the frame is rotated. 

3.2 Directional Cosine Matrices 

One method for changing coordinate systems is by using directional cosine matrices 

(DCMs). To change the coordinate frame of a vector, rotate the coordinate system the 

vector is currently represented in through up to three angles, also known as Euler angles, 

about any of the axes. At most, three rotations are required to bring any two coordinate 

systems into coincidence. Given two coordinate systems a and 6, one can solve for the three 
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Euler angles 0, 62, 63. A positive rotation about an axis a is defined as a clockwise rotation 

viewed along the positive the a axis. A rotation through an angle 0, about the x-axis can 

be represented by a rotational matrix 

1.0 0.0 0.0 

T,;= | 0.0 cos@, sind, 

0.0 —sin@; cosd, 

Notice that [',(3, 2) is negative, rather than ['|(2,3). This is due to the placement of the 

three axes and the definition of a positive rotation. A rotation about the z-axis would 

require a similar change in sign. A rotation through an angle 9) about the y-axis can be 

represented by another rotational matrix 

cos$, 0.0 —sin Od, 

T,=] 0.0 1.0 0.0 

sin9, 0.0 cos4 

A rotation through an angle #3 about the z-axis can be represented by yet another rotational 

matrix 
cos@3 sin@; 0.0 

T3 = | —sin@3 cos@3 0.0 

0.0 0.0 1.0 

The product of the above three matrices [,PoI3 is a DCM 

cos 85 cos 3 cos 82 sin 03 — sin > 

sin 8, sin 82 cos 83 — cos9, sin 93 — sin 9, sin 82 sin 83 + cos 9, cos@3 sin @, cos @2 

cos #, sin #2 cos 83 + sin§, sin@3; cos @, cos 62 sin@3 — sin8; cos@3 cos 62 cos 0, 

Multiplying a vector by the transpose of the above matrix (T7T7T7, since all three 

matrices are orthogonal) transforms the vector to the desired frame of reference, assuming 

that the first rotation is about the z-axis, the second rotation is about the y-axis, and the 

third rotation is about the x-axis. The order of the rotations is important—a fact that 

is easy to illustrate with a simple example. Suppose you are flying level in an airplane. 

Pulling back on the stick and going straight up and then banking 90 degrees to the right 
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produces a different orientation than banking 90 degrees to the right first and then pulling 

back on the stick. Multiplying the above DCM by a vector simply rotates the vector from 

one coordinate system to another. If the rotation of the coordinate system is needed, it 

is necessary to multiply the transpose of the above DCM by the vector. Also, since the 

magnitude of a vector should not change simply due to a coordinate transformation, the 

transformation matrix must be orthogonal. Take the two coordinate systems a and 6, and 

a vector t, in the a coordinate system. To rotate #, from a to 6, multiply the above DCM 

by U,- 

DCM -t, 

To transform v, to the b coordinate system, multiply by the transpose of the above DCM [19}. 

DCM’ .%,=% 

3.3 Updating the DCM 

A 6-DOF formulation needs transformation matrices to transform vectors from the geo- 

centric to the object frame, and vice-versa. Since the object has continuously changing 

angular motion, the matrices are constantly changing. One such matrix is the velocity to 

rigid body matrix. Aerodynamic effects are most easily computed in the velocity frame. 

But one needs to know what those effects would be in the body frame, and ultimately in 

the geocentric frame. Fortunately, one rotation about the x-axis of the velocity frame is 

sufficient to bring these two frames into coincidence. Therefore, only one rotational matrix 

is needed, and it is unnecessary to update this matrix using integration. 

The rigid body to geocentric matrix is a different story. Because of the simultaneous 

spinning, pitching, and yawing in relation to the earth, three rotational matrices are needed 

to compute this transformation matrix, and all three must be updated with each integration 

cycle. One way to handle this is to make the transformation matrix a state variable, 

integrating it with each iteration. Accurately updating the directional cosine matrix as a 
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state variable is difficult, due to problems with maintaining orthogonality. There are two 

methods that can be used to avoid this problem: Euler angles and quaternions. 

As mentioned in the preceding section, Euler angles are the angles through which the 

three axes are rotated. The Euler angles could be included as state variables, with three 

new equations, but this method has its own problems. The derivatives for the Euler angles 

are given as follows: 

61 = Ww, + we sin 6, tan #2 + w3 cos 6; tan, 

82 = wo cos 8; — w3 sin 8,, 

: W, sin, + w3 cos 6; 
63 = ’ 

cos 02 
  

where w is the angular velocity in the object frame. As can be seen there are singularities 

in the derivatives for 0, and 03. Although there are ways to get around this, many 6-DOF 

models simply use quaternions. 

A quaternion is a 4x1 unit vector g which represents an angle of rotation and three 

direction angles. Using quaternions, a transformation matrix can easily be computed. Be- 

cause it is easier to maintain the unity of a vector than to maintain the orthogonality of a 

matrix, and because there are no singularities that must be dealt with, quaternions are gen- 

erally the preferred method for updating the coordinate transformations as the numerical 

integration proceeds. A detailed discussion of quaternions is beyond the scope of this thesis. 

Interested readers are referred to Appendix D of Regan [19] for further information. In the 

remainder of this section we will give sufficient details to understand how the quaternion 

vector is used in trajectory calculations, including some analogies to help with an intuitive 

understanding of their role. 

The initial quaternion computations, calculated at time ¢ = 0, are as follows. 

— sin” cos 22 cog 23 0, , 92 . 93 
%1=s > © 3 os | — cos > sin > sin > 

= cos 2 cos ? sin Os sin 1 sin Bb cos 3 
f2 = 608 9 608 5 INS Q ng ORO? 
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9 . 8 9 . WH 2 , 93 
q3 = cos = sin 5 cos + sin cos | sin a 

A 8 = gs 8 3 
ga = cos 2 cos 2 cos > + sin 2 sin 2 sin >” 

where @,, 92, and 03 are the three Euler angles, also computed at time t = 0, from the initial 

transformation matrix (see Appendix A for further details). 

The updated geocentric to object transformation matrix, which transforms a vector in 

the geocentric coordinate system to a vector in the object or rigid body coordinate system, 

is given by 

G—-Gu@-a+4; 2( 9192 + 9394) 2(q193 — 9294) 

T5c20 = 2qige—9394) -@t+g—-g+q 2(qoq3 + 9194) 

2(qi9g3 + 9294) °Ana-1%) —-9-Gt+95+95 

If the unity of the quaternion is maintained, the DCM computed from it is guaranteed to 

be orthogonal. The derivative of the quaternion is computed as follows. 

0.5(wigs + W3g2 — wogs) 

0.5(wogs — w3gi + W193) 

a
 II 

0.5(waga + weg — W192) 

0.5(—wigi — wog2 — w3q3) 

where w is the angular velocity vector in the object frame. 

There is another way to view quaternions. They can be represented by three directional 

angles a, 3, and 7, which represent one half of the angle formed between the x-axes, y-axes, 

and z-axes of the two coordinate systems, respectively, and the angle of rotation §. The 

quaternion can be computed from these angles as follows. 

§ 
2 

cos § sin § ~ 2 
q= .§ 

cosy sin 5 

& 
cos 5 

cos asin 

Note that there is a redundancy here in that a vector in four dimensional space is 

representing a transformation in three dimensional space. For each redundancy in the state 
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Figure 3.1: Two dimensional analogy for the quaternion vector. 

variables representing the orientation, a constraint is placed upon them. In the case of the 

quaternion vector, the constraint turns out to be ||qj|2 = 1. 

To understand how quaternions can be represented this way, a two dimensional analogy 

from Glashow [7] may be useful (see Figure 3.1). 

Imagine two identical objects A and B ina plane, not overlapping, and with two different 

orientations. Then draw two lines, one connecting the front ends of the two objects, the 

other connecting the back ends. Bisect each line with a line perpendicular to it. Call the 

point where the two bisecting lines intersect O. Rotating the entire plane about the point 

O through some angle @ so that the final position of the first object is the same as the 

original position of the second object is equivalent to transforming the coordinate system 

of the first object. This view could be represented by 

6 

a > 

b 

where @ is the angle of rotation, a is the length of the line segment connecting the front 

ends of the two objects, and b is the length of the line segment connecting the back ends of 

the two objects. a and 6 are analogous to the three directional angles of the quaternion a, 
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B, and ¥. 

Here is another view of quaternions. In two-dimensional space, only one Euler angle is 

required to bring the two coordinate systems into coincidence, say 9. One analog of the 

, ( 

q= . 
sin 6 

with the constraint g? + q2 = cos? @ + sin? 6 = 1. 

quaternion is then 

For three dimensions the procedure is more difficult. Instead of rotating a plane about 

a point, a three dimensional space must be rotated about a line. Picture two coordinate 

systems that are not coincident. The line to be rotated about must be equilangular about 

the x-axes, y-axes, and z-axes of the two coordinate systems. The angles formed by the line 

and the three axes are the directional angles. Rotating about this line through the angle of 

rotation is equivalent to transforming a vector from one coordinate system to another. 

3.4 Transforming the Quaternions to a More Tractable Form 

Typically, when integrating an oscillating function, many points are needed to follow 

each oscillation if instability is to be avoided. For example, Acton [1] recommends eight to 

ten points. When integrating a sine wave, or for that matter, any oscillating function (such 

as the angular velocity and quaternion vector of a typical 6-DOF model), the integration 

step size is severely restricted if the frequency is large, that is, if there are a large number of 

crests in a given period of time. In the case of a rigid body moving through the atmosphere, 

it is easy to understand why. When a rigid body moves through the atmosphere, it pitches 

up and down, and yaws back and forth. In choosing a step size to use in a general integration 

method, one assumes that the rigid body has constant pitch and yaw rates throughout that 

time period. If the step size is made too large, then the simulation will indicate that the 

body will eventually tip up and begin tumbling out of control, which does not realistically 

happen. 

Since the step size is restricted by the rapid variations of some of the state vector 
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components, those components should be transformed into something that varies more 

slowly. That something is the frequency (or possibly phase) and amplitude of the angular 

velocity and quaternions. Since the angular velocity and quaternions often follow semi- 

regular patterns, the frequencies and amplitudes of the functions should vary much more 

slowly than the actual functions. One could then fit a sine wave to the oscillating functions, 

using trigonometric functions to convert the amplitudes and frequencies into angular velocity 

and quaternions. This method will henceforth be referred to as the semi-periodic quaternion 

method. This approach has great potential to enable significant increases in the integration 

step size, thereby reducing the execution time and computing costs of trajectory simulations. 

For an arbitrary oscillatory function g, one can make the following transformation: 

g(t) = A(t) - sin(P(t)), 

where A(t) is the amplitude function and P(t) is the phase function. With quaternions the 

transformation is as follows: 

q1 A,(é) + sin( Py (t)) 

7- q2 _ A,(t) . sin FC) (3.1) 

q3 A3(é) - sin( P3(t)) 

qd4 A,(t) * sin( P4(t)) 

With angular velocity there is a similar transformation: 

wy A;(t) : sin( P;(€)) 

O= [wo] = Ag(t) . sin( Pe(t)) ; (3.2) 

W3 A7(t) ° sin( P7(t)) 

where w, is the spin or roll rate of the rigid body, w» is the pitch, and w3 is the yaw. Here- 

after, g will represent g, and w will represent @. Also, q,, will represent the nth component 

of g, and w,, will represent the nth component of w. Equations (3.1-3.2) leave one additional 

unknown for each equation (a net increase of 7 unknowns), but no additional equations. 

However, with a rapidly spinning rigid body, the following situation exists: 

Wy > Wo, Ww. 
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The derivatives for gq, and q4 are given by the following: 

. 1 
a = 3 (qa 1 — 93° W2 + 92° ws); 

. 1 
a= g(-n 1 — 92+ W2 — 93+ W3). 

The above equations and their derivation are given in Regan [19]. Since w, >> wo, ws, it is 

reasonable to approximate g; and g4 as follows: 

. Ww 
“oy >u (3.3) 

. wW 
qe ->m. (3.4) 

It was stated earlier that the quaternions look very much like sine waves. In fact, experi- 

ments with quaternion behavior in 6-DOF models suggest that g, and gq are related in a 

special way, and similarly for qg) and q3. In particular, note that 

5 (sin (S . t)) 508 (S : t) ; (3.5) 

5 (cos ¢ . t)) -> sin (S . t) ) (3.6) 

for some constant w. The similarity between Equations (3.3-3.4) and (3.5-3.6), plus the 

I! 

observed behavior of the quaternions in typical calculations, make it reasonable to assume 

that g, and g, have the same amplitude and are 90 degrees out of phase. A similar relation 

holds for gz and q3, and therefore one can make a similar assumption. Tables 3.1 and 3.2 

show the values of the quaternions and angular velocity, respectively, at specific times for a 

typical calculation. Note that when q, reaches its peak or valley, q, is moving through zero 

and vice-versa. The same is true for g2 and g3. Hence the rationale for making the above 

assumption. 

Placing this in the context of a rapidly spinning rigid body, one can understand why 

this is a good approximation. The spin rate is the primary angular rate, and the body does 

not pitch and yaw much. As a result, the orientation of the x-axis of the rigid body frame 

changes very slowly in relation to the earth, while the y-axis and z-axis rotate about the x- 

axis very rapidly, but will otherwise change very slowly. One can then let the orientation of 
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Table 3.1: Typical quaternion values over time. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

time (sec) qi q2 q3 14 
0.00000 | 0.00000 | -0.99144 | 0.00000 | 0.13053 

0.03125 | 0.04193 | -0.94342 | 0.30480 | 0.12426 

0.06250 | 0.07652 | -0.80402 | 0.58007 | 0.10591 

0.09375 | 0.10548 | -0.58673 | 0.79915 | 0.07730 

0.12500 | 0.12420 | -0.31263 | 0.94082 | 0.04111 

0.15625 | 0.13094 | -0.00824 | 0.99136 | 0.00093 

0.18750 | 0.12494 | 0.29693 | 0.94587 | -0.03941 

0.21875 | 0.10687 | 0.57334 | 0.80876 | -0.07597 

0.25000 | 0.07837 | 0.79421 | 0.59332 | -0.10520 

0.28125 | 0.04229 | 0.93814 0.32041 | -0.12431 

0.31250 | 0.00203 | 0.99120 | 0.01647 | -0.13133 

0.34375 | -0.03844 | 0.94824 | -0.28906 | -0.12573 

0.37500 | -0.07524 | 0.81344 | -0.56659 | -0.10786 

0.40625 | -0.10483 | 0.59984 | -0.78922 | -0.07963 

0.43750 | -0.12424 | 0.32814 | -0.93541 | -0.04357 

0.46875 | -0.13176 | 0.02466 | -0.99097 | -0.03337 

0.50000 | -0.12641 | -0.28120 | -0.95056 | 0.03730 

0.53125 | -0.10898 | -0.55982 | -0.81805 | 0.07436 

0.56250 | -0.08085 | -0.78421 | -0.60632 | 0.10423 

0.59375 | -0.04504 | -0.93262 | -0.33584 | 0.12413 

0.62500 | -0.00472 | -0.99071 | -0.03284 | 0.13192           
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Table 3.2: Typical angular velocity values over time. 

  

  

  

  

  

  

  

  

  

  

  

  

          

time (sec) | spin rate w, | pitch rate w2 | yaw rate w3 
0.00000 20.000000 0.005000 -0.003000 

0.03125 20.000000 0.002734 -0.005081 

0.06250 20.000000 -0.000291 -0.005039 

0.09375 20.000000 -0.003254 -0.004763 

0.12500 20.000000 -0.004546 -0.002071 

0.15625 20.000000 -0.005724 0.000699 

0.18750 20.000000 -0.003911 0.003026 

0.21875 20.000000 -0.002010 0.005402 

0.25000 20.000000 0.000844 0.004821 

0.28125 20.000000 0.001090 0.005659 

0.31250 20.000000 0.004612 0.001486 

0.34375 20.000000 0.005525 9.001633 
    

the x-axis in relation to the earth be the slowly changing amplitude variable that Acton [1] 

refers to, and let the rotation of the other two axes be the frequency variable. Equation (3.1) 

can therefore be written as 

1 A, (t) + sin( P, (t)) 

= q2 | _ A,(t) - cont Pa(®)) . (3.7) 

q3 A2(t) - sin( Po(t)) 

q4 Ai(t) * cos( P; (t)) 

The initial phases and amplitudes are computed from Equation (3.7): 

A;(0) = +f 9?(0) + 47(0), 

A2(0) = ¥/93(0) + 93(0), 

P,(0) = arctan (20) , 

P,(0) = arctan (23) . 

The derivatives of these phases and amplitudes are given as follows. 
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A = 2q191 + 24494 0191 + G4 
—_ — 3 

2/ai +94 Ay 
A = 29292 + 29393 292 + 393 

_— — , 

24/93 + 93 As 
uh ta . aud: — dats 

P, = q? — AZ ? 

1+ a 1 

j ~ I 3 e * 

RP = a _ 9293 — 9293 
2 q2 — AZ . 

1+34 2 

e 2 

Note that there is a problem with singularities if A; = 0. But there is a way to avoid 

this, by differentiating Equation (3.7). Note the following if A, = 0: 

qi Ay sin( P;) + AyP, cos( P;) = Ay sin( P;) 

G4 = Ay cos( P;) _ AiP; sin( P;) = A; cos( P) 

So if A, = 0, use the following equations instead. 

P,(0) = arctan (—%*), 

A; = ¥V Gi + q ’ 

: Gaui — 4h 
P, ——_——. 

At 
Details on the second derivative of the quaternion are given in the next chapter. Singularity 

problems with A, can be handled in a similar manner. The only time problems with singu- 

larities occur is when the x-axes of the two coordinate systems are parallel. To understand 

why, recall the definition of a quaternion vector: 

cos asin § 

cos sin 5 

cos ¥ sin 6 

6 
cos 5 

Ry
 {| 
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Recall that the angle § represents the angle of rotation. The directional angle a is the 

angle formed between the line of rotation and the x-axis of both coordinate systems, the 

directional angle @ is the angle formed between the line of rotation and the y-axis of both 

coordinate systems, and the directional angle 7 is the angle formed between the line of 

rotation and the z-axis of both coordinate systems. In other words, the line of rotation 

bisects the angle between the x-axis of both coordinate systems (to yield a), and similarly 

for both @ and y. In order for one of the amplitudes to be equal to zero, either g, and gq, 

must beth equal zero, or both gz and g3 must equal zero. There is only one way for both 

gi and g4 to be equal to zero: y = 90, 6 = 180. This means that the line of rotation is 

perpendicular to the x-axis of both coordinate systems. 6 = 180 means that the x-axis must 

be flipped 180 degrees about some line of rotation to bring the two coordinate systems into 

coincidence. This being the case, the two x-axes must have been parallel to begin with. 

There are two ways for both gq) and g3 to be equal to zero: 6 = 0 and 8 = 90, y = 90. In 

the first case the angle of rotation is zero, so the two coordinate systems are coincident, 

and therefore the x-axes are obviously parallel. In the second case the line of rotation is 

perpendicular to the y-axes and z-axes of both coordinate systems. Therefore, the line of 

rotation must be perpendicular to the yz-plane of both coordinate systems. As a result 

the two yz-planes are parallel to each other, and therefore the two x-axes are parallel to 

each other. So the only time one of the amplitudes is zero is when the x-axes of the two 

coordinate systems are parallel. If only the y- or z-axes of the two coordinate systems are 

aligned, the only effect is that the two amplitudes are equal. So, if using the above equations 

does not solve the problem, the geocentric frame can simply be rotated 90 degrees about 

the y- or z-axes when one of the quaternion amplitudes goes below a certain value, say 

0.1. This could be implemented by multiplying a rotational matrix about the y- or z-axis 

by the position and velocity vectors in the geocentric frame and the geocentric to missile 

transformation matrix. From the new transformation matrix, the new quaternion vector 

and its derivative would be computed. Then the quaternion amplitudes, phases, and their 

derivatives would be computed, and numerical integration would begin again. If one of the 
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quaternion amplitudes was zero, rotating the geocentric coordinate system about the the 

y- or z-axis would have the effect of making the two amplitudes equal. For realistic 6-DOF 

models, effects such as gravity and the rotation of the earth depend on latitude, so rotating 

about the z-axis is probably a better choice. 

Note that because of Equation (3.7) the number of unknowns has been reduced by 

four. We can therefore compute the initial conditions for the phases and amplitudes of the 

quaternion vector and then proceed with numerical integration as one normally would. 
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Chapter 4 

Angular Rate Transformations 

This chapter deals with the rate of change of the missile orientation, also referred to as 

the angular rates, and its oscillatory nature in this problem. The second section deals with 

one way to transform the state variables representing the angular rates to a more tractable 

form. Section 4.3 deals with a second way to transform the state variables representing the 

angular rates to a more tractable form. The fourth, fifth, and sixth sections, respectively, 

deal with the application of Laplace transforms, Fourier series, and Bessel functions to this 

problem. 

4.1 Angular Rates 

The previous chapter described how the quaternions could be transformed, but the an- 

gular velocity still needs attention. Because the rigid body is constantly spinning, pitching, 

and yawing, the quaternion derivative must be computed as specified in the previous chap- 

ter. Numerical integration is used to update the quaternion vector. Only the quaternion 

and angular velocity elements are used to compute the quaternion vector derivative. Since 

the angular velocity is continuously changing, numerical integration must be used to update 

it as well. This is a more difficult transformation to make, since the solution of the angular 

velocity, and especially the pitch and yaw, is much less tractable than the solution of the 

quaternion vector. 

Since the spin rate dominates over the pitch and yaw rates, and the roll moment is negli- 

gible or zero, the x-component of the angular velocity will remain fairly constant. Therefore, 

while it may be desirable to transform wu, it is not absolutely necessary. That leaves the 
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pitch and yaw rates. This chapter will cover two possible methods for transforming the 

pitch and yaw, but first, some definitions are needed. 

The moment of inertia matrix is defined as 

Ie Iny oo 

T=] ly Iw Ty 

Tex Tey Tez 

The diagonal elements of the matrix represent the inertia that must be overcome in the 

respective plane when rotating about the respective axis. To understand what nonzero 

off-diagonal elements represent physically, imagine an airplane with one fuel tank on each 

wing. Suppose one tank is full, and the other is empty, and therefore the airplane has an 

uneven weight distribution along the y-axis. This is represented by nonzero off diagonal 

elements in the matrix. The significance of this is that if the pilot pulls back on the stick 

to climb higher, the air will push down on both wings with equal force, but since one wing 

contains less mass, that wing will undergo greater acceleration. The aircraft will therefore 

begin to roll. 

Since the matrix J represents the moment of inertia, it is symmetric. In other words, 

an equal amount of inertia must be overcome whether rotating a rigid body clockwise or 

counter-clockwise about any of the axes. A rigid body is said to have rotational symmetry if 

it is represented by a matrix I where I, = I,,. A rigid body is said to have configurational, 

or body symmetry if all the off diagonal elements of J are zero in the body frame. A rigid 

body’s principal axis frame is defined as the frame such that the moment of inertia matrix 

in that frame has no off-diagonal elements that are nonzero. If the body has configurational 

symmetry, then the body and principal axis frames are coincident. 

The derivative of the angular velocity, the angular acceleration, is given by 

Wrb = I-\(M — Wrb X (Iw,»)), 

where M is the moment vector. Just as aerodynamic forces influence the linear or kinematic 

motion of the rigid body, moments influence the angular motion of the rigid body. If the 
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rigid body has both rotational and configurational symmetry, it would be tempting to 

transform the pitch and yaw rates in a manner similar to the quaternions, with the pitch 

and yaw being 90 degrees out of phase. This would make the pitch and yaw orthogonal, 

for reasons similar to that for the quaternion pairs: the orientation of the x-axis of the 

rigid body frame changes very slowly in relation to the earth, while the y-axis and z-axis 

rotate about the x-axis very rapidly, but will otherwise change very slowly. But here, the 

moment vector could exert a great deal of influence on the angular acceleration, rendering 

any orthogonality assumptions essentially invalid. Additionally, for an asymmetric body, 

the pitch and yaw rates might not be orthogonal, and the amplitudes and frequencies could 

oscillate in such a manner as to render the formulation unstable. The problem must be 

approached in a different manner, one that takes the angular velocity w out of the state 

vector and replaces it with some quantity that is better behaved. In other words, w should 

be transformed to a vector quantity that is more tractable. One such vector quantity is 

the angular momentum, or H. The other vector quantity described in this chapter is the 

derivative of the quaternion, g. In Chapter 5 the experimental results for both approaches 

will be given. 

4.2 Angular Momentum 

One way to transform the angular velocity to a more tractable form is to use the angular 

momentum, which is defined as 

HA = Iw. 

One could then use the corrollary of the law of conservation of angular momentum, which 

states that the change in angular momentum is directly proportional to the torque applied 

to the body. Since H, is fairly constant and H>) and H3 are orthogonal to each other, there 
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is a transformation for the angular momentum similar to the quaternions: 

Hy 

H = | Aj(t)sin(P,(t)) 

A;,(t) cos( P;,(t)) 

The initial amplitude and phase equations are given by 

An = / H} + B32, 

P, = arctan (2). 

The reason for the orthogonality of H2 and Hz is similar to that for the quaternion pairs: 

the orientation of the x-axis in relation to the earth changes very little, while the y-axis and 

z-axis rotate about the x-axis very rapidly, but will otherwise remain mostly unchanged. 

One can then let the orientation of the y- and z-axes be represented by the frequency 

variable. The amplitude and frequency of the angular momentum should be much more 

well behaved than the angular velocity, so this method holds some promise. To compute 

the updated angular velocity, simply multiply the inverse moment of inertia matrix by the 

updated angular momentum. 

Wa. = I Ayy1. 

The derivative of the angular momentum is given by 

H = M — Wrb x H, 

where M is the moment vector. The phase and amplitude derivatives are given by 

_ HLH + HoH = a ; 

.  H3H2—- H3H 
P,, = — Ae 

h 

An 

In theory, one would have to be concerned about singularities here as well, but in practice 

there is always some pitch and yaw motion involved. The three above equations would 
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replace the state equation for w: 

Wr, = I3(M — Wry X (Tw,s)) 

The approach described in this section will hereafter be referred to as the angular momentum 

transformation. 

4.3. A Second Order Quaternion Equation 

There is another possibility for transforming the angular velocity. One could compute 

the second derivative of the quaternions, and derive a second order equation. First define 

the matrix 0. 

0 Wy —Wo WwW) 

—W3 0 Wy, We 

WwW —W) 0 W3 

—Wy —W2 —w3 ODO 

The quaternion first and second derivatives are given by the following: 

1 

' 1.  1.. 
Gg = 59 + 5i'd- (4.2) 

Substituting $Nq for q in the second order equation, we can rewrite it as follows. 

G+J-q=0 (4.3) 

where J = —} (9 + 49?) is given by 

1 . a . 

g¥T —W3 Wy Wy 

. 1 : . 
1 3 5H4T —Wy —W2 

J= 2 1 ? 
— bg 1 GT —W3 

. . . 1 
Ww Ww? W3 GWT
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and wr = ||w||? is the square of the total angular velocity. This looks very much like 

a simple harmonic oscillator. Unfortunately, J varies with time, although the diagonal 

elements significantly dominate the matrix. This leaves two options. The first one is to use 

a method that assumes that the first derivative does not appear in the equation. But doing 

this would require integrating the angular acceleration to update the angular velocity, and 

the point of this chapter is to find a way to avoid doing just that. 

The second option is to reformulate the second derivative equation. First define the 

matrix Q (unitless). 

qa —43 q2 

q3 qa —-%1 
Q= 

— 2 71 q4 

—-% ~—-d2 —-49 

Equations (4.1—4.2) can be rewritten in the following way: 

. 1 
q = 5Qw 

- 1. 1... 
q = 5Qw+ 5Qu. 

We now have a second order differential equation that can be transformed simply by taking 

the derivative of Equation (3.7). There is only one problem remaining: computing the 

updated angular velocity. However, this is easily solved. Because the columns of Q are 

orthogonal to each other, one can simply multiply the transpose of Q by the updated 

quaternion derivative: 

wigs = 2Q7 gigi. 

The key point to keep in mind here is that although this approach does not allow the 

avoidance of the computation of w or w, it allows the model to avoid numerically integrating 

w to update w. That can be accomplished with the above equation. Since either the angular 
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momentum or the quaternion derivative vectors can be expected to be more tractable than 

the angular velocity, a sine wave would have a better chance of having a good fit with either 

alternative vector quantity than with the angular velocity, and as a result, updating w and 

w could probably be done more accurately. The second derivatives of the quaternion phases 

and amplitudes are given as follows. 

  

  

  

  

A, = (gud + 47 + ada + G2)A1 — (gid + Gaga) At 

Aj 

Ay = (q2G2 + 43 + 9393 + 43)A2 — (q2g2 + 9393) Ao 
2 a 

BR = (gai — 9491) Ai — (Qadi — 9491) 2A1 
1 = B 

BR = (q2G3 — 9293)A2 — (9293 — §293)2Ae 
2 = B ; 

The above four equations would replace the state equation for w. Again, there are problems 

with singularities. If A; = 0.0, then use the following equations instead. 

os —wxH-—wxH, (4.4) 

g) = 500+ G0+ 5du, (4.5) 
A, = an en, (4.6) 

B, = (a) a: — daa’) Ar — (ach - dah )Ar (4.7) 
  

A} 
In the upper portion of the atmosphere, Equation (4.4) is a good approximation for &, since 

—H x w is the driving force behind w. In the lower part of the atmosphere, though, there 

may be problems with this approach. Singularity problems with A2 can be handled in a 

similar manner, or this problem could be handled by rotating the geocentric system about 

the y- or z-axis. Henceforth, this approach will be referred to as the g transformation. 

Now both the quaternions and the angular velocity have been transformed, and numer- 

ical integration can now proceed as would normally be done, but this time, hopefully, with 

significantly larger step sizes. There are, however, some integration techniques that assume 

a periodic or oscillatory form which should be discussed. 
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4.4 Laplace Transforms 

Laplace transforms can sometimes lessen the intractability of a differential equation by 

converting it to an algebraic equation. The Laplace transform of some function is defined 

as follows. 

F(s) = [ * e-# F(tde. 

Equation (4.3) is the one that needs to be transformed. Taking the first element in the 

quaternion we have: 

oo t oo 1 * . « 

F(s) = [ e "(a + qeTh — W392 + W2g3 — w3q4)dt. 

The question is now how can this be integrated? The variable that is being transformed 

is g. With w and w being oscillating variable coefficients, this seems difficult at best. In 

particular, Derrick and Grossman [9] note that the variable coefficients must be polynomials 

to apply the transform. This is because the coefficients can be eliminated using integration 

by parts. Even if there were a way to transform functions with nonpolynomial, oscillating 

coefficients like w and w, there would be a great deal of difficulty in applying the inverse 

transform. Specifically, the trouble would lie in recognizing the transforms of basic functions 

amongst the maze of variables. For these reasons, Laplace transforms do not appear to be 

a worthwhile approach. 

4.5 Fourier Series 

A Fourier series can be represented by the following infinite series: 

f(z) = > + D(a cosnz + 6b, sinnz), 

where do,..., 4, and 6;,...,6, are constants (9|. The thing to keep in mind is that Fourier 

series are best suited for periodic functions. But the 6-DOF model must be solved in an 

exponential atmosphere. As a result, the amplitudes of the quaternions and angular velocity 
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oscillate and the frequency can change enough to be significantly aperiodic. Therefore, these 

oscillating functions really cannot be considered periodic, and in some cases the solutions 

are transient or even mildly chaotic. 

One could attempt to use different Fourier series in different portions of the atmosphere. 

But due to the exponential nature of the atmosphere several Fourier series would be needed, 

especially in the lower altitudes. Even within this context, the results would not be very sat- 

isfactory, since the quaternions and angular velocity could be significantly aperiodic even in 

a small portion of the trajectory, say, from 50,000 to 40,000 feet. Even if this could be over- 

come, a different set of Fourier series would be needed for each distinct trajectory. In other 

words, the set of Fourier series needed for a shallow dive, high velocity trajectory would be 

different from the set of series needed for a steep dive, low velocity trajectory. This is hardly 

satisfactory, given that angular momentum and quaternion derivative transformations have 

the advantage of not being specific to only a small portion of the atmosphere, or to any one 

trajectory. Because of this, Fourier series are not always recommended for integration of 

oscillating state variables, and do not seem to be promising in this context. 

4.6 Bessel Functions 

A Bessel equation of order p is given by 

279+ zy + (2? - p’)y = 0. 

If a differential equation is not in the form of a Bessel function, it can often be converted to 

a Bessel function, even if the equation has variable coefficients. This is done by substituting 

for both the dependent variable and the variable coefficient so that it takes the form of a 

Bessel equation. But the variable coefficient w, having a transient and sometimes mildly 

chaotic solution, is not even a sine wave, so it is difficult to envision what substitutions to 

make. It was stated earlier that Regan [19] gives a solution to the angle of attack using 

Bessel functions. The equation he uses is given as follows: 

Vv? d 
a- pert C5 a@a=U, 

Iho 
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where a is the angle of attack, p is the air density, V is the rigid body’s velocity, C, is the 

pitching moment coefficient, S is the surface area of the rigid body, d is the diameter of 

the rigid body, and [22 is from the moment of inertia matrix. Of these, S, d, and Iz are 

invariant, p is known at each altitude, V can be computed using a 3-DOF model, and C, 

is computed from the missile’s configuration, which is invariant, and the angle of attack. 

So this is fairly close to being a closed form solution, and can be converted to a Bessel 

function by first changing the independent variable from time to altitude. There are two 

problems with applying this technique to the problem at hand. First, a rigid body with 

rotational symmetry (i.e., [22 = Is3) is assumed. Second, the solution of w is nowhere near 

to being closed form, as can be inferred from above. So even though Bessel functions are 

used in many areas of aerodynamics, the problem studied here does not seem to be a good 

candidate for a method based on Bessel functions. 
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Numerical Experiments 

5.1 Methodology 

The transformations of the quaternions and angular velocity were tested on a 6-DOF 

model of the author’s own making. This model includes an exponential atmosphere with 

aerodynamic forces and moments. Important parameters for the rigid body include mass, 

diameter, and surface area. Spherical gravity is used for the Earth, and the Earth is 

assumed to be nonrotating. The atmosphere is not modeled with complete accuracy, but 

with sufficient accuracy to test the validity of the transformations. The change in airflow 

from laminar to turbulent is made at a single point, rather than scaling the effect gradually 

in a small transition region. Also, the rigid body is assumed not to lose mass (in an actual 

model, the outer skin of the rigid body would begin burning up). Configurational symmetry 

is assumed, and rotational asymmetry is assumed. For details on the algorithm(s) used, 

see Appendix A. The software was run on a Vax 6430, and the operating system was VMS 

5.4.1. The software is written in C. The standard fourth order Runge-Kutta is used for all 

the transformed problems and for the original formulation for purposes of consistency, but 

it would be reasonable to suspect that a less stable numerical method unable to handle the 

original formulation could solve one of the transformed formulations. 

A word about test cases: all re-entry bodies have a feasibility region known as the V- 

gamma map. This is a two dimensional plot, with the velocity (V) being the y-coordinate 

and the re-entry angle (gamma) being the x-coordinate. The re-entry angle is the angle 

formed between the velocity vector and the plane going through the rigid body’s center of 

mass that is parallel to the plane tangent to the surface of the earth at the rigid body’s 
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latitude and longitude. For a steep dive, the rigid body will have a large, negative re-entry 

angle. For a shallow dive, the rigid body will have a small, negative re-entry angle. Points 

lying within the V-gamma map correspond to feasible trajectories; i.e., to velocities and 

re-entry angles that will allow re-entry to occur. Many V-gamma maps have several corners 

on them. This particular 6-DOF model has a V-gamma map with four corners (steep dive, 

high velocity; steep dive, low velocity; shallow dive, high velocity; and shallow dive, low 

velocity). Points outside this map are not considered to be valid. If the dive is too shallow, 

the rigid body will bounce off or burn up in the atmosphere. If the dive is too steep, the 

wind shear could result in large, chaotic oscillations and tear the rigid body apart. If the 

rigid body is moving too fast through the atmosphere, it will bounce off or burn up in the 

atmosphere. If the rigid body is moving too slowly, the atmosphere will have more time 

to act on the rigid body, making the oscillation of the amplitude of the oscillating function 

large, and ultimately causing the rigid body to start tumbling. The four corners on the map 

are therefore the points that stress the 6-DOF model the most. If the transformations are 

valid for these four points, then the transformations are very likely to be valid for the rest 

of the V-gamma map. Therefore, the four corners of the map were the points selected for 

testing. The oscillations of the amplitudes for trajectories in the interior of the V-gamma 

map are not expected to be as rapid as those at the top of the V-gamma map, because larger 

velocities tend to increase the dynamic pressure more, which is one of the driving forces 

behind the frequency of the oscillating amplitudes. On the other hand, slower velocities 

allow the atmosphere more time to act on the rigid body, making the oscillating amplitudes 

more pronounced. So, oscillations for trajectories in the interior of the V-gamma map are 

not expected to be as badly behaved as those at the bottom of the V-gamma map, either. 

5.2 Results 

Tables 5.2 and 5.1 present the error in position and velocity, respectively, for each of 

the methods. The unmodified formulation is labeled simply as Unmodified. The angular 
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Table 5.1: Velocity error (in feet /sec) at 100,000 feet. 

  

  

  

  

  

  

  

  

  

                

Unmodified Alternative 1 Alternative 2 

Step | Absolute | Relative Absolute Relative | Absolute Relative 

1/16 | 0.00-10° | 0.00-10° | 4.15-107? | 3.19-10-° | 3.99-10-? | 3.07-10-° 
1/8 | 6.64-10-* | 5.10-10-° | 6.46-10~* | 4.97-10~° | 6.42-10-° | 4.94- 107° 

1 unstable { unstable | 4.62-10-7 | 3.55-10~° | 7.06-10-? | 5.43-107° 
5/4 | unstable | unstable | 7.27-10-* | 5.59-10-° | unstable unstable 

4 unstable | unstable | 1.93-107' | 1.48-10-° | unstable | unstable 
8 unstable | unstable | 9.68-107! | 7.45-10-° | unstable | unstable 
10 | unstable | unstable | 2.00-10! | 1.54-10-*° | unstable | unstable 
24 unstable unstable unstable unstable unstable unstable 
    

momentum transformation (described in Section 4.2) is labeled as Alternative 1, and the ¢ 

transformation (described in Section 4.3) is labeled as Alternative 2. Each method computed 

the same trajectory from an initial altitude of 500,000 feet down to a final altitude of 

100,000 feet. The errors reported in Tables 5.2 and 5.1 were computed by using the two- 

norm of the difference between the position and velocity vectors computed by the modified 

formulations and the position and velocity vectors computed by the “true” solution; that 

is, the unmodified formulation at half its original step size. 

(5.1) 

(5.2) 

lPerue _ Pmod||2 

I|Verece _ Umoall2 

Note that this is the absolute error, as opposed to the relative error. The absolute error 

is most appropriate because of the need to know the accuracy of the rigid body (i.e., the 

actual distance the missile landed from its target). For completeness, however, the relative 

error is also reported in Tables 5.2 and 5.1. 

Although the tables reflect the results from only one corner of the V-gamma map (steep 

dive, low velocity), similar results were obtained for the other three corners (see Appendix 

B). Generally, the smaller the integration step size, the more accurate the solution, since 

more equations are being solved to determine the trajectory. Therefore, in order to compare 

40



CHAPTER 5. NUMERICAL EXPERIMENTS 

Table 5.2: Position error (in feet) at 100,000 feet. 

  

  

  

  

  

  

  

  

  

                

Unmodified Alternative 1 Alternative 2 

Step | Absolute Relative Absolute Relative Absolute Relative 

1/16 | 0.00-10° | 0.00-10° | 2.74-107* | 1.30- 10-5 | 1.92-10-* | 9.14-10-° 
1/8 | 7.17-107% | 3.42.107*9 | 2.73-107* | 1.30- 107° | 2.72-107* | 1.30- 107° 

1 unstable | unstable | 2.77-107' | 1.32-1075 | 1.05-10° | 5.02- 107° 
5/4 | unstable | unstable | 2.69-10-! | 1.28-10-° | unstable | unstable 
4 unstable unstable | 4.24-107' | 2.02-10-° | unstable | unstable 
8 unstable unstable | 8.69-10-' | 4.14-10-° | unstable unstable 

10 unstable unstable 1.30-10' | 6.19-10-' | unstable unstable 

24 unstable unstable unstable unstable unstable unstable 
    

the two alternative methods with the original, the unmodified model was used to compute 

the trajectory at two step sizes, one of which was equal to one half of the other. Note 

that the unmodified method becomes unstable above an eighth of a second, the second 

alternative becomes unstable above one second, and the first alternative becomes unstable 

at 24 seconds. However, even for the first alternative, unacceptable inaccuracy begins 

creeping in at a step size of ten seconds. If the step size is increased further, the error will 

bounce around crazily until the region of instability is reached. 

Table 5.3 presents the execution times in CPU seconds for each of the methods. A VAX 

C timer function was used to compute the execution times. Note that there seems to be 

some extra overhead with the angular momentum transformation (e.g., going from a step 

size of an eighth of a second to one second only makes the model seven times faster, not 

eight). Similarly for the ¢ transformation. 

After 100,000 feet, the two transformation alternatives slowly stray from the unmodified 

model. This may be due to the change in the airflow around the rigid body from laminar 

(smooth and predictable) to turbulent. This is reflected in the model by changing the 

computation of the aerodynamic forces and moments. The solution to this problem is 

therefore to switch methods, from one of the alternative methods to the original at or 
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Step size (sec) | Unmodified | Alternative 1 | Alternative 2 
1/16 3.20 3.34 3.28 

1/8 1.59 1.61 1.67 
1 unstable 0.23 0.22 

5/4 unstable 0.17 unstable 

4 unstable 0.06 unstable 

8 unstable 0.04 unstable 

10 unstable 0.03 unstable 

24 unstable unstable unstable             

slightly below 100,000 feet. If the formulation overshoots 100,000 feet by a small amount 

(maybe a few thousand feet), then integration can simply be continued. If the formulation 

overshoots 100,000 feet by a large amount, the integration can be backed up, the state vector 

can be interpolated based on the current and previous altitudes, and then the integration 

can be restarted. Since most of the trajectory is above 100,000 feet for problems of interest, 

the cost of switching to the slower method at low altitudes should not be too great. In the 

example computation, the time of flight from 100,000 feet to impact is only 20 percent of 

the entire flight regime for the steep dive, low velocity V-gamma case. 

Table 5.4 shows the error in velocity and position using the alternative methods to 

100,000 feet and then switching to the original formulation for the remainder of the tra- 

jectory. The rigid body is considered to re-enter the atmosphere at 500,000 feet, so the 

alternative methods can be used on 80 percent of the trajectory. The errors were obtained 

by comparing the values of the position and velocity vectors of each of the labeled methods 

with the unmodified formulation at a step size of one sixteenth of a second. The unmodified 

formulation presented in the table used a step size of an eighth of a second and is labeled as 

Unmodified. Using the angular momentum transformation to 100,000 feet and then switch- 

ing to the unmodified formulation is labeled as hybrid method 1. Above 100,000 feet hybrid 

method 1 uses a step size of 8.0 seconds. Using the q transformation to 100,000 feet and 
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Table 5.4: Position and velocity errors at sea level for the different methods. 

  

  

  

  

Method Hybrid method 1 | Hybrid method 2 | Unmodified formulation 

velocity error 3.25 - 10° 6.48 - 10° 9.99- 107? 

position error 2.43- 107! 8.56- 107! 1.41-10° 
execution time 0.44 0.63 2.00             

then switching to the unmodified formulation is labeled as hybrid method 2. Above 100,000 

feet hybrid method 2 uses a step size of one second. The quaternion derivative transforma- 

tion is ill-conditioned for step sizes above one second. This may be because the oscillation 

of the pitch/yaw amplitude caused problems in the quaternion derivatives, while the an- 

gular momentum pitch/yaw amplitude remains fairly steady due to partial conservation of 

angular momentum. From Table 5.4 it is evident that both hybrid methods outperform the 

unmodified formulation in both time and the accuracy in position. The improvement in 

accuracy may be because the hybrid methods computed the orientation and angular rate 

variables better than the unmodified formulation presented in the table by fitting a sine 

wave to the oscillating state variables. 

Potentially, even larger step sizes could be taken at higher altitudes. Tables 5.5 and 5.6 

show the results of further increasing the step sizes above 300,000 and 400,000 feet, respec- 

tively, for the angular momentum transformation. Below 300,000 feet, both tables have 

a step size of 8.0 seconds, and below 100,000 feet both tables switch to the unmodified 

formulation. Between 400,000 and 300,000 feet, Table 5.6 uses a step size of 12.0 seconds. 

Note that there was no noticeable improvement in execution time for either of the tables, 

possibly due to the fairly coarse granularity of the timer function. Increasing the step size 

was also attempted for altitudes between 200,000 and 300,000 feet. However, even a slight 

increase of the step size to ten seconds resulted in a velocity error of 39.3 feet per second, 

and a position error of 130.8 feet, which is simply unacceptable. A step size of 18.0 seconds 

above 400,000 feet and/or a step size of 16.0 seconds above 300,000 feet causes the solution 

of the differential equations to move into the unacceptable range. So, for the example con- 
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Table 5.5: Error in position and velocity at sea level using the angular momentum trans- 

formation with variable step sizes above 300,000 feet. 

  

  

  

    

Method Step size of 12.0 | Step size of 16.0 

velocity error 1.64- 10° 1.05 - 10! 

position error 1.96 - 10° 7.54-10° 

execution time 0.44 0.44       

é 

Table 5.6: Error in position and velocity errors at sea level using the angular momentum 

transformation with variable step sizes above 400,000 feet. 

  

Method Step size of 16.0 Step size of 18.0 
  

  

        
velocity error 1.57- 10! 1.67- 10 
position error 1.28 - 10° 5.96 - 10° 

execution time 0.44 0.44 
  

  

  

sidered here, it is best to use a step size of 16.0 seconds above 400,000 feet, a step size of 

12.0 seconds between 300,000 and 400,000 feet, a step size of 8.0 seconds between 100,000 

and 300,000 feet, and a step size of 0.125 seconds between sea level and 100,000 feet. 

The g transformation becomes ill-conditioned at step sizes above 1.0 second even above 

400,000 feet, so there is no point in trying to use larger step sizes at higher altitudes. 

However, even though the g¢ transformation is ill-conditioned above step sizes of 1.0 second, 

it is more than three times as fast as the unmodified formulation when combined with 

the unmodified formulation below 100,000 feet, and more than seven times as fast as the 

unmodified formulation above 100,000 feet. 

It is not all that unrealistic to know when to switch formulations. In this case, turbulent 

airflow is represented by a change in the aerodynamic coefficients at 100,000 feet. So ifa 

transformation does not work, it is fairly simple to trace where it fails by printing out 

the values of the state variables at 100,000 feet and at impact. Another area where the 

transformation could fail is when the inertial forces overwhelm the viscous forces. This is 

also easily determined, and in an actual model would be at approximately 100,000 feet. It 
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is not all that unrealistic to know when to switch step sizes, either. This is often done by 

trial and error, but switching the step size every 50,000 to 100,000 feet is reasonable. 

The angular momentum transformation performs even better than the q transformation, 

being more than fifty times as fast above 100,000 feet, and approximately 4.5 times as fast 

as the unmodified formulation alone when combined with the unmodified formulation below 

100,000 feet. The angular momentum transformation was also nearly 100 times as fast above 

300,000 feet, and more than 100 times as fast above 400,000 feet. This is a very significant 

success, and at least for this 6-DOF model, the angular momentum transformation is the 

superior choice. A word of warning for readers who want to attempt this on an actual 6-DOF 

model, however: the angular momentum transformation will not necessarily be better in all 

cases, and interested readers are strongly encouraged to try both the angular momentum 

and g transformations, and make their own determinations. 
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Conclusions and Summary 

This project has determined that the execution time of 6-DOF models can be reduced 

significantly by transforming the differential equations to a form that can be numerically 

integrated more efficiently. Two methods were successful. 

1. Integrate the spin angular momentum, along with the pitch/yaw angular momentum 

amplitude and phase, and integrate the phases and amplitudes of the quaternions 

by pairing them together and assuming each element of the pair is 90 degrees out 

of phase with the other above 100,000 feet. Using this method, the step size can be 

made 64 times larger. After 100,000 feet the formulation must go back to the original 

equations. Overall, the computation time was reduced by a factor of four and a half. 

2. Integrate the phases and amplitudes of the quaternions by pairing them together and 

assuming each element of the pair is 90 degrees out of phase with the other, and 

integrating the derivatives of the quaternion amplitudes and phases above 100,000 

feet. Using this method, the step size can be made eight times larger. After 100,000 

feet the formulation must go back to the original equations. With this approach, the 

total simulation time was reduced by a factor of three. 

The methods do not work quite as well below 100,000 feet due to the turbulence of the 

lower part of the atmosphere. This does not quite get a 6-DOF model up to the speed of a 

3-DOF model, but it still represents a significant improvement over the old 6-DOF model. 

To sum up, there are three main points to consider when comparing the old 6-DOF 

model and the semi-periodic quaternion models: 
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1. The transformations required are relatively simple to make. Essentially, a sine wave 

is being fitted to the oscillating function. 

2. The transformed models yield accuracy similar to the old model (the position differ- 

ence between the models is within one or two feet). 

3. The transformed models yield significant improvements in execution time (3.0 to 4.5 

times as fast). 

As to why this apparently has never been attempted before, it should again be noted that 

angular motion can often seem counter-intuitive, and that journal articles generally deal 

with 3-DOF approximations of 6-DOF models rather than with 6-DOF models directly, and 

that re-entry simulations represent a unique situation in the rigid body world in that there 

are few characteristics (e.g., thrust) present in missiles that can be used in approximating 

the angular motion of re-entry bodies. Hopefully, research such as this can aid in bridging 

the gap between mathematics and engineering. 
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The Algorithm 

The algorithm consists of four subroutines: the initialization/main routine, the integra- 

tion subroutine, the coordination transformation subroutine, and the equations of motion 

subroutine, which handles the aerodynamic forces and moments. 

When the initialization is complete, the algorithm goes into a while loop. For each 

iteration of the loop, the integration subroutine is called, and then the rigid body’s altitude 

is checked to determine if it has gone below sea level. If so, and if the rigid body’s altitude 

is not within one foot of sea level, the integration is backed up, the step size is interpolated 

based on the rigid body’s current and previous altitudes, and the integration is restarted. 

When the missile’s altitude comes within one foot of sea level, the program is halted. 

The integration subroutine first calls the quaternion subroutine and then the equations 

of motion subroutine. The quaternion subroutine is given below. 

A.1 Initialization 

First, initialize the step size (sec), the rigid body’s speed (ft/s), mass (slugs), length 

(ft), and diameter (ft). 

At = 0.125 

Urb = VO 

mrp = 50.0 

Lo = 8.0 

d, = 2.0 

48



APPENDIX A. THE ALGORITHM 

Next, compute the rigid body’s half cone angle (rad). 

6, = arctan (s7*)   

Next, compute the rigid body’s surface area (ft). 

d? 
8-5 = * (2, 4 —eb 

Initialize the rigid body’s angular velocity (rad/s). 

20.0 

Wrp = 0.05 

—0.03 

Initialize the rigid body’s latitude (rad). 

¢@= 0.0 

Initialize the rigid body’s longitude (rad). 

A= 0.0 

Initialize the rigid body’s azimuth (rad). This is the heading of the missile with respect to 

due north. 

A, = 0.0 

Initialize the re-entry or flight path angle (rad). 

_ Yor 

= 780.0 
  

Initialize the rigid body’s angle of attack (rad). This is the angle between the direction the 

missile is pointed in and the velocity vector. 

a=0.0 
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Initialize the radius of the earth (ft). 

Pe = 2.089997 - 10’ 

Initialize the rigid body’s altitude (ft). 

hyp = 5.0- 10° 

Initialize the rigid body’s position vector in the geocentric frame (ft). 

(hep + re) cos pcos A 

Pye =] (hy +re)cosdsinA 

(hop +r.) sing 

Initialize the rigid body’s velocity vector in the geocentric frame (ft/s). 

cos cos A siny — cos ysinA sin A, — cosy cosAsingcos A, 

Voc = Urb | cos PsinAsiny + cosy cos Asin A, — cosycosA sin dcos A, 

sin @sin y + cosy sin A, cos@ 

Initialize the geodetic vertical unit vector. 

cos ¢cos A 

wm gc — | cosdsinA 

sin @ 

Compute the unit vector of the geocentric velocity vector. 

a = Vc 

Urb 

  

Compute a second unit vector. 

i, xh i = 1 * oe 
I|t41 X Agell2 

Compute a third unit vector. 

tii X thy ~ 

i = ——— 
3 lft x dl] 
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Initialize the geocentric to velocity transformation matrix. 

Tyc2y = (t1, tha, tts) 

Initialize the velocity to missile rotational matrix using a. 

Ty2m = T(a)y 

Initialize the geocentric to missile transformation matrix. 

Tyc2m = TyramT gcav 

Initialize the missile to geocentric transformation matrix. 

Tmige = T3c2m 

Initialize the Euler angles (rad). 

Lgcam LL 

63 
cos — 

2 

a3 
2 

93 

T5cam 
6, = arctan (Freee ») 

Toc2ma2 

6. = arctan cos 91 Fycama 
Toc2maq 

Initialize the quaternion vector. 

1 = sin 2 cos © cog 2 + cos 91 sin 22 in 
2 2 2 2 2 

goa = cos © cos 2 sin © 4 sin 2 sin 
2 2 2 2 2 

= cos A si 92 cos 83 + sin A cos 82 sin 
8% = 20 2 9 2°" 9 

= cos 1 cos 82 cos Bs + sin 1 sin 2 sin 
“= 2° 2°" 9 2° 2 

Initialize the moment of inertia matrix (ft? slugs). 

8.0 0.0 0.0 

To=] 0.0 63.9 0.0 

0.0 0.0 64.1 

dl 
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Initialize the gravitational constant (Ib ft? slug~'). 

G = 3.438191- 107° 

Initialize the earth’s mass (slugs). 

m, = 4.105551 - 107° 

Tnitialize the inverse moment of inertia matrix (ft~? slugs‘). 

re = (Ire) 

If using the angular momentum transformation, compute the initial angular momentum, 

and pitch/yaw amplitude and phase. 

  

  

H = T,pWrp 

A, = pag 2 + 2 

H. 
P, = arctan (3) 

If not using the unmodified formulation, compute the initial amplitudes and phases of the 

quaternions. 

A,(0) = 4j(0) + 93(0) 

A,(0) = 93(0) + 93(0) 
a P,(0) = arctan ( 

(9) qa(0) 
at) P,(0) = arctan ( 

°) q2(0) 
For details on handling singularities, see Section 3.3. If using the g transformation, com- 

pute the initial quaternion derivative, and the derivatives of the quaternion phases and 

amplitudes. 

G4 — 42 

93 a —-h 
Q = 

Gz 01 q4 

—% —92 —48 
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l 
q = 3 euro 

i 194 + 0194 A, = BStHU 1 A 

A, = BBtoD 
A» 

: 4h — 4h 
PR = Oo, 1 A? 

: 9293 — 9293 P, = BPB-RB 
AS 

For details on handling singularities, see Section 3.3. Initialize the state vector. If using the 

unmodified formulation use the following state vector. 

SV; = V,4,i = 1,2,3 

SV; = P4,i= 4,5,6 

SV; = wp, = 7, 8,9 

SV; = q,# = 10,11, 12,13 

If using the angular momentum transformation, use the following state vector. 

SV; = V,»,t = 1,2,3 

SV; = Py,i = 4,5,6 

SV; = Hy 

SVg = Ap 

SVo = Pr 

SVio = A 

SVir = Ape 

SVi2 = Pi 

SViz = P, 
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If using the g transformation, use the following state vector. 

SV; = V,s,i=1,2,3 

SV; = P.»,i = 4,5,6 

SV, = A 

SVg = Ap 

Sv = Pi 

SVio = Pr 

SVii = Ai 

SVi2 = A 

SViz3 = P; 

SVis = P» 

A.2 Integration 

The integration subroutine is a fourth order Runge-Kutta, the equations for which are 

as follows: 

ky = f(t, vi) 

~ At _ <-At 
ko = f(t+ ap vit ap) 

~ ~ At ,. 2-At 
kz = f(t+ a9 vit Hap) 

ky = f(t+ At, 9+ ksAt) 
~ ~ 1 =~ —_~ — = 

Yio = vit gate + 2kp + 2k3 + ka) 

The derivatives of the state vector are computed for each kj. 
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A.3 Coordinate Transformations 

If the standard formulation is being used, get g and w,, from the state vector. Otherwise 

get the quaterion amplitudes and phases from the state vector and compute the updated 

quaternion. 

A,(t)- 

A(t) - 

A3(t) - 

A,(t)- 

Oy
 

sin( P,()) 

sin( P2(t)) 
sin( P3(t)) 

sin( P,(t)) 

If the angular momentum transformation is being used then get the spin angular momentum 

and pitch/yaw angular momentum amplitude and phase from the state vector, and compute 

the updated angular momentum and velocity. 

s Ay 

H = | Ag(t)sin(Ps(t)) 

A3(t) cos{ P3(t)) 

Wh = TH 

Compute the matrix Q. 

qa —43 q2 

q3 qa —q 
Q= 

—~Q 71 G4 

—Hm —d2 —48 

If the g transformation is being used then get the quaternion amplitude and phase derivatives 

from the state vector, compute g, and compute the updated angular velocity. 

Ay sin P; + A, P, cos P; 

Ao cos P, _ AoP2 sin P» 

q = . . 
Ag sin Py + AoP> cos P2 

Ay cos P, _ Ai P; sin P,; 

Wh = 2974 
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Compute the updated transformation matrices. 

G-%G-G%+9i 29192 + 9394) 2(9193 — 9294) 

Tjc2m = 2192-9394) —aitg?-—ai+aqe 2(¢293+49194) 

2(¢193 + 9294) 2(g293 — 9194) -g@-g@tigt+@ 

T. = TF m2ge — gc2m 

If using the standard formulation or the angular momentum transformation, compute q. 

. dL 
q= 7 Mure 

If using the standard formulation, place q into the state vector. If using the angular mo- 

mentum transformation, compute the quaternion amplitude and phase derivatives. 

A, = 11 “ 7 : 4 

A, = = + “e 

P= 9491 B 9471 

. 9293 — 9293 b= a 

For details on handling singularities, see section 3.3. If not using the standard formulation, 

place the quaternion amplitude and phase derivatives into the state vector. 

A.4 Equations of Motion 

First, get the position and velocity vectors from the state vector. Compute the altitude 

(ft). 

arb = | Poclle — Pe 

Compute the air density (slugs/ft?). 

_ 2.5033163- 10~® 
orb 

2 15060.0 
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Compute the gravitational acceleration in the geocentric frame (ft/s”). 

i. = P,.m.G 
ge =~ S35 

Pll 

Compute the dynamic pressure on the rigid body (ibs/ft7). 

g= 0.5||Vgell3 

Compute the velocity in the rigid body frame (ft/s). 

~ 3 

Vin = gc2m Vac 

Compute the angle of attack (rad). 

V Ving + Ving 
a = arctan | -——_—————_ 

Vin, 

Compute the velocity to missile rotational angle (rad). 

6, = arctan (=) 
Ving 

Compute the axial force coefficient. This represents the air flow over the rigid body’s 

nosecone. 

C. = 2sin? 6, + sin? a(1.0 — 3.0 sina) 

Compute the normal force coefficient. This represents the air flow perpendicular to the 

rigid body, and is also referred to as lift. 

C,, = cos” 6; sin2a 

Compute the pitching moment coefficient. This moment arises from the normal force. 

1.0 . 
>= — 30000 tan 6; sin 2a   
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Compute the pitch damping moment coefficient. Just as a damping force causes a spring to 

attempt to snap back to its original position, a pitch damping moment causes a rigid body 

to attempt to snap back to its original orientation. 

sina 
Cy =   

~ gin? Op, 

If the angle of attack is ten degrees or more, then compute the pitch damping moment 

differently. 

sin —— 18.0 
Ca=- : + 

sin” 0; 

I   

If the rigid body’s altitude is less than 100,000 feet, then multiply all four coefficients by 

ten. This is done to simulate turbulence. Then compute the aerodynamic force vector in 

the missile frame (lbs). 

Ca 

Fy = —-qsp]| C,, sind, 

C,, cos 6, 

If not using the angular momentum transformation, compute the angular momentum (ft? 

slug / sec) in the rigid body frame. 

H = TF, pwep 

Compute the derivative of the angular momentum (ft? slug / s”) in the rigid body frame. 

0.0 

H= q8,5d,4 Cara + Cp cos @,, — Wp X 

ae + C, sin 6, 

If not using the angular momentum transformation, compute the angular acceleration 

(rad/s). 

- _ yl = opp, = 15H 
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Compute the acceleration in the geocentric frame (ft/s?). 

~ Fa 
Age = Jae + Tmo coc. 9 g Mb 

Place the acceleration and velocity vectors in the state vector. If using the unmodified 

formulation, place the angular acceleration vector in the state vector. If using the angular 

momentum transformation, compute the pitch/yaw amplitude and phase derivatives, and 

place them in the state vector along with the derivative of the spin angular momentum. 

i HH; + HoH, 
A = el 

Ay 
° H3H, — H3H 

Pr AR H 

If using the g transformation, compute the second derivatives of the quaternions, then 

compute the second derivatives of the quaternion amplitudes and phases, and place them 

in the state vector. 

  

  

  

  

- 1. 1. 
g = 5 ere + 5 ewrs 

A = (MHA t G4Ge + QAI — (Qh + 444) AI 
1 2 

Z, — (gee + B+ gods + 43) Ad — (ade + 2d) Ar 

= (gag — Gam) Ai — (qahi — gam )2Ay P, = 4 
A; 

= __ (q293 — G2q3)A2 — (9293 — 9293)2A2 PR = z3 
2 

For details on handling singularities, see Section 4.2. At this point, control is turned back 

over to the integration subroutine, and the appropriate state variables are updated. 
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Results from Other Test Cases 

This appendix contains results from the other three test cases from the V-gamma map 

(steep dive, high velocity; shallow dive, low velocity; shallow dive, high velocity). The tables 

for each test case are the same ones used in Chapter 5. One should note the similarities 

among all test cases. For example, the unmodified formulation is always unstable for a 

step size above one eighth of a second, the q transformation is always unstable for a step 

size above one second, and the angular momentum transformation is always unstable for 

a step size of 24 seconds. Also, unacceptable errors creep into the angular momentum 

transformation solution for a step size of ten seconds or more. Finally, the percentage 

reduction in execution time is approximately the same for the two transformations in all 

test cases. 

The tables below contain data for the following three cases: 

Case 2. Steep dive, high velocity, Tables B.1—B.6. 

Case 3. Shallow dive, low velocity Tables B.7-B.12. 

Case 4. Shallow dive, high velocity Tables B.13-B.18. 
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Table B.1: Case 2: Velocity error (in feet/sec) at 100,000 feet. 

  

  

  

  

  

  

  

  

  

                  

  

  

  

  

  

  

  

  

  

                

Unmodified Alternative 1 Alternative 2 

Step | Absolute Relative Absolute Relative Absolute Relative 

1/16 | 0.00-10° | 0.00-10° | 1.69-10-' | 1.07-10-° | 1.28-107? | 8.06. 107° 
1/8 | 8.00-10-* | 5.06- 1079 | 1.69-10-' | 1.07-10-° | 2.64-10~? | 1.67- 10-6 

1 unstable | unstable | 1.69.10! | 1.0700-10-° | 3.98-10-7 | 2.52- 107 
5/4 | unstable | unstable | 1.69-10-' | 1.07-10-° | unstable | unstable 

4 unstable unstable | 5.20-107! | 3.29-107° unstable unstable 

8 unstable | unstable | 4.13-10-* | 2.61-10-° unstable | unstable 
10 unstable unstable 1.41- 10? 8.92-10-° unstable unstable 

24 unstable unstable unstable unstable unstable unstable 

Table B.2: Case 2: Position error (in feet) at 100,000 feet. 

Unmodified Alternative 1 Alternative 2 

Step | Absolute Relative Absolute Relative Absolute Relative 

1/16 | 0.00-10° | 0.00-10° | 8.87- 1074 | 4.22-107"' | 7.70. 1077 | 3.65-10~° 
1/8 | 2.61-10~? | 1.24-10-° | 2.64-10-? | 1.26-10-°% | 2.64- 10-7 | 1.26- 1079 

1 unstable | unstable | 1.35-10~? | 6.44-10-!° | 3.98- 10-2 | 1.89-10-° 
5/4 | unstable | unstable | 1.15-107* | 5.46-10-'° | unstable | unstable 

4 unstable unstable | 4.24-10-2 | 2.02-10-° | unstable unstable 

8 unstable unstable | 6.29-107! | 2.99-10-° | unstable unstable 

10 unstable | unstable | 1.07-107 | 5.09-10-° | unstable | unstable 
24 unstable unstable unstable unstable unstable unstable 
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Table B.3: Case 2: Execution time ending the simulation at 100,000 feet. 

  

  

  

  

  

  

  

  

    

Step size (sec) | Unmodified | Alternative 1 | Alternative 2 
1/16 2.07 2.20 2.18 

1/8 1.05 1.16 1.07 

1 unstable 0.17 0.16 

5/4 unstable 0.15 unstable 
4 unstable 0.05 unstable 

8 unstable 0.03 unstable 

10 unstable 0.03 unstable 

24 unstable unstable unstable           

Table B.4: Case 2: Position and velocity errors at sea level for the different methods. 

  

  

  

          

Method Hybrid method 1 | Hybrid method 2 | Unmodified formulation 

velocity error 3.78 - 10° 7.69 - 10° 1.35 - 10° 
position error 6.32. 107! 1.58- 10° 4.81-107' 

execution time 0.30 0.43 1.38 
  

Table B.5: Case 2: Error in position and velocity at sea level using the angular momentum 

transformation with variable step sizes above 300,000 feet. 

  

  

  

  

      

Method Step size of 12.0 | Step size of 16.0 

velocity error 7.70 - 10° 1.75- 10! 
position error 1.23- 10° 1.27 - 10' 
execution time 0.30 0.30       

Table B.6: Case 2: Error in position and velocity at sea level using the angular momentum 
transformation with variable step sizes above 400,000 feet. 

  

  

  

      

Method Step size of 16.0 | Step size of 18.0 

velocity error 7.50 - 10° 1.68 - 107 

position error 1.36 - 10° 1.42. 10° 
execution time 0.30 0.30       
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Table B.7: Case 3: Velocity error (in feet/sec) at 100,000 feet. 

  

  

  

  

  

  

  

  

  

                
  

  

  

  

  

  

  

  

  

  

                

Unmodified Alternative 1 Alternative 2 

Step | Absolute | Relative | Absolute Relative Absolute Relative 
1/16 | 0.00-10° ; v.00-1y° | 7.49-107! | 4.7344-107> | 2.09-10-* | 1.3199- 107° 
1/8 | 1.27-10-4 | 8.03-10-° | 7.38-10-' | 4.67-10~> | 2.09-10-! | 1.32-10-° 

1 | unstable | unstable | 7.42-10-' | 4.69-107° | 2.12-107' | 1.34-107° 
5/4 | unstable | unstable | 7.58-107-' | 4.79-10-° | unstable unstable 

4 unstable unstable | 7.93-107! | 5.01- 107° unstable unstable 

8 unstable unstable 2.55- 10° 1.61-107* unstable unstable 

10 unstable unstable 1.72- 10! 1.09- 107° unstable unstable 

24 unstable unstable unstable unstable unstable unstable 

Table B.8: Case 3: Position error (in feet) at 100,000 feet. 

Unmodified Alternative 1 Alternative 2 

Step | Absolute Relative Absolute Relative Absolute Relative 

1/16] 0.00-10° | 0.00-10° | 4.02-10—* | 1.91-10-° | 6.65-10-* | 3.17- 107° 
1/8 | 3.84-10~2 | 1.83-10-° | 4.47-10-* | 2.13-107® | 3.57-10-? | 1.70- 107° 

1 | unstable | unstable [ 3.84-107* | 1.83-10-° | 7.15-10-? | 3.41- 107? 
5/4 | unstable | unstable | 6.41-10~* | 3.05-10-° | unstable | unstable 

4 unstable | unstable | 6.04-10-! | 2.87-10-° | unstable | unstable 
8 unstable unstable 1.13-10° | 5.39-10-" | unstable unstable 

10 | unstable | unstable | 5.05-10' | 2.41-10-° | unstable | unstable 
24 unstable unstable unstable unstable unstable unstable   
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Table B.9: Case 3: Execution time ending the simulation at 100,000 feet. 

  

  

  

  

  

  

  

  

    

Step size (sec) | Unmodified | Alternative 1 | Alternative 2 
1/16 3.40 3.47 3.45 

1/8 1.86 1.93 1.90 

1 unstable 0.34 0.32 

5/4 unstable 0.30 unstable 
4 unstabie 0.19 unstable 

8 unstable 0.15 unstable 

10 unstable 0.19 unstable 

24 unstable unstable unstable         

Table B.10: Case 3: Position and velocity errors at sea level for the different methods. 

  

  
  

  

        

Method Hybrid method 1 | Hybrid method 2 | Unmodified formulation 

velocity error 2.66 - 10° 3.80 - 10° 2.62-10~° 
position error 5.63- 107" 6.32-107* 6.88- 107! 
execution time 0.49 0.74 2.22     

Table B.11: Case 3: Error in position and velocity at sea level using the angular momentum 

transformation with variable step sizes above 300,000 feet. 

Table B.12: Case 3: Error in position and velocity at sea level using the angular momentum 

  

  

  

    

Method Step size of 12.0 | Step size of 16.0 

velocity error 1.37- 10° 1.44-10' 
position error 7.70- 107" 1.95-10' 
execution time 0.49 0.49         

transformation with variable step sizes above 400,000 feet. 

  

  

  

    

Method Step size of 16.0 | Step size of 18.0 

velocity error 1.43 - 10° 1.57- 10° 
position error 8.11-10-' 6.90 - 10° 

execution time 0.49 0.49         
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Table B.13: Case 4: Velocity error (in feet /sec) at 100,000 feet. 

  

  

  

  

  

  

  

  

  

                
  

  

  

  

  

  

  

  

  

  

                

Unmodified Alternative 1 Alternative 2 

Step | Absolute Relative Absolute Relative Absolute Relative 

1/16 | 0.00-10° | 0.00-10° | 8.13-107! | 5.14-10-° | 3.901.107" | 1.90- 107° 
1/8 | 1.34-1074 | 8.47-10-9 | 8.11-10-! | 5.13-10-° | 2.52-107' | 1.59-10-° 

1 unstable { unstable | 8.22-10-' | 5.19-10~° | 3.03-107' | 1.92-10-° 
5/4 | unstable [ unstable | 8.42-10-' | 5.33-10-° | unstable | unstable 

4 unstable unstable 1.74-10° | 1.10-10-4 | unstable unstable 

8 unstable unstable 8.81-10° | 5.57-10-* | unstable unstable 

10 unstable unstable 4.76-10: | 3.01-10-* | unstable unstable 

24 unstable unstable unstable unstable unstable unstable 

Table B.14: Case 4: Position error (in feet) at 100,000 feet. 

Unmodified Alternative 1 Alternative 2 

Step | Absolute Relative Absolute Relative Absolute Relative 

1/16 | 0.00-10° | 0.00-10° | 2.54-107? | 1.21-10-> | 2.74-107? | 1.31- 107? 
1/8 | 2.01-10-? | 9.57-107?° | 2.38-10-! | 1.13-10-® | 2.61-10-' | 1.24- 10-5 

1 unstable | unstable | 8.22-10-' | 3.91-10-® | 3.36-10~? | 1.60- 107° 
5/4 | unstable | unstable | 3.03-107' | 1.44-10-° | unstable | unstable 

4 unstable unstable 1.13-10° | 5.39-10-* | unstable unstable 

8 unstable unstable 4.00-10° | 1.90-10-’ | unstable unstable 

10 unstable unstable 1.17-107 | 5.58-107° | unstable unstable 

24 unstable unstable unstable unstable unstable unstable 
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Table B.15: Case 4: Execution time ending the simulation at 100,000 feet. 

  

  

  

  

  

  

  

  

    

Step size (sec) | Unmodified | Alternative 1 | Alternative 2 
1/16 2.59 2.67 2.65 
1/8 1.46 1.49 1.48 

1 unstable 0.23 0.21 

5/4 unstable 0.19 unstable 

4 unstable 0.07 unstable 

8 unstable 0.05 unstable 

10 unstable 0.05 unstable 

24 unstable unstable unstable           

Table B.16: Case 4: Position and velocity errors at sea level for the different methods. 

  

  

  

          

Method Hybrid method 1 | Hybrid method 2 | Unmodified formulation 

velocity error 1.55- 107! 3.90-10-! 3.92 - 1074 
position error 4.87-10—* 1.57- 10° 4.39-10~* 
execution time 0.41 0.59 1.82 
    

Table B.17: Case 4: Error in position and velocity at sea level using the angular momentum 

transformation with variable step sizes above 300,000 feet. 

  

  

  

      

Method Step size of 12.0 | Step size of 16.0 

velocity error 1.86 - 10° 1.98 - 10? 
position error 4.45.10! 1.24-10' 
execution time 0.41 0.41     
  

Table B.18: Case 4: Error in position and velocity at sea level using the angular momentum 

transformation with variable step sizes above 400,000 feet. 

  

  

  

      

Method Step size of 16.0 | Step size of 18.0 

velocity error 1.68 - 10° 1.93 - 10? 
position error 1.08 - 10° 1.02- 10° 

execution time 0.41 0.41       
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