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by 

Vikram Marathe 

Dr. Hanif D. Sherali, Chairman 

Industrial and Systems Engineering 

(ABSTRACT) 

This thesis deals with the analysis of a discrete equal-capacity p-median problem, where the 

costs are directly proportional to the shipping distance and the amount shipped. A mixed 

integer programming formulation of the unbalanced, but equal capacitated case is analyzed. 

First we develop a dynamic programming procedure for a p-median problem on a chain 

graph. In the second part we develop an algorithm to solve a p-median problem on a 

general network. First a heuristic algorithm is used to obtain an upper bound on the 

problem. Next, we obtain a lower bound on the problem by solving a Lagrangian relaxation 

of a reformulated problem via a conjugate subgradient optimization procedure. We obtain 

Benders’ cuts from the above procedures and proceed to a modified Benders’ approach to 

solve the continuous relaxation of the original problem. Finally a branch-and-bound 

algorithm that enumerates over the location decision variable space is used to obtain an 

integer optimal solution. Computational experience is provided to demonstrate the efficacy 

of the algorithm.
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CHAPTER | 

Introduction 

1.1 Problem Statement 

The p-median problem is a discrete optimization problem that belongs to the 

general class of problems traditionally referred to as location-allocation problems. 

These problems concern themselves with simultaneously locating a set of service 

facilities and satisfying the demands of a given set of customers, the objective usually 

being to minimize the combined cost of location and distribution. Examples of such 

service facilities include factories, warehouses, schools, machines, and departments 

within a production facility, and the model also arises in the design of transportation 

and information networks. 

In general, the capacity of each service facility, or supply center, and the 
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location and demand of each customer are fixed and known. Costs to be considered 

include construction, production , and transportation costs. In the case of discrete 

problems, the facilities to be located can only be placed at a finite number of 

potential sites selected via some prior analysis. The most widely studied problems of 

this nature are: the p-median problem, the p-center problem, the uncapacitated 

facility location problem, and the quadratic assignment problem. In this research, we 

will consider the p-median problem. 

The p-median problem is a special case of minisum location problems. The 

total transportation cost for this class of problems is obtained by summing the 

component transportation costs for each commodity and each demand point. 

Locations that minimize this total transportation cost, are called "minisum”" locations. 

The p-median problem essentially deals with locating exactly p service facilities so 

as to minimize the total amortized location and transportation cost. In particular, the 

p-median problem considered here will assume that all the service facilities deal with 

a single commodity, and have equal size capacity restrictions. 

1.2 Problem Formulation 

The p-median problem tries to optimally locate exactly p facilities in a 

network, such that the demand at each of the nodes is satisfied. There are two 

versions possible a) Capacitated and b) Uncapacitated. In the capacitated version 
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each facility has a certain fixed supply to dispense. However, in the uncapacitated 

version, all the facilities have unlimited amount of supply available, although in 

reality, one typically encounters problems that do have capacity restrictions. The 

present thesis considers the equal-capacity case in which all the facilities have the 

same amount of supply, namely s units available. However, we can locate more than 

one facility at a site. This essentially means that we are trying to locate facilities such 

that at some of the nodes the available capacity is some integer multiple of s. The 

motivation in using such a model is that this model is fairly realistic, as mostly in 

practice it is easier to set up similar facilities with progressive size limits. 

There are many variations of the p-median problem such as multiproduct, 

multiperiod (i.e. the demand varies with time) that one frequently encounters. Often, 

these variations lead to problems of structure similar to the basic models, and also 

admit similar solution procedures. Hence, the basic models are the ones that are 

most popularly used. 

The p-median problem introduced above may be formulated as follows : 

PMED: Minimize 

C oy wll 

Subject to : 

x, = 4 Vil... 12 
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X, < SY; V i=l,....m 

xX, S U;*y, V i,j=l.,....n 

x20, y20, y integer 

where n : number of demand points/nodes 

S : supply available at each facility 

d; : demand at node j 

u; : min{s,d}} gives an upper bound on x; if y; = 1 

p _: number of supply facilities to be located 

y, |: number of facilities located at node i 

X;  : amount shipped from facilities at site i to satisfy 

demand at location j 

C, : cost of shipping one unit from facilities at site i 

to demand node j 

The variables x; and y, are the decision variables. 

13 

1.4 

1.5 

1.6 

The Problem PMED stated above is a discrete location-allocation problem. 
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Given a fixed set of locations y,, i = 1,....n the above problem reduces to a simple 

transportation/allocation problem. Given a fixed set of allocations, i.e, the amount 

shipped to each of the nodes from the p facilities the problem reduces to p single 

facility location problems. Each of these can be solved separately, by locating the 

facility at the median location with respect to its allocation scheme as shown by 

Hakimi [1964,1965]. 

The p-median problem is known to be NP-hard; for a detailed discussion on 

this subject the reader is referred to Kariv and Hakimi [1979] and Garey and 

Johnson [1979]. However, as will be discussed in Chapter 2, the problem has been 

solved successfully using mathematical programming techniques, branch-and-bound 

procedures, and heuristics. 

1.3 Objectives 

The aim of this research is to develop two solution procedures for the p- 

median problem. The first of these is a dynamic programming algorithm applied to 

the p-median problem when the demand nodes are restricted to lie on a chain graph. 

The second method uses a modification of Benders’ algorithm in a branch-and-bound 

framework for the p-median problem formulated on a general network. 

This study is organized as follows. Chapter 2 presents a literature review on 

p-median problems, and on location-allocation problems. Chapter 3 details the 
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dynamic programming algorithm used to solve the p-median problem on a chain 

graph. Chapter 4 describes the Benders’ method used in conjunction with a branch- 

and-bound algorithm. Computational experience has been presented in Chapter 5. 

Conclusions and suggestions for further research are presented in Chapter 6. 
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Chapter II 

Literature Review 

The p-median problem being a discrete location-allocation problem, we first 

discuss some discrete location-allocation problems, before proceeding to discuss 

direct treatments of the p-median problem itself. 

2.1 Discrete Location-Allocation Problems 

The discrete location-allocation problem involves a network in which the 

facilities may be located only at certain discrete locations in a network. The discrete 

capacitated location-allocation problem can be mathematically modelled as follows. 
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DLAP : Minimize 

subject to : 

Vd Cay + LL Pinkie 
i=l j=l i=l j=l 

> yy = 1 Wiel, 
j=l 

vy = 1 V j=l, in 

i=1 

X20 V iy=l,...m, V k=1,... 

Vij binary WV ij=l,....m 

where the decision variables are 

and where 

Cc. = 
y 

Literature Review 

1 if supply center i is 
constructed on location site j 

Q otherwise 

2.1 

20 amo ee 

2.3 

2.4 

2.5 

2.6 

2.7 

annual number of units produced by supply center i 

at site j for customer k 

annualized cost of locating supply center i at



location } 

Pik = total cost (production and transportation) of a 

unit produced by supply center i at site j for 

customer k 

S, = annual capacity of supply center i 
i 

d, annual demand of customer k 

The new facilities are restricted to certain discrete location sites by constraints 

(2.2), (2.3) and (2.7). Constraint (2.4) ensures that whenever y, = 0, the 

corresponding X;;,’s are zero, and when y; = 1, the sum of x,, equals the supply at 

facility i. Constraints (2.5) and (2.6) ensure that the customer demands are satisfied, 

and the amounts shipped are nonnegative. 

This particular formulation is tackled in Sherali and Adams [1984]. They use 

a modified Benders’ approach embedded within a branch-and-bound framework to 

solve the above problem. The problem is decomposed into a master problem and a 

subproblem. The continuous relaxation of the master problem is solved using 

Benders’ decomposition in order to derive a lower bound on the problem, this is also 

used to derive a strongest surrogate constraint for the purpose of conducting logical 

tests. The solution of each subproblem gives an upper bound as well as a Benders’ 

cut which cuts off the previous solution. On completion of solving the continuous 

relaxation, a branch-and-bound algorithm is used to obtain the integer optimal 

solution. The present thesis utilizes their technique in order to solve the p-median 

problem. 
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Christofides and Beasley [1983] use a different formulation of the capacitated 

location-allocation problem, which they solve using Lagrangian relaxation. Here, 

instead of using the location variables in a separate assignment like structure, or 

permitting the location of various capacitated facilities at any location as we do, their 

location variables simply indicate whether or not a facility is opened at a given 

location. These facilities can be located only at certain predefined potential 

warehouse locations. If a facility is opened at a given site, then the total shipment out 

of that location is bounded from above by a capacity, and is bounded from below by 

a minimum utilization factor. Moreover, they specify a range for the total number of 

facilities that may be located. Beasley [1988] modified this solution procedure to 

reduce the computational effort. First he utilizes Lagrangian relaxation to solve the 

continuous relaxation of the problem. The corresponding Lagrangian dual problem 

is solved using a subgradient optimization procedure. The problem is then solved 

using a binary depth-first tree search procedure, computing a lower bound at each 

tree node via the Lagrangian relaxation and the subgradient procedure. The problem 

considered in the present thesis differs in that if a site is used to locate a facility, we 

permit the design of the size of the facility that can be located thereon in multiples 

of a basic capacity size s, rather than continuously within a range. The present thesis 

also imposes the restriction that exactly p facilities must be located. The proposed 

solution procedure utilizes a conjugate subgradient procedure to solve the Lagrangian 

relaxation of the reformulated linear program to obtain a strongest surrogate 
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Benders’ cut. The reformulation cuts off some of the non-integer linear programming 

relaxation region to obtain a tighter representation of the original mixed integer 

problem. 

Some of the other papers in the area of capacitated location-allocation 

problems include the work of Jacobsen [1983] in which the author has extended some 

of the well known heuristic techniques used in the uncapacitated plant location 

problems to the capacitated facilities model, and the work of Van Roy [1981, 1986] 

who has applied the cross decomposition technique for mixed integer programming 

problems to facility location problems. In this approach he uses a Benders’ 

decomposition method. This implementation requires only one full cross- 

decomposition iteration and does not require the solution of the Benders’ master 

problem. It alternates between solving Benders’ subproblems and Lagrangian 

subproblems. This technique has been successful in solving large-scale capacitated 

plant location problems. 

Bartezzaghi et al [1981] have applied a tree search algorithm to solve 

capacitated location problems. They derive a lower bound by solving a transportation 

problem. Bitran et al [1981] have proposed an inverse optimization technique using 

both Lagrangian and group theoretic techniques. The reader is also referred to 

Magnanti and Wong [1990] for a further discussion on various decomposition 

methods applied to facility location problems. 

The uncapacitated facility location problem has been studied very extensively. 
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For a detailed discussion and an up-to date survey the reader is referred to 

Cornuejols, Nemhauser, and Wolsey [1990]. 

2.2 Continuous p-Median Problems 

The earlier formulations of the p-median problem, starting with the work of 

Kariv and Hakimi [1979], restricted the demand to occur only at the nodes of the 

network. However, in problems involving the location of emergency or public service 

or utility stations, one must allow for demands to occur continuously on links as well. 

The main difference here from the facility location problems involves the restriction 

that exactly p supply centers be located. 

Handler and Mirchandani [1979] formulate such a problem and then 

approximate it by replacing the continuous demand on each link with a concentrated 

centroidal demand point. Alternatively, one can obtain a closer approximation by 

using several concentrated demand points to replace the continuous demands on each 

link. Minieka [1977] adopts a non-discretized approach to this problem. However, 

here, the demand on a link is said to be served by travelling to the furthest end of 

the link. This is called a general absolute median of the network. Slater [1981] 

considers a similar type of problem, where a tree network is specified in which the 

demand is characterized by a collection of subtrees. A facility is said to serve a 

demand subtree by travelling in the network to the closest point in that subtree. Chiu 
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[1987] considers a single facility, and the average distance function to be minimized 

is characterized as a function of the location of this facility. 

Cavalier and Sherali [1986] consider minisum location-allocation problems on 

undirected networks in which demands can occur on links with uniform probability 

distributions. Two types of networks are considered, namely, a chain graph and a tree 

network. But these approaches consider only the case of the uncapacitated facilities. 

Sherali and Nordai [1988a] analyze the capacitated p-median location- 

allocation problem on a chain graph, in which there may exist a continuum of 

demands on the links characterized by some demand distribution or density functions. 

Sherali and Nordai [1988b] extend the above problem to locating an absolute 2- 

median on an undirected tree network. This paper, however, assumes a balanced 

network, i.e., a network in which the total supply is equal to the total demand. 

Sherali and Rizzo [1991] consider the unbalanced case for p-medians on a chain 

graph. Two unbalanced cases of this problem are considered, namely, the over 

capacitated case when the total supply exceeds the total demand, and the deficitly 

capacitated case when the total supply is less than the total demand. 

Cavalier and Sherali [1985] consider multiperiod minisum location problems 

on trees with continuous link demands, in which multiple facilities need to be 

located, but due to budgetary constraints or some other factor, at most one facility 

can be built per time period. Thus, the facilities must be located in a sequential 

fashion. They also allow demands to change dynamically over the time periods. 
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However, their paper considers only the uncapacitated case. Sherali [1991] provides 

the analysis for a capacitated case, in which one additional capacitated facility is 

located in each of the p specified periods. The paper addresses two types of objective 

criteria, the first is a myopic strategy in which the present period cost is minimized 

sequentially for each period, and the second is a discounted present worth strategy. 

In general, sequential and dynamic location-allocation problems involve time 

dependent components, information, and decisions. Typically, the demand varies in 

a given manner with respect to time. 

The next section deals with p-median problems in which the demand occurs 

only at the nodes in the network. The present thesis addresses this discrete version 

of the p-median problem. 

2.3 The Discrete p-Median Problem 

The available approaches for solving the p-median problem can be classified 

into the following categories 

1) Graph-theoretic 

2) Heuristic 

3) Mathematical Programming 

Other than these three, one can also use total enumeration to enumerate all possible 

solutions to obtain an optimal solution. Although this approach is not very practical 
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for most real problems, it may be the best solution technique to use if the problem 

size is relatively small. 

2.3.1 Graph-Theoretic Procedures 

Graph-theoretic approaches take advantage of the special network structure 

to determine the p-medians. Goldman [1971] presents an algorithm for the 1-median 

problem. This algorithm, called the "Majority algorithm", finds the 1-median of any 

given tree network, and is also applicable when the tree network has probabilistic 

link lengths. Mirchandani and Oudjit [1980] explore solution procedures for solving 

the p-median problem for both deterministic and probabilistic tree networks. They 

present two algorithms, the "Improved link-deletion" algorithm for the deterministic 

case, and the "Selective enumeration" algorithm for the probabilistic case. 

For tree networks the Link-deletion algorithm requires a total of O(n’) 

operations. In case the distance matrix for the tree network is not given, we can 

compute the distance matrix in O(n’) operations. Thus the overall complexity still 

remains O(n’). 

2.3.2 Heuristic Approaches 

Heuristic methods rely on intuitive trial and error methods, but these cannot 
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guarantee an optimal solution. However, such procedures are usually applied to any 

general network structure. Heuristic procedures are especially important when one 

can accept any "good quality" solution and optimality is not essential, or when the 

problem size is much too large to practically obtain an optimal solution. 

Some of the important heuristic procedures include the "Node partitioning 

scheme" of Maranzana [1964], the "Greedy or Myopic strategy" proposed by Kuehn 

and Hamburger [1963], and the "Node substitution" procedure of Teitz and Bart 

[1968]. For a review of these methods, the reader is referred to Handler and 

Mirchandani [1979]. 

2.3.3 Mathematical Programming Techniques 

Mathematical programming approaches are generally based on an integer 

programming formulation of the p-median problem. Since there are many integer 

programming routines available, and as there is a large base of theoretical research 

in Mathematical programming, this approach has attracted a great deal of scrutiny. 

The mathematical formulation for the p-median problem can be divided into two 

groups, the capacitated and the uncapacitated formulations. 

The p-median formulation as given in Section 1.2 is for the capacitated 

version. Here we give one possible problem formulation for the uncapacitated case. 
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Minimize 

Subject to 

where 

ij 

x,y binary 

1 if the demand at node 1 is 

serviced by facility at node j 

0 otherwise 

1 if a facility is established 
at node j 

0 otherwise 

2.8 

2.10 

2.11 

2.12 

and where there are n demand nodes and m potential sites. As can be seen, this 

problem statement does not allow for capacitated facilities. Further, note that each 

facility either serves the demand at a given node completely or does not serve that 
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particular node at all. In this formulation, it is possible that some facilities serve a 

lot more of the demand than others, leading to overburdening of certain facilities. 

We now discuss some of the algorithms developed for the uncapacitated p- 

median problem. ReVelle and Swain [1970] and Scharge [1975] have used linear 

programming (LP) relaxations, in which they relax the integrality requirements in 

Equation (2.12) above. The resultant linear program may give integer solutions. It 

has been shown by Oudjit [1981] that the LP relaxation always gives an optimal 

solution for the class of simple networks such as a line network that consists of a 

single simple path, single cycle networks, or a forest having such components. The 

main problem, however, with these methods is that for general networks, the solution 

to the LP relaxation may turn out to be non-integer. 

Cornuejols et al. [1977] present a two phase approach for generating and 

verifying near-optimal solutions for the uncapacitated p-median problem. In the first 

phase a greedy-interchange heuristic generates good upper bounds on the optimal 

solution value. In the second phase they obtain a Lagrangian relaxation by dualizing 

the assignment constraints (2.9) given above. Narula et al.[1977] have also 

successfully used the Lagrangian relaxation approach to obtain lower bounds for the 

p-median problem. 

Galvao [1980] modified the dual based approach for the uncapacitated facility 

location problem proposed by Erlenkotter, to solve the p-median problem. He 

applied the heuristic ascent procedure to the dual problem obtained by relaxing the 
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assignment constraints (2.9) and the p-median constraint (2.11) above. The lower 

bounds generated by the dual problem were then used in a branch-and-bound 

solution procedure. Mavrides [1979] developed another dual approach in which he 

used Lagrangian relaxation by dualizing only the p-median constraint. 

2.4 Variants of the p-Median Problem 

The p-median problems discussed in the earlier two sections consider mostly 

uncapacitated facilities. Only a few studies of the continuous problem consider 

capacitated facilities. The present thesis deals with the discrete capacitated p-median 

variant. P-median problems in various other forms have also been studied. In some 

variants there are additional constraints, while some other variants consider the 

problem for spatially stochastic demands. Some of the important variants found in 

the literature are discussed below. 

Capacitated facilities : In this type of formulation, including the one used for 

this thesis, each facility has a limitation on how much demand it can serve. Levy 

[1967] has shown that the node optimality property holds for this case as well. Thus, 

one need only consider the nodes in the network for possible facility locations. There 

are Several procedures available for the capacitated facility location problem, some 

of the examples being Sherali and Adams [1984], Van Roy [1981,1986], Beasley 

[1988] . 
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Capacitated flows: In the previously considered problems, there is no limit on 

the amount that can be shipped between any two nodes in the network. In this 

particular variant, however, the amount of goods or services that may be shipped 

over any arc is restricted by the capacity on that arc. Hakimi and Maheshwari [1972] 

prove that the node optimality property holds for this case as well. 

Distance constraints : These variants impose additional constraints on the 

distance between a facility and the demand nodes serviced by that facility. For 

example one might have a requirement that the closest facility to each demand point 

must be within a specified distance from the demand node. These problems are 

discussed by Moon and Chaudhry [1984], and Choi and Chaudhry [1991]. 

Other than the above variants, there are problems which use spatially 

continuous demand and/or stochastic demands which were mentioned earlier in 

Section 2.2. 

This thesis deals with the capacitated p-median problem. The problem 

formulation assumes the capacities to be equal as motivated earlier. In Chapter 3, 

a dynamic programming procedure is used to solve such a p-median problem on a 

chain graph. Chapter 4, then presents a procedure for the p-median problem on a 

general network. First, a location-allocation interchange heuristic is used to calculate 

an upper bound on the objective value. Next, a reformulation linearization technique 

as given in Sherali and Adams [1988,1990] is used to tighten the linear-programming 

relaxation of the problem. However, as the size of this reformulated problem is 
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prohibitively large, Lagrangian relaxation is used to handle the resulting formulation. 

The resulting Lagrangian dual problem is then solved using a conjugate subgradient 

optimization procedure. This gives a strongest surrogate Benders’ cut which is added 

to the Benders’ master problem. From here on, Benders’ procedure is used to solve 

the master problem with the integrality constraints relaxed. Finally, a branch-and- 

bound procedure is used to obtain an optimal integer solution. 
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Chapter Ill 

Dynamic Programming Procedure 

This chapter presents a dynamic programming based solution procedure to 

solve an equal-capacity p-median problem on a chain graph with demands located 

at the nodes. The proposed dynamic programming algorithm is developed for two 

cases, namely, the over-capacitated case in which the total supply exceeds the total 

demand, and the deficitly-capacitated case in which the total supply is less than the 

total demand. It has been shown by Sherali and Rizzo [1991], that for both the over- 

capacitated and the deficitly-capacitated cases, the p-median problem on a chain 

graph is NP-hard. As shown by Sherali and Nordai [1988 a] the balanced version of 

this problem is polynomially solvable. 
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3.1 Problem Statement 

We begin by presenting the problem statement for the balanced case, along 

with certain optimality conditions. The next two sections then give the problem 

Statement and the dynamic programming algorithm for the over-capacitated case and 

the deficitly-capacitated case. 

Let G(N,A) be a chain graph, where N is the set of some n vertices or nodes, 

and A is the set of (n-1) undirected links or arcs I(i,j) connecting adjacent node pairs 

i and j, in N. Let this chain graph be represented as a closed, finite interval [0,c] on 

the real line. Hence, the shortest distance between any two points P and Q on G, and 

therefore on [0,c], is given by d(P,Q) = | P-Q |. Thus we can calculate the total 

distance matrix. In the formulation for the balanced case that follows it should be 

noted that the total demand equals the total available supply (p*s). This particular 

formulation can be very easily solved by applying the PFL allocation scheme and 

using median locations as shown by Sherali and Nordai [1988 a] 

Accordingly, this problem can be stated as 

CP: Minimize 
n n 

Cx; | 3.1 

~.
 i=l j=l 

subject to : 

x, = d. WV j=i,...n 3.2 

~,
 u _
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x, = sy, ViFl,...m 3.3 
j=l 

Sy, = p 4 

i=1 

x20, y20, y integer 3D 

where C; represents the cost of shipping a unit of the product from a facility located 

at node i to a demand point j. The decision variable x, represents the number of 

units shipped from facility i to node j. The decision variable y, is 1 whenever a facility 

is located at node i, and is 0 otherwise. The quantity p is the number of facilities to 

be located. The parameter d; denotes the demand in units at demand node j, and s 

denotes the supply available in number of units at each facility. 

Note that we are considering the equal-capacity case in which all the facilities 

have equal s supply units. However, as suggested by Sherali and Rizzo [1991], we can 

use the procedures given below and extend them to problems with different supply 

values. This can be achieved by arranging the facilities in a sequence and solving this 

resultant problem using the dynamic programming procedure given in this chapter. 

However, one must apply this technique to all possible distinct permutations of 

supply values. Thus, if s,,...,8, denote the supply values and r is the number of distinct 

supply values, and if p, is the number of facilities having the same i" capacity value, 

then we need to solve p!/p,!*p,!*...*p,! problems, to find an optimal solution. 

The dynamic programming procedure given here uses the fact that, given an 
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allocation scheme, the problem is trivially solved by locating each facility at a median 

location with respect to its allocation scheme. The above formulation locates the 

facilities only at nodes of the chain graph. However, Levy [1967] has shown that 

there exists an optimal solution, for which all the p facilities could be located at the 

nodes in the network. Furthermore, from Sherali and Nordai [1988 a], for the 

balanced case, we can state the following theorem 

Theorem 1. There exists an optimal solution to Problem CP, for which 

(a) each facility i serves an interval [y,6], where y and f are two nodes in G(N,A), 

and the location y, € [7,8], where the demand at nodes y and @ may be fully or 

partially supplied by the facility at i, and such that 

(b) 

a-l 

Lx, < D,/2 
J-¥ 

B 
ey xy Ss D, | 2 

where a@ denotes the node at which y, has been located, and D, denotes the demand 

in the interval ['y,8] served by the facility i. 

Thus, part (a) above asserts that, there exists an optimal set of allocation 

functions, such that the demand regions served by facilities are all intervals with 

pairwise disjoint interiors, and appear from left to right in the same order as do the 

facilities themselves. Sherali and Nordai [1988 a] call this as the "Pack it From the 
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Left" or PFL allocation for each of the facility. 

Part (b) of the theorem, simply states that each facility must be located at a 

median location with respect to its allocation scheme. Handler and Mirchandani 

[1979] show that the location y, € [0,c] is an optimal location for facility i if and 

only if it is a median location with respect to its allocation function. The above 

theorem will be shown to be applicable for both the over-capacitated as well as the 

deficitly-capacitated case. For the solution procedure of this case the reader is 

referred to Sherali and Nordai [1988 a]. Further, note that the balanced case can be 

regarded as a special case of either the over-capacitated or the deficitly-capacitated 

cases discussed in the following sections, thus, we can also employ the solution 

procedures outlined for either of these cases. 

3.2 Over-Capacitated Problem 

The problem formulation for the over-capacitated case differs from the 

balanced case only in Equation (3.3), and can be written as follows. 

OLAP: Minimize 

C.x 3.6 

subject to 

x. = d. Vj=l,...n 3.7 
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xi s SY; V i=1,...,7 
2.8 

jel 

yj, = P 3.9 
i=1 

xij s u,*y; Vv i,j= 1,...,7 29.10 

x20, y20, y integer 311 

Thus, in this case, the demand at each node will be completely satisfied as 

given by Equation (3.7). However, certain supply facilities will have excess supply 

remaining unused. 

3.2.1 Dynamic Programming Formulation 

For problem OLAP given above, Sherali and Rizzo [1991] have shown that 

the PFL allocation scheme remains valid. Hence, an optimal allocation scheme is to 

dispense the supplies of the facilities from left to right, one at a time in the same 

order in which the facilities are permuted from left to right although not necessarily 

exhausting each facility. Let each unit of demand be numbered sequentially from left 

to right. Thus, if the total demand is N units, then {1,...N} indexes each unit of 

demand sequentially from left to right. 
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Let us now define stages, states, and decisions as follows : 

Stage(k) : There are p stages in this formulation. Each stage k, for 1 < k < p, 

corresponds to a situation where, k facilities are remaining to be located to the right 

of the last facility located. Thus, at stage k, some (p-k) facilities are assumed to have 

been located. 

State(s,) : A states, at stage k denotes the indexed demand in {1,...,N} such that 

demand {5s,,....N} is to be supplied by the k remaining facilities and the demand 

{1,...,8,-1} has been supplied by the (p-k) facilities that have already been located to 

the left of these k facilities. 

Decision(,): A decision 6, at stage k and for any state s, denotes the indexed 

demand in {1,....N} such that demand {5,,...,6,} is served by the facility that is being 

currently located. 

Let A denote the difference between the total supply and the total demand 

given by, 

A = p*s-N 

We now present a state-decision space reduction technique that can be used for this 

problem. 

3.2.2 State-Decision Space Reduction 

For the over-capacitated case, we will only consider the cases where s < N 
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and p < N. Both of these conditions are in fact reasonable as 

1) The condition s > N, is nothing but the uncapacitated case, which can be 

solved polynomially as shown by Kariv and Hakimi [1979], and Hassin and Tamir 

[1991]. 

2) For the case when p 2 N, we can locate one facility for every unit of demand 

at each of the nodes. Then each facility is assumed to supply one unit of demand at 

that node only. 

The following steps detail the state-decision space reduction process 

Step 1: For stage 1, ie., fork = 1, we know that 

6,=N 

Now, we need to find the range of values that s, can take. Let 

s, € {L.,....M,} 

denote the range of values for state s,. Then we can show that 

L, = max {p, N-s+1} 

Obviously, the leftmost demand from which this facility can start serving is (N-s+ 1). 

However, if (N-s+1) < p then this facility need supply at most the demand from 

{p,....N}, since the (p-1) demand units remaining to the left can be supplied by the 

earlier (p-1) facilities. If the current facility were to serve the demands indexed less 

than (p-1), then this case would be suboptimal, since there is no fixed charge 

associated with locating a facility, and one can always locate all the facilities with 

each serving at least one demand unit. Similarly, 
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M, = min {N-s+1+A,N} 

That is, the rightmost demand from which point onward the current facility can serve 

demand is (N-s+1+A); which is same as (p-1)*s+1, and occurs if all the earlier 

facilities use all of their available supplies and the remaining demand is served by 

the current facility. However, clearly if (N-s+1+A) > N then the rightmost demand 

unit from which this facility can serve is N. 

Step 2: For stages k, such that 2 < k < p, we have 

6, € {L,,-1,....M,,-1} 

based on the fact that the current facility must serve demand upto (s,.,-1) for some 

State variable at stage (k-1), i.e. upto the demand immediately to the left of demand 

from which point onwards, the remaining k-1 facilities serve. 

For the range of the state variables at stage k, we have, 

s. € {L,,....M,} 

Here, 

L, = max{p-k+1,N-ks+1} 

gives the leftmost demand from which the current facility can start serving. This is 

(N-ks+1) when the current facility and the facilities to the right of it serve their full 

supplies. However, if (N-ks+1) < (p-k+ 1), then we need only consider demand from 

(p-k+ 1) onwards, as the other p-k demand units will be served by the previous p-k 

facilities. Also, 

M, = min{N-ks+1+A,M,,-1} 
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since this facility can start serving from as far to the right as (N-ks+1+A), which is 

the same as (p-k)*s+1, and occurs if all the previous (p-k) facilities use up their 

supplies totally. However, if (p-k)*s+1 > M,.,-1 then M, must be equal to M,.,-1, as 

M,,., is the rightmost demand point from which point onward the (k-1)* facility must 

start serving. Also, since we are going to locate all the facilities, the state variable S, 

must be equal to 1. 

The range of values allowed for state and decision variables have been 

summarized in Table 3.1. The discussion on (a) locating a facility, given its state and 
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Table 3.1 The state-decision space for the over-capacitated problem 
  

  
  

  

  

For k = 1, 

6, = N 

s, € { L,....M;, } 

where L, = max {p,N-s+1} 

M, = min { N-s+1+A,N } 

or M, = min { (p-1)s+1,N} 

For2<k<p, 

6, € { L,4-1,....M,.;-1 } 

s, € { L,....M, } 

where L, = max { p-k+1, N-ks+1 } 

M, = min { N-ks+1+A,M,_,.-1 } 

or M, = min { (p-k)s+1,M,,-1 } 

Note: For k = p,       
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decision variables, (b) the cost computation given the location and allocation for each 

of the facilities, and finally, (c) the complexity analysis will be given in Section 3.4, 

following the discussion on the deficitly-capacitated case. 

3.3 Deficitly-Capacitated Problem 

The problem formulation for the deficitly-capacitated case is as given below 

DLAP : Minimize 

Cy 3.12 
i=1 j=l ri 

Subject to 

Sx, sd Vitben 313 

xij = Sy; V i=1,....7 9.14 

jl 

y¥, = P 3.15 
i=l 

xy Ss uy, Vijaln 3.16 

x20, y20,  y integer 3.17 

In this case, the facilities being located are required to dispense with their total 
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supplies. However, certain unserved demand remains. Once again, for the proof of 

validity of the PFL allocation scheme as pertaining to the deficitly-capacitated 

problem, the reader is referred to Sherali and Rizzo [1991]. This means that in an 

optimal allocation scheme, each facility serves the demand over some contiguous 

subinterval of [0,c], with some unused demand being left over. Thus, for any given 

allocation scheme, Le., given state and decision variables as described earlier, the 

corresponding facility must lie at a node, within the interval given by the nodes for 

its state and decision variables. Here, the stages, states, and the decision variables are 

defined as in Section 3.2.2. The following section discusses valid ranges for the state 

and decision variables to give the reduced state-decision space. 

3.3.1 State-Decision Space Reduction 

In this case, since the total demand is greater than total supply, we have 

A = N-p*s > 0 

and therefore p < N ands < N. Also, note that since each facility uses up its full 

supply, given a possible decision 6,, the accompanying state must be given by s, = 

6,-S+1. 

Step 1: For k = 1, the last facility may serve demand upto p*s if the facilities 

continue serving from 1 without any break. On the other hand it can serve up to N, 

if there is an unserved demand of A prior to this. Hence, 
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6, € { p*s,...,N } 

and so, 

Ss, € { p*s-s+1,...,.N-s+1 }. 

Step 2: For stages k such that 2 < k < p, the decision variables can range from 

6, € { (p-k+1)*s,....N-(k-1)*s } 

which is actually same as the range for s,, shifted down by 1, and the range for s, 

is given by 

Ss. € { (p-k)*s+1,....N-k*s+1 } 

Also, for k = p, we get 

6, € {5,...,.N-(p-1)*s } 

which is the same as 

6, € {S.5,A+S } 

and 

Sy € { 1,....N-P*s+1 } 

or 

s, € {1,...,A+1 } 

These results have been summarized in Table 3.2. 
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Table 3.2 The state-decision space for the deficitly-capacitated problem 
  

  

  

For k = 1, 

6, € { N-A,...,N } 

6, € { p%s,...,N } 

Ss, € { p*s-s+1,....N-s+1 } 

Ss, € { (p-1)*s+1,...,.N-s+1 } 

For2<k<p, 

6, € { (p-k+1)*s,...,.N-(k-1)*s } 

Ss, € { (p-k)*s+1,....N-k*s+1 } 

Note: For k = p, 
  

dn € {5,.,A+S } 

Ss, € { 1,...,.A+1}       
  

  

Dynamic Programming Procedure 36



3.4 Solution Technique 

This section deals with the actual application of the dynamic programming 

algorithm. Sections 3.2.2 and 3.3.1 have already dealt with the determination of a 

reduced state-decision space for the over-capacitated and the deficitly-capacitated 

cases, respectively. Given particular state and decision variables values , the next task 

is to locate each facility at the median location with respect to this allocation scheme. 

This is done by finding out the index of the demand in the interval [s,....,6,] 

served by the current facility being located, such that no more than half this total 

demand lies on either side of it. This is given by evaluating 

m, =l(s, + 6,)/2 | 

and locating the facility at the node where the demand m, occurs. 

The cost incurred to supply the demand in the allocation scheme, from the 

facility location as found above, is given as 

5, 

Chs,5, = > | Dis(i)-Dis(m,) | 
i=s, 

where C,(s,,6,) denotes the cost at stage k as a function of the state and decision 

variables, and where Dis(i) is the distance of the node where indexed demand i 

occurs from the origin (or node 1). 

Let f, (s,) represent the optimal cost incurred by supplying the demand from 

State s, onwards at stage k, given k available facilities to be located. Then the 

Dynamic Programming Procedure 37



recursive formula for this DP formulation can be written as 

f(s) = _ minimum (CJs,6,) +f18,+D) Vs,E{Lp-.M,Lk=L.D 3.18 
5 ,€{dec. space} 

We will denote by 6, (s,) the optimal decision to (3.18), given state s, at stage k. It 

should be noted that Bellman’s principle of optimality holds, in that given any state 

Ss, at stage k, the optimal policy of satisfying demand to the right of s, depends only 

on s, and the decisions adopted from hereon, and is independent of how one arrived 

at S,. 

3.4.1 Illustrative Example 

Consider a n=5 node over-capacitated problem, with demands at each of the 

nodes given to be d, = 20, d, = 15, d, = 7, d, = 13, d; = 25; the distance of each 

of the nodes from node 1 is: Dis, = 0, Dis, = 3, Dis; = 7, Dis, = 16, Dis; = 20. 

There are p=3 facilities to be located, each with a supply of s=28 units. 

Thus, 

n= 5,p = 3,s = 28, N = 80, p*s = 84, and A = 4 

Also, on applying the state-decision space reduction technique given earlier for the 

Over-capacitated case we get, 
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6, = {80} and ss, € {53,...,57} 

6, € {52,...,56} and s, € {25,...,29} 

6, € {24,..28} and s,e {l}. 

However, it must be noted that not all the combinations of the state and decision 

variables are feasible. Whenever a particular combination is infeasible it has been 

marked by a dash in the following tables. 

Now we can tabulate the calculations for the DP algorithm as follows: 

  
  

  

  

  

  

  

  

Stage 1 

Sy 6,” 5, (S)) f,'(S1) 

80 

53 12 (5) 80 12 

54 8 (5) 80 8 

55 4 (5) 80 4 

56 0 (5) 80 0 

57 0 (5) 80 0               

  

*The first number gives the cost in dollars, given that the facility is located at the 
node given in parentheses. 
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Stage 2 

  

  

  

  

  

  

                          

7) 64 59 (S2) | fy (S,) 

52 53 54 55 56 

25 146 (3) - - - - 52 146 

26 142 (3) | 147 (3) - - - 52 142 

27 138 (3) | 143 (3) | 148 (3) - - 52 138 

28 134 (3) | 139 (3) | 144 (3) | 149 (3) - 52 134 

29 130 (3) | 135 (3) | 140 (3) | 145 (3) | 158 (4) 52 130 

Stage 3 

f; (S3) 63 53 (S3) 

24 25 26 27 28 

158 (1) | 157 (1) | 156 (1) | 155 (1) | 154 (1) |_—-28 154 

  

Thus, the optimal locations for the three facilities are at nodes 1, 3, and 5. The 

first facility serves the demands 1 through 28, the second serves from 29 through 52, 

and finally the third facility serves the demand 53 through 80. The total cost is found 

to be 154. . 

3.4.2 Complexity Analysis 

The complexity of the proposed algorithm can be shown to be O[p(A + 1)’]. To 

prove this we must show that at each stage at most (A+1) states and decisions are 
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possible. We will now consider both over-capacitated and deficitly-capacitated cases 

to show that this is indeed true in both cases. 

a) Over-capacitated case: 

Here, as discussed earlier, for k=1, we know that 6, = N, ands, e {L,,....M,} 

where L, = max{p,N-s+ 1} 

and M, = min{N-s+1+A,N} 

Hence, 

(M, - L,) = min{N-s+1+A,N} - max{p,N-s+1} < (N-s+1+A) - (N-s+1) = A 

In a similar fashion, we can show for stages 2 through p, that 

(M, - L,) = min{N-ks+1+A,M,j-1} - max{p-k+ 1,N-ks+ 1} 

< (N-ks+1+A) - (N-k+1) = A 

Thus, the number of possible values that state and decision variables at any stage can 

take is at the most equal to (A+1). Since there are a total of p stages and a 

maximum of (A+1) states and decisions each; the order of computations for the 

overall algorithm is clearly [p(A +1)’}. 

b) Deficitly-capacitated case: 

For the deficitly-capacitated case for 1 < k < p, we can write 

6, € { (p-k+1)*s,...,.N-(k-1)*s } 

Since A = N - p*s, or N = p*s + A, we get, 

6, € { (p-k+1)%s,...,(p-k+1)*s+A } 
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Thus a total of (A+1) decisions are possible at each stage. 

Similarly, the state variables can take values in the range 

s, € { (p-k)*s+1,....N-k*s+1 } 

which can be alternatively written as 

s, € { (p-k)*s+1.,...,(p-k)*s+1+A } 

Hence, once again, there are at the most (A + 1) possible state variable values at each 

stage. Thus the order for this algorithm is again [p(A + 1)’]. 

It should be noted that we are considering a capacitated p-median problem. 

However, if s > N, we can treat this problem as uncapacitated as stated earlier. In 

this case we can use the algorithm given by Hassin and Tamir [1991] which has a 

complexity bound of O(pn). 
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CHAPTER IV 

A Decomposition Procedure 

In this chapter we discuss the solution procedure used to solve the p-median 

problem on a general network. The problem formulation PMED used is as given in 

Chapter I. The overall solution procedure can be briefly explained as given below. 

Each of the components of this procedure are later discussed in detail in the 

following sections. First, we apply a location-allocation interchange heuristic to obtain 

a feasible solution to the problem. The objective is to get as good an upper bound 

on the problem as possible. This also gives feasible solutions to the original problem 

which are used to obtain Benders’ cuts. Next, we use a conjugate subgradient 

optimization algorithm on a Lagrangian relaxation of a reformulated version of the 

original problem. This procedure gives us two Benders’ cuts as explained later. Then 

we apply Benders’ procedure to solve the continuous relaxation of the original 
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problem. Here, we also add the cuts generated by the above two procedures. Finally, 

when the Benders’ procedure completes solving the continuous relaxation, we 

proceed to a branch-and-bound algorithm that uses the Benders’ cuts obtained 

earlier, to obtain an integer optimal solution to problem PMED. 

4.1. Location-Allocation Interchange Heuristic 

This procedure makes use of the fact that given a y feasible to the Problem 

PMED, Problem PMED reduces to a transportation problem, and conversely given 

a set of feasible allocations x, the problem of finding the p locations can simply be 

solved as p independent 1-median problems. Let us denote the set of feasible y’s by 

Y and that of x’s by X. We begin by locating one facility each at the nodes arranged 

in a decreasing order of demands. If there are more facilities remaining to be 

located, then this process is continued until all of the facilities have been located. 

Therefore, we now have a set y € Y. Then, we solve the following transportation 

problem 

Minimize Cx; 
i=1 j=l 

Subject to x, = d VW j=l,..n 41 
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-Sox, 2 -sy, VWiel,.n 42 

x > 0 4.3 

This gives us some feasible allocation values x € X. Given this set of 

allocations we try to find out an optimum location for each facility with respect to 

its allocation. We now solve these p 1-median problems by total enumeration. 

However, note that if the underlying network is known then we could use Goldman’s 

algorithm (see Mirchandani and Oudjit [1980)}). 

For each facility, we first find the cost of supplying the demand in its allocation 

scheme from each of the nodes in the network. This is simply done by multiplying 

the allocation at each node by the distance of that node from the node at which the 

facility is being located. Thus, this gives rise to an nxn matrix of weighted costs. We 

then simply sum each column in this matrix to get the total cost of supplying the 

demand in the allocation scheme from each node. The facility is then located at the 

node which has the minimum cost. Let us consider an example, where n = 3, p = 

2, the distance matrix is as given below 
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The Distance Matrix 

Let the first facility supply the demands 10, 9, and 7, units at each of the three 

nodes respectively. Then we can calculate the cost of supplying this demand, when 

the facility has been located at each of the three nodes. The cost of supplying a unit 

of demand is taken equal to the distance over which that unit is being shipped. These 

calculations have been tabulated in the next table. 

  

  

  
  

  

  

  

Facility located at node 

1 2 3 

0 20 50 

18 0 63 

35 49 0 

53 69 113             

The Cost Matrix 

The last row in the above table gives the sum of the rows above it and 
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represents the total cost for the given allocation scheme, whenever the facility is 

located at each of the nodes. Hence, in this example, the given facility should be 

located at the first node. The procedure is then repeated to find the location of the 

second facility. In this fashion we locate all the facilities and go back to solving the 

above transportation problem. This process is continued until there is no 

improvement between two consecutive iterations. The duals that are obtained by 

solving the transportation problem are used to obtain Benders’ cuts. This procedure 

will be explained in Section 4.2.5. Note that since we solve the above transportation 

problem for some y € Y, we get an upper bound on the solution to Problem PMED. 

4.2 Continuous Relaxation Solution 

Before proceeding to Benders’ decomposition procedure, we solve Lagrangian 

relaxations of problems CPMED and CRLT (given in the next section), where a 

prefix C is used to denote the corresponding continuous relaxation of the problem. 

This relaxation yields a lower bound that is equal to the linear programming (LP) 

relaxation value. The reformulation employed here is the one suggested by Sherali 

and Adams [1988,1990], and it serves to give a tighter LP relaxation based bound. In 

the next section, we discuss the reformulation of Problem PMED, appropriately 

modified to account for general integer restrictions rather than the 0-1 restrictions 

as assumed to be the case in Sherali and Adams [1988,1990]. 
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4.2.1 Reformulation Technique 

The continuous relaxation of problem PMED is as given below. 

CPMED: Minimize 
n 

Cx; 4.4 
i=l j=l 

Subject to : 

Vx, = 4G VWirl,.n 4.5 
i=l 

n 

x, < sy, Viel,...n 4.6 
j=l 

vy, = P AT 
i=l 

xij Ss us*y; V 1,j=1,...,n 4.8 

x20, y20 4.9 

In order to tighten the LP relaxation of Problem PMED, we multiply each of its 

constraints by y, where i = 1,....n, and we also multiply Equation (4.7) by x; V (ij). 

Then, we relinearize the problem by making the following substitutions : 

Wijk = Xij¥x 

Yu = Y9« 
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We add four more constraints, namely constraints (4.19) through (4.22), in order to 

further tighten this formulation. The variable z is used in order to partially reflect the 

relationship between Y and y. Also, in order to reflect, that y,y, = y,y, we add the 

constraints (4.19). After applying this Reformulation Linearization Technique (RLT), 

we can write the continuous relaxation of the reformulated problem as follows. 

CRLT: 
n n 

Minimize CX; 
i=1 j=l 

Subject to x; = d, Vi 

“x, 2 UY; V Gy 

Vwe = 4% VOR 

2 Mie 2 -s¥y, VGA 4 

“Wi 2 -u.Y, V Gj,4) 
J 
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4.10 (a) 

4.11 

4.12 

4.13 

4.14 (g) 

4.15 

4.16



Y, = py, Wk 4.17 

ie = PXy VY GA) 4.18 (n) 
k 

Y,-Y, = 0 V(<h 4.19 (y) 

P 

y, = S> tz, Vi 4.20 (5) 

t=0 

P 

Y, = Yovz Vi 4.21 (A) 
t=0 

PB 

yz, = 1 Vi 4.22 
r=0 

x20, w20, y20, Y20, z20 4,23 

This reformulated problem is very large; we have O(n’) constraints and O(n°) 

variables. Thus, to solve the linear programming relaxation is itself a very tedious 

task. Hence, we employ a Lagrangian relaxation approach to solve this linear 

program. In order to check whether or not the above reformulation really tightens 

the lower bound, we ran a number of test problems for different values of n and p. 

The problems were solved with GAMS using MINOS 5.1. The following Table 4.1 

summarizes optimal values v(-), obtained for problems CPMED and CRLT. As can 

A Decomposition Procedure 50



be discerned from this table, CRLT affords a slightly tighter relaxation than does 

CPMED. 

Table 4.1 Optimal values from CPMED and CRLT: A comparison 
  

  

  

  

  

  

  

  

  

po Pp v(CPMED) v(CRLT) 

pt 

5 8.56 7 10.47 

7 105.10 113.01 

7 48.20 51.27 

8 290.82 290.99 

8 82.90 85.18 

9 57.86 60.28 

10 230 230                 

  

4.2.2 Lagrangian Relaxation of Problem CPMED 

The Lagrangian relaxation procedure is useful for exploiting special structures 

inherent in a subset of the constraints, and in deriving good quality solutions. In this 
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approach, some of the constraints are relaxed and are accommodated within the 

objective function using some multipliers. In order to get an advanced start to solve 

Problem RLT, we first solve a Lagrangian relaxation of Problem PMED, obtained 

by dualizing Equation (4.5). The Lagrangian dual problem can then be written as 

follows. 

LD1; 

Maximize {6(a): (a) unrestricted} 4.24 

where 

O(a) = Minimum{L2x,, (C,,-a,) + La, dj} 4.25 
ij J 

subject to (4.6), (4.7), (4.8), (4.9) 

where a; Vj, denotes the duals associated with Equation (4.5). This problem is solved 

using a conjugate subgradient optimization technique which searches over the dual 

space. This technique will be discussed in Section (4.2.4). At every iteration of this 

algorithm we solve for 6(a), given a fixed vector of a. This involves solving the 

following two subproblems. In the x-subproblem, since the variable y multiplies all 

its constraints’ right-hand-sides, we drop this variable and solve the resulting problem, 

since the variable multiplying the right-hand-side only has the effect of 

proportionately scaling the resulting objective value. In the x-subproblem description, 

given below, we show this discarded right-hand-side variable in parentheses. We now 

write the x-subproblem as 
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x-subproblem : 

Ye XS = YM Minimumy) (C,- «)x,)} 4.26 
i i j 

subjectto ox, < s (Q Vi W427 
J 

Osx, su, 0) VG,J) 4.28 

The optimal X;,’S obtained by solving the above problem are then multiplied by the 

corresponding y,’s. This then gives us an objective function in terms of y’s, and we can 

now write the subproblem in y as follows. 

y-subproblem : 

Zopuep = minimize Y Xi y+ ad, 4.29 
j 

subjectto oy, = p 4.30 

y20 

During every iteration of the conjugate subgradient optimization procedure we 

solve 6(-) by solving the above two subproblems. The value of 6(- ) is then given by 

Zcpmep» Which is a lower bound on the original problem. It may be noted that the 

problem in x’s can be separated into n bounded variable knapsack problems, and the 

problem in y’s is also a knapsack problem. The duals a, obtained at the end of this 

A Decomposition Procedure §3



procedure are used to initialize the duals a associated with Equation (4.10) in CRLT, 

and the conjugate subgradient optimization procedure for solving CRLT is then 

implemented using this advanced start solution. 

4.2.3 Lagrangian Relaxation of Problem CRLT 

Let the Lagrangian multipliers associated with different constraint blocks be 

as follows : a; Vj with (4.10), 6, Vjk with (4.14), n, ‘Vij with (4.18), yy, Vi<k with 

(4.19), 5. Vi with (4.20), and finally A, Vi with (4.21). Dualizing these constraints we 

get the following Lagrangian dual problem. 

LD2 : 

Maximize {0(«,B,y,5,A): (a,B,y,5,A) unrestricted} 4.31 

where 

O(a, B »¥,6,A) = Minimum{X2x,, (C,, ~ &; +pn,) + LEEW iy (- By ~ nj) 
ij ij 

+DYz, (7A, +26) + Ly, (Ld,B, - 8) 
it i j 

ELA Ye LY) +E Ya(yd) + Lad} “4.32 
i< > j 

subject to (4.11), (4.12), (4.13), (4.15), (4.16), (4.17), (4.22), (4.23) 

When using the conjugate subgradient optimization procedure which is 

explained in the next section, we fix the duals for Equations (4.10), (4.14), (4.19), 
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(4.20), (4.21) and then solve for 6(*) in the above Problem LD. Thus, in the 

following discussion we will assume that these duals are known. 8(-) can be solved 

by separating it into five subproblems. In the subproblems that have a single variable 

multiplying all its constraints’ right-hand-sides, we drop this variable, and solve the 

resulting problem. This is possible, since as stated earlier, the variable multiplying the 

right-hand-sides only has the effect of proportionately scaling the resulting objective 

value. Hence, once we obtain optimal solutions to the resulting problems, we can 

multiply the optimal solution that we obtain for each problem by the corresponding 

right-hand-side variable. In the subproblem descriptions, given below, we show the 

discarded right-hand-side variable in parentheses. The subproblems then can be 

written as follows. 

x-subproblem : 

YX = VY Minimumy> C,-«,+p0,)x,) 4.33 
i i J 

subjectto ox, < s OG) Vi 4.34 
j 

O<sx,<su &) Vis 4.35 

When solving the problem in x we drop the y’s on the right-hand-side. Then 

we have n continuous bounded variable knapsack problems in x, which can be solved 

very easily. X,° denotes the objective value obtained as a result of solving the i™ 

* 

ij » We knapsack problem. Then, when we obtain the optimal values for x’s as x 
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multiply each Xi by its corresponding y, to get a function in terms of y’s. Thus, in 

other words, each X,; denotes the coefficient of y,. 

The subproblem in terms of variable w can be written as follows. 

w-subproblem : 

vy wy = > {Minimum Y) (- By- ny) Wiph 4.36 

ik ik j 

subject to -Sow, 2 -s (Y,) VG# 4.37 
j=l 

O< we su Y%) VGe 4.38 

For the subproblem in w we drop the variables Y’s on the right-hand-side and 

solve the resulting n? separable continuous bounded variable knapsack problems. 

W,, above denotes the objective value obtained for each of the n* knapsack 

problems. The optimal Wijk values are then multiplied by corresponding Y,, to 

obtain a function in terms of Y’s. 

Next, we write the subproblem in terms of Y. Note that the objective function 

here includes the objective in terms of Y’s from Equation (4.32), as well as the 

function in terms of Y’s obtained by solving the w-subproblem. 

Y-subproblem : 

SY YY, = ¥ {Minimum[-4,¥p+ D> ¥,-1) +>. Yat >> WaYyl) 4.39 
k k ick i>k i 

A Decomposition Procedure 56



subject to YY, =P oO Wk 4.40 
i=l 

Once again we solve this problem by dropping the y’s on the right-hand-side 

of the constraints. This then gives us n separable knapsack problems. For every k, we 

find the index i for which the minimum coefficient of Y,, in Equation (4.26) occurs. 

We then simply set that particular Y,, equal to p. The optimal value for each 

knapsack problem is being denoted by YY, . The optimal Y,, thus obtained are then 

multiplied by the corresponding y, variables to get a function in terms of y. The 

coefficient of each y, is then given by YY, in (4.32). 

The problem in terms of y now includes the coefficients of y from Equation 

(4.32) and coefficients obtained as a result of solving subproblems in x and Y. The 

y-subproblem can then be written as 

y-subproblem : 

OPT = minimize }) ()) 4,B,-8;+%; +YY; ly, 4.41 
i j 

subject to dy, = p 4.42 

y20 

This gives us one knapsack problem in y. We find the minimum coefficient of 
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y and set that particular y equal to p. Note that we thus obtain integer values for y. 

OPT in equation (4.41) denotes the optimal value obtained. 

The problem in terms of z does not have any variables on the right hand sides 

and hence can be solved directly. The optimal obtained from z-subproblem is then 

added to the final objective value. The z-subproblem can be written as follows. 

z-subproblem : 

Z* = YY (Minimum Y>z,(t7A;+t8)} 4.43 
i t 

subject to xy Zz, = 1 Vi 4.44 
t=0 

z 2 0 

The z-subproblem can also be separated into n continuous knapsack problems. 

For every i, we find the index t for which the minimum coefficient of z occurs in 

Equation (4.43), and set this particular z,, equal to 1. Let Z’ denote the summation 

of objective values for all the n knapsack problems. 

We can now write the value of 6(a,8,y,5,4) as equal to 

Zorir - 6(a,B,7,5,A) = OPT+Z*+ » ad, AAS 

J 

Equation (4.45) above denotes the objective function value Zor, 7 of the Lagrangian 

relaxation subproblem of the reformulated p-median problem, given a set of 

Lagrangian multipliers for the dualized constraints. However, we are interested in 
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finding the solution or a lower bound to the continuous relaxation of Problem 

PMED. Hence, we must employ some search routine to find the maximum value of 

6(-) over the unrestricted Lagrangian multipliers. In the next section we discuss a 

conjugate subgradient optimization algorithm. 

4.2.4 Conjugate Subgradient Optimization 

In order to solve Problem LD1 and LD2 as formulated earlier we must use 

some kind of a search procedure to search for an optimal value, over the space of 

the Lagrangian multipliers. Let us denote these Lagrangian multipliers by w, then for 

Problem CPMED we have @ = (a), and for Problem CRLT @ = (a,£,y,6,A). 

Thus we will be searching over the space of w. There are several techniques available 

for this kind of a search procedure. However, not all of them are very good in their 

convergence behavior. For example, Sherali and Myers [1988] have shown that 

subgradient optimization procedures may fail to converge practically. This happens 

mainly due to the fact that as the iterates progress, the angle between the 

subgradient based direction and the direction towards optimality, although acute, 

tends to approach 90°. As a result the step size used along the direction of search 

must be reduced considerably before a descent in the objective function value is 

realized. Hence, it becomes desirable to adopt some suitable deflection or rotation 

scheme in order to accelerate the convergence behavior. This is what has motivated 
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us to consider a suitable conjugate subgradient optimization algorithm. The following 

algorithm is based on the average direction conjugate subgradient (ADS) algorithm 

developed by Sherali and Ulular [1989]. 

The algorithm given below will be the same for solving problems CPMED and 

CRLT, except as stated earlier, the dual space w for the two problems is different. 

Our problem can be written as given below : 

Maximize { 6(@) : @ unrestricted } 

Let & denote the subgradient of the objective function above. Then we can write this 

subgradient for Problem CPMED as 

a d,-Xxyy Vi 

and the subgradient for Problem CRLT is given by 

d,-Xxjy Vi 

Gj-Ewekay VON | 

Pxy¥i —LWeVaye Vb) 

- Yuyi ~Yay, Visk (og 
Ltz; -y; Vi 

t     Lr? z, ” Yiy; Vi 

t 

We must start the algorithm with some value of w denoted as w,. For Problem 

CPMED we will use the duals obtained from the last transportation problem solved 

in the location-allocation interchange heuristic algorithm. If o;, Vj, denotes the duals 
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with respect to the demand constraints (4.1) then we set 

a= G, Vj 

in the staring solution o,. 

For problem CRLT, we start the algorithm by setting the duals a; associated 

with Equation (4.10) equal to the duals a; obtained at termination, after solving 

Problem CPMED. We then set the rest of the variables in w, equal to zero. Let the 

current Lagrangian dual subproblem be denoted by LD, 1.e., LD denotes LD1 or 

LD2, depending on whether we are solving CPMED or CRLT. 

We also use the upper bound on PMED obtained by the heuristic procedure, 

and denote it by UB, to compute step lengths below. The algorithm is partitioned 

into T number of blocks of iterations. Let N = the total number of iterations 

allowed, N, = cumulative number of iterations allowed to the end of block t, N, = 

maximum number of consecutive failures allowed (counted by k, below) after which 

we reset the solution to the last incumbent and change the step length, a = step 

length parameter, and f, = step length parameter multiplier in block t, for t = 1,...,T. 

Initialization : We start the algorithm with w’ = w, and @(w’) = -. Set t = 1, start 

the iteration counter k = 1, and take a = 1. Proceed to Step 1. 

Step 1: Solve LD(@,), and hence compute 6(,) and a subgradient £, of 6 at w,. If 

[8(w,)] = (1-e)UB, then STOP; the current solution is ¢€-optimal. Otherwise, 

proceed to Step 2. 
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Step 2: If 8(@,) > @(@’), then set w = w,, — = —, and 6(w) = 6(w,) and k, = 0. 

Otherwise, let k, =k, + 1. If k, = N,, then reset, meaning, set wo, = @,&, = &,a= 

a/2, and k, = 0. 

Step 3: If /&,|| = 0, then clearly all the equality constraints that were dualized are 

binding, hence the solution is feasible with respect to all the original problem 

constraints and so must be an optimal solution. Also, since the y’s obtained from the 

y-subproblem are all integer, we have solved the original problem. 

Step 4: For k = 1, or if Step 2 resulted in resetting then the direction of search is 

taken as d, = & 

Otherwise, we use 

d, = & + 18, I*(@, - © 1)/l@, - ©; 

The step size used is calculated as follows 

A, = a*B,*[UB - 8(«,)]/Idgll 

The new iterate is then given as 

Oy = O + A*d, 

Set k =k + 1. If k > N, then STOP. If k = N, + 1, then sett =—t + 1, (enter the 

next block), and set a = 1.0. Return to Step 1. 

The following parameter values are recommended for use : 

N=200, N,=10, T=3, N,=75, N,=150, N,=200, 6,=0.75, 6,=0.75, and B,=0.25 
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4.2.5 Benders’ Decomposition Procedure 

In this section, a decomposition solution procedure based on Benders’ 

partitioning scheme is developed for problem PMED. The motivation behind 

applying this procedure, is that this procedure exploits the problem structure, namely 

that for a fixed y € Y, we get a transportation problem in x. 

The procedure iterates between the relaxed master problem and the 

transportation subproblem. On the completion of each transportation problem, either 

the original problem is solved or a new cutting plane is generated which is then 

added to the relaxed master problem. In this fashion we generate only a few of the 

possible cuts to solve the original problem. Furthermore, to reduce the effort 

involved in solving each of the relaxed master problems, we drop the integer 

restrictions on y’s. Thus, we will have solved the continuous relaxation of Problem 

PMED at the end of this procedure. Finally, a branch-and-bound procedure is 

employed to obtain an integer optimal solution. As discussed in Chapter 2, Sherali 

and Adams [1984] have applied this procedure successfully to solve the discrete 

location-allocation problem. 

In this section we employ an adaptation of Benders’ partitioning algorithm to 

solve Problem PMED. The PMED formulation as given in Chapter 1, can be 

rewritten after projecting onto x space as follows. 
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Pl: 
n n 

Minimize { Minimum > > Cixi 
yeY i=1 j=l 

y integer 

Subject to ox, = d, VW j=l,..n 
i=l 

-Ye x, > -sy, Wiel,..n 

“x, 2 “Wy, Vinsal,.n 

where Y = ty: Ly, = p,y 2 0} 
i=l 

4.46 

4.47 

4.48 

4.49 

4,50 

Let r,, Vj, represent the dual variables associated with constraints (4.47), q; Vi, 

be the dual variables associated with constraints (4.48), and v;,, V(i,j), be the duals 

associated with the constraints (4.49). Using these dual variables, we can write the 

equivalent dual problem associated with the Problem P1, as 

P2: 

Minimize { Maximum Yd,r, - say, - © ou, yeY Fl i=l phil 
y integer 

subject to r,- 4,7 Vy Ss C.. V ij=l.,...n 
y 
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q,v 2 0, r unrestricted 

P1 is feasible and bounded for all y € Y, y integer; therefore its associated dual 

problem P2 must also be feasible and bounded for all y € Y, y integer. Let P denote 

the polytope given by the constraints of the inner problem in P2, 1.e., let 

P = {(1,q,V): 3; - qi - Vj S Cj V GJ), GV 2 OF 

and let (r¥,q*,v‘), k = 1,...,E denote the extreme points of P. Since, we know that for 

any y € Y, there exists an optimal extreme point solution to the inner problem in P2, 

we can write Problem P2 equivalently as follows. 

P3: 

Minimize { Maximum d, ri sq; y; _ i. Vy y,; 

yey k=1,...,E y -¥ y y / 4.53 
y integer 

Finally, Problem P3 may be rewritten as the following Master Problem (MP) 

MP: 

Minimize z 
yey 4.54 

y integer 

subject to Zz 2 Yd d. rs >> (sq; y u. Vy); V k=1,...,E 4.55 
jel 

Note that the coefficients of y in the above equation must be less than or equal to 

zero. However, to be able to derive lower bounds within the branch-and-bound 

procedure explained in the next section, we would like to have nonnegative 

coefficients. Hence, we will add the zero term $,,(Zy,-p), where &,, is given by 
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®, = max (sar +Eujy4) 

to the right-hand-side in (4.55). This gives the cut 

z2z2y ary, + Bt 4,57 
i=1 

where 

t 
a* = By -(8q) +> u,vy) Vi and pe = Lr} -pOy Vk 4.58 

jel J 

It is obvious that the number of constraints in Problem MP is equal to the 

number of extreme points of the set P. Problem MP thus can be in general 

prohibitively large, and hence does not directly lend itself to be solved in reasonable 

time. Therefore, a relaxation strategy which successively generates violated 

constraints is used. The Relaxed Master Problem can be written as 

RMP: 

Minimize Z 
yeY 4.59 

y integer 

subject to z > Yay, +Pt Vk=l,..,.K<<E 4.60 
i=1 

Let (ZV) denote an optimal solution to a given Relaxed Master Problem RMP. 

Then we need to check whether or not this solution is feasible to MP, and hence 

solves it, by examining if 

A Decomposition Procedure 66



zz) ary, +B Vk=1,..,E 4.61 
i=l 

In order to verify this we need to determine if z is greater than or equal to 

Maximum any, + B* 
k=1,...,E » “4.62 

Note that the transformations that we made for a and £ did not change the objective 

function as we added and subtracted the same quantity from the right-hand-side. 

Hence, from (4.58), the value of the above Maximum may be determined by solving 

the following linear program 

SP(¥): 

Maximum Yo d,r, - Yo sa;y; - uv, 4.63 
jl i=l i=1 j=l 

subject to r- 4,7 My s Cy V ij=l,....n 4.64 

qg,v = 0, r unrestricted 

Problem SP(-) is known as Benders’ subproblem. However, for a given y, the 

dual to this problem has a structure that makes it more attractive to solve. This dual 

DSP(-) can be written as follows. 
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DSP(j): 

v(y) = Minimum Ci 4.65 
i=l j=l 

Subject to dy = d, Wj=l,..n 4.66 

“ox, 2 -sy, VWiel,.n 4.67 
j=l 

-X, 2 -Uu,Y; V i,j=1,...n ..4.68 

x 2 0 

Note that the above dual subproblem is a transportation problem in x. We 

solve DSP(-), to obtain an optimal set of dual multipliers (r“*1,q**!,v**"), associated 

with constraints (4.66), (4.67), (4.68), respectively. Once these optimal values are 

obtained one needs to check whether 

Z 2 ari" - » ) (sq; +u,viy DY, = v(y) 4.69 

holds. If this condition holds, then (Z,y) solves MP and hence we have solved the 

Problem P1. Otherwise, we add the most violated constraint to Problem RMP, which 

is given by 
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n . non . Ks 

Z 2 Yar; a XY ¥ wae '+U,Vj )y, 4.70 

jel i=l j=l 

after transforming this as in (4.58), we obtain the new Benders’ cut 

ze Yas y, + px 4.71 
i=1 

The new cut clearly deletes the current solution (Z,y). Incrementing K by 1, we 

resolve the new RMP. This process continues to iterate between the Relaxed Master 

Problem and the Dual Subproblem until an optimal solution to RMP that is feasible 

to MP is obtained. 

It is worth noting that as additional constraints are added to the Relaxed 

Master Problem it yields a monotone nondecreasing sequence of objective values 

until the optimal solution is obtained. Therefore, RMP gives a monotone sequence 

of lower bounds for the optimal solution to problem PMED. Similarly, since DSP(-) 

solves the Problem PMED for a particular set of y values, it gives upper bounds for 

the optimal solution to Problem PMED. However, these upper bounds are not 

necessarily-decreasing, hence, one must keep track of the least upper bound. Thus, 

whenever the lower bound generated via Problem RMP equals the least upper bound 

obtained from Problems DSP(-), the procedure terminates. Finite convergence is 

guaranteed by the fact that only a finite number of extreme point solutions to P exist, 

and hence there are a finite number of constraint rows possible for MP. 

Furthermore, as stated earlier, each new cut deletes the most current solution, and 
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hence no constraint is being regenerated. 

Sherali and Adams [1984] relaxed the binary requirements in their problem in 

a first phase of their solution procedure before reinforcing these restrictions, and 

found that the solution procedure becomes much more easy to solve. We will also 

employ the same approach by relaxing the integrality on y variables. This amounts 

to solving the continuous relaxation of the original mixed integer PMED formulation 

via Benders’ Decomposition method. In solving this problem, a valid set of Benders’ 

cuts are generated since the subproblems SP(y) yield dual basic solutions even for 

nonintegral y. 

Let CRMP and CPMED denote the continuous relaxations (i.e. integrality on 

y’s relaxed) of Problems RMP and PMED, respectively. The procedure employed to 

solve Problem CPMED is as outlined below. 

First, the location-allocation interchange heuristic algorithm given earlier is 

employed to obtain a "good" feasible solution to problem PMED. This algorithm 

gives us improving solution values and since this algorithm only considers integer 

solutions, at every iteration, we set the current values of (z,y) equal to the incumbent 

values namely (z’,y ). We now obtain a cut for CRMP by solving the subproblem 

SP(y ), which is done as stated earlier by solving its dual DSP(y’). The optimal values 

(r',q',v') obtained from solving this are used to obtain the first Benders’ cut. Let LB 

denote the lower bound on Problem PMED or MP, and let UB, and UB respectively 

denote the upper bounds on CPMED and PMED. Thus, currently LB = 0, and UB, 

A Decomposition Procedure 70



= UB =z. 

Next, we solve the continuous Lagrangian relaxation of Problem PMED using 

a conjugate subgradient optimization procedure. This gives us a lower bound Zepyep 

on Problem PMED, and so we set LB = Zopypp. The upper bound UB obtained 

above is used to find the step size A, for this algorithm. If the lower bound LB, 

obtained from Equation (4.29), at any iteration is greater than or equal to (1-e)UB, 

then we stop, and declare the incumbent solution optimal. Also, if ||&,|| = 0, then 

we stop, as this means that the current solution is feasible to all the original 

constraints and hence must give an optimal to Problem PMED, as we have integer 

y’s. Otherwise, at the end of N iterations, we use the incumbent dual solution a’ 

along with the optimal dual solution associated with the constraints (4.27) in the 

subproblem for a = a in order to obtain a strongest surrogate constraint, given by 

z 2 DX y+) ad, 
i J 

Once again using a similar transformation in the spirit of (4.57), in order to make the 

coefficients of y nonnegative, we can rewrite the above equation as 

n 

Z 2 > ay, +B 4.72 

i=l 

In addition, for the solution ¥ obtained from the final y-subproblem, we solve 

Problem SP(y¥), to derive another Benders’ cut to add to Problem CRMP, after the 

usual transformations. 
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Next, we solve the Lagrangian relaxation of Problem CRLT, in order to tighten 

the lower bound. We initialize the procedure by setting the duals associated with 

Equation (4.10) equal to the duals associated with Equation (4.5) obtained above. 

During every iteration of this procedure we get integer y solutions. Thus, after every 

20 iterations or so we solve the corresponding dual subproblem DSP(y). If the 

objective value v(y) is lower than the current incumbent objective value then we 

update the incumbent solution. If the lower bound Zopi7 (see Equation 4.45), 

obtained at any iteration exceeds or equals (1-e)UB, or if |/&,|| = 0, then the 

procedure stops with the incumbent declared as an € optimal solution. Otherwise, we 

generate a strongest surrogate Benders’ cut obtained from the final y-subproblem, 

given by 

z2 [ya Bi- 8; +X) +Y¥/]y,+Z" +) aj, 
i J J 

and derive a Benders’ cut by solving Problem SP(¥), where 9 is the solution of the 

final y-subproblem in this procedure. Both these cuts are then added to Problem 

CRMP, affer the usual transformations. 

We now employ Benders’ procedure with the current CRMP having the above 

obtained five cuts, to solve the Problem CPMED. Figure (4.1) depicts the important 

steps in Benders’ algorithm. First, we solve the current Problem CRMP. Let (Zy) be 

an optimal solution. Since, Z gives a lower bound on Problem PMED which is 

nondecreasing from one iteration to another, we set LB = Z. Next Problem DSP(¥) 

A Decomposition Procedure 72



is solved to obtain an optimal objective value v(y) and a set of optimal dual 

variables. Next, we check whether v(¥) < UB and whether jy is integer, and if that 

is the case, then we have a new incumbent solution to PMED. Hence, the incumbent 

solution y’ and its value UB are updated. Further, if v(¥) < UB,, then we set UB, 

= v(y). Finally, if the gap between the upper and lower bounds UB, and LB, 

respectively, obtained for Problem CPMED is less than 5%, i.e., if (UB, - LB)/UB, 

< 0.05, we terminate Benders’ procedure as applied to CPMED. Since, we are not 

interested in an optimal solution to CPMED, this 5% is used to avoid the slow tail- 

end convergence of the procedure. However, if the decision to terminate the 

procedure is not reached, then a new Benders’ cut is generated and added to 

Problem CRMP and the process is repeated. If at the end of this procedure the gap 

between the lower and upper bounds on Problem PMED (..e., for the Problem MIP) 

is less than 100€% (a suitable tolerance), i.e if (UB -LB)/UB < e, then the current 

incumbent solution is declared as a near optimal solution. 

Note that if y solves Problem CRMP, then y is not necessarily integral. 

However, to solve problem DSP(-), which is a transportation problem our code 

requires integer right-hand-sides. Hence, we employ scaling, i.e., we multiply the 

demand d; at each node as well as all the y values by 1000 and then use the floor 

function to get integer y’s. The objective value obtained upon solving DSP(-), i.e. 

v(-) is then divided by 1000 to estimate the value that would have been obtained 

without scaling. 
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Figure 4.1 Benders’ Decomposition Algorithm: Solution of the Continuous Relaxation 
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4.3 Branch-and-Bound Procedure 

Once we have successfully solved Problem CRMP, we proceed to the implicit 

enumeration scheme outlined in this section. First, we use the duals obtained from 

the final Problem CRMP that is solved during the Benders’ procedure, to obtain a 

strongest surrogate Benders’ cut. This is done by simply multiplying each of the 

Benders’ cuts by its corresponding dual variable, and adding all these resulting cuts 

together. We add this cut to Problem CRMP. We employ this instance of Problem 

CRMP to start the branch-and-bound procedure. The enumeration is conducted using 

Dakin’s algorithm for partitioning the problem in the space of the y variables. The 

Problem CRMP can be written as follows. 

CRMP: 

Minimize z 4.73 

subjectto zz > ary, +BF Wkelhui.K<<E 4.74 
i=l 

YY = P 4.75 
i=1 

y > 0 

The following sections explain the various components of this algorithm. 
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4.3.1 Book Keeping 

A depth first (LIFO) strategy is used in the branch-and-bound algorithm. A 

partial solution list PS keeps track of the enumeration tree using the framework due 

to Geoffrion [1967]. Each entry in PS has two attributes. These are recorded in two 

arrays, say PSI, and PSV. The first array keeps track of the indices of the branching 

variables associated with the links on the path connecting the current node to the 

root node of the branch-and-bound tree. Whenever, we have an upper bound 

imposed as a branch restriction on any of these links, we carry the corresponding 

negative of the index of the variable on that link in PSI, and for imposed lower 

bounds, we carry the positive index value in PSI. The array PSV records the actual 

corresponding lower or upper bound value on each link. Note, that for any variable, 

we will always branch with an imposed lower bounding restriction first. Thus, 

whenever we fathom a particular node, we backtrack to the last positive PSI entry, 

which represents a lower bounding restriction, we fathom (delete) all the entries to 

the right of this entry, and we also change the sign on this PSI entry. The 

corresponding PSV entry is then reduced by one. This then represents a new upper 

bounding restriction. For example, if the current restrictions are as given below in the 

stated order: 

y,22, y3<4, y, $3 

then we can write the current partial solution arrays as follows: 
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PSI = { 1, -3, -1} 

PSV = { 2, 4,3}. 

if we were to fathom the current node, the new PSI and PSV arrays would be given 

by the following, corresponding to the branch restriction y, < 1. 

PSI = { -1} 

PSV = {1} 

We also keep two arrays, namely lb and ub, which respectively carry the current 

lower and upper bounds on the y variables. 

4.3.2 Logical Tests 

In order to range restrict the y-variables, we perform objective function based 

reduced cost logical tests. At any node of the enumeration tree, each variable has 

explicit lower and upper bounds stored in arrays lb and ub as explained earlier. Let 

BX be computed as 

BE = pi + Daj(ib) vk 

denote the minimum right hand side value for each cut at the current node. Since, 

we are interested in objective function values better than the current incumbent value 

UB, we can restrict z < UB, for every cut. (Further, in order to avoid excessive 

computations involved in going through alternate optimal solutions or close to global 

solutions, we will use UB = (1-e)*UB from hereon. Thus, when we get the final 

A Decomposition Procedure 77



solution we can only claim it to be €-optimal.). This then yields the following 

Lai(y,-lb,) < UB-BE Vk 
i 

We can now use the objective function reduced cost logical test, in order to get upper 

bounds on each y. 

ub, = min[ub,, lb,+min { \(UB-B5jat!) Vvk}] 

Thus, this permits a range restriction on the y variables. 

4.3.3 Lower Bound Computations 

We used a total of four strategies to compute a lower bound on the objective 

value of Problem PMED. Given any partial solution, we first compute the lower 

bound L1 as follows 

y! = B! + Y a; +lb, V l=1,..,.K 

then 

Ll = y& = max{y':l=1,...,K} 

where g denotes the index of a cut that gives the above maximum. If L1 is greater 

than or equal to the upper bound UB, we fathom the current partial solution. If this 

lower bound fails to fathom, we try to find a sharper lower bound. 

The cut indexed by g is likely to be the one that determines z in a feasible 

A Decomposition Procedure 78



completion to the Problem CRMP. Hence, we derive a lower bound L2 by solving 

the following bounded variable knapsack, given by the above indexed cut. 

L2 = PB + minimum yy; 
t 

subject to Soy, = p 

lb. < y, < ub, 

We then substitute the y solution obtained for the above problem through all 

the available cuts of CRMP. We denote the index of the cut that gives the maximum 

right hand side value as m. If the above lower bound L2, also fails to fathom the 

current partial solution, then we employ the two cuts g and m obtained above in 

order to get a lower bound L3. In order to obtain L3 we relax all the constraints in 

Problem CRMP other than constraints g and m. We then employ Lagrangian 

relaxation to dualize these two constraints the resulting problem can then be written 

as follows. 

L3 = maximum {@(A): A20} 

where @(A) = minimum {()_ afy, + BSA + > a;'y, + B”)(1-A)} 
i=] i=] 

subject to y, =p 
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lb, < y, < ub; 

The function 6(A), is known to be a concave function. Thus, we can calculate 

the maximum value of this function by obtaining the point of intersection of the two 

tangents that have the shallowest positive and negative valued slopes respectively. 

If the lower bound L3 obtained above is also lower than the current incumbent 

solution, then, we use a conjugate subgradient optimization procedure to update the 

solution to the previous Problem CRLT. Since, we have imposed lower and upper 

bounding restrictions on the y variables, we hope to get a lower bound which may 

lead to fathoming the current partial solution. We perform a fixed number of 

iterations; we found that 50 iterations were adequate. Also, note that we include the 

lower and upper bounding restrictions on y variables when solving the y subproblem 

at every iteration. This yields a lower bound L4 = Zcp,;7. We check to see whether 

this is greater than or equal to UB, and if that is the case, then we fathom the 

current PS. Otherwise, we branch on a variable to obtain the next node. The next 

section describes the strategy used to select the new branching variable. 

4.3.4 Branching Variable Selection 

We used the following strategy to find the next branching variable. To obtain 

the lower bound L2, we had to solve a bounded variable knapsack problem. This 
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knapsack can be solved by first fixing y, = lb, Vi, after which we increment the 

variables in increasing order of their coefficients, provided that their upper bounds 

permit this increase and if the sum of the y’s is not equal to p. We will use the first 

variable that was incremented in this procedure as our new branching variable. This 

is then given by 

t = argmin {a°: ub; > lb,} 
i 

We then branch on the lower bounding restriction of this variable y, by incrementing 

the current lower bound by one. Thus, the new restriction is given by 

y, 2 (Ib, + 1) 

The following section gives us the actual steps of the algorithm. 

4.3.5 Branch-and-Bound Algorithm 

First we obtain the strongest surrogate constraint by multiplying each of the 

Benders’ constraints in the current CRMP by their corresponding duals obtained by 

solving this CRMP during Benders’ procedure as outlined in Section (4.2.5), and 

summing. This is then added to the current set of constraints, and K is then 

incremented by one. Next, we perform logical tests in order to obtain tighter upper 

bounds on the y variables. If the sum of the upper bounds is less than p, then the 

current incumbent is optimal; hence, we stop. Otherwise, we branch on the variable 
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that has the greatest upper bound, if m denotes this variable then we add the lower 

bounding restriction 

IV
 

—
 

Ym 

Proceed to Step 1. 

STEP 1: Compute lower and upper bounds on the y variables, based on the current 

node list PS. Thus, update the lb, and ub, arrays. Let Jbsum and ubsum denote the 

sum of the current lower and upper bounds, respectively. Proceed to Step 2. 

STEP 2: If L1 => UB, then fathom the current node and go to Step 8. Otherwise, if 

lbsum = p, then since L1 < UB, set y, = lb; Vi, perform Step 7, and then fathom the 

current node by proceeding to Step 8. If we failed to fathom during this step then 

perform logical tests on all the constraints in order to tighten the upper bounds on 

the y variables. Update the array ub, and ubsum. 

STEP 3: If ubsum < p, then fathom by transferring to Step 8. If ubsum = p, then 

set y, = ub, Vi, substitute this solution y in all of the Problem CRMP constraints, 

and find the cut with a maximum right hand side value. Let us denote this by z,,,,. 

If zx < UB, then perform Step 7, and proceed to Step 8 to fathom the current 

solution. Else, if ubsum > p, proceed to Step 4. 
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STEP 4: Solve the bounded variable knapsack problem obtained for the constraint 

g (refer Section 4.3.3). Substitute this y solution in all of the constraints of Problem 

CRMP as before and obtain z,,,,, denote the index of the constraint that yields this 
max? 

maximum by m. If z,,, < UB, then perform Step 7. In any case, proceed to Step 5. 

STEP 5: If the lower bound L2 = UB, then go to Step 8 to fathom, otherwise find 

lower bound L3. If L3 = UB, then proceed to Step 8 to fathom. If neither L2 nor L3 

lead to fathoming, proceed to Step 6. 

STEP 6: Compute the lower bound L4, using the proposed Lagrangian relaxation 

of CRLT. If |@,|| = 0 (then the corresponding y solution solves the current node 

problem) perform Step 7, and then go to Step 8 to fathom. If L4 = UB, then fathom, 

this node at Step 8. Otherwise, branch on the variable y,, according to y, = (Ib, + 1) 

(refer Section 4.3.4). 

STEP 7: Solve DSP(y). If v(y) < UB, then update the incumbent by setting y= y 

and UB = v(y). Use the duals to obtain a new Benders’ cut, and add this cut to the 

current CRMP. Increment K by 1, and return to the next statement in the step from 

which this step was called. Note, that in case the number of cuts generated exceeds 

the storage allocated for these cuts, we replace the last cut with this new cut. 

A Decomposition Procedure 83



STEP 8: Fathom the current solution. Backtrack from the current node, by finding 

the latest nonnegative PSI entry, and discarding the entries to the right of this entry, 

if any. Negate this PSI entry and subtract one from its corresponding PSV entry. If 

there are no more nonnegative entries in the current PSI list, then stop, declaring the 

current incumbent solution to be €-optimal. Otherwise, return to Step 1. 
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CHAPTER V 

Computational Experience 

In this chapter we present our computational experience with the proposed 

dynamic programming algorithm for chain graphs and the decomposition and branch- 

and-bound procedure for general networks. 

5.1 Problem Generation 

This section explains the scheme used in order to generate the test problems. 

Here, the values for customer demands, the supply available at each facility and the 

distance matrix are generated, given the values of n and p. The problems are 

generated using a uniformly distributed pseudo random generator. Integer customer 

demands are generated over the interval [0,25]. The supply value is obtained by 
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dividing the total demand by p and then adding one to this value. The distance 

matrix is an nxn matrix, this matrix is symmetrical about its diagonal, hence we 

generate only the upper triangular values, and the lower triangular values are set 

equal to the corresponding values from the upper triangular matrix. The diagonal 

obviously contains zero values. All the distance values are generated between the 

interval [0,10]. 

5.2 Computational Results 

We first give the results obtained for the dynamic programming algorithm. The 

proposed algorithm was coded in FORTRAN and was implemented on an IBM 3090- 

300E computer. The solution times obtained for solving problems of various sizes 

have been summarized in Table 5.1. It can be seen that this algorithm can very easily 

solve fairly large problems. 
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Table 5.1 Computational experience with the dynamic programming procedure 
  

  

  

  

  

  

  

  

  

  

  

            

n Pp Obj Time 

No. of nodes | No. of fac. (S$) CPU seconds 

10 | 2 381 0.000 

20 10 771 0.009 

30 30 516 0.019 

50 30 1111 0.259 

60 50 1223 0.099 

80 10 6600 0.009 

80 50 1662 2.139 

; 80 80 1245 0.439 

100 50 3254 0.189 

100 80 1643 5.109 
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For the decomposition procedure, during the branch-and-bound procedure we 

tried getting lower bounds using the Lagrangian relaxation of the RLT but it was 

found that this lower bound was not leading to any fathoming. The following two 

tables present computational experience for some of the problems solved using these 

lower bounds and the same problems solved without using these lower bounds. 

Table 5.2 Results using Lagrangian relaxation lower bounds 
  

No. of nodes Solution 
— obtained 

visited fathomed at node 

186 94 24 

34 18 6 

27 
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Table 5.3 Results without using Lagrangian relaxation lower bounds 
  

No. of nodes Solution 
obtained 

visited fathomed at node 

186 94 24 

34 18 6 

  

  

From Tables 5.2 and 5.3, we see that even when we obtain the Lagrangian 

relaxation based lower bounds during the branch-and-bound procedure, we seem to 

enumerate the same tree as we visit the same number of nodes, fathom the same 

number of nodes, and obtain the solution at the same node. Thus, clearly, the extra 

effort involved in calculating this lower bound is not paying off. Hence, we decided 

to drop the calculation of these Lagrangian relaxation based lower bounds from the 

branch-and-bound algorithm. However, we continue to use the Lagrangian relaxation 

as applied to CRLT at node zero as this gives us a strongest surrogate Benders’ cut 

as well as a new incumbent solution in many cases. The following tables give the 

results for various test problems. The column notations used are as explained below. 

n = no. of nodes in the network, p = no. of facilities to be located, € = optimality 
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tolerance, UB,, = upper bound obtained from the location-allocation interchange 

heuristic, LBp,;7 = lower bound obtained from the Lagrangian relaxation of the 

continuous RLT problem, T, = time in CPU seconds at the end of the Benders’ 

decomposition procedure, LB, = lower bound obtained from the Benders’ procedure 

by solving CPMED, UB, = upper bound obtained at the end of Benders’ procedure 

as a result of any incumbent solution updates, Ny, = number of nodes visited during 

the branch-and-bound procedure, Nz = number of nodes fathomed, Ns = node 

number at which the final optimal solution was obtained, T, = time at which this 

final solution was obtained, B, = total number of Benders’ cuts generated, T = 

execution time in CPU seconds for the overall algorithm, OBJ = optimal objective 

value. 

Note that if the cumulative time exceeded 300 CPU seconds, the execution of 

the algorithm was halted prematurely. The execution time for the input of the data 

is not included in the reported total execution time. In Tables 5.4 and 5.5 the 

objective values with a * indicate that the algorithm had to be halted prematurely as 

the total execution time exceeded 300 CPU seconds. The objective value given in 

these rows indicates the incumbent value at the time of halting. 

We find that for many of the problems given in Table 5.4, the number of 

nodes enumerated is quite large. Since we are solving a general mixed integer 

programming formulation, the combinatorial content of this problem is fairly large. 

Thus, if the variable y was restricted to be binary, we could anticipate having to 
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enumerate fewer nodes. In order to verify whether this really leads to enumerating 

fewer nodes, we solved the Problem PMED with binary restrictions on the y 

variables. The computational results obtained are as given in Table 5.5. The 

problems were generated using the same random number generator and the seed 

value. Thus, any two problems in Tables 5.4 and 5.5, having the same values of n and 

p have the same data, and hence can be compared to each other to see the relative 

change in computational effort. We find that the enumeration tree does become 

considerably smaller for the binary case. 
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In order to verify the robustness of the proposed algorithm, we changed the 

data generation scheme and solved a few test problems for the general integer case. 

The following three variations in the data generation scheme were tried out: 

a) Supply values generated were increased by a random number between 

[50,100]. 

b) The demand at each node was allowed to vary between [0,50]. 

c) The distances between the nodes were allowed to vary between [0,25]. 

The results obtained for the test problems have been summarized in the following 

tables. 

Table 5.7. Test problems with demand values between [0,50] 
  

N N By s 

814 934 

2,245 691 

2,003 1,421 

1,791 832 
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Table 5.8 Test problems with distance values between [0,25] 
  

  

  

  

  

  

n p N, N; N, By T OBJ 

10 9 1,110 556 254 74 4.16 124 

12 10 6,234 3,118 1,437 252 43.99 185 

20 8 10,590 5,296 7,495 400 191.10 372 

22 8 11,462 5,732 3,184 127 99.56 342                         
  

Table 5.6 | Test problems with higher supply values 
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CHAPTER VI 

Conclusions and Further Research Suggestions 

In this thesis, we have studied the equal-capacity p-median problem on a 

general network. The literature on this subject mostly deals with either capacitated 

p-median problems on special networks such as chain and tree graphs, or otherwise, 

_ deals with the uncapacitated p-median problem. We have examined in this thesis a 

capacitated discrete p-median problem on a general network, with all supply facilities 

having equal capacities, and have developed a viable solution algorithm for this 

problem. 

In the proposed algorithm it was found that even though the reformulation 

technique leads to tighter lower bounds on the problem, our conjugate subgradient 

optimization technique did not converge to this tighter bound in most cases. 

Similarly, during the branch-and-bound procedure, the lower bounds obtained using 
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the Lagrangian relaxation on the restricted space (restricted by the lower and upper 

bounds on the y variables) of the RLT did not improve the fathoming efficiency in 

the test problems solved. 

We were able to solve problems of size n = 25, p = 8, within five CPU 

minutes on an IBM 3090 computer. However, as p was increased the effort involved 

increased dramatically and we were unable to solve problems with a size of n = 15, 

p = 13, within the limit of five CPU minutes. Some problems e.g. n= 20, p=10 

remained unsolved with a tolerance of 5% on optimality within the given time limit, 

but the same problems were solved when an optimality tolerance of 10% was used. 

We find that the number of nodes enumerated in most cases is fairly large. 

This number is especially large whenever the gap between the lower and upper 

bounds obtained at the end of the Benders’ procedure has been large. 

The dynamic programming procedure seems to give very reasonable times for 

even large problems having n = 100, and p = 80. Thus, it can be used as an 

alternative algorithm whenever the underlying network is known to be a chain graph. 

Also, it is possible to develop some heuristic techniques in which some specific types 

of graphs can be converted to a chain graph, in which case the proposed dynamic 

programming algorithm can be used to efficiently solve such problems. The specific 

conversion techniques can be explored as further research. 

We found that if we imposed binary restrictions on the y variables, the branch- 

and-bound tree size reduced significantly. Thus, we were able to solve problems of 
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size n = 30, p=10. Also, a significant drop in the size of the enumerated tree was 

observed in all the problems as compared to the general integer case. 

The capacitated facility location problem which is fairly closely related to the 

capacitated p-median problem has been studied extensively in the literature. We 

present here the computational experience reported in some of these papers. Beasley 

[1988] who has solved a capacitated warehouse location problem reports problems 

with sizes upto n = 100 and p = 8 within 300 seconds on a Cray-ls with vector 

processing and maximum optimization. It must be noted that in their problem 

formulation once the supply parameters for each facility are fixed, there is no control 

in locating facilities with higher supply values, whereas in this thesis, whenever having 

higher supply at a particular node gives a lower cost, the algorithm automatically 

locates more than one facility at such a node. Sherali and Adams [1984] have been 

able to solve problems with m = 10 and n = 9, (where m denotes the total number 

of facilities to be located on as many nodes, and n denotes the number of customers) 

within 300 seconds on an IBM 3081 series D24 computer. 

In order to check the sensitivity of the proposed algorithm with respect to the 

data values, we have solved certain test problems with modified data. The results for 

these were reported in Tables 5.6, 5.7, and 5.8. Clearly they do not indicate any 

particular increase or decrease in computational effort when compared with similarly 

sized problems of Table 5.4. Thus, we can conclude that the computational times are 

mainly dependent upon the problem sizes rather than the problem data. 
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The above research considers fixed demands over time, this thesis may be 

extended to handle multiperiod problems. Some of the problems with additional 

constraints such as distance constraints may also be solved using the approach used 

in this thesis. Since, the times required for the dynamic programming algorithm are 

significantly smaller when compared to the decomposition procedure of Chapter 4, 

researching a procedure that heuristically converts a general network to a chain 

graph would be a direct extension of the present thesis. 
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