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(ABSTRACT) 

The boundary-layer behavior over an airplane's wings is of great importance in take-off 

and landing of the airplane. If its angle of attack is increased past a critical value, the flow 

separates from the lifting surface, resulting in a drastic loss of lift and a major increase in 

drag. In response to this phenomenon, many mechanisms have been studied to control the 

boundary-layer. First neglected because of implementation difficulties of its application, 

moving wall boundary-layer control methods have mainly relied on experimental research. 

The moving wall concept is principally applied as a rotating cylinder protruding into the 

airfoil. 

The purpose of this thesis is to provide a computational base to these experiments and to 

use mathematical tools of computational fluid dynamics and optimization to predict the 

optimum rotating speed of the cylinder, placed at the leading edge of the airfoil. For the 

sake of simplicity, we replace the airfoil by a flat plate with a wedge trailing edge. To 

model the incompressible viscous two-dimensional Navier-Stokes equations, the finite 

element method is applied on an unstructured two-dimensional mesh. An adaptive 

remeshing strategy utilized in conjunction with an error estimator controls the solution's 

accuracy. The aerodynamic forces acting on the total surface are computed from the finite 

element approximation. The ratio of the lift and the power required to move the flat plate- 

airfoil and to rotate the cylinder forms the objective function to be optimized. A graph of 

the objective function versus the angle of attack is first constructed for several rotational 

speeds to provide a rough visual estimate of the optimum value for every angle of attack. 

Ultimately, an automatic optimization process provides the final solution. This results in 

the ideal rotational speed to be applied as the angle of attack varies.
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CHAPTER 1 

INTRODUCTION 

1.1 Historical Notes 

Throughout history, one of the greatest dream of human kind was to be able to fly like 

birds. From legendary stories, such as the myth of Daedalus and Icarus, through 

speculations of artists like Leonardo da Vinci (1452-1519), and to the first aerodynamic 

experiments, human flight remained in the realm of imagination. Preceded by many 

unsuccessful bird imitating models, the rigid airplane principle was first introduced by Sir 

George Caley (1773-1857) in 1799. Little theory about fluid mechanics was known at the 

time except for Newton's theory of air resistance (Philosophiae Naturalis Principia 

Mathematica,1726) and the more rational findings of the mathematician D'Alembert 

(Essai d'une nouvelle théorie de la résistance des fluides, 1752). Throughout the 

nineteenth century, the mathematical theory of fluid dynamics grew but was of little use to 

the practical application of flight. The early aerodynamicists were especially interested in 

finding the most efficient wing shape. Wind tunnel tests conducted on several wing 

profiles revealed the superiority of curved surfaces over flat ones. However, no theory 

could explain the fact that curved surfaces produced lift at zero angle of attack. The 

theory of lift, based on circulation and derived from the so-called Magnus effect 

(Lanchester-1878-1946, Kutta-1867-1944 and Joukowski-1847-1921), appeared around 

the same time the Wright brothers accomplished their first successful powered flight in 

1903. But it is only with the introduction of the boundary layer concept by Prandtl (1904) 

that aeronautical design found its mathematical base.1 

Prandtl showed that, for the problem of a body moving through a fluid of small viscosity 

such as air or water, viscous forces were significant only in a thin layer adjacent to the 

surface of the body, the boundary-layer. This viscosity causes a shear stress at the surface 

which slows down the fluid particles in the boundary-layer. If the presence of an adverse 

pressure gradient in the flow retards the fluid particles sufficiently, a phenomenon called 

separation occurs, causing reverse flow downstream of the separation points, Two major 

consequences of a separating flow over a lifting surface are a drastic loss of lift and a 

major increase in drag. Prandtl showed by several experiments, as he introduced the 

concept of boundary-layer and the mechanism of separation, that the boundary-layer could



be controlled in order to postpone separation. Such a technique of control is called 

boundary-layer control (BLC). 

1.2 Moving Boundary-Layer Control Methods 

Boundary-layer control is used in many applications involving fluid flow, such as 

aeronautic and hydronautic vehicles, diffusers, compressors and windmills For the 

particular case of an airplane, boundary-layer control can lead to greater maneuverability, 

longer range, shorter take-off and landing runs. Many boundary-layer control methods 

have been studied, including shaping, wall suction, wall motion, wall heating/cooling, 

wave cancellation, turbulators, streamlining and the moving wall effect:. 

Of all these methods, the moving wall boundary-layer control, derived from the so-called 

Magnus effect, has received relatively little attention. The effect of a deviation on the 

trajectory of a flying ball when set in rotation has long been observed and used (in 

ballistics and sports) before a mathematical theory could explain the phenomenon. Magnus 

(1852) first recognized the presence of an aerodynamic force produced by an 

unsymmetrical pressure distribution due to the Bernouilli effect. Around the same time, 

Rayleigh (1877) studied the case of a rotating cylinder in a flow stream and later, Flettner 

(1924) applied this concept to a ship where he replaced the sail by rotating cylinders. 

Introduced as a possible boundary-layer control device by Prandtl about 1907, followed by 

Goldstein in 1934, the first experiments of an aeronautical application were conducted in 

Holland (Wolff and Koning, 1926) and in France (Favre, 1936)s. Favre's experiment 

replaced the upper part of an airfoil with an endless band of silk in motion with the fluid. 

He obtained a significant increase in lift at very high angle of attack but because of the 

mechanical difficulty of its implementation, the idea was abandoned. 

1.3 Rotating Cylinder as a Boundary-Layer Control 

About 25 years later, in 1961, Alvarez-Calderon tried another form of the moving wall 

boundary control by putting a rotating cylinder at the leading edge of an airfoil's flap for a 

V./S.T.O.L.-type aircraft. Flight tests of the system showed great improvement in handling 

qualities and control characteristics of the aircrafts. This configuration was tested again 

with success on OV-10A-type aircraft at NASA's Ames Research Centers in the 

seventies. In a more scientific approach, Tennant et al. tested different possibilities for the 

rotating cylinder-airfoil combination. They compared analytical models to experimental



results for a leading edge rotating cylinder mounted on a wedge shaped flap and a trailing 

edge rotating cylinder on a symmetrical airfoil. Also studied was the boundary-layer 

growth on moving surface taking into account gap effects1a11,12, 

More recently, Modi, Mokhtarian et al. studied several configurations of one or more 

rotating cylinders mounted on an airfoil. They found that the leading edge cylinder 

provided more benefit than the trailing edge cylinders, which spoils the configuration with 

an additional gap. However, the trailing edge cylinder acts effectively as a flap, increasing 

the lift at the smaller angles of attack. The scooped leading edge cylinder configuration 

was found to be of limited advantage since it only affects the flow at low rotational 

speedsis, The leading edge cylinder effect results in a large suction peak at the nose which 

still isn't sufficient enough to prevent separation downstream if a high angle of attack 

causes an important adverse pressure gradient. The most promising configuration seems to 

be a cylinder located at the upper surface of the airfoil as it helps to reduce separation 

further downstream:s, Using more than one cylinder is not the most economical solution 

since its mechanical implementation is more complicated and more power is required to 

rotate the cylinders. 

1.4 Optimal Design of the Moving Boundary Control 

In the previous work on the effects of a rotating cylinder as a high lift device on the 

aerodynamic performances of an airfoil, results have mainly been obtained empirically 

on specific configurations. Several tests have been performed on many arrangements that 

resulted in no definite indication of the parameters to use in order to generate the optimal 

aerodynamic characteristics. Some of these parameters could be listed as: 

¢ Cylinder diameter 

¢  Cylinder-airfoil gap 

¢ Cylinder location on the airfoil 

¢ Cylinder rotational speed 

Using the powerful capacities of the computer, models of different configurations (type 

of airfoil, location and dimensions of the cylinder, free stream velocity, etc.) can be 

created without great difficulty or resources. Although the "real world" situation is 

greatly simplified, a relatively good idea of the actual phenomenon can be deduced from 

a numerical model. Furthermore, a numerical implementation allows one to easily



manipulate the above parameters in order to study their effects. Optimization techniques 

supply a powerful way to determine the parameters that will generate the optimal 

aerodynamic performances of a given configuration. 

1.5 Optimization Study 

Based on the previous experimental results, the present study will consider the leading- 

edge configuration which provides a good compromise between efficiency and simplicity. 

As pointed earlier, there exists no mechanism that can theoretically predict the optimum 

parameters of a moving wall boundary-layer control. Mokhtarian and Modi’ used a 

numerical surface singularity approach and a finite difference boundary layer scheme 

accounting for viscous effects, both combined in an iterative procedure to solve for the 

flow past an airfoil with a leading-edge cylinder. They obtained fairly good agreement with 

a wind tunnel test, although they suggest a resolution of the full Navier-Stokes equations 

to obtain better accuracy. The finite element approach provides a powerful way to model 

such equations. We will use this method combined with an adaptative remeshing strategy. 

An unstructured two-dimensional mesh is used to model the leading-edge cylinder 

configuration. 

The following chapter outlines the methodology of the finite element resolution for the 

Navier-Stokes equations. Also in the second chapter, we describe the computation of the 

aerodynamic forces from the finite element solution. The third chapter shows applications 

of the methodology. Three simple examples provide a way to calibrate the method and are 

followed by the flow resolution of the airfoil with rotating cylinder at leading edge. To 

simplify the calculations, the airfoil is replaced by a flat plate with a wedge trailing edge. A 

description of the optimization problem comes in the fourth chapter where we summarize 

the optimization procedure for a fixed angle of attack. Finally, the fifth chapter presents 

the results of the optimization study for the flat plate-airfoil with leading edge rotating 

cylinder.



CHAPTER 2 

Finite Element Methodology 

To model the flow around the high lift wing, the assumption that little variations exists in 

the spanwise direction is postulated. Therefore, a two-dimensional simplification can be 

applied and the domain results in a rectangular area surrounding the wing section. The 

flow is solved by an adaptive finite element method. 
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The general scheme consist of four steps: 

1. Domain discretization 

2. Finite Element resolution 

3. Error Estimation 

4. Mesh Adaptivity 

The relation between these four steps can be schematically represented by figure 2.1. This 

chapter covers briefly each phase of the procedure. 

2.1 Domain Discretization 

To construct a finite element problem, we must discretize the problem's computational 

area into many sub-domains and define its characteristic on the grid formed by these sub- 

domains. The problem characteristics consist in: 

* flow description (two-dimensional, steady, laminar, no heat transfer.) 

* geometry (coordinates, curves, areas) 

¢ boundary conditions (Dirichlet, Neumann) 

¢ mesh attributes (type of element,...) 

¢ resolution parameters (initial conditions, convergence criteria,...) 

A unstructured triangular grid is used to mesh the domain of interest because these grids 

provide the flexibility to handle complex geometries. This grid is generated by an 

advancing front mesh generator. 
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Figure 2.2 Triangle Size Definition 

The size of the triangles (see figure 2.2) to be generated are linearly interpolated on the 

backmesh were point values for the elements size are defined on each node. This allows 

flexibility to force more elements where the flow resolution requires more accuracy and 

fewer elements where it is not needed. The geometry is defined within areas which 

themselves are delimited with curves. A curve is defined by a set of geometrical points. 

The mesh generator starts the triangulation from the boundaries and gradually advances 

toward the center of the area. The triangulation process starts at one point and generates



the elements successively along the boundaries. For this reason, the grids generated by the 

mesh generator won't generally be symmetric. The backmesh can be made of very few 

elements but must cover entirely the computational area, as shown in figure 2.3. 

The initial backmesh is a coarse mesh made of linear (three nodes) triangles and is 

constructed manually. The mesh generator produces the first grid according to the 

elements size defined on the backmesh. The size function 6 is piecewise linear. It is only 

continuous within one element and is constructed from three nodal values defined on that 

element. The grid generated on this framework should be able to capture roughly the 

domain characteristics. 

Computational Area 
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Figure 2.3 Initial Backmesh 

Once an approximate solution is obtained with the initial backmesh, we compute the error 

distribution on the grid. If the solution is not accurate enough, a new grid density function 

is generated to construct a mesh that is more "adapted" to the problem. The algorithm 

then begin a second iteration. The size function is applied on the first mesh which becomes 

the backmesh for the second iteration. This process is repeated until a satisfactory degree 

of accuracy is obtained. These ideas are described in more details in section 2.4. 

2.2 Finite Element Resolution 

For Reynolds numbers beyond a critical value, the developing boundary-layer would 

become turbulent. While it is possible to directly simulate such flows, the mathematical 

model must account for unsteadiness and numerical approximations would require very 

fine spatial discretization. The more usual procedure, based on Reynolds averaging, 

requires some explicit model for the turbulence-induced stresses. In this study, we 

consider only the case of laminar flow. Since our concern here is mainly the take off and 

landing flight situations, a low speed flow is understood. Thus, the flow is assumed to be



incompressible. Isothermal and steady state conditions are implied. Accordingly, the 

governing equations used to model this flow are the isothermal Navier-Stokes equations 

with the Boussinesq approximation'.; 

Conservation of mass V-u=0 in 22 (2.1) 

Conservation of momentum pu'Vu=—-Vp+V't+f inQ (2.2) 

where T is the viscous stress tensor is described as 

t= 2uy (2.3) 

for a Newtonian fluid. The strain tensor y is defined as 

i(u) = ={Vu+ (Vu)"}. (2.4) 

Finally, to complete the problem description, boundary conditions are applied on dQ: 

U = Uo on I. (2.5) 

2uy-n-pn=t only , (2.6) 

where u, and t are specified fuctions. The boundary dQ is divided between T. and IT; 

such that 

dQ2=I.UT 

LAL -o (2.7) 

A variational method's can be applied to solve the system of equations once the differential 

equations have been cast in a variational (or weak) form19»: 

(q,V-u) =0 (2.8) 

(pu-Vu,v)+a(u,v)-(p,V-v)=(F,v)+(év), 29) 
where a(u,v) = | 2h (u):7(v)da (2.10) 

and v and q are appropriate test functions such that 

1 2 

vEeV = v E(H (2)) lv = 0 on I, (2.11) 

q €O = L’(Q) (2.12)



and (, -) is the inner product defined on L?(Q). 

These equations are discretized by the seven node Crouzeix-Raviart element (enriched 

quadratic velocity interpolation and discontinuous linear pressure approximation): 

LN LN 
velocity pressure geometry 

  

Figure 2.4 Crouzeix-Raviart element degrees of freedom 

The Galerkin variational formulation is used. Thus the test functions are also equal to the 

interpolation functions associated with the element. Inspired from the Stokes linear case 

where a quadratic functional exists and is represented by 

I(u,p) = I(u) -(p,V-u), (2.13) 

I(u) = =a(u, u) -(f,u)- (¢ u) ; (2.14) 

we can easily see that the problem can be formulated as minimizing I(u) under the 

constraint V-u = 0, taking p as a Lagrange multiplier. If we apply the penalty method on 

this problem by replacing the second right hand side term in (2.13) with the penalty term 

e(V-v,V-u), we eliminate pressure as a degree of freedom. This can also be applied to 

the Navier-Stokes non-linear case since the convection terms do not involve the pressure. 

Since we want to solve the equations for both velocity and pressure, we use a modified 

version of the penalty method. This modified version combines the Lagrangian formulation 

with the penalty method and is called augmented Lagrangian or Uzawa formulation. 

Reformulating the variational form (2.9) in the Uzawa formulation, we get: 

=> (pu-Vu,v)"" +a(u,v)"" -(F,v)" - (¢ vy" +e(V-V,V-u)” =(p',V-v) 

? yes (2.15) 
|V -v|stolerance—s stop 

nol 

=p =p'+e(V-v,V-u)



In order to eliminate the pressure degree of freedom from the system and still solve for it, 

the problem is formulated as an iterative process. An initial guess is given for the pressure 

value (NM = 0) with which we solve for u the upper equation in (2.15). Subsequently, we 

check the continuity constraint requirement. If the constraint is not satisfied within a 

certain tolerance, we compute a new estimate for the pressure and feed it back into the 

equation. The process is repeated until the constraint conforms to the specified tolerance. 

Applied to a finite element problem, the Augmented Lagrangian formulation reduces its 

total number of degrees of freedom by one third. In addition, the elimination of two 

velocity and two pressure d.o.f. at the centroid by a condensation of the bubble function in 

the Crouzeix-Raviart element finally reduces the system from 66% to 44% of its total 

size, 

The weak form of the Navier-Stokes equations in (2.14) is obtained on each element. All 

elementary matrices are then assembled in a compacted skyline format to save memory. 

The system of nonlinear equations is linearized by either the successive substitution or the 

Newton-Raphson method. The choice of the method to use relies on the following 

consideration: the method of successive substitution has a large radius of convergence but 

has also, for many problems, a slow rate of convergence and the Newton-Raphson method 

has a quadratic rate of convergence but a much smaller convergence radius. The strategy 

found to be the most effective is to use the successive substitution method for the first few 

iterations and then switch to Newton-Raphson method until convergence is reached. Each 

iteration of the Uzawa formulation requires the resolution of the assembled system by LU 

decomposition. 

2.3 Error Estimation 

The @ posteriori error estimators used by the adaptive module fall in the the following 

categories: 

¢ Exact error method; 

¢ Projection method; 

¢« Element residuals method; 

¢ Local PDE problem method; 

¢ Internal-external approximation method. 

When the exact solution is not available, we must use one the four last methods. For the 

Navier-Stokes equations, the most effective methods were found to be the projection and 

10



the local PDE problem methods». The error estimator chosen here is the projection 

method since it treats the problem more globally than the local PDE problem method and 

requires a lower degree for the approximation polynomials. To measure the error, an 

appropriate norm must be selected. A series of norms or seminorms are available to 

measure velocity, pressure, and temperature in a scalar or vectorial form, as required (see 

ref. 19, p.57). The Stokes norm will be applied here since it involves both velocity and 

pressure: 

$ 
K(m.p)),. = {lelec? + belo}. (2.16) 

where the first term in the right hand side is called the energy norm and is defined as: 

Jule, - [,4u7¥(u):7 (ude (2.17) 

and the second right hand side term is the norm L?’ of the pressure: 

            

2 2 IPloa = JalPl' 42 (2.18) 
From this definition, the error norm for velocity and pressure over an element is described 

as: 

“p 2(ye"+v(er)") +le"? 2.19 vf = [| n2(ver+v(er)") + [orf ix (2.19) 

u 

where ver = 28 _ OU OU, (2.20) 
ox 0X Ox 

and eP =p-p, (2.21) 

The projection method, introduced by Zhu and Zienkiewicz, considers the fact that the 

exact solution has continuous derivatives while the approximate or finite-element 

derivatives are discontinuous. The idea is to estimate the exact derivatives with continuous 

functions which are obtained by projecting the discontinuous du,/dx and py in a least- 

Square space of continous functions, say the velocity interpolation functions: 

parca a } ~ {Sle = ex} (2.22)     

11



and ly J. ots Bt, = > J. ppt (2.23) 

The 0, are the quadratic velocity interpolation functions of the Crouzeix-Raviart element. 

~ 

0 
Assembling the global system and solving for the nodal values | and { 3, }., we can 

x |. ‘ 
é 

  

compute the Stokes norm for the error estimated over the domain knowing that 

Vel« 0e, _ OU, _ OU, (2.24) 
Ox OX Ox 

and e? = D, - P,. (2.25) 

For more information on the error estimators, consult ref. 19, chap.3. 

2.4 Mesh Adaptivity 

From the estimated error distribution over the domain, a new improved mesh is generated. 

Several strategies exists to adapt the discretization for a better solution: 

* h-method: mesh refinement; 

¢ r-method: relocation of nodes in an existing mesh; 

¢ p-method: enrichment of space containing the interpolation functions; 

* combined methods: combination of the methods above. 

The method used here is the mesh refinement technique for its flexibility, simplicity and its 

effectiveness on an unstructured mesh. A mechanism called the transition operator 

deduces from the error estimation the size function that will lead to an optimal mesh in the 

sense that the error is uniformly distributed on the mesh. Two different transition 

operators may be used to construct the new size function. The difference between the two 

operator lies in the definition of the total admissible error @, over the domain. The 

reduction operator tends to reduce the error by a given percentage € while the fixed target 

operator seeks a given value of the relative error 1: 

reduction e, = mu, | ° (2.26) 

12



  

  

    

  

fixed target en =& e 3 (2.27) 

= le, I = 2. so that ny lu, L. (2.28) 

lle, |, and lu, ||, are respectively the approximate error and velocity norms over the 

domain. As pointed out in the previous section, the Stokes norm is used for this problem. 

For the mesh to be optimal, all elements must have the same error. The admissible error € 

over an element k can be stated as follows: 

e-—L (2.29) 

where N represents the total number of elements in the mesh. On the other hand, we can 

relate the error over an element k to its size h with a constant of proportionality C, using 

the element's asymptotic rate of convergence a: 

lel, = Che (2.30) 

This relation can also be applied to the admissible error over an element Kk and its 

corresponding optimal size 6, : 

@e=Cdt. (2.31) 

Using (2.29) and solving for C in (2.30) we get for (2.31): 

er Mle 50. (2.32) 
JN he 

Finally, replacing equations (2.25) and (2.36) in (2.32), we obtain the optimal size for each 

element of the domain: 

— Yo 

reduction 6, = = h, (2.33) 
e ik 
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ja 

fixed target 5, = ek h, (2.34) 
k 

Depending upon the choice of transition operator, equations (2.33) or (2.34) is applied on 

the nodes of each element k of the mesh. This mesh then becomes the backmesh for the 

next iteration (when the type of element used to discretize the domain has more than three 

nodes, the elements of the actual mesh are cut into linear triangles to meet the 

requirements of the mesh generator, cf. section 2.1). The mesh generator constructs a new 

grid according to this backmesh and a new solution is computed on this improved grid. 

We may perform another error analysis on this new solution and begin a new iteration (see 

figure 2.1). This iterative process is repeated until we obtain a good level of accuracy for 

the resolution of the Navier-Stokes equations. To solve these equations, each iteration 

uses the previous solution as initial conditions and the first iteration is solved with zero 

initial conditions. 

2.5 Aerodynamic Forces Computation 

The lift and drag are defined respectively as the vertical and horizontal force generated 

by the fluid flow: 

F = {F | - | (c-n)ar - {ot (2.35) 

For a viscous incompressible Newtonian fluid, the stress tensor t is defined as: 

p[vu + (Vu)"] - p[T] 

—
—
 

a 
oa
d 

S
f
 

a 
ia
 

= 
8 

L
d
 

ll 

-p+2u ee yf me 2 II, (2.36) 
_ ox oy ox 

ou ov Ov 
|) —+— —p+2— 

oy ox oy 
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where u and v are the Cartesian components of the velocity vector. 

Thus, combining (2.35) and (2.36), we obtain for the lift and drag the following 

L Tt, +T n, TH, +n 

D ryt, ty, |[%, P| tn, +1, Nn, 

where n, and n, expresses the Cartesian decomposition of the vector n that is normal to 

expression: 

the body surface, and I is the total boundary formed by the cylinder and the airfoil. 

The finite element solution obtained from the solver gives the pressure distribution p over 

the element and the estimated values for the two velocity component u and v at each node 

of the mesh. However, in order to compute the stress tensor from the f.e.m. 

approximation, we need to know the derivatives of u and v in addition to the pressure. 

Those derivatives can be easily computed from the finite element approximation on an 

element: 

ndp ndp u dN: 
u(x) = Dd N09 u, => (x)= > 7x (x) u, (2.38)   

where the N.“(x) are the interpolation functions associated with the velocity degrees of 

freedom (see section 2.2), and the u, are the nodal values of velocity. The equations 

necessary to construct the objective function only involve line integrals along the airfoil 

and cylinder curves. 

Those curves are divided into one-dimensional elements, called plot elements, which are 

coincident with the adjacent side of the corresponding triangular element: 

£>\ =<. | 

plot element Q 

Figure 2.5 Plot element representation 
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Referring to Gauss's numerical integration rules for the one-dimensional case, we only 

need to compute the stress tensor at specific points, called gauss points, on this boundary. 

The total integral is decomposed to a sum of sub-integrals, performed over each plot 

element. Gauss's rule is therefore applied individually on each plot element: 

rds St 
Each element is transposed from the x-y plane into a local plane of reference r-s. The 

J|w (2.39) 
e &;     

expression (J, in equation (2.39) refers to the determinant of the jacobian matrix of this 

transformation for an element e. The Gaussian quadrature rule is transposed from the 

standard [-1,1] interval into the r-s plane, according to the element side adjacent to the 

plot element and then transformed into the global x-y coordinates: 

s y 

1 2 

J 

——» 2 —_—»> 

1 t 
-4 0 1 1 r x 

xg(ti), w9(ti) ra(tl), sg(ti), wa (tl) xg(ti),yg(ti),w9(ti) 

Figure 2.6 Geometrical transformation for Gauss rule (1-D) 

To evaluate the tensor at gauss points, all its constitutive quantities must be defined at 

these same points. Since the velocity interpolation functions and their derivatives are 

defined in the local r-s plane, we must apply the chain rule to obtain the corresponding 

global values: 

dN“ ; _ aN" ar 

dx ~* dr dx 
    

with “5(4)-| 2] 
dx <0 dr,s 

+ — 

ds dx 
aN" 4s (t.) (2.40)   

wo
 

  (2.41) 
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Similarly, the velocity at gauss points is found from: 

u(z,) = > (4) uw, (2.42) 

Referring to (2.38) and using the two preceding results, we finally get the global velocity 

derivatives at gauss points. The pressure distribution over one element is defined linearly 

by: 

p(x) =p, + [SP] ~X,) + Fat -Y,) (2.43) 

where p., [dp/dx],, and [{dp/dy], are respectively the pressure and its gradient evaluated a 

the element centroid. Therefore, knowing the global gauss coordinates, (2.43) yields the 

pressure at the gauss points. We now possess every necessary component to compute the 

Stress tensor at the gauss integration points. Once that result is achieved, the forces acting 

on the cylinder and the airfoil can finally be obtained from (2.39). 
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CHAPTER 3 

Finite EI t Method Applicati 

This chapter presents a few applications of the finite element methodology discussed in 

chapter 2. First, we validate the computation of the aerodynamic forces acting on a 

surface by comparing the finite element approximations to some known solutions. Then 

we describe the problem of the flat plate with leading edge rotating cylinder in terms of a 

finite element problem. 

3.1 Calibration Examples 

3.1.1 Boundary Layer (1-D) 

The first problem concerns a boundary-layer along a flat plate. The portion of the thin 

layer that is considered lays in the fully developed region so that no variation for the 

velocity exits along the x direction. The problem is then simplified to a one-dimensional 

case. It is an artificial problem that presents a rapid variation in one variable and is set to 

verify the finite-element methodology. From the fact that the velocity profile in a 

boundary-layer behaves asymptotically in the y direction, we can set the solution in the 

following form: 

u(y) = (1 - oer) (4 -o*) 

v=0 , (3.1) 

p(x) =x-0.2 

for a domain described by figure 3.1. In order to obtain the solution stated by (3.1), we 

simulate body forces in the equations of motion. Instead of letting f, and f, be zero and 

solving for U, V and p, we reverse the usual process by solving for the body forces. The 

Navier-Stokes equations (2.2) can be rewritten in the form: 

ou ou oP au a-u 
P| &— + — | = -—— + at + fy 

    

ox oy ax ox oy 
(3.2) 

av av) ap fav ary 
p| A— + ¥— |= -— + a + 5 + fy 

ax oy oy ax dy 
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Replacing (3.1) into (3.2), we obtain for f, and f, : 

f(y) =1+ (Re)e"**Y /(1-e-**) 
(3.3) 

fy = (0) 

These terms are given to the finite element solver. The finite element solution over the 

domain should therefore correspond approximately to (3.1). 

  

        

u=1 
y t v=0 

(0.2,1.0) 

v=0 

_ (1- eh Ty, =0 
Ue (T= eFe) " 

(or p = 0) 
v=0 

46 oF > x 

u=v=0 

Figure 3.1 1-D BoundaryLayer Problem (1-D), Geometry 

To compute the Cartesian forces acting on each side of the domain, we use equations 

(2.36) and (2.37): 

°v =) a av (3.4) 
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Setting values for X and y in (3.4), we get an expression the force vector on each 

boundary: 

Fan ~ ir “e) —"/ ( “e eho - {aot (3.5) 

Fiche = i en Rey I e-Fe) ony (1 {ho = | re} (3.6) 

ce feoiitey Rhee fe tee] en 
pan Ayes) THe os 0 

Following the scheme shown in figure 2.1, the first step to the finite element method is to 

provide the equations solver with the problem definition and a coarse hand-made grid. A 

uniform grid of two elements with a uniform size function was used as the first backmesh 

(see figure 3.2). 

  

6 =0.1 56 =01 

    6 =0.1 8 =0.1 
  

Figure 3.2 Boundary Layer Problem (1-D), First Backmesh 

The grid adaptation sequence is illustrated in figure 3.3. The mesh (a) has a uniform 

distribution of elements (6 = 0.1) and is constructed with the coarse grid of figure 3.2. 
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(a) (b) 

  

  

            

(c) (@) 

  
  

            
Figure 3.3 Boundary-Layer Problem (1-D), Mesh Convergence 

After we have obtained the first finite element solution, we analyse the error distribution 

over the domain. Almost always, the error on the first grid (Figure 3.3 (a)) is non 

negligible so we must generate a new grid that will better capture the problem 

characteristics. Since we know the analytical solution to this problem, we use the exact 

error to compute the size function for the next grid. 
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The selection of the transition operator (cf. section 1.4) is arbitrary. Most often, we 

choose to reduce the error by a certain percentage. In general, both operators don't reach 

the desired target in one cycle, particularly if the actual relative error is too large. This 

phenomenon is explained by the adaptative strategy based on (2.30). This rule comes from 

the interpolation theory and is exact only in an asymptotic way. Consequently, the error 

must already be small for (2.30) to be verified. In short, either one or the other gives good 

results after a few cycles, the choice relies on the user's judgment and experience. Because 

the complexity of the problem lies in the velocity field, we exclude the pressure from the 

error evaluation by using the energy norm instead of the Stokes norm. The finite-element 

approximation representing the velocity field quadratically, the error will be more 

important for the velocity which behaves asymptotically than for the pressure. We see in 

figure 3.4 the tendency of the adaptive module to produce an important concentration of 

elements in the region of the boundary layer, where the velocity gradients are high. In 

figure 3.7 a), the error is spread in the lower region of the domain. For this reason, many 

small elements are placed in this area while large ones covers the rest of the domain were 

the velocity field is uniform (see figure 3.3 (b), (c) and (d)). In the end, the largest error, 

however still quite small (O(e-05)), lies in the very bottom of the computational region 

(figure 3.7 b)). The results of the mesh adaptivity strategy is reviewed in table 3.1. 

Table 3.1 Boundary-Layer problem, Adaptivity Strategy 
  

  

  

  

              

Cycle Absolute Solution Relative Transition | Target Rel. 

Error Energy Error Operator Error 

Energy norm 

norm 

(a) 1.360e-02 2.968e-03 4.6 reduction 0.10 

(b) 1.660e-02 7.648e-03 2.2 reduction 0.10 

(c) 6.667e-03 1.260e-02 0.53 fixe 0.025 

(d) 6.321¢-04 1.413e-02 4.47e-02 
  

 



    

  

Figure 3.4 Boundary-layer problem (1-D), Mesh Detail of fig. 3.3 (d) 

Figures 3.5 and 3.6 show, respectively, the velocity and pressure distributions of the final 

finite element solution. The velocity profile is typical of a boundary-layer where the 

vertical component is zero and the horizontal component quickly rises from zero to the 

free stream velocity within the boundary-layer width (approximately 0.0048, see figure 

3.5). In figure 3.6, we see that the pressure behaves as described in (3.1); it is constant in 

the y direction and varies in the x direction from -0.2 to 0 within the domain. Table 3.2 

shows a comparison between the aerodynamic forces computed from the finite element 

solution and the analytical solution for a Reynold number of 1000. 

Table 3.2 Comparison between analytical results and f.e.m. solution for the one-dimensional boundary- 
layer problem. 
  

  

  

  

  

    

Analytical Solution Finite Element Method Relative 

Error 

Boundary F, F, F. F, 
e 

FI 

Left 0.2 0.001 0.200053 8.97181e-04 | 2.626e-04 

Right 0 -0.001 2.20129e-05 | -9.85138e-04 | 1.462e-02 

Top 0 -0.02 -7.88065e-10 | -0.0200008 | 4.000e-04 

Bottom 0.2 0.02 0.187451 0.0200531 | 6.208e-02                 
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Figure 3.5 Boundary-layer Problem (1-D), 

Velocity Profile 
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Figure 3.6 Boundary-Layer Problem (1-D), 

Pressure Distribution 
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a) Gycole (a) in Figure 3.3 

  
Figure 3.7 Boundary-Layer Problem (1-D), 

Error Distribution 
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b) Cycle (d) in Figure 3.3 

  
Figure 3.7 Boundary-Layer Problem (1-D), 

Error Distribution 
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The largest error in the results summarized by table 3.2 lies in the bottom boundary since 

it is where the flow is most complex, thus generating more error. Let's mention that, in 

general, the error on the derivatives of a function is larger than the error on the function 

itself. Therefore, there will be more error on the computed aerodynamic forces than on the 

velocity distribution because the stress tensor involves the derivatives of the velocity field. 

From Table 3.2, we see that the finite element modeling provides a reliable approximation 

to the solution of the Navier-Stokes equations. However, this problem is quite a simple 

flow situation and further investigations should be made in order to assure the validity of 

the methodology. 
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3.1.2 Two-Dimensional Half-Plates 

To study a more realistic representation of the flow about a flat plate, we model three 

plates of finite length and non negligible thickness. The analysis is based on J. Caillé and 

J.A. Schetz numerical study of a flow about a flat plate. The computer models are shown 

in figure 3.8. 

T = 0.0075 —. 
Plate 4 aor 
(Re=100) 9 __ [oe ]_ 

L=1.0 

T = 0.0032 
Plate 2 a Y_ 
(Re = 400) L=1.0 

T=0.00714 X=0.754 
Plate 3 -_.._> T = 0.00071 
(Re=1200) I.) 

Figure 3.8 Two-Dimensional Half Plates, Geometry 

Figure 3.9 indicates the computational region and its boundary conditions. Caillé & Schetz 

based the upstream boundary location X,, on Walter and Larsen” results and fixed the top 

boundary condition Y,,, to twice the boundary-layer thickness predicted by the Blasius 

  

      

solution. 

Y. 
*P u=1 t=0 

t= 
u=1 p—, 

t= 
v=0 -r— 

u=v=0 t= v=0 
a a ee 

X 0.0 1.0 3.0 
up 

Figure 3.9 Two-Dimensional Half-Plates, Computational region and boundary conditions 

Table 3.3 Characteristics of the domain for the two-dimensional half-plates 
  

  

  

          

Re Xu Yop 

100 -2.00 1.000 

400 -1.00 0.500 

1200 -0.50 0.400 
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To keep the mesh in reasonable proportions, we soften the singularities created from the 

half-plate sharp corners by replacing them with small quarter circles. For each half-plate, 

the mesh is refined twice using the reduction transition operator (target of 0.25 the first 

time and a target of 0.20 the second time). Since we don't know the exact solution to this 

problem, we use the error estimator described in section 2.3. The relative error over each 

final mesh is around one percent. Figure 3.11 shows the mesh adaptivity sequence for the 

half-plate with Re = 1200. Again, we notice a tendency to concentrate many small 

elements in the regions of high pressure and velocity gradients, near the corners of the 

plate. In figure 3.14 a), we observe more error near the left corner of the plate. This is 

taken into account by the adaptive module which places many small elements around that 

area in the next grid (figure 3.11 (b)). In the next cycle, error in the wake of the plate 

(figure 3.14 b)) produces a larger concentration of elements behind the plate in figure 3.11 

(c). 

  

  

          

Figure 3.10 Two-Dimensional Half-Plates, First Backmesh 

Table 3.4 Two-Dimensional Half-Plates, size function for the initial backmesh 
  

  

  

              

Plate a b Cc d e 

1 1.0 0.5 0.75 0.15 0.0375 

2 0.5 0.25 0.32 0.064 0.016 

3 0.4 0.2 0.071 0.0284 0.0284 
  

  
The initial backmesh is based on the same pattern for the three plates. In figure 3.10, the 

function size has the same value 6 = a for the four top nodes, 5 = b for the four middle 

nodes, 5 = c for the two upstream nodes, 5 = d for the two downstream nodes and 6 = e 

for the plate nodes. Table 3.3 lists the a, b, c,d and e values for each plate. 
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(a) 

  

    

(b) 

  

(c) 

  

  

        

Figure 3.11 Two-Dimensional Half-Plates, Mesh Convergence (case Re = 1200) 

Figures 3.12 and 3.13 present velocity and pressure distribution on the final mesh for the 

half-plate at Re = 1200. Both figures presents high gradients in the vicinity of the plate's 

comers which are responsible for the need of a fine discretization in that area. 
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Figure 3.12 Two-Dimensional Half-Plate, 

Re = 1200, Velocity Distribution 
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Figure 3.13 Two-Dimensional Half-Plate, 

Re = 1200, Pressure Distribution 
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a) Cycle (a) in Figure 3.11 

  
Figure 3.14 Two-Dimensional Half-Plate, 

Re = 1200, Error Distribution 
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D) Cycle (5b) in Figure 3.11 

  
Figure 3.14 Two-Dimensional Half-Plate, 

Re = 1200, Error Distribucion 

a5



Caillé and Schetz studied the skin friction coefficient over each half-plate as well as the 

wake centerline velocity. From the finite element solutions, we computed the forces acting 

on the half-plates surface and deduced the skin friction coefficient. The skin friction 

coefficient is defined as the tangential force acting on the surface divided by the dynamic 

pressure (+pU2L). Here, the dynamic pressure is equal to (1/2) since the density, the free 

stream velocity and the characteristic lentgh are equal to unity. Therefore, the skin friction 

coefficient is twice the tangential force. 

Since the finite element method is implemented in the Cartesian coordinate system, we 

must transform the resulting Cartesian forces in the normal-tangential system. This is 

easily accomplished with a simple rotation transformation about the z axis: 

  

Figure 3.15 Transformation from Cartesian to Normal-Tangential system 

F, _ cos(— at) sin(—a) |(F, (39) 

F. -sin(-a) cos(-a) ||F, 

Figures 3.16 through 3.18 compare the curves obtained from the finite-element solution 

with Caillé & Schetz~ results. 
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a) Skin-Friction Coefficient Distribution over the plate 

Thick Plate: T = 0.0075, L = 1.0, Re = 100 
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b) Wake Centerline Velocity 

Thick Plate: T = 0.0075, L = 1.0, Re = 100 
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Figure 3.16 Two-dimensional Half-Plate, Re = 100 
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a) Skin-Friction Coefficient Distribution over the plate 

Thick Plate: T = 0.0032, L = 1.0, Re = 400 
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b) Wake Centerline Velocity 

Thick Plate: T = 0.0032, L = 1.0, Re = 400 
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Figure 3.17 Two-dimensional Half-Plate, Re = 400 
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a) Skin-Friction Coefficient Distribution over the plate 

Thick Plate: T1 = 0.00714, T2 = 0.00071, X = 0.754, L=1.0, Re = 1200 
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b) Wake Centerline Velocity 

Thick Plate: T1 = 0.00714, T2 = 0.00071, X = 0.754, L= 1.0, Re = 1200 
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Figure 3.18 Two-dimensional Half-Plate, Re = 1200 
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We see from these results that the finite-element solution for the flow behavior about a flat 

plate responds well to a more elaborate geometry. However, in the present study, a 

rotating cylinder increases the complexity of the flow. In order to understand the flow 

behavior about a rotating cylinder, we next solve the problem of two concentric cylinders 

rotating at different speeds. 
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3.1.3 Two Concentric Rotating Cylinders 

The problem of two cylinders rotating at different speeds about the same axis can be 

solved analytically from the Navier-Stokes equations (in cylindrical form): 

(Otte) 2a, M2 Be) 
  

  

Dt or or ‘ 2 r? 68 

D 1aP 24 em) Vo , VrVe 2 V, _ Ve —— + 2 | = --— +p VV, + = - 
{a ve r 00 ( "  r? 00 + | 

(7 \ro, 
r, 

ay. 

Figure 3.19 Concentric Rotating Cylinders Problem, Geometry 

Assuming steady-flow conditions and radial symmetry, we find that: 

v,=0, v, =f(r) 
ren (3.11) 

p=fir) 

Replacing (3.11) in (3.10), we get 

dv, 1dv, v 
f ar? te “° 

(3.12) 

OP _ pve 
dr or 

with the boundary-conditions: 

Vo(r,) =r eV 11 (3.13) 

Vo(r,) = hw, 
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(3.12) and (3.13) can be solved for p(r) and v,(r): 

  

v,(r) = ar +E 

2,2 2 , (3.14) 
pir)=0f t+ 2ait(r) | const 

with 

a= 04 /h -@/h 

f/f, -f,/%, 
(3.15) 

(w, 7 oN 

h/h-h/h 

To compute the forces acting on the cylinders’ surface, we use the cylindrical stress tensor: 

B= 

  

  

  

  

_p+2po“ OVe _V, Lov, 

Vr Ue _ or or 6 r 06 (3.16) 

Vor Veo u{ Se Vey 154. -p + 2u(2 OV6 + “| 

or 06 fr 00 r 00 66 

which reduces to 

(r) ( “| 2up 
Tt. “P U ~ -—P > Tz? r “# | _ or Jl _ r? (3.17) 

Ver Teo u{ Se “s -p(r) _ 248 -p 
ér or r? 

after using (3.10) and substituting (3.12). The same procedure as in section 3.1 holds to 

evaluate the forces, except this time we use the cylindrical coordinate system: 

_ F, _ —p(r) -2up/r? n, 

rte} I eae -p(r) Kr 8) 
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On the inner cylinder, F=f, N, = -1. and n, =0: 

r Laie) Lal =the 
On the outer cylinder, r=r,, N, =1. and n, =0: 

nL rie TH laa 
For numerical comparison, we set 

h=0,=1 

mr =-0,=2 

p=1 

pw = 1/ Re = 1/1000 

With (3.21), we can compute @ and B using (3.15): 

5 - bd 2=(-2)-2/1 
1/2-2/1 

((-2) -1)-1-2 = 4.0 

1/2-2/1 

§=0.25 

= -3.0 

B= 

  (3,3) 

  

§=0.25 de 0.15 \ [5-05 d= 0.25 
\ ’ 

  

          
(-3,-3) 

§=0.25 

Figure 3.20 Concentric Rotating cylinder problem, First Backmesh 

(3.19) 

(3.20) 

(3.21) 

(3.22) 
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Figure 3.21 Concentric Rotating cylinders problem, Mesh Convergence 
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Because of the unknown constant in the pressure expression of the analytical solution, we 

used the projection method (cf. section 2.3) to estimate the error over the domain. Here 

again, we used the reduction operator for the mesh adaptivity. 
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Figure 3.22 Concentric Rotating Cylinders, 

Velocity Distribution 
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Figure 3.23 Concentric Rotating Cylinders, 

Pressure Distribution 
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a) Cycle (a) in Figure 3.21 

  
Figure 3.24 Concentric Rotating Cylinders, 

Brror Distribution 
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D) Cycle (©) in Figure 3.21 

  
Figure 3.24 Concentric Rotating Cylinders, 

Error Distribution 
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It is interesting to note that the target for the relative error has been reached for both 

cycles and that is probably because the error was quite small to start with. Also of interest 

is the uniformity of the three grids. This is explained by the fact that the solution is quite 

uniform over the domain with no rapid variation of either the velocity or the pressure (see 

figures 3.22 and 3.23). 

Table 3.5 Concentric Rotating Cylinders, Adaptivity Strategy 
  

  

  

  

Cycle Absolute Error Solution Relative Transition Target Rel. 
Stokes norm Stokes norm Error Operator Error 

(a) 9.040e-02 3.167e+00 2.85e-02 reduction 0.25 

(b) 1.928e-02 2.670e+00 7.22e-03 reduction 0.45 

(c) 8.502e-03 2.679e+00 3.17e-03               
  

Both velocity and pressure distribution of the final solution show no variation in the 

angular direction. This confirms the assumption of radial symmetry in (3.11). Even though 

the error distribution shown in figure 3.24 presents some areas of larger error, the 

adaptative module doesn't concentrate elements drastically in any particular region 

because of the uniformity of the solution. 

To compare the numerical and analytical solutions for the forces acting on the rotating 

cylinders, we must convert the Cartesian forces to the normal-tangential system, which is 

equivalent to <r,8@> in this case. The normal component contains only pressure effects and 

the tangential component only viscous effects. Because the constant in the pressure 

expression is difficult to evaluate, we take the pressure out of the tensor expression in 

order to consider only viscous effects. The normal component therefore should be zero. 

Table 3.6 Comparison between analytical results and f.e.m. solution for the two co-axial rotating 
cylinders. 
  

  

  

  

Analytical Solution Finite Element Method Relative 

Error 

Cylinder F, F, F, F, e 
Fl 

Inner -.05026548 0.0 -0.0488874 | .86424e-03 | 2.726e-02 

Outer .025132741 0.0 0.0250085 | -.52099e-03 | 4.727e-03                 
  

This problem ends the validation section and demonstrate the ability of the finite element 

methodology to handle more complex flows such as a rotating annulus. 
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3.2 Flat Plate Airfoil with Rotating L.E. Cylinder 

With the previous problems, we verified the validity of the finite-element method to 

compute the forces exerted on a surface by a moving fluid. We tested its capability to 

solve a full Navier-Stokes (with Boussinesq approximation) problem in a simple case first 

and then in more realistic cases such as plate of non-negligible thickness in flows of 

various viscosities. We also studied the flow behavior in a rotating annulus and compared 

the viscous effects in the aerodynamic forces between the analytical solution and the finite- 

element results. We are now ready to begin the analysis of a uniform flow about a cylinder 

rotating in front of an angled flat plate. 

3.2.1 Discretization 

The problem geometry and boundary-conditions are shown in figure 3.25. The non 

dimensional geometrical parameters are described in table 3.7. 

Table 3.7 Flat plate and cylinder All dimensions are based on the chord length. The plate 
geometrical dimensions 
  : ; : and cylinder geometry was first derived from Modi & 

Quantity dimension 
Fernando's” study of a flat plate with rotating cylinders at 

  

Cc 1.0 both leading and trailing edges (d/c = 0.3, h/c=0.1). 

After a few tests, it appeared that those dimensions were   

d/c 0.075 oo, 4 
applied in a flow of relatively low viscosity (Re = 3 x10") 

  

hic 0.05 and that their size should be reduced for a flow of higher 

  viscosity (d/c=0.075, h/c=0.05). It was also 
e/c 0.01 

decided to modify the shape of the trailing edge for a 
    t/c 0.2 smoother flow around that edge. Modi & Fernando make       no mention of the gap size but in a later study on an 

aircraft’, Modi & al. set the gap size to one percent of the chord. The external boundaries 

correspond to a length-width ratio of twenty percent, that is the wind tunnel section used 

in Modi's flat plate experiment. The plate is situated in the flow such that it remains 

approximately centered when the angle of attack increases. The fact that the plate is not 

precisely centered in the computational domain will produce some important effects on 

our results. 

Along with the geometry, we must provide the initial backmesh to define the finite element 

problem. This task is more difficult than for the previous problems because of the complex 
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geometry involved. There is no fixed method to construct the most efficient initial 

backmesh, the usual procedure relies on trial and error until a satisfactory result is 

obtained. The first step consist in locating the points on the geometry that require more 

precision in the discretization and construct the triangles that will define the coarse grid. 

  

    
  

t,=ty=0 (3.5,2.17) 

(0,0) e 
nw, ISK 

u=1 U 

=0 h ty 
v= : wt 

u=v=0 on the plate 
ow 
(a U=rosin® on the cylinder 

Vv = -rw cos68 

(-2.0,-3.255) t= ty=0 

Figure 3.25 Flat Plate with Rotating L-.E. Cylinder Problem, Geometry 

In the second step, we have to impose values for the element size function 5 on each node. 

The best guess for the element size 6 is to use the smallest dimension of the problem 

geometry in the area of the node. According to the grid produced by the mesh generator, 

the element size function may (most probably!) have to be modified if there are too many 

or too few elements in some areas of the domain. 

Each time we vary the angle of attack, the geometry changes along with the initial 

backmesh. Because the procedure described above is time consuming, a little program has 

been created to automatically compute the geometry and the initial backmesh for a given 

angle of attack. Figure 3.26 shows the initial backmesh as a function of the angle of attack 

a. We give fixed values for the element size function since the dimensions of the plate and 

cylinder are constant from one angle to another. These values can be adjusted 

subsequently according to the amount of precision in the discretization needed as the 

complexity of the flow increases. 
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Figure 3.26 Flat Plate with Rotating L.E. Cylinder, Initial Backmesh 

3.2.2 Resolution 

Starting with @ = 5°, the first approximate solution is obtained from zero initial conditions. 

Those are fairly poor initial conditions if we want to solve the flow at a relatively high 

Reynolds number. For this reason, we have to start the computation at very low Reynolds 

number and slowly increase it to the desired value of 1000. We call this process a 

continuation in Reynolds number. For example, after obtaining a first solution at Re = 100 

from zero initial conditions, we set Re = 300 in the next iteration and use the Re = 100 

solution as initial conditions. We repeat this operation, always using the same grid, until 

we reach Re = 1000. Because this process requires a lot of time and computation, we used 

a non-standard procedure to obtain a solution at Re = 1000 for all other angles of attack. 

This procedure of resolution is similar for each angle of attack. We will describe it here for 

a Single value of angle of attack, say @ = 15°. 

We started from @ = 5° and achieved a Reynolds number of a thousand as described 

above. Now, instead of repeating this process for © = 10°, we directly set Re = 1000 and 

used a solution at @ = 5° and Re = 1000 as initial conditions. After two adaptive 
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remeshing iterations, we reached the same level of accuracy as if we had followed the 

normal procedure. For @ = 15°, we used a solution at & = 10° as initial conditions. 

For every angle of attack, we first set the rotational speed of the cylinder at the lowest 

value possible. This value increases as we raise the angle of attack since the flow tends to 

separate from the plate surface. Separation generates instability in the flow and because 

we are assuming steady-state conditions, it becomes impossible to converge toward a 

unique solution. In addition, the discretization of the grid generated from the initial 

backmesh is usually not accurate enough to capture all the complexity of the flow. In the 

case that we are now studying, we have the following conditions: 

. a=15° 

: Re = 1000 

° (r-w)/U, = 0.1 

Because of the non-usual procedure described above, the strategy used to adapt the mesh 

differs from the previous examples. After a few tests, we concluded that the most effective 

strategy is to use the fixed target operator for the first adaptive cycle and to set the target 

approximately to the value obtained for the relative error in the previous angle solution. 

Then we switch to the reduction operator and request a 50% reduction of the error. Table 

3.8 presents the discretization characteristics of the & = 10° solution. 

Table 3.8 Flat Plate with Rotating L.E. Cylinder, error analysis, a = 10° 
  

  

  

          

Cycle # Nodes # Elements Relative Error 

(a) 2386 1155 4.91e-02 

(b) 4524 2211 1.44e-02 

(c) 4636 2263 7.19e-03 
  

  
If we use the most accurate solution (cycle (c)) at @ = 10° as initial conditions, the 

accuracy requirements for the solution at @ = 15° will be too high and we won't be able to 

obtain the target fixed in the adaptive strategy. It was found more effective to use the 

solution with a moderate level of accuracy (cycle (b)) instead. The adaptive strategy is 

resumed in table 3.9 and the mesh convergence is shown in figure 3.27. 
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Table 3.9 Flat Plate with Rotating L.E. Cylinder, Adaptivity Strategy   

Cycle   
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Figure 3.27 Flat Plate with Rotating L.E.Cylinder, «



The first grid (figure 3.27 (a)) corresponds to the element size function defined on the 

initial backmesh. We see in figure 3.31 a) that the error is mostly concentrated around the 

cylinder on this mesh. The fixed target operator detects that error concentration and 

generates many small elements around the cylinder (figure 3.27 (b)). It also locates error 

in the wake behind the plate, thus we observe more elements in that region. The large 

elements under the plates can probably be caused by the fact that we used a solution at a 

smaller angle as initial conditions. The flow right under the plate at a@ = 15° is a less 

critical region for a = 10°. Figure 3.31 b) confirms this fact as we see that the biggest 

error is located under the plate. This phenomenom is corrected in the final mesh (figure 

3.27 (c)) were we see that the reduction operator concentrated many small elements in 

that area. The wake is also more sharply defined. The large elements right over the plate 

come from the fact that the velocity in that region is quite small, and so is the estimated 

error. In that same mesh, the error (however pretty small) is located in the upper right 

corner of the domain since the reduction operator increased the element size in that area. 

Keeping in mind that the interest of this study is to compute the aerodynamic forces acting 

on the cylinder-plate system, the important fact is that the error is pretty small (O(e-06)) in 

that area. Figure 3.28 present in greater details the discretization around the plate. 

  

  

      
Figure 3.28 Flat Plate with Rotating L.E. Cylinder, @ = 15°, Mesh Detail of figure 3.27 (c) 
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Velocity and pressure distribution for the final mesh are shown in figures 3.29 and 3.30. 

We can observe in figure 3.29 a recirculation zone above the plate. We will see, as we 

increase the rotational speed of the cylinder, this feature disappears and the wake region 

narrows down. The pressure distribution presents high gradients in the cylinder area. Also 

observed in the velocity distribution, those high gradients explain the need for a very fine 

discretization in the cylinder region. 

Once we have an optimal grid for the flow resolution, we keep this same mesh and use it 

to generate solutions at different cylinder rotational speeds. The value of @ is gradually 

increased by modifying the cylinder boundary conditions at every iteration, each one using 

the preceding solution as initial conditions. Table 3.10 presents the aerodynamic forces on 

the system plate-cylinder for 0.0 < w < 4.0. 

Table 3.10 Flat Plate with Rotating L.E. Cylinder, a = 15°, Re = 1000, Aerodynamic Forces 
  

  

  

  

  

  

  

  

  

  

            
  

(r-w)/U, Lift (L) Drag (D) (L/D) = (Cl/Cd) 

0.0 0.208064 0.111449 1.866899 

0.1 0.214153 0.109851 1.949486 

0.5 0.246472 0.103270 2.386676 

1.0 0.311805 0.962783¢e-01 3.238580 

1.5 0.396791 0.921909e-01 3.467707 

2.0 0.477312 0.922896e-01 5.171894 

2.5 0.521081 0.924338e-01 5.637343 

3.0 0.542160 0.912560e-01 5.941089 

3.5 0.555091 0.896236e-01 6.193581 

4.0 0.564291 0.878146e-01 6.425936 

We see from this table that the moving wall boundary-layer control efficiently increases 

the lift and reduces the drag of the plate-cylinder system. For a fifteen degree angle of 

attack, Modi & Fernando obtained the results in table 3.11 for Re = 30000. 
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Figure 3.29 Flat Plate with Rotating L.E. 

Cylinder, Alpha To, (rw /o = 0.4, 

Velocity Distribution 

a7



  
Figure 3.30 Flat Plate with Rotating L.E. 

Cylinder, Aipha = 15, (r*w)/U = 0.1, 

Pressure Distribution 
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@) Cyele (a) in Figure 3.27 

  
Pigure 3.31 Flat Plate with Rotating L.E. 

Cytinder, Alpha = 15, (e©*w)/0 = 0:1, 

Error Distribution 

ey)



b) Cycle (b) in Figure 3.27 

  
Figure 3.31 Flat Plate wlth Rotating L.F. 

Cylinder, Alpha = 15, (r*w)/0 = 0.1, 

Error Distribution 
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©) Cycle (Gc) in Figure 3.27 

  
Figure 3.31 Flat Plate with Rotating L.E. 

Cylinder, Alpha = 15, (r*w)/U = 0.1, 

Brror Distribution 
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Table 3.11 Flat Plate with Rotating Cylinder at Leading Edge and Non-Rotating Cylinder at Trailing 
Edge, a = 15°, Re = 30000, Aerodynamic Coefficients 
  

  

  

  

            

(r-w)/U,, Cl Cd Cl/Cd 

0.0 0.40 0.40 1.0 

1.0 0.95 0.28 3.4 

2.0 1.33 0.28 4.8 

3.0 1.13 0.22 5.1 
  

The two problems are somewhat similar but still pretty different in the geometry and the 

flow viscosity. Modi & Fernando have two cylinders with the flat plate (only the leading 

edge cylinder rotating) in a flow of Re = 30000 while we have only one cylinder and a 

wedge trailing edge in a flow of Re = 1000. However, it is interesting to compare both 

results in a qualitative manner (See figure 3.32). 
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Figure 3.32 Flat plate with Rotating Cylinder at Leading Edge, Comparison with Modi & 

Fernando's Flat Plate with rotating L.E. Cylinder and non-rotating T.E. Cylinder 

Overall, Modi & Fernando's ratio between the lift and drag coefficients is smaller than our 

results. That can be caused by the trailing edge configuration; a bluff body like a cylinder 

at the trailing edge of the plate is much more likely to produce drag than a wedge shape 

end. Other influencing factors are the viscosity of the flow and the geometrical dimensions 

of the plate and cylinder(s). 
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When we examine Table 3.10, we conclude that the aerodynamic characteristics of the 

plate-cylinder system keep improving as the rotational speed of the cylinder increases. This 

is true, but there exists one consideration that has not been studied in previous 

experiments: the power associated with the cylinder's rotation. We will see in the next 

chapter how this component affects the ratio of gain to cost. 
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CHAPTER 4 

Optimization Problem 

In this chapter, we formulate an optimal design problem for the aerodynamic 

performance of a flat-plate airfoil with a leading edge rotating cylinder. But first, it is 

worthwhile to put our problem in context. Mathematically, a somewhat general class of 

optimization problems can be stated as: 

minimize F(x) 

xe x 

subject to c,(x)=0, i=1,2,...,m'; ’ (4.1) 

c,(x)20, i=m' +4,...,m. 

where x represents the problem parameters and F(x), is the objective function. This 

function provides a measure of the quantity to be minimized. The role of the constraint 

functions c(x) is to apply some restrictions on the parameters! values. Both objective and 

constraint functions are real-valued scalar functions. In this setting, we must describe the 

parameter vector x, the cost function, F and any constraint function, c. Before doing so, 

we describe a non-dimensional formulation of the flow problem. 

4.1 Parameters 

The first step of an optimization problem definition consists in the derivation of the 

possible system parameters or independent variables. Dimensional analysis can help 

establish the relative role of the different quantities involved in the flow problem. The 

Buckingham Pi theorem states that if an equation is dimensionally homogeneous, it can 

be reduced to a relationship among a complete set of dimensionless products. Using the 

Buckingham method24 we can find which dimensionless parameters affects the 

aerodynamic characteristics of the system. The number of dimensionless groups 1 is the 

difference between the number of characteristic quantities m involved in the problem and 

the number of fundamental dimensions j necessary to express the dimensions on those 

quantities. Figure 4.1 shows the characteristic quantities of the flat plate with a leading 

edge rotating cylinder problem. 
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Quantities Dimensions 

  

F (force) mL/tz 

p (density) m/L’ 

U (free stream velocity) Lit 
c (chord) L 

u (viscosity) m/Lt 
d (cylinder diameter) L 
@ (cylinder gap) L 
h (plate width) L 

a (angle of attack) none 

@ (angular velocity) t? 

Figure 4.1 Characteristic Quantities involved in the Flat Plate with Rotating Cylinder at 

Leading Edge problem 

Quantities: Nn = 10 Dimensions: j = 3 Dimensionless groups: i = n - j = 7 

Selecting p, U, and c as the three quantities which, between them, contain all the 

fundamental dimensions, the dimensionless groups are 

Il, = p*Ucy (4.2) 

Tl, = p”U"c%d (4.3) 

Tl, = p™U*°ce (4.4) 

Ol, = p™“U™%c“h (4.5) 

Tl, =p*U"c°a (4.6) 

Tl, = p*U*c*aw (4.7) 
Il, = o?U'7C""F (4.8) 

The aj,bj, and cj are such that the right hand side of these equations is dimensionless. 

w Glokats 
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(2) 

ai+1=0 

-b1-1=0 

~3a1+b1+c1-1=0 

ay iver 
a2=0 

-3a2+b2+C02+1=0 

-b2 =0 

Similarly, for (3) and (4), we get 

(5) a is already dimensionless 

(6) ayers 
a6 =0 

—3a6 +b6+c6 = 0 

-b6-1=0 

=> b1=—-1 

c1= -1 

>m,-.1 
cUp Re 

a2=0 

=> b2=0 

C2 = -1 

d 
=> M=s5 

e 
=> My-5 

h 
=> N= 

=> NN, =a 

a6 =0 

b6 = -1 

c6 = 

M1, = 204.9. 245, oF 
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(7) (ey (E) Oa 

af+1=0 a7 = —-1 

—3a/ +b7+¢c7+1=0 => b7 =-2 

-b/-2=0 c/=-2 

F 
=—_> My = age X27 OOo when F=LD 

Finally, we can express the dimensionless lift and drag coefficient as a function of the 

other dimensionless groups: 

(4.9) Udh :) 

‘wor'c'c'c 
C.,C, = [Revo — TT 

In this study, we set fixed values for Re, d, h and e. For the sake of simplicity, we choose 

only one optimization parameter: the most influent parameter acting on the boundary layer 

separation delay, that is the ratio of the free stream velocity to the tangential speed of the 

cylinder U/wr. It is also the most straight forward choice for the finite-element procedure 

since, unlike any geometrical parameter, it does not require any changes to the grid. The 

geometrical dimensions for the flat plate are based on previous models'42. The Reynolds 

number is fixed to a moderate value for numerical considerations. At high Reynolds 

number, the flow quickly becomes unsteady as we increase o and it is not possible to 

obtain convergence for the steady finite element problem. At very low Reynolds number, 

the influenced zones are bigger and the boundary-layer effect of viscosity is more wide- 

spread, since the flow is more uniform over the domain. This is quite undesirable, 

considering that the purpose of this study is to analyze the boundary-layer behavior. By 

fixing the Reynolds number to a value of a thousand, we set a compromise between those 

two cases. The angle of attack a will be varying from zero to the airfoil stall value, each 

angle providing a different flow problem. In this sense, it can be considered more as an 

independent parameter. An value of cylinder optimum rotating speed is found for each 

angle of attack. 
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4.2 Objective function 

The objective function serves the goal of describing good performance. In the present 

problem, there are two important physical quantities: 

1. the lift produced by the airfoil (L) 

2. the power required to move the airfoil (P) 

The power P consist of two contributions: 

1. the power to translate the airfoil (drag- U) 

2. the power to rotate the cylinder (P.,,) 

The formulation of the objective function depends on the type of minimization problem 

we define. Using the general problem formulation (4.1), we can generate three particular 

formulations for our problem: 

minimize -L{w) or L'(w) 

Problem I w ER (4.10) 

subject to c(w)=P- C,=0 

minimize  P(o) 

Problem II w ER (4.11) 

subject to c(w)=L-C, =0 

minimize  P(w)/L(w) 

Problem Ill wo ER (4.12) 

subject to no constraint 

The necessary conditions for constrained minimization are stated as a vanishing 

derivative of the Lagrangian23. For an unconstrained problem, the necessary condition is 

simply the zero derivative of the objective function itself. 
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Consider the necessary conditions for the previous problems: 

£(0, x) = -L(w) + A'( P(w) - C,) 

I. -L'+NP'=0 (4.13) 

P-C,=0 

P(w,a") = P(w) +2"(L(w) -C,) 

II. P'+2'L' =0 (4.14) 

L-C, =0 

Il. Per =O or P’-=L'=0 (4.15) 
LoL L 

We can show that problems I and II are just two different formulations for the same 

problem. Suppose w* solves ("solving" here means that @* satisfies the first order 

necessary conditions, technically we say that w* is a stationary point for the 

minimization problem) I for the specified C,, i.e. dA’ * so that 

-L'(w *)+NP(w *) =0 (4.16) 

and 

P(w*)=C,, (4.17) 

then w* "solves" II for C, = L(w *) if we replace 

Age qf (4.18) 

in expression (4.14). The argument can be reversed to show that if @* "solves" II for a 

specified C, then it also "solves" I. 

Problem III can be considered as a particular case of Problems I and II. Suppose that @ 

solves Problem III and that L(o) = C, # 0. We claim that @ solves Problem II (for the 

specified value C, = C,). To demonstrate, we observe that the choice 17 = -P()/L(a) 

leads to a solution of the system (4.14). Because no constraint functions are involved, 

this problem is simpler that the other two and will be the chosen one to formulate the 

optimization problem. The objective function is therefore established as the ratio of 
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power over lift, or if we tranform the problem as a maximization, the ratio of lift over 

total power: 

-L:U F(w) = Ao-u +P,,) (4.19) 

To simplify the notation, we will refer to F(@) as L/P since the free stream velocity U is 

equal to one. The "gain" here translates as the lift Z acting on the system airfoil-cylinder 

multiplied by the free stream velocity U. The "cost" includes the product of the drag D 

and the free stream velocity, as well as the power P,,, required to rotate the cylinder at an 

angular speed of o. 

  
Figure 4.2 

Rotation Power 

The power necessary to rotate the cylinder is computed as the product of 

the moment M operating on the cylinder and its rotating speed w. This 

moment is defined as the cross product of the force acting on the edge of 

the cylinder and its lever arm, the radius vector. Theoretically, the normal 

component of the force brings no contribution to the moment since its 

cross product with the radius vector is zero. Now, in a finite element 

approximation, the boundary defined by the elements does not coincide 

with a perfect circle. The angle between the position vector and the edge 

of the element, y, differs from 90°. Therefore, the cross product between 

the normal force component and the radius vector cannot be excluded 

from the moment calculation. The use of a Cartesian decomposition of the 

force and the position vectors takes this consideration into account. The 

equation for the power calculation is thus formulated as: 

Po = (Fi + Fj} x (ri + a) 

Vv [Fs Frid, (Sat (4.20) 

V 
- J [(x,.7, + TN, yr, - (x,/N, +T Ny Jr, J aPen Te 
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Note that, naturally, this integral is only performed along the cylinder contour. The 

expression for the stress tensor and the integration procedure are given in section 2.5 of 

chapter 2. 

4.3 Problem definition 

With the objective function and parameters defined, we now possess the necessary tools 

to construct the optimization problem. Since we choose only one parameter for the 

objective function, we restrict our choice to methods for univariate functions. In the 

previous section we defined the optimization problem as an unconstrained case. There is 

no constraint applied on lift or power but some restrictions may be imposed on the 

parameter @. Consequently, we must define a feasible region (interval, in a one- 

dimensional case) in which lies all the feasible points (w*) to the optimization problem. 

In order to be optimal, a point must be feasible and respond to certain qualifications 

called optimality conditions. In a one-dimensional case, the only restriction that may be 

applied to the single parameter (here, the cylinder rotational speed w) is simple bounds 

on its value. The feasible interval for the cylinder rotational speed is described by: 

0.0<w*<40 (4.21) 

U The lower bound restricts the cylinder to a clockwise rotation. The 

>" upper bound comes from circulation theory. In a flow past a rotating 

(N cylinder of radius r superimposed on a uniform flow with velocity U, if 

the tangential velocity of the cylinder is four times the free stream 

velocity, the circulation K is equal to 4arU. The velocity at the surface 

is equal to 2Usin® + K/(2nr). Then, there is only one point of stagnation, at 8 = 3/2 and 

the velocity is everywhere in the same direction as that of the surface. As the cylinder 

rotational speed is increased, the stagnation point leaves the surface and moves 

downward. Therefore, at (r*w)/Uz 4, there is no further tendency of the circulation to 

expands. Consequently, since the lift is function of the circulation, it will remain the same 

as a increases. Considering that the power required to rotate the cylinder increases 

monotonically with o, it follows that the same gain would be generated at a higher cost. 

This is a theoretical result based on potential flow. In practice, some circulation is still 

generated by the cylinder at a tangential velocity higher that 4U. However, the lift 
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produced is small compared to the associated drag, therefore there is no advantage to go 

beyond this value. 

For the unconstrained univariate case, the necessary conditions for an interior maximum 

are: 

F'(w *) = 0; 
F"(w *) <0. (4.22) 

The objective function, as it is described in section 4.2, gives one value of (L/P) for a 

single input of w. To obtain a description of the objective function over the feasible 

interval, we must compute a finite element solution and generate from it a data point for 

the objective function at various values of w over the interval. 

4.4 Methodology 

One optimization problem must be solved for each angle of attack. The mesh used to 

discretize the model at an angle a is fixed for the whole process. The first step is 

therefore to obtain a grid refined to a reasonable accuracy for a low rotational speed, as 

described in section 3.2. Subsequently, we vary the boundary conditions on the cylinder 

(i.e. @) with a fixed increment until the upper bound limit is reached. At each iteration, 

we compute the finite element solution at the given rotational speed and generate from it 

a data point for the objective function. Each solution uses the one previously obtained as 

initial conditions. This constitutes the first set of data points. 

Of the three methods generally used for univariate minimization (Fibonacci search, 

Golden section search and Polynomial interpolation)23, we choose the polynomial 

interpolation method. When the function to optimize is smooth, this method provides an 

easy and efficient way to locate the optimum. The objective function is approximated by 

a low-degree polynomial, say 2 or 3, whose minimum (or maximum) is easily found. We 

first pass a least squares approximation of a third order polynomial (in the case where we 

would have only three or four initial data points, we apply a Lagrange second or third 

order polynomial) through all data points. The maximum of the cubic polynomial 

provides a first estimate for the parameter's optimal value. 

Once we have located the initial guess for the maximum, we use the four surrounding 

data points and work with an exact third order polynomial to iterate. When a new 
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estimate for the maximum is calculated, we compute a new finite-element data point with 

the rotational speed corresponding to the polynomial estimate. If the difference between 

the new data point and the polynomial estimate is larger that the convergence criteria, we 

perform a new iteration. Since we have now five points, we must eliminate one of them 

in order to obtain an exact third order polynomial for the next iteration. We will describe 

the elimination process in the next section. The iterative process goes on until the relative 

error between the polynomial estimate and the finite element solution reaches a value 

below the desired tolerance. If there is no maximum in the feasible interval, the larger 

value between the lower and the upper bound function values is taken as the optimum. 

4.5 Application 

To understand how the optimization process is applied, we will study in this section one 

case at a fixed angle of attack (a = 20°). Before starting with the optimization process, we 

elaborate a set of data points for the objective function (4.19). For lower angles of attack 

(from 0° to 15°) we could obtain a solution for the flow problem with zero rotation of the 

cylinder and therefore generate data points for the whole feasible interval. 

Alpha = 20, first iteration: error = 2.0653e-02 

    

  

    

2.8 

2.6 

2.4 

2.2r o Initial data points 
- Initial Polynomial 
+ Polynomial Estimated Maximum 

2+ * Computed Value at Estimated Speed 

1.8 

16) 1.5 2 25 3 3.5 4 
(rw) 

Figure 4.3 Initial Curve for the 20° Cylinder-Flat Plate System 

However, when we reach the 20° case, separation occurs if the cylinder is not rotating and 

we need to increase its rotational speed until the flow is reattached to be able to get a 
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finite element solution (see discussion in paragraph 3.2.2). Figure 4.3 shows the initial 

curve for the optimization study. 

Starting the optimization process, we located an initial estimate for the maxima at 

(r-w)/U = 2.2. The optimization convergence criteria is fixed at 1.0e-04 of relative error. 

Since the new data point generated from this rotational speed was too far from the 

estimate (relative error = 2.0653e-02), we kept the four surrounding data points and 

passed through them an exact third order polynomial. With this polynomial, a new 

estimate for the maximum was calculated and compared to the f.e.m. solution computed 

with the corresponding angular speed (Figure 4.4 a)). 

Since the difference between the two values was still larger then the desired tolerance, we 

had to throw out one of the five points for the next iteration. Since we want a maximum, 

the first idea that comes to mind is to simply keep the four points with largest (L/P) ratio. 

However, there exists no guarantee, as we will see, that the maximum is located within the 

interval selected in that manner. Figure 4.4 and table 4.1 present in details the iterative 

optimization process. 

a) Second Iteration 

Alpha = 20, second iteration: error = 5.2973e-03 

2.85 T T T T F T t 

2.8r . 

2.757 4 

  

2.77 4 

@ 2.65+ 4 

o Initial data points 

2.6+ - Second iteration Polynomial 4 

+ Polynomial Estimated Maximum 

2 55+ * Computed Value at Estimated Speed 

2.57     
  

2.4F 4 1.6 1.8 2 2.2 2.4 26 28 3 

Figure 4.4 Iterative Optimization Process for the 20° Cylinder-Flat Plate System 
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b) Third Iteration 

Alpha = 20, third iteration: error = 3.5523e-08 

2.86 T T      
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& 2.764 

2.74    o 4 selected points 
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* Computed Value at Estimated Speed | 

2.727 

2.77 

2.685       
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(r*w)/U 

c) Corrected Third Iteration 

Alpha = 20, corrected third iteration: error = 3.61755e-03 
2.85 v qt J T 
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2.8r m 

2.75 7 

2.75 7 

a 2.65 
a o 4 selected points 

- Corrected Third iteration Polynomial 

2.6 + Polynomial Estimated Maximum 
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Figure 4.4 Iterative Optimization Process for the 20° Cylinder-Flat Plate System



d) Fourth Iteration 

Alpha = 20, fourth iteration: error = 1.30416e-03 
  2.84 
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e) Fifth Iteration 

Alpha = 20, fifth iteration: error = 3.64406e-06 
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Figure 4.4 Iterative Optimization Process for the 20° Cylinder-Flat Plate System



Table 4.1 Iterative Optimization Process for the 20° angle case 
  

  

  

  

  

  

            

Iteration | Estimated Estimated Computed Relative 

Optimal Optimum F.E.M. Error 

Speed L/P Optimum 

1 2.01194 2.80676 2.74996 2.065e-02 

2 2.42416 2.84178 2.82681 5.297e-03 

3 2.50000 2.83709 2.83709 3.552e-08 

3r 2.53780 2.83854 2.82831 3.618e-03 

2.48604 2.83773 2.83810 1.304e-04 

5 2.48180 2.83816 2.83815 3.644e-06 
    

If we keep the four largest values in this case, we notice in the enlarged scale of Figure 4.4 

b) that the polynomial maxima is located outside the interval delimited by the four selected 

points. Now, because no maximum was found within the interval, the largest function 

value of the delimiting points would be picked as the final optimum. Considering Figure 

4.3, nothing indicates for sure that the maximum is really 2.50000 to a tolerance below 

1.0e-04! To avoid this error, we need a more reliable algorithm for the choice of the four 

"better" points to keep. 

One algorithm that could be considered is an analysis of the difference in the function 

value among the five given points. However, this may be too elaborate for a problem of 

this size. Analyzing the problem more closely, we realize that if an optimum has already 

been detected in a previous iteration, it must exists within the five selected points. An easy 

solution to the problem presented above is to simply select a different set of four points by 

throwing out the second smallest point instead of the one previously chosen. There is little 

chance that the same error will occur twice within such a small number of points. In the 

case that it did, we just stop the process and generate a message that the algorithm has 

failed. At that point, one could look at the curves involved in the optimization process and 

see easily the cause of the problem. Figure 4.4 c) shows the corrected polynomial 

approximation. As suspected, the maximum is found within the second interval selected 

within the five points of iteration 2. Finally, two more iterations were necessary to obtain 

the desired accuracy (Figure 4.4 d) and e)). 
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Applying this algorithm to all angles of attack, we finally obtain the ideal rotational speed 

trajectory for the flat plate with rotating leading edge cylinder problem. Chapter 5 presents 

the final results and comments to this study. 
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CHAPTER 5 

OPTIMIZATION RESULTS 

In this chapter, we presents the main results on our optimization study for the flat-plate 

airfoil with leading-edge cylinder. The basic procedure for modelling the flow and for 

solving the optimization problem have been discussed in earlier chapters. 

5.1 Flat Plate Alone 

To begin the study on the effects of the rotating cylinder on the aerodynamic performance 

of the flat plate profile, we first look at the results generated without the cylinder. Note 

that obviously, the power component of the objective function in this case contains only 

the aerodynamic drag. Figure 5.1 presents the objective function variations with respect to 

the angle of attack of the plate. No solution could be obtained for angles greater than 15°. 

Flat Plate Aione, Re = 1000 

a
 

  

2.5- 

0.5-     
  

0 2 4 6 8 10 12 14 16 
Alpha 

Figure 5.1 Lift to Drag Ratio versus Angle of Attack for Flat Plate Alone 

As expected for a flat surface, no lift is generated at zero angle of attack. The lift to drag 

ratio subsequently reaches a peak around 6.5° and then decreases as & increases to 15°. 

This is due to a substantial increase in drag compare to the lift around this same angle, as 

shown in Figure 5.2 a) and b). 
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a) Lift coefficient 

Flat Plate Alone, Re = 1000 
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b) Drag Coefficient 

Flat Plate Alone, Re = 1000 
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Figure 5.2 Lift and Drag coefficients versus Angle of Attack for Flat Plate Alone



§.2 Flat Plate with Rotating Cylinder at Leading Edge 

Before discussing the optimization results, we calibrate the computed aerodynamic forces 

by comparing them in a qualitative manner to similar experiments. In previous studies on 

the effects of a rotating cylinder as a boundary-layer control, most consider only the lift 

coefficient as a performance measure. Modi et al.14 analyzed briefly the lift to drag ratio in 

their investigation on a NACA 63-218 profile. However, the camber of the model and the 

difference in flow conditions (Re = 2.9 x 10°) are such that there is no basis for 

comparison. Despite the larger plate thickness and cylinder diameter as well as the trailing 

edge configuration of Modi & Fernando's flat plates, we can compare qualitatively the lift 

coefficient versus angle of attack graphs. While it has no major influence on the lift, such 

difference in thickness and diameter has a substantial effect on the drag so there is no point 

in this case to compare drag coefficients. 
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Figure 5.3 Finite Element Model, Lift Coefficient versus Angle of Attack 
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a) Modi & Fernando, Flat Plate with Leading and Trailing Cylinders 
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b) Mokhtarian, Modi & Yokomiso, Joukowsky Airfoil with Leading Edge Cylinder 
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Figure 5.4 Experimental Results, Lift Coefficient versus Angle of Attack 
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Figure 5.3 shows the lift coefficient obtained with our finite element model at several 

angles of attack for various cylinder angular speeds. If we compare this graph with Figure 

5.4 a), we observe a fairly good agreement between the lower speed curves ((r*w)/U = 0 

and (r*w)/U = 1). At higher speeds, however, Modi & Fernando obtained larger lift 

coefficients and the qualitative agreement between the curves deteriorates. 

Considering Figure 5.4 b), we observe that the general trend of the different angular speed 

curves within this graph is similar to what we observe in the finite element model graph. 

As the angular speed increases, the lift curve gradually extends without change in slope 

and the stall peak flattens. Although it is difficult to compare these three diverse cases 

since the models and the flow conditions present many differences, we can conclude that 

the finite element model gives reasonable results for the computation of aerodynamic 

forces. 

We are now ready to discuss of a numerical modeling and optimization effort. Recall that 

our performance index is the ratio of lift produced to power supplied. This is a natural 

extension of the usual lift-to-drag ratio since we explicitly penalise for the power required 

to rotate the leading-edge cylinder. Shown in figure 5.5 a) is the classical lift to drag ratio, 

while figure 5.5 b) shows our lift-to-power ratio. 

Note in figure 5.5 a) that the inclusion of the drag in the performance ratio increases its 

scale and induces curvature in the stall peak. If we only consider the translation power 

(drag) in the cost function, we reach the conclusion that the maximum cylinder angular 

speed provides the optimum performance for all angles of attack. However, there exists 

also a cost associated with the rotation of the cylinder which is taken into account in 

figure 5.4 b). The geometry of the different speed ratio curves is drastically changed by 

this inclusion. The maximum performance ratio at highest angular speed (4) is reduced 

approximately by 70% and this reduction decreases gradually to 20% for lowest angular 

speed (1). Figure 5.6 shows the lift to total power ratio for intermediate angular speeds to 

the ones presented in figure 5.5 b). Considering the intricate curves of figure 5.6, we see 

that the optimum value for the cylinder angular speed is not easily determined just by 

looking at this graph. The optimization procedure described in chapter 4 provides the 

necessary tool to determine the rotational speed that will generate the optimal 

performance ratio. Figures 5.7 through 5.15 present the optimization problems for all 

angles of attack. 
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a) Lift to Drag ratio 

Flat Plate with Rotating L.E. Cylinder, Re = 1000 
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b) Lift to Total Power ratio 

Flat Plate wih Rotating L.E. Cylinder, Re = 1000 
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Figure 5.5 Effect of Including Rotation Power in the Performance Ratio



a) 0.0<(r-w)/U <2.0 

Flat Plate with Rotating L.E. Cylinder, Re = 1000 
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b) 2.0 <(r-w)/U <4.0 

Flat Plate with Rotating L-E. Cylinder, Re = 1000 
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Figure 5.6 Lift to Total Power ratio for various Rotation Speeds 
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a) Non Symmetrical Domain 
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Flat Plate with Rotating L.E. Cylinder, Re = 1000 
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Figure 5.10 Optimization Problem, a = 15° 
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Figure 5.11 Optimization Problem, a = 20° 
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Figure 5.13 Optimization Problem, a = 30° 
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Figure 5.16 Base Flat Plate, Alpha = 15, 

Velocity Distribution 
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Figure 5.17 Pleat Plate with Rotating &.E. 

Cylinder, Aipha = 15, (r*w)/U = 1:63 

= optimal speed 
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Except for the special case of a = 20° discussed in section 4.5, no problem occured in the 

optimization process for the angles of attack from 5° to 35°. On the other hand, both 

upper and lower limits (i.e. @ = 0° and & = 40°) needed special care in the treatment. First, 

we will discuss the zero angle of attack case. 

The non symmetry in the y direction of the overall domain presented in section 3.2.1 

provoked unexpected results for & = 0° (see figure 5.7 a)). The different amount of fluid 

on the upper and the lower side of the plate combined with the cylinder rotation induced 

non negligible fluctuations in the lift. This consequence combined with the rotational 

power effect produced large variations in the performance ratio. Because of the particular 

curve obtained over the feasible interval, we decided to investigate further and reverse the 

rotational sense of the cylinder. We obtained the graph presented in figure 5.7 a). The sign 

of the performance ratio became positive for negatives values of @ and the optimization 

process run on this curve resulted in an optimal speed of around -1.5. When we changed 

the external boundaries in order to get a symmetrical domain, we obtained the curve 

shown in Figure 5.7 b). 

This results is rather more physically acceptable. The fluctuations in the lift are practically 

eliminated and the rotational power effect has little influence on the performance ratio. 

Physical symmetry suggests that the graph should be symmetric about @ = 0. The grid 

generation procedure is not symmetrical, as can be seen in the annulus flow results of 

section 3.1.3. We believe the non-zero performance ratio is an artifact of the finite element 

grid and "claim" that @ = 0 is a reasonable optimal value for the cylinder rotational speed. 

On the upper bound of the angle of attack interval (@ = 40°), it was more difficult to 

obtain an optimization problem. At such a high angle of attack, the flow becomes very 

difficult to solve even with the cylinder rotating at high speed ((r*w)/U = 4). In order to 

obtain a solution on the initial grid, we had to cut the Reynolds number by half and then 

increase the Reynolds number in steps to reach a thousand. Subsequently, we tried to 

produce a few surrounding data points for the objective function to locate a peek in the 

curve. Yet, at speed ratio smaller that 4, the flow resolution becomes increasingly difficult 

to solve. We proceeded by slowly decreasing the cylinder angular speed until no solution 

could be obtained with the grid used. At that point, the performance ratio had increased 

little by little but had never gone down. With a slightly finer grid, we were able to decrease 
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the cylinder rotational speed further in order to obtain a maximum for the performance 

ratio. We can observe in Figure 5.15, a discontinuity at the point were the grid changed. 

For the optimization problem, we only used the left portion of the curve, i.e. the finer grid 

calculations. 

Figure 5.16 and 5.17 present respectively the flat plate alone and with a cylinder rotating 

at optimal speed for an angle of attack of 15°. The cylinder rotation reattaches the flow to 

the surface effectively to obtain maximal gain. 

Figure 5.18 Optimal Cylinder Angular Speed versus Angle of Attack 
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Angle of | Number Optimal Optimal Error 

Attack of Performance Angular Speed 

Iterations Ratio 

0 0 -1.22e-03 0.000 O(e-03) 

5 2 2.59399 0.11114 1.72e-05 

10 4 3.28097 0.926646 9.57e-06 

15 3 3.10177 1.62892 7.90e-06 

20 6 2.83815 2.48180 3.64e-06 

25 4 2.49773 2.26696 1.81¢-05 

30 2 2.30759 2.57091 9.90e-05 

35 1 2.15770 2.96324 5.05e-05 

40 1 2.00921 3.36385 2.46¢e-07   
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The final results for the optimization study are summarized in Figure 5.18 and Table 5.1. 

As we can observe by considering the performance ratio versus cylinder speed graphs in 

Figures 5.8 through 5.15, the performance ratio peak gradually shifts to the right as the 

angle of attack increases. This observation is confirmed by Figure 5.18 and results from 

the growing adverse pressure gradient as the angle of attack increases. The small peak 

observed around a = 20° cannot be clearly explained. It may be caused by the separation 

phenomenon which occurs around this value or, recalling the problem mentioned in 

section 4.5, it may be a weakness of the optimization algorithm. As for the possibility of a 

mathematical relation between the optimal cylinder rotational speed and the angle of 

attack, Johnson, Tennant and Stamps obtained a fairly linear relation between the two 

quantities. However, their study only covered the interval 0°to 15° angle of attack. Figure 

5.18 presents a linear behavior in the same interval but it subsequently deteriorates after 

20° and becomes linear again between 25° and 40°. In this sense, the optimal curve may 

be piecewise linear. 
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CHAPTER 6 

CONCLUSION 

In the previous chapters, we presented an optimization procedure to determine the "best" 

rotational speed of a spinning leading edge cylinder acting as a high lift device for a flat- 

plate airfoil model. We used an adaptive finite element method to solve the flow problem 

and compute the aerodynamic forces acting on the plate-cylinder system. This method has 

been proven effective in three different calibration examples studied in the third chapter. 

The optimization problem has been stated as a simple unconstrained case, maximizing the 

lift to cost ratio. In the cost function, we added the power required to rotate the cylinder 

to form an extension of the usual lift to drag ratio. Previous investigations on the effect of 

this boundary-layer control method neglected this design consideration. The general 

conclusion drawn from all these experiments is that good aerodynamic performance can be 

obtained with this method and that higher rotational speeds are more effective than lower 

speeds. The inclusion of the required power to rotate the cylinder made possible the 

optimization problem by adding a penalty to the more powerful high rotational speeds. 

The optimization results show a gradual increase in the optimal rotational speed as the 

angle of attack goes up. An apparent linear relation between 5° and 20° for the graph of 

the optimal speed versus angle of attack confirms some observations made by Johnson, 

Tennant and Stamps‘ for low angles of attack. However, this linear relation deteriorates 

past 20° to become linear again between 25° and 40°. This discontinuity might be caused 

by the separation phenomenon occuring around 20°. 

This optimization study provides a reasonable portrayal of the behavior for a moving 

boundary-layer control on a lifting surface. However, some parameters could be changed 

or added to improve the realistic representation of the problem. For example, with a more 

powerful computer system, we could generate very fine grids and solve the flow at higher 

Reynolds numbers. Furthermore, we could replace the flat-plate model with a real airfoil 

and compare the numerical results to previous experiments in a quantitative way. 

Modifications to the optimization problem could be made in order to provide more details 

to the optimal design. In addition to the rotational speed of the cylinder, we could 

investigate other parameters such as the cylinder diameter, the airfoil-cylinder gap, and the 

location of the cylinder on the airfoil. With all of the pertinent design parameters 
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considered, an ideal airfoil could be primarily designed with numerical analysis, greatly 

reducing time and resources in the total design process. 
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