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(ABSTRACT) 

A definition of an aircraft agility vector is given as the time rate-of-change of the applied 

forces acting on an aircraft and agility is characterized as being representable by instantaneous 

and integral time-scales. A unified framework for evaluating instantaneous and integral agility is 

developed based on the notion of a new dynamic model for aircraft motions. This model may be 

viewed as intermediate between a point-mass model, in which the body attitude angles are 

control-like, and a rigid-body model, in which the body attitude angles evolve according to 

Newton's Laws. Specifically, we consider the case of symmetric flight and construct a model in 

which the body roll-rate and pitch-rate are the controls. Accordingly, we refer to this new 

dynamics model as the body-rate model, (BRM). 

Instantaneous agility is presented as the locus of achievable agility vectors and the 

construction of such agility sets is demonstrated from aerodynamic and propulsive data for a 

modern jet fighter. Figures depicting this locus are displayed with indications of the limiting 

control. An integral performance flight problem is presented and subsequently solved via the 

optimal control theory. Agility metrics are suggested for this problem based on the transients 

which exist between the dynamics of the BAM and those of the point-mass model. Suggestions 

are also provided on the use of instantaneous agility sets and integral agility metrics in the design 

of aircraft and in performance comparisons of competing aircraft.
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CHAPTER 1 

INTRODUCTION AND BACKGROUND 

1.1:_Motivatio ° ility Research 

Aircraft designers have always been interested in comparing flying characteristics of 

competing designs. Historically, these have been comparisons of performance parameters or 

flying qualities characteristics. Flight performance comparisons can generally be separated into 

the following two distinct categories in terms of time-scales (see Miele [25], p. 117): 

e Point (instantaneous) performance 

e —_ Integral performance 

Where instantaneous performance examines properties at a given instant in time and, integral 

performance examines properties over a finite length of time. 

For early, low-performance fighter aircraft the instantaneous performance measures-of-merit 

generally included maximum rate-of-climb, maximum turn-rate and maximum level-flight speed 

while endurance and range were the primary integral performance measures. Figure 1.1 displays 

several measures of instantaneous turning performance vs. aircraft velocity and altitude. From 

this plot one can determine the aircraft velocity required to achieve maximum turn-rate, 7, 

minimum turn-radius, f,i,, maximum load-factor, n,,.., Of maximum bank angle, [nax, 2S a function 

of altitude. 

As aircraft technology advanced, and new weapons such as air-to-air missiles appeared on 

the scene, missions became more complex and the early standards of performance comparison 

were seen to be deficient resulting in a search for new measures-of-merit. Such requirements led 

to the introduction of energy-maneuverability and cruise-dash methods which are currently used 

in evaluating fighter aircraft performance [2,4,5,9,16,23,29,30,33]. Figure 1.2 depicts an energy- 
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maneuverability hodograph for a modern fighter aircraft. As indicated on the figure the key points 

on the hodograph are the points of maximum energy-rate (A), maximum sustainable turn-rate (B) 

and, maximum turn-rate (C). Recent developments in aircraft and missile technology, such as all- 

aspect missiles, thrust vectoring, electronic countermeasures, stealth and digital flight control, are 

once again requiring that designers seek new performance measures-of-merit. Whereas earlier 

performance measures have primarily been based on point mass dynamics, this model is 

obviously inadequate for describing measures-of-merit associated with evolving tactics, such as 

post-stall or point-and-shoot maneuvers, which may be important for future air combat success. 

For maneuvers of this type some account must be made of the rigid-body dynamics. Efforts in 

this direction have led researchers to introduce a notion which is commonly referred to as agility. 

An expanded summary of McAtee's description [see Figure 2, ref. 24] of the evolution of aircraft 

and weapon characteristics and corresponding performance measures is presented in Figure 1.3. 

In the following sections we present a brief summary of existing agility concepts and an overview 

which describes the purpose of the present analysis. 

1.2: Existing Notions of Agilit 

Agility research has been ongoing since at least 1985 [31]. Since that time a number of so- 

called agility metrics have been proposed by industry, government and academic researchers 

[11,14,17,24,31,32,34]. A qualitative description of several of these concepts is provided in 

Figure 1.4. While the diversity of these ideas is obvious, there are also many similarities. Other 

researchers have attempted to organize and classify the proposed metrics or analyze them and 

compare them with existing flying qualities parameters [3,12,15,22,26,27,28,36]. Two summaries 

of existing agility metrics which attempt to organize the subject are those done by Dorn [12] and 

Bitten [3]. 

In [12] Dorn states that agility can, and has been, “associated with transients, controllability, 

maneuverability, pointing ability, acceleration, dynamics, flying qualities and performance”. He 

then goes on to suggest that, due to the overwhelming number of agility definitions, it may be 

best to “undefine” agility and proceed to redefine it in an orderly, scientific fashion. Dorn 

advocates classifying agility in terms of "state-change activity" versus maneuver time and then 

choosing generalized agility metrics associated with three characteristic time bands: 
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(1) Instantaneous rates, 

(2) Smail-amplitude tasks (1-2 second maneuvers) 

(3) Large-amplitude tasks (10-20 second maneuvers) 

He defines the complete set of time bands as an ‘agility spectrum". A depiction of this agility 

spectrum is shown in Figure 1.5. As Dorn mentions, the purpose of his paper is to stimulate 

ideas relative to the establishment of an “Agility Science", as such he offers no precise definitions 

of generalized agility metrics. 

In an analysis of existing agility metrics conducted concurrently with Dorn's analysis, Bitten 

notes in [3] that most researchers agree that agility can be described by considering three “agility 

components" consisting of: 

(1) Longitudinal/Axial agility in the direction of the velocity vector 

(2) Pitch/Curvature/Normal agility contained in the maneuver plane 

(3) Roll/TorsionaVLateral agility representing rotation of the lift vector 

He also notes that the proposed metrics can be related to either the maneuver state or its first or 

second derivative and in terms of maneuver time-scales may be classified as being either 

transient (instantaneous or short duration integral) or functional (long duration integral). Figure 

1.6 classifies several existing agility concepts according to Bitten's “agility spectrum". 

From the papers by Dorn and Bitten, as well as the works of other researchers, it is obvious 

that there are two basic schools of thought regarding agility metrics, after Miele [25] they can 

most simply be described as: 

e Instantaneous agility 

e Integral agility 

Where instantaneous agility may be associated with notions of a jerk vector which can be 

evaluated at any point along the aircraft path and integral agility may be characterized by "time- 

to" metrics such as point-and-shoot or roll reversal maneuvers. In lieu of the “agility spectra" 

proposed by other researchers, the terms instantaneous and integral will be used in this paper to 

describe two basic types of agility metrics. 
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1.3: A Unified Approach to Agility 

Although the agility metrics discussed in the previous section are all useful measures-of- 

merit in their own right, it is obvious that a need exists for a unifying agility framework which is 

based on a solid mathematical foundation. In fact, Dorn [12] states the following; "There seems 

to be little work ongoing to look at instantaneous agility. This can be disconcerting when one 

considers that this is the building block of the other time-scales ... ", he then goes on to mention 

that "there may be alternative approaches [to agility] that use different reference frames or state 

variables ..."._ With Dorn's statement in mind, the purposes of this paper can be revealed as 

providing: 

e A sharp definition of agility beginning with the notion of instantaneous agility, and 

e A unifying mathematical framework in which one can assess the agility inherent in a given 

aircraft design. 

Before these goals can be realized, a few words on “total aircraft agility" are warranted. As noted 

by Riley and Drajeske [26], many notions about agility are based on success in the aerial-combat 

arena. Within this scenario one must consider threat aircraft and missiles, avionics, stealth, 

weaponry and pilot technique. Due to this complexity, we cannot offer a precise definition of total 

aircraft agility. However, the definition of agility presented herein is based on well-founded 

concepts in flight mechanics and can be used to provide some useful, computable measures of 

agility. 

An obvious starting point for building the framework of agility is Newton's 2nd Law. By 

considering the inertial time rate-of-change of both sides of Newton's equation it is possible to not 

only assess the agility at each point of a specific maneuver in terms of kinematics (je the 

acceleration rate or jerk vector), but to also derive “agility sets" by determining the locus of all 

achievable instantaneous force-rate vectors. Figure 1.7 depicts a conceptual notion of agility 

sets as compared to a single jerk vector. The concept under consideration is that an aircraft has 

a certain potential for agility which may be described by a 3-dimensional agility set. As the aircraft 

changes flight conditions, its potential agility and thus the shape of the agility set will change. If 

the boundary of the agility set of one aircraft exceeds that of another, then one may be able to 

say, independently of maneuver choice, that the first aircraft has more agility than the other at 

that point in the flight envelope. Comparisons over several points in the flight envelope would 
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reveal regions which yield the greatest advantages or disadvantages. Most significantly, in 

regions where an agility margin is not satisfactory, limiting controls can be identified thereby 

aiding the design process. Moreover, these ideas are extendable to integral time-scales wherein 

optimal maneuvers can be flown by continually operating the aircraft at the limits of the agility set. 

This is in contrast to most existing notions of integral or functional agility in which the maneuvers 

are usually not flown in an optimal manner. These ideas on instantaneous and integral agility 

performance are examined in detail in the remaining chapters. 
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Figure 1.1. Instantaneous Turning Performance 
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Figure 1.2. Energy-Maneuverability Hodograph 
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Figure 1.5. Dorn's "Agility Spectrum" 
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CHAPTER 2 

QUANTIFYING AGILITY 

2.1: The Agility Vector 

Previous researchers, such as Herbst [14], have proposed that agility be defined as the 

time derivative of the acceleration vector. This notion could appropriately be described as 

“kinematic agility" since the emphasis is placed on the properties of the flight path and one is not 

directly concerned with the forces acting on an aircraft. Kinematic agility is intuitively pleasing and 

very useful if one wishes to analyze the agility displayed during a particular maneuver or tactic. 

On the other hand, to predict the agility of a proposed vehicle, one is led to consider "kinetic 

agility" where the focus is on the aircraft force-rates instead of the acceleration-rates. In this view 

it is possible to estimate not only a single “agility vector" but, also an “agility set" the boundary of 

which is determined by the locus of the limiting values of all achievable force-rate vectors. This 

concept could prove to be quite useful in the design of agile aircraft since it can be related to 

control effectiveness. Based on Newton's 2nd Law, it is possible to incorporate the notions of 

“kinematic” and "kinetic" agility into a single unifying definition resulting directly from the most 

basic of the principles of flight mechanics. As such, the author feels that this definition of agility 

can provide the foundation for the “agility science" advocated by Dorn. 

In order to derive the “agility vector" we start by recalling Newton's 2nd Law as follows: 

—_ 

(21) F= mn |: 
dt 

The subscript J indicates that the time derivative of the velocity is taken with respect to an 

inertial reference frame which is necessary for the Law to remain valid. However, it is noted that 

the force, velocity and acceleration vectors may be represented in any reference frame whether it 

be inertial or non-inertial. The best choice for such a reference system is not clear and is usually 

a matter of convenience. Coordinate systems will be discussed in more detail in Section 2.2. 
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Note that the aircraft mass is considered to remain constant, this is a reasonable approximation 

given the short maneuver time-spans associated with agility-type maneuvers. 

By concentrating on the left-hand side of equation (2.1) one is led to compute agility as 

the time rate of change of the applied forces acting on an aircraft (kinetic agility) as follows: 

- dF 
(2.2) A=— |r 

at 

where the f indicates that the derivative may be taken with respect to any desired frame of 

reference since equation (2.2) represents a definition rather than a physical law. In an analogous 

manner, one may also compute agility relative to the time rate of change of the acceleration 

(kinematic agility) by concentrating on the right-hand side of (2.1), ie: 

(23) A= {| n@ q I 
at at 

Once again the choice for the system fis not restricted. However, if one wishes to relate agility to 

a true jerk vector , where: 

(2.4) J=— | 

then the time derivative in equations (2.2) and (2.3) must be taken with respect to an inertial 

reference frame. As such, we choose to define the coordinate system f as the inertial system / 

and to carry out the time derivatives in (2.2) and (2.3) accordingly. This leads to an agility vector 

which is defined by the equation: 

(2.5) A= |: = mJ 

a 
|
S
 

where the vector A represents kinetic agility (Ibf/sec) and the vector J represents kinematic 

agility (ft/sec). Note that since the aircraft mass is considered to be constant, it is a simple 

matter to convert from kinetic agility to kinematic agility or vice versa. It is therefore convenient to 

retain the separate notions of kinetic and kinematic agility. However, the reader should keep in 

mind that the definition of agility, and the resulting agility vector presented herein, are based on 
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the time differentiation of Newton's 2nd Law as given in equation (2.1) and are therefore 

representative of kinetic agility. The details of the differentiation operation are discussed in 

Sections 2.3 and 2.4. 

2.2: Coordinate System Considerations 

As mentioned in the previous section, the choice of the best reference system on which 

to represent the force and velocity vectors (and therefore the agility vector) is not intuitively 

obvious, it depends on how one would define "best". Since the choice does not change the agility 

vector itself, it seems to come down to a decision based on utility or convenience. The three 

coordinate systems which immediately come to mind are the: 

e Body-fixed axes 

e Wind axes 

e Frenet or "natural" axes. 

Where the body-fixed and wind systems are probably the most commonly employed reference 

frames in flight mechanics applications and the Frenet system forms the basis of the study of 

space curves known as differential geometry [25,35]. The body-fixed and wind systems are 

compared to each other in Figure 2.1, and the Frenet system is depicted in Figure 2.2. One might 

note from these figures that both the wind and Frenet systems are defined relative to the velocity 

vector and therefore move with respect to the aircraft. The body-fixed axes are, of course, rigidly 

fixed within the aircraft. Specifically, the axes of these systems are aligned as follows: 

-Fi st 

XB: contained in the aircraft plane of symmetry and positive forward. 

ZB: perpendicular to the xB-axis, contained in the aircraft plane of symmetry, and positive 

downward for a normal flight attitude. 

yB: perpendicular to the aircraft plane of symmetry and oriented such that the system is 

right-handed. 

Wind System 

Xw: tangent to flight path (velocity) and positive in direction of flight. 
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Zw: perpendicular to the Xw-axis, contained in the aircraft plane of symmetry, and positive 

downard for a normal flight attitude. 

yw: perpendicular to the xw-zw plane and oriented such that the system is right-handed. 

Frenet System 

t: tangent vector , tangent to the flight path and positive forward. 

n: principal normal , perpendicular to the tangent vector, contained in the osculating plane, 

directed along the instantaneous radius of curvature of the flight path, and positive 

toward the center of curvature. 

b : binormal , perpendicular to the osculating plane, right-handed system. 

In trying to determine which coordinate system is best-suited for a study of agility, it is noted that 

agility, as defined herein, has close connections with the velocity vector. It therefore seems 

reasonable to choose a coordinate system with an orientation which is directly related to the 

velocity vector rather than being strictly associated with aircraft geometry. The body-fixed system 

has not been chosen for the present study for primarily this reason. However, it is worth noting 

that a body-fixed system may be preferable for other studies of agility. An example of such a 

situation would be a flight test where acceleration-rates might be measured with respect to body- 

fixed axes. 

Having eliminated the body-fixed system from immediate consideration, attention is now 

focused on the wind and Frenet systems. Consider the aircraft velocity vector as it is represented 

in the wind and Frenet systems respectively: 

(2.6) V=Vi=Vt 

Both of these reference frames satisfy our requirement that the triad orientation be directly 

related to the velocity vector, further consideration is therefore needed in order to determine the 

ideal frame of reference. In referring back to the description of these triads and comparing 

Figures 2.1 and 2.2, one will note that the Frenet system orientation is strictly defined by the 

instantaneous curvature of the flight path. In fact, for the case of lineal flight, both the principal 

normal and binormal vectors are undefined since the radius of curvature is infinite. Just as it was 

undesirable to choose a reference system which is strictly associated with the airframe it is also 

undesirable to choose a system which is strictly associated with the flight path. This is due to the 
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fact that it would be difficult to represent aircraft forces and force-rates (kinetic agility) in such a 

system. For this reason we feel that the Frenet system is not well-suited for the present study of 

agility, on the other hand, the wind system is well-suited since the triad is not only directly related 

to the velocity vector but, the force and force-rate components are in the familiar directions of lift, 

drag and side force. 

Having weighed the considerations listed above, the wind-axes have been chosen as the 

local moving reference system for this paper since it is equally well-suited for studies of both 

kinetic and kinematic agility. Of course, as indicated earlier, this decision does not mean that the 

wind-axes are the "best" choice for all situations but, they do seem to provide the most utility and 

convenience for this study. 

Since our choice of wind-axes is unique among the existing notions of agility, it is 

worthwhile to associate a descriptive name with each component of the agility vector which was 

first defined in equation (2.5) and which may be represented on the wind-axes as: 

(2.7) A= Axb + Aye + Acko 

Accordingly, the three components of the agility vector, as defined by equation (2.7), will be 

referred to as follows for the remainder of the study. 

  

Ax => Axial Agility (along x-wind axis) 

Ay => Lateral Agility (along y-wind axis) 

Az => Normal Agility (along z-wind axis)       
Note that the term axial agility, which is a result of changes in the magnitude of the tangential 

component of the acceleration vector, has been retained from previous agility studies [14,16] 

since it is essentially unchanged. However, the terms lateral and normal agility are new and have 

been chosen to better describe agility relative to the wind-axes system since these components 

are not equivalent to the previously defined notions of roll/torsional agility and pitch/curvature 

agility respectively. The agility components are depicted in Figure 2.3 and their characteristics 
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are described in greater detail in following sections. 

2.3: Kinematic Agility 

Although the focus of the present study has been placed on the analysis of agility from 

the view point of force-rates, in the interest of completeness it is worthwhile to derive the 

acceleration-rate terms so that they may be compared to those obtained by other researchers. 

The acceleration-rate vector (kinematic agility) is derived by differentiating the velocity vector 

twice with respect to time. Since these time derivatives are taken relative to an inertial system, 

the fact that the wind-axes themselves are rotating must be taken into account [13,25]. The first 

derivative of the velocity naturally gives the acceleration which is: 

where the time rate-of-change of the unit vector is given by Poisson's formula as: 

diw 
(2.9) (=) = @w X lw 

dt 

and @w» is the angular velocity vector of the wind-axes with respect to a fixed inertial reference 

frame. Using Miele's [1] notation, the wind-axes angular velocity vector may be written as: 

(2.10) @» = pwihw + gw pv + ro kw 

where pw is the velocity roll-rate, gw is the velocity pitch-rate, and mw is the velocity yaw-rate. 

The derivation of these angular velocity components is discussed in Chapter 3 and Appendix A. 

Now, returning to equation (2.9), taking the cross product, and substituting the result into (2.8) 

gives the acceleration vector, written with respect to the wind-axes, as: 

(2.11) @ = Viv + Vrwjw — Vaw kw 

Finally, differentiating the acceleration vector (2.11) with respect to time will yield the jerk vector, 

J, which was defined in equation (2.4) and has been described herein as representing kinematic 
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agility. The jerk vector assumes the following form when represented on the wind-axes: 

(2.12) J = ¥ - V(r2w + a) |b + [Vi + V( rw + pwqw ) |e _ [ Vow + V( gw _ pwrw) | kw 

It is worthwhile to note that the only difference between this vector, which is represented in the 

wind system, and a jerk vector represented in the Frenet system is that the angular velocity and 

angular acceleration components which appear in (2.12) would be those of the Frenet system 

instead of the wind system and the unit vectors would, of course, be those of the Frenet system. 

For instance, in the Frenet system the component of angular velocity in the binormal direction is 

a measure of the rotation-rate of the axes within the osculating plane, and hence indicative of the 

curvature of the path, while the other two components are measures of the rotation of the 

osculating plane itself and are indicative of the torsion of the path. The use of the Frenet system 

in flight mechanics is discussed by Miele [25] and Walden [35]. 

Although other researchers have proposed that agility be defined as an acceleration-rate, 

the jerk vector given by equation (2.12) differs from these concepts in that it is defined relative to 

the wind system and has been derived with respect to inertial space. For instance, the notion of 

agility suggested by Herbst is based on representing agility in the Frenet system and defining it 

relative to a non-inertial reference frame. That is, Herbst's agility cornponents amount to a choice 

of a non-inertial reference frame "f" in equation (2.2) or (2.3). In particular, the rotation of the 

Frenet-axes is ignored when differentiating the standard Frenet acceleration vector; as such, this 

vector is not a true jerk vector. The components of Herbst's "agility vector” are given below for 

comparison purposes only: 

A tengerwai = V 

Acuneure = -Vo -_ Vo 

Arum = O- ¥sin y -— YY COSY 

Here @ represents the angular position of the osculating plane relative to the vertical direction, o 

is the rotation-rate of the tangent and principal normal axes within the osculating plane (turn- 

rate), y is the velocity flight-path angle, and y is the velocity heading angle. One may note that 

Herbst's torsional agility component is not a measure of acceleration-rate. Instead, it represents 

the angular acceleration of the osculating plane about the velocity vector. It was necessary for 
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Herbst to "pick" a measure of torsional agility since he did not account for the rotation of the 

Frenet-axes when differentiating the acceleration vector, and therefore could not obtain the 

"natural" measure of lateral (torsional) agility as given in equation (2.12). Herbst's torsional agility 

component represents the “quickness of warping the maneuver plane", and was selected "to 

provide a realistic measure of combat agility" [14]. 

As mentioned earlier, kinematic agility is best-suited for the analysis of maneuvers once 

they have been flown rather than for predicting the agility characteristics of an aircraft. For 

example, an aircraft which is pulling g's in the vertical plane obviously displays agility along the 

axial and normal axes but will not exhibit any agility along the lateral axis since the wind-axes roll 

and yaw-rates will be zero (see equation 2.12). Similarly, an aircraft performing an unloaded roll 

will exhibit lateral agility but will not exhibit axial or normal agility (so long as Vand Y are 

respectively zero). Maneuvers such as these are easily analyzed in hindsight but do not 

necessarily meet any optimality criteria. One goal of this study is to develop such an optimal 

criteria by predicting aircraft performance from the viewpoint of the potential force-rates. 

Accordingly, we will now begin our study of kinetic agility. 

2.4: Kinetic Agility 

In studying kinetic agility, attention is focused on computing the time rate-of-change of 

the applied forces rather than the acceleration. Recall the usual decomposition of the applied 

forces acting on an aircraft as: 

F = Fa + Fp + F, 

where the force vectors are defined as follows: 

F = the net external force 

F. = the net aerodynamic force 

F, = the net propulsive force 

F, => the net gravitational force 

Note that for flight over a flat earth the gravitational force vector F, is a constant in inertial space, 

its contribution to the agility vector is therefore zero and it need not be considered further. The 
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aerodynamic force vector, represented in its usual form on the wind-axes, is shown graphically in 

Figure 2.1 and takes the following vector form: 

(2.13) Fa = -(Div + Ojo + Lv) 

If the gross thrust vector is assumed to act in a fixed direction relative to the aircraft geometry, ie 

along the body x-axis, then the net propulsive force vector represented on the wind-axes is given 

as: 

Fp = T; — Driw 

where T, is the gross thrust vector, and Dr = maV is the ram drag experienced by the 

propulsive system. Here, ma_ is the mass flow-rate of the air through the engine. Transforming 

the gross thrust vector to the wind-axes yields the following net propulsive force vector: 

(2.14) Fp = (T; cos a cos B — Dr) lv + Ts cos a sin B jw + Ts sin & Kw 

Finally, the agility vector is obtained by summing equations (2.13) and (2.14) and taking the time 

derivative of the resulting vector. Recall that the motion of the wind-axes must be accounted for 

during the differentiation process. Carrying out these operations yields an agility vector of the 

form shown in equation (2.7), where the individual components are given as follows: 

(2.15) Axial Agility 

Ax = Tz cos @ cos B - Te( & sin a cos B + B cos asin B) — Dr — D - quv(Ts sin a + L) 

— ro(Ts cos asin B - Q) 

.16 ateral Agilit 

Ay = Ts cos asin B - T,( & sin a sin B - B cos a: cos B) — Q + rw(Tez cos a cos B — Dr - D) 

+ pw(Te sina + L) 

(2.17) Normal Agility 

Az = Tz sina — Te& cos & + pw(Ts cos a sin B - Q) — L — qu(Tz cos a cos B — Dr — D) 
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Although the components of the agility vector are quite involved in the form given above, they 

may be greatly simplified with the following assumptions: 

e the aircraft maintains symmetric flight at all times ... (8 = B = 0) 

e the net thrust always acts along the flight path ... (F, = Tn iw) 

where Tn is the magnitude of the net thrust. The first of these assumptions simply limits the 

scenario since it rules out the application of side forces to enhance agility; in this sense it is a 

strong assumption. The second assumption is reasonable only so long as the angle-of-attack 

remains small; however, it will be shown later that the effect of thrust and thrust-rate on the 

magnitude of the agility vector is quite small in comparison to the effect of the aerodynamic 

forces and force-rates. With the assumptions listed above, the net force vector (with the gravity 

terms omitted) reduces to: 

F = (Tn — D)iv — L kw 

Taking the time derivative of this force vector yields the following simplified components of the 

agility vector: 

  

(2.18) Ax = Tn — D — quh (Axial Agility) 

(2.19) Ay = pwh + tw(Tr — D) (Lateral Agility) 

(2.20) Az = —L — qv(Tn - D) (Normal Agility)     
  

The terms in equations (2.18)-(2.20) which are of primary interest to a study of agility are those 

which are affected by the aircraft controls. It will be shown in Chapter 4 that determining the limits 

of control effectiveness can be directly related to determining the limits of the agility vector and 

thereby deriving the agility sets which were previously discussed. However, before this operation 

can be carried out, it is necessary to choose a mathematical model of the aircraft dynamics 

wherein the states and controls are precisely defined. Modeling is discussed in Chapter 3. 

Chapter 2: Quantifying Agility 19



  

Lift, Drag and Sideforce are the 
Wind Axes Components of the 
Total Aerodynamic Force 

  
VELOCITY 
VECTOR 

  

  
  

AIRCRAFT 
PLANE OF SYMMETRY         

Figure 2.1. Body-Fixed vs. Wind Coordinates 

Chapter 2: Quantifying Agility 20



  

  

  

      

    

      

Osculating Plane 
“Follows” the 
Maneuver 

Tangent to 
Velocity 

Principal Normal 
Line 

(Normal Acceleration Direction)   
  

The Maneuver Plane 

  

  

oe 
ae 

see
cac

ers
erc

onv
ee 

Ss scaenaretatatatate 
Beet 
se 
seascwenctecrne 
Sere 

. 

      
    The Moving Triad   
  

Figure 2.2. Frenet Coordinates 

Chapter 2: Quantifying Agility 21



  

    

  

A, — Axial Agility 

Ay — Lateral Agility 

Az — Normal Agility         

Figure 2.3. Components of the Agility Vector 
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CHAPTER 3 

AGILITY MODELING CONSIDERATIONS 

3.1: Fundamental Thoughts 

For the purpose of developing the notion of aircraft agility it is important to put the problem in 

perspective. It is most convenient to do this in the context of the mathematical model which will 

be used to represent the aircraft dynamics. Before such a model is defined, it should be noted 

that it is impossible to model real aircraft exactly, care must therefore be taken in the formulation 

of the mathematical model which will be used to represent the aircraft. A mathematical model for 

aircraft performance is based on the dynamical equations which describe the motion of the 

aircraft. A first order dynamical model of the motion can most generally be represented by the 

relation: 

(3.1) x = (x,0) 

where X is a vector consisting of the aircraft state variables, x is the vector of state-rates and, 

U is the vector of aircraft controls. Note that the control variables play the role of forcing functions 

in the equations of motion and can be thought of as being instantly achievable upon selection. 

The level of sophistication to which the dynamics are modeled usually depends on the type of 

problem under consideration. It is desirable to employ a model with as few states and controls as 

possible, while maintaining an acceptable level of accuracy, so that resulting analyses are not 

unnecessarily complicated. The question one might ask at this point is, what choice of states and 

controls is sufficient for a study of aircraft agility ? 

Since some account of the aircraft rigid-body dynamics will be required for a meaningful 

study of agility, a logical model to consider initially is the rigid-body model (RBM). A minimum of 

12 state variables would be required for an agility analysis employing a RBM of the dynamics. 

One choice for these variables is: 
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x,y,h: position coordinates 

speed 

flight path elevation angle 

flight path heading angle 

body-axis roll rate 

body-axis pitch rate (S) 

body-axis yaw rate 

angle-of-attack 

side-slip angle 

cr 
R
e
 

velocity bank angle 

An additional state variable would be required to model changes in aircraft weight if maneuvers 

are sufficiently long in duration. However, since maneuvers associated with agility are 

characteristically short, we may reasonably assume that the aircraft weight is constant. It should 

also be noted that this choice of state variables is not unique for a RBM. For instance, in some 

applications one may wish to replace the aerodynamic angles (o,B,u) with the body attitude 

angles (0,6,y). We have chosen the aerodynamic angles as states since we are concerned with 

computing force-rates in our study of agility. It will subsequently be shown that the force-rates are 

strong functions of the aerodynamic angular rates. On the other hand, we will not be directly 

concerned with the attitude of the aircraft with respect to the inertial reference system and hence 

there will be no specific requirement for computing the attitude angles. 

The first six variables in the list of states (S ) describe the point mass motions of the aircraft. 

The evolution in time of V , y, and x is determined from Newton's Laws (2.1) which yields 

equations that describe the motion of the aircraft center-of-mass. The trajectory equations relate 

these variables to the time rate-of-change of the position variables x, y and h. The remaining six 

variables describe the rigid-body motions of the aircraft. The evolution in time of p, g and ris 

also based on Newton's Laws (torque equals time rate-of-change of angular momentum). These 

body-rates may then be related to the angular rates of the aerodynamic angles a, B and jt 

through the so-called “kinematic equations". The differential equations of motion for the set of 

state variables (S) are provided in Appendix A. Note that since the aerodynamic forces acting on 

an aircraft depend on the body attitude (specifically a and §), it is reasonable to interpret the 

rigid-body motions as providing the dynamical equations which describe how the forces evolve in 

time. This confirms our previous statement that some model of the rigid-body motion is required 

Chapter 3: Agility Modeling Considerations 24



for a study of agility since we are directly concerned with the evaluation of force-rates. 

The set of control variables for a RBM typically includes a throttle setting and deflection 

angles for the various aerodynamic surfaces as indicated below: 

: throttle position 

: aileron deflection angle 

: Stabilator deflection angle 

: rudder deflection angle (C) 

3 
P
e
 

&
 
&
 

: flap deflection angle 

A more detailed control set might include secondary aerodynamic surfaces, such as leading edge 

flaps and speed brakes, and allow for non-symmetric deflection of the aerodynamic control 

surface pairs such as the stabilator and rudder surfaces. A graphical depiction of the RBM states 

and controls described in (S ) and (C) is provided in Figures 3.1 and 3.2. 

Upon considering the shear number of states and controls required by the full rigid-body 

model, as well as the non-linearity of the equations of motion, one realizes that it would be an 

extremely difficult task to implement such a model in any analysis involving optimization 

techniques. Since a goal of this study is to perform such analyses, simplification of the model is 

essential. In the following section we will identify a new type of dynamic model which will serve 

our purposes in terms of modeling rigid-body motions while also reducing the number of states 

and controls required by the full RBM. 

3.2: The Body-Rate Dynamic Model 

Previous studies in approximating aircraft performance have used ideas of singular 

perturbation theory to reduce the number of states in the analysis [1,18]. Our problem requires 

that we maintain a reasonable model of the rigid-body motion. This requirement eliminates the 

possibility of employing models which assume instantaneous changes in body attitude. For 

instance, the point-mass model is inappropriate for studies of agility since this model assumes 

that the aerodynamic angles (a,B,u), and hence the aerodynamic forces, are instantly achievable 

upon selection. It is obvious that with such a model the force-rate terms contained in the agility 
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vector would be meaningless. 

A compromise between the full RBM and existing lesser models, which do not account for 

rigid-body motions, can be realized by choosing an intermediate model based on the use of the 

aircraft body-rates p, g and ras a form of aerodynamic control and thrust-rate as a propulsive 

control. For purposes of clarity this model will henceforth be referred to as the body-rate dynamic 

model, abbreviated BRM. The BRM concept is intended to improve the approximation of the 

dynamics of lower order models, at least in part, by accounting for the fact that the body attitude 

cannot be changed instantly. However, one should keep in mind that the most important 

modeling feature, in terms of agility analysis, is not body attitude per se, but the forces which 

result from these attitudes. The unifying idea is to consider the rate at which one can change the 

net force acting on the vehicle. 

The basic BRM effectively reduces the number of states required in the analysis from twelve 

to nine by assuming that the body-rates are control-like. If we also impose the conditions of 

symmetric flight and thrust along the path, then the resulting model is further simplified. Applying 

these conditions to the rigid-body equations listed in Appendix A leads to the following set of 

state equations for the body-rate model: 

(3.2) x = Vcosycosy 

(3.3) V cos y sin ¥ we
. II 

(3.4) Ah 

(3.5) y=,” — sin ” 
W 

V sin y 

. L 
(3.6) y= |= cosj}i — COS | W H 

. L sin 37 %=228 
V W cosy 

. g L 
(3.8) a=q+t # cos cos Y — = 

V pest WwW 
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(3.9) B= 0= p sin a + 7 00s or + sin 1 008 7 

p 2. = | 
——— += sinp| —tany + tana cosy 

W B10) H= cosa V 

Note that the symmetric flight condition effectively reduces the number of state variables from 

nine to eight since B will be constant. In addition, this condition results in the constraint equation 

(3.9) which must be satisfied. The effect of equation (3.9) is to reduce the number of independent 

body-rate controls from three (p,q,/) to two. We have chosen to use this equation to eliminate the 

yaw-rate as an independent control. Solving (3.9) for r yields the following relation: 

& sin {cos ¥ 

V cosa 

(3.11) r=ptana+ 

As a final note in regard to the BRM state equations we mention the fact that the horizontal 

position coordinates (x,y ) are ignorable, since they are not coupled with any of the other states, 

and may therefore be neglected if they are not required in the analysis. Similarly, if x and y are 

not required in the analysis, then the heading angle x becomes ignorable and may be neglected if 

it is not needed. 

In terms of the BRM controls we now have p and q as independent aerodynamic controls 

and thrust-rate as a propulsive control. A simple propulsive model, with thrust-rates 

corresponding to extreme changes in throttle position (je throttle-slam and throttle-chop), will be 

sufficient for initial modeling of the effect of engine response limits on agility. However, 

determining admissible values for p and q is not as simple since the body-rates are coupled to 

the physical control surfaces through the moment equilibrium equations in the following manner: 

(ly — qr Pp 

(3.12) 4(k- k)prp +[Me]\ a7 + [Ms]6 = 0 

(dix — ly)aqp r 

Here Mc is a matrix of damping derivatives, Ms is a matrix of control derivatives and 6 is the 

vector of control surface deflections. In principle, the system of equations in (3.12) can be solved 
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for the body-rates in terms of the surface deflections. Recall however, that there are only two 

degrees-of-freedom here since the yaw rate is constrained by equation (3.11). Since the aircraft 

control surface deflections 5 will be physically bounded, it is clear that equation (3.12) induces 

bounds on the body-rates p and q. For prelirninary design studies, where detailed aircraft data is 

not available, one could simply parameterize p and g or limit them based on the characteristics of 

historically similar aircraft. Computation of these bounds will be discussed in detail in Chapter 4. 

The states and controls of the BRM are depicted in Figures 3.2 and 3.3. 

3.3: Evaluating the Force-Rate Terms 

With the choice of states and controls clear in our minds, we can now evaluate the 

components of the agility vector in greater detail. Since we have imposed the conditions of 

symmetric flight and thrust along the path on the analysis, we will only be concerned with 

evaluating the terms in the simplified agility vector which is listed in component form in equations 

(2.18-2.20). In particular, we are interested in deriving relations for the wind-axes angular rates 

(pw, gw, rw) and the time derivatives of the applied forces (L, D,Tn) in terms of the BRM states 

and controls. Once this task has been accomplished we will be able to proceed with the 

numerical analyses in the remaining chapters. 

Recall that the aerodynamic forces are usually presented in terms of non-dimensional 

coefficients in the following manner: 

(3.13) Fa = Cr(a,M)gS 

where q is the dynamic pressure, S is a characteristic reference area and, it has been assumed 

that the force coefficients are primarily dependent on angle-of-attack and Mach number. Taking 

the time derivative of equation (3.13) yields the following general expression for the lift and drag 

force-rate terms: 

(3.14) Fa= a =) + m{ =) gS + qCrs 
oa OM 
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where the partial derivatives are stability derivatives which depend on the characteristics of the 

aircraft in question. Data for these derivatives has been provided in Appendix B. The other 

derivatives in equation (3.14) include the time rate-of-change of the angle-of-attack, which was 

defined in equation (3.8) and, the time rate-of-change of the Mach number and the dynamic 

pressure, where both of these variables depend on the aircraft velocity and altitude. By applying 

the chain rule we obtain the following relations for the time derivatives of Mach number and 

dynamic pressure respectively: 

(3.16) 7 =— eh + pvv 
2 dh p 

where a is the speed of sound, p is the atmospheric density and, # and V were previously 

defined in equations (3.4) and (3.5) respectively. Note that the aerodynamic force-rates, equation 

(3.14) are influenced by the body pitch-rate q through the equation for angle-of-attack rate, 

(equation 3.8). Since q is considered a control variable in the BRM, it may therefore be used to 

directly effect both the axial and normal agility components which depend on the drag-rate and 

lift-rate, respectively. 

As mentioned in the previous section, we have chosen a simple model for the propulsive 

system wherein we consider only extreme throttle movements. In this case the value for the 

thrust-rate term, which appears only in the axial agility component, is parameterized as either a 

maximum (throttle-slam), a minimum (throttle-chop) or zero (no movement). 

With the applied forces and their rates defined we turn our attention to the remaining 

undefined terms in the agility vector which are the components of the wind-axes angular velocity 

vector (pw, gw, rw). The derivation of these terms is presented in Appendix A for the case of non- 

symmetric flight over a flat earth. With the assumption of symmetric flight the components are 

simplified to the following forms: 

  (3.17) pw= P + sin pt cos ¥ tan @ 
COS & 
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(3.18) gw = £/< — COS [2 Cos 1 
VLW 

(3.19) rw = 47 SIM H 008 Y 

Note that the only term which contains a control variable is p», which is directly affected by the 

body roll rate, and in turn appears in the lateral agility component. 

In summary, we see that there are four terms (L, D, Tn», pw) in the agility vector which 

depend on the independent BRM control variables p, q and Tn. The other terms depend only on 

the maneuver state. With a bit of algebraic manipulation we may write the agility components in 

the following form: 

(3.20) Ax =In+e:-qQ+er 

(3.21) Ay Ci: ptes 

(3.22) Az Cs: G@tCs 

where the c: terms are constant for a particular maneuver state and are given by the following 

relations: 

(3.23) c. = -gSCo. 

(3.24) 

C: = qugS(Cp. — Cr) + sin = [25M?aCo. - v°Cop.| + © [(coas - Tn) + mg sin y|(2Cp + MCox) 
m 

C1gs 

cos & 

(3.25) cs =   

(3.26) c. = sin cos y[qS(Ce tana — Cp) + Tn| 
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(3.27) cs = —qSCL. 

(3.28) 

_ GS cs = qugS(Cp. -— Cr) — quTn + sin 7 [24M 7c - v°cxp,| + aL (coas - Tn) + mg sin y](2Cz + MCi) 

where the subscripts a, M , and h denote that a derivative has been taken with respect to the 

indicated variable. 

The components of the agility vector, as represented on the wind-axes, have now been 

defined completely and a functional form for these components, in terms of the body-rate 

dynamic model states and controls, has been identified. In fact, we see that for the simplified 

BRM the agility components become affine functions of the body-rates p and q. In the following 

chapter we will employ analytic techniques to show that the limits of an aircraft's instantaneous 

agility capabilities (agility sets) is directly related to determining the admissible bounds on the 

control variables p and g. Then in Chapter 5, we will employ the body-rate dynamic model to 

formulate and solve an integral agility optimal control problem. 
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Figure 3.1. Typical Rigid-Body Dynamics Model 
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Figure 3.3. The Body-Rate Dynamics Model (BRM) 
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CHAPTER 4 

INSTANTANEOUS AGILITY 

4.1: Deriving Agility Sets 

As noted in Section 3.2, the moment equilibrium conditions, in conjunction with physical 

bounds on the aerodynamic control surfaces, induce bounds on the possible equilibrium body- 

rates as dictated by equations 3.12. The body-rate bounds, in combination with thrust-rate 

bounds, may be used to determine a set of limiting agility vectors. We have previously described 

the locus formed by this set of vectors as the instantaneous aircraft agility set. Each flight 

condition will produce a unique agility set. The purpose of the current section is to document the 

process by which agility sets may be constructed. In the following section we will present 

numerical results for several flight conditions. 

In the present study we consider the analysis of agility sets subject to the following 

hypotheses: 

e Zero sideslip angle, B 

e Only primary aerodynamic flight controls (aileron, stabilator and rudder) considered 

e Each control effects only a single moment 

° Control effectiveness independent of body-rates 

Given the hypotheses above, it is possible to determine an analytic solution to the three 

equilibrium equations (3.12) thereby providing an algebraic relation between the aircraft control 

surface deflection angles, which are known beforehand, and the limiting body-rates which we are 

seeking. We begin by writing the roll, pitch and yaw equilibrium equations respectively as: 

(4.1) (kk - b)qr \I L = GigSb 

(4.2) (Ix _- Iz) pr M=Cn gsc It 
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(4.3) Uy - Ix) qp =N= Cn qSb 

where the moment coefficients are computed as: 

(44) C= Cu + c, 2 
2V 

qc 
(4.5) Cn = Cm. + Cm ds + Cn, — 

2V 

(4.6) G=Cu& +n 
2V 
  

Recall from Chapter 3 that the requirement of identically zero sideslip (8 = 0) implies that: 

(4.7) r= ptana+(g/v) EO? 
cos & 

Combining equations 4.4 and 4.7 with the roll channel constraint 4.1 yields a relationship of the 

following form: 

(4.8) O= Al. p+B. pgq+C-q+D 

We may solve the pitch and yaw equilibrium equations in a similar manner to obtain relations of 

the form: 

(4.9) 0 = Am- p? + Bm-p+Cn-q+ Dm 

(4.10) 0 = An- p+ pq + Dn 

In each of equations (4.8)-(4.10) the physical control appears in the Dx term and no place else. 

In the interest of completeness, the coefficients for these equations are provided in Appendix C. 
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Since the limits on the physical controls are known, and the other coefficients of these 

equations are merely functions of the flight state (which is provided) the only unknowns are the 

body-rates p and gq. Our goal is to determine the bounding limits for all possible (p,q) control-pairs 

subject to the constraints imposed by equations (4.8)-(4.10). We may visualize the solution to this 

problem for a typical flight condition by solving the constraint equations for parameterized (p,q) 

pairs and overlaying the resulting curves to reveal the admissible body-rate set. This process is 

depicted in Figures 4.1-4.4 where we have plotted the pitch, roll, yaw and composite solutions, 

respectively, for a nominal flight condition of straight and level flight at sea-level and Mach 0.3. It 

is clear from these plots that there exists a distinct region of admissible body-rates which are 

dictated by the control deflection limits. Taking a closer look at this region in Figure 4.5, we see 

that the admissible body-rate set for a given flight condition is clearly dictated by constraints on 

the physical controls. Figure 4.6 shows the resulting simultaneous (at the boundary points) 

control deflections required to produce the limiting body-rate set depicted in Figure 4.5. Note that 

one or more of the controls is at an extreme limit at all times and that each of the controls 

progresses from one extreme to another as the pitch-rate goes from a minimum to a maximum. 

Now that a procedure has been established for determining the admissible body-rates, 

the only remaining task required before we may begin to compute agility sets is to define the 

limiting thrust-rates. Figure 4.7 shows typical engine response histories [7] for a modern fighter 

for the cases of throttle-slam and throttle-chop. Since the engine response is primarily linear, 

except for short initial and final transients, it is reasonable to simplify the analysis by assuming 

that the thrust-rates are constant. This assumption results in a maximum and minimum thrust- 

rate capability as depicted in Figure 4.8 where we have assumed, for the purposes of the present 

analysis, that the thrust-rates are constant with time and invariant with flight condition. We have 

now demonstrated methods for obtaining bounds for all of the BRM controls, at this point we are 

ready to compute agility sets. 

Figure 4.9 depicts a sample 3-dimensional agility set which has been produced from the 

body-rate set and thrust-rate limits shown in Figures 4.5 and 4.8, respectively, by substituting 

these limiting rates into the agility component equations (3.20)-(3.22). The nominal flight condition 

for this particular agility set is straight and level unaccelerated flight at sea-level altitude and 

Mach 0.3. One may immediately observe that the agility set is almost 2-dimensional in nature, in 

fact the "thickness" of the figure is entirely attributable to the thrust-rate term which appears only 

in the axial agility component. For this flight condition, as well as all other conditions examined by 
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the author, thrust-rate is seen to have a nearly negligible effect on agility in comparison to the 

effect of the aerodynamic rates. For example, the absolute maximum thrust-rate for this aircraft is 

just over 0.5 g's/sec (throttle-chop), while the maximum values for L, D and p»L, even at this 

low dynamic pressure flight condition, are 30, 8 and 3 g's/sec, respectively. It should also be 

noted at this point that the other terms in the agility components, ie gw L, rw(In- D) and 

gw(Tn - D), only contribute a minuscule portion (typically less than 0.1 g's/sec) to the total agility, 

in comparison to the other terms listed above, and may therefore be neglected in most cases. 

Returning to Figure 4.9, we notice another interesting feature, namely that the agility displayed 

along the normal axis is significantly greater than that displayed along either the axial or lateral 

axes. The difference in axial and normal agility may be confusing at first since each of these 

components are a direct function of the pitch-rate, however, upon closer examination of the 

aerodynamic rate terms L and D (see equation 3.14) one will notice that L is driven by the lift- 

curve slope, Cz., while D is driven by the drag-curve slope Cp.. The fact that the slope of the lift- 

curve is significantly steeper, at most low-to-moderate o flight conditions, than that of the drag- 

curve (see Appendix B) accounts for the difference in maximum magnitude of the axial and 

normal agility components. On the other hand, the difference in the maximum magnitude of the 

normal and lateral agility components is primarily due to the fact that the roll-rate simply gets 

multiplied by the lift-force in the lateral agility equation (see equations 2.19 and 3.17), while the 

pitch-rate is multiplied by the dynamic pressure and the reference area in the normal agility 

equation (see equations 2.20, 3.8 and 3.14). Another contributing factor here is that the 

maximum pitch-rate exceeds the maximum roll-rate by close to a factor of two as indicated in 

Figure 4.5. With these observations in-hand we now proceed to the next section where we will 

examine the effect of flight condition on the shape and orientation of the agility set. 

4.2: Numerical Results 

As noted in the Introduction, it may be of interest to compare the agility sets of one 

aircraft to another at one or more flight conditions to deterrnine regions in which one aircraft is 

superior to the other. In the present study we will not attempt to analyze the performance 

characteristics of competing aircraft, instead we will present data for a single aircraft, operating at 

various flight conditions, in order to provide some insight into the expected variations in agility 

characteristics over the flight regime and to aid the reader in the visualization of our theory. In so 
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doing, methodologies are presented by which analysts or designers may employ our theory to 

assess and/or compare aircraft agility. The numerical results which we provide in this study are 

representative of the capabilities of a state-of-the-art fighter aircraft. All modeling data required to 

produce these results are provided in Appendix B. 

One way to characterize aircraft agility at a particular flight condition is to plot the 

extreme values of each agility component together on a single plot vs. pitch-rate as shown in 

Figure 4.10. From this plot one may quickly determine maximum aircraft agility along each axis 

during pure-pitch, pure-roll or combined pitch-roll maneuvers. By overlaying the agility 

characteristics of another aircraft onto this plot, a direct performance comparison may be made 

at the given flight condition. It is also at this point that a designer who has received specifications 

to build an aircraft that is capable of specific levels of agility could relate the physical control 

authority to the predicted agility. If the agility predicted in Figure 4.10 is not adequate then the 

designer could return to the equilibrium control deflection and body-rate set plots (Figures 4.5 and 

4.6) and identify the deficient control. 

Although performance comparisons at a single flight condition are interesting, such a 

comparison in itself is generally not sufficient for choosing one design over another or for rating 

one aircraft as better than another. In order to be thorough it is necessary to compute data 

throughout the flight regime. Accordingly, we now provide data which examines the effect of flight 

condition (fe aircraft state) on the agility set. In particular, Figures 4.11 and 4.12 examine the 

effect of variations in Mach number during straight and level flight on the body-rate set, and the 

agility set, respectively. Similarly, Figures 4.13 and 4.14 examine the effect of load-factor during 

flight in the vertical plane and Figures 4.15 and 4.16 examine the effect of bank angle during 

flight in the horizontal plane. It should be emphasized that Mach number (velocity), load-factor 

(angle-of-attack) and bank-angle are states in the body-rate model. Recall that since thrust-rate 

primarily provides thickness to the agility set, plots were generated for a single thrust-rate 

(throttle-slam) only and the focus is placed on analyzing changes in the shape and orientation of 

the agility set. 

Analysis of the effects of Mach number on agility for a nominal straight, level and 

unaccelerated flight condition reveal, not surprisingly, that increased Mach number, and thus 

increased dynamic pressure, significantly enhance the aircraft's capability to generate higher roll 

and pitch-rates (Figure 4.11). However, the effect that increased Mach number has on the agility 
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set itself is not so intuitive. Upon examining Figure 4.12 one will notice that one interesting effect 

of Mach number on the agility set is a rotation of the set within the X-Z plane. This rotation is due 

to the change in Cp. as the angle-of-attack required to maintain level 1-g flight decreases with 

increasing Mach number (Cop. is plotted versus angle-of-attack in Figure B.5). The other primary 

effect of increasing Mach number is to drastically enhance the potential agility along each of the 

axes, this holds especially true for normal agility which has an absolute maximum value of less 

than 30 g's/sec at Mach 0.3 and increases to an absolute maximum of nearly 350 g's/sec at 

Mach 0.7 (note the different axes scales in Figure 4.12). This effect is due almost entirely to the 

increase in dynamic pressure from Mach 0.3 flight to Mach 0.7 flight. 

Turning to Figures 4.13 and 4.14 one will notice that changing load-factor (/e changing 

a), while holding speed constant at Mach 0.5, does not result in nearly so drastic of changes in 

the agility set as does changing the Mach number while holding g-level constant. The primary 

effect here is once again a rotation of the agility set within the X-Z plane. Although the change in 

angle-of-attack is significant for this example, the rotation is not as pronounced as in the previous 

example since the angle-of-attack is increasing which results in smaller changes in Cp.. Another 

interesting point to make about this example is that the lateral and axial agility are much closer in 

magnitude to the normal agility. Note that it is even possible to plot them on the same scale while 

retaining clarity. The reduction in difference in axial and normal maximum agility is due to the Cp. 

effect, while the reduction in difference in lateral and normal maximum agility is due to the fact 

that Lift is increasing with g-level, ie Ay « (L - pw), while dynamic pressure remains constant in 

this example, ie Az <« (@- Cl.- gS). 

Next we examine the effect of turning flight in the horizontal plane on the agility set. Here 

we have simply parameterized bank angle while maintaining sufficient angle-of-attack to achieve 

level flight, Mach number is constant at 0.5. From Figure 4.15 one will notice that bank angle has 

a negligible effect on the shape and size of the admissible body-rate set. The primary effect here 

is a skewing of the rate bounds at non-zero bank angle, this results in a non-symmetric figure 

about the zero roll-rate axis, whereas the figure is symmetric for all cases of zero bank angle. In 

terms of the agility set itself, (see Figure 4.16), we see that the set is once again rotated in the X- 

Z plane. The same reasoning holds true here as for the previous examples since angle-of-attack 

must increase as bank angle increases in order to maintain level flight in the horizontal plane. 

Other than this effect, we notice that the maximum normal agility is almost an order-of-magnitude 

greater than the maximum axial and lateral agility, the increase in difference between this case 
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and the previous example is primarily due to the effect of non-zero bank angle on wind-axes rate 

(see equations (3.17)-(3.19)), which directly affect the agility state-constant coefficients listed in 

equations (3.23)-(3.28). 

In the preceding examples we have characterized the behavior of the agility set for 

different flight conditions and maneuvers at a constant altitude. Another way to assess aircraft 

agility is to look at the extreme limits of the admissible rates and the resulting extreme values of 

the agility components at different points in the flight envelope. In fact, this method is likely to be 

more useful to the designer or analyst than examining isolated agility sets since more data can 

be assessed on a single plot. Such an analysis is presented in Figures 4.17-4.20 for our aircraft 

and the case of straight, level and unaccelerated flight condition. Figure 4.17 examines the 

change in maximum and minimum pitch-rate and maximum roll-rate (min=-max) as a function of 

Mach number and altitude, while figures 4.18-4-20 examine the resulting extreme values of axial, 

lateral and normal agility, respectively, at those flight conditions. Starting with Figure 4.17 we 

note that there are no real surprises in the admissible rates, je performance falls off with 

increasing altitude and decreasing Mach number (note that this particular aircraft cannot maintain 

1-g flight at Mach 0.3 and 30000 ft, thus the truncation of data on the 30 kft curves). Moving on to 

Figure 4.18 one will notice an interesting feature in that the maximum axial agility crosses over as 

Mach number increases, once again this is due to the Cp. effect as angle-of-attack changes to 

meet the 1-g lift requirement. In Figures 4.19 and 4.20 there are no unique features as 

performance once again is best at low altitudes and high speeds. As with the agility sets 

themselves, data such as that displayed in Figures 4.17-4.20 may provide a useful means for 

designers or analysts in comparing aircraft instantaneous agility performance. 

4.3: Thoughts on the Body-Rate Bounds 

Two additional features of the body-rate sets require examination before we proceed to 

the following chapter where we apply our agility theory towards the solution of an optimal control 

problem in integral agility. Looking back at Figures 4.11, 4.13 and 4.15, one may notice the 

following: 

e the maximum achievable pitch-rates are extraordinarily high 

e the body-rate sets are highly irregular in shape 
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The high rates are due to the fact that the BAM ignores the transient pitch-rate dynamics which 

take place in the higher-order rigid-body model where q is a state and therefore q + 0 initially. In 

reality, an aircraft would be limited by either maximum lift, (Cz. = 0), or maximum g-load before 

it could achieve the pitch-rates displayed in the BAM figures. The actual maximum steady-state 

pitch-rate capability would therefore be significantly less than that indicated in the preceding 

analysis. The fact that the body-rate sets are irregular in shape does not impair the analysis of 

instantaneous agility, however the irregularity of the control set can present difficulties in the 

solution of an optimal control problem where the set of possible state-rates must be convex to 

guarantee the existence of a solution [10,20]. In the absence of convexity an optimal control may 

want to "chatter"; that is rapidly switch between two bounds on the control set. Since our controls 

are body-rates this implies a train of impulses for the moments. Such an optimal control would 

stretch the credibility of the model too much. 

In the following chapter we will require a body-rate control set that is more suitable for 

solving optimal control problems. Accordingly, we now present an alternative approach for 

determining the bounds to the body-rate set (p,q) whereby more realistic rate limits are achieved 

and the irregular body-rate bounds are ultimately replaced by a convex approximation. To 

achieve more realistic rate limits we return to considerations of a rigid-body model and consider 

the following two maneuvers for characterizing absolute limits on pitch and roll-rate respectively: 

e Pure pull-up at maximum stabilator deflection 

e Unloaded roll at maximum aileron deflection 

Three state-rate equations are required for the first maneuver, they are: 

. Ma, ds) 
q = — 

ly 

a= qt wy L008 Y= n(a)| 

y= St n(a) - cos y] 
V 
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where the pitching moment, (a, ds), was previously defined in equations (4.2) and (4.5). Fora 

step-input of maximum stabilator deflection, ds, one may expect pitch-rate responses such as 

those displayed in Figure 4.21. Note that the maximum pitch-rates here are far less than those 

predicted by the body-rate model for the same flight conditions (see Figure 4.11). This is due to 

the fact that the BRM achieves instant pitch-rates and therefore is not subjected to the transient 

angle-of-attack constraints that affect the rigid-body model. 

For the second rigid-body maneuver we require only the bank-angle and roll-rate 

equations since we may assume that angle-of-attack and path-angle are zero during the 

unloaded roll, we therefore have: 

L(0, &) 
kk 
  

where the rolling moment, L(0, &) was previously defined in equations (4.1) and (4.4) and the 

zero in the first entry refers to a. For a step-input of maximum aileron deflection, a4, one may 

expect roll-rate responses such as those displayed in Figure 4.22. Note that the maximum 

steady-state rates displayed here do not differ greatly from those displayed in Figure 4.11. 

Finally, we may obtain a convex body-rate set at each flight condition by approximating 

the relation between maximum pitch-rate, g a=, and maximum roll-rate, p a, (from Figures 4.21 

and 4.22, respectively) as an ellipse, this implies that the controls (p,q) are limited as follows: 

2 2 

(4.11) [2] (4) <1 
Pm G max 

For comparison purposes the elliptical body-rate bounds have been superimposed over the 

original bounds in Figure 4.23. Since the mapping from body-rates to agility components is affine, 

the agility set corresponding to the elliptical body-rate bound, equation (4.11), will also be elliptical 

in shape. Although we require these approximated elliptical body-rate bounds to solve our optimal 

integral agility flight problem in the following chapter, it is noted that the agility sets derived from 
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the original irregular body-rate bounds remain a valid means for evaluating instantaneous aircraft 

agility within the context of the reduced-order BRM. 
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Nominal Flight Condition: Straight & Level, Mach 0.3, Sea Level 
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Figure 4.2. Roll Equilibrium 
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Nominal Flight Condition: Straight & Leve!, Mach 0.3, Sea Level 

  

  

    

   

   
                 
  

  

  

      

  
      

      

300 e 

DOO sde----ececece cece cee be eee Pee eee stesceeceeboseserareeessarersbessssesenescesnces 

3 ' Max Rudder 
® 100 WR oe een ee eee peer prosseesese ess Wea secre teres ester ester ccsc esc eee ees eecs 

Be _.. Admissible Control Region "°° eoetes 
2 [ ‘ . ‘ pee boobOe 

me -100 freee reer b-- Pig eeereeee ee bascststeeeeeees QP o n-ne veers boteeererereeeeeeres 
oO - : ‘ x :MinRudder_ : 

a r ‘ ys 
~200 rover prorcessersee gees: povtteresfeeseeesees poesceetitesceeeeecbesseeetseserceeeces 

-300 t al } j 5 j i j d 1 } j } A | 

-200 -100 0 100 200 300 

Pitch-Rate (deg/sec) 

Figure 4.3. Yaw Equilibrium 

Nominal Flight Condition: Straight & Level, Mach 0.3, Sea Level 

300 + — T 
: Yaw Constraint Pitch Constraint 
C ; fo; \ eget 

200 -F--------- Serssceaboereesete es phrctbrrsree occeseerepg ce eet epee erent teens 
~ Pat : 
3 F Fo 
a hone ecee eee eee nlite cece «eeeeeeeeeeeees Nei chesceesecccceeenses Loves vntne tenn 3 100 r Tree Se 4 

2 o fo. Admissible Control Region a mysto- 
2 Po : ieee teen Bo Pree : a pT 
aE 100 Speers TAR ype ee 52 ne ceeeeeceee ce cebeeeeeeentenceees 
e Pe TT ra Roll: Constraint 

200 eee-e cece ec eee renee Le seseeewee ees Nyeccecbeseeceee foec eee EA A ec tte be tteeteee tees 

C | VE FF tte] 
" ; +: / 

-300 Fd ' er ef er Leal ol : no | } beer 

-200 -100 0 100 200 300 

Pitch-Rate (deg/sec)     
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Nominal Flight Condition: Straight & Level, Mach 0.3, Sea Level 
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Figure 4.6. Equilibrium Control Deflections 
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Note: Response assumed invariant with flight condition 
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Figure 4.9. Agility Set: 3-D View 
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Figure 4.12. Agility Sets: Mach Dependence 

Chapter 4: Instantaneous Agility 52



  

——— Nominal Load Factor = 1 

ane Nominal Load Factor = 3 

motte Nominal Load Factor = 5 

400   

300 5 

200 + 

—_
 oO Oo 2 

-100 » 

Bo
dy

 
Ro

ll
 
Ra
te
 

(d
eg

/s
ec

) 

oO 

-200 5   
-300 9 

n
e
 
e
e
 

e
e
 

e
e
 

ee
 

e
e
     400 et tt 

- 1 7 tT e v [CE t Lj 

-400 -300 -200 -100 0 100 200 300 400 500 600 

Body Pitch Rate (deg/sec) 

  

Flight Condition: Vertical Plane, Mach 0.5, Sea Level     
  

Figure 4.13. Body-Rate Sets: Load Dependence 
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Figure 4.14. Agility Sets: Load Dependence 
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Figure 4.15. Body-Rate Sets: Bank-Angle Dependence 
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Figure 4.16. Agility Sets: Bank-Angle Dependence 
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Figure 4.17. Limiting Body-Rates: Straight & Level Flight 
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Figure 4.18. Axial Agility Limits: Straight & Level Flight 
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Figure 4.19. Lateral Agility Limits: Straight & Level Flight 

  

  

  

      

  

—— Max Pitch-Rate @ Altitude = 0 kft 

"7-7 Min Pitch-Rate a Altitude = 15 kft 

A Altitude = 30 kft 

300 + 

— 200+ 
© C 
9 r 
@ 100% 

Oo C 

r= iE 

D> -100 £ < 100 r 

C r 
E -200 — 
au 

Sf 
-300 + 

-400 =F 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 

Mach Number     
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Figure 4.21. Rigid-Body Pitch-Rate Response 
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CHAPTER 5 

INTEGRAL AGILITY 

5.1: The Optimal Control Problem 

In this chapter we will formulate an integral performance flight problem and solve that 

problem via the usual methods of optimal control theory [6,19,20,21]. The body-rate model which 

was developed in Chapter 3 will be employed to model the aircraft dynamics. The particular 

problem that we have chosen is a simple one, yet it has been suggested by Kalviste's roll 

reversal agility parameter Y”7 [17]. Related optimal maneuvers have been studied by Cannon 

(8). 

Our flight problem is depicted in Figure 5.1. Consider an aircraft in straight and level (1-g) 

flight with an initial heading angle of 7. = 0. At time ft. the vehicle is to begin a rapid turn to the 

right and continue that turn up to a fixed final-time, z. The maneuver is to be flown in such a way 

So as to maximize the final heading angle, 7. The dynamics of interest for such a problem will 

occur over a brief time-span; accordingly, we may reasonably make the following assumptions: 

e Aircraft speed is constant during the maneuver [neglect speed dynamics (3.5)] 

e Atmospheric properties p(h) and a(h) are constant [neglect altitude dynamics (3.4)] 

In addition to these assumptions, we will retain the previous simplifications to the body-rate 

model, fe symmetric flight (g = B = 0] and thrust along the path. Consideration of the 

constraints listed above, and elimination of the ignorable states, x and y , reduces the list of BRM 

state equations (see equations 3.2-3.10) which must be considered for this problem to the 

following: 

(61) y= na cos 2 — cos ¥] 
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n(a) = sin pL 

V cosy 

  (5.2) ¥ 

(5.3) a= qt “(eos ¥ cos pH — n(a)| 

p § (5.4) + = sin p[n(a) tan y + cos y tana] tv
. Il 

cos & 

where the normal load-factor, n(a), is defined as: 

(5.5) n(a) = La) = q 8 Ci(a) 

W 

and the function Cr.(a) is the primary aerodynamic data required for our problem. Note that no 

thrust data is required for the problem since we have assumed that the velocity remains constant. 

During the maneuver the aircraft is to be limited to angles-of-attack such that neither a pre- 

defined load-factor limit (n(a) < n.) nor an aerodynamic stall limit (@ < a...) are exceeded. 

These limits are depicted graphically in Figure 5.2. 

Returning momentarily to modeling considerations, one may notice that in a point-mass 

approximation the angle-of-attack, a, and bank-angle, pp, act as controls and may therefore be 

changed instantly. In this case, at time rt." the aircraft will already have achieved a non-zero turn- 

rate (see equation 5.2). For a rigid-body model, the control surfaces (elevator, rudder, aileron) 

would discontinuously change at ¢. but the body-rates, and therefore the body attitude, would 

not. The body-rate model is intermediate and permits instantaneous changes in the body-rate 

controls, p and gq, but the body attitude is continuous. For the BRM the velocity-heading angle 

and its rate are still zero at time t.”. Our model will therefore produce a transient maneuver while 

the body pitches, rolls and yaws. We may consider the magnitude of this transient lag as a 

measure of integral agility. Longer lags mean less agility. The point mass model displays no lag 

and hence may be considered as having "infinite" agility. With finite limits on the body-rates, the 

agility will also be finite. To separate the agility inherent in the aircraft from the effects of pilot 

technique, one should perform the maneuver in an optimal way. This is the motivation for our 
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problem. 

Since we are attempting to maximize the value of a state variable, x , at a specified final 

time, the optimal control problem that we will be solving may be conveniently formulated as a 

Mayer-type problem where the performance index is: 

(5.6) J = o[x(r).4] = xy) 

Mathematically speaking, we are to find the control histories p(t) and g(t) which will drive the 

system from an initial prescribed state 

(5.7) (to) = (to) = w(t.) = 0 

(5.8) alte) = a 

to maximize y(t) while satisfying both the state inequality constraint; 

(5.9) Sa=[a(t)-am]<0 

and the prescribed bound on the controls [see equation (4.11)]; 

2 2 

(5.10) [2 (4) <1 
p= q = 

With the integral flight problem adequately described, we now proceed to describe the necessary 

conditions and arc structures associated with solving our problem. 

5.2: Constructing Extremals 

In order to solve the optimal contro! problem we shall apply the usual necessary 

conditions for optimality [6,19,20,21]. We will start this procedure by assuming that the state 
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inequality constraint (5.9) does not become active. Accordingly, we construct the variational- 

Hamiltonian as: 

H=NXf=(Ar aA Aw Ade 

tr
. 

RQ
: 
R
e
s
 

where the A, terms have been described in the literature as adjoint variables, co-states, influence 

functions and Lagrangian multipliers. Expansion of the Hamiltonian yields the following; 

(5.11) H= in {£ [mca cost - cos | + ax-| meen sin UL 

V cosy 

  
F ha - fa + 77 [e087 208 H - na]| 

  ia P + sin ulncay ta 7 + cos yt a} 
cosa V 

The co-state differential equations are then derived from the Hamiltonian in the usual manner, 

that is; 

    

Ai = _ oH 

0 xj 

which yields; 

(5.12) Ay = -2| sin y| ay + Ay n(a) — - Awcosp - Ansin p tana | + Au n(o.)—— 
V cos ¥ cos’ 7 

(5.13) Ay=0 (.. Ay = constant) 
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(5.14) 

- + Resin + tl 2 sin @ seer) 

2. 2 
g cos a COS’ a 

sin ft 
    da = -f| ela cos UL + Ay 

V cos Y 

(5.15) 

COs ft 
  An = 8 fn n(ot) sin Bp + Ay n(a) — Aa sin ji cos y + Au cos p[ n( a) tan y + cos ¥ tan a 

V cos ¥ 

where n’(a) is the derivative of the load-factor with respect to the angle-of-attack. 

The first necessary condition of optimality is derived from Pontryagin's Minimum 

Principle, it requires that at each time along an optimal trajectory the control must minimize the 

variational-Hamiltonian, je: 

H[ Ac), x), 0" (| = min H[AQ), x (),u| 
ui 

Note that the control dependent terms of the Hamiltonian, Ha, are the only terms that enter into 

the optimality condition, we obtain these terms from equation (5.11) as: 

pone gr Hepa [HE 
COs Oo Ao q 

From the last expression we interpret H. as a dot-product of the vector (p,q)’ with a vector 

  

whose value depends on Aa, Ay and a. Since the controls are restricted to an ellipse in the (p,q) 

plane it is clear that extremal controls will occur on the boundary of the ellipse. This minimization 

process can be simplified even further if we transform the elliptical constraint on the control 

bounds (see Figure 5.3) into a circular constraint as shown in Figure 5.4. We may then write the 

original body-rate controls as; 
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_—— rcoso p= = rsino 
~ Pp 
q = —— 

mux P cox 

where r is the length of the vector 7 which locates the transformed control pair (p, g) and will 

always be unity so long as the controls are extremal. This transformation therefore effectively 

reduces the number of control variables from two to one and allows us to rewrite the control 

dependent Hamiltonian as: 

  Heo = Aa: G mCOS CO + - Dw SiN 
cos & 

differentiating this equation with respect to the new control, o, gives; 

    

0 He 

= Hu = —Aa-gmsingd + : D m COS O 
oc COS a 

from which the following expression for the optimal control may be obtained: 

(5.16) oft) = wo P= eo 
Gm Aa(t) cos a{t) 

The solution to equation (5.16) must cause the Hamiltonian to be minimized at all points along 

the unconstrained arc in order to satisfy the first-order necessary condition of optimality. Since 

the optimality condition involves a tan” term it is necessary to resolve the angle o, at each point 

in time, such that the quadrant chosen results in the minimum value of the term Hoo. 

The same results can be derived without this control transformation and since this will be 

useful later we briefly discuss the procedure here. The "natural" controls p and gq are subject to 

the elliptical bound (5.10). To carry out the min— H operation with this bound we can adjoin the 

constraint to the variational-Hamiltonian 
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The usual Lagrange multiplier rule asserts that if ( py q’) minimizes H subject to the bound, then 

there is a value of v so that pq’) is a stationary point for H. Since the constraint is an 

inequality, the Kuhn-Tucker conditions guarantee that v > 0 (see [6], Chapter 1). For this 

problem the conditions are; 

+2v =0 and la + 2v-2 = 0 
COS O Dp” m Qo sm 
      

and (5.10) as equality. This leads to the same p and q as found above and to; 

1/2 sy 
Finally, we require boundary conditions for the states and co-states at the initial and final 

times. For our problem the boundary conditions are split, ie we know the states at time to, see 

equations (5.7) and (5.8), and the co-states are prescribed at the final time by the transversality 

condition; 

Ailtr) = uf 22) 
Ox; 

Applying this condition to our performance index yields the following transversality conditions for 

the optimal control problem at time rt: 

(5.17) Ay(y) = Aa(tr) = An(tr) = 0 
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(5.18) Ay(y) = Ao 21 

Since Ay = 0, (5.18) tells us that Az will maintain a constant value over the entire problem 

duration. 

The conditions described above apply only over arcs where the aircraft is not constrained 

in any state variable and where the variational-Hamiltonian is reguiar. In the present case the 

Hamiltonian will be regular if Huu > 0, and this requires that at least one of the co-states, A« and 

Au, Must be non-zero. If Ac and Ay both vanish identically on an interval then, from (5.14) and 

(5.15), we have; 

n’ cosy n’ sin p/cos ¥ || Ay 0 

—singi cosp/cos y [2] " | 

The homogeneous linear system will have a non-zero solution only if the determinant is zero. 

Since the value of the determinant (n’/cos 7) is generally non-zero, the only solution is 

Ay = Ax = 0. In this case all four co-states would be zero and the Minimum Principle guarantees 

that this won't happen (ie that the adjoints don't all vanish simultaneously). Hence, we are 

assured that the Hamiltonian will be regular. For subsequent discussions we shall refer to the 

extremal structure given by conditions (5.12)-(5.18) as a type-A arc. 

Preliminary studies with the control logic discussed above indicated that the angle-of- 

attack did increase and, if permitted, would exceed the bound (5.9). Note that a@.. must be the 

smaller of the stall-angle, @.0, and the a that yields n(a) = n=. From equation (5.5) it is clear 

that there is a value of the dynamic pressure such that 

4 C1 cnn) = NN mm 

W/S 

This critical value of dynamic pressure implies a critical value of velocity - the so-called corner 

velocity which depends on altitude through the air density 
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1 
5 Pla )ve" = critical 

For speeds in excess of the corner velocity, the angle-of-attack limit is imposed by the structural 

limit (n(a@) < nm). At speeds below the corner velocity the angle-of-attack limit is imposed by 

the stall-angle (a < au). Since speed is a fixed parameter in our problem, we can cornpute the 

appropriate limit in advance. 

Since type-A arcs can lead to a violation of the constraint (5.9), it is necessary to 

explicitly impose this constraint. Thus we consider a type-B arc wherein (5.9) is satisfied as an 

equality. Following the procedure in (see [6], Chapter 3) we differentiate (5.9) with respect to time 

and find that the constraint on angle-of-attack is of first-order since the control gq appears 

explicitly, fe; 

d Sa 

dt 
  =G@=q + © [cos Y COS jt — n(O m)] 

To enforce the constraint over an interval [1,,1:] it is sufficient to require that s| a(?)| = 0 for 

some t: <7 < 1, and that the pitch-rate control g be chosen to make Sa = 0 over the interval. 

This state-control equality constraint is handled by adjoining it to the original variational- 

Hamiltonian as; 

2 2 

(5.19) Hep =A’ f+ 4 + <, (0s ¥ COs ft — n(a=))| +v (2. + 2. _ J 

where we have opted to use the natural control variables and to adjoin the elliptical constraint. 

Along the type-B arc we then have the following co-state equations; 

(5.20) Ay —K'" of +6: (£ sin roost 
oY V 

(5.21) Ay il ©
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(5.22) de =a tf 4g. 2H’ 
0a V 

(5.23) Ay =-A’ of + @- (£ sin [L COS r| 
Ou V 

Due to the state constraint, we must also rethink our condition of optimality. Along the 

constrained arc the control dependent Hamiltonian takes the following form; 

  

2 2 

HB = (An + 0) Gg + Au oS} (2J-4 
COS Of mas D wm qm 

The min— H operation applied to this expression yields four conditions of stationarity along the 

      

    

type-B arc; 

(5.24, CP oy P <9 
Op COS Of rx po = 

o Hp gq 
(5.25) = (Aa + 6) + 2V— = 0 

dq qm 

(5.26) Sa=q+ “7 L008 7 608 H — n(Q@m)] = 0 

2 2 

(5.27) (2) (4 ~1=0 
pm qm 

These equations are to be solved for p, g, v, and © for given Ac, Ay, p and y 

(Q mx, P m,Qm,g and V are fixed parameters). From the structure of these equations it is clear 

that the pitch-rate is computed from (5.26) and the roll-rate (up to its sign) follows from (5.27). 
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From (5.24) and (5.25) we then find that; 

2 2 

ya Po A and (Qe +6) =-2% - Au Pim @ 

2 P COS Of rx Gm COS Om G? mx P 

  

While the choice for g, dictated by (5.26) above, will ensure that Sa is constant along the arc, we 

must also impose a "tangency" condition to be sure that the value of Sa will be zero. This “interior 

point" condition 

Sal o-(t:) | = a(t.) —- Om = 0 

leads to a "jump condition" for the co-states. The general jump conditions are given by (see [6], 

Chapter 3); 

  

  

aSa a(t) = at (ts (1) = al )+ 2 

(tr) = A(n*) - 22 
Ot 

If one carries out the operations in these equations, the results reveal that the only co-state which 

may experience a jump is Aa, specifically we have; 

(5.28) Ar(ts ) = Ar(t:") 

(5.29) az(t.7) = Ag(r*) 

(5.30) A(t”) = aaln*) +2 

(5.31) adult”) = au(r.*) 
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(6.32) a(t) = a(t*) 

where ft: is the time at which the constrained arc begins. Equations (5.20)-(5.32) are the 

necessary conditions which are required for a type-B arc to be optimizing. 

As in the case of the type-A arc, we are required to examine the regularity of the 

Hamiltonian for the type-B arc. From the conditions (5.24)-(5.27) we note that if the elliptical 

control bound is inactive then we have v = 0 and hence 

(5.33) An = 0 

(5.34) (Ac + @) = 0 

are required conditions of stationarity, ie conditions which lead to Hu = 0. In this case the 

variational-Hamiltonian does not depend on either of the controls and the matrix Hu is therefore 

singular. Accordingly, extremal arcs over which such a condition occurs are called singular arcs 

(see [6], Chapter 8). We shall refer to the singular arc in our problem as a type-C arc. In order to 

maintain the singular condition for a finite period of time we note that; 

(5.35) An(t) = 0 

With conditions (5.33)-(5.35) the co-state equation for Ax becomes a constant along this type-C 

arc. From equation (5.23) and the conditions listed above we have; 

COS fl 
  Ay cos Y = Ay 
Sin jt 

This expression effectively amounts to a constraint on either the bank-angle or the path-angle. 

Physically, this corresponds to the case wherein the dynamics are represented by the point-mass 

model and the bank-angle is a control. In fact, the constraint above corresponds exactly with the 

optimal bank-angle control for the point-mass solution to our flight problem (see equation D.12). 

In a manner which is similar to the treatment of the state constraint on angle-of-attack, we may 
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now take time derivatives of the equation above to obtain an expression for the control p. The 

first time derivative yields; 

i 

sin’ Lu 

  —Ay cosy + ysin y Ay = -Az 

Since j: = f(p) we see that the singular arc is of first-order. Substitution of equations (5.1), (5.4) 

and (5.20) into this expression, along with conditions (5.33)-(5.35), results in the desired 

expression for the control p along the singular arc. Omitting the details of the algebraic 

manipulation, the final result is; 

(5.36) p(t) =- & sin j2(f) Cos Y(t) Sin Of mm 
V 

Note that the control q will continue to be specified by equation (5.26) along the type-C arc since 

the state constraint on angle-of-attack is still active. Equations (5.20)-(5.23), (5.26), (5.33), (5.34) 

and (5.36) constitute the required necessary conditions for the constrained-singular arc. 

In summary we see that three distinctive arc-types exist for our optimal control problem 

when employing the body-rate dynamics model. Other types of models would of course yield 

different arc structures, for instance the point-mass model requires only a single unconstrained, 

non-singular arc (see Appendix D). As we shall see in the following section, the sequence of the 

arcs in the BAM problem is not fixed and instead depends on the corner-velocity condition 

discussed above. 

5.3:_Numerical Results 

In this section we solve our flight problem for each of the cases of G««#-limited and g- 

limited flight and examine the effect of the maximum available body-rates on the transient lag 

metrics which were first discussed in Section 5.1. For the numerical solutions to the optimal 

control problem we chose to fly our maneuver at 5000 feet altitude and to impose a g-limit of 

nw = 6. The aircraft lift data for the problem is depicted in Figure 5.2 from which we obtain 
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CL mx = 1.673 at Oau = 35.4°. These conditions result in a corner-velocity of 540 ft/s (Mach 

0.49) at the indicated altitude. The effect of Mach number on the function n( a), equation (5.5), at 

5000 ft is depicted in Figure 5.5. From this data we may compute the maximum allowable angle- 

of-attack as a function of Mach number, the results of this computation are displayed in Figure 

5.6. 

The explicit arc structure for the situation where the aircraft is O ««-limited (ie at Mach 

numbers less than 0.49) is shown in Figure 5.7. Note that in this case there is no type-B arc and 

the problem transitions directly from the type-A arc (unconstrained/non-singular) to the type-C arc 

(constrained/singular). For the numerical solution to this 2-arc Multi-Point Boundary Value 

Problem (MPBVP) a non-linear Newton problem was set-up wherein we performed the 

integration backwards and forwards from the start of the singular arc at switch-time, ts. A 7th-8th 

order variable-step Runge-Kutta scheme was used to integrate the states and co-states. The 

unknowns (parameters) in this problem consisted of the state values at the switch-time, 

y(ts),a(ts) and p(ts), the value of Ax at the switch-time and the switch-time itself. The 

corresponding boundary conditions are: 

1. y(t.) =0 (specified by initial-time boundary conditions) 

2. alte) = a (specified by initial-time boundary conditions) 

3. p(t.) = 0 (specified by initial-time boundary conditions) 

4. Cra(ts) = 0 (lift-curve slope zero at start of singular arc in  s«-limited case) 

5. Ar(t) = 0 (specified by transversality condition) 

One may also note that in addition to these conditions the problem admits the first integral 

H(t) = constant. We employed this integral as a check for numerical accuracy requiring that the 

Hamiltonian be constant to within 7 digits before accepting a solution as valid. 

The problem described above was solved for a variety of flight conditions over a fixed 

time of 2.0 seconds. This flight duration proved to be amply sufficient to display all of the 

interesting dynamics in the problem while allowing us to reasonably maintain our simplifications of 

constant velocity and atmospheric properties. The optimal control history which was produced at 

an Qaa-limited, Mach 0.3 flight condition is shown in Figure 5.8. Note that the problem goes 

singular at approximately 0.9 seconds into the maneuver when the controls are no longer 
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extremal. One may also notice that the optimal control program increases pitch-rate to its 

maximum value while decreasing roll-rate. For this flight condition then, we see that pitch-rate 

capabilities play an important role in quickly changing the aircraft heading. In Figure 5.9 we have 

plotted the state histories which result from integrating the state-rate equations with the optimal 

control program shown in Figure 5.8. Note that the angle-of-attack reaches its stall-limit of 35. 4’ 

at the point where arc C begins. Similarly, the aircraft quickly achieves a bank-angle of over 90° 

by the beginning of the singular arc and ends the maneuver at ys = 90°. It is also interesting to 

note that the path-angle initially increases, due to the positive pitch-rate, and then goes slightly 

negative by the end of the problem, due to the large bank-angle. Finally, one will notice that the 

heading-angle does indeed vary smoothly with the BRM model. The co-state histories are plotted 

in Figure 5.10, note that all three multipliers end up at zero at the end of the maneuver (recall that 

Ax = 1 throughout the maneuver) as required by the transversality conditions. One will also 

notice that not only Ay, but also Ac, identically vanish at the start of the constrained, singular arc. 

While this was required for Az, we only required that the sum (Aa + @) = 0. This result therefore 

indicates that both Ac and @ go to zero at the same time at the entrance to the singular arc. 

In Figure 5.11 we define two integral agility metrics based on the notions of the BRM 

transient lags which were discussed in Section 5.1. In this figure heading-lag is defined as the 

Steady-state difference in the heading-angle achieved via a point-mass simulation and that 

achieved via the BAM simulation. Similarly, time-lag is defined as the difference in time taken to 

achieve a specific heading-angle. These measurements may be taken any time after the 

transient dynamics have settled. In Figures 5.12 and 5.13 we apply these agility metrics to the 

results of several optimal control problems wherein the maximum available pitch and roll-rate 

have been parameterized and the respective heading and time lags have been measured and 

displayed. As noted in the discussions on the optimal control for the sample problem above, we 

see that the results seem to indicate a stronger dependence on the pitch-rate bound, gm, than 

on the roll-rate bound, p =. Apparently at this flight condition the vehicle's agility is more limited 

by its ability to increase the load-factor than by its ability to re-direct the lift by rolling. Recall that 

because we have solved an optimal control problem, we are coordinating the two motions in such 

a way as to produce the fastest possible heading change. The results shown in Figures 5.12-5.13 

show, not surprisingly, that agility increases as maximum available body-rate is increased, 

however, the effect is not linear and we see that the marginal effectiveness of increasing either 

pitch-rate or roll-rate does decrease with increasing rates. This type of information could prove 
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useful to aircraft designers who are attempting to meet agility requirements, subject to control 

effectiveness constraints, since it may identify the point at which the agility payoff is not worth 

the cost of increased control effectiveness. 

The explicit arc structure for the situation where the aircraft is g-limited (/e at Mach 

numbers greater than 0.49) is shown in Figure 5.14. In this case we see that all three of the arc- 

types discussed in Section 5.2 appear. We solved this 3-arc problem in a manner similar to the 

previous one except that here the direction of integration is direct from to to ty. The unknowns 

(parameters) in the problem are the initial values of the multipliers, [Ay(t0), Aa(to), An(to)], and 

the switch times corresponding to the start of arcs B and C, tc and ts respectively. The boundary 

conditions are: 

1. alte) = Om (start of state-constrained arc) 

te" ) =H (1-*) (Hamiltonian must be continuous) 

(start of singular arc) 

o
f
 

Ww 
Pr 

c
P
 

o
m
e
 

a )=0 

ts) = 0 (Au Must smoothly go to zero at start of singular arc) 

)=0 (specified by transversality condition) 

As was the case in the 2-arc problem, we also required that the Hamiltonian be constant, over all 

times, to within 7 digits in the 3-arc problem before accepting a solution as valid. 

The optimal control history which was produced at a g-limited, Mach 0.7 flight condition is 

shown in Figure 5.15, note that the first two arcs are extremely short for this flight condition and 

the problem has decayed to the point-mass approximation at only 0.325 seconds into the 

maneuver. Results for the entire 2.0 second problem duration are not shown here since the 

interesting dynamics are displayed over the first two arcs. This quick arc sequence is due to the 

fact that the dynamic pressure is extremely high thereby allowing the aircraft to achieve a 

correspondingly high load-factor. As in the previous example, the optimal control initially 

increases the pitch-rate to close to its maximum value while decreasing roll-rate. However, this 

effect is not nearly so pronounced here since the aircraft can achieve a much higher load-factor 

at this flight condition. In fact, the control program reverses direction on the rate-trends shortly 

into the maneuver and ultimately calls for maximum roll-rate. The state histories for this problem 
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are plotted in Figure 5.16. Note that the angle-of-attack reaches its limit in only 0.2 seconds at 

which point arc B begins. Similarly, it only takes 0.325 seconds for the aircraft to achieve a bank- 

angle of approximately 90° at which point the singular arc begins. Once again, the path-angle 

initially increases, due to the initial positive pitch-rate, and then goes slightly negative by the end 

of the problem. The co-state histories are plotted in Figure 5.17, note that all three non-constant 

multipliers end up at zero at the end of the maneuver as required by the final-time boundary 

conditions. One will also notice in Figure 5.17 that A, smoothly transitions to zero at the 

beginning of the singular arc (as required by the interior boundary conditions listed above), while 

the jump in Aa is very evident at the start of the constrained, non-singular arc. 

We have plotted the heading and time-lag metrics corresponding to this flight condition in 

Figures 5.18 and 5.19 respectively. Note that the transient lags here are significantly less than 

those for the low dynamic pressure case as one might expect. This is primarily due to the 

increase in maximum available body-rates at the higher mach number. 

This concludes our presentation of results describing the utilization of the body-rate 

model for the assessment of aircraft agility performance characteristics. In the final chapter we 

will make some conclusions about our model and recommend topics for future development of 

the theory. 
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Figure 5.1 The Optimal Control Problem 
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

6.1: Conclusions 

An agility vector has been defined as the time rate-of-change of the applied forces acting 

on an aircraft. Represented in wind-axes this leads to notions of axial, lateral and normal agility 

components. A new dynamics model, the body-rate model (BAM ), was formulated to aid in the 

study of certain aspects of instantaneous and integral agile flight performance. The BRM employs 

body-rates as controls and may therefore be characterized as intermediate to the point-mass and 

rigid-body dynamics models. The BRM was utilized in the development of procedures wherein 

the locus of achievable agility vectors may be computed as a function of flight condition. This 

locus of potential agility values has been defined as an agility set and may be used to 

characterize aircraft instantaneous agility performance. It was demonstrated that the shape and 

orientation of agility sets depend on the aircraft aerodynamic and propulsive properties and that 

the bounds of these sets are directly correlated to the available aircraft control power. 

An integral turning-flight problem was proposed and solved via optimal control theory. 

The BRM was utilized to model the dynamics of the problem and figures-of-merit based on the 

transient dynamic behavior of the BAM relative to the point-mass model dynamics were 

suggested as appropriate agility metrics. The extremal solutions of the flight problem were found 

to consist of two distinct arc structures, one for speeds above the corner-velocity and one for 

speeds below the corner-velocity. In both cases the problem collapses to the point-mass case 

along the final constrained-singular arc. It may therefore be concluded that agility is displayed 

along only the arcs preceding the singular arc. It is also of interest to note that the natural 

duration of the initial arcs depends on the problem data (ie ao, & m, (0), P =, J m, tf) and may 

therefore provide some insight into an appropriate duration for agility flight-test maneuvers. 

Finally, we noted that in some cases the pitch-bound is the important limitation (see Figures 5.12 

and 5.13) while in others the roll-bound limits performance (see Figures 5.18 and 5.19). Different 

problems and different flight conditions may lead to other scenarios. 
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§.2: Suggestions for Future Research 

An extension of the agility theory to include the effects of secondary aerodynamic 

controls and thrust vectoring would be of interest in terms of enhanced dynamics modeling. 

Continued studies of varying integral flight problems, with either the current model or an extended 

one, would also be of use in furthering the understanding and development of a unified theory of 

aircraft agility. 
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APPENDIX A 

EQUATIONS OF MOTION 

Since a major portion of this study is concerned with the development of a new dynamics 

model for aircraft motion, ie the body-rate model (BRM), it is useful to provide the reader with the 

fully developed rigid-body equations of motion from which the BRM was derived. Accordingly, the 

full rigid-body, constant mass equations of motion for flight over a flat earth are presented below 

for the general case of thrust along the body x-axis. As mentioned in Chapter 3, there is more 

than one choice for state variables in a rigid-body model, for reasons described in that chapter 

we identified the following twelve states as best-serving the purposes of the present study of 

agility: 

Rigid-Body States 

X,y,h: position coordinates 

V: speed 

flight path elevation angle (velocity pitch) 

flight path heading angle (velocity yaw) 

body-axis roll rate 

body-axis pitch rate (S) 

body-axis yaw rate + 
2
 

GD 
SR 

angle-of-attack 

side-slip angle 

=e 
WP 

R 

velocity bank angle (velocity roll) 

The position coordinates (x, y, 4) are known as trajectory or kinematic states and the equations 

governing their evolution may be derived by differentiating the local horizon aircraft position 

vector and equating the result with the local horizon representation of the aircraft velocity vector 

(see Miele, p. 48). This procedure results in the following differential equations: 

(A.1) x = Vcosycosy 
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(A.2) y= Vcosysinz 

(A.3) A V sin y 

which also appear exactly in this form in the BAM. The next three variables (V, y, vy) are 

determined from the representation of the force equations (force equals time rate of change of 

linear momentum) on the wind-axes as described by Miele on pp. 49-50. If one solves Miele's 

equations for the state-rates the result is: 

. 1 
(A.4) V=—(T cosacosB ~ D-— mg sin 7) 

m 

. 1 
(A5) y= — [T(sin a cos y — cosa sin B sin yz) + L cos pt + Q sin pt — mg cos 4 

mV 

(A.6) 

. 1 
X= ————|T(cos asin B + sina cosy sin p — cos @ sin B sin’ h) + Loospsinp — QO cos” B| 

mV cos Lt cos ¥ 

For the more general case of arbitrary thrust direction, one may do as Miele has done and 

replace angle-of-attack and sideslip angle with the corresponding thrust attitude angles € and v 

respectively. Continuing with our list of states, we note that the state-rate equations for the body 

angular rates (p,q,7r) are derived from the body-axis representation of the moment equations 

(torque equals time rate of change of angular momentum) as described in Chapter 5 of Etkin. 

Ignoring internal angular momentum and jet damping effects, and assuming that the body-axes 

are principal axes (Ixy = hz = Iz = 0), leads one to the simplest form of the moment equations 

le: 

L+(h- k)aqr 

kk 
(A7) p= 
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M +(k- kk)pr 

hy 
(A.8) q 

N + (k — ly) pq 
(A.9) + 

I 

where L, Mand Nare the external aerodynamic moments, in roll, pitch and yaw respectively, and 

L is not to be confused with the external aerodyamic lift force. The external moments are defined 

in more detail in equations (4.1)-(4.6). 

The final three states (a, 8, 2) represent a somewhat unique choice for states in a rigid- 

body model. The state-rate equations for these variables will therefore be derived in greater detail 

than were those for the more common preceding states. In order to arrive at state-rate equations 

for these angles one must consider the relationships which exists among the angular velocity of 

the wind-axes frame (pw, gw, 7), the angular velocity of the body-axes frame (p, q,7r) and the 

velocity Euler angle-rates (7, 7, j2). Considering the first relationship, we note that the angular 

velocity of the body-axes is related to the angular velocity of the wind-axes in the following 

manner: 

ie = dw + Do. 

where q@» is the angular velocity of the body, @» is the angular velocity of the wind-axes and @ ,/. 

is the angular velocity of the body with respect to the wind-axes. If these vectors are represented 

on the wind-axes one obtains the following: 

pcos acos B + gsinB + rsin a cos B 
@ =| —pcosasinB + gcosf — rsinasinB 

~psina + rcosa 
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where we note that the quantities gq» and + are known for a given value of the state, since from 

the point-mass force equations written on the wind-axes (see Miele p. 49 eqns. 26) we have: 

1 ; 
(A.10) gw = ——(T sin a + L — mg cosy cos y) 

mV 

1 
(A.11) mw = — (FT cos asin B — Q + mg sin pi cos 7) 

m 

We may therefore solve the equations @ = @» + @,/. for the aerodynamic angular-rates a and 

B and the wind-axes roll-rate p» in terms of known values of the states. Carrying out this process 

yields the following equations: 

(A.12) & =   (—p cos a sin B + qcos B ~ r sin asin B — qw) 
cos 

(A.13) B= psina —rcosa+ tw 

  (A.14) pw = gw tanB + (pcos a +rsin a) 
cos B 

Finally, we derive the remaining state-rate, 4, by relating the velocity Euler angle-rates to the 

wind-axes angualr rates, as described by Miele on pp. 46-48 of his text, which results in the 

equation: 

(A.15) pf = pw + xsiny 
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where y and pw are provided in equations (A.6) and (A.14) respectively. 

In summary, we see that the our rigid-body system is described by the twelve differential 

equations (A.1)-(A.9), (A.12), (A.13) and (A.15). It is these equations that form the basis of the 

body-rate model which is obtained by employing body-rates as controls rather than as states. 

The BRM is then further simplified in our study by the assumptions of symmetric flight 

(@ = sin B = 0, cos f = 1) and thrust-along-the-path. The latter of these assumptions results in 

the complete elimination of all terms containing either T sin 8 or T sin a (independent of the 

symmetric flight assumption) since thrust now acts along the x-wind axis. 
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APPENDIX B 

THE AIRCRAFT MODEL 

B.1: Aerodynamic Data 

The aircraft aerodynamic data used in producing the results in Chapters 4 and 5 of this 

study are representative of data for a current generation tactical fighter aircraft. Thanks are due 

to NASA Langley Research Center for providing the original data. The specific aerodynamic data 

which was used to solve the BRM moment equilibrium equations (see equations (4.1)-(4.10) and 

Appendix C) and subsequently produce the agility sets described in Chapter 4 are provided in 

Figures B.1 to B.13. The lift data used in solving the optimal control problem presented in 

Chapter 5 is displayed in Figure 5.2. Note that the data required to produce agility sets was not 

required to be smooth since the solution process here was analytic and corresponded to a single 

flight state. However, the lift data required for solution of the optimal control problem has been fit 

with piece-wise cubic functions to avoid convergence problems which are sometimes 

encountered in optimization problems when non-smooth data are present. 

B.2: Propulsive Data 

The propulsive data used in this study was also originally obtained from NASA Langley. 

The important data here are the aircraft thrust-rate capability, which was presented in Figures 4.7 

and 4.8, and the maximum net thrust vs Mach number and altitude which is displayed in Figure 

B.14. In producing the agility sets described in Chapter 4, it was always assumed that the 

instantaneous thrust was equal to the minimum of the drag force and the maximum thrust. Since 

variations in velocity were neglected in the solution of the optimal control problem, thrust did not 

enter into that problem (see the state equations (5.1)-(5.4)) and hence no propulsive data was 

required. 
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B.3: Aircraft Physical Characteristics 

The aircraft geometric and mass properties are characteristic of a current generation 

tactical fighter aircraft with aerodynamic and thrust properties similar to those discussed above. 

Data used in this study are: 

¢ = 11.52 ff, = 37.42 ft, S = 400.0 ft’ 

Ix = 23000 sl - ft’, ly = 151293 sl - ft’, Iz = 169945 sl - ft? 

W = 33310 ibf, m = 1035.31 slugs (. = 32.174 jr/s?) 

B.4: Atmospheric Data 

As in most problems in Flight Mechanics, the solution of our agility sets require data for 

atmospheric density and sonic speed as a function of altitude. Data for these variables are 

depicted in Figure B.15. However, we also require the derivatives of these variables with respect 

to altitude in order to completely specify the aerodynamic force-rates, see equations (3.14)- 

(3.16). Data for these derivatives are accordingly supplied in Figure B.16. 
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APPENDIX C 

BRM MOMENT EQUILIBRIUM EQUATIONS 

For the sake of completeness, the coefficients for the BAM equilibrium equations, 

presented on page 36 of Chapter 4, are provided below in their complete form. For the roll 

equilibrium equation we have: 

gSb Cob 
  (C.1) Ar = ————— (C.2) 

(k - 9) 2V 

(6.2) CG = - 2 SBHOSY (C.4) 
Vcosa 

while the coefficients for pitch equilibrium are: 

(C.5) Am = tana (C.6) 

(C.7) Gr= ~95C_ me (C.8) 
(k-k) 2V 

and the coefficients for yaw equilibrium are: 

    (C9) An = —tanga—202_ 
(ly - Iz) 2V 

(C.10) Dr = - | ons + £ snes?) 
(fy - k) Vi cosa 2V 

Appendix C: BRM Moment Equilibrium Equations 

  

Bi = -tana 

D = qsb Clu GA 

(iz - ly) 

Bm = & sin pt cos ¥ 

V cosa 

82 

Dn = -~—2°" (Gn + Cmx 5s ) 

(ix -— Iz) 
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POINT-MASS OPTIMAL CONTROL SOLUTION 
APPENDIX D 

Since the agility metrics defined in Chapter 5 were based on comparisons of the dynamic 

transients which exist between the body-rate model (BAM )and the point-mass model (PMM) it is 

useful to provide the reader with the point-mass model solution to the optimal flight problem. This 

then is the topic of the current Appendix. With the BAM solution to the problem we employed 

Y, X, aand p as state variables and p and q as control variables. However, the PMM solution 

makes use of yandy as state variables and the load-factor, n (ie a), and bank-angle, py, as 

control variables. Also, whereas the BRM solution required multiple arc structures, we find that 

the PMM solution consists of a single unconstrained, non-singular arc. 

The state equations for the PMM have the same form as the corresponding state 

equations for the BRM ie; 

(D.1) 7 == (ncosp — cos 7) 
V 

. n sin 
(0.2) 4-57 

V cosy 
  

The Hamiltonian is then given as; 

(D.3) H = Avy + AX 

and the co-state equations are; 
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  (0.4) dy ~ sin [ay me SRE 
cos’ Y 

Hl ©
 (D.5) Ay 

The boundary conditions at the initial time are; 

(D.6) y(to) = x(to) = 0 

and the transversality condition requires the following conditions at the final time; 

(D.7)  Ar(tr) = 0; Ax(tf) = 1 

The controls for the PMM solution are limited as follows; 

(D.8) OSnS nu 

(D.9) -x<usa 

The control dependent terms of the Hamiltonian are; 

  (D.10) Ho= gn Ay COS pt + me 
V cos Y 

Examining (D.10) we see that since n appears linearly, the value of n at the minimum of the 

Hamiltonian will be at its lower or upper bound at all times. If the term in parenthese is negative, 

then n will take on its maximum value and vice versa. To determine the optimal value for the 

bank-angle we apply the minimum principle; 

0.11) #2 _ & 
V Oy 

    n| OSB _ Ay sin pp | = 0 
cos Y 
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In order to satisfy (D.11) it is obvious that either n or the term in parentheses must be Zero, since 

n = 0 is a trivial solution we assume the following holds true; 

COS 

sin pt 

  (D.12) Aycosy = 

which results in an optimal control for the bank-angle of the form; 

(D.13) u(t) = w'( 
Ay(t) cos y(t) 

Since (D.13) involves a tan™ term, quadrant resolution is necessary. One way to resolve the 

quadrant is to apply the 2nd order condition of optimality, specifically we require that; 

    

2 . 
(0.14) 0 Ho __§&,| simu 

cos Y 
+ Aycosp | 2 0 

au? V | 

since © and n are both greater than zero at all times, the condition becomes; 
V 

sin 
  HM + Ay cosp < 0 
cos Y 

(D.15) 

The quadrant for 1 is then chosen so as to satisfy the relation in equation (D.15). 
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