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(ABSTRACT) 

Several tanks have failed due to intolerable differential settlements, 

causing major problems in most cases. The objective of this study is to 

optimize the bottom plate of the tank so that the differential settlements are 

reduced to a minimum. Circular plates on an elastic half-space are 

investigated and the improvements in differential setthements are reported. 

The plates are loaded by a uniform pressure, and the effects of edge loads, edge 

moments, and elastic restraints at the edge are considered. A plate with two 

annular segments having fixed radii is investigated for optimal thicknesses. 

The plate is also optimized by varying both the radii and the thicknesses. 

Another plate with three segments is studied, varying the radii and the 

thicknesses. In all these cases, the plates are examined for a wide range of 

relative stiffnesses. For a specific relative stiffness, a plate with ten segments 

of fixed radii is studied. Also, the contact stress distribution is investigated for 

the case of the three-segment plate. During the study, the results are 

compared to a uniform plate. As an outcome, the differential settlement is 

significantly improved compared to the widely used uniform plate.
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1. INTRODUCTION 

1.1 Background 

Liquid storage tanks are indispensable constituents of a community's 

infrastructure. Their extensive and continuous use is a reason for designers 

to make them more cost-effective. On the other hand, failure of water tanks 

could cause a shortage of drinking supplies and may cause sanitation 

problems. Spillage of chemicals or oil induces pollution and damage that 

could jeopardize human life. Therefore, it is critical to limit tank failures and 

to design more efficient tanks to reduce the likelihood of such disasters. 

Differential settlement is a major cause of tank failure. To reduce the 

possibilities of failure, the bottom plates of tanks should be designed to 

withstand the load applied by the liquid and the tank walls such that the 

differential settlement would be minimized. 

In this study, the bottom plate of a tank is optimized for minimum 

differential settlement. Most of the study is dedicated to nonuniform plates. 

The plates are resting on a soil modelled as an elastic half-space. In most cases 

the differential settlement is greatly improved by optimization. 

Previous work relevant to this problem includes settlement of tanks, 

modelling of soil, analyses of uniform plates on a half-space and optimization 

of plates. These topics are discussed in the next section. 
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1.2 Literature review 

Bell and Iwakiri (1980), Marr et al. (1982) and D'Orazio and Duncan 

(1987) showed that excessive settlements of the bottom plate could cause 

rupture and complete failure of a tank. D'Orazio and Duncan (1984, 1987) 

discussed several case histories of tank settlement and studied the factors 

controlling the magnitude of differential settlement of tanks. They also 

developed new criteria for tolerable settlements using the data from the case 

histories. 

Numerical analyses were used by Borowicka (1936) to treat the problem 

of a circular plate resting on an isotropic elastic half-space. He represented the 

reaction by a polynomial in the radial coordinate and produced series for the 

deflection of the plate and the foundation. By equating the coefficients of 

these two series, he obtained a set of linear equations that could be solved for 

the coefficients of the reaction polynomial. The reaction was integrated to 

determine bending moments. 

Ishkova (1951) and Brown (1969) claimed that Borowicka's analysis was 

inaccurate unless a large number of polynomial terms was used. They 

explained that the assumed reaction distribution is unable to accurately 

represent the reaction distribution near the edge of the plate. To make this 

method more efficient without exceeding twelve terms in the polynomial, 

the authors modified it to account for the contact stress singularity at the free 

edge of the plate. 

Booker and Small (1983) investigated the problem of a cylindrical tank 

resting on a deep foundation simulated by an elastic half-space. They derived 
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an analytical procedure based on flexibility methods. However, their study is 

only applicable to a case in which the base plate and the tank wall have the 

same radius, whereas in practice this is not always the case. 

Experimental investigation by Kamyab and Palmer (1989) of the effects 

of differential edge settlements on displacements in tanks compared favorably 

with their membrane analysis. The same authors (1991) presented design 

charts for predicting the maximum radial distortion of open-topped storage 

tanks caused by localized differential edge settlement of the tank foundation. 

For some time, researchers like Westergaard (1948) and Timoshenko 

and Woinowsky-Krieger (1959) have solved problems of plates on an elastic 

foundation using a Winkler model. They employed a single parameter to 

model the elastic foundation. Hemsley (1987) showed that this form of 

modelling has serious shortcomings because the elastic properties of the soil 

can vary within the soil stratum. 

Vallabhan and Das (1991) extended the classical Winkler foundation 

and introduced a two-parameter elastic formulation. They used an iterative 

technique to obtain a consistent energy formulation and the finite difference 

method to compute the solutions. 

Several researchers investigated the interaction of a uniformly loaded 

circular plate and an elastic half-space using the energy approach. The first 

one was Selvadurai (1979a). He approximated the deflected shape of the plate 

in the form of a power series in terms of even powers of the radial coordinate 

r. He used four coefficients in the series and applied boundary conditions to 

eliminate two of them. The remaining two coefficients were evaluated by 

minimizing the total potential energy of the system. The total potential 
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energy consists of (1) the strain energy of the half-space region, (2) the strain 

energy of the circular plate, and (3) the work component of the external loads. 

Selvadurai concluded that this method is satisfactory for a wide range of 

circular plates and foundations of practical interest. 

Issa and Zaman (1986) also used the potential energy approach to 

analyze the cylindrical tank-foundation-half-space interaction problem. They 

assumed that the tank was rigidly connected to the foundation and added the 

strain energy of the tank wall to the total potential energy of the system used 

by Selvadurai (1979a). 

Using the same method as Selvadurai, Zaman, Kukreti and Issa (1988) 

generalized the plate deflection expression to account for any desired number 

of terms in the power series expansion. They also improved Selvadurai's 

flexural moments and made them accurate, not only with respect to the 

central moments but also to the variation of flexural moments in the radial 

direction. The contact stress distribution was also evaluated and found to 

agree with the study done by Brown (1969). The authors concluded that 

compared to other numerical techniques, such as the finite element method, 

this method is computationally efficient and inexpensive. 

The Hellinger-Reissner mixed-variational approach was used by 

Faruque and Zaman (1991) to investigate the flexural interaction of thin 

circular plates resting in smooth and continuous contact with an isotropic 

elastic half-space. Both the plate deflection and the flexural moments were 

approximated by independent even-power series in terms of the radial 

coordinate. The generalized coefficients of the series were evaluated using 

the stationary property of the Hellinger-Reissner mixed-variational 
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functional. This method achieved sufficiently accurate results with only four 

terms in the series for the deflection and three terms in the series for the 

radial and tangential moments, compared to twelve terms for the deflection 

and fifteen for the moments used by Zaman, Kukreti and Issa (1988). 

Zaman and Mahmood (1988) used the finite element technique to 

obtain more realistic results. Unlike all the previously mentioned studies 

that ignored or over-simplified the interaction between the tank wall and the 

foundation, as well as between the foundation and the supporting soil 

medium, this study considered complete interaction between these elements. 

An important outcome of this study was that the assumption of smooth 

interface conditions leads to an increased foundation deflection. 

All the previously mentioned studies considered a uniform plate. A 

few researchers, however, examined nonuniform circular plates. Dems and 

Mréz (1980) treated a circular sandwich plate with constant thickness over 

annular subdomains. The plate was simply supported at the outer edge and 

subjected to a uniformly distributed load. The optimal plate shape design was 

discussed for the case of a mean compliance (work done by the load) 

constraint. 

Dems and Plaut (1990) analyzed uniform and nonuniform plates under 

different load conditions. The plates rested on an elastic foundation of the 

Winkler type and on elastic supports at the edge. The stiffness distribution of 

the foundation was designed so that the pressure on the foundation was 

uniform. They reported some improvement of the compliance for a 

nonuniform plate when compared to a uniform plate under the same load 

conditions. 
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1.3 Present study 

In the present study, the concern is the optimization of the bottom 

plate of a cylindrical liquid storage tank. The plate is axi-symmetric and made 

of linearly elastic material with varying thicknesses hj ( j=1,2,....m ) which are 

constant over annular subdomains defined by the radii rj ( j=1,2,....m ). Any 

number of subdomains (segments) can be used, but the volume is kept 

constant. 

The optimization procedure consists of determining the optimum hj, 

or the optimum rj, or both, for each subdomain. The optimum values of hj 

and rj are obtained by minimizing the differential settlement of the plate. For 

practical purposes, this study considers primarily the cases m = 1, 2 and 3. 

The plate rests on an elastic half-space and is in some cases supported 

along the edge by translational and rotational springs. The translational 

spring could represent additional support under the tank wall, such as a 

ringwall, while the rotational spring could model the flexural resistance due 

to the tank wall at its connection with the base. Also, to further model the 

effect of the tank wall, a vertical force and a moment are allowed along the 

edge. The liquid pressure is represented by a uniformly distributed load 

(which could include the weight of a floating roof). An energy approach 

similar to the one used by Selvadurai (1979a) is applied to compute deflected 

shapes and moments. 

First, a uniform plate is analyzed as shown in nondimensional terms 

in Fig. 1.1. The results are compared to those of previous studies to evaluate 
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Figure 1.1. Cross-sectional and perspective views of a uniform plate (m=1). 
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the accuracy of the method used. Second, a plate consisting of two annular 

segments with fixed radii is assumed (Fig. 1.2). The thickness of the inner 

segment is chosen as the design variable. The effects of stiffness, translational 

and rotational springs, and edge forces and moments are investigated. As a 

special case, the inner radius is allowed to vary with the condition hj=2h9. 

Third, the previous plate is analyzed again. However, now two design 

variables are allowed, the thickness and radius of the inner segment (Fig. 1.3). 

The same investigations are also carried out in this case. Fourth, a plate with 

three annular segments and four design variables is examined, as shown in 

Fig. 1.4. The four design variables are the inner segment radius and thickness 

and the middle segment radius and thickness. The special case for this section 

is to allow the inner and middle radii to vary with the conditions hy=3h3 and 

hg=2h3. Fifth, a plate with ten annular segments and nine design variables is 

considered. The radii are fixed and the variables are the segment thicknesses. 

Finally, the normal contact stress distribution at the plate half-space interface 

is evaluated for the three-segment plate and compared to the uniform plate. 
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Figure 1.2. Cross-sectional and perspective views of a 2-segment plate (m=2) 

with one design variable (hy) and rq = 0.5. 
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Figure 1.3. Cross -sectional and perspective views of a 2-segment plate (m=2) 

with two design variables (hy and ry). 
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Figure 1.4. Cross-sectional and perspective views of a 3-segment plate (m=3) 

with four design variables (h1,r1,h2, and r9). 
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2. ANALYSIS 

2.1 Formulation of the total potential energy 

Figure 2.1 shows a uniformly loaded axi-symmetric circular plate with 

constant modulus of elasticity Ep and Poisson's ratio Vp- The uniform load of 

intensity p (force/area) is distributed over the entire surface of the plate. 

Along the edges, QQ (force/ length) and M o (moment/ length) are applied. 

Translational springs of stiffness ‘k (force/ length?) and rotational springs of 

stiffness c (force) are allowed at the edges. The deflection is w (r). 

The nonuniform plate has a constant thickness hj ( j=1,2,....m ) Over 

annular segments of radii Tj ( j=1,2,....m ) so that the volume V~of the plate 

is constant: 

m — —2 —-2 
V=n>d (ry - 174) hj; (1a) 

i=1 

where hj >0,0< rj rjy< rjand rm=a 

The thickness of a uniform plate with volume V is denoted h y, so that: 

2 
Vena hy (1b) 

The plate strain energy is: 
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Figure 2.1. Nonuniform plate under the loads and constraints considered in 

the study. 
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m >— 
__ 2 2(1-Vp) dw (1)d w(r) 
Up=* ) D; | {wa w(r))- - dr dr? rdr 

i=] 

P i-1 

(2a) 

2— d“w(r) 41 dw(r) , 
h V = COSA OT 2 where w (r) qr? - qa (2b) 

— 3 
Ep h; 

and D; = ———_3— (2c) 
12(1-Vp) 

The value Vp= 0.3 is used in much of the earlier work and is used in this 

study. 

The potential energy (negative work) of the loads is: 

_ oe __ dw) 
U,=-2 dr -2 M ,»—>_ 3 1 np |w(r)rdr -2na Qo wia)+ 0G (3) 

0 

The energy stored in the springs is: 

— 1 — 
U,p=5k wea)” 2a (4a) 
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__ 1 — dw (a))? 
Uc=5¢ = 2ta (4b) 

Figure 2.2 shows the plate resting on an elastic half-space. The soil 

properties are described by Young's modulus Eg, and Poisson's ratio Vs. The 

interface between the plate and the half-space is assumed to be continuous 

and smooth. Also, it is assumed that there is no loss of contact at the 

interface. 

The previous assumptions eliminate the frictional forces between the 

half-space and the plate, so only the vertical component of the stress is 

present. This also means that at the region of contact, the plate deflection is 

identical to the half-space surface deformation. 

The potential energy of the elastic half-space (soil) is: 
a 

U <= q(r)w(r)rdr (5a) 

0 

where q(r ) from Zaman, Kukreti and Issa (1988) is the contact stress at the 

interface and is given by 

a 

ee E g(t) dt _ 
q(t) =-——>— = er e (O< 1 <a) (5b)   

2(1-V,) 
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Figure 2.2. Nonuniform plate and the half-space interaction 
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2 a (§& wOdb 
where gs®M= > ae (0<t<a) (5c) 

Vt2-&2 

  

The potential energy functional 'U of the plate and half-space system is: 

U=U,t¥U [+ Up+ Uct Ug 6) 

For convenience in carrying out the computations and in presenting 

the results, the analysis is done in a nondimensional form. The 

nondimensionalization is as follows: 

      

  

7 r E, w 
r=——, r.=—_, w= (7a,b,c) 

i ja pa(1-v,) 

h; Ep (1-vg ) hy Qo 

h. = , K = 7 Q ~- (7d,e,f) 1 Ry p Eg ae 0 pa 

_ 2 — 7 — 
M 9 (1-v,) k (1-v,) ¢ 

M 9= — 27 k= Eg ’ c= 2 (7g,h,i) 
pa a Eg 

The total potential energy is: 
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i=l 

Ti-1 

1 

-27 fw r dr + Qg w(1) + Mow, (1) 

0 

1 

+ fawrdr + wkw (1) + new; (1) (8b) 

0 

1 

where q@=-+ © tg W dt (O0<r<1) (8c) 

t?-r? 

r 

t 

g() =< & wid) ds (0<t<1) (8d) 
t?-&? 

0 
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dw 
Wr = a and Wrr = > (8e,f) 

For the uniform plate, the relative stiffness parameter Kp used in the 

study is the same as the one used by Brown (1939) and Zaman, Kukreti and 

Issa (1988). The expression of Kp is as defined in equation (7e). For the other 

cases of nonuniform plates, a new relative stiffness parameter (K) is defined 

as follows for convenience: 

K Ep ( 1-Vg) h, 

3 
K = ae 

2. 2 
6(1-V,) 6Es(1-Vp) a 

(9) 
Te 

where R is a relative stiffness parameter used by Selvadurai (1979a). 

2.2 Solution procedure 

The analysis assumes that the deflected shape of the plate is 

represented by a polynomial with even powers in terms of the radial 

coordinate r: 

2 4 6 2n 
wr) =AgtAyr +Aor +Agr +......... +Ar (10) 

This shape is symmetric about the center, r = 0. 

The only boundary condition used assumes zero slope at the center of 

the plate. The other boundary conditions are not kinematic boundary 
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conditions. In Selvadurai (1979a) , Issa and Zaman (1986) and Zaman, Kukreti 

and Issa (1988), the same power series is assumed and the boundary 

conditions at the edge ( r = 1 ) are used to eliminate some of the coefficients. 

The Rayleigh-Ritz method is used and the coefficients Aj ( j=0,1,2,...n ) 

are evaluated by making use of the principle of stationary potential energy at 

equilibrium states: 
a 
Yao j=0,1,2,....n) (11) 
oA 

This yields a set of simultaneous linear equations that is solved for the 

coefficients Aj. The coefficients are substituted in the assumed deflection 

function to obtain an approximate deflection, and the flexural moments are 

obtained by evaluating derivatives. The nondimensional moment M,;(r) and 

tangential moment Mo(r) are obtained as follows: 

1 3 Vv 
M,(r) == Fiat | weet 2 ws} ifr, ,<Srs<r, (12) 

] 3/1 . 
Mo(r) = - aKphits Wr + Vp wre } if Ti] Srs7; (13) 

Computer programs in FORTRAN have been written to evaluate the 

potential energies mentioned previously. The set of linear equations, which 

is described in the appendix, was solved using the IMSL subroutine DLSARG 

(a double precision subroutine for solving a real general system of linear 

equations with iterative refinement). 
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The objective is to minimize the nondimensional differential 

settlement, w(0) - w(1), of the plate. The optimization process was 

accomplished using two other IMSL subroutines. DUVMIF is a double 

precision subroutine used for a single variable optimization. For 

multivariable optimization, a double precision subroutine called DBCONF is 

used. DBCONF uses a quasi-Newton method and a finite-difference gradient 

to minimize the differential settlement. 
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3. UNIFORM PLATE 

3.1 Plate deflection 

A convergence study was conducted for the case of a uniform plate 

without edge springs, force or moment and with Kp = 0.1 to decide on the 

number of terms that should be included in the series expansion of the plate 

deflection. Table 3.1 shows the values of the deflection at several distances 

from the center of the plate for different numbers of terms in the series. It can 

be seen that, for practical purposes, convergence is already achieved at n = 3. 

Figure 3.1 shows the plate deflection versus the radial distance for n = 2 

and n 2 3. The results for n 2 3 agree with those from previous studies, such 

as Zaman, Kukreti and Issa (1988). The series expansion used by these authors 

converged for n = 12. They also reported that for n = 3, the predicted 

deflection values were close to the exact solution and that with increasing n, 

the computational efforts increase tremendously. 

As an outcome of the convergence study, and for the sake of 

consistency, n = 5 will be used in the rest of the study unless mentioned 

otherwise. Also, to make the cases clear and concise, a standard case is 

defined as follows: 

n=5,Kp =0.lorK=0.1,k=0,c=0,Q9=0,and M9 =0. 
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Table 3.1. Convergence study for deflection when Kp = 0.1. 

  

      

  

  

  

  

  

  

  

  

  

          

r N=2| N=3 N = N=5 | N=6 | N = 10] N = 15 

0.0 1.964_| 1.955 1.954 1.954 1.954 1.953 1.954 

0.1 1.958 1.949 1.948 1.948 1.948 1.948 1.948 

0.2 1.937 1.930 1.930 1.930 1.930 1.930 1.930 

0.3 1.904 1.899 1.899 1.899 1.899 1.899 1.899 

0.4 1.858 1.856 1.856 1.856 1.856 1.857 1.856 

0.5 1.800 1.801 1.802 1.802 1.802 1.802 1.801 

0.6 1.733 1.735 1.736 1.736 1.736 1.735 1.736 

0.7 1.657 1.660 1.660 1.660 1.660 1.660 1.660 

0.8 1.574 1.576 1.576 1.576 1.576 1.576 1.576 

0.9 1.487 1.487 1.487 1.487 1.487 1.487 1.487 

1.0 1.398 L 1.397 1.397 |_1.397 1.397 1.397 1.397             
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Figure 3.1. Plate deflection versus radial distance for K, = 0.1. 
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For the standard case, the variation of the central deflection wg with the 

relative plate stiffness parameter Kp is shown in Fig. 3.2. The results match 

those reported by Zaman, Kukreti and Issa (1988) and Faruque and Zaman 

(1991). Table 3.2 gives numerical values. For an infinitely stiff plate 

(Log Kp co), wg approaches nx / 2, and for a very flexible plate 

(Log Ky > — co), Wy approaches 2.00. These results are in accordance with the 

classical theory of elasticity discussed by Timoshenko and Woinowsky- 

Krieger (1959) and Selvadurai (1979b). 

3.2 Flexural moments 

The radial moment My was evaluated for the standard case according 

to equation (12). The results are plotted in Fig. 3.3 and show that the radial 

moment is zero at the edge of the plate. They are in accordance with the 

studies done by Brown (1939), Zaman, Kukreti and Issa (1988) and Faruque 

and Zaman (1991). For Zaman, Kukreti and Issa (1988), the radial moment 

converged for n = 15. Faruque and Zaman (1991) needed only three terms in 

the series for the radial and tangential moment expansions to achieve 

comparable results. 

The tangential moment was not investigated by any of the previous 

studies, but is included here for completeness. Figure 3.4 shows the plate 

tangential moment Mg versus radial distance for the standard case according 

to equation (13). It can be noticed that the radial and tangential moments are 

Uniform Plate 25
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Figure 3.2. Plate central deflection versus stiffness Kp. 
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Table 3.2. Central deflection versus relative plate stiffness. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

LOG Kp Wo 

-2.0 2.008 

-1.8 2.008 

-1.6 2.004 

-1.4 1.997 

-1.2 1.981 

-1.0 1.953 

-0.8 1.915 

-0.6 1.863 

-0.4 1.806 

-Q.2 1.750 

0.0 1.701 

0.2 1.661 

0.4 1.632 

0.6 1.611 

0.8 1.597 

1.0 1.588 

1.2 1.582 

1.4 1.578 

1.6 1.575 

1.8 1.574 

2.0 1.573 
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Figure 3.3. Plate radial moment versus radial distance for the standard case. 
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Figure 3.4. Plate tangential moment versus radial distance for the standard 

case. 
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equal at the center of the plate. 
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4, OPTIMAL PLATES 

4.1 Two-segment plate (m = 2) with one variable 

4.1.1 Variable inner thickness hy, fixed inner radius rj = 0.5, free edge 

A plate with two annular segments and fixed inner radius ( rj = 0.5 ) is 

studied in this section. The thickness of the inner circular segment is 

optimized here and the optimal solution is obtained by minimizing the 

differential settlement of the plate. The optimization was performed using 

the IMSL subroutine DUVMIF. The optimal thickness of the inner segment 
* + 

is denoted h,, and the corresponding thickness of the outer segment ( h, ) can 

be found from equation (1a) to be : 
* 

x 4-h, 
ho = 3 
  (14) 

Figure 4.1 shows the differential settlement versus the thickness of the 

inner segment for the standard case ( K = 0.1 ). The value of hy was varied 

from zero (the plate consists of the outer segment only) to four (the plate 

consists of the inner segment only). The minimum differential settlement 
+ + 

(d° ) was obtained for a thickness of h, = 1.7976. In Fig. 4.2, h, is plotted for 

different values of relative stiffness parameter ( K ). For a very stiff plate 
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Figure 4.1. Differential settlement versus inner segment thickness for the 

standard case. 
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Figure 4.2. Optimal inner segment thickness versus relative plate stiffness. 
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* 

(Log Kp > oo), h, approaches 1.729, and for a very flexible plate 

* 

(Log Kp > — oo), h, approaches 2.480. For the standard case, the optimal 

inner segment thickness checks exactly with the value in Fig. 4.1. A plot of 
+ + 

h» / h, versus K is shown in Fig. 4.3. For a stiff plate the ratio approaches 

0.438, for a flexible plate it approaches 0.204 and for the standard case ( K = 0.1) 

it is 0.4124. The ratio is almost constant for a wide range of relative stiffness 

(K>0.5). 

The differential settlement for the uniform and the optimal plates is 

plotted for different values of K in Fig. 4.4. As can be seen from the figure, 

there is a significant improvement of differential settlement in the optimal 

plate compared to the uniform one. The percentage improvement varies 

from 16.1% for a flexible plate to 40.0% for a stiff plate. For the standard case, 

the differential settlement is improved by 31.2%. Table 4.1 shows values of 

differential settlement for the optimal nonuniform plates ( d° ) and for the 

uniform plates ( d" ), together with the percentage improvement, for various 

stiffness values. 

For the standard case, Fig. 4.5 shows the plate deflection versus the 

radial distance for the optimal plate ( w_ ) and the uniform plate (w"). The 

maximum decrease in the deflection of the optimal plate compared to the 

uniform plate is 4.6% at the center. The optimal plate, however, deflects 

more than the uniform plate starting at a radial distance r a little greater than 

the rim of the inner segment. This can be explained by the fact that from the 

center of the plate to the outer edge of the inner segment, the nonuniform 

plate is thicker ( h, = 1.7976 ) than the uniform plate (h = 1) and thus deflects 
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less under the same loads. The outer segment of the nonuniform plate is 
+ 

thinner ( hy = 0.7341 ) than the uniform plate (h = 1 ) and the opposite 

phenomenon is observed. The change does not occur abruptly but smoothly; 

that is why at r = 0.5, even though the uniform plate is thicker, its deflection 

is still larger. 
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Figure 4.3. h, / hy versus relative stiffness parameter. 
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Figure 4.4. Differential settlement versus relative stiffness parameter for 

optimal plate ( d’ ) and uniform plate (d"). 
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Table 4.1. Differential settlement for optimal plate ( d’) and uniform plate 

(d" ), and percentage improvement. P 8 p 

  

  

  

  

  

  

  

  

  

  

_ «x | @ a | | 
0.01 0.51584 0.61508 16.1 

0.05 0.29669 0.40318 26.4 

0.10 0.19201 0.27896 31.2 

0.50 0.05013 0.08021 37.5 

1.00 0.02606 0.04241 38.6 

5.00 0.00538 0.00889 39.5 

10.0 0.00270 0.00447 39.6 

50.0 0.00054 0.00090 40.0 

100.0 0.00027 0.00045 40.0         
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Figure 4.5. Plate deflection versus radial distance for optimal plate ( w )and 

uniform plate ( w" ). 
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4.1.2 Variable inner thickness hy, fixed inner radius rj = 0.5, effect of varying 

c,k, Qp,and Mg 

The effects of the translational springs ( k ), the rotational springs (c ), 

the edge forces (Q 9) and the edge moments (MQ) are investigated. The 

effects of these variables are studied separately; that is, only the variable 

considered is allowed to vary and all the other variables are equal to zero. 

First, the translational spring stiffness was allowed to vary (standard 

case but k # 0). The study showed that the optimal segment thicknesses are 

almost unchanged with varying k. Figure 4.6 shows the differential 

settlement for the optimal plate compared to the uniform one. It can be seen 

that the differential settlement increases with increasing k. This can be 

explained by the fact that under the same loads and increasing k, the forces 

induced in the springs increase, thereby reducing the deflection at the edge of 

the plate and increasing the differential settlement. The percentage 

improvement of the optimal plate over the uniform plate decreases from 

31.2% when k = 0 (standard case) to 26.0% when 2<k<10. 

Second, the rotational spring stiffness was allowed to vary (standard 
+ 

case but c # 0). The study showed that h, increased from 1.7976 for the 

standard case to 2.1413 for c = 0.06 and then decreased to 1.8164 for c = 10 
* *% 

(Fig. 4.7). The corresponding hy / h, is plotted versus c in Fig. 4.8. The 

differential settlement for the optimal and the uniform plate is plotted versus 

c in Fig. 4.9. It can be seen that the differential settlement decreases for c < 1.0 

and then becomes virtually unchanged for c 2 1.0. 
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Figure 4.6. Differential settlement versus the translational spring stiffness for 

optimal plate ( d’) and uniform plate (d"). 
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Figure 4.7. Optimal inner segment thickness (h, ) versus rotational spring 

stiffness (c). 
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Figure 4.8. h, / h, versus rotational spring stiffness (c ). 

  
43 

  

 



  

  

  

  

      
  

05 | OS 
0.3 T T — —_ I 

L 

t 

0.2% / 
\ Ly 

1 

r\ d ¥ 
u 

a d 

0.1 - 

rn 
F d 

0.0 _ L : l : po _ 

0.0 2.0 4.0 6.0 8.0 10.0 

Cc 

Figure 4.9. Differential settlement for optimal plate ( d’ ) and uniform plate 

(d" ) versus rotational spring stiffness (c ). 
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The decrease is due to the fact that the restoring moments induced by the 

rotational spring tend to reduce rotation at the edge and consequently reduce 

the differential settlement. The differential setthement showed an 

improvement between 31.2% and 40.2% for c < 1.0 and about 29.0% for c 2 1.0. 

Third, the edge force Q g was allowed to vary (standard case but O g # 0). 

The investigation showed that the optimal plate thicknesses are essentially 

unchanged. Figure 4.10 shows the differential settlement for the uniform 

plate and optimal plate plotted versus the edge force. The differential 

settlement decreases for both plates because the edge force is applied 

downwards and thus increases the edge displacement of the plate. For the 

optimal plate it decreases from 0.192 for Q g = 0 (standard case) to 0.113 for 

Q 9 = 0.1. The percentage improvement of the optimal plate over the 

uniform plate varies from 30.9% for small values of Q g to 37.1% for large 

values of Q 9. 

Finally, the same investigation was conducted for the edge moments 

M g and the results are plotted in Fig. 4.11. The optimal plates are essentially 

the same as for the standard case. The differential settlement decreases for 

both uniform and optimal plates with increasing edge moment. For the 

optimal plate, the differential settlement decreases from 0.192 for M g = 0 

(standard case) to 0.144 for large values of Mg, The percentage improvement 

varies from 30.9% for small values of M 9 to 37.9% for large values of M  . 

4.1.3 Other cases 
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Figure 4.10. Differential settlement versus edge force for optimal plate ( d’) 

and uniform plate (d"). 
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Figure 4.11. Differential settlement versus edge moment for optimal plate 

(d° ) and uniform plate (d"). 
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4.1.3.1 Variable inner thickness hy fixed inner radius ry, free edge 

In this section, the radius of the inner segment (rj ) is fixed at different 

values and the corresponding optimal thickness is determined by 

minimizing the differential settlement. In Fig. 4.12, the optimal thickness for 

the standard case and for K = 10 is plotted for different values of the inner 
* * 

segment radius. Also, hy / h, is plotted versus the inner segment radius for 

* + 

these two cases in Fig. 4.13. The optimal ratio h, / h, tends to increase as rj 

increases. 

4.1.3.2 Fixed ratio hz / hy, variable inner radius r1, free edge 

A practical case for manufacturing purposes would be to double the 

inner segment thickness with respect to the outer segment ( hy = 2h?) and 

optimize the inner segment radius for minimum differential settlement. For 

the standard case and hy = 2 hg, the inner segment radius was varied and the 

differential settlement was measured (Fig. 4.14). The optimal inner plate 

radius is plotted versus the relative stiffness parameter (K) in Fig. 4.15 and 
* 

confirms the result found for the standard case (r, = 0.6320). For avery stiff 

* 

plate (Log Kp > co), r, approaches 0.643, and for a very flexible plate 

(Log Kp > — ©), r approaches 0.406. 
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Figure 4.12. Optimal inner segment thickness (h, ) versus inner segment 

radius (rj ) for K = 0.1 and K = 10. 
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Figure 4.13. h, / h, versus inner segment radius (rq) for K = 0.1 and K = 10. 
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Figure 4.14. Differential settlement versus inner segment radius (ry ) for the 

standard case with hq = 2 ho. 
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Figure 4.15, Optimal inner segment radius (1, ) versus relative stiffness 

parameter when hq = 2 hp. 
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4.2 Two-segment plate (m = 2) with two variables 

4.2.1 Variable inner thickness hy, variable inner radius r1, free edge 

A plate with two annular segments is again analyzed here. However, 

both the inner segment thickness hz and inner segment radius rj are 

optimized at the same time by minimizing the differential settlement of the 

plate. For this purpose, the IMSL subroutine DBCONF was used. 

For the standard case but with different values of relative stiffness 

parameter ( K ), the optimal inner segment thickness (hy ) and the optimal 

+ + 

inner segment radius (r; ) were found. The outer segment thickness (h, ) 

was evaluated using equation (la). Figure 4.16 shows the optimal ratio 
* + * 

h» / h, and the optimal inner radius r, plotted versus the relative stiffness 

* *+ + 

parameter. The ratio hy / hy and ty tend to increase as K increases for K < 0.1, 

and do not change significantly for K 2 0.1. The differential settlement is 

plotted for the optimal plate and the uniform plate versus K in Fig. 4.17. A 

substantial improvement was achieved for the optimal plate compared to the 

uniform plate. The percentage improvement varied from 16.2% to 57.3%. As 

expected, for the same relative stiffness parameter, a better improvement was 

obtained with the two-segment plate and two variables than with the two- 

segment plate and one variable. For various plate stiffness values, Table 4.2 
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Figure 4.16. Optimal design parameter versus K. 
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Figure 4.17. Differential settlement versus relative stiffness parameter for 

optimal plate ( d’ ) and uniform plate (d"). 
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Table 4.2. Effect of K on optimal design. 

  

  

  

  

              

      

  

* h. * h-/h. * 

K | ry 1 hy 2m oa a" % 

| 0.01 0.5157 | 2.5259 | 0.4472 | 0.1770 | 0.5155 | 0.6151 16.2 

0.1 0.6376 | 1.6180 | 0.5766 | 0.3564 | 0.1742 | 0.2790 37.6 

1.0 0.6501 | 1.5759 | 0.5785 | 0.3671 | 0.0181 | 0.0424 57.3 

10.0 0.6278 | 1.6405 | 0.5833 | 0.3556 | 0.0023 | 0.0045 48.6 

100.0 || 0.6194 | 1.6695 | 0.5833 | 0.3494 | 0.0002 | 0.0004 55.5 
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+ 

shows the optimal inner segment radius ( r, ), the optimal inner segment 

+ + 

thickness (h, ), the corresponding optimal outer segment thickness (hp ), 

the ratio of the segment thicknesses (h, / h, ), the differential settlement for 

the optimal plates ( d’) and for the uniform plates ( d“) and the percentage 

improvement. 

For the standard case, Fig. 4.18 shows the plate deflection versus the 

radial distance for the optimal plate ( w_) and the uniform plate (w" ). The 

maximum decrease in the deflection of the optimal plate compared to the 

uniform plate is 4.6%, at the center. Figure 4.19 shows the same comparison 

but for K = 10. The maximum decrease in deflection is only 0.1%, and also 

occurs at the center. 

4.2.2 Variable inner thickness hq, variable inner radius r1, effect of varying c, 

k,Qo,andMg 

The same study for the effects of the translational springs ( k ), the 

rotational springs ( c ), the edge forces (Q 9) and the edge moments (M g ) 

carried out for the one-variable case is also performed here for the two- 

variable case. The same conditions and constraints apply. 

The translational spring stiffness ( k ) was allowed to vary first 
*+ 

(standard case but k # 0). The optimal inner segment thickness (hy, ) and the 

* 

optimal inner segment radius (r; ) were found. The outer segment thickness 

* + * 

(hy ) was again evaluated using equation (la). Figure 4.20 shows h, / h, and 
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Figure 4.18. Plate deflection versus radial distance for optimal plate ( w )and 

uniform plate ( w" ) for standard case. 
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Figure 4.19. Plate deflection versus radial distance for optimal plate ( w )and 

uniform plate ( w" ) for standard case except K = 10. 
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Figure 4.20. Optimal design parameter versus k. 
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* 

r, plotted versus the translational spring stiffness. Both values do not show a 

significant change as k varies. The differential setthement improves by a 

maximum of 34.2 % for k = 0.1 and decreases as k increases. For various 

translational spring stiffness values, Table 4.3 shows the optimal inner 
* * 

segment radius ( r; ), the optimal inner segment thickness (h, ), the 

+ 

corresponding optimal outer segment thickness (ho ), the ratio of the 

+ + 

segment thicknesses ( h, / hy ), the differential settlement for the optimal 

plates ( d”) and for the uniform plates ( d" ) and the percentage 

improvement. 

An identical study was conducted for the rotational spring stiffness (c ). 

The optimal inner segment radius shows a substantial change; it decreases 
*+ + 

from r, = 0.6314 for c = 0.01 to r; = 0.3715 for c = 1.0 (Fig. 4.21). The ratio 

+ + 

hy / h, varies from 0.2608 to 0.3701 (Fig. 4.21). The differential settlement 

improves by a maximum of 46.2% compared to a uniform plate. This can 

seen in Table 4.4. 

Next, the edge force ( Q g ) was allowed to vary (standard case but 
+ + + 

Qo #9). An analogous study to the previous shows that r, and hy / h, are 

+ * + 

practically unchanged for Q 9 < 0.04 and then r, tends to increase and hy / hy 

to decrease as Q g increases (Fig. 4.22). The differential settlement improves 

by a maximum of 44.7% (for 0 <Q g < 0.1) compared to a uniform plate, as can 

be seen in Table 4.5. 
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Table 4.3. Effect of k on optimal design. 

    

  

  

  

  

  

                

* h h? I ho /h? . ] 

k ry 1 2 2’04 d a" % 

0.1 0.6243 1.6226 0.6023 0.3712 0.2575 0.3911 34.2 

| 0.5 0.6338 1.5902 0.6037 0.3796 | 0.3781 0.5553 31.9 

| 1.0 0.6322 1.5904 0.6069 0.3816 0.4236 0.6172 31.4 

5.0 0.6512 1.5333 0.6074 0.3961 0.4780 0.6911 30.8 

10.0 0.6530 1.5437 0.5959 0.3860 0.4864 0.7027 30.8 
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Figure 4.21. Optimal design parameter versus c. 
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Table 4.4. Effect of c on optimal design. 

  

  

  

  

  
  

  

| hy hy | hy/hy | gt 2 % 

0.01 | 0.6314 | 1.7083 | 0.5304 | 0.3105 | 0.1591 | 0.2635 | 42.5 

0.05 | 0.5963 | 1.9098 | 0.4981 | 0.2608 | 0.1171 | 0.2176 | 46.2 

0.1 || 0.5929 | 1.8973 | 0.5137 | 0.2707 | 0.1031 | 0.1886 | 45.3 

0.5 | 0.3659 | 2.3303 | 0.7944 | 0.3409 | 0.0866 | 0.1338 | 35.3 

1.0 || 0.3715 | 2.1879 | 0.8098 | 0.3701 | 0.0799 | 0.1218 | 34.4   
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Table 4.5. Effect of O g on optimal design. 

  

  

  

  

  

                
  

    

* * * * * 

0.001 }| 0.6338 | 1.6289 | 0.5777 | 0.3547 | 0.1705 | 0.2779 38.7 

0.005 }| 0.6321 1.6318 | 0.5798 | 0.3553 | 0.1696 | 0.2739 38.1 

0.01 0.6346 | 1.6302 | 0.5750 | 0.3527 | 0.1667 | 0.2688 38.0 

0.05 0.6360 | 1.6364 | 0.5678 | 0.3470 | 0.1366 | 0.2282 40.2 

0.1 0.6920 | 1.6390 | 0.4128 | 0.2519 | 0.09817 | 0.1775 44.7 
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Finally, the edge moment ( M g ) was allowed to vary (standard case but 
* 

M 9 #0). The same study is again performed. The inner segment radius (r; ) 

+ * + 

and hy, /h, are essentially unchanged for Mg < 0.002 and then rj increases 

+ * 

and h, / h, decreases as M g increases (Fig. 4.23). The differential settlement 

improves by a maximum of 61.1% (for 0 < M g < 0.01) compared to a uniform 

plate, as can be seen in Table 4.6. 
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Table 4.6. Effect of M g on optimal design. 

  

  

  

  

  

| M, ry hy hy h5/hy i a” % 

0.0001 | 0.6339 | 1.6277 | 0.5783 | 0.3553 | 0.1738 | 0.2785 | 37.6 

0.0005 || 0.6359 | 1.6246 | 0.5760 | 0.3546 | 0.1718 | 0.2771 | 38.0 

0.001 || 0.6428 | 1.6151 | 0.5668 | 0.3510 | 0.1693 | 0.2743 | 38.3 

0.005 || 0.7069 | 1.5856 | 0.4151 | 0.2618 | 0.1462 | 0.2555 | 42.8 

0.01 |} 0.7543 | 1.5346 | 0.2943 | 0.1918 | 0.0903 | 0.2321 | 61.1                 
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4.3 Three-segment plate (m = 3) with four variables, free edge 

A plate with three annular segments and four variables is studied in 

this section. The four variables are: the inner segment radius (rj ), the inner 

segment thickness ( hz ), the middle segment radius ( rg ) and the middle 

segment thickness (ho). The corresponding outer segment thickness ( h3 ) is 

found using equation (la). The four variables are optimized by minimizing 

the differential settlement of the plate and the subroutine DBCONF is again 

used here. The relative stiffness parameter ( K ) was varied with the 

parameters of the standard case and the four variables were evaluated. 
*+ + 

Figure 4.24 shows the optimal radii r, and r, and the optimal thickness 

* * * * 

ratios hy / h, and hg / hy versus the relative stiffness parameter. These 

quantities do not exhibit much change and are practically constant for our 

purposes. Values for all the variables and ratios mentioned above can be seen 

in Table 4.7 for five values of K. The differential settlement was measured for 

the range of K considered and showed a significant improvement. The 

improvement of the differential settlement of the optimal plate compared to 

the uniform plate varied between 21.1% and 60.0%. Table 4.8 includes values 

of differential settlement for the optimal three-segment plate along with the 

percentage improvement over the optimal plates considered earlier in this 

study for various K values. As expected, the three-segment plate appears to be 

a better plate as far as differential settlement is concerned. From Table 4.8, it 

can also be concluded that the differential settlement decreases with an 
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Table 4.7. Effect of K on optimal design. 

  

* * * * * 

  

0.01 0.3979 | 0.7788 | 2.3000 | 1.1023 | 0.3604 | 0.4792 | 0.1567 
  

0.1 0.3804 | 0.7892 | 2.2622 | 1.1452 | 0.3317 | 0.5062 | 0.1466 
  

1.0 0.3833 | 0.7910 | 2.2152 | 1.1508 | 0.3302 | 0.5195 | 0.1490 
  

10.0 0.3885 | 0.7919 | 2.1774 | 1.1515 | 0.3300 | 0.5288 | 0.1516 
                100.0 || 0.3872 | 0.7913 | 2.1780 | 1.1555 | 0.3295 | 0.5305 | 0.1513 
—————E_     
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Table 4.8. Differential settlement for the three-segment plate and percentage 

improvement compared to other cases considered in the study. 

  

  

  

  

  

                    

a % % % % % | 
K m = 3 m = 3 m = 2 m = 2 m = 2 m= 1 

ry,hy * * * * & & 

r2,h2 r1r2 ry,hy ri hj uniform 

0.01 0.4856 6.6 5.8 9.9 5.9 21.1 

0.1 0.1402 16.1 19.5 25.4 27.0 49.7 

1.0 0.0173 19.2 4.4 29.4 33.6 59.2 

10.0 0.0018 18.2 21.7 28.0 33.4 59.8 

100.0 0.0002 14.0 18.2 33.3 33.6 60.0 

*  hy=3h3 and hj=2h3 

** hy =2h9 

*** rq =0.5 
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increase in the number of segments and variables. For the standard case, the 

plate deflection is plotted for the optimal three-segment plate and the 

uniform plate in Fig. 4.25. The maximum decrease in deflection is 6.7% at the 

center of the plate. 

A special case of the three-segment plate would be the use of 

proportional segment thicknesses. A plate with hj =3h3 and hg = 2h3 was 

optimized by varying the inner and middle segment radii, rj and rg, and 

minimizing the differential settlement. The optimal values of these two 

variables are plotted versus the relative stiffness parameter in Fig. 4.26. In the 
* 

range shown, the optimal inner segment radius varies from r, = 0.2618 to 

+ * 

rz = 0.3082 and the optimal middle segment radius varies from ry = 0.5974 to 

* 

ry = 0.6933. 
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Figure 4.25. Plate deflection versus radial distance for optimal plate ( w )and 

uniform plate ( w" ) for standard case. 
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4.4 Ten-segment plate (m = 10) with nine variables, free edge 

A plate with ten annular segments having fixed radii and variable 

thicknesses is considered in this section. The thicknesses hj ( j= 1,2,...,9 ) are 

optimized by minimizing the differential settlement of the plate using the 

subroutine DBCONF. The plate is divided into ten segments of equal 

increment (rj=0.1, r9=0.2, r3=0.3,..., r19Q=1.0) and the last segment thickness 

hjg is found from equation (1a). 

For the standard case ( K=0.1 ), the optimal segment thicknesses are 

found to be hy=3.1857, ha=2.6555, h3=2.3263, h4=1.9981, h5=1.6000, hg=1.3650, 

h7=0.8790, hg=0.6698, hg=0.4512 and hjg=0.22437. The differential settlement 

of the plate is d"= 0.1162. This represents an improvement of 17.1% 

compared to the three-segment plate with four variables and 58.3% compared 

to the uniform plate. Figure 4.27 shows cross-sectional views of the optimal 

plates considered in this study for the standard case along with the uniform 

plate. 
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4.5 Contact stress distribution 

The approximate formula for the nondimensional contact stress 

distribution q(r) at the interface between the plate and the half-space is 

evaluated from equation (8c) and detailed in the appendix. The results agree 

perfectly with previous studies by Brown (1969) and Zaman, Kukreti and Issa 

(1988) for the uniform plate. For the standard case ( K=0.1 ) and for the 

standard case with K=10, the stress distributions for the three-segment, four- 

variable plate and the uniform plate are plotted in Fig. 4.28 and 4.29. 

Figure 4.28 shows the stress distribution versus the radial distance for 

K=0.1. The quantity q / nis used forthe purpose of comparison with 

previous studies. The stress becomes unbounded as r — 1. As r increases, the 

value of the stress for the uniform plate decreases and approaches the 

minimum value gq=0.74n for r = 0.6, and then increases with q=1.35n at r=0.95. 

For the optimal plate, the stress increases from q= 0.57x at the center of the 

plate, and q=1.467n at r=0.95. For K=10, shown in Fig. 4.29, the stress in the 

uniform plate increases from q=0.50x at the center to q=1.60n at r=0.95. For 

the optimal plate and K = 10, there is no significant change in the stress 

distribution compared to the uniform plate. 

Optimal Plates 79



  

  
    
  

LI
E€
0 | 

TS
H 

ZEI
T T

 

  
  

  

1.6 * . q * i " t 

q/x 

        0.4 [ 4 { 1 I 2 | 1 | : 

0.0 0.2 0.4 0.6 0.8 1.0 

Figure 4.28. Contact stress distribution versus radial distance for the standard 

case (K=0.1). 
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5. CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

The failure of tanks due to intolerable differential settlements has been 

described by several researchers, and the behavior of the bottom plate has 

been investigated. In all the previous work, the plate was assumed to be 

uniform. This particular case was the first one studied here, The deflection, 

the flexural moments, and the stresses of uniform plates were evaluated, and 

the results agreed with previous research. This case was also examined so 

that it can serve as a reference. 

In the rest of the study, attention was focused on minimizing the 

differential settlement of plates resting on an elastic half-space by optimizing 

their shapes. The differential settlement is defined as the difference between 

the central deflection and the edge deflection. When compared to the 

uniform plates, the optimal plates showed a substantial improvement of the 

differential settlement in most cases. 

As a Start, a two-segment plate with fixed radii was investigated. The 

optimal segment thicknesses were obtained for a wide range of relative 

stiffnesses between the plate and the half-space, and the differential 

settlement improved by 16.1% to 40.0% compared to the uniform plate. Next, 

the effects of the variables that model the tank wall, the roof, and the 

foundation were examined, and the improvement over the uniform plate 
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was determined. Other cases reported in section 4.1.3 include fixing the inner 

radius at different values and optimizing the thicknesses, and fixing the inner 

segment thickness to be double the outer thickness and optimizing the inner 

radius. 

Next, a two-segment plate with both thicknesses and inner radius as 

variables was studied for various relative plate stiffnesses. The differential 

settlement improved by 16.2% to 57.3% compared to the uniform plate for the 

range considered. The same investigation was conducted to evaluate the 

effects of the variables mentioned previously, and the differential settlement 

showed an improvement in all cases. The optimal plate deflection was also 

compared to the deflection of the uniform plate. 

A three-segment plate with all inner radii and thicknesses as variables 

was studied next. The optimal radii and thicknesses were obtained for a wide 

range of plate stiffnesses, and the differential settlement for this range 

improved by 21.1% to 60.0% when compared to the uniform plate. A special 

case, where the segment thicknesses are proportional to each other, was also 

investigated. 

Next, a plate with ten segments was examined. The radii were fixed 

and the thicknesses were optimized. This case was only studied for a specific 

value of relative stiffness. The optimal segment thicknesses were computed 

and the differential settlement improved by 58.3% compared to the uniform 

plate. The cross-sectional views of all the plates discussed previously are 

superimposed in Fig. 4.27, which shows the optimal radii and thicknesses 

derived from the study. 
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Finally, the normal stress distribution was investigated for the three- 

segment plate and compared to the uniform plate. For flexible plates, there is 

a significant difference between the two cases: for the optimal plate, the 

minimum stress occurs at the center; for the uniform plate, it occurs between 

the center and the edge of the plate. 

5.2 Recommendations 

Future research should include a better modeling of the nonuniform 

plate at the edge of each segment so that the flexural moments will not 

experience the discontinuity encountered in this study. This could be done by 

assuming a better deflection function that may satisfy the boundary and 

continuity conditions at the end of each segment. An obvious way would be 

to use finite elements and match the conditions at the ends of the segments. 

Another area that should also capture the attention of researchers is 

soil modelling. The soil is often assumed to be linearly elastic, isotropic, and 

homogeneous. Failure theories of soils, slip surfaces, and the time effect of 

consolidation should be considered for a more realistic model of the soil 

behavior. Also, plates resting on different types of cohesionless and cohesive 

soils should be investigated separately. 

The tank wall can be optimized as well, and the response and effects on 

differential settlement can be optimized. Instead of varying the thicknesses of 

the courses that constitute the wall linearly, the thicknesses can be optimized 

for minimum differential settlement. The interaction between the tank and 
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the nonuniform plate and between the plate and the foundation can be 

modeled more accurately using finite elements. 
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APPENDIX 

The quantities defined here are nondimensional. The deflection has 

the assumed form : 

    

2 4 6 an 
w(t) =Ayg+tAyzr +Aor +Azr +......... +Ajzr 

Then the potential energy of the plate is : 

r 2i+2j-2 2i1+2)j-2 

T Kp = 3h n t ctl 
Up= > y h, y, y A; A; Gay-D 4ij{2ij-(-vp) (2j- 1)} 

t=1 i=1 jel 

non 

=> > Bi Aj Aj 
i=0 j=0 

The potential energy of the loads is : 

n 1 . n 

U,=-2n y | zaeay * 0 +21Mol A; = - >! H; A; 

i=0 i=0 

The potential energy of the springs is : 

non non 

U,+U= 1 2 2 (k+4ijoA; A; = 2 2 Gi Aj A, 
1=0 j= 1=0 - 

The potential energy of the soil is : 
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1 

  

  

U,= fawrdr 

0 

here th tress i -_ Scan Foe where the contact stress is q=- 3 md iA; ¥ 9, Gr 
j=0 s=0 

4) (jt)? 
1 2 

where Gai Bi and Bj = (2])! 

2(s,j) 4° { 2 (-s) hi z(s,j) 4) 

Q, (j) = . . ?= 
|2j-2s-1| { (j-s)! } |2j-2s-1l B; 

where 2(s,j) = lifs<jand-lifs=j 

Using the assumed form of w(r), the potential energy of the soil becomes : 

non j n n 

Us=-VYLAAG LD OsODis = Dd » Fi Ai Aj 
i=0 j=0 $=0 i=0 je 

Bits 

where Dig = (2142s 41) 

The total potential energy is : 
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nn n 

i=0 j=0 i=0 

Let Li = Bij + Fij + Gij ( it is noted that Gij = Gi ) 

non n 

Then U= Yd AA - 2 HA; 
i=0 j=0 i=0 

dU 
Set — = 

2A, 
n 

This gives > Ty Aj = Hi 
i=0 

where Tij = Lij + Lij 
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