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(ABSTRACT) 

In this study two one-dimensional finite element formulations based on higher- 

order displacement models have been developed. Both theories account for geomet- 

ric nonlinearities, a parabolic shear strain distribution through the thickness, and 

satisfy the shear stress free boundary conditions at the upper and lower surfaces 

of the beam. The theories also account for the bend-stretch, shear-stretch, and 

bend-twist couplings inherent to generally laminated composite beams. Further, a 

coupling between the shear deformation and the twisting is introduced. The lateral 

strains are assumed nonzero and retained in the formulation. 

The first model termed SVHSDT also accounts for the continuity of the inter- 

laminar shear stresses at the layer interfaces, while keeping the number of degrees 

of freedom independent of the number of layers. This theory though is restricted



to the analysis of symmetrically laminated cross-ply beams. The formulation has 

been applied to the linear static and free vibration analysis. 

The second model termed RHSDT is valid for generally laminated beams. This 

model has been applied to the nonlinear static and transient analysis of generally 

laminated beams, free vibration analysis, and impact analysis. The effect of axial 

stresses on the nonlinear transient response has also been investigated using this 

theory. 

For generally laminated beams the lateral strains and the shear-twist coupling 

were found to have a significant effect on the vibrations frequencies. Also, as ex- 

pected, initial stresses, boundary conditions and the lamination scheme were found 

to have a significant effect on the nonlinear responses.
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1. Introduction 

Laminated composite materials are used increasingly in aerospace, automotive 

and naval structures. With their high specific modulus, high specific strength, and 

their capability of being tailored for specific applications, these materials offer signif- 

icant advantages compared to traditionally used materials. One important class of 

structural components made of composite materials are composite beams. Among 

those symmetrically laminated beams are the most commonly used. However, for 

some applications like jet turbine fan blades, plate stiffeners, and rotor blades with 

self adjusting angle of attack the use of asymmetric laminates is considered. Fur- 

ther, asymmetric laminates may result from delaminations and surface damages in 

composite structures. To best tailor the composite material for a specific application 

usually requires the use of angle-ply laminates. ‘Thus, composite structures tailored 

to best serve an application may experience bend-stretch, shear-stretch and bend- 

twist couplings. These couplings may alter the response of composite structures 

significantly and thus have to be considered in the analysis of composite structures. 

A detailed description of the couplings can be found in the work by Raciti and Ka- 

pania [1], who developed a finite element based on the first order shear deformation 

theory that accounts for all the above couplings. 

Another important aspect in the analysis of composite structures is the shear 

deformation. The classical lamination theory, which assumes that normals to the 

midplane before deformation remain straight and normal to the plane after de- 

formation and thus neglects transverse shear deformation (equivalent to assuming 
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infinite rigidity in transverse shear), underpredicts deflections and overpredicts nat- 

ural frequencies. The elasticity solution of Pagano [2] for cylindrical bending of 

composite beams reveals that the assumptions of the normals remaining normal 

and straight does not hold for short and moderately short beams. Commonly the 

first order shear deformation theory is used to account for the shear deformation in 

structures. However, this theory assumes a constant distribution of the transverse 

shear through the thickness. This requires a shear correction factor to account for 

the deviation from the actual parabolic shear strain distribution. But this shear 

correction factor depends on the geometry of the beam and vibration frequencies 

and thus can not be uniquely determined. An overview of other theories accounting 

for shear effects is given by Kapania and Raciti [3]. 

The current study extends the work by Raciti and Kapania [1] to account for the 

transverse shear by using higher order shear deformation theories. The advantage 

of higher order shear deformation theories is that the parabolic distribution of the 

transverse shear strain through the thickness is accounted for and thus the need of 

the spurious shear correction factor is eliminated. Also, the stress free boundary 

conditions at the upper and lower surface of the beam are satisfied directly. Further, 

a coupling between shear deformation and twisting is introduced which will be 

shown to be important in the analysis of angle-ply beams. 

Higher order shear deformation theories have first been used in the analysis of 

laminated plates. In 1984 Reddy [4] derived a variationally consistent higher order 

theory based on a cubic expansion of the inplane displacements . In a recent paper 
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Reddy [5] reviewed all two-dimensional third-order theories and established their 

equivalence. He showed that all third order theories published in the last decade 

are based on the same displacement field and thus are a special case of the theory 

derived by Reddy in 1984. Bhaskar and Varadan [6] and Savithri and Varadan 

[7] extended the third order theory of Reddy [4] to account for the continuity of 

the transverse shear stresses at the layer interfaces. Their theory also accounts 

for the characteristic slope discontinuities of the inplane displacements at the layer 

interfaces. The theories derived in the present study are based on the displacement 

fields proposed by Reddy [4] and Savithri and Varadan [7]. 

Two approaches to reduce two-dimensional theories to one-dimensional theo- 

ries are commonly used. In the first approach the lateral displacement components 

are simply neglected. This results in zero lateral strains and curvatures. Thus, the 

shear-stretch and bend-twist coupling are not accounted for and the theory is re- 

stricted to the analysis of cross-ply beams. This approach was used by Heyliger and 

Reddy [8] for isotropic beams, by Ghazavi and Gordaninejad [9] and Gordaninejad 

and Ghazavi [10] for cross-ply beams, and by Kant and Manjunatha [11] and Kant 

and Patil [12] for asymmetrically laminated cross-ply beams. Chandrashekhara et 

al. [13] also used this approach for the free vibration of angle-ply beams, but as 

will be shown subsequently the predicted frequencies using this type of theory may 

be erroneous. 

The second approach to reduce a two-dimensional theory to a one-dimen- 

sional one is to derive the equations for the laminate resultant forces from a two- 
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dimensional displacement field and then to equate the lateral resultant forces to 

zero. Thus, the lateral strains and curvatures can be expressed in terms of the axial 

and transverse strains and curvatures and the characteristic couplings are not lost. 

This approach is used in the present study. It also was used by Chen and Yang 

[14] for symmetric laminates and by Raciti and Kapania [1] for generally laminated 

beams. However, these studies used the first order shear deformation theory. In a 

very recent paper Singh et al. [15] used a similar approach as taken in the present 

study for their study of the nonlinear free vibration of asymmetric composite beams. 

However, they did not include the shear deflection in the nonlinear strain terms and 

did not account for initial stresses in their formulation. 

Only few authors studied the nonlinear response of composite beams. Among 

those Raciti and Kapania [1] and Singh et al. [15] investigated the nonlinear free 

vibration of asymmetric beams. Ghazavi and Gordaninejad [9] and Sun and Chin 

[16] studied the nonlinear bending of cross-ply beams and Sensmeier et al. [17] 

studied the axial impact of beams. The nonlinear transient response of composite 

plates has been studied by Reddy [18] using the first order shear deformation theory, 

but no references were found on the nonlinear transient response of asymmetric 

composite beams including the impact response. 

The free vibration of composite beams and the impact of composite beams have 

been studied extensively by a number of authors. Reference to a number of these 

investigators is given when the results are discussed in Chapter 5. Also, Kapania 

and Raciti [19] give a thorough review of free vibration studies and Abrate [20] gives 
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a review of recent developments in the impact analysis of beams and plates. These 

papers should be consulted for further references on theses subjects. 

The higher order theories derived in this study can be summarized as follows: 

1. Aconsistent strain higher order theory based on the displacement field proposed 

by Reddy [4] that accounts for nonzero lateral strains and retains all of the 

characteristic couplings experienced by laminated beams, subsequently called 

RHSDT. 

2. A transverse shear stress continuity theory based on a displacement field pro- 

posed by Savithri and Varadan [7] that accounts for nonzero lateral strains, but 

is restricted to the analysis of symmetric beams, subsequently called SVHSDT. 

Both theories account for geometric nonlinearities by using the von Karman strains 

in the derivation. 

In Chapter 2, a general derivation of the finite element equations is given 

and the solution procedures for the different problem statements are discussed. In 

Chapter 3, the consistent strain third-order theory (RHSDT) is adapted for beams, 

and in Chapter 4 the same is done for the SVHSDT. Results for the different problem 

are presented in Chapter 5. First in Section 5.1 results for the linear and nonlinear 

static problems are presented, then in Section 5.2 the free vibration results are 

discussed, and then in Section 5.3 the results for the linear and nonlinear transient 

analysis and the impact analysis are given. Finally, in Chapter 6 conclusions are 

drawn and recommendations for future work are made. 
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2. General Derivation of the Finite Element Equations 

In this chapter the general derivation of the finite element equations is pre- 

sented independent of the beam theories. In Section 2.1 the equations for the linear 

problem are derived. The equations for the nonlinear static and dynamic prob- 

lem are summarized in Section 2.2, and in Section 2.3 the initial stress matrix is 

derived. In Sections 2.4, 2.5, and 2.6 the solution procedures for the linear, the 

nonlinear, and the impact problem, respectively, are presented. Finally, in Section 

2.7 a postprocessor to calculate the interlaminar shear stresses is described. 

The dimensions of the beam and the coordinate system are shown in Figure 2.1. 

The coordinates x, y, and z are the axial, the lateral, and the transverse coordinate, 

respectively. The beam is of length L, height h, and width 6. The orientation 6 of 

the individual layers is measured from the x-axis as indicated in Figure 2.1. The 

lamination scheme for a typical laminate is shown in Figure 2.2. The laminate 

consists of N layers of orthotropic material. Material properties, orientation and 

thickness of the individual layers may be different. The element coordinates for a 

typical element are defined in Figure 2.3. The nodes and elements are numbered 

consecutively beginning with ”1” at « = 0. A typical mesh consists of n elements 

and n+ 1 nodes. The length |, of the individual elements may be different. 
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2.1. Equations of Motion for the Linear Problem 

To derive the equations of motion for each of the beam theories an appropriate 

displacement field of the form 

{u(z, ¥,2, t)}" = {uy (x, Y, 2, t), U2 (z, Y; z,t), U3 (z, Y, z,t)} (2.1) 

is assumed, where uj, ue, and u3 denote the displacements in the z, y, and z- 

direction, respectively. The linear stress-strain relations are 

_ Ou 
“1 = “Oe 

éy = Ou2 
2 “Oy 

ey = 28 
3 Oz 

(2.2) 
_ Ou Our 

“= oy T Oz 

ce — 03 , OL 
On" Az 

_ Ouy Ouy 

6 = oy 7 Oa" 

The general form of the constitutive equations is 

to} = [C]{e (2.3) 

where [C] is the matrix of the transformed laminae stiffnesses and {o} and {e} are 

the transformed stresses and strains, respectively. 
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To derive the equations of motion, the Hamilton variational principle is used. 

For the discretized structure this principle can be written as 

n te 

So | 6) — 7) dt =0 (2.4) 
ex1¥ 1 

where JJ¢) is the total potential energy and T°) is the kinetic energy of element e. 

The total potential energy for an element is 

1 =yo —wO = = | fe}? {o} du — [ fu}? {P} dA (2.5) 

where U is the strain energy, W represents the work done by the externally applied 

forces, and {P} is the force vector corresponding to the directions z, y, and z, and 

v is the volume of the element. The kinetic energy for an element can be written as 

re) = ; / p {i}? {a} dv (2.6) 

where p is the density of the material and (") = d( )/dt. Assume that the displace- 

ment field in equation (2.1) is given as an explicit expansion in the transverse and 

lateral coordinates. Then, carrying out the integrations through the thickness and 

over the lateral coordinate in equations (2.5) and (2.6) the total potential energy 

IT‘) and the kinetic energy T‘©) become 

m0 => | (ePuv}ac—o f {a} {Phar 
£. £. 

ro =5 | (aP bl{a) ae 
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where {q} and {é} denote the generalized displacements and strains, respectively; 

{N} and {F} are the resultant forces corresponding to {é} and the externally ap- 

plied forces corresponding to {q}, respectively; and |m] denotes the inertia matrix. 

The resultant forces {N} are related to the generalized strains {é€} through the 

laminate stiffness matrix [D], i-e., 

{N} = [D]{é}. (2.8) 

Introducing the linear operator [|Z] the generalized strains can be related to the 

generalized displacements as 

{é} = [Z]{q}. (2.9) 

The continuous generalized displacements are discretized as 

{a} = [H] {a} (2.10) 

where {a} is the vector of the nodal displacements and [H] is the shape function 

matrix. Substituting equation (2.10) into equation (2.9) , the generalized strains 

become 

{é} = [Z][H] {a} 

= [B]{a} 
(2.11) 

where [B] is the strain displacement matrix. After substitution of equations (2.11) , 

(2.8) , and (2.7) into equation (2.5) the equation for Hamilton’s principle can 
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be written as 

0=b | 4(3 [ (oF BI" DILBIa} dx - | (oP LHI? (Fx 
(2.12) 

— 5 f Ca Ua meen {a} ae) at 

Carrying out the variational operation and noting that the nodal displacements {a} 

are independent of the x-coordinate, equation (2.12) becomes 

o= bf ({5a)" | [B/"DILB| dx {a} - {50)" | [HI (F} ae 
£. Le 

" (2.13) 

~ {6ay? | LH" [m][#t| dx {a}) at. 

Integration by parts with respect to time of the last term in equation (2.13) results 

in 

0=5 "oat ( | (B]" [D][B] dx {a} — [ ea ae [ce emu de {a}) a 

(2.14) 

Equation (2.14) has to be valid for all times ¢ and for every virtual displacement 

{6a}. Thus, the element equations of motion can be obtained from equation (2.14) 

[K*]{a°} + [M*°]{a°} = {F°} (2.15) 
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where 

[K°] = b | [B]" |D][B]dz is the element stiffness matrix, 
£. 

[M*] =b | [H]"|[m][H]dz is the consistent element mass matrix, and (2.16) 
ee 

{F°\=b | (H]? {F} dx is the external element force vector. 
Le 

The global system of algebraic equations, after assembling the element matrices, is 

[K]{a} + [M]{a} = {F} (2.17) 

where the global matrices can be written as a summation of the element matrices 

as 

[K] = 5 [K*] 

[M] = )0[M*] (2.18) 

{F} = > {F}. 

This completes the derivation of the general form of the finite element equations for 

the linear problem. 

2.2. Nonlinear Finite Element Equations 

In the derivation of the nonlinear finite element equations the same basic steps 

as for the linear equations are involved. To avoid repeating all of the steps of 
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the previous section, this section only points out the differences arising from the 

nonlinear formulation. To account for geometric nonlinearities the stress-strain 

relations in equation (2.2) are replaced by the von Karman strains. These are 

defined as 

_ Ou 1 Ou3 2 

1 On +5 (3) 

Ouz 1 ous) 
€g = —+-(—— 

Oy 2\ dy 

€3 = 0 

(2.19) 

— Gus , Gua 
“4 = Oy Oz 

eg = OU, Ot 
o Az Oz 

Ou, Ou2 Ou; 0u3 

= Oy + Oe * Ox Oy 
  

Now the relation between the generalized strain vector and the vector of the nodal 

displacements becomes 

{é} = [B]{a} = [[Bz] + [Byx(a)]] {2} (2.20) 

and the relation between the variation of the strains and the variation of the nodal 

displacements becomes 

{6} = [B*] {5a} = [[Br] + 2[Bwx(a)]] {5a}. (2.21) 

Here [By] is the same matrix as [B] in equation (2.11) and [By_z] is obtained from 

the nonlinear parts of equation (2.19) . Note that for the linear case [B] = [Bz] = 
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[B*|. Because for the nonlinear case [B] 4 [B*] equation (2.14) has to be changed 

to 

O=b (6a ( | [B*]? [D][B] dz {a}— | . [A]? (F} det / (ay? bre dx {}) dt. 

(2.22) 

Thus, the expression for the element stiffness matrix becomes 

[Kk] =8 f (Ba) DILB(a)laz (2.23) 

while the expressions for the element mass matrix and the element force vector 

remain the same as in equation (2.16). The global equations of motion now take 

the form 

[K(a)]{a} + [M]{a} = {F}. (2.24) 

2.3. Initial Stress Matrix 

The initial stress matrix due to a distributed axial force has to be considered 

in a number of problems such as buckling of beams, analysis of initially stressed 

beams, and beams under selfweight. The work done by a distributed axial force 

p(x) due to the bending of the beam is given by 

bh Ou3 ? 
W,= z . p(z) (=) dz. (2.25) 

Note that here W,, is assumed to be dependent on the transverse deflection only. 

The axial force p(x) is positive in tension and negative in compression. Going 
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through the same procedure as described in Section 2.1 for the stiffness and mass 

matrix, i.e., taking the variation and discretizing the displacements, the elements 

of the initial stress matrix corresponding to the transverse displacements can be 

obtained as 

. dH; dH; | 
Kj; = bh [ p(x) dz dz dx. (2.26)   

For the analysis of initially stressed beams or beams under selfweight the terms 

in the initial stress matrix can simply be added to the corresponding terms of the 

element stiffness matrix. No changes in the solution procedures are necessary. 

2.4. Solution of the Linear Problem 

1. Linear Static Problem 

For the linear problem equation (2.17) reduces to 

[K]{a} = {F}. (2.27) 

This system of linear algebraic equations can be solved using any available linear 

equation solver. In this study the element stiffness matrices are assembled so that 

[K] is a symmetric banded matrix and a subroutine as given by Reddy [21] is used 

to solve the equations. 

2. Free Vibration Analysis 

If no forcing term exists equation (2.17) reduces to 

[M]{a@} + [K]{a} = 0. (2.28) 
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This equation is solved as outlined by Zienkiewicz [22]. The general solution of 

equation (2.28) is of the form 

{a} = {a}e™. (2.29) 

Upon substitution of equation (2.29) into equation (2.28) the familiar eigenvalue 

problem 

([K] — w?[M]) {a} = {0} (2.30) 

is obtained. The solution of this problem yields n characteristic values of w? and 

the corresponding eigenvectors [a], where n is the dimension of the matrices [K]| 

and [M]. The characteristic values w are the natural frequencies of the system and 

the eigenvectors are the corresponding natural modes. Equation (2.30) is solved 

using the IMSL [23] routine DGVLRG. This routine returns the eigenvectors in a 

normalized form so that 

{a}"[M]{a} =1 (2.31) 

for each eigenvector. 

3. Linear Dynamic Problem 

The governing equation for the linear dynamic problem is 

[M]{a(t)} + [K]{a(é)} = 1F@}- (2.32) 

The Newmark-Direct Integration method as described by Reddy [21] is used to solve 

this equation. If the displacement {u},, the velocity {u},, and the acceleration {i}, 
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-at time t, are known the displacement at time t,41 can be approximated as 

OX fiery   {u}s41 = {u}, + At {u}, + 

{i}si = {ti}, + At {i} a0 (2.33) 

{ti} s46 = (1— A){u}, 4+ 6 {ti} 541. 

Appropriate selection of the coefficients a and y yields several well known time 

integration schemes: 

1 1 
A=57=5 constant-average acceleration method (stable) 

1 1 . . ws 
a= 5 7=3 linear acceleration method (conditionally stable) (2.34) 

1 . wy: 
a= 557= 0 central difference method (conditionally stable) 

The critical timestep for the conditionally stable schemes is 

1 2 _1 1 

Atcr = (5mazl@ ~ 71) ? a > 2° Ysa (2.35) 

where Wmaz is the maximum natural frequency of the discretized system. Substitu- 

tion of equation (2.33) into equation (2.32) results in the following time marching 

scheme: 

[K]s41{u}sei = {F}s41 (2.36) 

where 

[A]s41 = [K]s41 + a3[M]o41 
(2.37) 

{F} 541 = {F}s41 + [M]s41 (az {u}s + as{tt}, + a5 {it} s) 
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and 

2 | y-1 
a3 = (At)? a4 = At a3 a5 = y (2.38) 

Note that the operations in equation (2.37) should be carried out at the element 

level. Equation (2.36) can be solved for the displacements at time ¢,4, and then 

the velocity and acceleration at t,41 can be calculated as 

{ii}st1 = a3 ({u}sg1 — {u}s) — cat}, — as{i}, 

{t}o+i = {tu}, + ao{iti}, + ar{t}sqi (2.39) 

a, = aAt a2 = (1—a)At. 

For the first time step the initial conditions {u}o, {u}o, and {%}o need to be known. 

If either the displacement or the forcing term are nonzero at tp the initial accelera- 

tion can be obtained as 

{ti}o = [M]~* ({F(0)} — [K]{u}o). (2.40) 

2.5. Solution of the Nonlinear Problem 

1. Nonlinear Static Solution 

The general equation for the nonlinear static problem is 

[K ({a})] {a} = {F}. (2.41) 

The Newton-Raphson method as described by Reddy [21] is used to solve this system 

of equations. Equation (2.41) can be rewritten as 

{R({a})} = [K ({a})]{a} - {F} =0 (2.42) 
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where {R({a}) } is the residual vector. 

Suppose that the solution is known at the r-th iteration and we seek the solution 

at the (r+ 1) st iteration. To find this solution {R({a}) } is expanded into a Taylor 

series about the known solution {a}". If the higher order terms are neglected this 

series can be written as 

{R({a}"*)} = {x({a}")} + (SEE) ofl =9 

or (2.43) 

  

{R({a}"tt) } = {a ({a}") } + [K7"({a})] 5{a} = 0 

where [K7°"({a}")] is the tangential stiffness matrix. Equation (2.43) can be 

solved for the increment 6{a} 

an r\]71 r 6{a} = — [KT ({a}")]* {R({a}") } (2.44) 

and then the solution at the (r + 1) st iteration can be obtained as 

{a}"*? = {a}" + 6{a}. (2.45) 

The iteration is continued until the convergence criterion 

do(art* — at)? Sart <e (2.46) 

is satisfied. 
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2. Nonlinear Dynamic Solution 

The governing equation for the nonlinear dynamic problem is of the form 

[M]{a} + [K(a)]{a} = {F(é)}. (2.47) 

To solve this equation the time-approximation scheme from Section 2.4.3. and the 

Newton-Raphson method are combined as described by Reddy [21]. Suppose that 

the converged solution at time t,, i-e., {a},, and the solution of the r-th iteration at 

time t,41, ie., {a}$,1, are known. Then equation (2.47) becomes, after applying 

the time approximation scheme 

[K ({a}f41) {o}lar = {F}o41 (2.48) 

where 

[K ({a}441)] = [K ({a}341)] + a3[M] 
(2.49) 

{F} = {F}st1 + [M](a3{a}s + aa{a}s + {a}5). 

Note that {F} is calculated using the converged solution at time t,. To find the 

solution at the (r + 1)st iteration the Newton-Raphson procedure is applied to 

equation (2.48) . The residual is 

{Rys41 = [K ({o}543)] {oho - {F} =0 (2.50) 

and the tangent stiffness matrix is 

  wemtonal=(QA) 
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Then the equation 

[K7" ({a}%,,)J{o}o4, = -{RUaa (2.52) 

can be solved for the increment 6{a}3,, and the solution at the (r + 1) st iteration 

becomes 

1 
{a}otr = {a}tar + {a}ias. (2.53) 

The iteration is continued until the convergence criterion in equation (2.46) is 

satisfied. Once the converged solution is obtained the iteration for the next timestep 

can be started. 

2.6. Impact Analysis 

In this study the impact analysis of isotropic and composite beams is consid- 

ered. When a beam is impacted by a mass, the beam receives an impulsive force 

which is the contact force between the mass and the beam. This contact force is 

the primary unknown in the impact problem. The impact response of the beam 

depends on a good estimate of the contact force throughout the impact duration. 

The contact force in turn depends on the indentation of the beam which depends on 

the deflection. The indentation a(t) can be expressed in terms of the displacement 

of the mass v(t) and the displacement of the beam at the impact point w(xo,t), as 

a(t) = u(t) — w(zo,t). (2.54) 

An algorithm similar to the one discussed by Sun and Huang [24] has been imple- 

mented to calculate the contact force history and the beam response throughout 
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the impact duration. In general the contact force is a function of indentation, Le., 

Contact Force = F(a(t)). (2.55) 

The equation of motion governing the impacting mass is given by 

msi = —F(a(t)). (2.56) 

Assume that at time t, the deflection, velocity, and acceleration of the mass, i.e., 

Us, Us, and ,, and the beam, i.e., ws(o), ws(%o), and W,(xg), are known. Then 

the deflection of the mass and the beam at time t,;1 can be approximated by 

1 
Usil = Us + Ata, + gAt’s, 

and (2.57) 

we41(20) = we(azq) + Ate, (x9) + sAthtis(20) 

respectively. Thus the indentation a at time t,41 is estimated by 

As41 = Vsti — Ws41(Zo). (2.58) 

The contact force at time ¢,,; can now be approximate as 

Fy41 = F(as41). (2.59) 

Using the first approximation to the contact force, more accurate values for the 

deflection of the mass and the contact force can be obtained by an iterative proce- 

dure. This iteration is carried out for fixed displacement, velocity, and acceleration 

General Derivation of the Finite Element Equations 21



of the beam. Sun and Huang [24] also iterate on the displacement, velocity, and 

acceleration of the beam. This requires solving the finite element equations at each 

iteration, which is computationally inefficient. The difference in the results using 

both procedures is negligible. Substituting the estimated contact force F,4 1 in the 

equation of motion for the mass (2.56) a refined value for the acceleration of the 

mass can be obtained as 

F, j41=—-—. (2.60) 
™Ms 

  

Then a new approximation for the deflection of the mass can be obtained as 

Vea =U, + Ato, + -At? (Qt), + ts41) (2.61) 

Using this refined approximation a new value for the indentation a,41 in equation 

(2.58) and then a new estimate of the contact force can be obtained. This iteration 

is continued until a convergence criterion is met. 

In general the force-indentation laws for composite beams have to be deter- 

mined experimentally. For isotropic beams two laws that have been often used are 

the Hertzian contact law for elastic impact and a dynamic plastic force-indentation 

law for impact with permanent indentation. 

The Hertzian law for the contact between a sphere and a beam is given by 

F = k,o8/? (2.62) 

where the contact point spring constant kz is given by 

4 Ri? 

k n=l s e 2. 

3 (1—v?)/E, + (1 — v?)/Ep (2.63) 
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Here R, is the radius of the sphere, v,, E, and vp», KE, are the Poisson’s ratios and 

the Young’s moduli of the sphere and the beam, respectively. 

The dynamic plastic force-indentation law was proposed by Barnhart and Gold- 

smith [25]. Upon loading, the contact force between the impactor and the beam is 

determined by the Hertzian contact law in equation (2.62) . Upon unloading, the 

contact force will be determined from the relation 

a-—- A 3/2 
F=Fn (2=*.) (2.64) 

where F,, is the maximum impact force just before unloading, a,, is the indenta- 

tion corresponding to F,,, and ao is the permanent indentation. The permanent 

indentation in general has to be determined experimentally. 

Abrate [20] discusses various contact laws for composite laminates used by 

different authors in his review paper on the impact on composite materials. Spe- 

cific impact laws used in this study will be given when the example problems are 

discussed. 

2.7. Postprocessor 

The postprocessor is used to calculate the inplane stresses and transverse shear 

stresses. The inplane stresses in a layer can be obtained directly from the constitu- 

tive equations for that layer 

{a} = [Cc] {e} (2.65) 
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where the superscript k refers to the kth lamina. The interlaminar shear stresses 

have to be calculated by integrating the equilibrium equations of elasticity. The 

derivation of the interlaminar stress equations for symmetric laminates is given by 

Bonanni et al. [26]. This derivation has been modified by Byun and Kapania [27] 

to account for asymmetric laminates. In the following the formulation of Byun 

and Kapania for the interlaminar shear stresses is summarized. The equilibrium 

equations for a typical lamina k in the laminate (see Fig. 2.2) are 

k k k —_ 
On x + Toy,y + Toz,z =0 

(2.66) 
k k k _ 

Try,x + Oyy + Tyz,z = 0 

in which the body forces are neglected. Equations (2.65) are integrated through 

the thickness from zz to 2,4 to yield 

NEL + NE, + th — tf =0 ry,y 
(2.67) 

Neg tNE,t+ sh — sf =0 

where the laminate stress resultants are defined as 

*k+1 

(Nz, Ny, Ney)” =| (Ox; Oy, Try) dz (2.68) 
Zk 

and the surface tractions t* and s* are defined by 

(t2, 82)" = (Tr2)Ty2)* at 2 = 241 

(2.69) 

(ty, 81)* = (Tz, Tyz)” at z = Zz. 
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The continuity equations of the interlaminar stresses for a perfectly bonded laminate 

are 

th= tht! and sk=skt! &£=1,2,...,N—-1. (2.70) 

Using the continuity equations and summing equations (2.67) from the first to the 

kth lamina of the laminate, expressions for the interlaminar shear stresses at the 

(k + 1)st interface are obtained in terms of the derivatives of the inplane lamina 

resultants. These equations are 

k k 

t} = tt ~ (S) Nz,y + > Nev) 
t=1 t=1 

(2.71) 
k k 

k _ Jk I i 

$9 = 81 — (> Ny + > Ny): 
{=1 l=1 

The inplane laminate resultants can be obtained from equations (2.8) . But note 

that the interlaminar shear stresses depend on the derivatives of the laminate re- 

sultants and thus on second-order derivatives of the inplane displacements and on 

third-order derivatives of the transverse displacements. However, these higher or- 

der derivatives of the displacements can not directly be obtained from the finite 

element formulation. To obtain a good approximation of the higher order deriva- 

tives the displacement data over the entire domain of the beam is approximated by 

orthogonal polynomials. The coefficients of the approximation are obtained using a 

least-squares technique. Details of this derivation are given by Byun and Kapania 

[27] and are omitted here. 
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Figure 2.1: The Coordinate System and Dimensions of the Beam. 
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Figure 2.2: Geometry of a Typical Laminate (from Ref. [28]). 
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Figure 2.3: Coordinates of a Typical Element. 
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3. Consistent Strain Third Order Theory 

As described in the introduction, generally laminated structures may experi- 

ence bend-stretch coupling, shear-stretch coupling, and bend-twist coupling. Also 

Poisson-effects may have to be considered to obtain accurate results. In this chapter 

a general consistent strain third-order theory is derived, which accounts for all of 

the coupling effects, the Poisson effects and also takes into account the geometric 

nonlinearities. The equations for the classical lamination theory (CLT) and the 

first order shear deformation theory (FSDT) can be obtained as special cases of the 

general theory. 

Kinematics 

The theory developed in this section is based on a two-dimensional displacement 

field similar to the one proposed by Reddy [4] for laminated plates. The theory 

accounts for a parabolic distribution of the shear strains through the thickness and 

satisfies the condition that the transverse shear stresses vanish at the surfaces of the 

beam. This requires that the inplane displacements u and v are expanded as cubic 

functions of the thickness coordinate and the transverse deflection w is constant 

through the thickness. The assumption of constant w through the thickness can be 

justified because the transverse normal stress is of the order (h/L)? times the inplane 

normal stress. Because of the parabolic variation of the transverse shear strains 

through the thickness, there is no need to introduce a shear correction coefficient to 

compute the transverse shear stresses. The displacement field proposed by Reddy 
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is 

waste |dy—5(Z) (w+ 3)| (3.1) 

U3 = Ww 

where u and v are the inplane displacements, w is the transverse displacement, and 

wz and , are the rotations of the normals to the cross-section. A different form of 

this displacement can be obtained by using the transformations 

wW= Wet Ws, Ye = Owe and vy =- = (3.2) 
Ax’ 

as suggested by Chow [29]. With these transformations the displacement field takes 

the form 

Ow, 42° Ow, 

  

MSU 2B BR Oe 

U _ yy Due _ 42° Bus (3.3) 

a dy 3h? dy 

Ug = Wet Ws 

where wy, denotes the deflection due bending and w, denotes the deflection due 

shear. Note that all displacements can be functions of time t. The von Karman 

strains associated with the displacement field in equation (3.3) can be obtained 
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from equation (2.19) as 

where 

4z 
0 1 2 €j €) + 263 + a5 41 

423 1 2 eg = + 26, + 256 

423 0 1 2 
€6 = €g + 2€ + 3/2 © 

42? 

eg = (1 <r) 

4z? 

«= (1-5) 

  

  

  

  

  

  

o 0 ,1(dus\" og _ Pweg 
2 Ay ° 2\ dy 2 Oy? 2 

Oo dug 1 Ovo  Ouz Ou3 doe O* wy, 

6 Oy Ox Ox Oy 6 Oxdy 

Ow Ow 0 _ GWs 0 8 
“4 = Oy 5 Oe 

are the generalized strains. 

Constitutive Equations 

  

  

(3.4) 

(3.5) 

For a laminate of constant thickness h composed of thin layers of orthotropic 

material, the constitutive equations can be derived as discussed by Vinson and 

Sierakowsky [30]. Following this derivation, the constitutive equations for a layer 

Consistent Strain Third Order Theory 31



in material coordinates of the layer may be written as 

O71 Qi1 Qi2 G16 €] 
02? ={1Qi2 Qa 0 €2 
06 0 0 Qe & 

to h=[S ssh {ef 89) 

where Q;,; are the reduced elastic constants in the material axes of the lamina. Upon 

transformation, the lamina constitutive equations can be expressed in terms of the 

stresses and strains in the laminate coordinates as 

O4 Qse Qas] f & 
- ~=l1A = - 3.7 

sot Ee alte} (3.7) 

where Qi; are the transformed reduced material constants. 

Resultant Forces and Laminate Stiffnesses 

The Hamilton variational principle as discussed in Chapter 2 is used to derive 

the finite element equations. Substituting the strains from equation (3.4) and 

the stresses from equation (3.7) into equation (2.5) and integrating through the 
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thickness the following expressions for the resultant forces can be defined: 

_ 423 
(Nz, Mz, Pz) = hot (1, 2, 3A?) dz 

_ 423 (N,, My, Py) = | d2(1,2, sq) d2 

_ 423 (Nays Mey, Pey) = J 6(1, 2,553) 2 (3.8) 

The resultant forces can be related to the generalized strains in the usual way by 

introducing the laminate stiffnesses A;;, Bij, Dij, Eij, Fiz, and H;;. This relation 

can be written in matrix form as 

  

( Nz ) rAun Ariz Ato Bur Bio Big Ev Fir Exe] (2) 
Ny Ai2 Ago Agog Bi2 Bo2 Boge Fro Eno Eve €D 

Ney Aig Azge Ace Bie Boe Bee Eig Exe Les eb 
M,z By Biz Big Di Dio Die Fir Fin Fic ej 

« My >= |Bi2 Boo Bop Dig Doz Doe Fin Fao Foe | 4 

Mary Big Boe Bos Dis Doe Deo Fie Fo Fee & 
Pz By Fyn Eire Fir Fin Fis Air Fiz M16 é 
Py Fyn Eon Fog Fin Foo Foe Hig Hoe Hoe Ee 

L Poy 4 (Eig Exo Eos Fis Foe Foe His Hoe Heel \ ee.           
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(3.9) 
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The laminate stiffnesses in equation (3.9) are defined as 

Az? 4z* 1626 
+ 3p2? ghd? ont) 2,7 =1,2,6 (Ais, Bij, Dis, Bay Fey Hs) = f Qis(ls 2,24 

= 4z* . 
Di; = / Qis(1 — =a)" dz 1,9 = 4,5. 

h 

(3.10) 

For a beam it can be assumed that the lateral strains or resultant forces are negli- 

gible. This can be done by imposing either 

OI (3.11) 

The first assumption is generally used for stiffened thin-walled beams, while the 

second assumption is valid for beams with solid cross-sections. Wu and Sun [31] 

have used a weighted average of the two conditions in their study of thin-walled 

beams and have shown that for solid cross-section beams the assumption of zero 

resultant forces is more accurate. Because in the present study only beams with 

solid cross-section are considered the resultant forces are assumed to be zero here. 

This approach is similar to the ones used by Chen and Yang [14] and Raciti and 

Kapania [1] in their studies of laminated beams using the FSDT. To equate the 

lateral resultant forces to zero it is convenient to partition equation (3.9) as 

(ch) =e} Beis} a 
Consistent Strain Third Order Theory 34



where 

{N*}* = {Nz, Ney; M:z, Mzy, Pz; Pry} 

{er} = Gr € €1,€, ef, et 

        

(3.13) 
{NY}7 = {Ny, My, Py} 

{e¥}7 = {e), 3, 6} 

and 

[Ay Aig Br Big Fir Fie) TAy2 Biz E127 
Aig Acs Big Bee Ee1 se Arg Bos Feo 

[D*?] = By By Diu Die Fi Fie [D*¥] = By Dig Fie 
Big Bes Die Des Fer Fee Bog Doe Fee 
Fir Fer Fir Fer Hii Mie Bo Fo Hie 

LEig Eso Fis Fee His Hee- LEog §6=6Fog = ag J 

[Ai2 Aog Biz Bop Ear Ere | [Az2 Bog E22 | 
[DY] = | Bi2 Bop Die Dog Foi Fre [DY] = | Boz Doo Foo |. 

| Fig Een = Fi2 Fee Mie H26 | | eg Fon Aaa | 

(3.14) 

Now equating {N"%} to zero in equation (3.12) yields 

{N¥} = {0} = [DY ]{e7} + [D*]{e%} (3.15) 

and thus 

{e¥} = —[D]~* [D¥*] {e7}. (3.16) 

After substitution of equation (3.16) into equation (3.12) the resultant vector 

{N*} can be written as 

{N°} = [[D**) — [D*"][D¥]~*[D”*]} {e*} 
(3.17) 

= [D}{e*}. 
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The transverse resultant forces Q, and Q, can be reduced by equating Q, to zero. 

Thus Q, can be written as 

(3.18) 

The final form of the relation between the resultant forces and the generalized 

displacements, corresponding to equation (2.8) is 

{N} = [D]{é} 

where (3.19) 

(NYP =CIN}.Qh OP ={CeV4), and (w]=| OE PP], 

Approximation to the Displacements 

The generalized strains {e*} in equation (3.13) are assumed to be only func- 

tions of the axial coordinate. To retain the twist and the inplane shear as degrees 

of freedom the following generalized displacements are introduced : 

  

B(x) = + ae inplane shear rotation 

Ow, . 
T(x) = Oy bend — twist term (3.20) 

Ow 
T,(x) = — shear — twist term @)= 3 
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With these definitions the terms in the generalized strain vector {e*} become 

  

dup  1/fdwo\’ aw, aw, 
a= Ft) d= a= 

  

Ox? Ox? 
(3.21) 

Ow OT; OT, 

6 = B+ OT gaa B= 

where wo = wp + w, and Jp = J + T;. 

Discretization 

It can be shown that the minimum interpolation requirement for uo, {, 7p, 

and 7, are Lagrangian interpolation polynomials, and for wy, and w, are Hermitian 

interpolation polynomials. In this study for simplicity all displacements are dis- 

cretized using Hermitian interpolation polynomials. Thus each of the generalized 

displacements is interpolated spatially over an element by an expression of the form 

4 

U = 50 U;(t)Hi(z) (3.22) 
iz 

where U;(t) are the generalized nodal displacements, and H;(x) are the Hermitian 

interpolation polynomials. The Hermitian polynomials in element coordinates, as 
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defined in Figure 2.3, are given by Reddy [32] as 

(3.23) 

Thus the explicit form of the strain-displacement relation in equation (2.20) can be 

        

written as 

co ‘rH: 0 0 0 0 0 
ra 0 4; 0 0 0 0 
e 0 O Hire 0 0 0 

(ep = 0 O 0 0 —2H; 0 
ef 0 0 0 —Hi ne 0 0 
é? 0 0 0 0 0 —2Hi; » 

Lf) [LO 0 0 Hi 0 

10 0 WoeHie Wo,rHi,n 0 0 7] 
0 0 DAs ToHie WozHi wor: 

,|9 29 0 0 0 0 
5 |9 9 0 0 0 0 

0 0 0 0 0 0 
0 0 0 0 0 0 

LO 60 0 0 0 0 J   
= [[Bz] + [Byz(a)]] {a} 

where {a} is the vector of the nodal displacements. 
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(3.24) 
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Element Stiffness Matrix and Force Vector 

The element stiffness matrix can now be obtained by calculating [B*] from 

equation (2.21) and then substituting it along with [B] = [Br] + [Byz] and the 

reduced laminate stiffness matrix [D] into equation (2.23). The element force vector 

can be obtained by substituting the Hermitian polynomials into equation (2.16). 

With the nodal displacement vector {a} defined as {a}7 = {{u}, {8}, {wo}, {ws}, 

{T%},{Z.}} the explicit form of the finite element equations for the static problem 

becomes 

[K™] [K™] [K™] [K*4] [K®] [k?] {u} {FT} 
[K7*] [K”] [K?8) [K*] [K?*]  [K?°] {8} {F?} 
[Ke] [x] (KS) [x4] (KS) [OT J (woh | _ EL go 
KA) [K?] [KS] (RY [KS] (KS) ) (wh (~) (ef 
[S"] [K7] (K*] KS] [KS] (KO) | | CT} | | CFS} 
ie") [xe] fe) [axe] face*) [xO] Utz} J Ug} 

Because the geometric nonlinearities are included in this derivation the stiffness 

matrix is not symmetric. 

Tangential Stiffness Matrix 

To calculate the tangential stiffness matrix equation (2.50) for the residual 

vector is rewritten as 

6 4 

R=) >) KpP ah — Fe @=1,...,6 i=...,4. (3.26) 
p= j=1 

Here ak is the j-th entry of the @-th subvector of the nodal displacement vector {a}. 

Now the submatrices (K ah ) on for the tangential stiffmess matrix corresponding to 
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the submatrices K a in equation (3.25) can be obtained from the equation 

OR? 
B Oa; 

aB\ Tan 

(K 3) — 
  (3.27) 

Note that the tangent stiffness matrix is symmetric. 

Initial Stress Matrix 

The initial stress matrix [K,] can be obtained by substituting u3 = wy+ws into 

equation (2.24). The explicit expressions for the submatrices of [K,| thus become 

dH; dH; apy _ t J _— (AGF )s = [ p(x) - dx a,8=3,4 (3.28) 

All other submatrices are zero. 

Mass Matrix 

Neglecting inplane inertia and using the displacement approximations from 

equation (3.20) the velocity vector in the kinetic energy expression in equation 

(2.6) becomes 

—ztip,2 — (42° /3h? tis ¢ 

{a} = ¢ -2% 2 — (429/3h?) Tr» (3.29) 
Wh + Ws 

Carrying out the calculations described in Section 2.1, the explicit expressions for 

the mass matrix, can be obtained. 

The explicit form of the most general set of finite element equations and the 

expressions for all element matrices are given in the appendix. 
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4, Shear Stress Continuity Theory 

Examining the elasticity solution for beams in cylindrical bending of Pagano 

[2] shows that at the layer interfaces the transverse shear stresses are continuous 

and the inplane displacements experience a sudden change in their slope. The 

change in slope of the inplane displacements is most pronounced for relatively short 

beams (L/h < 10). Thus, to accurately model a composite beam, the theory should 

include both, the continuity of the transverse shear stresses and the sudden change 

of slopes of the inplane displacements at the layer interfaces. In this chapter such 

a theory is introduced. The theory is based on a displacement field proposed by 

Savithri and Varadan [7] for the analysis of orthotropic plates. The shear stress 

continuity is enforced while keeping the number of degrees of freedom independent 

of the number of layers. The theory is restricted to the analysis of symmetrically 

laminated cross-ply beams. 

Kinematics 

As for the consistent strain theory the inplane displacements u and v are ex- 

panded as cubic functions of the thickness coordinate z and the transverse deflection 

w is assumed to be constant through the thickness. The displacement field is chosen 

  

  

as: 

_ ak Ows _ ( ) Os 

OE al Ox 

Ow Ow, 
ua =v ~ 25> = In(2) 5, (4 1) 
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where 

423 UN 
Jai(z) = 3h2 » (p(z) — p(z;))a:H(z — zi) 

=~ (4.2) 
4,3 No 

Jei(z) = ara S> (p(z) — p(zi)) bs H(z — %). 
t=1 

Here p(z) = z(1— 4z7/3h*) and H(z — z;) is the Heaviside unit step function, z; 

being the z-coordinate of the z-th interface as defined in Fig. 2.2 . The coefficients 

a; and b; are determined from the condition of continuous transverse shear stresses 

at the layer interfaces 

a) (ze) = okt” (zx) 
(4.3) 

oh) (2, )= ofF+1)(z,) 

as 

(1) (k) 
_ 55 _ a, = @) ayn = (Senn 1) ( (1 + a) fork >1 

(4.4) 

(1) (f) 
— “44 _ — b= oe b, = (ie cy +a) for k > 1. 

The inplane displacements u* and v* are defined as 

u* _— u** 4 Uo 

(4.5) 
vt =v" + U9 

where ug and vp denote the midplane displacements in the x- and y-direction, re- 

spectively. u** and v** are some axial displacements introduced by the functions 
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Jai(z) and Jp, (z) because in general Jai (0) # 0 and Jai(0) 4 0. The displacements 

u** and v** can be expressed in terms of Ow,/Oxz and Ow,/Oy as suggested by 

Varadan [33]. 

Because of the assumption of constant transverse deflection through the thickness 

the inplane displacements at the middle surface z = 0 are zero for symmetric lam- 

inates , i.e., u(z = 0) = 0, v(z = 0) = 0, uw =0, and vo = 0. Thus the first two 

equations in Eqs. (4.1) become 

Ows 

  

  

  

  

u1(z = 0) = u*™* — Jai (0) oe 7 0 

(4.6) 
Ow 

uo(z = 0) = v** — Jp (0) — = 0 2(2 = 0) (0) 

and can be solved for u** and v**. Thus, 

ee Ows 

u = Jai(0) Oz 
(4.7) 

Ow 
** = Jp (0 - v 61(0) Dy 

Finally, upon substitution of equation (4.7) into equation (4.1) the displacement 

field can be written as: 

  

  

Ow, Ow, 

m= uo — 25 Jala) Ge 
_ Owe _ Ows (4.8) 

U2 = Vo z “Oy Jp(z) dy 

Uz = Wyo + Ws 
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where Ja(z) = Jai(z) — Jai (0) and Jp(z) = Jui (z) — Joi (0). 

The von Karman strains associated with the displacement field in equation (4.8) 

can be obtained from equation (2.19) as 

€y = € + ze} + Ja(z)e? 

eg=O+ z+ (ze 

1 
€g = eo + zed + 5 (Ja(z) + Jo(z)) (4.9) 

_ 7* 0 €4 = Jp (ze, 

65 = J* (ze 

where with wo = wp + ws 

Ou 1 (Aw\’ 82 w A? w 0 0 4 0 1_ b 2. $s 

a= 2 43(Z) c “1 

    

9 Ovo 4 5 (Sue) ae wp 2 ws 

  

  

  

    

~ dy | 2\ dy Ay? Oy? 
(4.10) 

0 Gua Op  Awo wo 1 Owe 2 Ow, 
€5 = 6&=- €§ = —2 

Oy Oz Ox Oy Oxdy Oxdy 

Ow Ow 0 _ GWs 0 3 
“4 = Oy “8 Ox 

and 

Az? N-1 

Ji(z)= (1 — a) (1 + > a;H(z — 2) 
t=1 

(4.11) 
N-1 

4z? Je (z) = (4 - a) 4 + > bH(z- z:)) 
t=1 
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Constitutive Equations 

The constitutive equations for this theory simplify because for orthotropic 

cross-ply laminates the laminae stiffnesses Qig and Qog are always zero. Hence 

the equations for the transformed laminae stiffnesses become 

Gy Qiu Qi 0 €y 
G2? =1Qi2 Q22 0 E2 
G6 0 Qe] | & 

tha [SO asl te} om 
where Q;,; are the transformed reduced material constants. 

Laminate Stiffnesses and Resultant Forces 

Substituting the strains from equation (4.9) and the stresses from equation 

(4.12) and integrating through the thickness the following resultant forces can be 

defined: 

(Nz, Mz, Pe) = [a (1, z, Ja(z)) dz 

(Ny, My, Py) = [a (1, z, Jp(z)) dz 

(Nay, Mey, Pay) = | os (1,2, 5 (Ja(2) + Jo(a))) dz (4.13) 

Q, = | HOLE 

Qe = f asJi(e) dz 
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The matrix equation for the resultant forces is of the same form as given in equa- 

tion (3.9) for the RHSDT. However, the expressions for the laminate stiffnesse are 

different. For the SVHSDT the laminate stiffnesses are defined as 

(Bi;, £3) = 0 1,79 =1,2,6 

(Ai;, Diz, Fig, Hiz) = 0, ij = 16,26, 61, 62 

(Ajj, Diz) = | Qij(1,27) dz ij = 11, 12,21, 22, 66 
h 

Fy = [ Oude) az Fi = | Q(z) 2d2 
h h 

Foy = | Gnd) zdz Fo = / Qo2Jo(z) z dz 

h h (4.15) 

Fg = [205 (Jal2) + Jp(z))zdz 

Hy = | O11 J2(2) de Hy = | O12Ja(z)Io(2) de 

Hy = / Ono J? (2) de Hes = | Qos (Jal2) + Su(2))? dz 

Da, = | Gu (sel)? ae Dss = [ss a3(2))* a. 

The further derivation is the same as for the theory described in Chapter 3 and is 

omitted here. The expressions for the element matrices are the same as those given 

in Chapter 3 and their explicit forms are given in the appendix. The only difference 

between the element stiffness matrix for the RHSDT and the SVHSDT is in the 

different laminate matrix [D]. 
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5. Results 

The theories derived in the previous chapters are evaluated by solving a num- 

ber of example problems. Whenever possible results are compared with existing 

solutions in literature. In the presentation of the results the following notation is 

used to denote the different theories: 

CLT Classical Lamination Theory 

FSDT First Order Shear Deformation Theory 

RHSDT Consistent Strain Higher Order Theory (Chapter 3) 

SVHSDT Higher Order Theory with transverse shear stress continuity (Chapter 4). 

First results for the static analysis are presented in Section 5.1, then results for 

the eigenvalue analysis are shown in Section 5.2, and finally results for the transient 

problem are discussed in Section 5.3. 

5.1. Static Analysis 

5.1.1. Linear Analysis 

In this section the theories are evaluated by solving some examples available in 

literature. It will be shown that the SVHSDT is superior to the other theories in the 

analysis of symmetrically laminated cross-ply beams. First results for symmetrically 

and asymmetrically laminated cross-ply beams are shown and compared to Pagano’s 

elasticity solution [2]. Then results for symmetrically laminated anisotropic beams 

are presented and compared to solutions obtained with a theory presented by Chen 
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and Yang [14]. In all of the examples in this section the following material properties 

were used unless otherwise noted 

Ey, =25x10°psi Ep =1x 10° psi 

Grr = .d x 10° psi Grr = .2*x 10° psi (5.1) 

Ver = vr = 0.25. 

The results obtained for the cross-ply beams are nondimensionalized as 

C2 = = (3,2) Tez = rez *) (0, 2) i= Eru0, z) w= 100 rh*w (3,2) 

go qo hao gol4 

(5.2) 

where go is the magnitude of a distributed load. 

Simply-Supported Beam [0°/90°/0°] under Sinusoidal Load 

First the convergence of the finite element solution for the higher order theories 

was studied. As can be seen in Table 5.1 the deflections converge if the full beam 

is modeled with four elements and the stresses converge if the full beam is modeled 

with eight elements. Therefore in the investigations eight elements were used to 

model the full beam. 
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Table 5.1: Convergence of the Mazimum Transverse Deflection, the Maximum 

Normal Stress, and the Maximum Transverse Shear Stress for the RHSDT and the 

SVHSDT for a Simply-Supported Beam ([0°/90°/0°], L/h = 4). 
  

  

  

No. of w Ox Txz 

Elements | RHSDT |SVHSDT | RHSDT | SVHSDT | RHSDT |SVHSDT 

2 2.711 2.813 19.596 22.920 

4 2.701 2.801 17.808 20.764 2.211 2.291 

8 2.700 2.801 17.205 20.056 1.563 1.619 

16 2.700 2.801 17.044 19.869 1.561 1.617                 
  

The maximum deflections for the CLT, the FSDT, the RHSDT, the SVHSDT, 

and Pagano’s elasticity solution [2] are compared in Figure 5.1. As expected, the 

CLT underpredicts the deflection for L/h < 40. For moderately thick beams (20 < 

L/h < 40) all shear deformation theories give excellent results compared to the exact 

solution, while for thick beams (L/h < 20) higher order theories have to be used to 

obtain good results. In Tables 5.2 and 5.3 results for the maximum deflection w, 

the maximum normal stress 6,, the maximum transverse shear stress 7,,, and the 

interfacial transverse shear stress Tzz interfacial obtained with the RHSDT and the 

SVHSDT are compared to the exact solution [2]. Note that in this comparison the 

values for the maximum transverse shear stress for the RHSDT and the SVHSDT 

are taken at the locations of maximum shear stress as calculated from the elasticity 

solution, ie. for L/h = 4 at z/h = 0.25 and for L/h = 10 at z/h = 0. As 

can be seen, results predicted by the SVHSDT for the transverse deflection and 

shear stresses for L/h = 10 are essentially the same as those predicted by the 
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Table 5.2: Comparison of the Maximum Deflection and the Maximum Normal 

Stress for the RHSDT, the SVHSDT, and the Exact Solution. 
  

WwW Or 

L/h | RHSDT |SVHSDT | Pagano RHSDT |SVHSDT | Pagano 

4 2.7001 2.8006 2.8872 17.205 20.056 18.808 

10 0.8750 0.9323 0.9320 71.040 75.197 73.7 

  

  

                
  

Table 5.3: Comparison of the Maximum Transverse Shear Stress and the Inter- 

facial Transverse Shear Stress. 
  

  

  

  

Tmax Txz,inter facial 

L/h RHSDT | SVHSDT | Pagano RHSDT |SVHSDT | Pagano 

4 1.5052 1.6190 1.5827 1.5630 1.3565 1.4270 

10 4.3497 4.2378 4.24 4.3314 4.2281 4.22               
  

exact solution, whereas the RHSDT slightly underpredicts the deflection and slightly 

overpredicts the transverse shear stresses. 

For L/h = 4 results from the SVHSDT are closer to the exact solution than results 

from the RHSDT. Note that in this case the RHSDT fails to predict the location 

for the maximum shear stresses. To show this, the distribution of the transverse 

shear stress through the thickness is plotted in Figure 5.2 for the RHSDT, the 

SVHSDT, and for the exact solution. An interesting aspect of the deformation of 

laminated beams is shown in Figures 5.3 (a) and 5.3 (b) , in which the distribution 

of the axial displacement % through the thickness of the laminate for two different 

aspect ratios (L/h = 4 and L/h = 10) is shown. The exact solution of Pagano 

shows that the Kirchhoff assumption that normals to the midplane remain straight 

after deformation does not hold for short beam (Z/h = 4). But with increasing 
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aspect ratio the normals get closer to straight lines. Figure 5.3 (a) also shows that 

only the SVHSDT has the same characteristic sudden change in slope of the inplane 

displacement at the layer interfaces as the exact solution. For L/h = 10 the solution 

from the RHSDT and the SVHSDT are both close to the exact solution. Finally, in 

Tables 5.4 and 5.5 the results obtained with the SVHSDT are compared to results 

reported by Yuan and Miller [34], who used a layerwise theory and integration of 

the equilibrium equations of elasticity to obtain the interlaminar shear stresses. The 

material properties for this example are: 

Ey, = 172.0GPa Er = 6.9GPa 

Grr = 3.4GPa Grr = 1.4GPa 

YET =VUTT = 0.25 

For L/h = 4 the layerwise theory is closer to the exact solution than the SVHSDT, 

but for L/h = 10, both theories predict the results equally well. The major disad- 

vantage of the layerwise theory is that it is computationally inefficient for laminates 

with a larger number of layers. The number of degrees of freedom for the layer- 

wise theory per element is 7 + 9n, where n is the number of layers. In comparison 

the number of degrees of freedom required by the SVHSDT is independent of the 

number of layers ( 24 degrees of freedom per element). 

In conclusion it can be said that a new theory for the analysis of symmetrically 

laminated cross-ply beams has been developed, which is better than the RHSDT for 

low L/h ratios, and is far superior to both the FSDT and the CLT. For moderate 
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L/h ratios, both, the RHSDT and the SVHSDT, are superior to the FSDT and the 

CLT. The drawback of the SVHSDT is that it is valid only for symmetric beams. In 

the next example the performance of the RHSDT for the analysis of asymmetrically 

laminated cross-ply beams is investigated. 

Table 5.4: Comparison of the Maximum Deflection and the Maximum Normal 

Stress for the SVHSDT, a Layerwise Theory [34], and the Exact Solution [2]. 
  

  

  

                

W Oz 

L/h |SVHSDT | Ref. [34] |Pagano [2] | SVHSDT | Ref. [34] | Pagano [2] 

4 2.7982 2.9065 2.9127 19.946 18.640 18.808 

10 0.9312 0.9310 0.9316 75.025 14.657 73.670 
  

Table 5.5: Comparison of the Maximum Transverse Shear Stress and the Inter- 

facial Transverse Shear Stress. 
  

Tmax Tzez,inter facial 

L/h |SVHSDT | Ref. [34] |Pagano [2] | SVHSDT | Ref. [34] |Pagano [2] 

4 1.6137 1.5849 1.5776 1.3635 1.4292 1.4270 

10 4.2420 4.2374 4.2393 4.2320 4.2169 4.2200 

  

  

                
  

Simply-Supported Beam [0°/90°|7 under Sinusoidal Load 

In this example the bending of an asymmetrically laminated beam is analyzed. 

Results from the RHSDT and the elasticity solution of Pagano [2] are compared for 

two different aspect ratios (L/h = 4 and L/h = 10). The material properties given 

in equation (5.1) are used. In Table 5.6 the results for the nondimensionalized 
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Table 5.6: Nondimensionalized Deflection and Normal Stresses of Simply-Sup- 

ported Asymmetric Cross-Ply Beams Under Sinusoidal Load. 
  

  

  

              

w &, (upper surface) G, (lower surface) 

L/h | RHSDT |Pagano [2] | RHSDT Pagano RHSDT Pagano 

4 4.4469 4.6953 34.049 30.029 3.123 3.836 
10 2.9185 2.9538 182.623 176.53 19.196 19.829 
  

  

deflection #@ and normal stresses 6, at the upper and lower surface of the beam are 

compared. Agreement for L/h = 10 is good and agreement for L/h = 4 is fair. 

In Figures 5.4 (a) and 5.4 (b) the distribution of the transverse shear stress 

Tz, through the thickness from the RHSDT and Pagano’s solution are compared. 

Agreement between the numerical results and the exact solution is excellent for 

L/h = 10 and is good for L/h = 4. 

Anisotropic [45°/ — 45°], Cantilever Beams Under End Load 

In this example the deflection and twisting angle of an anisotropic cantilever 

beam under an end load were investigated. Chen and Yang [14] have previously 

shown some results for this problem. Because the theory of Chen and Yang is a 

special case of the FSDT, results obtained using their theory were exactly the same 

as those of the FSDT and therefore are not shown here. In Table 5.7 the maximum 

deflection and twisting angle are compared for the FSDT and the RHSDT. For both 

aspect ratios (L/h = 10 and L/h = 50) the results are not in good agreement. It is 

surprising that the differences do not vanish for larger aspect ratios. 

A comparison shows that the ratios of the maximum deflections and the ratios 
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Table 5.7: Mazimum Deflection and Twisting Angle of an Anisotropic Cantilever 

Beam Under End Load. 
  

  

  

          

Wmaz Tmaz 

L/h FSDT RHSDT FSDT RHSDT 

10 2.323 x 1078 2.755 x 107 —.306 x 1074 —5.904 x 1074 
50 0.286 0.340 —0.766 x 1073 —0.147 x 107}   
  

of the maximum twisting angles remain almost the same for both aspect ratios 

m Tma for L/h =10: —MemRHSPT 139  <mae.RHSPT _ 19.99 
Wmaz,FS DT Tmaz FSDT 

Tm for L/h=50:  —-MOERHSDT _j jg =<maz,.RHSPT _ 19 19 
Wmaz,FSDT Tmaz,FSDT 

The difference between the results for the FSDT and the RHSDT can be attributed 

to the fact that the FSDT does not account for the shear twisting term. A testcase 

in which the RHSDT had been used, but all shear twist degrees of freedom were 

restrained, supports this, because in that case the results were close to the results 

obtained using the FSDT. 

Although the twisting angle predicted by the RHSDT is almost 20 times the 

one predicted by the FSDT, it is physically still small. For the case of a beam of 50 

om length and 1 zn thickness the maximum deflection obtained is Wmgz = 0.340 in 

and the maximum twisting angle is Taz = 0.842°. Both results are small compared 

to the dimensions of the beam and hence physically possible. It would be interesting 

to obtain experimental results for the twisting angle for a comparison. 
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5.1.2. Nonlinear Analysis 

In this section the nonlinear static response of uniformly loaded beams is stud- 

ied. The effects of boundary conditions and lamination scheme on the displacement 

and the inplane resultant force are studied. All results were obtained using the 

RHSDT. The boundary conditions used in the following examples are depicted in 

Figure 5.5. 

Pinned-pinned Cross-Ply Beam 

In this example numerical results for the nonlinear bending of a pinned-pinned 

[0° /90°|z7 beam under uniformly distributed load are compared to an analytical 

solution by Sun and Chin [16]. Sun and Chin investigated the problem for an 

aspect ratio of L/h = 225 using the CLT. Because of this high aspect ratio, the 

transverse shear effects are negligible. Therefore, results obtained using the RHSDT 

are expected to be close to the CLT. The material properties used by Sun and Chin 

were EF, = 20 msi, Ey = 1.4 msi, vyq = 0.3, and Gy2 = Gi3 = Go3 = 0.7 mst. The 

laminate dimensions were taken as DL = 9 in.,b = 1.5 in., and h = 0.04 tn. Figures 

5.6 (a) and 5.6 (b) show the results for the maximum deflection and the inplane 

force resultants at the center of the beam for different load magnitudes. Note, that 

the deflection and the force resultant are different for positive and negative loads. 

The agreement between the analytical and the numerical solution is excellent. 

In the next examples the effect of aspect ratios, boundary conditions, and 

lamination schemes on the nonlinear static response is studied. For these examples 

the material properties given in equation (5.1) were used. 
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Effect of Aspect Ratio L/h 

A [0°/90°]7 pinned-pinned cross-ply beam under uniformly distributed load 

was analyzed to study the effect of the aspect ratio. The aspect ratios considered 

were L/h = 10, L/h = 20, L/h = 50, and L/h = 100. In Figure 5.7 (a) the 

ratios of the linear to the nonlinear deflection at the center of the beam are plotted 

against the load-parameter a, and in Figure 5.7 (b) the nondimensionalized inplane 

resultant forces N, at the center of the beam are plotted against a. N, and a are 

a — 0 (ZY 
Ey \h 

_ Nz {(L\* 
N= 34 (FZ) - 

As can be seen, this ratio only has a small effect on the nonlinear response. For small 

defined as 

  

aspect ratios the ratios of the linear to the nonlinear center deflections are slightly 

higher than the ones for larger ratios. For the ratios L/h = 50 and L/h = 100 almost 

no difference can be seen. The effect of the L/h ratios on the nondimensionalized 

inplane resultant forces is negligible. In all cases the softening effect due to the 

initially compressive inplane resultant force resultants for positive loads can be 

observed. 

Effect of Boundary Conditions on the Nonlinearity 

To study the effect of the boundary conditions on the nonlinearity a [0° /90°|7 

cross-ply beam with an aspect ratio of L/h = 10 under uniformly distibuted load 
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was analyzed. All boundary conditions shown in Figure 5.5 were considered. In 

Figure 5.8 (a) the ratios of the linear to the nonlinear deflection at the center of the 

beam are plotted against the applied load go, and in Figure 5.8 (b) the variations of 

the inplane resultant force N, with the applied load go for the different boundary 

conditions are shown. As can be seen in Figures 5.8 (a) and 5.8 (b) , the magnitude 

of the inplane force depends on the boundary conditon and the ratio of the the 

linear displacement wz to the nonlinear displacement wy, in turn depends on the 

magnitude of the inplane resultant force. Because the simply-supported beam is 

free to move in the axial direction almost no inplane resultant force is developed 

and the linear displacement is the same as the nonlinear displacement. The effect 

of the nonlinearity on the pinned-pinned beam is the most significant. For this 

beam the magnitude of the inplane resultant force and the magnitude of the de- 

flection depend on the direction of the transverse load. The inplane force resultant 

for negative transverse loads is tensile and thus has a stiffening effect. For posi- 

tive transverse loads the inplane resultant is first compressive due to the extension 

bending coupling, but then becomes tensile as the transverse load increases. The 

initial compressive inplane resultant has a softening effect on the beam. This ex- 

plains why the transverse deflection obtained using the nonlinear theory is initially 

higher than the transverse deflection obtained from the linear theory. This impor- 

tant effect should be considered in the design of structures. It is interesting to see 

that for the clamped-clamped boundary conditions the response of the beam does 

not depend on the direction of the loading. Both, negative and positive transverse 
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loads, produce a tensile inplane resultant force which has a stiffening effect. The 

nonlinear deflection is always lower then the linear deflection. 

Effect of Lamination Scheme on the Nonlinearity (L/h = 10) 

Because the nonlinear effects are most significant for the pinned-pinned beam, 

the effect of the lamination scheme on the nonlinear response is studied for these 

boundary conditions. The following lamination schemes were studied: 

1. a bending stiff [0° /90°|7 laminate, 

2. a torsion stiff [45°/ — 45°]7 laminate, and 

3. a quasi-isotropic [0°/45°/ — 45°/90°|7 laminate. 

The [0° /45° / — 45° /90°|7 beam shows the same characteristic nonlinear effects 

as discussed before for the pinned-pinned [0°/90°]7 beam. The direction of the 

transverse load has, as expected, no effect on the inplane resultant force and the 

deflection of the torsion stiff [45°/ — 45°|7 beam. But it is interesting to note that 

for this beam the nonlinear effect on the center deflection of the beam is the most 

significant. This shows that the stiffening effect of the tensile inplane resultant force 

is highest for the torsion stiff beam. 

5.2. Free Vibration Analysis 

In this section free vibration results for symmetrically and asymmetrically 

laminated beams are presented. Again the superiority of the higher order theory 

(RHSDT) over the FSDT and CLT is demonstrated. Further it is shown that for 

angle-ply beams it is essential to consider Poisson effects to obtain accurate results. 
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Homogeneous Graphite-Epoxy and Boron-Epoxy Cantilever Beams 

In this example numerical results from the CLT, FSDT, and RHSDT are com- 

pared to experimental results obtained by Abarcar and Cunniff [35] for the free vi- 

bration of homogeneous 15° and 30° Graphite-Epoxy and Boron-Epoxy beams. The 

dimensions of the test specimens used in the experiment were L = 7.5 in, b = 0.5 in, 

and Ah = 0.125 in. The material properties are shown in Table 5.8. 

Table 5.8: Elastic Properties for Graphite-Epoxy and Boron-Epozy. 
  

  

Elastic Properties Graphite-Epoxy Boron-Epoxy 

E, [psil 18.74 x 10° 36.6 x 10° 
E> [psil 1.367 x 10° 3.851 x 10° 
G42 [psil 0.7479 x 10° 1.334 x 10° 
G3 [psi 0.6242 x 10° 0.7408 x 10° 
G23 [psil 0.3686 x 10° 3.845 x 10° 

V12 0.3 0.267 
p [lb-s?-in~*] 0.142 x 1073 0.1943 x 10-3         
  

Note that in Tables 5.9 - 5.12 ”7” denotes predominately torsional modes. In 

Table 5.9 the results obtained from the RHSDT with 2, 4, and 8 elements over the 

length of a 30° Graphite-Epoxy Beam are shown. As can be seen the results for the 

natural frequencies converge when the beam is modeled with 8 elements. Hence for 

all subsequent studies 8 elements were used over the length of the beam. 

The numerical results obtained using the CLT, the FSDT, and the RHSDT are 

compared to the experimental results for the 15° and 30° Graphite-epoxy beams. 

These results are shown in Tables 5.10 and 5.11, respectively. Because of the large 
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Table 5.9: Convergence of Finite Element Results from the RHSDT for the Nat- 

ural Frequencies (in Hz.) of an 30° Orthotropic Graphite-Epory Beam. 
  

  

Mode 2 Elements 4 Elements 8 Elements |Experiment [35] 

1 53.2 53.2 53.1 52.7 
2 335.6 333.0 332.5 331.8 
3 1275.1 936.7 927.8 924.7 
4 1766.9 T 
5 3518.6 1837.6 1810.9 1827.4 
6 8513.3 3723.9 2984.5 2984.0 
7 8514.1 6134.8 4454.6 4432.4             
  

aspect ratio of L/h = 60, the CLT, the FSDT, and the RHSDT all yield accurate 

results for the lower vibration frequencies. The CLT overpredicts the higher vibra- 

tion frequencies, while both, the FSDT and the RHSDT, accurately predict these 

frequencies. This shows that shear deformation becomes more important for higher 

modes. 

In Table 5.12 the numerical results from the RHSDT for the first six vibration 

modes of a 15° and a 30° Graphite-epoxy beam are compared to the experimental 

results of Abarcar and Cunniff. Again, the results are in good agreement. The 

differences for the 15° case can be attributed to the fact that Abarcar and Cunniff 

did not report a unique value for the shear modulus G2, but rather a range of 

values, and that the value chosen for this study was closer to the value reported for 

the 30° beam than to the one for the 15° beam. 

Because the present model does not account for torsional deformation, the 

predominately torsional modes found by Abarcar and Cunniff were not predicted. 
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Table 5.10: Comparison of the Vibration Frequencies (in Hz.) of a 15° Graphite- 
Epoxy Beam (L/h = 60). 
  

  

        

Mode CLT FSDT RHSDT Experiment [35] 

1 83.1 83.1 83.0 82.5 

2 520.6 517.8 517.8 911.3 

3 1457.0 1438.4 1438.4 1423.4 

4 1526.9 T 

3 2856.2 2790.1 2790.3 2783.6 

6 4733.3 4562.2 4562.7 4364.6 

7 4731.6 T     
  

Table 5.11: Comparison of the Vibration Frequencies (in Hz.) of a 30° Graphite- 

Epory Beam (L/h = 60). 
  

  

        

Mode CLT FSDT RHSDT Experiment [35] 

1 03.2 53.2 53.1 52.7 

2 333.4 332.5 332.5 331.8 

3 933.3 927.8 927.8 924.7 

4 1766.9 T 

5 1830.8 1810.9 1810.9 1827.4 

6 3036.7 2984.5 2984.5 2984.0 

7 4568.9 4454.3 4454.6 4432.4     
  

Table 5.12: Comparison of Finite Element Results from the RHSDT and Experi- 

mental Results [35] for the Natural Frequencies (in Hz.) of Boron-Epory Beams. 
  

  

  

          

15° 30° 

Mode RHSDT Experiment RHSDT Experiment 

1 96.6 91.0 62.5 62.5 

2 601.3 567.5 390.9 391.7 

3 1665.6 1575.5 1090.5 1090.5 

4 1767.4 T 2127.7 2107.7 

5 3217.5 3073.6 2174.3 T 

6 5235.2 4926.7 3505.4 3542.4   
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Simply-Supported Symmetrically Laminated Angle-Ply Beams 

This example demonstrates the importance of the Poisson-effects for the anal- 

ysis of angle-ply beams. Results obtained using the RHSDT with and without 

Poisson-effects are compared to results reported by Chandrashekhara et al. [13]. 

In the finite element formulation Poisson-effects can be neglected by equating the 

generalized strains ¢§, €}, and ¢2 in equation (3.9) to zero. Then the laminate matrix 

[D] in equation (3.14) becomes [D] = [D**]. Bend-twist coupling can be eliminated 

by restraining the torsional degrees of freedom in the input for the finite element 

program. 

Chandrashekhara et al. presented an analytical solution for the fundamental 

frequencies of symmetrically laminated angle-ply beams, including shear-effects and 

rotatory inertia, but neglecting Poisson-effects and bend-twist coupling. In Table 

5.13 results for the following cases are shown: 

Case 1 RHSDT including Poisson-effects 

Case 2 RHSDT neglecting Poisson-effects 

Case 3 RHSDT neglecting Poisson-effects and bend-twist coupling 

Case 4 Results reported by Chandrashekhara et al. 

The material properties used in this example were 

Ex, = 21.0 x 10° psi, Er = 1.4 x 10° psi, Grr = 0.5 x 10° psi 

Grr =0.6x10°psi, = ver = vp = 0.25, p=0.13 x 107%lbs*in=* (5.3) 

and the fundamental frequency has been nondimensionalized as 

~ _ ,72 p O=wL Vl Bh (5.4) 
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The results in Table 5.13 show that it is essential to include Poisson-effects in the 

analysis of angle-ply beams. Neglecting the Poisson-effects can lead to a serious 

overprediction of the fundamental frequency. For the [45/ — 45], beam the funda- 

mental frequency predicted by Chandrashekhara is 72.5% too high. 

Table 5.13: Influence of the Poisson Effects on the Nondimensionalized Funda- 

mental Frequencies of Simply Supported Angle-Ply [ 6/ —@/—96/ 0| Beams (L/h = 

15). 
  

6 (deg) 

Case 0) 15 30 45 60 75 90 

2.6510 2.2522 1.4520 0.8909 0.7358 0.7252 0.7301 

2.6570 2.3440 1.8930 1.4040 0.9729 0.7584 0.7322 

2.6570 2.9110 2.1041 1.5370 1.0126 0.7613 0.7322 

2.6560 2.5105 2.1032 1.5308 1.0124 0.7611 0.7320 
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Free Vibration of Asymmetrically Laminated Cantilevered Composite 

Panels 

This example is used to validate the RHSDT for asymmetrically laminated 

beams. The fundamental frequencies for a number of cantilevered composite panels 

are calculated and compared to experimental results by Thornton [36]. All of the 

panels considered had a bottom layer oriented at 0 degrees and a top layer oriented 

at 0, 22.5, 45, 67.5, and 90 degrees, respectively, for the different panels. The 

geometry is shown in Table 5.14 and in Figure 5.10. The material properties used 

were: 

Ez, = 23.3 x 10° psi, Er = 1.81 x 10° psi, Gur = Grr = 0.976 x 10° psi 

Ver =Vpp =0.22, p=0.174 x 10-2lbs?in-* (5.5) 
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Table 5.14: Characteristics of the Boron-epozy Panels. 
  

  

  

6 (deg) 
Panel | Bottom Layer | Top Layer | Panel Thickness [in] 

1 0. 0. 0.0452 

2 0. 22.5 0.0492 

3 0. 45. 0.0460 

4 0. 67.5 0.0470 

D 0. 90. 0.0442           
  

The results are shown in Table 5.15. Agreement between the experimental and 

numerical results is good. The discrepancy can be attributed to the modelling of a 

square plate as a one-dimensional beam. 

Table 5.15: Comparison of the Fundamental Frequencies (in Hz) of Asymmetri- 

cally Laminated Composite Panels [0/0°]. 
  

  

  

            

@ (deg) 
Method 0 22.5 | 45 | 67.5 | 90 

Experiment [36] | 41.2 | 34.3 | 24.4 | 21.8 | 21.4 
RHSDT 41.7 | 31.2 | 24.3 | 22.6 | 22.4   
  

Asymmetrically Laminated Clamped-Clamped Beams 

In this example some results for the free vibration of asymmetrically laminated 

beams are presented. Again the superiority of the RHSDT over the FSDT and the 

CLT is shown. Three different lamination schemes were chosen to study the effect 

of the bend-stretch and the bend-twist coupling. The schemes were: 

1. a bending stiff [0° /90°|7 laminate, 

2. a torsion stiff [45°/ — 45°]7 laminate, and 
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3. a quasi-isotropic [0°/45°/ — 45°/90°|r laminate. 

In Table 5.16 results obtained with the CLT, FSDT, and RHSDT for clamped- 

clamped beams are compared for two different aspect ratios (L/h = 10 and L/h = 

100). The same material properties and nondimensionalization of the results as 

given in equations (5.3) and (5.4) , respectively, were used. 

Table 5.16: Comparison of the Nondimensionalized Fundamental Frequencies of 

Clamped-Clamped Graphite-Epoxy Beams. 
  

  

Lay-up L/h 10 100 

CLT 3.065 | 3.080 

(0° /90° |r FSDT |} 2.577 | 3.074 
RHSDT | 2.631 | 3.075 

CLT | 3.037 | 3.054 
[0° /45°/ — 45°/90°]7 | FSDT | 2.560 | 3.047 

RHSDT | 2.536 | 2.957 
CLT | 1.950 | 1.959 

[45°/ — 45°] 7 FSDT | 1.804 | 1.958 
RHSDT | 1.789 | 1.935 

  

  

            

As expected, the fundamental frequencies for the slender beams (L/h = 100) pre- 

dicted by the three theories were practically the same. For L/h = 10 the CLT 

overpredicted the fundamental frequencies. For all lamination schemes the funda- 

mental mode was a flexural mode. This explains that the fundamental frequencies 

for the bending stiff beams ([0°/90°|7 and [0°/45°/ — 45°/90°|7) were much higher 

than the fundamental frequencies for the torsion stiff beam ([45°/ — 45°]r). 
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Clamped-Clamped and Clamped-Free Cross-Ply [0°/90°/90°/0°] Beam. 

The last example in this section is used to compare the vibration frequencies 

predicted by the RHSDT and the SVHSDT for symmetrically laminated cross-ply 

beams. The same material properties as in equation (5.5) were used. The results 

are shown in Table 5.17. The vibration frequencies predicted by both theories are 

in good agreement. 

Table 5.17: Comparison of Finite Element Results from the RHSDT and the 

SVHSDT for the Vibration Frequencies (@ = wL?./p/(E,h?) ) of a Symmetric 

[0/90/90/0} Cross-Ply Beams (L/h = 15). 
  

  

  

  

BC Clamped-Clamped Clamped-Free 

Mode RHSDT SVHSDT RHSDT SVHSDT 

1 4.781 4.875 0.927 0.930 
2 18.378 18.951 5.045 5.122           
  

5.3. Transient Analysis 

5.3.1. Linear Transient Analysis 

In this section the finite element model is verified for the linear transient anal- 

ysis. A simply-supported isotropic beam subjected to a sine pulse given by 

, at 
P = Pp sin— for O0<t<7 

T 

P=0 for t>T 
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is considered. The force is located at the center of the beam. The material properties 

used were 

E, = E, = 30 x 10° psi, G2 = G13 = Gog = 11.538 x 10° psi, 

(5.6) 
y=0.3, and p= 733 x 107° lb/in?. 

The dimensions of the beam were L = 30 in and h = b= 0.5 in, and the numerical 

values for the sine pulse taken were Py = 1000 lb, and r = 20 x 10~° s. Harris 

and Crede [37] obtained an analytical solution for the center deflection for this 

problem using the CLT. In Table 5.18, the numerical results for the center deflection 

obtained using the RHSDT are compared to the analytical results of Harris and 

Crede. The agreement between the numerical results and the analytical solution is 

good. Differences can be attributed to the different theories used. The convergence 

of the finite element solution to the analytical results for small times (t < 20 ys) is 

fair, but is good for larger times (t > 20 ys). In Table 5.18 N denotes the number 

of elements used in the mesh and At denotes the timestep used. 

Table 5.18: Central Deflection fin] of a Beam Subjected to a Sine Pulse at the 
Center 
  

  

                

N=5 N = 10 N = 20 N = 30 

tius] | At=1lys | At=1lyps | At=0.1 ys | At=0.05 ws | Ref. [37] 

1 1.209E-7 2.406E-7 3.224E-7 4,.750E-7 5.328E-7 

o 9.945E-6 1.932E-5 3.282E-5 3.915E-5 2.868E-5 

10 7.082E-5 1.282E-4 1.723E-4 1.810E-4 1.441E-4 

20 3.722E-4 5.325E-4 5.516E-4 5.491 E-4 4,984E-4 

30 6.787E-4 1.706E-4 7.506E-4 7.528E-4 7.210E-4 

40 8.961E-4 9.326E-4 9.121E-4 9.118E-4 8.861E-4 

50 1.048E-3 1.047E-3 1.046E-3 1.047E-3 1.024E-3 

60 1.174E-3 1.144E-3 1.164E-3 1.166E-3 1.146E-3 
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5.3.2. Nonlinear Transient Analysis 

The nonlinear transient response of [0°/90°]7 and [90°/0°|7 Graphite-Epoxy 

beams to a suddenly applied concentrated load at the center of the beam is inves- 

tigated in this section. The effect of the lamination, boundary conditions and axial 

loads is studied. The material properties used in all cases were FH, = 144.8 GPa, 

E, = 9.65 GPa, Giz = G13 = 4.14 GPa, Goz = 3.45 GPa, v = 0.3, and 

p = 1389.23 kg/m?. The dimensions of the beam were chosen as L = 0.1 m, 

and b= h = 0.01 m, the timestep used was At = 0.1 js, and the applied load was 

P =10kN. No results on the nonlinear transient response of asymmetric composite 

beams have been found in literature. Thus, it is believed that the results presented 

here can serve as a benchmark for future investigations. 

Effect of Lamination Scheme and Boundary Conditions 

The effect of the lamination scheme on the nonlinear transient response was 

studied for pinned-pinned and clamped-clamped beams. Reversing lamination ac- 

tually amounts to changing the direction of the transverse load, as was discussed in 

the examples for the nonlinear static analysis. Considering the results obtained from 

the nonlinear static response of cross-ply beams, it was expected that the transient 

response of pinned-pinned beams would be affected by the orientation of the beam 

(i.e., by the direction of the force), but that the response of the clamped-clamped 

beam would be independent of the beam orientation. In Figures 5.11 (a) and 5.11 

(b) the center deflection and the inplane force resultant for pinned-pinned beams 
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are compared. As can be seen the response is significantly affected by the orienta- 

tion of the beam. For the [0°/90°]7 beam the center deflection and the vibration 

period are higher than for the [90°/0°|7 beam. The same can be observed for the 

inplane resultant forces N,. For the clamped-clamped beam the orientation of the 

beam has no effect on the transient response. As shown in Figures 5.12 (a) and 5.12 

(b), the curves for both orientation are almost indistinguishable. 

Effect of Axial Stresses 

The effect of the axial stresses on the center deflection and inplane resultant 

forces of pinned-pinned beams has been investigated. The center deflections and 

inplane resultant forces for the prestressed beam have been compared to the deflec- 

tions and resultant forces of the unstressed beams for three different magnitudes of 

tensile and compressive axial stresses. These results are shown in Figures 5.13, 5.14, 

and 5.15. As expected, tensile axial stresses have a stiffening effect and thus lower 

the deflection of the beam, and compressive axial stresses have a softening effect 

and increase the deflection of the beam. For low axial forces the effect is almost 

negligible, but for higher axial forces the change in the response of the beam is 

significant. For both, tensile and compressie axial forces the vibration period of the 

beam is lowered. This might be caused by the high tensile resultant forces induced 

by the large deflections of the beam. 

5.3.3. Impact Analysis 

To evaluate the finite element model in the prediction of the impact response 

a number of problems found in literature were solved. 
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Goldsmith Problem 

If the mass of the impactor is not small compared to the mass of the beam, 

then multiple collisions may occur. This problem was considered first by Goldsmith 

[38]. Goldsmith considered the problem of a simply-supported beam subjected to 

a transverse impact of a 2 cm radius steel ball with initial vlocity of 1 cm/s. The 

dimensions of the beam were L = 30.7 cm, b = h = 1 cm and the material properties 

were EF, = E, = 31.3 x 10° psi, v = 0.289, and p = 0.00894 slug/in®. Nosier et 

al. [39] solved this problem analytical and observed a three collions. In Figures 

5.16 (a) and 5.16 (b), numerical results obtained using the EBT and the RHSDT 

are compared to Nosiers analytical results. Agreement between the solutions is 

excellent. 

Impact with Permanent Indentation 

The impact response of a simply-supported steel beam is considered here. The 

beam is impacted by a 1/2 in diameter steel ball at the center of the beam with 

dimension L = 30inandb=h=0.5in. The initial velocity of the ball was 150 ft/s 

and the material properties used were the same as given in equation (5.6) . To solve 

this problem Sun and Huang [24] used the following force indentation law: 

F=1.29 x 108al!8 0<a<a, 

for the loading process and 
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for the unloading process. Here a,, is the maximum indentation corresponding to 

the maximum impact force F,,. The permanent indentation was a, = 0.0123 in. 

In Figures 5.17 (a) and 5.17 (b) the impact force history and displacement history 

obtained using the EBT and the RHSDT are compared to the results by Sun and 

Huang [24]. Agreement between the EBT and the reference results is excellent. The 

RHSDT predicts a slightly lower impact force and higher displacements. 

Impact of Composite Beams 

Sankar and Sun [40] studied the impact response of clamped-clamped composite 

beams. In their numerical analysis they used a two-dimensional plain strain finite 

element. The material properties for the Graphite-Epoxy beam were given as Fy = 

130 GPa, BE. = 12.9 GPa, Gig = Gi3 = Go3 = 5.17 GPa, v = 0.24, and p = 

1490 kg/m. The dimensions of the beam were L = 180 mm, 6 = 25.4 mm, and. 

h = 2.8 mm and the lamination scheme was [03/903 /03/903 /03],. The contact law 

was determined experimentally by Sankar and Sun to be 

F = 1.293 x 10a? = [N/m?]. 

The beam was impacted by a 12.7 mm diameter steel ball with a mass of 8.18 grams. 

An impact velocity of 35 m/s was chosen. Results for the time histories of the impact 

force and the deflection of the beam are shown in Figure 5.18. Agreement between 

the solutions is good up to a time of 200us. After that time the agreement is fair. 

The difference in the results is most likely due to the different theories used. The 

plain strain finite element allows for deformation of the transverse normal of the 
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beam. This deformation is not taken into account in the RHSDT and may cause 

the difference in the results. 

The final example shows that it is important to consider geometric nonlin- 

earities in the impact analysis. The same beam as in the previous example was 

analyzed. In Figure 5.19 the impact force histories obtained using the linear and 

nonlinear formulations are shown. In the beginning, the differences in the linear 

and nonlinear results are small. This is because the motion of the beam is not 

significant during the initial impact. For larger times the stiffening effect due to 

the geometric nonlinearities becomes more important. The vibration period of the 

beam is reduced (compared to the linear formulation) and further collisions between 

the impactor and the beam occur earlier than predicted by the linear formulation. 

In Figures 5.20 and 5.21 the impact force histories for unstressed and pre- 

stressed beams (tensile and compressive) are compared. The linear response is 

shown in Figure 5.20 and the nonlinear response is shown in Figure 5.21. It can be 

seen that in both cases tensile axial stresses have a stiffening effect, and compressive 

axial stresses have a softening effect. But it also can be seen that the stiffening effect 

due to the induced resultant axial forces N, for the nonlinear response are even more 

significant than the stiffening or softening effects due to the initial stresses. 
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(c) Clamped-Clamped. 
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6. Conclusions and Future Work 

Conclusions 

In this study two higher order shear deformation theories for the analysis of 

laminated composite beams have been developed. The first theory, RHSDT, allows 

for the analysis of generally laminated beams and accounts for all couplings that 

characterize generally laminated beams. The second theory, SVHSDT, is restricted 

to the analysis of symmetrically laminated cross-ply beams. This theory, however, 

accounts for the continuity of the interlaminar shear stresses at the layer interfaces 

while keeping the number of degrees of freedom independent of the number of layers. 

The SVHSDT has been applied to the linear static analysis and to the free 

vibration problem. It has been found that this theory performs very well even 

for short composite beams (Tables 5.2 and 5.3) for which shear deformation is 

significant. In the cylindrical bending problem for short beams the characteristic 

discontinuities of the slope of the inplane displacement at the layer interfaces can 

be observed (Figure 5.3). More important, the magnitude and location of the 

maximum transverse shear stresses is predicted correctly even for beams with a 

length to thickness ratio of four (Table 5.5). The CLT, the FSDT, and the RHSDT 

fail to predict these stresses accurately for beams with L/h < 10. Thus, it can be 

concluded that it is essential to account for the shear stress continuity at the layer 

interfaces in a theory if short beams are to be analyzed. 

The RHSDT has been applied to a series of examples on the linear and nonlin- 

ear static response, free vibration, linear and nonlinear transient response, and the 
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impact response of generally laminated beams. The free vibration results clearly 

show that even though for beams the resultant laminate forces Ny, and Q,, and 

moments M, may be equated to zero, the corresponding strains can not be ne- 

glected. Neglecting these strains may lead to a serious overprediction of vibration 

frequencies (Table 5.13). 

The bending-stretching coupling has been found to be essential in the nonlinear 

analysis of asymmetric beams. The deflection of the beam and the magnitude of the 

inplane resultant force may depend on the direction of loading of the beam (Fig- 

ures 5.6- 5.9). The most significant effect of the loading direction on the nonlinear 

response was observed for pinned-pinned beams, while for clamped-clamped beams 

the response was independent of the loading direction. For pinned-pinned boundary 

conditions initially compressive inplane resultant forces may change the nonlinear- 

ity from a hardening type to a softening type. Thus, displacements predicted by 

the nonlinear theory are higher than displacements predicted by the linear theory. 

This effect should be considered in the design of structures because displacements 

constraints may be violated. Also, inplane boundary conditions were found to have 

a significant effect on the nonlinear response. 

The same characteristics as discussed for the nonlinear static problem were 

observed for the nonlinear transient analysis of asymmetric beams. Further, su- 

perimposed axial stresses were found to have a significant effect on the transient 

response of laminated beams. A compressive axial stress causes higher vibration 

amplitudes and a tensile stress causes lower amplitudes, while both, compressive 
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and tensile stresses, may reduce the vibration period (Figures 5.13- 5.15). The 

finite element model has also been validated for impact analysis. Further, it has 

been shown that geometric nonlinearities have to be concidered to obtain accurate 

impact results for composite beams (Figures 5.19- 5.21). 

Future Work 

Some recommendations for future work are: 

1. In the present study the buckling of laminated beams has not been investigated. 

It is straight forward to extend the current formulation to buckling analysis. 

The problem is interesting because asymmetric beams tend to deflect out-of- 

plane as soon as inplane loads are applied. 

2. The present formulation assumes that initially the beam is perfectly straight. 

However, for beams with bending-stretching coupling the undeformed beam 

may not be perfectly straight due to the residual stresses introduced in the 

curing process. Thus, it would be important to include initial imperfections in 

the formulation. 

3. It has been shown that the continuity of interlaminar shear stresses should be 

included in the formulation when short beams are analyzed. A theory which 

accounts for the interlaminar shear stress continuity should be developed that 

can be applied to asymmetric and angle-ply beams. 

4. The higher order shear deformation theory has been shown to yield good results 

for the impact on isotropic beams. For composite beams the initial response 

to impact loads was also predicted adequately but some difference could be 
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observed when multiple collisions occur. Sankar and Sun [40] used a two- 

dimensional plain strain finite element in their impact analysis and obtained 

good agreement between experimental and analytical results for composite 

beams. The plain strain finite element allows for deformation of the trans- 

verse normal of the beam. Hence, it is expected that extending the present 

formulation to allow for the deformation of the transverse normal would also 

yield results that compare well to experimental results even for multiple im- 

pacts. A displacement field suggested by Reddy [5] may be used to derive such 

a theory. Also, using higher order finite elements that include up to the second 

derivative of the displacements as degrees of freedom may be used. Sun and 

Huang [24] showed that the convergence of such elements is much higher than 

for conventional elements. Such a formulation would also be suited particularly 

well for the study of wave propagation in composite beams. 
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Appendix: Finite Element Equations and Element Matrices 

The finite element equations may be written as 

[M]{@} + [K(a)]{o} = {F} 

where 

[K(a)] = [Kr] + [Kwx(a)] + [Ks]. 

[Kr] is the linear stiffness matrix, 

[Kwx(a)] is the nonlinear stiffness matrix, and 

[K.| is the initial stress matrix. 

Substituting the nodal displacement vector 

{a}" = {{u}, {6}, {wo}, {ws}, {H} {Z}} 

this equation can be rewritten as 

od fo fo oO oO 3, 
i Oo of of of § {8} 
[o] fo] [me] [a™) fo] {tis} 
[o] [oO] [M@*] [M™) [fo] =) {ts} 
[0] [o] [0] = (0) a] [ae?®) | | {Ze} 
[0] [0} [Oo] 0] faa} [ae] dN {75} 

[K™] [K™] [K™] [K™] [K™] [K™]] ¢ {u} {F"} 
[K*"] [K*] [K*] [K™] [K*] [K*]| | {6} {F*} 

|e) (Re) LAS) AS) [AM] LRN) | ) {woh |) LF} 
[K"] [K™] [KS] [K™] [K®] [K™]] ) {wst {F"} 
[A] [K°] [K°] [kK] [K°°] [K°]) | {2} {F°} 
[A°*] [K°*] [K%] [Kk] [K°] [K°]] {73} {F°} 

The explicit expressions for the element submatrices are given below. 
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Element Mass Matrix 

   M3 = | RH;H; de + / OTS ap 
t. 2, ax dx 

dH; dH; 

dx dx dx 
   M3 = M# = | RH;H; dx + / 

£ € e 

     
dH; dH; 

‘J [ J otf dx dz 

M;? = | RH;H; dx 

M?? = Mf? = | SHH; dx 
fe 

M;? = / TH,H; dx 
£e 

where 

> 4z4 162° (R,1,8,T) = | (1,2, sa Ge) 2 

Linear Element Stiffness Matrix 

  

     

    

dH; dH; 
K}} WP 

(Key )n = “de dz a 

dH; dH; 
K}"), =(K?!), = 

( ij )L ( GL = dx “dr — dz 

dH, d*H, 
K}3), = (K21),=-— | D : Ig 

( 17 )L ( Fi )L le 13 dz dx? x 
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dH; d*H; 

(Kt), = (Ki), = — | Dy tS an 
le 

     

     

dx dx? 

dH; dH; 15 K!), =— OG ae 

(Ke; Mb = (K; iL 2 le dx dx 

dH; dH; 

(Kay) = UG) io da dz 

(Ki?) = Doo Aj; dx 

  

  

  

le 

(K??), = (Ki?) = A Do3 Ai; om dz 

(KP), = (Ki?)1 = ; Dos H; ue I dx 

(KP), = (Ki?) = -2 , DoH; “i dz 

(KB)n = (K)n = -2 | Dass G2 ae 

    

277. J2 77. 

(KF) = (KG? )n -| Das Bi di dx 
le 

  

dz? dz? 

d*H; dH; 
(Ki?) = (K3?), = = 2 P34 dx? ad — dz 

  
a? H; wt 

(Ki? )1 = (KS) n= 2 | D36 Tat Tat 

@H; dH; dH; dH; 
diet dg © + f Dia da ** 
    (KE)r = Dss—— 

  
d*H; dH; 

(KB )p = (KF )t =2 | Das — dx 
le dx? dx 

Appendix: Finite Element Equations and Element Matrices 105



PH, dH; | 
  

  

  

  

(Kip )n = (KFi)n = 2 Ce Ds6 7a? da 

(Ki?)t =4 Ce Das “* ea dx 

(K?? L>= (KG?) =4 le Dg * ae dx 

(KE), =4 | Deo FAS aa 

Nonlinear Element Stiffness Matrix 

(Ki; i — (Ki} wi = (Ki; wr = (Ki? wt =0 

  (KP) np = 0.5(K3}) wy = 05 | (Das + Div) “ dx 

(KGj wn = 0.5(K3) wn = (Kij) wx 

(Ki?) wr = 0.5(K3)) wz = 0.5 | Dy eH, dzx 

(Kip wi = 0.5( KF} we = (KG?) 

(KP) wr = 0.5(K3?) wy = 0.5 | (Dy + Dn) Hit dx 

(Ki) = 0.5( KF) we = (KP) ne 

25) g B52) Gwo pr ry (KG; \NL = 0.5( K3; \NL = 0.5 Doe dz AH; dx 

h 

(Kio) vn = 0.5(K8? wr = (KP) vy 
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dwo 2 dwo 
(Di ($2) + 2D42 Te 2° + D22(T)*) 

dH; dH; 

dx dx 
  (K??) nz = 0. 5 | 

fe 

d d*H; dH; dH; d*H; 
05 | (Dis + D237) ( 742 1) dx 

te 
  

dx? dz dx dx? 

  
dw dw dH; dH; 

(K34) vr, =0.5 | (Di (=) + 2D12.— To + Do2(T) = = dz — 
Le 

      
dw d? H; dH; dw dH; dH; 

05 | ((Dis—— + Do3To) >" = + 2(Dis —— + Dos To) —}) da 
£ 

         

          

  

. dx dx? dx dx dx? 

dwg dwo dH; dwo d* H; 
KP wn = 05 f ((Di2 — dz + D22T>)—— dz dz ——H; - Do3—— dx dx a2 * H;) dx — 

d 2 | (DuGe+D H; ao de 

x 

dw dwoy dH; dwo d* H. 36 _ 0 0 a 0 a 

(BI = 08 f (Dia GP + Dua) Ge Get — Ds Ge Gar Hs) ae - 
d d 

2 | (Dee 0 5. Hi eee dx 
x 

dwo dwo dH; dH; 
KB =05 | D 2D12 —Th + D22(T I dx — (KG wn (on ($2) 4 127 To + 22(7o)") S— io 

      
dw d? H; dH; dw dH, d*H; 

0.5 | ((Dis—— ° ~ D257) + 2(Di3—— + D237) *) dr 
é 

  

  

. dz? dx dx dx dx? 

dwo dwo dH; dH; 
(KM) ni= 0.5 | Diy €) + 2D12 Tr 0 + Do2(T%)? 2 dr — 

d te ( d ) dx dz 

dwo dH; dit; dH; d*H, 

05 f (Dis Ge + Dost) (Fs dz +? de dx)” 
e 
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dw ~ dH; dwo d? H; 
(Ki?) nz = 0.5 [ (Dis + Do2To) da —H; — Das Te dat 23) dx 

dwo dH; dH; 
2 | Du Ge + Dat da da — dz 

dwo ave dH; dwo d? A; 
(KP) ny = 05 f ((D32— de + D22To) de ——H; — Do, — daz da? —— H;) dx — 

dw an dH; 
2 | (Dis o 4 a J dx 

dwg no ir oH dwg _. d°H. 
Ke: = D DoT J _ 2Do3—H;; I) dz — (KP? )nb = of ((Di2— dn + 2 Ore iT; 23 3) r 

avo dH; dH; 
D Ti I dx [0G 147,_ Dos 0) dx dz 

dw dw dH; dw d? H; 
Ke) ni = = a ~~ 9 Fy. dr — 

( \NL = 05 f ((Di2— dz ° + Do27p) A; dz 2De5 da de 1) x 

mo set dH; 
— dz 
dz 

       

dwy dH; dH; dwy \ 
si | (- Do = (Ge dz ——H; + 2H; Fa) + 0-5D22 (=) H;H;) dx 

Le 

dw dH; dH; dwy 
(KP ut = | (Gouge 7 *H; + 2D Hi; ie —+) —0.5D22 (3) H;H;) dz 

é e 

  

dwo dwo .. dH; dwy .. dH; 
(KP) wx = as | (Di — + Do2T))— Tn H; = — 2Dx3— Hi 3) de - 

dwo dH; dH; 

[owe dz + P2670) dx dx an 
e 
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dwo dwy _ 4H; dwy ,, dH; 

  

             

64 — Uv. _ H;—— —2D t _ (Kij )a 05 f (Diz 7a + D22To)—— 7g tt de 27 His ) dx 

dwyo dH; dH; 

ee dc dz ** 

(Ko?) .=-| (“ee - 5) —05Dn €) HH;) dx 
Le 

dwo ,adH; di; d (KB )uz = | ( — Dog 22 (tH; + 2H; 4H) + 05Dm (4°) 1.H,) 
£ ¢ 

Initial Stress Matrix 

dH; dH; ap — (KG ).= | p(t) Fde a, = 3,4   

All other submatrices are zero. 

Tangential Stiffness Matrix 

(Ki})7 = (Ki})t 

(Ki? )7*" = (Ki? )t 

(Kip)? = (KP)7" = (Ki?) 1 + (Ki?) 

(Kip )7o" = (KP) = (KiB) 1 + Ki} ) 

(Kj? )79" = (KR )7" = (Ki?) t + 2(K}) wt 

(K1S)Tan — (KS})Tm — (K18), + 2(K}9) vr 

(KP )7" = (KP )p 

Appendix: Finite Element Equations and Element Matrices 109



¢ 

(KiP)To" = (K32)P" = (KP), + (KP) wi 

(KER)T" = (KG) = (KG) n + 2K) wt 

(KP )Por = (KG?) 7" = (KP), + (KP) wn 

(Kip)79" = (KF?)7%" = (KP) a + (KP) wt 

(Kip )79" = (Ki?) 1 + (KG} e+ 

dH; dH; dwo dwo 
  

  

  

                

[ (Nz + Dis €) + 2D12—7 To + Daa (To) 2) = “2 dr — 

[ose + Dag) a a oF) as 

(KBP = (KP) = (KYL + (Kat 

i (Ne + Dis Senne 
os see dr — 

[ 0G + Dot) Ge “i +(D ae dH; Hh dB ) de 

(Ke )t — (Ke? Tan __ = (K}?)i+ 

dH; 

dx 
    J (Ney + +(D2 2 + Dn) °) 

e 

d c Hi; d a ad; 
/ (D23—— ~0 —; H; + 2(Dyy,— + Do47p —*) dz 

t dx dx dx 
    

¢ 

(K36)Tar = (KEP) = (KB) + 
avo) H; dr — dwo 

Nz D Do2To [i y + (( 127 + Dap 0) 7 
e 
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/ ( Dos ave oH yy, a dH; a dex 

(KGS) = (KG )n + (Kis) s + 

[ (Nz + Diy €) + 2Di12 ee: + D22(Tp) 0 a dx — 

[ (Dis 2 + DasTa)( “ + “* oH ) dx 

(Kp °°" = (KG)" = (KG) + 

[ (Ney ++ (Di + Day) 2) H; — rs oH H; dx — 

2 | (Dis ro dH; ee de 

(Kip)? = (KR) = (Kp )n+ 

(Noy + + (Dn + DiI) ) ae H; — Dos avo ieee H; dx — 
le 

dwo aH; dH; Dig eo 2 | 16 + D267) —— Tn 2 dx     

e 

  

dw dw dH; dH; K? Tan _— K® / Owe jH; —- 0 . J tT. (K5>) (KB), + ; (Daz { | HGH, 2Do4— (Hi * + 7H) de 

(Kp )7a" — (KP Tan __ = (KPP)r+ 

d yd dH; dH; / (Dey ( ‘uo HH; - — —, (Ds Hy + Das Hi") dx 
£ € 

  

dw dw dH; dH; K6)Tan _ (;66 / Do» {| —2 wa —2D °(H, 4 ty. 
( is ) ( aj )b + . ( 22 dx j 26 dz ( dz + dz H;)) dx 
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