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(ABSTRACT) 

Propagation properties of linearly tapered parabolic-index optical waveguides are 

investigated. Tapers with planar (two-dimensional) and fiber (three-dimensional) 

geometries are considered. A ray optics approach is used in the analysis, assuming that 

the characteristic dimensions of tapered waveguides are small compared to the 

wavelength of light. 

Closed form analytical solutions are obtained for ray trajectories in tapers with 

small slope and small index difference between the core and cladding. To assess the 

accuracy of analytical solutions, exact ray trajectories in planar waveguides are 

determined using numerical techniques and compared to those obtained from the 

analytical method. The agreement between the analytical and numerical solutions is 

excellent. 

It is observed that ray trajectories exhibit the behavior of modulated sinusoidal 

functions with decreasing amplitude and period as light travels toward the smaller end of 

the taper. This illustrates the power concentrating capability of the taper.



Applications of these graded-index tapers when used to couple power from light 

sources to planar and fiber waveguides and when they are used to connect two 

waveguides of different core sizes are addressed. Coupling efficiencies for light source 

coupling and radiation loss of tapers when used to connect two dissimilar waveguides are 

calculated. Numerical results for example cases are provided. A novel application of the 

taper as collimated beam concentrator is also proposed. 

Abstract



Acknowledgments 

I would like to express my sincere gratitude to Dr. Ahmad Safaai-Jazi for serving 

as my advisor and providing me with a very interesting topic for my thesis. Without his 

guidance and patience, the undertaking and completion of this thesis would not have 

been possible. He was always willing to share his valuable time to teach me how to 

conduct this study and always there to help me through these rough years. It has been my 

great pleasure to have been taught by such great man. There are no words to express the 

extent of my appreciation for all knowledge and expertise he has contributed. My respect 

for him continues to grow and I will be forever grateful. I would also like to thank the 

members of my committee, Dr. Ting-Chung Poon and Dr. Ioannis M. Besieris, for their 

helpful comments and suggestions. 

I would especially like to extend my deep gratitude and appreciation to my 

parents, sisters and brother for all their love and support. 

I finally wish to express my thanks to the person who has been very special to me 

during the writing of this thesis, Miss Kanokporn Kunchaicharoenkul. Thanks Nim, for 

being so loving and supportive. 

Acknowledgments iv



Table of Contents 

L. Emtroduction ..... ccc ccc ccc ec ccc cece ence e cence nee sceeeeeees 1 

2. Light Propagation in Graded-Index Media ..........ccccccsccccsccccccces 8 

2.1 Wave Equation .... 22.1. ene 8 

2.2 Ray Equation ..... 6... 0 cette eee .. 10 

3. Ray Analysis of Planar Graded-Index Linear Tapers ..............00eee00. 15 

3.1 Uniform Planar Waveguides ..........0.0.0.0 00000 cc ces 16 

3.2 Ray Analysis of Graded-Index Tapered Waveguides ........... .... 21 

3.3 Exact Numerical Analysis of Graded-Index Taper ............. 0 ....-2.2-.. 28 

3.4 Numerical Results and Accuracy of Analytical Solution .....  ...... ....34 

4, Ray Analysis of Graded-Index Optical Fiber Tapers ................0ee08> 41 

4.1 Uniform Parabolic-Index Fibers ...........0..00 0000 cece eee 42 

4.2 Parabolic-Index Tapers ........... 0.002 eens 46 

Table of Contents Vv



4.2.1 Meridional Rays ..... 0.0.0.0... cece eee 50 

4.2.2 Skew RayS 2.00 eee eee eee ences 51 

43 Numerical Results... nn, 58 

5. Coupling Efficiency and Radiation Loss ............. cece ec cc cee sccneees 64 

5.1 Coupling Efficiency... 0.2.0... eet aee 64 

5.1.1 Tapered Planar Waveguides ................0 000000020 cece eens 64 

5.1.2 Tapered Fibers .............0 0 ee ee 67 

5.2 Radiation Loss ................ Le eee eee eee 69 

5.3 Beam Concentrator ............. ete eee ee eee 71 

6. Conclusions and Suggestions for Further Research ..............eceeeeee 74 

References 2... ccc ccc ccc cece c cere cece ccc cece cree ene e eee eee eee ee neeses 76 

Appendix A, 2... ccc cc cc ccc ccc ccc eer c cca c eect eae set teense ecccaeses 81 

Vita Co ccc ccc ccc cc ence cence newer c eee eee e serene eee seneeeecensceeseees 87 

Table of Contents vi



List of Figures 

Figure 2.1 A ray described by the position vector r and the surface of 

constant phase which is normal to the ray path .............. 

Figure 3.1 Geometry and coordinates for a uniform graded-index 

waveguide .. 0.0.0... een 

Figure 3.2. Geometry and parameters for a linearly tapered parabolic-index 

planar waveguide ........... 0.000 eee eee 

Figure 3.3a Geometry and coordinates for a segmented tapered 

graded-index waveguide .............. 2.002000 cece eee 

Figure 3.3b Geometry and coordinates for an i th segment of the taper ..... 

Figure 3.4 Coordinate system and path elements along a ray trajectory...... 

Figure 3.6 Ray trajectory in a taper with a=100 um, 5=25 um, L =1 cm, 

List of Figures vii



n=1.5, n, =1.48, for a bound ray witha, =0.0517; (00°) exact, 

(---) approximate .........02. 0000222 eee 36 

Figure 3.7 Ray trajectories in a taper with a=100 um, 6=25 um, 1 =1 cm, 

n,=1.5, n, =1.48, fora ray witha, ,,,, 0.0816 which is critically 

bound to the core;(0°°) exact, (---) approximate ................... 37 

Figure 3.8 Ray trajectories in a taper with a=100 um, 6=25 um, L=1 cm, 

n,=1.5, n, =1.48, for a leaky ray witha, =0.1004; (000) exact, 

(---) approximate ©... tenes 38 

Figure 3.9a Ray trajectories in a taper with a=100 um, 6=25 um, L=1 cm, 

n,=1.5, n,=1 (no cladding), for a bound ray witha, =0.1;(0°°) exact, 

(---) approximate .. 0... eee eee 39 

Figure 3.9b Expansion of Figure 3.9a for8 mm <z< 10mm ................... 40 

Figure 4.1 Geometry and parameters for a uniform parabolic-index fiber ........ 43 

Figure 4.2 Geometry and parameters for tapered parabolic-index fiber ........ 47 

Figure 4.3 Three dimensional trajectory of a meridional ray corresponding 

to LPo; mode in a linearly tapered parabolic-index fiber with 

a=100 pm, 6=25 um, L=1 cm, n,=1.5, 7, =1.48 ......00-..-..... 60 

List of Figures vill



Figure 4.4a Three dimensional ray trajectory of a skew ray corresponding 

to LP); mode in a linearly tapered parabolic-index fiber with 

a=100 um, 6=25 um, L=1l cm, n,=1.5, n,=1.48 ............ .. 61 

Figure 4.4b Projection of the ray in Figure 4.4a onto the xz plane .....  ........ 62 

Figure 4.4c Projection of the ray in Figure 4.4a onto the xy plane. ....... .. 63 

Figure 5.1 Parabolic-index taper connecting two waveguides with different 

core areas. A Lambertian light source excites the waveguide with 

larger core area wd tte etna 70 

Figure 5.2 Ray trajectories of parallel rays entering into the taper with a= 100 um, 

a =6.33x 10°, A=0.013244 and L=11.6685 mm. ................. 73 

List of Figures



1. Introduction 

Efficient launching of optical power from a source into a waveguide or fiber is of 

important consideration in optical communication systems. At a first glance, butt 

coupling of light sources to fibers appears to be simple and efficient; however, it usually 

results in poor coupling efficiency due to the different mode profiles of the source and 

fiber. Low-loss chip-to-fiber butt coupling can be achieved by means of on-chip spot- 

size transformers [1]. Two simple versions using laterally tapered InP-InGaAsP 

waveguides at the 1.55 tm wavelength have been fabricated. One consists of two 

differently tapered layers, while the other includes only one taper. The optimum insertion 

loss for a single transformer without antireflection coating, including Fresnel losses, 

amounts to about 1.1 dB. By using a fiber-coupling tapered semiconductor waveguide, a 

highly efficient spot-size converter (SSC) has been obtained [2]. The waveguide core of 

this device consists of InGaAsP for semiconductor chip coupling and an InP/InAlAs 

multiple quantum well (MQW) for single-mode fiber (SMF) coupling. To expand the 

chip spot size to that of SMF’s, the equivalent refractive index of the MQW core is 
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adjusted by controlling the well-to-barrier-layer thickness ratio. A high coupling 

efficiency of 1.4 dB was obtained and the lateral and axial misalignment tolerances for 

SSC were 3 times better than those for conventional semiconductor waveguides. 

The lateral focusing characteristics of planar microlens fabricated by the 

electromigration method has been studied in [3]. Its lateral focusing spot of 3 um x 7 wm 

diameter is comparable with the mode size of single-mode fibers and planar microlenses 

relay optics can be constructed using this kind of lenses. It has been noted that planar 

microlens produced by the electromigration method has a desirable index distribution 

that resembles that of a Luneburg lens. By stacking two planar microlenses, a nearly 

circular focused spot of ~ 5-um diameter, which 1s comparable to the mode-field- 

diameter of a single-mode fibers, has been obtained by lateral focusing [4]. 

Tapered waveguides and fibers have also been used frequently in the past in order 

to improve coupling of light sources to fibers [5]-[9]. In 1979, Uematsu and Ozeki have 

studied the power coupling between a multiheterojunction LED and a taper-ended 

multimode fiber, and achieved more than 50 % coupling efficiency. By using a tapered 

hemispherical-end fiber, which is obtained by heating and drawing the fiber between two 

arc electrodes, a coupling efficiency of 83 percent was achieved between a 

semiconductor laser and a nylon coated graded index multimode fiber [6]. In 1980, this 

technique was extended to single-mode fibers and resulted in a coupling efficiency of 

more than 35 percent [7]. Later, the coupling efficiency between monomode fibers and 

laser diodes was improved to more than 50 percent by means of a high index microlens 
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which is attached to the cleaved end of a tapered monomode fibre [8]. In 1989, another 

device for coupling single-mode fibers to laser diodes, consisting of a spherical ruby lens 

and a single-mode optical fiber up-taper, was introduced [9]. With this method, more 

than 60 percent of the light form the lens is coupled into a single-mode fiber via the 

taper. Tapered fibers have also found other important applications, including optical 

directional coupler [10], mode filter, and mode analyzer [11], vibration sensor [12], gas 

detection [13], and fluorescent sensors [14]. 

Grating couplers have also been studied [15]. They couple the light by diffracting 

an incident beam off a grating on the surface of the waveguide either into or out of the 

planar waveguide (depending on whether the grating is used as an input or an output 

coupler). Since the coupler is incorporated into the waveguide structure, then alignment 

problems are eliminated.The grating coupler can be designed to obtain relatively high 

coupling efficiencies; a theoretical maximum of 81% for an incident Gaussian beam has 

been reported in [16]. The combination of a tapered film and a grating coupler has also 

been studied [17]. A hybrid coupler with an increased acceptance angle, because of the 

taper, and high coupling efficiency and easier input beam positioning, because of 

characteristics of the grating coupler, can then be obtained. Waveguide grating couplers 

that have surface corrugation on both boundaries of the waveguide have been 

investigated too [18]. The presence of the double-surface corrugation produces dramatic 

results for the maximum measured coupling branching ratio (98%) and input coupling 

efficiency (78%). 
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The beginning of the graded-index optics can be traced back to about 1936 when 

R.K. Luneberg studied the properties of a peculiar type of lens, which has since come to 

be known as Luneberg lens. This lens has the ability to form an image from any direction 

with no distortion. The property of focusing energy in any direction with no distortion 

made the Luneberg lens very popular for a number of radar applications, The next major 

contribution was the development of vacuum furnace techniques for producing ultrapure 

silicon crystals for production of the transistors and for the controlled doping of slices of 

silicon crystals. These techniques eventually made possible the production of graded 

index fibers. If a glass rod is placed in a vacuum furnace and a gaseous dopant 1s 

introduced into the furnace, the dopant will penetrate into the glass rod that is held in the 

plastic state. Once doped, the rod can be drawn out in a fiber-drawing operation similar 

to the one used with the step-index preform. There is an alternative procedure. If the 

original glass billet is a tube instead of a rod, the diffusion process can proceed from the 

inside out with the dopant being a material that increases the index of refraction. In this 

case, after the doping process is complete, the tube is heated further and collapsed 

before drawing into fibers. In either case, the result is a material which has the highest 

index along the axis and the lowest index around the outside. In some respects this is a 

step-index fiber with an infinite number of steps. 

Propagation of light in graded-index media has been studied before [19]-[22]. 

Beam propagation in gradient refractive-index media has been studied by using ABCD 

matrices to treat optical systems [19]. Numerical ray tracing has been developed to 
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determine ray trajectories in inhomogeneous media [20]. For planar waveguides with 

linearly graded-index profiles, exact analytical solutions for TE modes have been 

obtained [21]. Geometrical optics analysis of graded-index cylindrical fibers has also 

been presented [22]. 

Graded-index tapers have been studied by various researches, 23}-[27], A study 

of focal curves generated by one-dimensional (1-D) gradient-index (GRIN) tapers with 

plane symmetry is given in [23]. The proposed method is based on illuminating, in a 

transverse direction, the 1-D GRIN taper to give rise to two-dimensional (or three- 

dimensional) focal curves. Focusing capabilities of a nonplanar symmetric GRIN profile 

was later extended [24]. In [25], tapered dielectric waveguides have been studied as light 

concentrators for illumination and solar energy applications. Their capability to collect 

and transmit high fluxes of light energy were investigated both theoretically and 

experimentally. Furthermore, GRIN rods are considered as matching devices, to improve 

the collecting performance of tapered guides. Beam propagation in tapered quadratic- 

index waveguides has been discussed in [26]. Several taper functions were investigated 

and several exact analytical solutions, presented in the standard ABCD beam matrix 

form, were derived for the propagation of off-axis polynomial-Gaussian beams. 

Approximate solutions that can be applied to more general types of tapers by the WKB 

method have also been obtained. Beam propagation in a special case of parabolically 

tapered graded-index waveguides has been studied and analytical solutions for the 

propagating fields and ray trajectories have been obtained [27]. 
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Among various types of graded-index tapers, those with parabolic-index profile 

are of particular interest, because they can be fabricated, at low costs, using the available 

parabolic-index fibers or preforms. Much of the analysis of tapered waveguides and 

fibers in the literature are limited to step-index profiles or single-mode propagation. It 

appears that a comprehensive ray analysis of parabolic-index planar waveguides and 

fibers has not been presented so far. Such ray analysis is undertaken here. 

In this thesis, propagation properties of linearly tapered multimode parabolic- 

index waveguides and fibers are investigated using a geometrical optics approach. First, 

Maxwell’s equation are used to derive the ray equation in a general graded-index 

medium by assuming that characteristic dimensions of the medium are many times larger 

than the wavelength of the electromagnetic signal. The ray equation, derived in Chapter 

2, forms the foundation of the geometrical optics analysis of parabolic-index tapers. 

Since the transverse dimensions of the tapers are assumed to be large compared with the 

wavelength of light, the ray optics approach is sufficiently accurate and provides a simple 

description of the light concentration capability of such tapers. Two-dimensional linearly 

tapered parabolic-index planar waveguides are examined in Chapter 3. An analytical 

solution of ray equation is obtained for tapers with small angles and small index 

difference between the core and cladding of the taper. An exact solution for arbitrary 

slope and index difference is also presented using a piecewise analysis technique and 1s 

compared with the analytical solution. The agreement between exact piecewise and 

analytical ray trajectories is excellent, thus establishing the accuracy of the analytical 
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solution. In Chapter 4, this analysis is extended to tapered parabolic-index optical fibers 

which constitute a three-dimensional problem. Both meridional and skew rays are 

investigated and ray trajectories are presented for example cases. An important feature of 

both tapered waveguides and fibers is their capability to focus light signal along the 

direction of propagation. With this capability, applications such as optical power 

concentrator, image-size reducer and astigmatic image modifiers are introduced. Chapter 

5 addresses the application issues of tapers. Coupling efficiencies when tapers are used to 

couple power from collimated-beam and Lambertian light sources are discussed. It is 

concluded that tapered parabolic-index fibers can provide significant improvement in 

power coupling efficiency of focused beam sources such as edge emitting LEDs and laser 

diodes to waveguides and fibers. Radiation loss of tapers when used to splice two 

waveguides or fibers with different core sizes 1s also calculated in this Chapter. Chapter 6 

summarizes the main conclusions and contributions of this research and points out 

suggestions for further investigations. 
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2. Light Propagation in Graded-Index Media 

In this chapter Maxwell’s equations are used to derive the ray equation in a 

general graded-index medium. In doing so, a basic assumption is made that 

characteristic dimensions of the medium are many times larger than the wavelength 

of the electromagnetic signal. The ray equation forms the foundation for the analysis of 

multimode graded-index tapered planar waveguides and optical fibers to be discussed 

in the subsequent chapters. 

2.1 Wave Equation 

Let us considera linear and isotropic dielectric medium characterized by a 

permittivity ¢« and a permeability p. It 1s assumed that there are no free currents 

and charges in the medium. The medium is, in general, inhomogeneous with ¢ 

and 1 being functions of spatial coordinates. Maxwell’s equations in this medium 

are expressed as 
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VxH =e ok (2.1) 
Ot 

VxE = -p oH (2.2) 

V.A(cE) = 0 (2.3) 

V.(uH) = 0 (2.4) 

where E and H are electric field and magnetic field intensity vectors, respectively. 

Eliminating H (or E) from Maxwell’s equations and assuming p = yp, for 

nonmagnetic media, the wave equations for E (and H) are obtained as. 

VE + p,€0°E = -V[E.(Ve/ )] (2.5) 

V7H + ,€0"°H = -(Ve/ €)x(VxH) (2.6) 

where the time dependence of fields has been assumed to be as e™. 

In a homogeneous medium, wu and e€ are constant and the right hand sides of (2.5) 

and (2.6) reduce to zero. Then, 

VE + p,€0°E = 0 (2.7) 

V’H + u,€@°H = 0 (2.8) 

For the Cartesian components of the electric and magnetic fields the scalar wave 

equation holds. That is, for each Cartesian field component denoted as w, we have 

Vut Leo-y =0 (2.9) 
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The time-harmonic solution of the scalar wave equation is expressed as 

Y= yo. ke? (2.10) 

where Ww, is an amplitude constant, 

@ =2nf is the radian frequency, 

k is the propagation vector, and \k| =k=@ JE, , 

r is the position vector. 

In the general case that ¢ depends on r (inhomogeneous medium), the 

solution in (2.10) is no longer valid. However, if variations of ¢ are small over the 

region of one wavelength, then the solution can be approximated as a_ locally 

plane-wave with 

WY = WoL 1, Y,z eR PMD (2.11) 

where ®(x,y,2) is a phase function and 

k, (= ©./H#,€,) is the propagation constant in vacuum. 

2.2 Ray Equation 

Assuming that (2.11) is an approximate solution of (2.9), we have 

Vutky x0 (2.12) 
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Using the relationship V(e""*) = -jk,e*?V@® and the identity V(fg) = {Vg + gVf and 

noting that V? = V.V, (2.12) is expressed as 

V.(-jyoke?VO@ + eV.) + kw e%* = 0 (2.13a) 

Furthermore, from the vector identity V.(f F)= Vf.F+fV.F, we have 

V.(e Vy.) = -jkoe VO. Vy,t eV" y, (2.13b) 

and 

V.0ye??V@) = Vie"). V@ + woe ?V-@ 

= (-jk,woe?V@ + et ?Vy,). VO + woe ?V" — (2.13c) 

Combining (2.13a), (2.13b), and (2.13c), yields 

2 

KS - V@.VO)yo- jk(2VOVy + YW) + V2y,= 0 (2.14) 
0 

In the limit of k, approaching infinity (that is, wavelength approaching zero), equation 

(2.14) becomes 

OL (2.15) 

where 1 = x is the refractive index of the medium. Equation (2.15) is known as the 
0 
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‘eikonal’ equation. 

A ray described by the position vector ris shown in Figure 2.1. If we 

define s as the distance measured along the ray path, the unit vector § is 

expressed as 

. ar 
= —_ 2.16 $= |, (2.16) 

By the property of the gradient of a scalar function, V® is a vector perpendicular 

to the phase front surface ®(x,y,2) = const. The unit vector § may thus be 

expressed as 

s = VO/| V® | = (vo) (2.17) 
n 

Equating (2.16) and (2.17), we obtain 

n_=VO@ (2.18) 

Taking the derivative of (2.18) with respect to s, yields 

d ar. id 
—(n— )=—(V® 2.19 
ds‘"as? ds el) 

Using the relations d(V®) =(dr.V)(V®), where dr = dx 4+ dy a,+ dz a, and V= 
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ta
y 

  

  
(ray 

d = const. 

_
 

    

Figure 2.1 A ray described by the position vector r. The surface of constant phase 

is normal to the ray path. 
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OC a O - O ., 
(ay UG )a,+ (=~ )4,, Eq. (2.19) can be written as 

dad. ar dr 
—(n— )=— .ViV®D 
as" as ds ( ) 

_! (V®).V(V®), using (2.18) 
n 

1 sw 

“> VI(VOy] 
nr 

= Vn’, using (2.15) 
2h 

=Vn 

Finally, we get 

dad ar 
—(n—)=Vn. 2.20 
ds (n ds ( ) 

Equation (2.20) is the desired ray equation. This equation is the basis for 

geometrical optics analysis of multimode waveguides and optical fibers. We use 

this equation to analyze transmission properties of tapered graded-index planar 

waveguides and optical fibers. 
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3. Ray Analysis of Planar Graded-Index Linear 

Tapers 

Ray analysis of graded-index dielectric waveguides with planar boundaries is 

addressed. The waveguide structure is assumed to extend to infinity uniformly in 

both negative and positive y-directions, thus reducing the problem to a_ two- 

dimensional one. In other words, all solutions are independent of the y coordinate. 

First, ray trajectories in axially uniform planar guides, in which the core refractive 

index does not vary with z(.e., in the direction of propagation), are studied. 

Attention will be focused on the case when the core region of the waveguide has 

a parabolic-index variation, while the cladding is homogeneous with a constant 

refractive index. Then, ray trajectories in tapered planar waveguides are examined. 

An approximate analytical solution as well as exact piecewise numerical solution 

are presented. The two solutions are compared and the accuracy of the analytical 

solution is established. 
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3.1 Uniform Planar Waveguides 

The geometry and coordinates of a uniform graded-index planar guide are 

shown in Figure 3.1. For a two dimensional problem, the position vector r in the 

y=0 plane is expressed as 

r=xa.+e2a (3.1) 

Assuming that the refractive index is only a function of x, its gradient is 

expressed as 

Vn(x) = a. (3.2) 
ax 

Substituting (3.1) and (3.2) in the ray equation (2.20), we obtain 

d dx. dn —(n —) = 3.3 
as ds? dx 3.3) 

d dz 
—(n—)=0 3.4 7 i (3.4) 

; . , d= — 
Integrating both sides of (3.4) yields n qe constant = B, or 

s 

dz 1|1— 
—=— 3.5 5 B (3.5) 

The constant coefficient turns out to be the normalized axial propagation 
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cladding 

cladding   
20 

    

Figure 3.1 Geometry and coordinates for a uniform graded-index waveguide. 
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constant 2 / k,. Using chain differentiation we can write 

d dd: Bd 3.6) 
ee LL >. 

ds dzds nad: 

Finally, combining (3.3) and (3.6), we obtain the following result. 

g i 

—d?x  1dn’ de ls B “a = 7 aat opt ot (3.7) 
dz 2 ax 2 

. » 5, ¥h* 
ge* “a? 

2 ao. Lo, , n 
Ifthe core of the guide is homogeneous, the refractive index n is constant, —— = Q, 

and the solution of (3.7) is readily obtained as 

x =Az+B (3.8) 

where A and B are constant coefficients. The resultin (3.8) clearly shows that ray 

trajectories in a step-index waveguide are straight lines. 

Next, we consider a graded-index waveguide with a parabolic index profile 

defined as 

  

2 
21x) nli-2al2 | x|<a " a9) 

n° (x)= . 

n,(1-2A), |x|>a 

where 2a is the thickness of the core region of the waveguide,, is the refractive 
2 2 

. nny. , 
index of core at x =0, and A= “a is the profile height parameter. 

ny 
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In the |x|<a region, using (3.9) in (3.7), yields 

d*x n 

2 +2A( > 2 “~ - 

2 

< Bia 
  )x =0 (3.10)   

4 < 

Equation (3.10) is a second-order ordinary differential equation with constant 

coefficients whose solution is readily expressed as 

x =x, sin! Fat (3.11) 
a 

  

where x, and g, are constants of integration and are determined from the initial 

ray conditions. These conditions are initial ray position and ray slope. Assuming that 

n, 2A 
B a 

  x=x,|_, and & 
~ 

cosy, ). Then, = Qo, yields x,=x,sin(g,) and @, = “f 
  ” [= 

we obtain 

  Ix,| = x? +| safe (3.12) 

Po = sin(] (3.13) 
x 

Considering (3.11), since the absolute value of any sine or cosine function is less than or 

equal to one, then |x|__ is equal to |x,|. Thus, for rays to be bound to the core region 

throughout the waveguide, Xo| <a must be satisfied. Imposing this condition, yields 
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or 

_ 

n, f2A(a? — x?) ene n, [2A(a? ~ x?) 3.14) 
= <a,< = 

ap ap 

If a, is not in the range specified by (3.14), the ray will leak out of the core region and 

follows a straight-line path in the cladding region with the slope “ ,where z, 1s the 
fad 
nt -—- 

~” <9 

leaking point, that is the point at which the ray enters into the cladding region. To find Zp, 

we need to calculate the smallest positive solution of |x(=,)| =a. Substituting for x(=,) 

from (3.11), yields 

mN24 Zo (3.15) x, sin(——= +Q,)\=a 

  

where Ix,| and @, are defined in (3.12) and (3.13), respectively. Solving (3.15), the 

smallest positive solution for z, is obtained as 

a (Qo'-Po ) fa 

° nv2A 
(3.16) 

where 

  

  

  

9,'= sin) = sin”! : (3.17) 
Xo (2) +| a B 
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Finally, it is clearly seen from (3.11) that the ray paths in parabolic-index planar 

waveguides are sinusoidal. 

3.2 Ray Analysis of Graded-Index Tapered Waveguides 

In this section, an analytical solution of ray equation in graded-index planar 

waveguide tapers is developed. The index profile of the taper is assumed to be 

parabolic and is described as 

  

ni] ~2a ) |x|<a-az (3.18) 
a-aQz , 

ny =n) (1-2A), [x|>a- az 

n’(x,z)= 

where a is the thickness of the core at z = Oand a@ 1s the slope of the taper. Assuming 

that Z is the length of the taper and 6 is the thickness of the core at z=L, we 

have a= a Figure 3.2 shows the geometry, parameters and index profiles at the end 

faces for a parabolic index taper. The gradient of refractive index in the core of the 

taper is expressed as 

2n,Ax . 2n,Aax’ . 
-_ 

(a-az)* “ (a-az) 
(3.19) 

z 

For tapers with small slopes (a<< 1), the z-component of Vn, which is of the order 

aA, is much smaller than the x-component whichis of the order A and is neglected 
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Figure 3.2 Geometry and parameters for a linearly tapered parabolic-index planar 

waveguide. 

3. Ray Analysis of Planar Graded-Index Linear Tapers



in determining the solution for ray trajectories. Substituting (3.1) and (3.19) in the 

ray equation (2.20), yields 

  

ds ds’ Ox (a — az) 

dad, dz 
—(n—)=0 3.21 a is? (3.21) 

Integrating both sides of (3.21), n <- constant = 8. With the help of (3.5) and (3.6), 
S 

we obtain 

— 2 “ 

B 2o x | on” = (3.22)   

  

  xr=0 (3.23) 

Equation (3.23) is a second-order ordinary differential equation but with variable 

. . . . a- az : 
coefficients. In order to solve this equation, first a new variable z’ = iS 

  

a 

introduced, then 

d_dd:' ad 
ad ds'd2 ad 

d? / a 1) a d? 
d? d:\ ad) a@ dz” 
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and Eq. (3.23) can be rewritten as 

2 2 d*x 2An; (3.24) 

    

We further introduce the variable ¢ such that z’ = e’, then 

ddd iid 
dz' adtd:' z'dt 

d’ d (4 a) 1 dd’ 
sa = aa) arl-atas 
dz' dz'\z' dt z’ dt at 

and Eq. (3.24) becomes 

  

    

2 

Gx oy Hg (3.25) 
dt? dt 

  

2An; ; . 
where C = P a. . The solution of (3.25) is expressed as 

a 
  

x= x,e" sin(t.VC-1/4+9,) 

= x, vz’ sin(Inz’ VC -1/4+9,) 

7 _ 2 

a7 sin in( 2 @) 2 Any iy 2, (3.26) 
a a av pe 4 

  

  

i 

  Xo 

where x, and@, are constants of integration and are determined by initial ray conditions. 

Assuming that at z=0, we have x= x, and > a,, yields x,=x,sin(g,) and 
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2An; 1 . . 
a,=- =e [ iF “ZF COS Py +o, | Then, we obtain 

  

  

  

mo] = far + ar (3.27) 

(a -4 

Q, = sn (2 (3.28) 
Xp 

The slope of the ray at z-=0, namelya@, in (3.23), may be expressed in terms of B. 
1 

| (1-cos? 8,)} a 3 | 
Noting that a, = tan0, = ———————._ and cos@, = — » —, where @, is the angle 

cos8, ds n, 
1 

M2 \5 2 | (iP Y fm) ay gs between the ray path and the z-axis at z=0, we have a, = ——————, or | = | =1]+a>. 

22 a 

8A(I + a)- a 

The result in Eq. (3.26) indicates that the ray trajectories are sinusoidal function with 

For the special case of x,= 0, we have g, = 0 and |x,| = 

decreasing amplitude and decreasing period. Also, Eq. (3.26) represents real rays in the 

An? a . 
A - - > 0. Substituting fora , yields   core region if =, 

a 

i> Alaxt)___(@-5) (3.29) 
8An, — 2,/2a(1+ a2) 
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However, if (3.29) is not satisfied, ray trajectories in the core region of the taper will be 

described by a hyperbolic sine function given as 

    

2k a 

— 2 — 

x= ¥,,/-— nt ents =).2,| (3.30) 
a 

where xX, and @, are constant coefficients. Such rays described by the above equation 

do not go through turning points and thus are not generally confined to the core region, if 

the taper is not so short that the rays exit the taper before they reach the core-cladding 

boundary. These rays are of little practical significance and are not analyzed any further. 

For bound rays, the condition |x|<a-—az must be satisfied. This condition is met 

if L < zy, where z, is the smallest positive solution of |x(z,}| =a —- acy. To find the point 

at which z= 72, where the ray reaches the cladding region and becomes a leaky ray, 

we substitute for x(=,) from (3.26), gives 

= fa(a—az,) (3.31)     

    

. [4= 2%. | 2An; 
x, sin| In losr 77 te, 

a apo 4 

which is a transcendental equation and can be solved by numerical techniques. Taking 

advantage of the fact that most leaky rays cross the core-cladding boundary in the 

neighborhood of their turning points, an approximate solution of z, may be considered 
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as the intersection of the envelope of the ray trajectory and the core-cladding 

boundary. From (3.27) and |x,| = .fa(a — az,) , we obtain 

aia’? +aa,ax,+ 2 Ax}? (I+ a3) 
  L..= 

o 

Q
]
s
 

ca] 2a(1+a2)- S| 

(3.32) 

2 

For weakly guiding tapers with small angles a? << 8A << 1, the term af + a’) ~ =| 

is greater than zero. Using (3.32) in L< z), the condition for bound rays 1s obtained as 

  

(2AT -1)a? -(#Ja, +|oar-(%2-)| >0 

where 

Solving (3.33) for a@,, yields 

  

  

where 

(= aX, 2A a 
Qo =-- —+ 5 

2aQ O 40 

(= aX, 2A a 
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(3.33) 

(3.34) 

(3.35) 

(3.36a) 

(3.36b) 
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with QO = 1—2A7. However a, and @, exist only if the term in square root is equal to 

or greater than zero. Noting that when (3.29) is satisfied, the term in the square bracket 

never becomes negative, then 7’ > 0 must be met. Using this condition in (3.34), gives 

|x,|< vad | (3.37) 

Equation (3.37) indicates that all rays entering the taper in the region Vab < x, Sa 

and -a<x,<-vVab will leak out of the taper. With A<<1, 7 <1, Q»*1 and 

a? <<8A <<1, (3.35) reduces to 

_2 _ PAT <a, < - . PAT (3.38) 
2a 2a 

When specific initial ray conditions @, and x, are given, the minimum taper length may 

be calculated using (3.33). 

3.3 Exact Numerical Analysis of Graded-Index Taper 

In order to examine the accuracy of the approximate analytical solution obtained 

in the previous section, an exact solution of ray trajectories in graded-index tapers is 

discussed using a piecewise numerical technique. Figure 3.3a illustrates the geometry 

and coordinates for a segmented waveguide. The graded-index taper is divided into 

N segments, and each segment is considered as a uniform waveguide of length 
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Lo. , , 
v: Figure 3.3b shows the geometry and coordinates for an ith segment of the 

taper. For the ith segment, we have 

L 
z, =(i-1).— 3/=1,2,...N 3.39 ; = ( es f=1,2 (3.39) 

g=2-2, (3.40) 

L 
Z,4 =b— 51=1,2,...N 3.41 

. Lo. 
a, =4~@.(¢— VD. 3§=1,2,...N (3.42) 

Using the result in (3.11), the solution of ray equation in the ith segment can 

be written as 

nv2A 2’ 
x = x,, sin=—_— + @,,), 0<r< + (3.43) 

a N 
i i 

  

The constant coefficients x,, and @,, are determined from the ray slope and ray 

    

amplitude at -'=0. In doing so, we proceed as follows. Differentiate equation (3.43), 

yields 

nJ2A nvV2A z' 
di =X), ——) cos(—= 7 +9,), d<rek (3.44) 
d=" B; . a; B; i N 

The initial conditions are expressed as 

X= KX; 

dx at -'=0 (3.45) 

e 
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Figure 3.3 Geometry and coordinates for (a) segmented tapered graded-index 

waveguide, (b) 7 th segment of the taper. 
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Using these initial conditions in (3.43) and (3.44), we obtain 

x; = X oi SIN @,; 

  

(3.46) 

V2A 
a, = x, (> )eos(g,,) (3.47) 

Ba, 

Dividing (3.46) by (3.47), yields 

x, Ww2A 
tan Y,,=—-(—=—_) (3.48) 

Qa; 54; 

But the constant f is related to a,. To find this relationship, referring to the 

coordinate system and path elements along a ray trajectory, as indicated in Figure 3.4, 

we can write 

  

  

sin 8, 1—cos’ 6, 
a, =tand, 

cos 8, cos 8, 

= L —]| n(x, ,Z,) 1 

cos’ @, B, 

=> WX Zz 
B. = ( i 1) 
  

: (3.49) 
yl+a@? 

n(x,,2,) = 7, : - a(- os | (3.50) where 
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Figure 3.4 Coordinate system and path elements along a ray trajectory. 
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Substituting (3.49) in (3.48), we obtain 

x, [daa J as) 
tan 9,, =— 

Par a,\ anx,,Z,) 

| %; n,V2A(1+ a) 
Q,, =tan | —| ————_ (3.52) 

a,\ an(x,,Z,) 

Using (3.46) and replacing (3.40), (3.49) in (3.43), yields 

| (2A + @ 
{| wa y94} Z,<2< 2), (3.53) 

sin Qo; an(x, 22; ) 

The next step is to find the initial conditions for the ray in the (i +1)th segment. 

Substituting (z-z,)= = in (3.53), gives 

x. | ny2Ad+ a?) L sacle] 1 of 
aWMx,,z,) N 

Combining (3.44), (3.46), (3.49), we get 

  

_ dx 
a4) = dz' . L 

N 

x, n, {2A(1 + @?) n, f2A(1+ a?) L 
=(— ).¢ )cos| (———_————)— + ©, (3.55) 

SIN @,; a;n(x,,2;) a,n(X,,2Z;) N 

where n(x,,z,) and g,, have already been defined in (3.50) and (3.52), respectively. 

To calculate the complete solution, Eq. (3.53) is iterated in each part, from the first 

part to the Nth part, by using the appropriate initial conditions defined in (3.52), 
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(3.54) and (3.55). However, the initial conditions for the first part, x, and a, 

must be chosen. 

3.4 Numerical Results and Accuracy of Analytical Solution 

In this section, results from approximate analytical and exact numerical solutions 

are discussed and compared for several example cases. First, a taper with parameter 

a=100 um, b6=25 um, L=lcm, 2,=1.5, n,=1.48 is considered. For this taper, Figures 

(3.6)-(3.8) illustrate trajectories fora,=0.0517, 0.0816 and 0.1004. For x,= 0, the 

condition for rays to be bound to the core is la,| < 0.0816=@ ,3,- Thus, for a, =0.0517 

and 0.0816, the rays are fully bound and critically bound to the core as indicated in 

Figures 3.6 and 3.7, respectively. However, for a@,=0.1004 which is greater thana, ,,,. ; 

the ray is leaky as shown in Figure 3.8. It is observed that the ray in Figure 3.8 becomes 

leaky at z, =8.75 mm. Using (3.32), an approximate value of 8.32 mm is obtained for z, 

which is reasonably accurate. Figures (3.6)-(3.8) also compare ray trajectories calculated 

from approximate analytical and exact numerical solutions. As noted, the agreement 

between the approximate and exact rays is excellent, indicating that for @ <<1 and 

oa. — 5* — 148° 
A <<1(in this example a = 100= 25 = 0.0075 and A= bl = 0.013244 ) the 

10,000 2x15 

analytical solution presented in Section3.2 predicts the transmission properties of the 

graded-index taper very accurately. 
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Next, we consider an example for which one of the conditions @ <<1 and 

A << 1 is relaxed in order to see how well the exact and approximate solutions agree. We 

consider a taper with a=100 um, 5=25 um, L=lcm, n,=1.5, n,=1. This is an extreme 

case of a taper with no cladding and A=0.278. Figure 3.9a compares exact and 

approximate ray trajectories for a ray with a slope of a@,=0.1 at the beginning of the 

taper. This ray remains bound to the core throughout the length of the taper, since from 

(3.38) Go max = 9.2357 which is greater than a@,. It is noted that for 2z<5 mm, the 

agreement between the exact and approximate ray trajectories is excellent and the two 

rays are nearly indistinguishable. For 5<z<10 mm, however, the difference between 

the two rays becomes noticeable and grows larger for larger values of =. To see this 

difference at larger values of = more clearly, a portion of Figure 3.9a is expanded as 

illustrated in Figure 3.9b. It is emphasized that, even in such an extreme case (which is of 

little practical interest), the analytical solution is sufficiently accurate for rays which are 

well confined to the core. In summary, the approximate analytical analysis accurately 

predicts transmission properties of weakly guiding (A <<1) graded-index tapers with 

small angles (@ << 1). 
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Figure 3.6 Ray trajectories in a taper with a =100 um, b=25 um, L=lem, n,=1.5, n,= 
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1.48, for a bound ray with a,=0.0517; (°°°) exact, ( - - - ) approximate. 
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Figure 3.8 Ray trajectories in a taper with a=100 um, 6=25 um, L=1em, 2,=1.5, 2, = 

1.48, for a leaky ray with a, =0.1004; (¢°°) exact, ( - - - ) approximate. 
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4. Ray Analysis of Graded-Index Optical Fiber 

Tapers 

Ray analysis of tapered planar waveguides with parabolic-index profiles revealed 

that as light propagates towards the smaller end of taper, its power gradually 

concentrates along the taper. This analysis is extended here to tapered parabolic-index 

optical fibers. While the planar waveguide may serve as a two-dimensional model of the 

fiber when meridional rays are concerned, the study of skew rays requires a full three- 

dimensional analysis. The basic assumptions made for the analysis of the fiber taper are 

the same as those used in the analysis of planar waveguide taper; namely, the slope of 

the taper and the index difference between the core and the cladding are much smaller 

than unity and the radius of the core at the smaller end of the taper 1s many times larger 

than the wavelength of light. The latter assumption is essential to the validity of the 

geometrical optic analysis of the taper. 
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4.1 Uniform Parabolic-Index Fibers 

Before embarking upon the analysis of tapered graded-index optical fibers, the 

heighlights of ray analysis for uniform multimode fibers are reviewed. This review not 

only prepares the ground for the ray analysis of tapered fibers, but some of the results are 

also needed in the calculation of radiation loss when tapers are used to splice two 

dissimilar core fibers. The geometry of a uniform parabolic-index fiber is shown in 

Figure 4.1. For the fiber geometry we have to solve the ray equation in a cylindrical polar 

coordinate system (r, g, z). In this system, the position vector r is expressed as 

r=ra_+2a, (4.1) 

We assume that the refractive index is only a function of radial coordinate r, with no 

variations with @ and = and can be expressed as 

2 

nf - 2a 7) | r<a 
n’(r)= a (4.2) 

n; =n (1-2A), r2a 

Putting (4.1) in the ray equation (2.20) and considering n as a function of r only, yields 

d|.d,., d dz |.  dn(r). . 
S| try © (r,) [+2 mle) la, = iy a, (4.3) 

aa da 
Using a4.) = d@ 5 and 4(4,) = 20 4 , [29], and equating the like components, (4.3) 

ds ds ds ds 
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Figure 4.1 Geometry and parameters for a uniform parabolic-index fiber. 
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resolves into three scalar equations expressed as 

d dz 

ang |= ° “ 
d dp| 2 do dr _ 

Se | tem ge a= eo) 

4) an ft]- do) _ dntr 
oy rar ds) dr “o) 

Equation (4.4) is the same as (3.4) for the planar guide. The solution to this equation is 

expressed as 

nr) B (4.7) 

where £ is a constant. From our experience with the graded-index planar guide, we 

B predict that £ is the normalized propagation constant p= ra 
0 

The solution of (4.5), after expressing this equation as 4) (mre) = 0 is written as 
AY Ss 

rar) a2 =f, (4.8) 
ds 

where ¢, is a constant. Using (4.7) and (4.8) in (4.6), and noting that “ = c : “ we 
S nr - 

  

obtain 

pdr fo lan) 
dr? 2 adr 

  (4.9) 
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The solution for ray trajectories are obtained by integrating (4.8) and (4.9). The results 

are: 

1 

PoP - 4 ‘dr (4.10) 
r 

7 a 

ot
 
t
e
,
 

Co ¢ @ 
p= BPO   (4.11) 

For the parabolic-index fiber with an index profile described by (4.2), evaluation of 

(4.10) and (4.11) results in, [29] 

  

  

  

  

  

] 

2 2 2. 42 2 

pa[27h Boh co ar | (4.12) 
2 2 fa 

1 +f Ur? 2a? 0? 
gy = —cos ‘| —————-—_— (4.13) 

2 rus —4y?20 

where 

aVu? —- JU —4PV? r= (4.14) 
V2 

_ a\U? +JU* 407? (4.15) 
PF 2 v2 

with V = Jfa?k?n?2A, U = kan? — 8 ,and 0 = kefp. 

Finally, using the transverse resonance condition, it can be shown that for propagating 

rays the following relation must be satisfied, [29] 

U?* = 2V(2m+?+1) (4.16) 
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where £=0, 1, 2, ... and m = 1, 2, 3, ... in fact represent mode numbers for L/,,, modes. 

From (4.16), the propagation constant # can be calculated. When ¢=0, it can be 

x. 4: , . , 
concluded that ¢= 5 i.e. the rays are of meridional type, r;=0,1.e. no inner caustics 

  

(consistent with the fact that rays are meridional), and r =7+, in 5 | . On the other 

hand, when £21 the rays are of skew type following helical elliptical paths along the 

fiber. The projection of a ray path onto a plane normal to the fiber axis is an ellipse. 

4.2 Parabolic-Index Tapers 

The refractive index of a linearly tapered parabolic-index fiber 1s expressed as 

  

2 

nfi-2a if ) k rsa-az 
n’(r,z)= a- @ (4.17) 

ni =n (1-2A), r2a-az 

2 2 
n-~-n n,—n . . . . . . 

where A= a ~ ++ <<] is the index profile height, 7, is the index on the axis 
ny Ay 

  of the taper, 7, is the index of the cladding region, and a@ = o~? << 1 is the slope of the 

taper. Figure 4.2 shows the geometry, index profile, and parameters of the taper. Again, 

substituting for the position vector r given in (4.1) in the ray equation (2.20) and 

resolving it into three scalar equations, we have 
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Figure 4.2 Geometry and parameters for tapered parabolic-index fiber. 
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  d nny | _ WM) (4,18) 

  

  

ds ds a 

4) yt | dey! _ Hr) : Smo mtr) 1) @ (4.19) 

S| mer SE +2 nr 2&1 ae) (4.20) 
ds ds | r ds ds r cop 

For the taper under investigation n(r)=n(r,z); that is, the refractive index is 

ar) 

Op 
  independent of ». Hence, =0 and the right-hand side of (4.20) is zero. The 

gradient of 1 (r)=n(r,z) is obtained as 

2 

Va(r,z) = —2n, { a, ~aa ,rsa-a (4.21) 

(a~ ax) (a- ez) 

We note that ae) O(A), while aC) — o(ad), thus with a<< | it is 

concluded that and the right-hand side of (4.18) is approximately   
on(r,2) cc on(r,z) 

Cz or 

On(r,z) 
‘hoot 

  

zero. Using ~ 0 in (4.18). We have 

S| mtr) 4 = 0 (4.22) 

OT 

n(r,2) = 7 (4.23) 
ds 

where 7 is aconstant. In reality, 7 is a slowly varying function of z, 7 = n(z), and 
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; , . 2 2 . 
represents the normalized propagation constant. That is, 7 = B : ) , k= = with A 

being the wavelength of light. For bound rays (guided modes), 7 is limited to the range 

n, <1 <n, and since n, ~n, (A << 1) the approximately constant nature of 7 is 

apparent. For meridional rays, 7 = constant can be used without any problem. For skew 

ray, however, more caution is required. This point is further elaborated upon when skew 

rays are analyzed. From (4.23) and using chain differentiation, we have 

d dd nn a 
  

  

  

—=—— = — (4.24) 
ds dzds wr,z) dz 

From (4.20) with Ar, 2) = 0, we further obtain 

d at ae) 
— nr,z = 0 4.25 < E (7,2) (4.25) 

Integrating both sides of (4.25), ytelds 

P( nr: <e) =f, (4.26) 
ds 

or 

ae _ fo (4.27) 
ds r°n(r,z) 

where ¢, 1S a constant. Using (4.24) and (4.27) in (4.19), yields 

d ( a) €, 1 &’(r,z) 
—| 7—| - = — 4.28 

7 dz 7 dz ro 2 & ( 
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4.2.1 Meridional Rays (2, = 0) 

When @, = 0, from (4.27) it is concluded that @ = constant. However, » = constant is a 

half-plane containing the z-axis. Thus, meridional rays which lie on @ = constant planes 

cross the z-axis(taper axis). With &, = 0, equation (4.28) reduces to 

  

4f ar) _ 1 H*(r,2) 4.29 
Vk Ve 2 r 6-29) 

Gn’ (r,z) d ( ar) 7dr ; 
Putting ———2"-" = —4n7A and »—-| 7—| * 7,—~ in (4.29), we obtain 8 — ni (aay 17\ 7g) * a? (4.29) 

2 2 

(a—acy 2% 4 2A" <9 (4.30) 
dz Io 

where 1 1s the ray constant at the beginning of the taper and is related to the slope of the 

ray as we have discussed in (3.22), then 

n(r,0) 

yl+a? 

where ay 1s the slope of the ray at z = 0. Equation (4.30) 1s identical in format to (3.23) 

No = (4.31) 

fora planar waveguide. Thus, the solution of (4.30) is readily expressed as 

2 of 

r= nfo o sin aon ~1in( 2 =| +6, (4.32) 
a an, 4 a 

where r, and @, are constants and are obtained from initial ray conditions. Assuming 

      

= a,, 9, and r, are determined as 
z=0 

that r(z = 0) =r, and - 
nt   
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(4.33) 

(4.34) 

  

where v =+ 1 or-1 such that r > 0 for all values of 2. 

4.2.2 Skew Rays ( /, #0) 

To determine the solution for ray equation, we use the relationship 

ds’ = dr? +(rdgy + dz* in conjunction with (4.23) and (4.27) 

i-(4) (82) +B) ds ds 
_ 2 

-($-4) (2) (4) 435) dz ds 

-(2-4) (4) +2 n dz nr n 

3
 

or 

2 ? 

ae =n -7 3 (4.36) 

It is emphasized that (4.36) is not independent from (4.28). It is preferable to use (4.36) 

since it can be solved more easily. Here, while 7 = constant can be used in the term 

2 

7" & , the same approximation in the right-hand-side of (4.36) should be examined 
~~ 
ot 

4, Ray Analysis of Graded-Index Optical Fiber Tapers 51



more carefully. Variations of 7 with respect to = may be obtained in the following 

form. 

2 a 

=n -(n ~ 1)   (4.37) 
QAa-a 

To derive (4.37), the characteristic equation of a parabolic-index fiber in (4.16) is 

recalled and modified as 

(28) (n3 ~ n°) =2( 22) nt — ng) @ms e4 (4.38) 

where @ is the radius of the fiber. The taper may be locally approximated as a fiber of 

radius @ = a—acz. Substituting for @ in (4.38), we have 

n-1 = 5 a K = constant (4.39)   

I 

The constant K = (A (ni —n; 2 (2m++1) may be determined in terms of 7, by 
ba 

noting that 7(2=0)=7,. Thus, z = 0 in (4.39) yields, 

K = a(n; - 7) (4.40) 

Combining (4.39) and (4.40), the result in (4.37) is obtained. Next, we calculate the term 

n’ —7° inthe R.H‘S. of (4.36) 

n? —7? =n? (r,2z)—- 1 (2) 

= 7° 1-20 r ) _ 2 alm = 70) 

a—-a a- az 
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_ AM =) _ (>a, r? 44] 

a-a ( Gna) (4.41) 

Introducing = @,k, and using (4.41) in (4.36), we have 

  
dr)’ r r 1" (- =) = a(n; - 15) ~ (2An; )——, - — (4.42) 

we further introduce R_ such that 

R=——_—_ (4.43) 

  
  

dry? ld?) fid ; 
ni(rZ) oma) = npg) 

sla dR\| 
= Mo] 5 —aR + (a -az)— (4.44) 

- 2 

=n Sa- a) aR <<(a~ oz) 

we obtain 

a dR 1 , _. _ pn) = 7R- 2p2 _ p2\>2 4 5 (4 ac) ake (U;R-V?R’ -@) (4.45) 

where Up = (kya) (nj - ni) and V* = (k,a) (nj -7n;) = (k,a) (2An;) 

Rewriting (4.45) as 
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a 
- a __ aNokoa dR 
a- 2 
    

  
1 

(UZR-V?R?- #7) 
a 

and integrating both sides, yields 

a~- ac 1 dR 
In =-|—an,k,a { + constant 

a 2 V-V?R? +U2R-@ 
    
  

But 

| dR i | 2V?R+ aa 
V-V?R?+U2R-@ OV VUi-42V? 

Substituting (4.48) in (4.47), we obtain 

    

_ 94772 2 ov nf 2 «), 6, -sn| Ww me 
4 2472 anyk a a comvaat JU; —4£°V 

2n, J2A 

aq 

or 

  

-2V?R+U2 | 2nV2A, fa-a 
a = gin In + 0, 
Ue —4¢y* aN, a 

Solving for R, yields 

2 U3 -4V? J ~O 
Ro Yo NM sn) 24 2A inf 2 =) +4,   

2V? 2V? aN, a 

It may be noted that 
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(4.47) 

(4.48) 

(4.49) 

(4.50) 

(4.51) 
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(Ut -40V? _ te Toi (4.52) 

2V? 2a’ 

where r,, and 7, are radii of caustics (on which turning points lie) for a parabolic-index 

fiber of radius a. That is, 

  
at? — Jus —4eV? (ui -4ev? 

— (4.53) hy = 

  
ay? + JUt - 407? (4.54) 

V2V . 

Using (4.51) and (4.52) in (4.50), we obtain 

Ty = 

  
  

aN, a 

p= Pon + Po, = To | 2mv24 a-@),» 

“Fl2CO *% 
(4.55) 

Finally, putting (4.55) in (4.43), the expression for 7 as a function of z is obtained as 

QM, a 

1 

el pe 2 2 42 _ ye 2 _ [a =| a2 th si inl in( 2 =) +44) (4.56) 

a 

8, in (4.56) is a constant which may be determined using initial ray condition. This 

condition is chosen as r= 7, at z=0 

t
o
l
 

2 2 2 2 
Koy th hoy ~hyy In = o2 Tor _ 02 7 "Ol gin 6, 

2 2 

Clearly (4.57) is satisfied for 0, = > Putting this result in (4.106),we have 

(4.57) 
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1 

_ 2 2 2 2 _ ne) |2 a [a OZ) to thy ho ~My cos 2124 in ¢ =)| (4.58) 

a 2 2 aN, a 

A second equation for the ray trajectory is required. To find this equation we proceed as 

follows. From (4.27), 

dp _dp ad _dg n_ % 
ds dz ds dzon nr 

  

  

  

  

Thus, 

dp &, =-—2 4.59 
dz nr’ ( ) 

However, 

dp _ de ar 
dz: dr dz 

hence, 

dp dpjdz _ 0, / nr? _ bor 

dr arid: : - 1 
fn 2)" in r[P?(W? - 9?) - 4)? 

r 

or 

1 
—¢d(r’ 

dp = ——2— (") (4.60) 
rr? (n? ~ n°) oF 

Using (4.41) and (4.43), we can write 

I 

2 2 ; 2 2 ° 2 r° e? ? 2 2 _— _— Le [r (n —n )-e) ~ al n; - 1 )—— (2n} ‘ana ie 

= glen V?R? - ep 

Then, 
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lj @ 
a4] dla(a _ oc) R] 

do = (4.61) 
ec —az)RY-V?7R? +U?R-& 
  

  

But 

dla(a ~ az)R] = “el - az) + (a _ ey z a(a ~ az)dR 

~adz<<dR 

Using this result in (4.61), yields 

ear 
2 
  

  dp (4.62) 
~ RY-V?R? +U2R-0 

Integrating both sides of (4.62), we have 

  

  

o=~0 dR 

2° J-V?R?+U2R-0 

1/1 ..,{ U~R-2¢ 
= —f| ~—sin —————— | |+ constant 

2 |¢ Rus —4y? 9? ee 
2 

sin(29 + g,) = Uy R= 20 (yeas 
RJUt 4? 

Substituting for R from (4.43), 

(4.63) 

    
2 

uz} —* )-26 
° (ce — ac) 

2 

Jui =4V70 _" 
a(a - az) 

  sin(29 + g) = (4.64) 

The constant g, is determined from an initial ray condition. This condition is chosen 

such that atz=0, g= > We recall that at z= 0,r=r1o,. Thus, 
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. . Upr, -2a°l? 
sin(7+9,)=—sing, = SE 

Up -4V 70? or 

U 2 u3(U3 _ fut —4eV )-4v7e 

Jus 472 (v3 ~ fui - av? | 

UUE _ fui -4eV? )-av7¢ 
- =-] 
-(u3(u fue -4V*)—4V?0?) 

  

  

and 9, = 5 . Finally, the second equation for ray trajectory becomes, 

  

_U or | —2¢? 

cos(2¢) = a{a~ a) 5 
4 4y? 2 Fe 

Uo é a(a — az) 

or 

_ Upr? - 207 a(a — az) 

r? Jus 4??? 
  cos(2¢) (4.65) 

In summary, equations (4.58) and (4.65) completely describe ray trajectories in 

graded-index fiber tapers. It is worth noting that when ¢=0, 7,, vanishes and (4.50) 

reduces to (4.32) which describes the trajectories for meridional rays. 

4.3 Numerical Results 

For a taper with specified parameters, ray trajectories are calculated using (4.32) 

for meridional rays and (4.58) and (4.65) for skew rays. The parameters of the taper used 

to obtain numerical results are : a=100 um, 6=25 um, L=lcem, ,=1.5, n,= 1.48. In 
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calculating ray trajectories, the characteristic equation (4.16) together with (4.53) and 

(4.54) are used to determine U,, 7), 7, and 7, for the specified parameters and 

wavelength of operation. For this example 4 = 1.3 um has been chosen. Figure 4.3 

illustrates the three-dimensional view of a meridional ray for an LP), mode 

corresponding to the Z/,, mode in a uniform (untapered) fiber with a core radius equal 

to the larger end radius of the taper and the same index profile as the taper. The behavior 

of this ray, and meridional rays in general, is similar to the rays in planar tapered 

waveguides, with the implication that two-dimensional planar tapers may serve as 

simplified models for three dimensional fiber tapers when meridional rays are 

considered. As an example of a skew ray, in the same fiber taper and for the same 

wavelength of operation, Figure 4.4a shows the ray trajectory corresponding to the LP); 

mode of the untapered fiber. The two-dimensional views of this ray in the xz and xy 

planes are shown in Figures 4.4b and 4.4c, respectively. These figures clearly illustrate 

the gradual concentration of ray power towards the smaller end of the taper. A 

quantitative analysis of focusing capability of tapers will be presented in the next 

chapter. 
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Figure 4.3 Three dimensional trajectory of a meridional ray corresponding to LP,; 

mode in a linearly tapered parabolic-index fiber with a=100 um, 6=25 um, L =1 cm, 

n,=1.5, and n, = 1.48. 
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Figure 4.4a Three dimensional ray trajectory of a skew ray corresponding to LP;; mode 

in a linearly tapered parabolic-index fiber with a=100 pm, 6=25 um, L =1 cm, n,=1.5, 

and n,= 1.48. 
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Figure 4.4b Projection of the ray in Figure 4.4a onto the xz plane. 
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Figure 4.4c Projection of the ray in Figure 4.4a onto the xy plane. 
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5. Coupling Efficiency and Radiation Loss 

Important applications of graded-index tapers discussed in Chapters 3 and 4 

include their use to couple power from light sources into planar or fiber lightguides and 

as transition elements between two guides of different core sizes. Coupling efficiencies 

when tapers are used to couple power from collimated beam and Lambertian light 

sources into lightguides are calculated. Also, radiation loss of tapers when used to 

connect two multimode waveguides with different core areas is determined. Numerical 

results for coupling efficiency, radiation loss and improvement in coupling efficiency are 

presented. 

5.1 Coupling Efficiency 

5.1.1 Tapered Planar Waveguides 

For collimated-beam illumination, substituting a, = 0 in (3.50), the condition for rays to 

be bound to the core of the taper is determined as 
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2 

p< Vad 1-2 ~ ab (5.1) 

Let us consider a light source of thickness 2d attached to the larger end of a parabolic- 

index tapered waveguide with parameters as in Figure 3.2. The smaller end of the taper is 

assumed to be connected to a waveguide of thickness 25. We denote the source power, 

the bound rays power and the power coupled into the waveguide of thickness 2) 

directly from the source as P., P,, and P,, respectively. The coupling efficiency for the 

taper(77) and the improvement in coupling efficiency(/) for the waveguide of the 

thickness 24 are defined as 

F, — 21 52 7 P (5.2) 

I -fA (5.3) 
P, 

When dis less than or equal to 5, P. = P, = P; =2p,d are calculated. If d is between 

b and vVab, P.=P,=2p d, and P,=2p,b are obtained. For d>Jab, we have 

P=2pd,P= 2p,vab, and P, =2p,b. Using these results in (5.2) and (5.3), the 

coupling efficiency 7 and improvement in coupling efficiency / are determined as 

vab ; d> Jab 
n= d (5.4) 

1 , d<ab 
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| a> sab 

142 b<d<-vJab (5.5) 

p
a
t
e
 

,a<b   
For the taper of Figure 4.3 with a= 100 um and 5= 25 um, from (5.4) a coupling 

efficiency of 100 % can be obtained if the taper is used to couple a collimated beam 

source with a width (2d) equal to or less than 100 um to a waveguide of thickness 25. 

Also, it is clearly seen from (5.5) that up to two times more power can be launched into 

the waveguide compared to direct launching of the beam into it. 

For a Lambertian source, which emits light over a broad beam, the radiation pattern ts 

approximated as /=1/,cos@, where /, 1s the axial intensity and @ is the angle of 

emission. Then, P, is calculated as 

c fe, Cy, , . . 

P= 2 po |, [, cos Ad@dx = 2po |, (sin, — sin 0, )dx (5.6) 

where c = Jab if d>Jab and c=d if d<-Jab, 6, =tan'(a,,), and @, = tan'(a,,)). 

For A<<1 and a<<1, both @,, and a@,, are much smaller than unity, then using the 

approximation sin@, —sin@, ~ 0, —@, ® Qo —@o, = 2V2AT where T is defined in 

(3.51), P. in (5.6) becomes 

c Ib ; 
P =4pyn N20] o_(2) dx (5.7a) 

5. Coupling Efficiency and Radiation Loss 66



b Cc af ¢ 
= 2pyn, JIB] ofS een 5) (5.7b) 

And the source power P. is calculated as 

dp 

P,=2py|. |?, cosAd@dx = 2 py md (5.8) 
“2 

In a similar manner, the power P, is obtained as 

h p, h 
P, =2p, [ [ cosAdAdx = 2 p, | 2NA(x)de 

=4p,n,V2A [ -(2} dx (5.9a) 

h\’ h 
=n 1-(4) soso-(8) (5.9b) 

where #=6 if d>6 and h=d if d<b. With the help of (5.6)-(5.9), the coupling 

efficiency 7 and improvement in coupling efficiency / are readily calculated. 

Considering the case when d>Vab>b, P. = P, = p,an,bV2A are obtain from (5.7b) 

and (5.9b). Then, / = 1, indicating that the taper cannot improve the coupling efficiency 

when the light source is Lambertian type such as surface emitting LED. 

5.1.2 Tapered Fibers 

Compared to the case of planar waveguides in which only meridional rays exist, 

evaluation of coupling efficiency for tapered fibers becomes more complicated because 
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the problem is three dimensional and both meridional and skew rays must be accounted 

for. However, for a collimated beam, from (4.59) and (4.60), we can easily show that 

parallel rays getting into the taper are meridional rays. For meridional rays to be bound to 

the core of the taper, the following condition should be satisfied 

pus Wael 1-2] = vad (5.10) 

Let us consider a light source of circular cross section with radius d@ attached to the 

larger end of a parabolic-index tapered fiber with parameters as in Figure 4.2. The 

smaller end of the taper is assumed to be of the radius 56. The source power, the bound 

rays power, and the power coupled into a fiber of radius 6 directly from the source can 

now be calculated as P. = p,ad’, P. = pyac?, where c= Jab if d>-VJab and c=d if 

d<Jab and P, = p,ah? where h=b if d>b and h=d if d<b. Then, the coupling 

efficiency (77) and the improvement in coupling efficiency (/), defined in (5.2) and (5.3), 

are summarized as 

a , d>-Jab 
n= d (5.11) 

1 _d<Jab 

  

4 d> Jab 

1={5 h<ds Jab (5.12) 

| d<b   
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5.2 Radiation Loss 

Let us consider two parabolic-index waveguides, referred to as waveguides 1 and 

2, with core thicknesses 2a and 24, respectively, connected by a taper of length L as 

shown in Figure 5.1. Both waveguides are assumed to have the same cladding 

index (n, ) and the same A parameter. Clearly P is the input power to the taper too and 

the power coupled into waveguide 2 from the taper is assumed to be P,. Then the 

radiation loss of the taper is defined as 

L, (dB) = 1Olog. 2 (5.13) 
P. 2 

Assuming that the area of the source is equal to or larger than the core area of waveguide 

1, that is d 2a, the power Fh, = p,mm,av2a is determined from (5.9b) by substituting 

both A in the upper limit of the integral and 4 in the integrand with a. The 

power P, = poan,bJ2A is also obtained from (5.7b) with c= Jab. Then, the radiation 

loss is given as 

L,(dB) = LOlog.o( 2) (5.14) 

If waveguides 1 and 2 are butt coupled such that their axes are perfectly aligned and 

reflection losses due to mismatch of the core indices are neglected and further a uniform 

distribution of power among the modes of waveguide | 1s assumed, it can be shown that 

the splice loss between them will be the same as the radiation loss of the taper given in 
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GUIDE 1 TAPER GUIDE 2       
Figure 5.1 Parabolic-index taper connecting two waveguides with different core areas. A 

Lambertian light source excites the waveguide with larger core area. 
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(5.14). To see this, the splice loss is calculated as follows: This loss is estimated as the 

ratio of the common mode volume to the number of modes in waveguide 1 [28]. The 

number of modes is obtained as Af = (42 2 , Where A is the wavelength of the 

light, by using the transverse resonance condition of bound rays in a parabolic-index slab 

waveguide of thickness 2¢ [30]. To find the number of modes in waveguide 1 and the 

common mode volume, we need to replace ¢ in the expression for MM with a and b, 

respectively and then the splice loss in dB is calculated as L, = 101o8,«( {| which is 

equal to the radiation loss in (5.14). 

The radiation loss of a fiber taper excited by a Lambertian source is also the same as 

splice loss resulting from direct coupling of two fibers of radii a and 5b. Assuming equal 

distribution of power among the modes, this loss 1s estimated as 

a 
2 

2 

L (dB) = 1Olo8 | 

= 20 los 2) (5.15) 

5.3 Beam Concentrator 

As we have seen, tapers can gradually concentrate light rays along their axis. To 

make a light beam concentrator for parallel rays; however, with specific values of taper 

parameters (a, @, n, and n,), the length of the taper must be chosen such that rays at 
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the output of the taper become parallel. To find the appropriate length, since a, =0 we 

substitute 7 = n, in (4.32) and obtain 

r=" Ein) 78 W( 2-2) 00, | (5.16) 
a a’ 64 a 

Since parallel rays should have their slope equal to zero, we differentiate (5.16) and set it 

    

equal to zero. Then 

tan i 1+ 38 n( 2— =| 2-53 ]+2 SA = 0 (5.17) 
2 a a a a 

2 

Assuming that a << 1, the solution of (5.17) for = is obtained as 

  

2a vl 2a -nt 

z=1,= ah - os Ca | n= 1,2,3,... (5.18) 

A collimated beam of parallel rays entering a taper with length 1, leaves the taper as a 

concentrated beam. Figure 5.2 illustrates ray trajectories of parallel rays entering into a 

2 2 

taper with a=100 um, a= 6.33x 10°, a= = 0013244 and £ =11.6685 
x1. 

mm. In this example the radius of the beam is reduced by a factor of 2. 
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Figure 5.2 Ray trajectories of parallel rays entering into the taper with a=100 um, 

a= 6.33x 10°, A= 0.013244, and 1 =11.6685 mm. 
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6. Conclusions and Suggestions for Further 

Research 

This thesis has addressed light propagation in multimode parabolic-index tapers. 

Two types of tapers have been examined, including planar waveguide and optical fiber 

tapers. A ray-optic approach has been used to study the transmission properties of tapers. 

Analytical solutions of ray equations have been obtained for tapers with small slope and 

small difference between the refractive indices of core and cladding. These conditions 

(small slope and small index difference) are readily satisfied for tapers made of 

commercially available graded-index fibers or preforms. Ray trajectories for both 

meridional and skew rays have been obtained. These trajectories clearly illustrate the 

light focusing capability of graded-index tapers. 

Graded-index tapers may find important applications for coupling light sources to 

planar waveguides and optical fibers as well as for splicing two waveguides or fibers 

with different core sizes. Coupling efficiencies for collimated beam and Lambertian light 
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sources have been calculated. The tapers provide significant improvement in power 

coupling of focused beam sources. In addition, they can improve alignment tolerances of 

source to waveguide or fiber coupling. A novel application of taper as optical power 

concentrator has been introduced. 

The work presented in this thesis has been limited to linearly tapered planar 

waveguides and optical fibers. Nonlinear tapers, in particular those with exponential] 

taper profile, are worth further investigations. Optimization of taper profile in order to 

achieve maximum coupling efficiency or minimum radiation loss 1s also of practical 

significance and needs further investigation. The optimization can be extended to the 

index profile of the taper, too. Comparison of power concentrating capabilities of tapers 

with different index profiles, including step-index, parabolic index, triangular index and 

a - power index profiles, needs to be examined. 
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Appendix A. Program for calculating ray 

trajectories in tapered planar 

waveguides 

The MATLAB source code was used to calculate both exact and approximate 

solutions of ray trajectories in tapered planar waveguides presented in section 3.2.3. The 

following input data are required to execute the program. 

e Number of sections - Sampling points of the calculated results. For larger number of 

points, the ray trajectories are smoother and more accurate. 

e A - Thickness of the core at the beginning of the taper. 

e B - Thickness of the core at the end of the taper. 

e L - The Length of the taper. 
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e N1 - The refractive index on the axis of the taper. 

e N2 - The refractive index of the cladding of the taper. 

e ALPHA_ZERO - the slope of the ray at the beginning of the taper. 

Below ts a listing of the program. 

% %%%%% % % %% %% % % % % % % 

% % 

% % 

% SUBROUTINE FOR INPUT DATA % 

% % 

% % 

% % % % % % Y% % % % % % YY % % % % % 

no_ section = input('How many sections? '); 

a size = input(‘input the thickness A for the beginning end (m) >"); 

b_size = input(‘input the thickness B for the ending end (m) > '); 

| size = input(‘input Length of the fiber to calculate alpha (m) > '); 
nl = input(' input inner index (N1) > '); 

n2 = input(' input outer index (N2) > '); 

alpha_zero = (‘input alpha at the beginning of the taper >‘); 

beta = nl1/sqrt(1+alpha_zero“%2); 

end 

% % % % % % % YY % % % % % % % % % % 

% % 

% % 

% SUBROUTINE FOR CALCULATING % 

% THE APPROXIMATE SOLUTION % 

% % 

% % 

% %%%%%% % % % % % % Yo % Yo % % Yo 

step size =| size/no_ section; 

n= no_section +1; 

z=0; 

q2 = 0; 
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min = le-10; 

10 = sqrt((n1*%2)/(beta*2)-1); 

alpha = (a_size-b_size)/l_ size; 
delta = (n1%2-n2%2)/(2*n1%2); 

x0=-1*sqrt((l0*a_size/alpha)‘2/(2*delta*n1“2/(alpha*beta)*2 - 1/4)); 

phi0 = 0; 

for p= I:n 

if q2 == 

al=(a_size-alpha*z)/a_size; 

cl = sqrt((2*delta*n1%2)/((beta*2)*(alpha*%2))-(1/4)); 

x(p) = x0*sqrt(ai)*sin(c1 *log(ai)+phi0); 

else 

x(p) = slope*(z-za) + xa; 

end 

% end if and else q2 == 0 

check = a_size -alpha*z ; 

if abs(x(p)) > check 

q2=q2 +1; 
if q2 = 1 

disp(' >>>>>>> Leaking !!! >>>>>>>"); 

pause; 

xa = x(p); 
Za = Z; 

xb = x(p-1); 
slope = (xa-xb)/step_ size; 

end 

end 

az(p) = z*1e3; 

ax(p) = x(p)*1e6; 

if abs(ax(p)) < min 

ax(p) = 0; 
end 

Z=z+ step_size; 

end 

% end for p = 1I:n 
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%% % %% % % % %%%% % %% % % YY 
% % 

% % 

% SUBROUTINE FOR CALCULATING % 

% THE EXACT SOLUTION % 

% % 

% % 

%%%% % % %% % % %% VY %% % % % VN 

ci= 1; 

c4=ci+1; 

cp =1; 

step size =1 size/(no_section*ci); 
z=0; 

q2 = 0; 
min = le-10; 

alpha = (a_size-b_size)/l_ size; 

delta = (n1“%2-n2%2)/(2*n1%2); 
xi(1) = 0; 
li(1) = sqrt((n1%2/beta’2)-1); 

for t= 1:no_ section 

ai(t) =a_size-alpha*(t-1)*(1_size/no_ section); 

zi(t) =(t-1)*(1_size/no_ section); 

index=n1 *(1-(delta*xi(t)’2)/(a_size-alpha*zi(t))*2); 

betai(t) = index/sqrt(1+li(t)*2); 

stl = nl *sqrt(2*delta)/(betai(t)*ai(t)); 

if i(t) == 0 

phi(t) = asin(1); 

xO(t) = x1(t); 

else 

phi(t) = atan(xi(t)*st1/li(t)); 

xO(t) = li(t)/(cos(phi(t))*st] ); 

end 
for tp = 1:c4 

if q2==0 

x=x0(t)*sin(st1*(z-zi(t))+phi(t)); 

else 

x = slope*(z-za)+xa; 

end 

check = a_size-alpha*z; 

if abs(x) > check 

q2 = q2+1; 
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if q2==1 
disp(' >>>>>>> Leaking !!! >>>>>>>"); 

pause; 

X@ =X; 

Za = Z; 

xb = x0(t)*sin(st1 *((z-step_size)-zi(t))+phi(t)); 

slope=(xa-xb)/step_size; 

end 

end 

if tp = c4 & t<no_ section 
Xi(t+1) =x; 

angle=x0(t)*st1*cos((st1*l_size/no_section)+phi(t)); 

li(t+1)=angle; 
else 

ez(cp) = z*1e3; 

ex(cp) = x*1e6; 

if abs(ex(cp)) < min 

ex(cp) = 0; 
end 

Z=Z+ step size; 

cp =cp+1; 

end 

end 

% end for tp = 1:c4 

end 

% end for t = ]:no_section 

%%%~%%~%%%% % %% % % % % % YY 

% % 
% % 
% SUBROUTINE FOR DISPLAYING % 
% THE GRAPH % 
% % 
% % 
%%M%%M%™MHM%M%MM%M %%% % % % MH % % % % % 

up_step = alpha*l size/100 ; 

dw_step=up step ; 

fz step = 1_size/100 ; 

fz =0; 

for p = 1:101 

up(p) = le6*(a_size-(p-1)*up_ step); 
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dw(p) = -le6*(a_size-(p-1)*dw_step) ; 

sz(p) = 1e3*(fz + (p-1)*fz step) — ; 

end 

plot(az,ax,'~',sz,up,'-',sz,dw,'-',ez,ex,".’); 

title’ Approximated and Exact ray trajectories in Tapered waveguide’); 

xlabel('z(mm))); 

ylabel('x(micrometers)’); 

grid; 
print -dwin; 

pause; 

close; 

end 
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