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(ABSTRACT) 

Two mathematical models are applied to the study of a flight performance problem 

for an air-superiority fighter aircraft. The first model considers the body axes angular 

rates as control variables and is accordingly referred to as the body rate model. The 

second model is a rigid body model featuring rotational dynamics governed by the primary 

control surface deflections. The body rate model is intermediate between a point-mass 

model and rigid body model and accordingly, useful for preliminary design applications. 

Comparisons between the two models are made to determine the utility of each when 

applied to a particular flight problem. 

The integral flight performance problem combines notions of roll and pitch agility 

in a roll reversal maneuver. The flight problem is formulated as an optimal control 

problem for each of the models. Parameter variations in the initial flight condition 

specified by the load factor, and in the available roll and pitch control powers were studied 

and used to compare the models. The results indicate deficiencies in the body rate model 

as an accurate predictor of agile aircraft characteristics.
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Chapter 1 

INTRODUCTION 

The design of an air-superiority fighter requires appropriate metrics of fighter 

performance on which trade-off studies and comparisons can be based. Classical metrics 

include maximum speed, maximum rate of climb, and combat radius. Point properties 

such as the maximum speed or maximum rate of climb represent aircraft capabilities at a 

fixed instant of time. Integral properties define a quantity computed over some finite time 

interval, such as the combat radius or maximum range. Evaluating such integral properties 

requires some hypothesis about how the vehicle is operated. The Breguet range 

equation [1], for example, requires specific modeling of aerodynamic and propulsive 

characteristics and assumes the aircraft is operated in unaccelerated, level flight. 

New technology and increasing maneuvering capabilities of current fighter aircraft 

have changed the study of aircraft performance. With the advent of the F-16 class of 

fighters, energy maneuverability methods were developed [3]. In this setting, one focuses 

on energy-rate and turn rate as important metrics. In the late 1970’s, W. Herbst [11] 

developed the idea of supermaneuverbility in which an aircraft is permitted to maneuver at 

extreme (post-stall) angles of attack. One maneuver of this type, the so called Herbst 

maneuver, was studied by K. H. Well as an effective means of producing a rapid 180° 

heading reversal [20]. Pugatchov’s Cobra is yet another example of a 

Supermaneuver [21]. 

In the early 1980’s, Skow and others [18,12,8] began a discussion of aircraft 

agility. While no universally accepted notion of agility has been developed, the concept 

centers around the ability to rapidly change the “maneuver state”. For example, how 

quickly or effectively an aircraft can transition from level flight to a maximum turn rate 
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may be as important as the final value of the turn rate. Thus, it has become increasingly 

important to study transient maneuvering properties and to compare aircraft performance 

using appropriate measures of merit. Just as in the Breguet problem, integral measures of 

merit, such as the time to achieve a given turn rate, require some hypothesis about how 

the maneuver is performed. To provide a fair comparison of competing designs, it is 

important that the maneuver technique be optimal for the given design. Thus, we are 

motivated to develop appropriate maneuvers and metrics which quantify the notions of 

agility. This search is still an ongoing process. 

The development and study of agility metrics begins with preliminary analysis 

using an appropriate mathematical model. For the study of agility maneuvers, the model 

must capture at least some of the transient dynamics to be useful. In addition, models are 

sought which are both simple and accurate representations of the actual aircraft. These 

two properties are generally contradictory since simplification usually results in a loss of 

accuracy and increased accuracy requires a more complex model. The present study 

addresses this issue by comparing two different models applied to the same maneuver. 

Two mathematical models will be applied to the flight problem: a Body Rate 

model, which uses the body axes angular rates as controls, and a standard rigid body 

model which incorporates the moments produced by the aerodynamic control surfaces. 

The simulated flight results, advantages, and disadvantages of both models will be studied. 

In the study of the maneuver, the trajectory will be computed as an optimal flight problem 

which is designed to minimize some cost function. 

The proposed agility-type flight maneuver is simulated in order to determine its 

utility and to determine any limitations of the mathematical model used. The particular 

flight problem studied is classified as a roll reversal type maneuver, and the specific form 

of the maneuver was proposed by Kalviste to measure an agility parameter, YT [13]. This 

parameter is the product of the maximum cross distance covered by the aircraft, Y, and 

the time, T, to reach that point. Maximum Y coincides with the point for zero heading 
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angle. To perform the maneuver, an aircraft initially in a steady level turn at a specified 

load factor, n,, begins a roll back through wings level and instigates a turn in the opposite 

direction. The end of the maneuver is specified at the time when the velocity heading 

angle returns to its initial value. Kalviste does not present an optimal method for 

performing the maneuver but illustrates several different methods and the effect each has 

on the YT parameter. How the maneuver is performed can greatly affect the time of flight 

and/or the distance covered. As noted above, the fair comparison of aircraft designs 

mandates that one test the best performance of one aircraft against the best performance 

of another aircraft. Therefore, we propose to perform the maneuver in an optimal way to 

eliminate any bias generated from a specified method. 

For our purposes, the maneuver is to be performed in minimum time. An example 

of the maneuver is shown graphically in Figure 1.1. Besides the heading angle, y, none of 

the other aircraft states are specified at the final time. Specifically, the aircraft is not 

constrained to the horizontal plane and unlike a true roll reversal, the magnitude of the 

final bank angle may not be equal to the initial bank angle. Since we are interested in a 

heading angle change and not simply a reversal of the bank angle, the minimum time flight 

maneuver also includes an increased dependence on the pitching motion of the aircraft to 

regulate the heading angle rate of change. This characteristic provides for the study of 

trade-offs in roll and pitch control — information which may be useful to aircraft designers. 

In studying orientation maneuvers for possible flight test or combat applications, a 

typical debate centers on whether to orient the velocity vector or the aircraft nose through 

the body axis. The later is useful if one is concerned with a point and shoot scenario 

where proper alignment with the target is needed; however, with today’s advanced 

weapons technology, precise orientation of the nose with respect to a target may no 

longer be necessary. Furthermore, a pilot is not always concerned with offensive type 

maneuvers because rapid changes in velocity heading are useful for defensive 

maneuvering. With this consideration in mind, the optimal flight problem could be posed 

Chapter 1: Introduction 3



in anumber of ways by adding conditions at the final time specific to body attitude or path 

direction. However, as the number of final conditions increases, the likelihood of a pilot 

achieving every condition simultaneously at the final time decreases. Therefore, the 

problem was kept simple with a final condition only on the heading angle. Because the 

maneuver also incorporates changes in angle of attack to regulate the turn rate, an 

additional limit on the angle of attack was imposed. Other additional constraints or forms 

of the maneuver are possibilities for future research. 

In Chapter 2, the two models, the body rate model and the rigid body model, are 

presented along with a description of the F/A-18 HARV aircraft data used in the analysis. 

Chapters 3 and 4 address the optimal control problem and results for each of the models, 

respectively. In Chapter 3, the body rate model control problem is solved numerically as a 

multi-point boundary value problem. Due to the added complexity of the ngid body 

model, a discrete parameter optimization problem was solved in Chapter 4 instead of the 

boundary value problem. The comparison and analysis of both models centers around 

three major parameters, the initial turn load factor, the pitch control power, and the roll 

control power. The effects of these three parameters and some model specific 

characteristics are investigated in each chapter. In addition to the general solution and 

results of the rigid body optimal control problem, Chapter 4 addresses the comparison of 

the two models. In Chapter 5, conclusions on the utility of each model and their important 

differences are made. Ideas and recommendations for additional study are also made in 

the final chapter. 
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Final State: 

\ xX =Oatt=TOF 

MA All other states 
free. 

  
Initial State: 
Steady level 
night turn 
X=Oatt=0 

    y 
Figure 1.1. The Roll Reversal Maneuver 
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Chapter 2 

AIRCRAFT MODEL 

2.1 Equations of Motion 

Two mathematical models were applied to the optimal flight problem: 1) the Body 

Rate Model (BRM); and 2) the Rigid Body Model. The body rate model, as the name 

implies, uses the body axes angular rates, p, g, and 7, as control inputs, while the ngid 

body model uses the standard control surface deflections, 6,, 6., 6,, for the controls. The 

governing equations of motion for both models as applied in the optimal flight problem are 

presented below. A full description of the unsimplified rigid body equations and a 

derivation of the body rate equations are presented in Appendix A. 

In addition to the equations of motion, aircraft aerodynamic data was needed to 

complete the model. While the body rate model only requires the lift data (no explicit 

moment equations), the rigid body model includes the moments equations and the 

appropriate aerodynamic moment coefficients are needed. The required data was obtained 

from a database of the F/A-18 HARV obtained from NASA Langley Research 

Center [17]. A description of the HARV model used in this analysis is presented below in 

section 2.2. 

Since the flight problem involves the orientation of the velocity vector, it is natural 

to describe the motion in terms of wind axes coordinates. Thus, the following choices for 

the variables were made: 

x, y, Z: position 

V: speed 

a: angle of attack 
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side-slip angle 

body axes roll rate 
s 

3 
3 

body axes pitch rate 

a body axes yaw rate 

Ht. velocity bank angle 

y. velocity climb angle 

wv. velocity heading angle 

Several assumptions were made to fit our specific flight problem. Specifically, 

1. Constant speed 

2. Constant atmospheric properties 

3. Thrust along the flight path 

4. Symmetric flight 

The first two assumptions were made since the maneuver will occur over a short period of 

time, 1 to 2 seconds. Accordingly, the speed and altitude of the aircraft will not change 

appreciably. The final two assumptions are not extraordinary and were made to simplify 

the equations. 

2.1.1 Body Rate Model 

Use of a point mass model for these types of agility maneuvers is unsuitable since 

the transient dynamics in the body attitude are completely eliminated. A point mass model 

where the controls relate directly to the body attitude, e.g. a, will result in a discontinuous 

jump in body attitude and “infinite” body rates at time t=O. A discontinuity in body 

attitude clearly is not suitable for reorientation maneuvers where the measure of merit is 

the time to reach a specific attitude. In order to impose a zero initial body attitude rate of 

change, attention is then turned to the rigid body model in which all the aircraft kinematic 

states and angular rates are continuous at t = 0. However, this model is quite complex 

Chapter 2: Aircraft Model 7



compared to the point mass model and, as usual, we seek to simplify the model and reduce 

the number of states and differential equations. This step will greatly simplify the solution 

of the optimal control problem. Thus, the body rate model was developed in order to 

capture some of the transient dynamics without having to employ the more complex rigid 

body model. For the BRM, the body roll rate and body pitch rate are considered as 

controls, with the yaw rate determined by the symmetric flight assumption. The use of 

body rates as control variables places the body rate model intermediate to the point mass 

and rigid body models since continuity of the body attitude is preserved while allowing a 

discontinuity in the body rates. 

Keeping in mind all of the previously stated assumptions and simplifications, the 

following differential equations are derived for the body rate model, [see Appendix A]. 

x = +, n(o.)sin pt / cosy 21 

y= 5 (n(@.) cos — cosy ) iy) 

il = p/ cosa +7 sin [(n(o.) tan'y + tana cosy ) 2.3 

O=g +7, (cosy cos — n(o)) 2.4 

x = Vcosy cos x 2.5 

y = Vcosy sin x 2.6 

z=—-Vsiny 2.7 
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Based on the symmetric flight assumption the following expression is derived for the yaw 

rate. 

B = 0= psina +rcosa +7 sin pcosy 

=> r= ptano 4 & SNP cosy 2.8 
V cosa 

With the body rates as controls, the number of differential equations has been 

reduced from 12 to 9 and the assumptions (namely 1 and 4) reduce the number further to 

7 differential equations. The kinematic position equations are not specific to the body rate 

model and furthermore, compose an independent set which can be ignored if they are not 

needed directly in the solution. This leaves 4 differential equations (2.1 - 2.4) for the core 

of the body rate model. 

2.1.2 Rigid Body Model 

The equations of motion for the rigid body model are simply an extension of the 

body rate model equations. In this model p and g are no longer controls but states 

governed by the appropriate moment equations. Thus, in addition to Equations 2.1 

through 2.8 the following equations are added: 

— L+(y-1,ar 
2.9 P I, 

g = Me apr 7.10 

ly 

The moment terms, L and M, in the above equations must be computed from the 

control deflections and aerodynamic state. Any number of methods, from simple to 

complex, could be used to calculate the moment. Two factors influenced our choice for 

moment modeling: 1) simplicity for the numerical optimization and 2) the need for 

thorough understanding of the effect of the primary control surfaces before more complex 
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modeling is applied. Therefore, only the primary controls, 6,, 6., and 6,, were used to 

model their respective primary moments, L, M, and N, and all cross-coupling terms such 

as rudder effect on roll moment were ignored. This leads to the following expressions for 

the moment coefficients 

b 
C=C, PSS +, 08 a 2.11 

Cc - C€ 
Cm = Cm (&) + Crm, (0)q-— + ing, (0)d, + Cm, (cL). 2.12 

b 
Cy = Cy, (a)r— + Cry, (a), 2.13 

The yaw moment coefficient is included here since it was eventually needed in the 

rigid body model analysis. The angle of attack rate term,C,,., was included since the 

optimal flight problem was expected to demand rapid changes in angle of attack. While 

not as large as the other three terms — investigation revealed that the Cy, term would only 

produce 5% - 10% of the damping moment (all parts except the control term) when © 

was of the order of 1 rad/s — the term was retained since it was easy to compute from the 

HARV model and 5% - 10% may not always be insignificant. 

Each individual aerodynamic coefficient was used as a function of angle of attack 

only. The functional dependence on Mach and side-slip, while usually appreciable, was 

not applicable for this problem (M = constant and # = 0). The calculation of these 

coefficients from the HARV database is addressed in the next section. 

2.2 F/A - 18 HARV Aerodynamic Model 

The optimal flight problem was solved using aircraft data for the F/A - 18 HARV 

high performance fighter. However, the methods and results are intended to be quite 

general and applicable for any current generation air-superiority fighter. Considering the 

body rate model, the only aerodynamic data needed was the lift coefficient from which the 
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normal load factor, n, could be computed. Data for C, was taken from previous research 

by Thompson [19] and consisted of a series of polynomial fits to the HARV C, data. This 

data was ensured to be smooth - a necessary property for the numerical optimization. The 

remaining coefficients in the moment computations (equations 2.12 - 2.13) were generated 

directly from the HARV database for the range of angle of attack under interest. Again, 

to aid in the convergence of the numerical algorithm, the data was then fitted with splines 

to produce a smooth curve. 

The basic physical properties of the HARV used in all calculations are presented in 

Table 2.1. 

Table 2.1 F/A - 18 HARV Geometric Properties 
  

Weight, W 33,310 Ib 

Wing Ref. Area,S 400 ft” 

Wing Span, b 37.42 ft 

Wing chord, c 11.52 ft 

I, 23,000 slug-ft? 

L, 151,293 slug-ft” 

I, 169,945 slug-ft° 
  

Many of the control and configuration inputs available to the HARV model were 

ignored for the current problem and only the primary control surface deflections were 

considered. The aircraft model allows for independent right and left deflection of each 

control surface as dr, Os, Cer, OeL, Or, and d,, but these control deflections were 

simplified to symmetric deflections, eliminating the independent control of both right and 

left aileron, horizontal tail, or rudder. Table 2.2 lists the limits on each control deflection 

and their respective sign conventions. With these simplifications, the input list to the 

HARV model consisted of: M, h, @, p, g, r, Os, dz, and 6; For the specific optimal flight 

problem, a fixed Mach and altitude were chosen (M = 0.5, h = 5000 ft.). The last seven 
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variables in the list will be referred to as the input variable list. All other inputs to the 

HARV model were set to zero or the standard flight condition value. 

Table 2.2 Control Deflection Limits 
  

  

Control Surface Lower Limit (deg) | Upper Limit (deg) Sign 

On -25.0 25.0 + RTE down (LTE up) 

Ow -24.0 10.5 + TE down 

O; -30.0 30.0 + TE left 
  

In the database, the aerodynamic force and moment coefficients are computed 

internally as a sum of contributions from baseline configuration, control deflections and 

rotational damping, to name a few, and only the total force or moment coefficient at the 

specified state is returned. Since it would overburden the numerical optimization 

algorithm to call the entire database at each new state, the appropriate individual 

coefficients needed for the approximations in equations 2.11 - 2.13 were extracted from 

the database. This was accomplished by a finite difference averaging of the contribution 

to the moment of each control deflection and angular rate. For example, the pitching 

moment was first computed with all inputs at zero and then computed again at a new 

value of 6 e,: The change in C,, due to the elevator control is then 

AC,, =C,,(8 e )- C,, (0) 2.14 

and the desired derivative is then given by 

AC - 2.15 
me AS, 

  

Each individual coefficient, Cy ,C etc. was assumed to be only a function of 
ms, ° 

angle of attack (at constant Mach and #= 0) and not dependent on the control deflections 

or angular rate. In the absence of any non-linearities, the control power and rate damping 

coefficients could be computed using any finite difference interval, however, if non- 
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linearities are present the interval becomes important. We thus chose to compute an 

average value using a large interval. A range of 0 to dmx to was chosen for simplicity 

since the baseline moment coefficient (if any) could be found at the same time without an 

additional computation. 

This procedure was done for each of the input variables over a range of angle of 

attack from -10° to 40°. Computation of Cm, was quite simple, involving a call to a 

separate subroutine wherein the coefficient was computed directly and made readily 

available. In this way, each coefficient was now known as a function of angle of attack. 

The data was then fitted with simple cubic splines to improve the performance and 

convergence properties of the optimization algorithm [see Ref. 10, Chapter 7]. Appendix 

B contains all of the aerodynamic data. 

It is worthwhile to note that the HARV database computes the increment in 

moment due to a control surface from a tabular function, AC,. (x being any respective 

component) which may be a function of the control, 6,. However, the rate damping term 

is actually computed as Cy, -y, where Cy, is the tabular function multiplied by the non- 

dimensional rate y. The baseline terms C x, are also computed independently of the 

control surface and angular rates. Thus, our moment model only differs from the original 

database model in the linearization of the control power term 

8, 2.16 

The non-linearity of the function AC,, was investigated briefly and was found to 

be insignificant, especially for the aileron and rudder controls. These controls have 

symmetric deflections to either side of zero and the resulting moment from the database is 

also symmetric about the zero point. While more non-linearity was present in AC,, , the 

linearized model was considered adequate for these initial studies of our flight problem. 

As mentioned earlier, the points chosen for the difference calculation will affect the 

Chapter 2: Aircraft Model 13



control derivative if the function is nonlinear. Using the interval [0, demax], [0, Gemin], [Oemins 

Oemax ], OF [O-+A, 6--A] would all generate slightly different values for C,,. Since the 

non-linearity of AC, varied with angle of attack, no one choice of interval could 

possibly be accurate for the entire range of both angle of attack and elevator deflection. 

For the present study, Cinse was computed with the interval [0, dzmar] where Ozmax = 10.5°. 

Generally, a “true” solution accounting for the non-linearity would only deviate from the 

linear approximation by requiring a slightly altered elevator deflection to produce the 

needed moment. 

Chapter 2: Aircraft Model 14



Chapter 3 

OPTIMAL SOLUTIONS WITH THE BODY-RATE MODEL 

3.1 The Optimal Control Problem 

In this chapter the optimal flight problem will be solved using the body rate model 

as presented in Chapter 2. An example of the roll reversal maneuver was given in Figure 

1.1. The aircraft is initially flown in a steady, level, right turn at a load factor, n,. At time, 

to = 0, the aircraft rolls left until the velocity heading angle returns to its initial value, i.e. 

t= X= 0. The objective is to achieve y= 0 in minimum time. 

Our aircraft does not posses unlimited control] authority in p and g so some bound 

needs to be formed to limit the available control. In order to formulate a well-defined 

optimal control problem, the set of possible controls should be convex, which will 

guarantee the existence of a solution [14]. An elliptical bound on the control set was 

proposed in previous similar research [6,19] and that bound was adopted for the current 

problem for its simplicity and convexity. The form of the bound can be stated explicitly 

Ge) «(Sty 
and is shown graphically in Figure 3.1. The control bound could be made more accurate 

as: 

by including a dependence of the maximum body rates, Pmax and Gma,, on the angle of 

attack, but this functional dependence was not considered for the current problem. In 

addition, since this maneuver involves the pitching motion of the aircraft, the angle of 

attack limit must be considered in the problem, i.e. @ S Qmax. The flight maneuver was 

performed at M=0.5. At this Mach the angle of attack was g-limited (71mg, = 6 g’s) at 30° 
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and the maximum body rates (from Ref. 19) were chosen aS Pmax = 220 deg/s and 

max = 60 deg/s. 

The minimum time optimal control problem can be stated formally as a Mayer type 

problem with cost function 

J(u) = 0 (x(7),T) = T 3.1 

We then seek the controls p(t) and g(t) to minimize J subject to the following: 

state differential equations 

x(t) = f(x(t),u(t)) 2.1-2.4 

initial conditions 

x (0) =0 

y (0) =0 

10) =p, 
a(0)=a, 

3.2 

end conditions 

W(x(T),T) = X(T) = 0 3.3 

and state and control constraints 

S(®,t)=Aa(t)-a,,, SO 3.4 

2 2 

2 (4) <1 3.5 
P max q max 

Note that the initial values for angle of attack and bank angle are prescribed such that the 

aircraft is in a steady level turn of n, g’s. Specifically, C, is computed for the desired n, 

which leads to @ via the aircraft lift data, and 4 is computed as 44 = arccos(1/n,). For 
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simplicity, in the remainder of this chapter any reference to unconstrained or constrained 

arcs refers to the state constraint, equation 3.4. 

3.2 Solution Procedure 

3.2.1 Optimality Conditions 

By applying the necessary conditions for optimality [5], a multi-point boundary 

value problem (MPBVP) can be formed and solved to obtain the desired control histories, 

p(t) and q(t). First, the variational Hamiltonian was written 

H=A! f(x,u,t) 

sin =A, (g/ V)n(a) 
cosy 
  + hy 5 (n(01) cos Lt — cosy) 

  

thy Pp + £sinp(n(a)tany + tancicosy)| 
cosa V 

tio a +7 (cosy COS LL — n(c.) 

  

3.6 

Then the adjoint differential equations were formed by 

oH 1,=—-—— 
, Ox; 

leading to 

hy =0 3.7 

Ay n()sin pany A, siny —A, siny cosp 
2 cosy 

ry =—2 3.8 
V , ( n(0.) , 

+A, sin =— — tana siny 
; cos“ y 

t COS [L , 
A n(a)—— — AX, n(OL) sin LW 

Au = 7 x cosy Y 3.9 

+A, cosp(n() tany + tana cosy )— A, cosy sinp   
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an 
g | 0a 

V . . 

| V sine eee 

sin 
  (7, cOSsH +A, —he thy singtany 
cosy 

  p— 

& cos” a cos” Ol 

The optimal controls are derived from the Minimum Principle which states that at 

all times along an optimal trajectory the controls must minimize the Hamiltonian. Thus, 

H(A(t),x"(1),u"(t)) = min H(A(t),x"(1),u) 3.11 
u 

where x (t) and u(t) are the optimal states and controls, respectively, which leads to the 

equation 

oH =0 3.12 
ou 

to determine the control vector, wu. This is the general method for an unconstrained 

minimization, i.e. no bounds on u or the state variables. 

Since our problem includes a constraint on the controls, one would usually adjoin 

the constraint to the variational Hamiltonian before continuing. However, for the case of 

an unconstrained (state variable) arc, some simple observations can be made to avoid this 

step and determine the controls in a more physically understandable way. We will adjoin 

the state constraint to the Hamiltonian later under the discussion of state constrained arcs. 

First, since we are minimizing H with respect to the controls, we only need to 

consider the control dependent terms of the Hamiltonian. 

x p 
—- p+hq-q=[hy [cose Ag 3.13 

cosa q 

  Hep = 

The Hamiltonian is linear with respect to the control variables and equal to the dot 

product of the control vector with a vector defined by A, 2, and a. Thus, in order to 

minimize Hcp, the controls must compose a vector which minimizes the dot product. 
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Since our controls are limited by an elliptical bound, the optimal controls will lie on the 

bound of that ellipse. 

The elliptical bound can then be transformed in a circular bound by normalizing 

each control such that 

p -— =rcos0 

Pax 3.14 
q =—!_=rsin0 

4 max 

where r will always equal one when the controls are extremal. This transformation 

reduces the number of controls from two to one, and the control dependent Hamiltonian 

can be rewritten as 

  

    

Hep =——: Pax €080 + Mey “Fmax SiO 3.15 
cosa 

Then the extremal control angle can be found by the usual method 

dH cp Au ; =0=- sin +A, - cos@ 3.16 30 cosa. P max a ° 4max 

which leads to 

NI max COSO 
8 = arctan) ———"*"—_ 3.17 

u P max 

Since this equation for the extremal control involves the arctan function, care must be 

taken to chose the correct quadrant of @such that Hep is minimized at all times. 

Finally, the transversality conditions must be applied to determine boundary 

conditions on the adjoint variables. 

Xr j (T)= <¢ ; for the j states which are not specified at the final time, T 
xX: 

J \,=T 
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which leads to 

Ny (T) =Ay (T) =hq (T) =0 3.18 

The final adjoint, 2,, remains as an undetermined constant (recall hy = 0) to be found in 

conjunction with the optimal time to satisfy the final condition 

0 
ar ft oo =0 

Ot | _7 

which simplifies to 

sin WT) 

sy(T) 
8 Phy (Tn(O(T)) 3.19 

To summarize the unconstrained two-point boundary value problem (TPBVP), we 

have 8 differential equations 2.1 - 2.4 and 3.7 - 3.10 and one unknown time parameter, 

requiring 8 boundary conditions and one more equation to determine the unknown time. 

Equations 3.2, 3.3, and 3.18, provide the 8 boundary conditions on the initial states; final 

states, and final adjoint variables, respectively, and Equation 3.19 provides one more 

equation to determine the optimal time. Finally, the 2 controls, p and g, are determined 

by the optimality conditions in Equation 3.12, which is further simplified to one control 

given by Equation 3.16. 

To determine the necessary conditions on a constrained arc we first note that 

constraint, S(q@), is of first order since the control, g, appears explicitly in the first time 

derivative of S(@). 

dS() 

dt 
  = =q+(g/V)(cosy cost —n(a)) 3.20 
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Following the optimality procedure [Bryson, Chapter 3] we adjoin equation 3.20 to the 

Hamiltonian as 

H=2 f +v[q+(g/V)(cosy cos — n(at))| 3.21 

and form new adjoint equations as 

.,=-H 3.22 

The following optimality conditions are then applied to determine the controls on a 

constrained arc: 

Q
 H 

— =O and 
u 

  aS(O) _ 6 3.23, 3.24 

Note that H’ is still linear in the control variables so that extremal controls will again 

occur on the bound with the added restriction in (3.24). Physically, this condition states 

that in order to keep @ on the bound of Qa, for any finite amount of time, the time 

derivative, & , must be zero. Thus the pitch rate will be determined from 

gq =—(g/V)(cosy cos —n(a)) 3.25 

and p from equation 3.5 satisfied as an equality. Again the proper sign of p must be 

chosen to minimize Hep. 

The state constraint also leads to jump conditions in the adjoint variables and 

Hamiltonian at the start of the constrained arc [see Bryson, Chapter 3] 

Mitt) =A (7) — 2S, (A(t1),t)) 

H(t?) = A(t, ) +28, (0(t;).t) 
3.26 
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Explicitly, the results are 

Ay (tr) =A, (tr) 

Ny (ti) = Ay (tr) 

Au (t= Ay (ty) 3.27 

Neat] ) = Ag (ty )-2 

H(i) = H(z) 

indicating that the only variable which may be discontinuous is /¢. 

The differential equations and boundary conditions of the MPBVP for a 

constrained solution are similar to the unconstrained TPBVP. We again have 8 differential 

equations: state dynamics 2.1 - 2.4 with new costate dynamics 3.22 (4 equations) and one 

unknown time parameter, requiring 8 boundary conditions and one more equation to 

determine the unknown time. Equations 3.2, 3.3, and 3.18, again provide the 8 boundary 

conditions on the initial states; final states, and final adjoint variables, respectively, and 

Equation 3.19 provides the equation to determine the optimal time. To this, we modify 

the optimal controls computed by equations 3.25 and 3.5 as equality, and add conditions 

for the switching time, ¢;, and one jump parameter, z. These conditions are contained in 

S(@) = 0 (equation 3.4) and the continuity of the Hamiltonian (last equation of 3.27). 

3.2.2 Numerical Procedure 

The boundary value problems described above were solved numerically using a 

FORTRAN code “BNDSCO”. This routine implements a multiple shooting method to 

solve the multi-point boundary value problem. More information on the specifics of this 

code and the multiple shooting method can be found in the documentation [15]. 

In general, the MPBVP is difficult to solve, requiring a good initial guess for the 

unknown boundary values and switching points, if any. The procedure was expedited by 

solving an “easier” problem and then changing the parameters slowly to reach the desired 
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test case. For instance, a flight problem was initially posed to minimize y on a fixed time 

interval and at a low initial load factor of 1.5. The time interval was then adjusted until v 

was approximately zero at the end point. This solution was then used as an initial guess 

for the minimum time problem. From here the load factor could be increased to the 

desired level and the Pmax and Gmax parameters changed as well, always using the previous 

solution as the initial guess for the next level. 

3.3 Results 

The mathematical model contains three parameters, ”,, Pmax 2Nd Gmax, Which were 

used to study the dynamics of the motion and to assess the validity of the body rate model. 

In this chapter optimal solutions for a range of each parameter were obtained and studied. 

All cases were flown at a Mach 0.5 and 5000 ft. altitude. Refer to Appendix B for the 

aircraft C, data at this flight condition. 

3.3.1 Nominal Case 

As a first step to presenting the optimal trajectory, a nominal case will be presented 

and analyzed. Then any interesting results from subsequent cases can be compared 

without presenting every case in complete detail. The nominal case was chosen as a 4 g 

turn with Pmax = 220 deg/s and Gmax = 60 deg/s. 

An x-y plane view of the optimal maneuver is depicted in Figure 3.2 and the 

corresponding state and control histories of the optimal trajectory are shown in Figures 

3.3 (longitudinal states and control) and 3.4 (lateral-directional states and control). Note 

that the variables are plotted on a normalized time scale such that 7 = ¢/T, and the optimal 

trajectory consists of a single unconstrained arc. The total time of flight for the maneuver 

at n, = 4 was T = 0.656 seconds. When examining these figures, one must also keep in 

mind that the roll rate, p, and the pitch rate, g, are controls in this model and not states. 

Thus, the values for p(0*) and qg(0*) do not correspond to their respective values at the q P P 
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initial steady level turn. It will be shown below that this discontinuity leads to major flaws 

in the body rate model. 

The adjoint variables are plotted in Figure 3.5. Only the three “variable” adjoints 

are plotted, recalling that the fourth, A,, is a constant. In this case, 2, = 0.22703. Notice 

that all three satisfy the boundary conditions, (equation 3.18), at the final time. 

One of the reasons for our study of this particular maneuver was based on the fact 

that the maneuver would involve coupling and trade-offs in pitch and roll motions. These 

trade-offs and effects on the solution structure will be discussed in more detail in the 

following section, but for now we examine the general trends of the nominal case. 

Referring again to Figure 3.3 and Figure 3.4, the aircraft pitches down to decrease the 

loading while the wings are rolled left and then pitches up again after 4 = 0. Note that the 

time for minimum angle of attack does not correspond with the time for zero bank but 

leads 4 = 0 slightly. Presumably, the aircraft attempts to get a head start on increasing n 

for the end of the maneuver. The effect of this behavior on the heading angle change 

should be readily apparent. Unloading the aircraft reduces the turn rate thereby decreasing 

the heading angle change, and loading up at the end will increase the turn rate so that the 

aircraft returns to y =0 quickly. Note that the bank angle does not quite return to its 

initial magnitude out falls short by about 12°. This indicates a preference for pitch and 

increased load factor over roll and bank angle to drive the heading angle back to zero. 

This result should not be surprising since y¥ is directly proportional to n(q@) while the yw 

dependence enters through a sine term. In addition, it is worthwhile to note that the 

motion is not constrained in any other state at the final time. For a case constrained to 

level flight at the final time, one would expect an increase in bank angle and decrease in 

angle of attack in order to meet 7(7) = 0. 

The trade-off in roll and pitch control is also apparent in the actual control 

histories. Recall that the controls are limited to an elliptical bound so that a demand of 

absolute maximum rate in one rotation results in zero rotation in the other. Yet, the 
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eccentricity of the ellipse allows some pitch rate while maintaining respectable roll rates 

near the maximum. The optimal solution demands almost maximum roll rate initially then 

proceeds to sacrifice roll authority to increase the pitch rate. The high pitch rate at the 

end increases the load factor which in turn drives the aircraft back to zero heading. Note 

that negative pitch rate is not required to achieve a negative rate in angle of attack. At the 

initial condition 

O&, =gtg/V(I/n, —n,) 3.28 

The second term is negative for n, = 1, so q, need only be smaller than g/V(1/n, - nq), 

(-12.7 deg/s in this case) to produce a negative angle of attack rate. 

Since Kalviste originally proposed the roll reversal maneuver to measurer an agility 

parameter YT, this was our initial goal as well. The optimality conditions for minimum 

YT are similar to the minimum time conditions presented in section 3.2, with the addition 

of the y state and A, costate. The new cost function, ¢ = y(7)-T, also affects the 

transversality boundary conditions in equations 3.18 and 3.19. However, after studying 

optimal trajectories for both minimum time and minimum YT cost functions, this 

parameter was deemed impractical for flight testing since the cross range travel was so 

small. For the n, = 4 case, the y cross distance was only about 10 ft. (see Figure 3.2) and 

only varied by at most 10 feet when n, or the control parameters, Pmax and Gmax, Were 

changed. It hardly seems reasonable that such a small distance could be measured during 

a flight test in the presence of wind or slight difference in pilot technique. For these 

reasons, analysis of the YT parameter using optimal maneuvers was abandoned. 

3.3.2 Variation of No 

Optimal solutions for a range of initial load factors were studied to gain insight on 

the general characteristics of the optimal maneuver and assess the validity of the body rate 

model. Considering the TOF for a range of initial load factors, one would intuitively 

expect the maneuver time to increase as n, increased. However, a curious non-monotonic 
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behavior was observed when n, was increased beyond 5 g’s. This trend is shown in Figure 

3.6. As expected, the TOF initially increased as n, was increased but then decreased after 

reaching a maximum at approximately 5.25 g’s. 

The state and control histories were examined for initial load factors of 4, 5, and 6 

in order to analyze this unanticipated behavior. Figures 3.7, 3.8, and 3.9 show the velocity 

heading angle, angle of attack, and velocity bank angle, respectively, for each of the three 

Ny cases, (With Pmax = 200 deg/s and gma, = 60 deg/s), plotted on a real time scale. The 

heading angle history indicates that the n, = 6 aircraft achieves a wings level condition — 

marked by ¥ =O — faster than the n, = 5 aircraft. This condition can also be seen in 

Figure 3.9 where yz crosses the zero line. 

With this observation, we attempt to explain why the aircraft reaches wings level 

sooner at higher n,’s. Assuming that vis zero we can simplify equation 2.2 to 

Li = p/cosa +(g/V)sin pp tana 

and further noting that the second term is small compared to the first we conclude that wi 

is approximately equal to p/cos a. Thus if the body roll rate was held constant, Li would 

increase at higher angles of attack — or load factor, m,. Of course, the initial bank angle, 

Ho, also increases with n,, (44 = arccos(1/n,), but this increase becomes less significant at 

higher load factors. Figure 3.10 illustrates the diminishing increase of yz, at higher n, and 

the increasing magnitude of |i at higher load factors. Observing from Figure 3.9 that the 

rate of change in extremal bank angle is nearly constant, one can make a simple 

approximation to s(t) as 

W(t)=p, +t 

from which an approximation for the time to wings level can be made. 
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Using the initial value of [i as computed from the optimal solution for our 

constant bank angle rate and the corresponding initial bank angle, u,, Figure 3.11 was 

produced depicting the time to a wings level condition for the range of n,. Even though 

Ho has increased at higher n,, the corresponding increase in {i leads to a decreased time to 

wings level. The shape of this plot 1s quite similar to the TOF vs. 1, shown in Figure 3.6. 

This analysis used the implicit assumption that the initial body roll rate used to 

compute |i was of constant or roughly the same magnitude for all values of n,. 

Examining Figure 3.12 for the roll rate history for each n, case, one sees that p begins at 

roughly the same value for all cases — at or near Pmax. In fact, the initial p actually 

decreases at higher n,, indicating that even at a reduced roll rate, the effect of n, on Li 

serves to increase the rate of change in the bank angle. 

In addition to reaching wings level sooner, the higher load factor towards the end 

of the maneuver generate a higher heading angle rate of change. With the difference in 

maximum heading angle only about 0.6° between n, = 5 and n, = 6, the increase in ¥ may 

be enough to produce a faster maneuver. A highly simplified analysis of the effect of load 

factor on maneuver time was performed. Consider an aircraft performing two separate 

constant load factor turns of equal arc length, first to the right and then to the left. This 

maneuver is shown graphically in Figure 3.13. As a continuous path, this hypothetical 

maneuver approximates the roll reversal maneuver. Since we assume velocity to be 

constant along the path, the total length of the two arcs is proportional to the time of flight 

of the optimal control problem. Given the desired heading angle change, the arc length of 

one turn can be determined from basic aircraft radius of turn performance. The turn 

radius at constant velocity and load factor is given by 

y2 

R= —_——— 
g n? -1 

which leads to 
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S=RO= Ve 3.29 
g n*-1 

for the length of one arc and the entire path traveled is twice that value. Ideally, to 

compare this simplified turn to our flight problem, one needs to know a priori the heading 

angle change of each arc. Since one does not know this prior to solving the entire optimal 

trajectory, the values for @ were read directly from the y state history for each n, case. It 

may seem that this solution begs the question, but we only desire to determine the effect 

of increased load factor on maneuver time. That is, given an increase in heading angle 

change, will an increase in load factor produce a shorter maneuver and to what extent. 

Figure 3.14 shows the total path length computed as described for each n,. The 

results support our hypothesis, remarkably showing a decrease in path length in the very 

same region that the decrease in time occurred for the optimal trajectory. Of course, this 

was a highly simplified approximation to the optimal solution. The real aircraft does not 

fly at constant load factor and cannot switch instantaneously from a left turn to right turn 

at the halfway point. It does, however, indicate that given the small increase in maximum 

heading angle between n, = 5 and n, = 6, the corresponding increase in load factor will 

result in a faster turn. 

While the preceding analysis promotes a better understanding of the problem, the 

ultimate cause of the non-monotonic behavior can be traced to the form and assumptions 

of the model itself. The body rate model allows instantaneous maximum roll or pitch rate 

at t = 0", which is physically impossible for any aircraft. Furthermore, the maximum roll 

and pitch rate are not functions of angle of attack in this study, while in a real aircraft roll 

and pitch control usually diminish, sometimes drastically, at high angles of attack. These 

two characteristics of the model lead to the higher |i’s and the reduced time of flight. 

When the rigid body model is studied in the next chapter, these anomalies do not exist and 

the time of flight varies as expected. 
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3.3.3 Variation of Pmax and Qmax 

This section will discuss the effects of increased and decreased control power on 

the optimal trajectory. In particular, we are interested in analyzing the effect on maneuver 

time, the trade-offs between pitch and roll control, and the changes, if any, in solution 

structure and state histories, e.g. occurrence of state constrained arcs. Recall that the 

nominal body rates were Pmax = 220 deg/s and Gma, = 60 deg/s. In this section optimal 

solutions are examined with Poa, ranging from 70 deg/s to 340 deg/s and gma, from 10 

deg/s up to 180 deg/s. While these ranges may seem rather drastic or large, they do create 

some very interesting results which any aircraft or optimal control designer may find 

helpful. 

First, examine the effect of control power on TOF presented in Figure 3.15 for 

unconstrained solutions with n, = 4.0. It is apparent that the maximum available roll 

control has a much greater effect than pitch control, producing about a 23% increase in 

time for a 27% decrease in Pmax from the nominal and about a 14% decrease in time for a 

27% increase IN Pmax. The change in TOF versus Gmax, however, is almost negligible being 

less than 5% for the entire range Of Qmax (+ 30%). The results due to roll rate are not 

difficult to understand since roll is the primary motion of the maneuver, yet the minimal 

effect Of Gmax on the TOF is odd considering that pitch control seems to be favored in the 

second half of the maneuver (see section 3.3.1). This result indicates that the critical part 

of the maneuver is the initial roll to wings level or just beyond. Once the aircraft is banked 

in the proper direction it should be a simple matter to drive the velocity heading angle 

back to zero. This hypothesis also supports the discussion in section 3.3.2. The sooner 

one reaches wings level the faster the entire maneuver. 

The range of maximum control rates depicted in Figure 3.15 are sufficient to 

highlight the general effects of control power on TOF, but no other changes in the 

solution developed such as constrained arcs or abrupt changes in the trend of the state 

histories. In order to assess the model under a state constrained condition and possibly 
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discover any other anomalies, the range of maximum control power was increased. It 

quickly became apparent that obtaining these optimal solutions was a somewhat tricky 

matter, depending on all three parameters, 1, Pmax, aNd Gmax For instance, after 

computing the solution for a case at Mo), Dmaxi, 2Nd Gmax; a neighboring solution at n,;, 

Pmax2, 20d GQmax} WaS not always readily obtainable at that particular value of n, OF Gmax. 

However, if either of these two parameters were changed as well, then convergence to a 

solution may have been possible. The following results will try to focus on the highlights 

of the various solutions. 

The first structural change discussed is the occurrence of state constrained arcs. 

At Mach 0.5 the maximum angle of attack is g-limited at 30°, (g-limit = 6.0). For an 

initial turn at n, = 5.0 and Pmax = 220/deg/s, Figure 3.16 shows the angle of attack history 

for a range Of Gmax. from 10 deg/s to 180 deg/s. With sufficient increase in gma, up to 120 

deg/s, the optimal solution eventually encounters the @,q, constraint at the end of the 

maneuver, and at Gmax = 180 deg/s a significant portion of the maneuver occurs on the 

constrained arc. Note that the angle of attack enters the constrained arc smoothly as 

dictated by the continuity of the Hamiltonian from equation 3.24, which leads to 

continuity of the controls, p and qg. Also, this being a first order constraint , touch points 

are not possible [15], which made locating the constrained arcs much simpler. If an 

unconstrained solution exceeded the @,, limit, then the case was rerun with the 

constrained arc active generating the correct trajectory. 

The control histories for this range Of gma, are given in Figures 3.17 and 3.18, and 

the start of the constrained arc is apparent in both figures. While the controls are required 

to be continuous at the start of a constrained arc, no such requirement exists for their 

derivatives; thus, the occurrence of sharp corners at the start of the constrained arcs. It 

should be obvious that no true aircraft could produce such a corner in pitch and roll rate 

and furthermore, one should consider the large moments required to produce the pitch 
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acceleration just before the constrained arc to determine if they are feasible. These 

moments will be discussed in more detail in section 3.3.4. 

Stepping back to the alpha history (Figure 3.16), it is interesting that the optimal 

solution demands an increase in angle of attack and thus n, even before the aircraft has 

reached wings level and begun the left turn, (see Figure 3.19 for the heading angle 

history). This would seem to increase the maximum heading angle excursion resulting in a 

longer TOF. However, it is hypothesized that the optimal solution attempts to get a head 

start on increasing the load factor and the increased second half turn rate surpasses any 

effect of increased y. (Note the discussion on decreased time due to higher load factors in 

section 3.3.2) In addition, since the shape of our elliptical bound has changed, becoming 

more circular, the aircraft can achieve more pitch without sacrificing roll. This is 

exemplified by a pitch rate of up to 50 deg/s when qmax = 180 deg/s while the gma, = 60 

deg/s case can only manage about 15 - 20 deg/s at the same roll rate. With this capability 

the aircraft has no problem in reaching wings level quickly (see Figure 3.19) — an 

important characteristic. 

Going the other direction, a reduction in gma, to the extreme case of 10 deg/s, the 

trend of initial low pitch rate slowly increasing towards the end of the maneuver is still 

present, but the maximum available pitch rate is so small that the aircraft is unable to 

overcome the natural kinematic decrease in angle of attack given approximately by the 

second term of Equation 3.28. Even at a reduced load factor of 3.0, this crippled aircraft 

needs at least 9 deg/s of pitch rate just to maintain a constant angle of attack. At this 

reduced level the maneuver time is still just 7.3% lower (TOF = 0.7307) than the nominal 

case at Gmax = 60 deg/s. 

Moving on to the effects of maximum roll rate on the optimal flight problem, we 

encountered a slightly opposite situation. While changes in solution structure occurred 

when Gmax Was increased, here a decrease iN Pmax produced the most interesting results. 

For the most part, the Pax family of optimal solutions was easily obtained for a large range 
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Of Pmax, and the state histories varied smoothly from one Pmar to a neighboring Prax. The 

maximum heading angle excursion increased aS Pma, Was reduced and visa versa, and the 

aircraft became more dependent on angle of attack to control ¥ by both pitching down 

and pitching back up to a greater extent aS Pma, was decreased. However, below a certain 

point in Pmax, the structure of the optimal solution changed dramatically, notably for the 

heading angle and angle of attack as well as the adjoint variables. For n,= 5.0, the 

heading angle and angle of attack are plotted in Figure 3.20 and Figure 3.21, respectively, 

with the corresponding roll and pitch controls given in Figure 3.22 and Figure 3.23, 

respectively. The change in solution occurred roughly between 90 deg/s and 100 deg/s in 

maximum roll rate. Figure 3.24 highlights the TOF in the region of interest. A small 

“gray area” wherein solutions of both type were obtainable was observed. Outside of this 

region, one of the structures was no longer considered an extremal by the BNDSCO code. 

For completeness, the adjoint variables are plotted in Figure 3.25 - Figure 3.27. The 

change in solution structure is readily apparent. 

While the change in states is drastic, the hypothesized causes and effects are quite 

reasonable. As the aircraft becomes increasingly sluggish in roll rate, the optimal solution 

switches from favoring roll rate to relying on pitch rate. Notice in Figure 3.22 and Figure 

3.23 that the initial roll rate has moved away from the region near Pmax While g jumps to a 

position near Gmax. The “usual” course is no longer cost effective and has been replaced by 

a maneuver which dumps the load factor to stop the progression of 7 until the bank angle 

can catch up. Then the aircraft loads up and drives y back to zero (see Figure 3.20 and 

Figure 3.21). This form of the maneuver is actually quite similar to the very first optimal 

solutions obtained, wherein instead of rolling left, the aircraft would pitch down to a 

negative angle of attack and perform a negative g turn until y was again zero. While the 

time for such a maneuver was less than the usual roll reversal method, this result was 

undesirable for our study of roll agility. To alleviate the problem, the solution was 

temporarily forced to maintain positive angles of attack. Once the desired trajectory was 
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produced, the positive @ constraint was lifted. Thus, the desired form of the maneuver, a 

roll reversal, is only a local minimum to the optimal control problem. 

As a final note, the Pma, at which the solution changed appeared to be a function of 

both n, and Gmax With Pmax increasing aS Gmax Was increased but decreasing aS ny was 

increased. For example, the cutoff Paar was about 95 deg/s at n,= 5.0 and Gmax = 60 deg/s 

moving to approximately 120 deg/s at qmax = 100 while the cutoff pya, decreased from 

about 185 deg/s at n,= 1.5 to 95 deg/s at n, = 5.0 keeping max constant at 60 deg/s. 

3.3.4 Feasibility of the Optimal Trajectory 

Some questions have already been raised in section 3.3.2 (variation of n,) which 

address the shortcomings of the body rate model. In addition to these, the steep gradient 

in the body rates, especially pitch rate, just before a constrained arc may be unobtainable 

by areal aircraft with elevator and aileron controls. Violation of the attainable moments is 

a natural consequence of this model since the body rates are control variables and not 

governed by moment equations, but analysis of the required moments is still a useful tool 

to determine the worthiness of the model. Along the same lines, the yaw moment required 

to maintain the symmetric flight assumption should be tested. 

Returning to the constrained arc cases depicted in Figure 3.18 one notices a rapid 

drop in the pitch rate just before the start of the constrained arc. Such a steep gradient 

requires a very large pitching moment. For the case when gma, = 180 deg/s the required 

pitch and roll moments were calculated and are plotted in Figure 3.28. As expected a 

large spike in pitching moment is required just prior to the start of the constrained arc. 

While this result is not surprising, the rather large moment still required while on the 

constrained arc is unexpected since q is almost zero for the remainder of the maneuver. 

The moment here results from the gyroscopic contribution (7 274, \pr. This term is 

rather large due to the high body roll rate (-220 deg/s) and the high yaw rate required for 

symmetric flight. To maintain £ = 0 while rolling about the body axis at a high angle of 
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attack requires a rather significant yaw rate, in this case about 130 deg/s. The gyroscopic 

moment produced is in the positive sense and thus requires a negative moment from the 

aerodynamic and control forces to maintain the desired pitch rate. The large gyroscopic 

contribution also explains the need for negative pitching moment for the n, = 5.0, 

Pmax = 220 deg/s, and Gmax = 60 deg/s case, also plotted in Figure 3.28, even though g is 

Strictly positive for this case. 

Using data from the F-18 HARV, the maximum and minimum attainable moment 

coefficient for an average state of 20° angle of attack, 20 deg/s pitch rate, and -220 deg/s 

roll rate were computed. The results are given in Table 3.1. Beginning with the roll 

moment, attaining the positive moment to produce a decrease in roll rate (magnitude) 

poses no problem, but the peak just before the constrained arc does exceed the limit. 

Upon comparison of the pitching moments, the majority of the pitching moment required 

by this analysis is not attainable using just the primary horizontal tail control. Even the 

unconstrained nominal case requires more pitching moment than is available. The cause of 

the high required moments is mostly due to the high yaw rate needed to maintain 

symmetric flight and not from any drastic changes in pitch rate, (for the nominal case). 

Table 3.1 F-18 HARV Moments 

Moments at @ = 20°, 

Pmax =220°/S, Gmax =20°/s 

  

Max. Min. 

Cn 0.21 -0.26 

C; 0.070 -0.0047 
  

The high yaw rate naturally leads one to consider whether the required yaw 

moment is available to satisfy the symmetric flight assumption. The time derivative of 

equation 2.8 for r was taken to produce an expression for r valid at any known state. (A 

central difference calculation was used to find p from the known p history). Using this 

value of 7 , the required yaw moment was then computed using the appropriate moment 

equation (see Appendix A). Both the yaw rate and yaw moment coefficient are given in 
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Figure 3.29 for a nominal case at n, = 5.0. Note that even though the magnitude of the 

yaw rate is quite high, the total change is never more than just 10 deg/s. Using only the 

rudder control, the maximum and minimum available yaw moment coefficients from the 

F-18 at 20° angle of attack and a yaw rate of -1.3 rad/s (75 deg/s) are approximately 

0.034 and -0.015, respectively. The required yaw moment generally falls within these 

approximate limits, exceeding them only slightly near the initial state and at the 3/4 point. 

Of course, the body rate model implicitly assumes and impulsive moment at ¢, to produce 

the discontinuity in the body rates. 

While the assumption of symmetric flight is attainable using the body rate model, 

the model assumes extraordinarily high yaw rates to satisfy this requirement. In turn, 

these high yaw rates coupled with the pitch and roll rates produce large gyroscopic 

moment effects which skew the other moment requirements, especially the pitching 

motion. 
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Figure 3.1. Elliptical Body Rate Control Bounds 
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Chapter 4 

OPTIMAL SOLUTIONS WITH THE RIGID BODY MODEL 

4.1 The Optimal Control Problem 

With a good estimate of the behavior of the optimal flight problem obtained using 

the body rate model, we now proceed to apply the rigid body model to the optimal flight 

problem. The two solutions will then be compared and a determination of the accuracy of 

the body rate model will be made. 

The same flight problem depicted in Figure 1.1 and described in detail in Chapter 3 

is studied here, with the addition of the rigid body moment equations to the aircraft model 

as described in Chapter 2. Since the roll and pitch rates are no longer controls, 

appropriate initial conditions must be found to satisfy the initial steady, level turn. These 

are found from the initial conditions on a and [1, specifically they both must be zero for a 

steady, level turn. Note that this condition was not specified with the body rate model 

since p and g were control variables. This led to a discontinuity at t= 0 in both @ and. 

Using equations 2.4 and 2.3 and recalling that y = 0, the initial values for the roll and 

pitch rates in the rigid body model are 

Po = ~ sin WW, sina, 
V 

qg= - (cost, —n,) 
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Unlike the control bounds on the body rates which were slightly fabricated to fit 

the problem, the rigid body controls are the aircraft control surfaces, 6, and 6., which have 

real physical limits. These limits were presented in Chapter 2 and form a square bound on 

the control set of the form 

<6,(t) S86, 

S$6,(t) Sd, 

amin 

Emin 

The angle of attack limit, @ < Qmax, Will also be used where needed in the analysis. 

.2 Solution Procedure 

4.2.1 Bang - Bang Control Parameterization 

With the addition of the moment equations and the functional dependence of the 

moment coefficients on angle of attack, the rigid body optimal control problem was 

deemed to be too complex to be solved as a multi-point boundary value problem. In such 

cases, it is common practice to employ approximation methods. Because we seek control 

functions, specifically time histories for the control surface deflections, our problem is 

infinite-dimensional. One approach is to parameterize these time histories in finite 

dimensional space and to numerically solve the resulting initial value problem for the 

aircraft motion. Several numerical codes are available which employ these ideas (POST 

[4], OTIS [16]). In this way the problem is transcribed to a nonlinear programming 

problem (NLP) of the form 

minimize F(z) 
zER" (NLP) 

subject to c;(z) 20, i=1,...,m. 

The practical benefit of this transcription relies on numerical procedures to solve 

the NLP problem. Here we employ an implementation of a sequential quadratic 

programming problem (SQP). The SQP algorithm solves the NLP by a series of 
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subproblems which use a quadratic approximation to the Lagrangian function subject to 

linear constraints. The general form of the quadratic subproblem is 

ae 1 
minimize gip + —p' Hp 

pER” 2 (SQP) 

subject to Ap = —¢ 

where g is the gradient of the cost function, F, H is the Hessian of the Lagrangian, ¢ 

represents the value of the active constraints at the current iterate, and the rows of A 

contain the gradients of the constraints. We then seek to step from z to z%4; by one- 

dimensional search along the vector, p, the solution of the quadratic subproblem. Our 

numerical algorithm employs central difference calculations to estimate the function and 

constraint gradients and a quasi-Newton method to generate an approximation to the 

Hessian. Refer to Reference 10, Chapter 6 for more details on the SQP method. 

For our flight problem, the cost function is the maneuver time, 7, with constraints 

on the final heading angle, angle of attack, and controls. Numerically, each evaluation of 

the cost function and constraints requires the solution of an initial value problem for the 

aircraft motion. The final time, 7, can be considered as one the variables in the parameter 

vector, z, and the remaining variables parameterize the controls. The SQP algorithm 

attempts to minimize the flight time subject to the constraint 7/7) = 0. With the numerical 

method chosen, all that is needed to solve the optimal control problem is a 

parameterization for the controls, 6, and 6.. Even though the SQP routine does not 

involve any computation of the Hamiltonian or adjoint variables, some insight to the 

current problem can be gathered by examining the Hamiltonian of the new problem. The 

control dependent terms of the Hamiltonian are 

=), LOrPPa) 44, Md) 
I, ly Hep 
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which reduces to 

Hep = (A pbCj, (04) + kgCCing, (0) ) 75 4.1 

where q is the dynamic pressure, S the wing reference area, b the wing span, and c the 

wing chord. Again the Hamiltonian is linear with respect to the control variables which 

places extremal controls on the bound in the absence of any other state constraints. On 

the basis of this observation and the square bound on the controls, the optimal control 

problem was parameterized as a Bang-Bang control problem with the switch times as the 

variables to be determined by the SQP algorithm. In the Bang-Bang control problem the 

controls are always on one of the bounds, maximum or minimum, and may switch 

instantaneously from one to the other at the switch times, ¢), t, ft; .... To further simplify 

the problem, the aileron control was assumed to be at maximum for the entire maneuver 

and only the elevator was allowed to switch. There was no a priori reason to think that 

the aileron would ever reverse direction so this assumption was acceptable. Based on the 

angle of attack history of the body rate model optimal solution, it was determined that the 

aircraft should be allowed to pitch down initially and then back up which translated into 

one switch point for the elevator control. 

With the specified switching structure, the SQP routine was employed to find the 

elevator history parameterized by the elevator switch times. Initial results with only one 

switch time violated the angle of attack limit by the end of the maneuver for initial load 

factors above 2.5. By placing a constraint on the angle of attack at the final time, 7, the 

angle of attack limit could be enforced up to a point with only one switch time; the time, 

t;, would simply migrate to a new time which altered the angle of attack history to satisfy 

the constraint. However, at higher load factors another switch time, t2, was needed to 

drop the elevator to full pitch down keeping, @ under the limit. 

The results looked good until the yaw moment and corresponding rudder 

deflection required to maintain symmetric flight were computed which indicated that the 
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required rudder deflections exceeded their physical limit by a few hundred degrees. 

Analysis of the yaw moment was made by considering both the yaw acceleration term, r, 

and the gyroscopic term, pg. The yaw rate required for symmetric flight is known from 

the kinematic expression (2.8) and its time derivative can be computed analytically to yield 

a kinematic expression for r. 

Pp 

cos” O 

  r= ptana+ o ++ (licosp cosy —Ysinysinw+Gtanasinpcosy) 4.2 

The first and the second terms of 4.2 produced the largest contribution with the second 

term dominating during the latter half of the optimal maneuver when both the roll rate and 

a were high. Using equation 4.2 to compute the required yaw acceleration, r,,,, the 

dynamic equation 

i= N+(, —1,)pq 

I 
z 

can now be solved for the required yaw moment: 

Nreq = Threg ~ Ux —1y) Pq 4.3 

With an initial load factor of 4.0 and the angle of attack constraint enforced, a 

breakdown of the contribution to the required yaw moment from the r term and 

gyroscopic term is illustrated in Table 4.1. Only the first two terms of equation 4.2 were 

used to estimate the yaw acceleration. The resulting rudder deflections were computed 

using equation 2.13 with the appropriate values for the aerodynamic coefficients. The test 

point at 0.9T represents the point of maximum rudder deflection. 

Table 4.1. Required Yaw Moment and Rudder Deflection 
  

  

  

  

tT | a@| p gq | ptano Py Lf ~U, ~1y)pq N 6; 
deg | deg/s | deg/s rad/s cos- Oo ft-lbs ft-Ibs ft-lbs deg 

rad/s” 

0.9 | 26.3 | -235 73 1.25 -4.726 -803,166 -670,453 -1,473,619 450 
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Thus, with the angle of attack limit enforced the SQP solution requires unrealistic 

yaw control to meet the symmetric flight assumption. One approach to solve this problem 

would be to discard the symmetric flight assumption and include the rudder as an 

additional control. Since this would significantly increase the complexity of the problem, 

we focused on reducing the required yaw moment by imposing an explicit limit on the 

available yaw moment. The current switch time parameterization could still be used to 

model the controls with a yaw constraint, but this would require the addition of an 

unknown number of switch points regulating the controls back and forth to generate 

feasible roll and pitch histories. With this in mind, a new approach to the parameterization 

of the controls was undertaken. The control time histories will be parameterized by 

specifying the actual control deflections for a finite number of points or intervals within 

the total time interval with the rudder limit imposed as an inequality constraint. 

4.2.2 Alternate Parameterization of the Controls 

A discrete control method was devised by dividing the maneuver time interval into 

a number of separate sub-intervals on which the aileron and elevator deflections were 

specified. Two methods of parameterization of the controls discretized on a grid were 

studied. The first model considered each control to be a constant value over each sub- 

interval with the possibility of discontinuous jumps from one sub-interval to the next. 

With n individual time intervals, this method required 2n+/ parameters to be solved 

accounting for two controls on each time interval plus the final time, T. The second 

method considered the controls to vary linearly across each interval and remain continuous 

over the entire time. This method will be referred to as the continuous piecewise linear 

(CPL) model. With the initial control deflections computed from the moment equilibrium 

equations to satisfy the initial steady level turn state, and by specifying the control values 

at each of the grid points, this method still required the same 2n+/ parameters. This 

structure is more realistic than the first since the controls are continuous, however, no 

constraints were placed on the control surface rates. Thus, it is entirely possible for a 
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control to move from full up to full down over one sub-interval and the resulting rate 

would depend on the time span of each interval. In order to keep the rates within reason 

and not present results which may be deceiving, the number of sub-intervals for the 

piecewise linear case was kept small. In addition, while the length of each sub-interval 

could be individually specified in order to concentrate points in certain regions, for 

simplicity, all sub-intervals were of uniform time span. 

While solutions were obtainable from both models of the control deflections, the 

continuous piecewise model generated smooth results in the angular rate histories and 

rudder deflections, and appeared to be posed better for the optimization algorithm, 

resulting in faster convergence. For this reason, the CPL model was ultimately chosen for 

the final analysis. A suitable number of sub-intervals was chosen based on the anticipated 

behavior of the motion. Considering the pitching motion from previous results, we expect 

the aircraft to pitch down initially, then up, and likely back down again to stay within both 

the angle of attack limit and the new yaw constraint. This motion requires at least three 

sub-intervals for the elevator control. To allow for any deviation from the anticipated 

motion, a total of four sub-intervals was chosen. As mentioned, no control rate limits 

were implemented but this addition would not be too difficult and could be done in future 

studies. 

In order to maintain the assumption of symmetric flight, the required yaw moment 

needed to be feasible. This was accomplished by means of a constraint which limited the 

required yaw moment to the maximum available moment. The constraint would in effect 

hinder the amount of control input from the aileron and elevator to reduce or alter the roll 

and pitch rate to the point where the yaw moment required was less than or equal to the 

yaw moment available. The required yaw moment at the current state was computed from 

equation 4.3 where r,,, was again computed from the kinematic equation 4.2. Next, the 
eq 

maximum available yaw moment at the current state is computed as (recall that B= 0) 

Ninax = G5b(Cy, (005, + Cy, ()r(fr)) 4.4 
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which leads to the inequality constraint 

h = Nyeqg — Nmax <0 4.5 req 

When implemented in the optimization algorithm, the value of the constraint, h, was 

computed in terms of the moment coefficients in order for the problem to be properly 

scaled. 

There are several methods available to implement a constraint on the optimal 

control problem (see Gill, Murray, and Wright, Chapter 6). Point constraints such as the 

final heading angle condition can be enforced simply at that point but the yaw constraint 

needs to be satisfied over the entire time of flight. One could impose the constraint (4.5) 

at fixed discrete points throughout the maneuver, and this was originally attempted. 

However, while the constraint was satisfied at each of the points, in the regions between 

points the yaw moment would “bulge” up and violate the constraint. More points could 

be added to alleviate the problem but instead a different approach was employed. The 

value of the constraint violation over the whole time span was added to the original cost 

function, (namely the maneuver time), in the form of an integral penalty function. The 

new cost function was then 

T 

= Jog + K[ hat 4.6 
0 

J new 

where K is a user chosen constant multiplier termed the penalty parameter. 

The optimization algorithm now will attempt to minimize the constraint violation 

in addition to the old cost function. If K is made sufficiently large then the optimal 

. : Tr . . 
solution will generate a result for \ h?dt=0. A minor revision to our constraint 

function h needs to be made for this method to work properly. If the constraint is not 
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violated then the value of h is zero, 1.e. 

Nyeq — Nmax} Nreq — Ninax 20 

0; Nreg — Nmax <9 

The value of K could be adjusted to achieve the desired level of “tightness” to the 

constraint, and it was usually helpful to start with a smaller value of K and increase the 

value to the desired level. A value of 1.0 x 10° was chosen for the final K value since it 

produced a change in magnitude in the penalty term of the same order as the change in 

independent variable during finite difference calculations of the function gradients. 

While the penalty function approach does not enforce strict adherence to the 

constraint, any violation of the rudder limit would produce only a slight deviation of 7 

from zero which should be insignificant. A good idea would be to enforce the symmetric 

flight assumption only by keeping the side-slip angle “small” (< 5°). However, such a 

constraint is not easily implemented. At the very least, the B equation would have to be 

included in the model and possibly the sinf and cosf terms in the other equations, or at 

least sinf= £. But a method to compute the yaw rate, r, without explicitly stating B = 0 

is still needed. 

4.3 Results 

As in the analysis of the body rate model two major areas will be studied: 1) the 

effect of initial load factor and 2) the effect of available control power. For the rigid body 

model the available control power will be regulated through the derivative for each 

control, C, , and C,,. . Since the available rudder power is crucial to the current optimal 

control problem, its effect will be analyzed in addition to the usual aileron and elevator 

controls. As before, all cases were flown at M = 0.5 at 5000 ft. and the aerodynamic 

coefficients were computed for this condition. 
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4.3.1 Nominal Case 

For comparison to the body rate model results, a nominal case at n, = 4.0 was 

computed. The x-y plane optimal trajectory is depicted graphically in Figure 4.1 and the 

longitudinal and lateral states and controls in Figures 4.2 and 4.3, respectively. Again, the 

plots are versus the normalized time. The total time of flight for this case was 1.721 

seconds, quite an increase from the body rate result of 0.656 seconds. In the x-y 

trajectory in Figure 4.1 one notices a substantial translation in the y direction of 

approximately 440 ft. Recall that the body rate model generated very little change in y — 

only about 10 ft. With a cross distance of this magnitude it may be possible to measure 

the YT parameter as Kalviste proposed. However, to maintain a parallel analysis to the 

body rate model, computation of the YT parameter was not considered here. Before a 

comparison is made to the body rate model solutions some independent points will be 

made about the rigid body model optimal solutions. 

First, the yaw moment constraint is active for this case and all subsequent cases. 

For comparison purposes, an example of the state and control histories using the bang- 

bang parameterization is given in Figure 4.5 - Figure 4.7. The time of flight for the bang- 

bang trajectory was T = 0.9719 seconds. In Figure 4.5, the pitch rate continues to 

increase, even though the elevator is in a full pitch down position, due to the large 

gyroscopic moment (/, - J,)pr. This effect is another drawback to the bang-bang method. 

Returning to the CPL nominal case, note that the yaw constraint has greatly affected the 

state histories, especially the roll and pitch rate as well as the control histories, 6, and 6,. 

Notice in Figure 4.3 that the roll rate drops off drastically in the second half as if to return 

to steady state even though no final conditions were specified. Rather, the reduction in 

roll rate occurs to reduce both the magnitude of r (recall the kinematic equation 4.2) and 

the gyroscopic moment (J, —/,)pq to satisfy the constraint on yaw moment. The aileron 

and horizontal tail histories are given in Figure 4.4. Due to the yaw constraint, the 

controls are limited to values less than their maximum. The change is especially 
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noteworthy for the aileron control. There is no intuitive reason why the ailerons should 

reverse and produce a positive moment slowing the rotation except to satisfy another 

criteria — reduction of the yaw moment. 

Secondly, the angle of attack constraint is also active for this case. [If left 

unconstrained the angle of attack would reach approximately 33°, thus, the constraint 

does not restrict the solution appreciably, (the maneuver time for an unconstrained case is 

1.713 seconds). With the rigid body model, the constraint is now of second order. That 

is, the first explicit appearance of the controls occurs in the second derivative of the state 

constraint, S(@), (equation 3.4). Second order constraints generally exhibit a range of 

touch points in regions between unconstrained solutions and full constrained arcs. Thus, it 

was assumed that the angle of attack would only touch the upper limit at the final time and 

the constraint was only imposed in the SQP algorithm at the final time. 

Finally, while not apparent from just the final results, a trade off between roll and 

pitch rate has occurred in the process of reducing the required yaw moment. The 

unconstrained optimal solution had a combination of both high roll and pitch rates. In the 

process of slowly reducing the maximum allowable rudder, dyna, the optimal trajectory 

initially adjusted by only changing the elevator deflections, affecting the pitch and angle of 

attack histories, while leaving the aileron at maximum. The reduced pitch and angle of 

attack rates allowed the yaw constraint to be satisfied without sacrificing roll rate. This 

trend continued until the maximum rudder allowed was approximately 60 - 80 degrees. 

Further reduction in Ojmax resulted in a reversal of the aileron control, dropping the roll 

rate, while the pitch rate was allowed to increase again. This change highlights one of the 

interesting aspects of the particular optimal flight problem; the dependence on angle of 

attack to regulate the heading angle rate of change. It is entirely possible to perform the 

roll reversal maneuver with the aileron always at maximum and not violate the yaw 

constraint, (this was simulated and verified), however, the optimal maneuver calls for a 
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reduction in rol] rate and an increase in angle of attack in order to minimize the time of 

flight. 

4.3.2 Variation of n, 

Optimal solutions for a range of initial load factors were again studied to assess the 

general characteristics of the maneuver and most importantly, to display the absence of the 

non-monotonic behavior of the TOF which occurred using the body rate model. The time 

of flight for the range of initial load factors is shown in Figure 4.8. The behavior is strictly 

monotonic and possibly even quadratically increasing. The range of TOF has significantly 

increased over the body rate model results by 120% at n, = 2.0 to 214% at n, = 6.0. 

These results reflect the effects of a non instantaneously achievable roll rate and bank 

angle rate of change. The angle of attack constraint was active in these solutions for 

No = 4. 

The heading angle and bank angle histories, plotted on a real time scale, for n, 

equal to 4, 5, and 6 are given in Figure 4.9 and Figure 4.10, respectively. With both 

and p equal to zero and continuous at ¢ = 0, the time to reach wings level increases as the 

initial load factor increases. The bank angle rate of change, 1 , is no longer approximately 

constant as in the body rate model solutions, but changes dramatically as lpl increases and 

decreases. Control of 4 occurs through roughly the second time derivative, i , from the 

aileron control, and unlike the body rate bounds, which were assumed independent of 

angle of attack, the aileron control effectiveness is reduced at higher angles of attack 

resulting in increased time to change the bank angle. This sluggishness in yw also serves to 

increase the maximum heading angle change to levels dramatically different than the body 

rate model results. For n, equal to 4, 5, and 6, the maximum heading angles were 8°, 

12.5°, and 19°, respectively. The gap between successive cases grows as n, is increased. 

This increase in heading angle change adds to the time of flight. 
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The angle of attack histories in Figure 4.11 for each n, case follow the same trend 

— initial pitch down followed by a pitch up — but the movement becomes more pronounced 

and even possibly violent at higher load factors. Consider the case for n, = 4.0. From an 

initial angle of attack of about 15°, the aircraft pitches down to a minimum of 7° and then 

immediately back up to a maximum at 30°. The n, = 6 case, on the other hand, begins 

around 30° angle of attack, drops to 5° and then back up to 30° all in just under 3 

seconds. The excursion of @ above 30° and then back down at the end of the maneuver 

indicates the need for a state constrained arc instead of just a touch point at the final time. 

Since this was an isolated case, further development of the @ constraint was not 

undertaken. Finally, notice that the time for minimum angle of attack closely coincides 

with the time for wings level. After the aircraft has begun the opposite turn, the angle of 

attack is increased to boost the turn rate again. 

4.3.3 Variation of Control Power 

For this model, the available control power was affected through the moment 

control power derivatives, C,; , C,, ,and C, . The yaw control derivative was included 

due to the large effect that the available yaw moment had on the optimal solutions. Each 

coefficient was varied for a range of +20% to -20% of the nominal value, and the effect on 

maneuver time was studied as well as any uncommon changes in the state and control 

histories. The case for n, equal to 4.0 was used but without the maximum angle of attack 

limit. The final angle of attack only surpassed the 30° limit by at most 5°. Thus, any 

increase in TOF with the constraint imposed would be insignificant. 

First, Figure 4.12 shows the time of flight for a variation in both the elevator and 

aileron control powers. The available control is represented scaled to the nominal case of 

1.0. Just as the body rate model indicated a dominance of roll power, the roll control is 

dominant and a change in pitch control has negligible effect on the maneuver time. From 
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0.8 to 1.2 scale factor in Ci, the TOF decreased by just 6%, but was essentially 

unchanged when C,,, was varied. 

Second, the effect of aileron and rudder controls on the flight time is shown in 

Figure 4.13. From this graph it is apparent how important the rudder control is to the 

optimal maneuver. The change in TOF from 0.8 to 1.2 in C,,. tesults in a 14% decrease, 
7 

surpassing the 6% decrease seen from the aileron control. Finally, Figure 4.14 illustrates 

the effects of rudder and horizontal tail on time of flight. This last figure really shows no 

new information except to illustrate that the effects of each control, 6,, 6., and 6,, are 

quite independent of each other. For instance, no matter what the value of the aileron or 

rudder coefficients the effect of changing horizontal tail effectiveness is still negligible. 

Within the relatively small range of control power studied, no unexpected changes 

in the state trajectories or solution structure occurred. In general, an increase of one 

control coefficient simply generated a larger moment resulting in a decrease in maneuver 

time. For the rudder control, an increase in available rudder power permitted higher rates 

in pitch and roll while still satisfying the yaw moment constraint. As in the body rate 

model solutions, changes in solution structure undoubtedly are possible if the control 

powers are modified to greater extremes. Further analysis in this area was beyond the 

scope of our intentions. However, note that one such case of structural change has 

already been mentioned in the roll/pitch trade off when the maximum rudder deflection 

was decreased, (or conversely increased), in section 4.3.1. 

4.4 Comparison to the Body Rate Model 

Some comparisons to the body rate model solutions have been made in the 

previous discussion. This section will attempt to examine and highlight some of the 

important differences. Beginning with the state histories, comparing Figure 3.3 and Figure 

3.4 of the body rate model to Figure 4.2 and Figure 4.3 of the rigid body model major 
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differences are obvious, most notably in the roll and pitch rate histories which in turn 

affect the bank angle and angle of attack. 

By far the most important difference between the two model solutions lies in the 

roll rate history. The rigid body simulation does not reach a roll rate near -200 deg/s until 

almost a full one second into the maneuver while the body rate model begins with the roll 

rate at or near the maximum of -220 deg/s. While the current rigid body solution does 

include the yaw constraint which has limited the aileron deflections, previous 

unconstrained solutions still required at least 0.6 seconds to achieve a roll rate near -200 

to -220 deg/s even at maximum aileron deflection, (see Bang-Bang results in Figure 4.6). 

Thus, the modeling of the roll rate in the body rate model as an instantaneously available 

control does not produce accurate results when applied to a maneuver of this short time 

span. The body rate model may find useful application to maneuvers of at least 10 

seconds where the initial transient time to maximum roll rate would compose a minor part 

of the entire maneuver. However, when the duration of the maneuver is only two seconds, 

the roll transient composes a significant 50% of the total time of flight. 

This lack of transient modeling and the independence of maximum roll rate from 

angle of attack has led to the non-monotonic TOF versus n,. The time to wings level has 

been emphasized in the discussion of both models above. To summarize, direct control of 

i. through the control variable p resulted in a near constant bank angle rate of change 

with the body rate model. Furthermore, Png, WaS not a function of angle of attack and so 

the available 1 increased at higher load factors leading to faster maneuver times. Using 

the rigid body model, control of the bank angle was only through the second derivative, 

li, and the available roll rate decreased at higher load factors due to loss of aileron 

effectiveness at these higher angles of attack. Thus, the response of the bank angle was 

greatly reduced and the time to wings level increased. These observations can be seen by 

comparing Figure 3.9 and Figure 4.10. 
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Differences in pitch rate and angle of attack histories are not as pronounced as the 

roll rate but are worth noting. Compare the angle of attack histories from the rigid body 

model and the body rate model in Figure 4.11 and Figure 3.8, respectively. The 

pronounced movement seen with the rigid body model and not apparent in the body rate 

model is attributed to the independence of controls when using the rigid body model. 

Recall that the body rate model used an elliptical bound such that more pitch rate could 

only be obtained by sacrificing roll rate. Using the rigid body model, however, each 

control surface deflects independently allowing for both maximum aileron and maximum 

elevator simultaneously. The optimal solution takes advantage of this and is able to 

provide increased pitch control without sacrificing roll rate. 

The final difference between the two models could be seen as the only drawback to 

the rigid body model. With the application of the rigid body moment dynamics came the 

unfortunate side effect of increased yaw moment requirements. Recall from section 3.3.4 

that the body rate model did not pose a problem to the symmetric flight assumption, yet 

the available yaw moment became crucial to the rigid body solutions. Again the reasons 

are linked to the modeling of the body rates as controls, allowing instantaneous change at 

t = 0, and the elliptical bound placed on them. First, consider the final required value of 

the yaw rate. It generally needs to be negative to maintain symmetric flight for this roll 

maneuver. With instantaneously available roll rate, the initial yaw rate at t = O° is already 

negative (equation 2.8), but the rigid body model requires the yaw rate to satisfy the initial 

conditions and be continuous at t= 0". Since the initial yaw rate, r,, is slightly positive for 

a steady right turn, a moment is required to generate the negative yaw rate. 

In addition, the bound placed on the body rates serve to limit the optimal solution 

to a well behaved region. The rigid body model does not have direct bounds on the body 

rates and so the rates are free to increase, almost independently of each other. This can 

lead to simultaneously high pitch and roll rates which requires an extraordinary yaw 

moment as described in section 4.2.1. It is conceivable that once the rigid body model roll 

rate reaches about -200 deg/s that the solution could simply mimic the body rate model 
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optimal solution without placing excessive requirements on the yaw moment. Why does 

this not occur? The reason is that what may be optimal for one model structure is by no 

means optimal for a different structure. The rigid body model is not as limited in the 

amount of pitch rate as the body rate model and the unconstrained optimal solution takes 

advantage of this extra available power (see Figure 4.5). But once the yaw moment 

constraint is applied, the body pitch rate needs to be reduced (see Figure 4.2). Roll rate 

histories similar to the body rate model solution, (after the initial transient), are certainly 

attainable and the maneuver completed as prescribed, but the optimal solution requires a 

different result. Optimality leads to a reduction of roll rate in favor of the pitch rate. 
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Figure 4.2. Longitudinal State Histories; Rigid Body Model, n, = 4.0, T = 1.721 sec 
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Chapter 5 

CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

An agility performance maneuver has been proposed in the form of a roll reversal, 

and two mathematical models, the body rate model and the rigid body model, were applied 

to the flight problem. In order to compare different aircraft, or in our case, different 

models, the specific manner in which the maneuver is performed becomes important. 

Accordingly, the maneuver was posed as an optimal control problem in which the time to 

complete the maneuver was minimized. 

The optimal maneuver is characterized in part by an initial unloading of the aircraft 

to decrease the velocity heading angle change followed by an increase in the loading to 

facilitate a rapid progression back to the initial heading angle. This motion is present in 

both models but in different degrees. The rigid body model angle of attack history 

traverses a large amplitude while the body rate model is tame in comparison. The reasons 

for the dynamic response of the rigid body model are twofold. First, the roll authority of 

the aircraft increases at lower angles of attack and second, the rigid body model is able to 

command elevator control independently of the aileron control allowing for greater 

pitching motion without sacrificing roll rate. Both of these characteristics are not present 

in the body rate model. The independence of roll rate on angle of attack also contributes 

to the non-monotonic behavior of the time of flight seen with the body rate model. 

Even with the apparent high dependence on load factor and pitching motion, the 

minimum time of flight remains essentially unaffected by the maximum available pitch 

control power. With the body rate model, the change in TOF is only about 5% for a 

+30% change in gma, and less than 1% for a +20% change in elevator power using the 
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rigid body model. In contrast, a 30% increase in Pmax produced a 14% decrease and a 

similar decrease in Pmax resulted in a 23% increase in time. For the rigid body model, a 

+20% change in aileron control power resulted in a 6% change in time of flight. Unlike 

the body rate model, the rigid body model was shown to rely heavily on the maximum 

available yaw moment in addition to the roll and pitching moments. The effect of rudder 

control power on the flight time even surpassed that of the aileron control, generating a 

14% change over the same +20% interval. 

Comparison of the two models indicates serious deficiencies in the body rate 

model which are due to the modeling of the control bounds and the implicit assumption of 

instantaneously available maximum body rates. The problems are apparent in two areas: 

1) the TOF versus initial load factor, n,, and 2) the high yaw rate resulting in unexpected 

and unachievable moments. 

First, a significant difference in time of flight versus initial load factor was apparent 

between the two models with the body rate model flight times in the range of 0.5 to 0.7 

seconds and the rigid body times spanning 1.0 to 2.8 seconds. An offset in times between 

the two models was expected, however, the non-monotonic behavior displayed with the 

body rate model was unexpected and indicates a significant flaw in the current form of the 

model. Both the instantaneously available maximum roll rate and the independence of the 

rate bounds on angle of attack were shown to produce this behavior. The roll rate history 

from the rigid body model required about one second to generate the roll rate which was 

instantaneously available to the body rate model. Clearly, the body rate model is not 

suitable for analysis of maneuvers which only span one to two seconds. 

Second, the body rate model also requires extraordinary yaw rates to maintain the 

symmetric flight assumption. While maintaining these high rates does not present a 

problem to the rudder control, i.e. symmetric flight could be sustained with the rudder 

control, the model does not consider the moment impulse required to achieve these rates 

nor any upper bound on the yaw rate. The end result of these high yaw rates is to 
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generate a large gyroscopic moment contribution which the elevator contro] (which is not 

modeled) could not overcome. 

In conclusion, the utility of each model should be assessed with consideration 

given to several factors: 1) the accuracy of the results to expected real aircraft motion, 2) 

the complexity of the model, and 3) the intended application of the model. Desirable traits 

of the first two generally can not be achieved simultaneously but must involve some trade- 

offs. Thus, the third consideration is needed to determine where the balance should lie. 

For our present study, the body rate model clearly failed to accurately account for and 

predict all of the dynamics inherent in the flight maneuver. But some of the general 

characteristics and trends, such as the unloading and loading during the maneuver and the 

dominance of the roll control power over the pitch control, were discernible from the body 

rate model. On the other hand, the rigid body model was more accurate but at the cost of 

a more complex model (even including rudder constraints), and a significant increase in 

computational effort. Applying the third consideration, it is evident that the current form 

of the body rate model may not have much utility beyond very preliminary analysis for 

application in this type of agility maneuver where transient dynamics over small time scales 

are important. 

5.2 Recommendations for Future Study 

Modifications to the present form of the body rate model are possible which could 

create a more viable tool. Some possibilities are to model the body rate bounds as a 

function of angle of attack and to include a bound on the yaw rate. Such a formulation 

could appear like 

2 2 2 

fas) lata) ta) © Pmax(O) G max () Tmax () 

Here the body yaw rate could still be computed for symmetric flight, but the roll and pitch 

  

controls would be limited such that r does not exceed the bound, Prax. 
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Motivated to reduce the required yaw moment without explicitly imposing a yaw 

constraint, some additional conditions on the final flight state and aircraft attitude such as 

steady conditions and level flight were studied briefly. Some promise was shown but more 

analysis is needed. The particular form of the roll reversal maneuver is by no means all 

encompassing and additional conditions can be added or replaced to meet the current 

needs. In particular, the body attitude could be specified at the final time instead of the 

velocity vector, e.g. a true roll reversal where the end of the maneuver is specified by 

attaining u(T) = -44(0). 

Since the motion was heavily dependent on yaw moment, advanced controls such 

as thrust vectoring could be included to enhance the yaw power of the aircraft. Secondary 

contro] surface derivatives such as C, and C, and damping derivatives C, and C;, 
ir P r 

could also be added to the moment model. In addition, the symmetric flight assumption 

could be relaxed by allowing f or the side force acceleration to simply remain small. An 

appropriate mathematical formulation of this type of yaw constraint requires further 

research. 
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Appendix A 

EQUATIONS OF MOTION 

The full constant mass, rigid body equations of motion for an aircraft over a flat, 

non-rotating, inertial earth are presented in this section. For the flight problem of interest, 

the following choices for the state variables were made. 

x, y, Z: position 

speed 

angle of attack 

sideslip angle 

body axes roll rate 

s 
3 

WR 
R 

SS
 

body axes pitch rate 

Y body axes yaw rate 

kt: velocity bank angle 

y. velocity climb angle 

x. velocity heading angle 

From Etkin [9] one can write the kinematical equations directly as: 

x = Vcosy cos ¥ A.l 

y= Vcosy siny A.2 

z=-Vsiny A.3 

The force equations in wind axes can be written as 

v=—(f,, — D-mgsiny) A4 

1 ; 
rw = — (By —C+mgcosy sin ) A.5 
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1 
dw =-——(h, —~L+mgcosy cos 1] A.6 

and the moment equations in principal body axes as 

_ L+(, —f,)qr 
Pp A.7 

I, 

M+(,-I 
go tr A.8 

ly 

N+(U,-J,) 
r= NYU, fy )Pd AO 

I, 

The angular rates are computed from the standard matrix equation 

WL 1 sinptany cosutany || py 

y |=|0 COS LL —sinw | qyw A.10-A.12 

x QO sinlisecy cospsecy || ry 

All that is needed are expressions for the rotation of the wind-axes with respect to the 

body axes, namely, & and B , and the wind axis angular rate, py. These can be deduced 

from the relative angular velocity equation 

W, =O, + Oxy 

from which we get 

O& = q—qdyw secB — pcosa tan B —rsina tan B A.13 

B = ry + psing& —rcosa A.14 

Pw =(pcosa+rsina)/cosB + gy tanB A.15 

With the expressions for py, gw, and ry, in equations A.15, A.6, and A.5, 

respectively, substituted where needed, we thus have a system of 12 differential equations 

(A.1 - A.4 and A.7 - A.14) which are controlled by the moments L, M, and N. 
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Accordingly, these moments are a function of the control deflections, 6,, 6,, and 6,, aS well 

as other states. 

Since the control surface deflections occur only in the three moment equations the 

body rate model system can easily be derived by eliminating the moment equations and 

considering the body axes rates, p, g, and r, as the control inputs. Considerable 

simplification results when the assumptions of symmetric flight and thrust along the path 

are made. In this case, the wind axes components of thrust, Tyw and Tw, can be 

eliminated and all terms of sinf and cos vanish or simplify accordingly. The wind axes 

rotational terms thus become 

Pw = pcosa +rsina A.16 

_ § rw = 7, COSY sin p A.17 

g(L = —| —— cosy cos A.18 dw ei Y cosp 

and substituted where appropriate results in 

x = 7, 1(0.)sin pt / cosy A.19 

y= sy (nl ct) cos L. — cosy ) A.20 

lb = p/cosa +7 sin U(n(a) tan y + tana cosy ) A.21 

O=g +7 (cosy cos LU — n(a)) A.22 

Appendix A: Equations of Motion 86



The equations A.19 through A.22 constitute the core of both the body-rate and rigid body 

models studied in the optimal flight problem. Note that in order to get the 1 equation, an 

expression for the body axes yaw rate, r, must first be found via 

B =0= psina+rcosa +7 sin pLcosy 

sin LL cos 
= r= ptanad 4+ £ SBE COSY 

V cosa 

Appendix A: Equations of Motion 87



Appendix B 

F/A -18 HARV AERODYNAMIC DATA 

The aircraft aerodynamic data used in the optimal control solutions in Chapters 3 

and 4 represent the advanced F/A - 18, High Angle of Attack Research Vehicle. Thanks 

to NASA Langley Research Center for providing the original database. The body rate 

model solutions required only the aerodynamic lift coefficient while the rigid body model 

required the additional moment coefficients of control surface and rate damping 

derivatives. With the exception of the lift data, which was borrowed from Ref. 19 and 

uses two piecewise smooth polynomials to fit the data, all of the moment data was 

obtained from the HARV tabular database as described in Chapter 2 and then fit with 

cubic splines to produce a smooth curve with continuous derivatives. 

The following data is for a condition of M = 0.5, altitude = 5000 ft. and standard 

atmospheric pressure and density, (speed of sound = 1097.1 ft/s, p = 0.0020482 slugs/ft’). 
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Figure B.3. Baseline Moment Coefficient 
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Figure B.4. Elevator Pitch Derivative 
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Figure B.5. Pitch Damping Derivative 
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Figure B.6. Pitch Alpha-Rate Derivative 
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Figure B.7. Rudder Yaw Derivative 
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Figure B.8. Yaw Damping Derivative 
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Figure B.9. Lift Coefficient 
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