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(ABSTRACT) 

Special methods were developed to model adhesively bonded joints in two- and three- 

dimensions using a simple finite element approach. Analysis of a two-dimensional bonded 

joint is performed by using plane frame elements to model the adherends, and a single 

plane elasticity-type element through the thickness of the adhesive bondline. A similar 

approach was developed for the analysis of bonded joints in three-dimensions such that the 

_ adherends were modelled by shear deformable plate elements, and the adhesive as a single 

solid element through the thickness. The degrees of freedom of both the plane elasticity 

ADH2D element and the solid ADH3D element are offset from their respective surfaces to 

the nodes of the adherend elements in each case, such that displacement continuity is 

achieved at element interfaces. The ADH3D-plate formulation can be used to analyze 

tapered adhesive layers, stepped laminated composite adherends, and thermal and moisture 

expansion effects in both the adhesive and adherends. 

A single lap shear joint was modelled in both two- and three-dimensions using the 

ADH2D-plane frame, and the ADH3D-plate configurations respectively. Adhesive stresses 

in two-dimensions converged to accepted closed-form solutions. Significant three- 

dimensional effects were observed in the ADH3D results, and possible explanations for 

this behavior were given. A typical crack-patch repair scenario was also modelled in two- 

and three-dimensions using the ADH3D formulation. The use of appropriate boundary and 

loading conditions for modelling such applications were discussed. Adhesive joints can be 

accurately and efficiently modelled using the ADH2D-plane frame, and the ADH3D-plate 

methods.



In the process of selecting the most appropriate element to model the adherends in the three- 

dimensional ADH3D formulation, the phenomenon of shear locking in plate finite elements 

was examined and explained in terms of the presence of boundary layer-type solutions to 

the equations of shear deformable plate theory. To demonstrate this, the governing 

equations of Reissner plate theory were derived and reduced to independent equations 

expressed in terms of a displacement potential @ and a rotational stream function y. A 

plate finite element was derived using an interpolation of the displacement potential @. 

Shear-locking was not observed when square plates with simply-supported and clamped 

edges were modelled using this finite element. A discussion on the actual cause of shear- 

locking and recommendations for future development and implementation of the concepts 

in this study were made.
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1. ANALYSIS OF ADHESIVELY BONDED 
JOINTS 

1.0 Introduction 

Over the past fifteen years the applications of adhesive bonding to structural components 

has dramatically increased in many high performance industries. The use of advanced 

materials such as high performance composites, the need to connect dissimilar materials 

and the requirement of improved joint fatigue performance are all examples which have 

necessitated the use of bonded joining techniques. Adhesive bonding offers improvements 

over mechanical fastening techniques for traditional metallic materials such as aluminum or 

steel, and in applications such as sandwich structures, provides the only design possible. 

With this increased usage however, questions are being raised which are concerned with 

the durability of adhesive joints under a variety of loading conditions, including fatigue, 

impact and environmental exposure. As well, the requirement of damage tolerant structures 

precludes the use of some of the traditional simplistic analysis methods for adhesive joints. 

Much effort is currently being spent on answering these durability questions, however 

relatively little work is being conducted on improving analysis procedures for general 

bonded structures. Before any models of impact or environmental conditioning are applied 

to actual structures, it is important to first have an accurate and efficient analysis technique 

for static loading conditions. Several techniques for modelling two-dimensional bonded 

joints are available, however very few have been developed for three-dimensional 

problems, as will be discussed. 

There are many different models which are used to predict adhesive stresses in bonded 

joints. To simplify calculations, each method makes certain assumptions regarding the 

behavior of the adherends and adhesive. The engineer is responsible for recognizing the 

limitations of each technique and choosing the most suitable procedure for the given 

application. These methods range from the very simplistic ones which treat the adherends 

as being perfectly rigid, to the intensive three-dimensional finite element analysis 

techniques. An examination of the techniques used to analyze adhesive joints will be 

reviewed in this chapter.



1.1 Simple Methods 

In some circumstances the simplest approach for modelling adhesively bonded joints is to 

completely neglect the adhesive or assume it to be perfectly rigid. For cases when load 

distributions are required over a large structural assembly (e.g. aircraft fuselage buckling) a 

model will not include details of an adhesively bonded sub-assembly in order to simplify 

the analysis. Global loads obtained from this procedure can then be used to analyze the 

bonded structure using a more complex method. 

Recent bimaterial interface work summarized in Hutchinson and Suo (1992) suggested that 

there may be some instances when fracture calculations on a macroscopic scale (i.e. 

neglecting the adhesive layer) can be related to microscopic values. The difficulty in this 

procedure is that since the adhesive itself causes non-uniform load transfer across a bonded 

joint, the application of the proper loading conditions at the location of a crack in the 

adhesive layer becomes complicated for most practical structures. 

A further simplistic approach assumes that the adherends are infinitely stiff, but allows the 

adhesive to deform in shear uniformly across the length of the joint. These techniques 

usually give results in terms of applied load divided by the bonded overlap length, as in the 

ASTM 1002 standard test for the single lap shear bonded coupon. Although solutions are 

given as average adhesive shear stresses, bending and axial deformation in the adherends 

cause a non-uniform stress distribution along the length of the joint even for the thick 

adherend specimens. These calculations are a measure of joint strength rather than a 

description of the stress state in the adhesive, and can therefore only be used for qualitative 

and comparison purposes. 

Although these methods are attractive because of their ease of application, they are in 

general not sufficient for predicting the behavior of a bonded joint. A method which can 

more accurately model both the adherend and adhesive is required. 

1.2 Shear Lag Solutions 

A popular analysis technique for design purposes in the aerospace industry is the shear lag 

solution. Originally derived by Volkerson (1938), this one-dimensional technique assumes 

that the adherends have flexibility in the axial direction, while the adhesive is permitted to



deform in shear uniformly through the thickness. The shear stress distributions for simple 

geometries, such as the single lap shear and double lap shear joints, can be obtained in 

closed-form. These solutions have been extended to include stepped adherends, adhesive 

plasticity, and thermal and moisture expansion of the adherends in Hart-Smith (1980). 

In Adams and Peppiatt (1973) a shear lag-type of solution was derived and used to 

calculate adhesive shear stresses in both the longitudinal and width directions of a single lap 

shear joint specimen. The adherends were permitted to axially deform in the direction of 

the applied load, contract in the width direction due to Poisson's ratio effects, and displace 

in transverse shear. A finite difference solution to the governing equations was also 

derived and used to compare with the simplified analytical results. This was the first study 

of its kind to quantitatively demonstrate the importance of modelling joints with finite width 

effects. 

Despite their simplicity these methods are of limited use for strength calculations since the 

formulations cannot predict adhesive peel stresses which often cause joint failure. 

Similarly, it has been shown in Weitsman (1977), and Hutchinson and Suo (1992) that the 

axial (longitudinal) stresses in the adhesive caused by the thermal expansion mismatch of 

the adhesive and adherend can significantly affect joint performance. Although any 

successful joint design will tend to minimize these effects, a successful analysis technique 

must be able to take these issues into account. 

1.3 Other Closed-Form Solutions 

Closed-form solutions which calculate both adhesive peel and shear stresses in common 

joint geometries are available in the literature. Various assumptions regarding the behavior 

of the adherends and adhesive are made such that differential equations could be found and 

solved analytically. Most of this work has focused on the single lap shear joint primarily 

because of its popularity in the adhesive industry. Most of these solutions are ‘beam on 

elastic foundation’ types of analyses where the adherends are assumed to deform as beam 

structures and the adhesive would have flexibility in both peel and shear. 

A classic strength of materials approach assumes that stresses are constant through the 

thickness of the adhesive. Clearly, these methods neglect the existence of singularities due



to cracks and reentrant comers at bimaterial interfaces, and in general do not satisfy all 

adhesive-adherend interface continuities or the zero stress conditions which must physically 

occur at adhesive free edges. Even with these limitations, the calculation of adhesive 

stresses based on a strength of materials approach can give much insight into the behavior 

of an adhesively bonded joint. The first such closed-form solution was that of Goland and 

Reissner (1944). In this work, the adherends were assumed to deform according to 

Classical beam theory with axial stiffness, while the adhesive was assumed to deform in 

peel and shear uniformly through the thickness. Corrections to the adherend loading 

conditions at the edges of the bonded overlap were introduced to account for geometric 

non-linearity. 

Almost every other formulation has used the 'Goland and Reissner' solution as its 

foundation and relaxed certain assumptions made to the behavior of the adhesive and 

adherends. For example, the solution by Delale and Erdogan (1981) included shear 

deformation in the adherend, consistent strain-displacement relations and plane strain 

assumptions, and permitted viscoelastic as well as elastic behavior of the adhesive. Further 

corrections and improvements to this theory have been made by Sneddon (1961), Hart- 

Smith (1973), Oplinger (1991), Tsai and Morton (1994a), Tsai and Morton (1994c) and 

others. The last two references correlated their results with a two-dimensional finite 

element model. Good reviews of this research area can be found in Yadagiri et. al. (1987). 

Variations on the strength of materials approach were made by Renton and Vinson (1977), 

Allman (1977), Ojalvo and Eidinoff (1978), and Chen and Cheng (1983) in order to satisfy 

the zero shear stress condition at free edges of the adhesive. In these solutions, a two- 

dimensional approach was taken such that stresses could vary linearly through the 

thickness of the adhesive. Once again these solutions are limited by the existence of stress 

singularities at reentrant, bimaterial interface corners between the adherend and adhesive. 

These analyses as well do not consider adhesive stresses in the longitudinal direction of the 

joint. 

Although some of these solutions have been extended to other simple geometries they are 

of little use to most practical applications since joint designs are almost always different 

than the simplified geometries in the analysis method. As well, these solutions are limited 

to the modelling of joint cross-sections or axi-symmetric geometries because of the



complexity of the three-dimensional problem. Apart from the simplified shear lag results in 

Adams and Peppiatt (1973), no examples were found in the literature which give closed- 

form three-dimensional results to stresses in a simple bonded joint, such as the single lap 

shear geometry. A more versatile method is therefore needed to model general joint 

geometries and three-dimensional behavior of adhesive joints. 

1.4 The Finite Element Method 

Over the years the finite element method has been an extremely useful tool for analyzing the 

behavior of general adhesively bonded joints. This method is able to model both simple 

geometries where closed-form solutions are available, and more complex geometries and 

loading conditions which often occur in real structures. Several commercial general 

purpose finite element codes such as MSC NASTRAN, ABAQUS, ADINA and ANSYS, 

can include material and geometric non-linear effects, hygro-thermal loadings, dynamic 

response, viscoelastic material properties and intricacies such as the spew fillet. 

1.4.1 Two-Dimensional Modelling 

Typical modelling of bonded joints in two-dimensions requires the discretization of both 

the adhesive and adherend into several plane elasticity elements through the thickness as 

well as along the length of the joint. The level of refinement of the finite element mesh 

dictates the type of solution which is obtained. For example, if a single bilinear element is 

used to model the adhesive through the thickness, the zero stress free edge condition cannot 

be attained and the effect of singularities at reentrant corners and cracks will be averaged 

through the thickness. This level of approximation will provide, in essence, a strength of 

materials solution to adhesive stresses. A good overview of analyzing adhesive joints in 

two-dimensions using this technique can be found in Penado and Dropek (1990). 

In several analyses [e.g. Roy and Reddy (1988), Penado and Dropek (1990), Adams and 

Mallick (1992), Crocombe and Bigwood (1992), Richardson et.al. (1993), Tsai and 

Morton (1994a)] the adhesive has been discretized into two, three or four elements through 

the thickness. In some of these cases the calculated results for adhesive stresses were 

averaged through the thickness such that comparisons could be made with closed-form 

solutions. Near the adhesive free edge, these numerical solutions tended to diverge from 

those obtained by other methods. A difficulty arises at these locations because of the



existence of singularities at the corners between the adherends and adhesive. Since 

elasticity theory predicts infinite stresses at these points, increasing the number of elements 

both through the thickness and along the length of the joint will always result in 

increasingly higher finite calculations of stress. Although convergence of adhesive stresses 

iS not possible using this method, the singular stress field in the vicinity of the singularity 

will converge to a power law relationship if the mesh is fine enough. 

This behavior has been studied extensively using multiple elements through the thickness 

by Adams and Harris (1987), where it was shown that adhesive stresses vary considerably 

from one interface to the other within a small distance from the free edge. It was also 

shown that the shear stresses do indeed go to zero at these edges and that the peel stress 

becomes very large at the comer of the loaded adherend and adhesive, but is very small on 

the unloaded corner. These non-uniform effects through the thickness only occurred over a 

distance on the order of one adhesive thickness into the joint. In the other regions results 

corresponded well with strength of materials predictions. 

Clearly, considerable expense to both the computer and analyst is required to obtain these 

solutions, and in the end it is somewhat arbitrary as to what value of stress will be used for 

a strength based failure criteria. A slightly different method is to model a crack in the 

adhesive layer and apply crack-closure techniques such as Rybicki and Kanninen (1977), 

and use a failure criteria based on fracture mechanics. This technique was successfully 

used in Dattaguru et. al. (1984) where a cracked lap shear specimen was modelled by using 

two elements through the thickness of the adhesive and a geometrically non-linear analysis. 

1.4.2. Three-Dimensional Modelling 

Almost all of the work in the literature has focused on modelling adhesive joints in two- 

dimensions where loads and deformation in the width direction are ignored. This 

assumption was made because of the complexity in modelling and solving the complete 

problem. The preliminary work in Adams and Peppiatt (1973) demonstrated the importance 

of including finite width effects, and only recently with faster processor speeds and larger 

internal memories, is work beginning to emerge which analyzes joints in three-dimensions 

using the finite element method exclusively.



In Yadagiri et. al. (1987) the problem was simplified slightly so that only a single six-node, 

plane elasticity element modelled the adhesive through the thickness to obtain strength of 

materials solutions to adhesive stresses. The adhesive element included the assumptions 

used in Delale and Erdogan (1981). Since the adherends were modelled by several 

isoparametric plane elasticity elements through the thickness, the only improvement over 

methods described in section 1.4.1 was the reduction in number of elements required to 

model the adhesive layer. 

Single lap and double lap joints were modelled by Adams and Mallick (1992) using a 

special equilibrium finite element approach. A single two-node element modelled the 

adherend-adhesive-adherend configuration such that discretization was only required along 

the length of the joint. Peel, shear and axial stresses were permitted to vary through the 

thickness in order to satisfy interfacial stress continuity and the free edge conditions. The 

peel and shear stresses were cubic and quadratic functions respectively, and the axial 

stresses varied linearly. Constitutive relations were chosen such that plastic deformation of 

the adhesive and hygrothermal loading to both adhesive and adherends could be modelled. 

This technique greatly simplified both the modelling and computational requirements of an 

adhesive joint, but was limited to single and double lap joint geometries with constant 

adherend and adhesive thicknesses. 

A simplified two-dimensional finite difference approach was used by Bigwood and 

Crocombe (1989) to analyze strength of materials stresses in general adhesively bonded 

joints. In this study an adhesive joint was modelled by assuming that the adherends 

deform as classical beams with axial stiffness. The displacements of the adhesive were 

determined directly by the deformation of the adherends at the adhesive-adherend 

interfaces. Adhesive peel and shear stresses were obtained by the solution of the 

differential equations using a finite difference algorithm. Results were found to be in good 

agreement with other strength of materials-based solutions. The formulation was extended 

in Crocombe et. al. (1990), Bigwood and Crocombe (1990), and Crocombe and Bigwood 

(1992) to include adhesive and adherend plasticity. 

A similar strength of materials approach was performed by Carpenter and Barsoum (1989) 

using displacement-based finite elements. In this method each adherend was modelled by 

two-node beam elements and the adhesive as a single two- or four-node plane elasticity



element through the thickness (development of the two-node adhesive element was 

originally performed by Carpenter (1980) where a bonded joint was modelled in a similar 

fashion as in Yadagiri et. al. (1987) discussed previously). Degrees of freedom of the 

adhesive elements were offset by rigid body transformations to the degrees of freedom of 

the beam elements themselves. The formulations incorporated special control parameters to 

model the assumptions made in several closed-form solutions to the single lap shear joint. 

Unlike the method of Bigwood and Crocombe (1989), axial stresses could be calculated 

along with the peel and shear components using this approach. Carpenter (1991) 

demonstrated that modelling the adhesive through the thickness using a single bilinear, 

isoparametric plane elasticity element through the thickness with its nodes offset to beam 

elements could be used to obtain strength of materials solutions which were comparable to 

closed-form solutions. It should be noted that modelling a joint in this manner greatly 

reduces the number of degrees of freedom required through the thickness since the only 

unknowns are those of the adherend beam elements themselves. Most general purpose 

finite element packages have the ability to perform these tasks. Unfortunately this simple 

method results in displacement discontinuities at interfaces between the adherend and 

adhesive elements because of the incompatibility of their displacement functions. For 

example, the lateral displacement of the beam element is a cubic function, while the 

adhesive displacement is linear. Although this problem becomes less important as the 

number of elements along the length of the joint are increased, it leads to a less than 

optimum convergence of adhesive stresses, and thus its simplicity loses attractiveness. 

The above displacement incompatibility was avoided in the method of Fujii and Amijima 

(1987). In this approach, once again adherends were modelled using the two-node beam 

element and the adhesive as a single rectangular plane-elasticity element through the 

thickness with its nodes offset to those of the adherend. Displacement functions of the 

adhesive element were chosen such that continuity of displacements at the adhesive- 

adherend interfaces was achieved. Discretization of the adhesive displacement field was 

performed by the knowledge of the adherend displacements at the interfaces. Since the 

adherend displacement field was already discretized to the beam degrees of freedom, the 

adhesive displacements were thus solved in terms of theses unknowns. Peel, shear and 

axial stresses in the adhesive could be obtained, and adhesive and adherend thermal 

expansion were included in the formulation. The model was extended for the case of



In Tsai and Morton (1994b), a single lap shear joint was modelled in three-dimensions 

using brick-type elements. The adherends were modelled using several of these elements 

through the thickness, while the adhesive was modelled using only two elements in that 

direction. Significant three-dimensional effects were observed in all six components of 

adhesive stress even with a uniform loading condition across the width of the adherends. 

For example, the maximum peel stresses varied across the width of the specimen by over a 

factor of two. In the plane of symmetry of the joint however, the adhesive stresses 

approached those of two-dimensional strength of materials solutions. Similar results were 

obtained by Adams et. al. (1994) for the single lap shear specimen, Richardson et. al. 

(1993) for the bonded compact tension specimen, and Czarnocki and Piekarski (1986) for 

the double lap shear specimen. 

It is clear from these studies that even for a geometry which seems predominately two- 

dimensional, rather important three-dimensional effects are produced. Therefore, a proper 

analysis procedure should be able to model these effects for practical joint designs. 

1.5 Special Numerical Solutions 

It is immediately recognized that there exists a tremendous gap between the closed-form 

analytical solutions which are limited to simple joint geometries, and the finite element 

approach which requires extensive computational and manpower resources. Several 

authors have developed special numerical tools which produce useful results and simplify 

the modelling of general bonded joint configurations. Note that none of these special 

solutions can model certain subtleties such as the spew fillet, singularities at cracks and 

bimaterial interface reentrant corners, and complex loading and boundary conditions. 

Special two-dimensional interface plane elasticity finite elements were derived by 

Aivazzadeh and Verchery (1986) which satisfy both displacement and stress continuity at 

adhesive-adherend interfaces. Both the adhesive and adherend were modelled by using 

several standard elements through the thickness and the hybrid elements at the interfaces. 

These interface elements included both displacements and transverse stresses as degrees of 

freedom. This method required slightly less computational effort than traditional 

displacement-based, plane elasticity finite elements to obtain converged results.



stepped adherends in Amijima and Fujii (1989) using a slave-node rigid body 

transformation method, and for non-linear adhesive behavior in Fujii and Amijima (1989). 

Results for single lap shear joint examples showed that very few elements across the joint 

length were required to obtain convergence of adhesive stresses. 

For modelling bonded joints in three-dimensions, Groth (1986) extended the two-node, 

two-dimensional adhesive element in Carpenter (1980) to three-dimensions. A bonded 

joint was modelled by several brick-type elements through the thickness and this single 

two-noded element for the adhesive. The nodes of the brick element were located directly 

on the interface between the adherends and adhesive such that the nodes of the adhesive 

element did not have to be offset. This formulation is essentially equivalent to using a 

regular brick element for the adhesive, and thus no improvement over traditional methods 

was obtained. 

A further method of analyzing joints in three-dimensions is possible using a layerwise 

theory such as that described in Ochoa and Reddy (1992). This theory, originally intended 

for the analysis of composite laminates, requires a layer of quadratic Lagrange solid 

elements for each composite ply and adhesive layer. Once this is performed, degrees of 

freedom through the thickness of the adherends can be statically condensed out into one 

layer using the assumptions of plate theory. Although less computational time is needed 

to solve the reduced system of equations, this method still must generate the stiffness 

matrix of each element through the thickness. 

1.6 Summary 

It is clear that although several efficient methods of analyzing general adhesive joint 

geometries are available in two dimensions, equivalent models have not been produced for 

three-dimensional problems. Since it has been shown that even the simplest joints have 

important three-dimensional effects, engineers are currently limited to using the traditional 

finite element approach discussed in chapter 1.4.2 to properly analyze these problems. The 

proposed research is therefore aimed at developing special tools which can accurately 

analyze all of the important effects in general bonded joints in two- and three-dimensions, 

while minimizing both the computational and modelling requirements. 
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A special finite element approach based on the work of Fujii and Amijima (1987), is 

derived in chapter 2 which calculates strength of materials adhesive stresses in two- 

dimensions. As a precursor to the calculation of the three-dimensional element in chapter 

4, the problem associated with shear-locking in finite element plates is analyzed in chapter 3 

by directly examining the equations of Reissner shear deformable plate theory and making 

plate elements which ignore the boundary layer solution. In chapter 4 the two-dimensional 

approach of chapter 2 is extended to three-dimensions, and results for a single lap shear 

joint and a typical crack patching repair configuration are obtained. All results are 

summarized in chapter 5 and recommendations on future work are made. 

11



2. SPECIAL TWO-DIMENSIONAL MODELLING 
OF ADHESIVE JOINTS 

2.0 Introduction 

In several strength of materials-based solutions for two-dimensional geometries such as the 

single lap shear joint (e.g. Goland and Reissner (1944)), the adherends have been assumed 

to deform according to classical beam theory with axial stiffness, and the adhesive as an 

elastic continuum. Both of these assumptions made it possible to derive differential 

equations which were similar to those obtained by a ‘beam on elastic foundation’ type of 

analysis. Since the stresses in the adhesive were assumed to be constant through the 

thickness of the bondline these approaches were thus simply a strength of materials 

method. The benefits and limitations of calculating adhesive stresses using this approach 

have been discussed in chapter 1. For modelling adhesively bonded joints in two- 

dimensions the finite element method has been successfully used, but is very time 

consuming for both the computer and analyst. Although the finite element approaches 

discussed in chapter 1 give results to adhesive stresses which can vary through the 

thickness of the bondline, it was found that this only occurred over a small distance from 

the free edge of the joint where there exists both stress-free boundary conditions and 

mathematical singularities due to reentrant bimaterial interface corners. Although a strength 

of materials approach cannot model these effects they still give a good measure of stresses 

in the interior of the bondline. As well, recent results by Wiessberg and Arcan (1992) have 

suggested that strength of materials solutions at the location of free edges and cracks can be 

used to calculate accurate values of strain energy release rate for most practical structural 

adhesive/adherend combinations. The simplicity of the strength of materials approach 

along with the generality of the finite element method are combined in the following method 

for modelling general adhesively bonded joints in two-dimensions. 

An adhesive joint is modelled in two-dimensions by assuming that the adherends behave as 

classical beams with axial flexibility, and the adhesive as a plane-elastic continuum. Using 

these assumptions, the adherends are modelled by using the standard two-node plane frame 

finite element, while the adhesive is modelled through the thickness by a special plane 

elasticity element which has its nodes offset to those of the plane frame elements. Unlike 

the method of Carpenter and Barsoum (1989) however, displacement continuity between 

12



the adhesive and adherend elements is achieved by a special method of discretization. 

Modelling a joint in this manner results in solutions to adhesive peel, shear, and axial 

stresses based on a strength of materials approach. Note that although strength of materials 

solutions do not correctly model adhesive stresses at singularities and free edges, they still 

give much insight into the behavior of adhesive joints (see chapter 1). This approach is 

essentially equivalent to the method of Fujii and Amijima (1987), but here the derivation of 

the adhesive element is performed using a natural element coordinate system such that the 

solutions can be extended to non-rectangular adhesive layers. The similarities between the 

present work and that of Fujii and Amijima (1987) were not known at the time this research 

was initiated. A single lap shear joint will be modelled to compare results with several 

analytical solutions and the incompatible finite element method of Carpenter and Barsoum 

(1989). 

2.1 ADH2D-Plane Frame Formulation 

The displacement interpolation functions of the adhesive element are chosen such that 

displacement continuity at the interfaces between itself and the geometric surfaces of the 

plane frame elements can be achieved. This is performed by a prior knowledge of the 

polynomials which describe the upper and lower geometric surface displacements of the 

plane frame elements. Since these displacements are already discretized to their own 

degrees of freedom, the displacement field of the adhesive element can be discretized to 

those same degrees of freedom by directly imposing the displacement interface continuity 

condition. The derivations of both the adhesive element and the plane frame element are 

shown here. 

2.1.1 Plane Frame Element 

The six degree of freedom plane frame element (Figure 2.1) consists of a superposition of 

the standard four degree of freedom 'Euler-Bernoulli' beam element and the two degree of 

freedom linear bar element (See Cook et. al. (1989)). 
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Figure 2.1- The geometry and degrees of freedom of the plane frame element. 

Using a natural element coordinate system based on the linear transformation, 

£ = 2x —(X, +x,) 

° L 
the axial displacements u, and lateral deflections w, have linear and cubic trial functions 

respectively of the form, 

(2-1) 

Ay 

wE=L Eley ph and wi d=— & GF E']ymy a2 
Ay 3 

where (), refers to ‘beam’ or plane frame quantities and where b,, and a,, are unknown 

coefficients. From Euler-Bernoulli beam theory the neutral axis rotations @, are thus given 

by, 
Tp 

0, (E,) = 2G) = é, & |e\¢4,, (2-3) 

£4, 

Using the end conditions, 

w,(—-1) = w, 

u(Dam , &(-D=6, 0.4) 
u, (1) =u, w, (Ll) = w, 

6, (1) = 6, 
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and solving for the unknown coefficients b,, and a,, gives the displacement discretization 

to the nodal degrees of freedom u,, w, and @, where, 
1 LL 1 =L wo] (2 £2 3] fe 1 41 - - ~ bol il sz zlel4) ang Smlal=e wot FI) (2-5) 

bf -}s 1[°)af M™ ja (“lo = 0 £ w WT Le aT Wey lime 0 eS ET le 
Ay 4 8 4 8 6, 

Thermal and moisture expansion is taken into account by assuming an initial strain €,, of 

the form, 

a, AT+ PB, A for pl tr é,, =| ; B, Am or plane stress (2-6) 
(1+ v,)[a, AT +f, Am] for plane strain 

where a, and f, are the thermal and moisture expansion coefficients, and where AT and 

Am are the temperature and moisture differences from the stress-free conditions. Taking 

the first variation of the total potential energy and ignoring surface tractions and body 

forces gives the familiar stiffness system for a standard plane frame element, 

P, =k, 8, (2-7) 
where, 

Xx AE Teco 6h OCC, COCO 

1” Z, v&bo 0 c cc O -c CG a 
1 

M 0 c cc O -c, Cc, 6 
P, = 1 , k= , = 1 2-8 

® |X, +AB,e, (7 > |-. 0 0 « O Of ° Ma (28) 

4 0 -c, -c; 0 CG -6; Q. 
2 

; }O 6, Cs OO me; Gy |     
and where X,, Z, and M,are the externally applied generalized forces and moments per unit 

width. For an isotropic beam of unit width with a rectangular cross-section, E, and v, are 

Young's modulus and Poisson's ratio respectively where, 

= E, for plane stress 
~ |E,/d— vz) for plane strain 

      

and 

AE. 12E J 6E I 4E J QE] 
C=, EG, GE a C5; =— 

L L L L L 

T=P/12 

A=t 

where ft is the thickness of the beam. Note that composite beam properties can be used in 

this formulation as long as the bending stiffness terms are taken with respect to the neutral 

axis. 
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To aid in choosing displacement compatible trial functions for the derivation of the adhesive 

element one must know the displacements of the plane frame element at its upper and lower 

geometrical surfaces. Within the confines of Euler-Bernoulli beam theory, the lateral 

displacements at both surfaces of the plane frame element at some point &, will be equal to 

the lateral displacements of the neutral axis itself. Thus, for a general plane-frame element 

whose actual geometric surfaces are a distance d,and d, above and below the neutral axis 

respectively (Figure 2.1), the lateral displacements of these surfaces will be, 

Wy ($5) =w,(6,) and Wy, (S5) = Wy (4, ) (2-9) 

where Oo, and (), , are plane frame quantities at the upper and lower surfaces respectively. 

Clearly these displacements are given by a complete third-order polynomial in €,. 

Similarly, the u-displacements at both surfaces will be a superposition of the axial 

displacements of the neutral axis and the surface displacement caused by the rotation of the 

neutral axis. Through geometrical considerations these displacements are, 

Uy, (Sp) =M(S,)—-4, ,(G,) and Uy, (Sp) =u, (S,) +4, 4, (4) (2-10) 

for the upper and lower surfaces of the element respectively and are complete quadratic 

polynomials in €,. . 

2.1.2 ADH2D Element 

The twelve degree of freedom ADH2D element is a four-node plane elasticity element 

which satisfies C° displacement continuity at boundaries between itself and two standard 

plane frame elements. The nodes of this element are offset from its geometric corners to 

the nodes of the plane frame elements themselves (Figure 2.2). The nodes numbered 1-3- 

4-2 clockwise are located a perpendicular distance d, and d, from the odd and even faces 

of the element respectively. Each plane frame element of the previous section can be 

assembled to the odd and even nodes of the ADH2D element in a sandwich configuration. 

Typically this is performed so that an adhesively bonded joint can be modelled in two- 

dimensions (hence the designation ADHesive 2-Dimensions). Modelling a bonded joint in 

this manner requires displacement continuity at the interfaces between the adhesive and 

adherend elements and special attention is paid to ensure this in the mathematical model. 

The quantities pertaining to the plane frame element located at the odd nodes will be 

denoted by ()° and even nodes by ()°. The plane frame elements are oriented with the 
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Figure 2.2- The geometry and degrees of freedom of the ADH2D-plane frame 
configuration. 
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global x-axis as in Figure 2.2. From this configuration the distance between nodes offset 

from a given face are both equal to the length of that face itself and the length of the plane 

frame element joining those respective nodes. To ensure geometric continuity, the 

distances d, and d, are equal to the distances d? and d; from the previous section (i.e. 

distances from the neutral axis to the surface boundary of the plane frame element). 

A natural element coordinate system &€ — 7 oriented with the global x — z coordinate 

system will be used for this derivation. By using linear Lagrangian shape functions to 

model the geometry, € can be mapped onto &? and & so that € = €? at the odd interface 

n=1,and € = €° at the even interface 7 =—1. 

In order to satisfy the C° displacement continuity condition at plane frame-ADH2D 

geometric interfaces the displacement trial functions of the ADH2D element must be 

identical to the displacements of the plane frame element at each interface. From (2-9) and 

(2-10) it is clear that the u- and w-displacement trial functions must be complete quadratic 

and cubic polynomials in € respectively. As well, a linear variation of both displacements 

in 7 will be used such that stresses will be constant through the thickness of the adhesive 

layer to give strength of materials solutions. The displacement trial functions of the 

ADH2D element are therefore of the form, 

ay 

a, 
a, 

wEma[1 6 8 8 n n& ns néjeyey (2-11) 
as 
a, 

(G |     
and, 

wénm=[1 € & n né nég*Je (2-12) 

T
P
T
 
T
S
S
 

where a, and B, are unknown coefficients. 
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Considering first the w-displacements, the coefficients a, must be related to the nodal 

degrees of freedom of the two plane frame elements. From the previous displacement 

continuity arguments, the boundary conditions on the odd and even sides of the element 

must be, 

w= (oo) and w(¢,-l)=w, (5) (2-13) 

Using (2-9) and (2-2) for the right-hand side of (2-13) and equating like terms in € gives 

the unknown coefficients a; in terms of the coefficients of the two plane frame elements 

a,, and a,,, 

ay =3(a, + a5) a, = 7 (G5 — ay) 

=t(a) +a, a, =+(a,, —4, a, 7m ow 5 = 76 vo va) (2-14) 

a, =4(4a,, + a,,) as = 3 (a, — yy) 

a, =7(a,, + 455) a, = 5 (A, — 4,0) 

Since the coefficients of the plane frame elements are solved in terms of their own degrees 

of freedom in equation (2-5), the unknown coefficients a, can therefore be expressed in 

terms of those same degrees of freedom. By renumbering the nodes from the previous 

section, the unknown coefficients of the ADH2D element are thus, 

    
  

    

  

      

{Ay 
a, 
a, 
a 

< 3-=A_ 8 (2-15) 
a, 

as 
as 

LF | 

where, 
1) 

i 1 1 —-2 1 ££ es a WwW, 
0 4 6 0 4 Te” 0 4 16 0 4 16 6g 

=3 -P° 3 -L -3 -£ 3 ~r 1 
OF fe 0 = Fe 0 F FE O F FE us; 
“00+ 00 2620000 4 Ww; 

1 Le - L 1 Lt -) 
A =|9 @ 7 9 F ww Os ww OF TH] og gall 
“Jo 1 £904 090 2 2 g9)o282 €E£E u, 

4 16 4 16 4 “16 4 16 W (2-16) 
ee 3-2 30 OE 3 OE 2 

0 8 16 0 8 16 0 8 16 0 8 16 Q 

00 ~00 &£&00 400 4 , 
4 1 Le -. 2 -l -E 1 =r Os tf OF fF OF FE 0 FF FEL W, 
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The boundary conditions for the u-displacements are, 

u(§,1)=us (3) and u(,—1)=4h (Ef) (2-17) 
from previous displacement continuity arguments. Using equations (2-10), (2-2) and (2- 

3), equating like terms in € and solving for the unknown coefficients b, gives, 

by = 7(B, + bs. )+ tap, — Bay, 

b, =4(h, +b) +2(Lag, -= 45.) 

b, = A( a}, - as.) 

          

  

              

          

                

_1 0 e ad? 0 dé e (2-18) 

b; = 7 (Dy — By) + Fr Oy) + 7 M1 

—_ 1 0 —_ € dp oO ds e 

b, =7(5,, by) + 245 ayy + Fe A>) 

— Ars. ,° 4 di pe 
bs = 4(55-4,3 +5543) 

From (2-5) the coefficients are given in terms of the nodal degrees of freedom 8, 

by 
b, 
b, PP HA,8 (2-19) 

3 

b, 
bs 

where, 

[  -3d? dP? yg 3d? de? a 4, -3de dz | 
4 4° 8 4 41 8 4 4 8 4 4L 8 

-1 -d- d -1 dy Ll -4,y 
7 0 +-ae OO FF OO Fe 0 4 

3d° 3d° -3de 3d? -3d¢ 9 -3d° 3d¢ 0 =3d” 
A = 0 FF s O Tp ¢ OO TR 5 (OUT 8 (2-20) 

u 1 -3d; -dy 1 3d? -d? -] -3d, —d5 ~ 3ds -dj 

¢ Gp 7s 4 | 3 4 Ge 8 @ Ge g 
-1 -d dy 1 -qy x] d’ 
7 O 47 O Fe 0 FT 0 F 

3dp 3d -3d? 3d° 3d¢ 3d¢ -3d¢ 3d” 
a 0 4° 8 0 41° Fy 0 4i¢ 8 0 4rt g a   

and & is defined in equation (2-16). 

These displacement solutions can be written in terms of interpolation functions y, and y,, 

by, 

uEm= > y,,5, and w(E.n)= Di W,,5; (2-21) 

where 6, are the degrees of freedom defined in (2-16). 
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As mentioned previously, the element geometry is modelled by linear Lagrangian shape 

functions of the form, 
4 4 

x= Nx, and z= > Nz, (2-22) 
i=] i=] 

where x, and z, are the location of the element corners in global coordinates, and the shape 

functions N, are given by, 

N, =40-6)0+ 7) 

N, =4(0.-§)(1- 7) 

N,=7(1+¢)(1+7) 

N,=4(1+6)d- 1) 
With the choice of these shape functions the formulation of this element is clearly sub- 

(2-23) 

parametric. 

Strains with respect to the global coordinate system are given by the Cauchy strain- 

  

displacement relations, 

Ou(x,Z) 

Ex awe Zz) 
e= if = > (2-24) 

Vez Ou(x,Z) + Ow(x,Z) 

Oz Ox 

The transformation of derivatives from global to natural coordinates is performed using the 

Jacobian matrix in the standard way (e.g. Cook et. al. (1989)). The strains are thus given 

in terms of the nodal degrees of freedom 6, according to, 

e= BS (2-25) 

where B is a three-by-twelve matrix containing the Jacobian elements and derivatives of the 

interpolation functions. Thermal and moisture expansion is again taken into account by 

introducing an initial strain vector e, which is of the form, 

a AT +B Am 
E,= 5 a@AT+Bh Am (2-26) 

0 

for plane stress and, 

a AT +B Am 
€,= (1+ v))a@AT +B Am (2-27) 

0 
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for plane strain conditions, where @ and f are the thermal and moisture expansion 

coefficients, and AT and Am are the temperature and moisture differences from the stress- 

free conditions. The two-dimensional constitutive relation for an isotropic material with 

Young's modulus EF and Poisson's ratio v is given as, 

  

  

o= D(e—e, ) (2-28) 

where, 

E l1 ev 0 

|v 1 0 for plane stress 
(l-v*) l-v 

o- {er D=;, (2-29) 

Te E (1-v) V 0 
—————_| Vv (1- v) 0 for plane strain 
(1+ v)1-—2v) 1-2v 

0 0 5   
and e is defined in equation (24) and e, is given in (2-26) and (2-27). 

Substituting equation (2-25) into the strain energy function, changing the integration 

variables to natural coordinates and taking the first variation with respect to the nodal 

degrees of freedom 6, gives the element stiffness matrix for the ADH2D element, 
11 

k= J | J) B"DB dé dn (2-30) 
-l-1 - 

The integration can be performed numerically using Gaussian quadrature. Fora 

rectangular ADH2D element a 4-point quadrature rule in € and a 2-point rule in 7) exactly 

integrates (2-30), and will thus be used throughout this study. The stiffness system for the 

ADH2D element is then, 

P=ké (2-31) 

where & is defined in (2-16) and the initial strains ©, are transformed into loads and added 

to the external forces and moments such that, 
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Again the integral in (2-32) can be performed numerically using a lower order Gaussian 

quadrature rule than that in (2-30). For the purposes of this study the same order rule will 

be used to simplify the calculations. As previously mentioned, the stiffness matrices and 

load vectors of the two plane frame elements can be assembled such that the complete 

sandwiched element system will be, 

P+P,+P, =(k+k, +k,)8 (2-33) 

Upon solution of the degrees of freedom 8, the total strains are determined by the 

calculation of (2-25) at some point € and 7 =0 (since strains do not vary through the 

thickness of the adhesive). Stresses can then be calculated using (2-28). It should be 

noted that stresses are properly calculated at any point € for a rectangular ADH2D element 

since the integration of (2-30) is exact for that case. 

To summarize this procedure, satisfying the C° compatibility condition at the plane frame- 

ADH2D interfaces was accomplished by choosing displacement compatible trial functions 

for the plane elasticity element and imposing boundary conditions which are dependent on 

the deformation state of the plane frame elements. 

2.1.3 Comments on the Formulation 

It seems reasonable to expect that since a natural coordinate system was used, the 

formulation above should be valid for the case of plane frame elements which are not 

parallel. This could be used to incorporate changes in adhesive thickness. However, 

extending these solutions to this configuration cannot be done because the displacement 

functions for the ADH2D element are not of the same order. For example, if one of the 

plane frame elements was oriented at some angle to the x-axis then the u-displacement 

continuity conditions in (2-17) will change and include components of the plane frame 
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lateral deflections w,. Thus, the trial function for u must be at least cubic instead of the 

assumed quadratic polynomial in (2-12). At this point it is unclear whether introducing a 

higher order polynomial in this manner will affect the solutions for the basic configuration 

in Figure 2.2. A further solution would be to use the 3-node Timoshenko shear 

deformable beam for the adherends. In this case, since the displacements and rotations of 

the beam are all interpolated with the same order polynomial (i.e. quadratic), the trial 

functions of the ADH2D element will all be of the same order. The derived ADH2D 

formulation of this section is therefore limited to modelling bonded joints with a constant 

adhesive thickness. 

2.2 Examples 

A finite element program written in FORTRAN 77 with double precision was developed 

based on the above derivations. All results were obtained on a Sun SPARC workstation. 

2.2.1 Adhesively Bonded Joint Example 

The single lap shear bonded joint given in Figure 2.3 is modelled using the ADH2D-plane 

frame sandwiched configuration. This geometry was chosen as a test case for two reasons. 

First, this industrially popular configuration has a very non-uniform state of stress across 

its length because of the combined bending and extensional behavior of the adherends. 

Secondly, much analytical and experimental work has been conducted on this geometry. 

Several closed-form solutions which characterize the stresses within the adhesive are 

available and will be used for comparison purposes. 
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Figure 2.3- The single lap shear example and finite element discretization. 
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The single lap shear geometry depicted in Figure 2.3 is modelled by using forty uniformly 

spaced ADH2D elements across the length for the adhesive and plane frame elements for 

the upper and lower adherends. Plane strain assumptions are used for all elements. The 

geometric, loading and boundary conditions are given in Figure 2.3, and the material 

properties are given by, 

E, = 69 GPa (10 Msi) v, = 0.3 

E=4.0 GPa (0.58 Msi) v = 0.3027 

which are typical for aluminum adherends and a toughened epoxy adhesive. This exact 

geometry was modelled by both Carpenter and Barsoum (1989) and Delale and Erdogan 

(1981). The adherends were truncated such that moments could be applied at the beginning 

of the overlap in Figure 2.3 to account for the geometric non-linear nature of the single lap 

shear configuration. Figure 2.4 depicts the normal (peel) and shear adhesive stresses along 

the length of the joint as given by the analytical solutions of Goland and Reissner (1944), 

Delale and Erdogan (1981), and the present converged ADH2D analysis. Stress 

distributions are shown for only half the specimen due to symmetry. It can be seen that the 

results from the current ADH2D-plane frame model are almost identical to that of the 

‘Delale and Erdogan’ solution. The maximum normal and peel stresses are within 1.5% of 

this analytical solution. It was demonstrated in Carpenter (1991) that the Delale and 

Erdogan solution is one of the best at analyzing adhesive stresses in single lap shear joints 

using a strength of materials approach. 

2.2.2 Adhesive Stress Convergence Study 

A convergence study was performed to compare the present ADH2D displacement 

compatible method and the incompatible method used in Carpenter (1991). Some minor 

alterations to the ADH2D element were required to directly compare results. These 

alterations, with the exception of adherend shear deformation (which has little effect on this 

specific example), are documented in the baseline assumptions of Carpenter (1991). The 

above single lap shear example was modelled by varying the number of equally spaced 

elements across the bonded length until the maximum shear and peel stresses converged. It 

can be seen in Figure 2.4 that these maximum values occur at the extreme ends of the joint. 

Figure 2.5 compares the results from the incompatible method and the present ADH2D 

formulation. Fewer ADH2D elements are needed to obtain adequate results for both the 

peel and shear stresses. Convergence of the peel stress component requires an order of 
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example. 
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magnitude fewer elements than the incompatible method. For the shear stress component, 

the improvement over the incompatible method is not as great, but still significant. 

Although an equally spaced element mesh was chosen for simplicity and to directly 

compare results with the incompatible solution, a more efficient method would have been to 

choose a denser mesh near the ends and model the middle of the joint with relatively few 

elements. 

2.2.3 Discussion of Results 

The improvements in the convergence of adhesive stresses over the incompatible method 

can be explained by comparing the interpolations of the elements used to model the 

adhesive. The w-displacement component of the incompatible adhesive element can vary 

linearly across its length while a cubic variation is permitted in the ADH2D element. Since 

peel stresses are governed exclusively by these displacements, one would therefore expect 

the ADH2D element to model the complex peel stress state depicted in Figure 2.4 with 

fewer elements. A similar explanation is given for the shear stress component. In this case 

the shear stresses are primarily governed by the u-displacements of the adhesive which 

vary quadratically across the length in the ADH2D formulation, but again only linearly in 

the incompatible solution. 

The contribution of the actual incompatibility on the convergence results is not as clear 

however. In general, finite element solutions tend to be too stiff, and approach the correct 

stress solutions with mesh refinement from below. Although it is may be expected that 

relaxing compatibility at the adhesive-adherend interfaces could initially increase the rate of 

convergence, it seems however from the results above that this effect is not as important as 

the order of interpolation used to model the displacements. 

Two aspects must be assessed when comparing the efficiency of the ADH2D solution and 

the incompatible method. First, the number of elements required to obtain a converged 

solution must be minimized. As the number of elements increases, the computational time 

required to assemble and solve the system of equations increases. Similarly, a denser finite 

element mesh requires more time for the analyst to generate the input file. The other aspect 

which must be considered is the computer time it takes to generate each stiffness matrix. 

The ADH2D element requires twice as many Gaussian quadrature points than the 
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incompatible method to fully integrate (2-30). In general however, the increased expense 

of generating the stiffness matrix of the ADH2D element is outweighed by the reduction in 

the number of elements required for convergence. 

The above solutions are obtained using a geometrically linear approach. As discussed 

previously, it has been shown for bonded joints which have inherent load path 

eccentricities such as the single lap shear joint, that rotations of the geometry during loading 

will affect the results of adhesive stresses. In the above single lap shear example moments 

were applied at the edges of the joint in such a way that this behavior was approximated 

For more general bonded joint geometries however a full geometrically non-linear solution 

should be used. With this in mind it is clear that the ADH2D-beam formulation is simply 

the first step in developing a complete solution procedure for bonded joints in two- 

dimensions. 
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3. ON THE PROBLEM OF SHEAR-LOCKING IN 
FINITE ELEMENTS BASED ON SHEAR 

DEFORMABLE PLATE THEORY 

3.0 Introduction 

The interest in shear deformable plate bending theory has increased significantly over the 

past twenty years primarily due to the increased use of laminated composite materials in 

structural applications. These materials display low transverse (out-of-plane) shear 

properties which must be accounted for in many analyses. For example, the accurate 

calculation of adherend displacements is essential when modelling adhesively bonded 

laminated composite joints. The finite element method has similarly become an invaluable 

tool to the analyst for determining the behavior of structures under many different loading 

configurations. As a result many displacement-based finite elements have been developed 

which are capable of modelling shear deformable behavior in plates. Unfortunately most of 

these elements become very stiff when used to model thin structures, resulting in solutions 

which are much smaller than the exact solution. This effect is termed shear-locking, and 

much effort has been aimed at identifying and eliminating the source of the problem. 

Reviews of shear deformable plate finite elements can be found in Zienkiewicz and Taylor 

(1991), Averill (1989), and Averill and Reddy (1990). 

The most successful technique for alleviating the problems associated with shear-locking is 

through evaluating certain transverse shear coefficients of the element stiffness matrix using 

a lower order numerical integration rule than that which is required to evaluate the 

coefficients exactly, as discussed in Zienkiewicz and Taylor (1991). This technique is 

called reduced or selective integration, and in many cases, has been used on elements 

which shear-lock when exact integration is performed. An inexact integration scheme, 

however, results in a rank deficient element stiffness matrix, which in turn, generates 

additional zero strain deformation modes in a solution, other than the ngid body 

movements. These are termed zero-energy modes and must be suppressed through 

stabilization techniques. All displacement-based shear deformable plate elements of this 

sort fail on some occasions, either by shear-locking or singular behavior. For this reason 

many researchers have directed their attention toward developing new elements which do 

not exhibit locking behavior and do not have zero-energy modes. Aside from traditional 
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displacement-based models many other formulations have been investigated. These include 

mixed, hybrid, assumed strain, penalty and discrete Kirchhoff methods (see Averill and 

Reddy (1990)). Despite the large number of new elements reported in the literature, only a 

few have encountered some success. An element has yet to be developed which has no 

ostensible defect and is both easy to implement and computationally efficient. A better 

explanation of the cause of these failures is clearly needed so that robust elements can be 

designed and universally put to use. 

In this study the cause of shear-locking is examined by rederiving the equations of shear 

deformable plate theory (SDPT) and making finite elements based on these equations. The 

complete equations of Reissner SDPT are derived using linear elasticity theory equations 

and the assumption that the thickness of the plate remains constant during deformation. 

The equations are separated into two independent governing equations in terms of the 

displacement potential ¢ and the rotational stream function y for a transversely isotropic 

plate. A finite element based solely on the equations involving the displacement potential @ 

was derived. The equations which included the rotational stream function y are associated 

with the boundary layer solutions and were ignored in the derivation. A similar finite 

element based on classical theory was also shown with a correction for shear 

displacements. Simply-supported and clamped-clamped moderately thick to thin square 

plates were modelled using these elements to examine the shear-locking phenomenon. 

3.1 Theory of Reissner Shear Deformable Plate-Bending 

The governing equations of SDPT are derived here directly from elasticity theory equations 

with a certain physical hypothesis in order to produce a consistent theory. In contrast, 

others such as Hencky (1947), Reissner (1944), Reissner (1945), Reissner (1985) and 

Reissner (1986), have based their theories on variational principles with initial 

approximations of the stress and displacement distributions through the thickness of the 

plate to obtain the same results. The following derivation has been taken in part from 

Vasiliev (1992) to emphasize the form that the governing equations take and show their 

relevance to the finite element results. Refer to Figure 3.1 for plate definitions. 
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Figure 3.1- Plate geometric and loading conditions. 

The three-dimensional elasticity theory equations that are necessary for this analysis are: 

the equilibrium equations, 

      

do, OT, OF 00, OT, OF 00, ot, OF 
: z= (), y4— 2 4% = 9, 24 S24 —%=0 (3-1 ax ay a ay ox a eax ay 

the Hookian constitutive relations for a transversely isotropic material in the x — y plane, 

  

— 1 v’ — Tey 

e. ==(¢. ~ vo,)— E’ O,, Vy ~ G 

1 Vv T, E, ==(9,-vo,)-— 9: Yan = (3-2) 

Ty, 1 , _ 
€,= mae -v(o,+ o,)} Ye = Ger 

where ()’ refers to properties in the out-of-plane z-direction, and the linear strain- 

displacement relations, 

Ou Ov ow 
Ee oy’ o> 

y =, Ou dw _ av aw 
* oy ox “Oz Ox * az oy 

along with the following boundary conditions which must be satisfied on the surfaces of 

the plate, 

(3-3) 

T,,(th/2) = T,,(th/2)=0, 0,(-h/2)=-p, 06,(h/2)=—q (3-4) 

Proposed originally by Thomson and Tait (1883), the only assumption which will be made 

in the present context of the theory is that the thickness of the plate remains constant during 
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deformation. From equation (3-3) this gives, 

ow 
z _— 

oz 

At this point it should be noted that the contribution of Mindlin (1951) to plate-bending 

theory is that the normal strain was not assumed to be zero as in (3-5) and in essence can be 

viewed as a refinement to SDPT. 

E 0 (3-5) 

In order to satisfy the elasticity equations (3-1)-(3-3) with the constant thickness 

assumption (3-5) it follows that E’ — ce for arbitrary finite stresses (G’ still remains finite 

however). Thus the introduction of a material which is flexible in transverse shear, and 

infinitely rigid in tension and compression in the direction of the z-axis is introduced to 

derive a well-conditioned two-dimensional theory. This operation was apparently first 

performed in plate theory by Kromm (1953). It follows from (3-5) that the deflection of 

the plate is w = w(x, y) and the constitutive relations (3-2) become the plane-stress 

conditions, 

1 1 
€, = le -vo,), &= Z(% - vo,) 36 

_ 2(1+v) _ _ Ty, 

oe te Me Ge Me G 
Since the material is assumed to be absolutely rigid in the z-direction from assumption (3- 

5), the actual distribution of shear stresses t,, and 1,, through the thickness of the plate do 

not in themselves influence displacements. Only the resultants of t,, and T,, in the z- 

direction, given by the transverse forces, 
: t 

O,=[t,dz, Q,=[t,,dz (3-7) 
4 4 

are essential for the displacement field. Therefore in the context of a consistent plate theory 

based on assumption (3-5), the use of a shear-correction factor, which is often introduced 

to take into account the distribution of shear stresses through the thickness of the plate, is 

unfounded. 

Transforming the integrals in (3-7) using the mean-value theorem gives, 

QO, =hs,, Q, =hs, (3-8) 

where average values s, and s, are the actual transverse shear stresses T,, and T,, ata 

point x, y, z,. 
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The following relations are obtained from (3-6) along with the transverse shear strain- 

displacement relations in (3-3), 

ee ee 05) 
Since only the resultants Q. and Q, influence the displacements of the plate, 7,, and T,, in 

(3-9) can be replaced with s, and Ss, as given in (3-8). Expressions for the displacements 

are obtained by integrating (3-9) and using w = w(x, y), 

u=u+z6,, v=v'+z0, (3-10) 

where u’ and v’° are the displacements of points on the mid-plane surface z = 0 and where 

@, and @, are the rotations of the normal to that plane which take the form, 

g = 2 @ _2, ow (3-11) 
C ox * C€ od 

and where C = G’h is the rigidity of the plate in transverse shear. Substituting 

displacements (3-10) into the strain-displacement relations (3-3) and considering only 

Strains relevant to plate-bending (i.e. ignoring membrane effects) gives the geometric 

relations of the present theory, 
E,=2K,, €,=2K,, YY, =2K,, 

3, _ 9, _ 36, 38, (3-12) 
K ’ ’ kK 

* ax * dy ~*~ oy ox 

Using (3-6) and (3-12) the stresses become, 

      

    

x~F 2 
-y 2(K, + VK,), Oo =~ 52(k, + VK.) T E zk. (3-13) 

y 7 D1+v)"? 
The physical relations of the theory are given by the moment resultants using (3-13), 

4 

M,= fo.z dz =D(k, + VK, } 

  

£ 

M, = | 0,z dz =D(x, + vK,) (3-14) 
4 

M,, = [zyz dz = a ) Ky 

where D = Eh’/12(1— v’), and the transverse force resultants from (3-11), 
0.=CY., Q,=CY, (3-15) 
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where y,, and y,, are defined as average through-the-thickness transverse shear strains of 

the form, 

V, =9,+——, Vox = 6,+— (3-16) 

Using (3-14) the deformations from (3-13) can be eliminated and given in terms of the 

moment resultants bringing them to their final form, 

12M 12M, 12M 
o,= 3 *zZ, Oy= x —z, T,, = 7 Zz (3-17) 

In order to find a similar expression for t,, and T,,, equations (3-17) are substituted into 

the first two equilibrium equations in (3-1) and integrated over the z-axis. Using the 

conditions 1, (—h/2) = t,,(—h/2) =0 in (3-4) gives expressions for the transverse shear 

    

Stresses, 

_ 1-—_— 3-18 
ee moet x) ©} co aot I =| ) ms 

noting that the conditions 7,,(h/2) = 1,,(h/2) =0 are satisfied due to symmetry. It is 

convenient to express 7,, and T,, in terms of their respective transverse force resultants by 

substituting (3-18) into (3-7) to give the equilibrium equations of an element of the plate, 

  

  

My OM, +e om, -0. =0, -Q, =0 (3-19) 
x Oy. mT 

With these equations (3-18) becomes, 

30 Az? 30 4z = x) q- , _ x) 1-— 3-20 

fa OH [ h? +) Oh / h? =) ee) 

The coordinate z, of the point at which the average stresses s, and s, operate can now be 

found from (3-8) and (3-20) which gives z, =+h/(2V3) . 

To determine the normal stress o,, the last equilibrium equation in (3-1) is integrated over 

the z-axis. Using (3-20) and the second condition in (3-4) gives, 

42 
O,=-p- 1,222 22, 7, (3-21) 

2 2h ax oy 

Satisfying the last boundary condition in (4) the last plate-element equilibrium equation 

becomes, 

00, a9, 
—— += + p=0 3-22 ax? dy p= (3-22) 
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where p = p+q. This brings (3-21) into the final form, 

1 2) 
o,=—p+(p- als + (3-23) 

2 2h hh 
Thus the plate-bending theory discussed here reduces to (3-12), (3-14), (3-15), (3-19), and 

(3-22) which together give equations of the sixth-order. 

Certain manipulations will now be made to the above plate-bending theory. With the 

physical relations (3-14) and (3-15), and the geometric relations (3-12), the equilibrium 

equations (3-19) and (3-22) can be written in terms of the generalized displacements w, @, 

and @,, 

L,(6,)+ L,,(0,)+ L,,(w) =0 

L,,(6,)+ L,(8,)+ £3(w) =0 (3-24) 

L,,(8,)+ L,(9,) +L,,(w)+ p=0 

where the differential operators L, are defined as, 

Da), 19°) ll+vaQ0 
    

    

      

0= 252 te ge O In0=LiO= pry ay 

b30=- 21,0 =-2, In) = 2594 o-0 

0 =-Zlm0=-2, Ia = CAO “” 

P= ae v)’ n= Fete 
This form of the plate-bending theory equations was first derived by Hencky (1947) using 

the Lagrange variational principle. Using an operator procedure the generalized 

displacements w, @, and 6, can be written in terms of some function F(x, y) , 

0 
6, = (Labs —L,Ly \(F) = —5, MF) 

0, = (Libs ~ LL )(F) = Sun) 
D (3-26) 

w= (Lily ~ LL, )(F) = L(F) — GALF) 

L(F) = F-—;AF 
2 
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It can be shown that the first three equations in (3-26) identically satisfy the first two 

equations in (3-24). From this procedure the last equation in (3-24) can be brought to the 

form, 

DAAL(F) = p (3-27) 

Assuming that L(F) # 0 it can be shown that (3-27) is essentially of fourth-order. 

Introducing the function, 

= L(F) (3-28) 

equations (3-26) and (3-27) can be written in the form, 

Q. --2, 0, --. we $-=A9 

DAA@ = p 

As h becomes small D/C — 0 and from (3-29) @ = w and the governing differential 

equation becomes that of classical plate theory. The fourth-order system (3-29) was 

derived in its essentials by Donnell (1959) and Donnell (1976). From these equations 

Donnell extended the use of transverse shear correction in beams proposed by Timoshenko 

(1921) to plates. In this method the transversal deflection of the plate can be represented by 

the sum of the deflection from classical theory w., and a correction for shear from the 

(3-29) 

solution of the classical equations such that, 

w=w,- a AW, (3-30) 

Equation (3-30) is an approximate solution in general since it is based on the condition that 

¢@ =w.,, and although @ and w., are described by the same biharmonic equation, each 

must generally satisfy different boundary conditions. 

Since the sixth-order system (24) was reduced to the fourth-order equation (3-29) by the 

substitution of (3-26) and (3-28), and recognizing that (3-29) is invalid for L(F) =0 one 

more second-order equation must exist to complete the theory. As well, it follows from 

(10) and the first two equations of (3-28) that the function @ is the potential of the 

displacement field in a plane z=const. Therefore from continuum mechanics the rotational 

plane motion can be described by the introduction of a stream function y which satisfies, 

ow ow 
@ = 3 0 = ? = 0 3-31 * oy y ox id ( ) 

Substituting these expressions into the last equation of (3-24) solves the homogeneous 
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differential equation in (3-29). It also follows from (3-29) that , 

= Ky)=0, 5 Uy)=0 (3-32) 
or L(y) = y,. From (3-31) it can be seen that the constant y, does not affect the rotation 

field and can be assumed to be zero. Thus the final second-order equation becomes, 

Ay-—k’y=0 (3-33) 

This equation was derived in various forms by a number of authors [e.g. Hencky (1947), 

Reissner (1944), Thomson and Tait (1883), Kromm (1953), and Donnell (1976)]. 

Equation (3-33) determines a state of stress that decays rapidly with increasing distance 

from the edge and is thus termed the edge-effect equation. The solution to this equation for 

the stream function y is the so-called ‘boundary layer solution’. 

Thus plate-bending theory reduces to the sixth-order system, 

DAA@=p, Ay-—k’y=0 (3-34) 

with the rotation angles and deflection given by, 

0g ow oo ow D 
@ =-—+—., 8 =-— - —, = —-—A 3-35 

RB? By ae PTO G99) 
The system (3-34) and (3-35) is known as the Reissner shear deformable plate:theory. It 

can be shown that the transverse force and moment resultants take the form, 

  

  

ao CA) 
M,=-D 28 > -(1- ed 

M, = “584 vot sa vy oF ay 

woot na at oF] 
3-36 

Q, = 6, +H)--p2 aoc m 

- W)--p?2 rng-cl¥ 0,- C0, +2 - D546 - Co 

Some important remarks about the edge-effect equation in (3-33) should be made at this 

point. As previously mentioned, the solution to this equation is the boundary layer solution 

which decays rapidly with increasing distance from the edge of the plate. As an example, 

consider the plate in Figure 3.1 and assume that it is infinitely long in the x-direction, and 
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loaded in such a way that the stress-strain state does not depend on x. Equation (3-33) 

then becomes, 

  

2 

= ky =0 (3-37) 

where y = y/l and, 

k=2v3 (3-38) 

for an isotropic plate. The solution to (3-37) is of the form, 

w=Ce”"+C,e” (3-39) 

where 0< y <1 and C, , C, are constants of integration that should be found from the 

boundary conditions at ¥ =0 and y=1. Fora plate with //h = 100 (well within the range 

of thin plate behavior), the first exponent in the solution (3-39) is of the order 10°. 

Traditional numerical techniques identify this number with zero and will thus fail to find the 

constants C, and C, . This is the mathematical mechanism which causes numerical 

methods, including the finite element method, to lose accuracy when dealing with problems 

that entirely involve boundary layer solutions. 

It has been well documented that the physical mechanism of shear-locking in finite element 

analysis of plates is associated with the elastic energy of transverse shear strains in the 

functional of the total potential energy [e.g. Zienkiewicz and Taylor (1991)]. In order to 

have a finite element which does not shear-lock the formulation must be able to handle the 

constraint of zero shear strain in the limit that the thickness of the plate goes to zero. Using 

the notation of this study these constraints take the form, 

Ow ow ° =O t— 30, 2 =8+— 30 3-40 
Vas SOx Tn = Py Ty C40) 

as h-—> 0. Shear locking results when these conditions are not satisfied. Most traditional 

displacement-based finite elements violate the conditions in (3-40) when fully integrated. 

Clearly these elements do not contain an explicit form of @ and y in their displacement 

and rotation fields. Using the expressions in (3-15) and (3-36), the transverse shear strains 

in the present context of SDPT take the form, 

Do oy Do oy 
, =-——Agd+—, = —-—— Ao -—— 3-4] V x2 C ox p oy Vy C oy @ ox ( ) 

Here the first term in both equations are proportional to h” and clearly goes to zero when h 

becomes small for thin plates. The second terms however do not vanish in the thin plate 

limit. Note that these second terms are derivatives of the stream function y. Now it can 
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be seen from equations (3-34) and (3-35) that the shear deformation in SDPT demonstrates 

itself in two ways. First, it follows from the last equation in (3-35) that SDPT influences 

the plate deflections. Secondly, it induces the boundary layer solutions described by the 

second equation in (3-34). Calculations by Vasiliev (1992) have shown that the second 

effect is important only for special problems (e.g. pure torsion or contact problems). In 

most cases only the first effect, the influence of shear deformation on displacements, needs 

to be taken into account in calculations. 

With this in mind it seems reasonable to ignore the boundary layer solution and derive a 

plane finite element which is based on this approximation. The transverse shear strains are 

now of the form, 

Dod Do 
o = —-—_—A ; =-——_— A 3-42 

which go to zero in the thin plate limit. An analogous transformation should be made to 

equations (3-35) which reduce to, 

0g do D 
6 =-—, 6@=-—, w=¢o-—A 3-43 

* ox * oy ° C ? G49) 

It should be emphasized that equations (3-42) and (3-43) are approximate since the 

boundary layer solutions were ignored. There exists however at least one boundary 

problem in plate theory for which these equations are exact. 

Consider a simply supported plate such that the conditions at the edges x = const are 

w=0, 6,=0 and M, =0, and atedges y=const are w=0, 0, =0 and M, =0. 

Using equations (3-35) and (3-36) these conditions can be transformed to, 

y =0, Ay =0, OV _9 and y =0, Ay =0, ov _9 (3-44) 
ox oy 

respectively. Thus the function y(x,y) should satisfy the homogeneous equation (3-33) 

and boundary conditions (3-44). This boundary value problem has only the trivial solution 

y(x, y) =0 and thus equations (3-42) and (3-43) are exact for a simply supported plate. 

3.2 Plate Bending Finite Elements 

Development of displacement-based shear deformable plate-bending finite elements have 

traditionally been based on interpolations of geometric variables such as displacements and 
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rotations. In doing so these finite elements cannot be explicitly separated into the two 

effects of shear deformation as previously mentioned. In this study a SDPT finite element 

was formulated which ignored the existence of the boundary layer solutions. In this 

derivation the fundamental variable to be interpolated is @ as defined in the previous 

section. A classical finite element formulation is also shown here to compare results with 

the SDPT element. 

3.2.1 SDPT Element 

The strain energy of a plate element governed by (3-29) is given by, 

_l T u=—Jle D e dxdy (3-45) 

where, 

K, D vD 0 0 0 
K, vD D pit 0 O 

e-/«,$ and D=-|0 0 — 0 0 (3-46) 
Yee 0 0 60 c¢€o 
Vor 0 O 0 0 C 

Substitution of the geometric relations (3-12), and the definitions of shear strains and 

rotations in (3-42) and (3-43) (which ignore the boundary layer solution) into the 

generalized strain matrix gives the strain energy in terms of @ where, 
- - 6 1 

ax? 

a9 
2 

26 _ —2 =) aa | 
-2/<¢ +26 

C| ax? = axdy’ 

-2| ao, zs 
Cl ax’dy ay | 

which contains up to third derivatives of @ . In order to satisfy inter-element compatibility 

the interpolation functions for @ must be at least C2 continuous. In other words deflection 

  

  

  

(3-47) 
  

      
and rotations can only be continuous across element boundaries when up to second 

derivatives of @ are continuous. An interpolation which satisfies these requirements is the 

rectangular four node 36 degree-of-freedom element of Bogner et. al. (1965). Their 

derivation is modified here to satisfy equations (3-43). An orthogonal natural element 

41



coordinate system & — 77 is chosen for this derivation such that € and 77 are collinear 

with the x and y directions respectively as shown in Figure 3.2. 

  

    

Xe4,Ye4 n=1 Xe3,Ye3 
y 

X 
= =1 

Xe1=Xe4 

Xe2=Xe3 
Ye1=Ye2 

Ye3=Ye4 
  

Xe1Ye e 
q=-1 Xe2,¥e2 

nodal d.o.f.=o Ox dy Oxy Oxx Byy Proxy Oxyy Orxxyy 

Figure 3.2- Plate orientation for finite element derivations 

The element geometry is modelled by linear Lagrangian shape functions of the form, 
4 4 

x= Nex, and y= DN Ye, 

i=] i=1 

where x, and y, are the location of the element corners in global coordinates and the shape 

functions N, are given by, 

Ny =7(1- €)(1-1) 
Ny =4(1+ §)d-7n) 
Ny =4(1+ 6) + 7) 
N,=4(1- 6) + 7) 

Transformation of derivatives from natural to global coordinates are performed using the 

Jacobian elements J,, = 0x/0& and J,, = dy/On such that, 

42



aia @19 # 1 # 
ax J, 0&’ dy Jyoan’ dxdy  IyJy, 0EON 

a oo 10 

Ox? Jy 06?" ay” - Jn? On? 

1 @& 1 0 

ax? Jy 0g?" ay? - J,.° ON 

a 1 @ ae I a 

Ox" oy - Jny?Jy, OG?ON = Axdy” - IyJyy” OEON? 

“os o* 

ax dy? Ji Jpg? OF On? 

  

  

  

  

Complete quintic polynomial trial functions in the variables € and 7 are assumed for the 

interpolation of @. The nodal degrees-of-freedom, 

9 Pre Pn P ren Pree Pan Ps een Penn Pssenn 

expressed in terms of derivatives in natural coordinates are located at element corners such 

that, 

o(€.m) =), N.6; (3-48) 

where N, are the interpolation functions and 6/ are the degrees-of-freedom. The 

generalized strains (3-47) are thus given in terms of the nodal degrees-of-freedom 6; 

according to, 

e= B 8’ 

where B is a five-by-thirty-six matrix containing the Jacobian elements and derivatives of 

the interpolation functions. The degrees-of-freedom 6; are converted into nodal degrees- 

of-freedom, 

PDs, Pry Pry Pre Pry Pray Pray Prony 

expressed in global coordinates by the transformation, 

s=T 3’ 

where T is a diagonal transformation matrix of the form, 

10 .. 90 

OJ, .. 9 

T= 

00 .. Jit, 
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The stiffness matrix is therefore given by, 
11 

k= [ [J| TB" DBT dé dy (3-49) 
-1-1 

where |J| = J,,J,. . The integrals in (3-49) are calculated exactly using a six-point 

Gaussian quadrature rule. The stiffness system for the plate element is therefore given by, 

P=ké6& 

where P is the generalized load vector. For the case of a uniformly distributed load p, the 

load vector is derived from the work performed on the plate and is given by, 
11 

P= J flllw"pdédn (3-50) 
-1-1 

where the components of the row vector w are, 
2 2 

W; = n,-2 TON ,1TIN Ti, (3-51) 
CLI; 96° Jy on 

The integrals in (3-50) are integrated exactly by at least a three-point Gaussian quadrature 

rule. 

Assembly and the solution of multiple elements is performed in the usual manner [e.g. 

Cook et. al. (1989)]. Upon solving the assembled system, transverse displacements in an 

element can be calculated at a point (€,7) from, 

w(E,n)=w(E,7) 8 (3-52) 

where w is given by (3-51). 

3.2.2 Classical Plate Element 

A finite element based solely on classical plate theory was derived in a similar fashion as 

the shear deformable finite element above. This formulation is identical to the classical 

element of Bogner et. al. (1965) except that a different natural element coordinate system 

was used. For this classical case D/C — 0 and @ is replaced by w., everywhere along 

with the changes, 

  

  

    

_ Ow 

k ax" D vD 0 
xix b={-2%1} and D=|vD D _ 0 

Ke, dy 9 9 PGd=y 
—? 0 We 2 

Oxdy |  



in (3-46). Although it can be seen that the classical element only requires C! continuity the 

higher order C2 continuous interpolations in (3-48) were used to directly compare results 

with the shear deformable element solutions using (3-30). The components of the row 

vector w in (3-51) are now given by, 

w; = NT; 

and the classical transversal displacements are given by (3-52). 

The classical plate element can also be used to give an approximate evaluation of the shear 

deformation effect by substituting the solution for w.,, obtained using this element into the 

expression for w in (3-30). 

3.3. Results 

3.3.1 Simply Supported Plate 

As a numerical example, consider a uniformly loaded simply-supported isotropic square 

plate. This configuration is convenient for two reasons. First, the boundary layer effect 

does not occur. Thus the results obtained from the SDPT element, which ignores the 

boundary layer solution, can be directly compared with the exact solution of the problem. 

It should be emphasized that the boundary layer effect does not occur only for a properly 

formulated boundary problem (i.e. for a rectangular domain with boundary conditions (3- 

44)). In traditional displacement-based plate finite elements the boundary conditions do not 

explicitly or implicitly coincide with (3-44). The boundary layer therefore does occur with 

these elements, and since polynomial interpolation functions cannot properly model this 

effect, the inconsistency of the boundary problem results in shear-locking behavior. 

The second reason to use this simply-supported plate configuration is that an exact solution 

can be found for both the classical and shear deformable plate theories using the Navier 

method in Timoshenko and Woinowsky-Krieger (1959). Consider a rectangular domain 

O<xsa, OS y<b, and present functions @(x,y) and w(x, y) in the form of a double 

Fourier series, 
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(x,y) = y y @,, Sind, x sind,y 
m=1 n=1 (3-53) 

y(x,y)= yy Win COSA, Cosa, y 
m=] n=1 

where A,,=mm/a, A, =nn/b, and where @,,, and y,,, are constant coefficients. Clearly 

each term of the second series in (3-53) satisfies boundary conditions (3-44). A uniform 

pressure p, decomposed 1n a similar series takes the form, 

D(x, y) = 16Poy “AY ¥ sind, x sind y (3-54) 
n m=l n=1 

Substituting series (3-53) and (3-54) into equations (3-34) and solving for the unknown 

coefficients @,, and y,,, gives the exact solution to the problem where, 
16p 1 

n= ; 0 5 72? Wan =0 (3-55) 

° ™°D mpl (m/ay’ + (n/b)' | 
Indeed this shows that y(x, y)=0. The plate deflections are found by substituting (3-53) 

and (3-55) into the last equation in (3- 35) to give, 

2 
_ =, ag gic mja) te) 

m=1n=1 mal ( mjay +(n/b) | 

  

sind,,x sind, y (3-56)   

The Navier solution for classical plate theory is obtained by setting C — © in (3-56). 

The conditions for a simply-supported edge x=constant when neglecting the edge-effect 

equations are given by, 
D w=g-ZAG=0 

6, --2=0 (3-57) 
2 2 1 terSt 

which are all identically satisfied when, 

0g 2 O° car tae aa ae (3-58) 

along that edge. Similarly the conditions for the classical theory are, 
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6, = oe =0 (3-59) 

Ow, Ow, 
M,=-D| ey i |=0 

Similar results are obtained for the edge y=constant. 

A plate with these simply-supported boundary conditions on all edges was modelled by the 

Shear deformable and classical theory elements previously described. Due to symmetry 

only one-quarter of the plate was modelled using a single element. The nodal fixity 

conditions for both simply-supported cases are identical and are given in Figure 3.3. It can 

be seen that the enforcement of both the geometric boundary conditions (i.e. edge 

displacement and tangential rotation) and the force boundary conditions (i.e. edge normal 

moments) can be performed simultaneously using (3-58). The non-dimensionalized center 

deflections of a plate w= wD/pi* with v= 0.3 over a wide range of span-to-thickness 

ratios were calculated. All numerical integrations were performed using a six-point 

Gaussian quadrature rule in double precision. 

The center transversal deflection solutions for various span-to-thickness ratios are plotted in 

Figure 3.4. It can clearly be seen that the use of one shear deformable element to model 

one-quarter of the plate gives excellent converged results and do not exhibit the 

phenomenon of shear-locking. The error in the finite element solution as compared with 

the exact solution given by (3-56) is less than 0.01% for the shear deformable element for 

all span-to-thickness ratios. Refining the density of the mesh gave identical results. 

Solutions based on the classical finite element with shear correction according to (3-30) 

practically coincide with the SDPT solutions, as shown in Figure 3.4. This seems quite 

reasonable since boundary conditions (3-57) and (3-59) can be reduced to the same form 

¢ = 0°¢/0x? =0 and w,, = 0’w,,/dx’ =0 respectively, thus making equation (3-30) exact 

for the simply-supported plate. 

3.3.2 Clamped-Clamped Plate 

As a further example preliminary work was performed on a uniformly loaded clamped- 

clamped isotropic square plate. It should be noted that unlike the simply-supported 
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example, the solutions using the SDPT element will only be approximate since the 

boundary layer solutions do not vanish for clamped-clamped boundary conditions. As 

previously mentioned however the contributions of the boundary layer solution to the 

center deflection will be negligible and thus the SDPT finite element solution (which 

ignores the boundary layer) should be very close to the exact solution if one was available, 

and should not shear lock. An exact solution for the clamped-clamped problem can only be 

found for the classical case as given in Timoshenko and Woinowsky-Krieger (1959). 

The conditions for a clamped edge neglecting the edge-effect equations are given by, 

og —- t= 3-60 0, x (3-60) 

G =-——— = 

"ay 
Note that to get a non-zero moment normal to an edge the terms in the first condition of (3- 

60) cannot be individually set to zero as in the simply-supported case. Thus the multi-point 

constraint, 

o-2ro =() (3-61) 
Cc 

is incorporated into the finite element solution by the Lagrange multiplier technique which 

 SIe-t 0 
where c is the constraint coefficient matrix and A, are the Lagrange multipliers from Cook 

et. al. (1989). 

is of the form, 

For the classical theory the clamped edge conditions are simply, 

  

w,, =9 

9 =a 9 (3-63) 
ox 

0, =— y = 

A uniformly loaded clamped-clamped plate was modelled by the shear deformable and 

Classical theory elements as in the previous simply-supported example. Due to symmetry, 

only one-quarter of the plate was modelled using various square element mesh densities. 
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The nodal fixity conditions are given in Figure 3.3. The non-dimensional center 

deflections were calculated in the same manner as the previous example. 

The center transversal deflection solutions for various mesh densities are plotted in Figure 

3.5 using two extreme span-to-thickness ratios. For the thin plate case given by 

// kh =10000 the solutions using the SDPT element converge to within 1% of the exact 

classical solution with mesh refinement as expected, and does not exhibit the phenomenon 

of shear-locking. For the moderately thick span-to-thickness ratio of //h =5 however the 

SDPT solutions do not converge. The reason for this is not known. 

Solutions based on the classical finite element with shear correction according to (3-30) 

rapidly converged to within 1% of the exact classical solution for the thin plate case and to a 

reasonable value for the moderately thick plate case. 

3.4 Discussion 

Neglecting the existence of the edge-effect equation within the context of SDPT permitted 

the derivation of a plate finite element in @ which did not shear lock. Unfortunately this 

finite element did not converge with mesh refinement for the clamped-clamped moderately 

thick plate. As mentioned previously the cause of this convergence problem is not known 

and further work is necessary to determine whether or not the proper boundary conditions 

and multi-point constraints were applied at the edges. Once this one problem is worked out 

the next logical step would be to incorporate the edge-effect equations into the finite element 

by interpolating with respect to y in some way. Since the two differential equations in (3- 

34) are independent, a superposition of two finite elements, one with respect to @ as before 

and the other in y would be possible. The two elements would be connected in the 

boundary conditions from the definitions of displacement and rotations. In this case all 

governing equations would be included and the results should converge to exact solutions. 

To incorporate these equations with a numerical technique, the boundary layer effect should 

be singled out and described analytically with the aid of solutions similar to (3-39). 

From the work of Donnell the equations without the boundary layer solution were 

equivalent to solving the classical theory problem and using a shear correction on the 

displacements as in equation (3-30). The solutions obtained by this second method 
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Figure 3.5- Convergence study of a clamped plate v=0.3 with uniform loading. 
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converged for all test cases in this study and thus holds much promise for future 

implementation to plate problems. 

The use of the above elements, which are C2 continuous, poses an even greater challenge 

than the already problematic C! continuous plate elements when extending the solutions to 

non-rectangular plate geometries. The use of these elements are currently limited to 

rectangular plate applications only. 

Preliminary work involving the 16 degree-of-freedom C! continuous interpolation of 

Bogner et. al. (1965) to model the same system (3-29) shows promising results which do 

not shear lock. This may suggests that a lower order continuity element as is found in 

many finite element libraries may be sufficient to model plate displacements with shear 

correction at the expense of slower convergence rates. Further work in this area is needed 

to make the concepts in this study attractive for general finite element programs. 

AS mentioned previously the separation of the governing relations for SDPT into the two 

independent differential equations for the fundamental unknowns @ and yw can be done 

only for transversely isotropic material properties. For orthotropic plates however, the 

problem is much more complicated and the exact separation of the governing relations into 

independent quantities is not possible. The equations do however, have two solutions, a 

rapidly varying solution that corresponds to the boundary layer effect and a slowly varying 

solution that determines the ground state of the plate as in the transversely isotropic case. 

This coupling makes it nearly impossible to derive a plate finite element which neglects the 

edge-effect completely. However, through simple asymptotic considerations, the 

separation of the two solutions can be done approximately, as in Vasiliev (1992), and an 

element can therefore be constructed in a similar fashion as proposed for the transversely 

isotropic case. 
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4. SPECIAL MODELLING OF ADHESIVELY 
BONDED JOINTS IN THREE-DIMENSIONS 

4.0 Introduction 

In this chapter, an adhesive joint is modelled in three-dimensions using special finite 

elements by assuming the adherends behave as shear-deformable plates with in-plane 

flexibility, and the adhesive as a three-dimensional elastic continuum. This approach is an 

extension of the method used to model bonded joints in two-dimensions in chapter 2. 

Here, the adherends are modelled by using the nine-noded quadratic Lagrange shear- 

deformable plate elements, while the adhesive is a brick-type continuum element with its 

nodes offset to those of the plate elements. A special method of discretization is used such 

that displacement continuity between the adhesive and adherend elements is achieved. 

Modelling a joint in this fashion is a strength of materials approach which calculates the six 

components of adhesive stresses in three-dimensions. The derivation of this formulation 

will be made in this chapter, which includes adhesive and adherend thermal expansion, 

tapered adhesive layers and stepped adherends. The ADH3D-plate formulation will be 

used to model a single lap shear joint and a typical crack patch repair configuration in three- 

dimensions. 

4.1 ADH3D-Plate Element Derivation 

The displacement interpolation functions of the three-dimensional adhesive element are 

chosen such that displacement continuity at the interfaces between itself and the geometric 

surfaces of the plate elements can be achieved. As discussed in chapter 2, this is performed 

by the prior knowledge of the polynomials which describe the upper and lower geometric 

surfaces of the plate elements. Since the plate displacements are already discretized to their 

own degrees of freedom, imposing the displacement continuity condition at the plate- 

adhesive interfaces will permit discretization of the adhesive displacement field to these 

same degrees of freedom. The derivation of the plate and adhesive element will be shown 

here to illustrate this method. 

The nine-node Lagrangian shear-deformable plate element was chosen over other elements 

for several reasons. Unlike the traditional classical plate elements discussed in chapter 3, 
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this element has the ability to accurately model geometries which are not purely rectangular. 

As well, it is expected that the derivation for a tapered adhesive thickness element will not 

have the same problems as the formulation discussed in chapter 2 since all of the plate 

displacements and rotations are interpolated with the same order polynomial. Although 

selective integration must be used to avoid the shear locking phenomenon discussed in 

chapter 3, this element has been shown to be the most accurate and efficient of the family of 

the shear-deformable plate elements (e.g. Averill (1989)). 

4.1.1 Shear Deformable Plate Element 

Consider a shear deformable anisotropic plate with its midplane oriented with the x, - y, 

plane of some coordinate system x,- y, -z,, aS depicted in Figure 4.1. Assuming that the 

thickness of the plate remains constant during deformation, the three-dimensional 

equilibrium equations are satisfied when the plate displacements are of the form, 

Up (Xp YpsZp) = Up (Xps Vp) + Zp, (%p» Vp) 

Vp(XpsYpsZp) = Vp (XpsYp) + Zp, (Xs Np) (4-1) 

Wo (Xp»YpsZp) = Wp (Xp Yp) 
where (), refers to plate quantities and ()° to values at the midplane. The orientation of the 

midplane displacements and normal rotations are defined in Figure 4.1. The Cauchy strain- 

displacement relations are thus of the form, 

  

    

    

= oy no _ov, _ My Paw 47K 
Ex, “ye 2K, Ey, Wy + ZK, Vay, ~ Oy. Ox. Yx¥p <p *Yp 

P P Pp (4-2) 

Y y25 ~ az, oy, 2p Y x2, ~ az, Ox, X2p 

where, 

= Ou; = Ov, 
Xp Yp 

Ox, oy, 

ow? ° ou: Ove 
° =6,+— yf =6.4+—— yp =—+— 4-3 Yy2, y Pp OY, Y x2, x P OX, xy Pp Oy, Ox, ( ) 

a0, 00, 00, 96, 
kK =— kK =— kK. =—         + 

x y xy P Ox, Py, P Oy, = OX, 

A plate finite element based on these equations requires the independent interpolation of the 

midplane displacements and normal rotations u,,v,,w,, 6,,,6, . Since only continuity of 
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these quantities across interelement boundaries are required (i.e. C° continuity), a quadratic 

Lagrange interpolation in a natural plate coordinate system ¢,- 7, as defined in Figure 4.2, 

can be used for all variables. The trial function for the midplane displacement u, is of the 

form, 

ur(€,.m)=[1 & nm, &n, & Gn, Ene Em njey.¢ (44) 

an, 

where a,. are the unknown coefficients. A nine-noded element is thus required to 

completely discretize these displacements to the unknowns u,. as given in Figure 4.2. The 

unknowns a, are solved in terms of the nodal degrees of freedom u,. in the usual way 

such that, 

=A e (4-5) 

where A, is a nine-by-nine matrix. Since all of the displacements and rotations are 

interpolated in the same fashion, the terms u, in equations (4-4) and (4-5) can be replaced 

with the components v,,w,, 0, and 6, . Traditionally these results are given in terms of 

interpolation functions N,.(¢,,7,) such that , 
9 

us (Sp Ny) = Nop; 
i=l 

9 

vp (Sp Np) = ye; 
i=l 
9 

We (Spo Mp) = 2 Nome, 

9 (4-6) 

9, (Sp Mp) = DNAs, 
i=l 
9 

6, (Sp Tp) = No: , 
i=l 

This same interpolation can also be used for defining the geometry of the plate in the x,- y, 

plane such that, 
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9 

X(S, , Np ) = > Nop; 

m (4-7) 
9 

yp(Sps Np) = NJ; 
t=] 

to produce an isoparametric finite element formulation, where Xp, and yp, are the coordinate 

locations of node i. The constitutive relations for a laminated anisotropic plate with shear 

deformation as well as thermal and moisture expansion are of the familiar form, 

        

mt=[B Ble __ initial Q,, =A at |e Trey 4-8 
(M B D ( Pp fp ) , Q,, Ays Ass V2, 

where, 
; N, E, 

N- A, Ay Aj By, By Be ie 

nN. A, Ay Ag By. By By . 
Ny jot [A Bll} Ac 4 Ac Be Bs Bo} -» 1%} (4.9) 
M M,. B D B, B, Bs D, dD, Dg P K,. 

My, B, By Be Dy, Dy Dy kK ‘ 
/M,, By 16 Bs Dg Dg Dg K,, 

and, 

a, AT+86,,, Am 

- a, AT + B,,, Am 

ential _ Q,,5 AT * Po Am (4- 10) 

0 
0 

and the terms A,, B,, D, U , y 3 

(1987)). Note that a shear correction factor for transverse shear is not included for reasons 

explained in chapter 3. From (4-3) and (4-6) the generalized strain matrix e, can be 

Oy and B,,,are defined in the usual way (e.g. Whitney 

expressed in terms of the complete degrees of freedom of the plate 8, according to, 

e,=B, 5; (4-11) 

where B,__ is a 45-by-6 matrix. Similarly the transverse shear strains can be expressed 

as, 
Y, 

Ha =B,_ 8, (4-12) 

where B,__ is a 45-by-2 matrix. The complete plate element stiffness matrix is therefore 

given by, 

k, =k, +k, (4-13) 
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where, 
11 

Ke = Jf h.| Bo. {8 5 |* Boe. dé, dn, (4-14) 

-1-1 

and, 
11 

mn. = {JoelBs[at 4. 66, on, 15 
-1-1 

The integrals in (4-14) and (4-15) are evaluated numerically using a 3-by-3 and 2-by-2 

Gaussian quadrature rule respectively. Although both (4-14) and (4-15) are integrated 

exactly with a 3-by-3 rule for the case of a rectangular shaped plate element, the unequal 

integration of the bending and shear components commonly referred to as ‘selective 

integration’, is used to avoid the phenomenon of shear-locking, as discussed in chapter 3. 

The initial strains in (4-10) are converted into applied loads in the usual way according to, 
11 

pats _ ffs, BT Is Bee dé, dn, (4-16) 
Phend 

-l-1 

which is again integrated numerically using Gaussian quadrature. This load vector is added 

to the externally applied loads pe such that the complete stiffness system for the shear 

deformable plate element becomes, 
ex initial _ 

P, -s P, = k, 8, (4-17) 

where, 

Xa, Uy, 

Yo Voy 

Pl Wo, 

Pp — > and S, = > (4-18) 

M, 0, 
po p9 

M @ 
L po) | 79)         

To aid in choosing displacement compatible trial functions for the ADH3D element, the 

displacements of both the upper and lower geometric surfaces of the plate are required. 

Within the context of shear deformable plate theory, the displacements at the upper 

geometric surface of a plate of thickness 2d, at any point (¢,,7,) will be, 

uy, (EM) = us (€,.1,)+4,0, (fp) 

Vp, (Eps Mp) = Vo (Ep> Mp) + 4,8, (E55 Mp) (4-19) 

Wo (S52 Mp) = Wo (5, Mp) 
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Similarly the displacements at the lower geometric surface of the plate are, 

u,, (oo n,) = ur(p» n,) ~ d, 0, (¢,. nN») 

Vp, (Eps Mp) = Vp (Eps Mp) — 4,9), (Sp Mp) (4-20) 

Wo, (Sp Mp) = Wp (Sp> Mp) 
where (), and (), refer to the upper and lower surfaces of the plate respectively. Since all 

of the midplane displacements and normal rotations are interpolated with the same order 

polynomial, from (4-4) and (4-6) it is clear that all displacements at the geometric surfaces 

must be complete quadratic polynomials in ¢, and 7,. 

4.1.2 ADH3D Element 

The ADH3D element is an 18-node three-dimensional elasticity element which satisfies C° 

displacement continuity at interfaces between itself and two shear deformable plate 

elements. The midplanes and nodes of the plate elements are offset from opposite faces of 

the ADH3D element by perpendicular distances d, and d, respectively in a sandwich-type 

configuration as shown in Figure 4.3. The nodes and degrees of freedom of the ADH3D 

element are coincident with those of the plate elements themselves. The distances d, and 

d, are identically equal to one-half the thickness of plates A and B respectively such that an 

interface condition exists at the two ADH3D-plate element boundaries. This configuration 

has been chosen such that an adhesively bonded joint can be modelled in three-dimensions 

(hence the designation ADHesive 3-Dimensions). For this application the adherends are 

modelled by plate elements and the adhesive by this ADH3D elasticity element. Clearly at 

ADH3D-plate element interfaces a perfectly bonded condition requires continuity of 

displacements between the two elements. Since displacement continuity at these interfaces 

is desired the actual shape of each ADH3D boundary surface is equal to the midplane shape 

of the respective plate element offset from that surface. Although Figure 4.3 gives the 

example of straight edges at these surfaces, any shape which corresponds with equation (4- 

7) is possible. The following derivation is generalized for application to the case of a 

bonded joint with adhesive thickness variation of any magnitude. The example of a joint 

with a constant adhesive thickness will simply be a limiting case of this configuration. 

The derivation of the ADH3D element will be performed using a natural coordinate system 

€-n-€ oriented with a global x- y-z frame as given in Figure 4.3. The surface which 

must satisfy displacement continuity with plate A is located at € = 1, and for plate B at 
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Figure 4,3- The ADH3D-plate sandwiched finite element configuration. 
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¢ =-1. Since the displacements of the upper and lower surfaces of the plate elements 

given by (4-19) and (4-20) are fully quadratic functions, the u-, v- and w-displacement 

trial functions of the ADH3D element at each plate interface must be complete quadratic 

polynomials in € and 77 in order to achieve displacement continuity at those interfaces. A 

linear variation of these displacements in ¢ will be used such that stresses will be constant 

through the thickness of the element. This linear assumption will therefore result in a 

‘strength of materials’ solution to adhesive stresses. The displacement trial functions of the 

ADH3D element are therefore of the form, 

  

WEmO=all . Em. 6. Ere ey. (4-21) 

a 
Be 

WEmoya[l . Sn. o .. SnXe J+ + (4-22) 

b,| a 

WEmoa[t. Sm . 6. Sms joy. 5 (4-23) 

ley   
where a;, b, and c, are unknown coefficients. Plate A and plate B are oriented with the 

()’ and ()” coordinate systems respectively, as given in Figure 4.3. The planes of each 

plate are not necessarily parallel for modelling adhesive thickness variations. The 

transformation of displacements from these coordinate systems to quantities in the global 

x- y-z frame are performed using the vector transformation laws, 
, ? , a“, of oF 

u" Q, G12 a3 || u u” ay a1 a3 u 
—_— , 7 aF — oF 7 Ver=]4 4. G3 Vep and yv" p=)a,, a. a3 hv (4-24) 

, , c 4s oF at 

Ww Ay, Ay 33 |\v Ww Q3, Az, 3, || 

where the a, terms are the direction cosines between the two coordinate systems. Note 

that quantities given with respect to plate A and plate B are denoted by (), and (, 

respectively. 

Similar to the method in chapter 2, the displacements of the ADH3D element will be 

discretized to the degrees of freedom of the plate elements to ensure displacement continuity 

at the interfaces between the two types of elements. In order to solve for the unknown 
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coefficients a;, b, and c, in terms of the degrees of freedom of the plate elements, the 

displacement continuity conditions at the interfaces between the ADH3D and plate elements 

must be determined. At the surface ¢ = 1, the continuity condition specifies that the 

displacements of the ADH3D element must be identical with the displacements of the lower 

surface of plate A. From equation (4-20) this condition is therefore given by, 

u'(§. 11) = Un (Sasa) — AO, (SA Ma) 

v'(S. m1) = vn (SA, ) — A ®% (Sa. Ms) 

w'(€, n,1)= Wh (E45) 

(4-25) 

Similarly, at the surface ¢ = —1, the displacements of the ADH3D element must be identical 

with those of the upper surface of plate B, which from equation (4-19) gives, 
u’(€, n,-l)= un (€5,1g) + 4, OY” (€5, 5) 

v"(€,m—1) = vg ° (S518) + dy Oy (5:15) (4-26) 

w’(6,7,-1) = wy (Sp, 15) 

Since the displacements of the ADH3D element are defined in global coordinates, the above 

conditions must be transformed using (4-24). The displacement continuity conditions (4- 

25) and (4-26) then become, 

u(E,7,1) = ay, [ue (E,,14) — 449%, (En>)|+ 

a,[ve(Ex. ma) — dn, (Ex,m14)] + 

a;,[wi (Sasa )| 

v(E,n.1) = ay,[uie (Eq) — 4,80, (En.m)] + 

ayy| ve (Eq, — 449, (E4,4)] + (4-27) 

as,|wi CALA) 

w(E, nol) = aru (n,m) - 4.0%, (Ex, ] + 

aj, vo (En, — 449%, (E,.14)] + 

a;,| wi (SMa )| 

and, 
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u(&, nl) = an[ug? (Es, g) + 450%, (E9,7g)|+ 

a’y[vg° (Eg, 1g) + dy0%” (Eg, ng)] + 
on ( af 

az wa? ops )| 

v($,7,—1) = a; iu p (Sp> pg) + d, 8% (§ p> Ip | + 

ay Ac (Sp> Mp) + 439)" (S55 Mp | + (4-28) 

n” ( at 

as a[ we °( cp Mp )| 

w(é, 7,—-1) = aru? (Sy, Ng) + dg (5 a? ’71g)|+ 

ay|vg° (Ep, ng) + dyOy. (8,.08)|+ 
ax|we°(é BP 13) 

Since complete displacement compatibility at the two interfaces € =1 and ¢ =-1 is 

required, the geometric shape of the ADH3D element at the surfaces must be identical with 

the shape of the plate elements which are offset from those surfaces. From (4-7) the 

ADH3D geometry must therefore be modelled by quadratic Lagrange shape functions in € 

and 7. Similarly, since the displacements are assumed to be linear in ¢, it is best to 

choose linear Lagrange shape functions in that direction to avoid problems associated with 

superparametric phenomena [e.g. Cook et. al (1989)]. The geometry of the ADH3D 

element is therefore modelled by, 
18 18 

x= DN us YEN, z=¥N,z, (4-29) 
i=l i=] 

where N,.(€,7,¢) are made up of quadratic Lagrange functions in both € and 7, and 

linear Lagrange functions in ¢, and where x,, y, and z, are the coordinate locations of 

node i offset to the surface of the ADH3D element. Note that nodes are renumbered as in 

Figure 4.3. Therefore from (4-29) and (4-7) it can be shown that € = €, and 7 = 7), at 

the surface ¢ =1, and similarly € = €f and n= ng at €¢ =—1. Thus using (4-4)-(4-6) for 

the displacements and rotations on the right hand side of (4-27) and (4-28), and collecting 

like terms in € and 7, the unknowns a,, b, and c, can therefore be solved in terms of the 

degrees of freedom of plate elements A and B, such that, 

Ay By Co 

=A,8”, «.$=A,8", 4. $=A,8” (4-30) 

a7 b, Ci 
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where A,, A, and A, are 18-by-90 matrices and 6/” are the degrees of freedom 

Unjs Vaio Vass OF GO, , and up;, Vpjs W3;> OF » OF _. These results can be expressed in 
? Xx, i? 

terms of interpolation functions such that , 
90 

u(.m) = Ny,8)” 

v(6, =>, 8,” (4-31) 

w(6,7) = N. 8” 

It should be noted that although the same order polynomials were chosen for both the 

displacements in (4-31) and the geometry in (4-29) this formulation is not completely 

isoparametric since N,, # N,, # N,, # N,,. At this point the displacements of the ADH3D 

element have been completely discretized to the degrees of freedom of the two plate 

elements such that displacement compatibility at surfaces between the plate elements and 

ADH3D element are achieved. To calculate the stiffness matrix, the strains with respect to 

the global coordinate system are given by the Cauchy strain-displacement relations, 

o = au oom oa 
x7 A yy 35. z7 4 

Ox oy oz (4-32) 

Ov ow Ou Ow ou, ov 
V yz oz ay Vx = a Oe Ox Vx = oy Oh 

Using the derivatives of displacements in (4-31) and transforming the derivatives from 

global to natural coordinates [e.g. Cook et. al. (1989)], the strains in (4-32) can thus be 

expressed in terms of the nodal degrees of freedom 6,” according to, 

e= BS” (4-33) 

where e= {Ex£y: Ens Vy Vx29 Vy \ , and B is a six-by-ninety matrix containing Jacobian 

elements and derivatives of the interpolation functions. Thermal and moisture expansion is 

again taken into account by introducing an initial strain vector e’™“” which is of the form, 
a AT+B Am 
a AT+B Am 

initial _ J oF AT 5 B Am (4-34) 

0 
0 

where @ and f are the thermal and moisture expansion coefficients, and AT and Am are 

the temperature and moisture differences from the stress-free conditions. The three-



dimensional constitutive relation for an isotropic material with Young's modulus FE and 

Poisson's ratio v is given as, 

      

o= D(e—e™”) (4-35) 
T 

where o= {o,, O,,0,5 Ty. Ts Ty} and, 

Piy-l) 0 -v -v 0 0 07 

-v (v-1) -v 6) 0 0 

E ~v -Vv (v-1) 0 0 0 
D = —_———_ 4-36 WibQv-b|0 0 0 0 0 490) 

0 0 0 0 + 0 

fo 0 0 0 O #4 

The complete element stiffness matrix for the ADH3D element is therefore given by, 
111 

k” = | { [J] B'DB dé dn dg (4-37) 
-i-l-1 

This integration can be performed numerically using Gaussian quadrature. For a 

rectangular brick shaped ADH3D element a 3-point quadrature rule in both € and 7, anda 

2-point rule in ¢ exactly integrates (4-37), and will thus be used throughout this study. 

The stiffness system for the ADH3D element ignoring surface tractions and body forces is 

then, | 

Pp” =k’ 8” (4-38) 

ita are transformed into loads and added to the external where the initial strains e 

generalized forces and moments such that, 
rr) 

Y; 

Z; 111 . 

p” =} i | JJ J B 'Det# dé dn dc (4-39) 

-1-1-1 

    

Myis 

Ma L118     
Again the integral in (4-39) can be performed numerically using a lower order Gaussian 

quadrature rule than that in (4-37). For the purposes of this study the same order rule will 

be used to simplify the calculations. To make the system in (4-38) completely general, the 
vt 

stiffness matrix k” and load vector P’’ must be transformed such that the solution is 

given in terms of degrees of freedom 8 which are with respect to the global coordinate 
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system as in Figure 4.4. It should be noted that to accomplish this task an extra rotational 

degree of freedom is required at each node (see Zienkiewicz and Taylor (1991)).. Thus, 

the general solution of the ADH3D element requires degrees of freedom u,, v,, w;, 9,;, 

0,., 8,, at each of its 18 nodes. The transformations to global values are given by, 

k=T’k”T and P=T'P” (4-40) 

where the transformation matrix T includes the direction cosines in (4-24) and terms which 

6,., 9,;- 

By transforming the stiffness system of the plate elements (4-17) in a similar fashion, the 

xi? 
transform rotations 0% , Oy Or” , 0” into right-handed global rotations 9 

p?! pi pi pi 

complete system of the sandwiched ADH3D-plate configuration 1s, 

Pond = Kgana 8 (4-41) 

where P,,,4 =P+P, +P, and k,,., =k+k, +k,. 

Upon solution of the degrees of freedom 8 in (4-41) the total strains can be determined by 

performing the transformation, 

8” = TS (4-42) 

and calculating (4-33) at any point (€,7) and ¢ =0 (since strains do not vary through the 

thickness of the adhesive). Stresses can then be calculated using (4-35). It should be 

noted that stresses can be properly calculated any point (€,7) for a rectangular brick 

shaped ADH3D element since the integration of (4-37) is exact for that case. 

4.1.3 Stepped Adherends 

Many practical adhesively bonded joint applications use stepped or tapered adherend 

geometries to improve joint efficiency. For example, a typical crack-patch repair scenario 

is usually designed such that the bonded composite patch is stepped in all directions. These 

geometries are generally more efficient since a gradual stiffness change in one adherend 

usually results in reduced bending effects caused by load path eccentricities, and reduced 

peel and shear stresses in the adhesive. Stepped geometries are very applicable for 

laminated composite adherends since plies can easily be terminated at any point. Although 

stepped adherends will only be considered here, tapered adherends can be approximated by 

an assembly of short steps. The stepping method used in Amijima and Fujii (1989) will be 

extended here to the three-dimensional case. 

66



Consider the degrees of freedom of two plates labeled m for 'master' and s for ‘slave’, 

which model the adherends at a step junction as shown in Figure 4.5. Since the two plates 

are structurally continuous, the edge degrees of freedom of each plate must be dependent 

on the other. In most general finite element codes degrees of freedom are linked using the 

method of multi-point constraints which typically requires the solution of additional 

unknowns in the form of Lagrange multipliers (e.g. Cook et. al. (1989)). In the method 

described here the total degrees of freedom will actually be reduced by directly 

transforming the edge degrees of freedom of plate s to those of plate m while still ensuring 

displacement and rotation interelement continuity. 

For simplicity it will be assumed that the two plates are oriented such that their midplanes 

are parallel with the global x- y plane, and that their edge degrees of freedom 

Une Vin> Wm? 0. , 6, , 6 and u,,v,, W,, 6... 6, 0. , are already given with respect to the 

global x- y-z coordinate system. Note that this solution is also valid for plates oriented at 

any angle assuming that the proper transformation of quantities are performed. Using the 

concept of rigid body transformations and recognizing that the distance between nodes m 

and s denoted by A, is in the z-direction, the nodal degrees of freedom and generalized 

loads of each plate can be transformed by, 

u, u,, X, Xn 

Vy Vin Y, Yn 

Ww, Wn Z, T Lun 
6, =T..° 0, and M,, =T..° M,. (4-43) 

0, 0, M,. M,. 

0. 0. M. M.. 

where, 

100 0 -A 0 
010A 0 0 

10 0 1 0 0 9O 
Tm=10 001 0 0 (4-44) 

0000 1 0 
000 0 0 41 

and T,,, =T.,,. Since both the ADH3D and plate elements are given in terms of the same 

degrees of freedom, the terms which are a function of the manipulated degrees of freedom 

and generalized loads in (4-41) must be appropriately transformed and assembled into the 

global stiffness matrix of a finite element model. 
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Figure 4.4- Nodal degrees of freedom given in terms of a right-handed global 
coordinate system. 

  

  

    

  
  

‘master’ plate 
wy A 

So y 
‘slave' plate 

ao 

° : A 
| A 

      

  

  

  

Wn 

a“ 
‘master’ degrees of freedom San 7” 

z Ben 
A 

U, m 

Ww. 

X y 

6, 7 a“ 
a“ 

6, 8.5 
‘slave’ degrees of freedom —v 

u, Vs 

Figure 4.5b) Degrees of freedom of ‘master’ and 'slave' plates. 

Figure 4.5- Stepped adherend geometry and transformation of degrees of freedom.



4.1.4 Comments on the Formulation 

The present ADH3D-plate element sandwich configuration is capable of modelling adhesive 

joints based on a strength of materials approach. In reality stresses vary from these 

solutions due to the existence of singularities at reentrant corners and cracks, free-edge 

effects, stress continuity at the adhesive-adherend interfaces, and non-uniform material 

properties through the thickness of the adhesive. To take some of these effects into account 

the traditional finite element method has been used adequately in the literature as discussed 

in chapter 1. The benefit of the present ADH3D formulation however is that a bonded joint 

can be modelled with only one ADH3D element through the thickness of the adhesive. 

This greatly reduces and simplifies both the modelling and the computation time needed to 

obtain useful results for adhesive stresses. It is therefore expected that for the same effort a 

designer can produce a more refined model in areas of interest of a bonded structure with 

this ADH3D formulation, than with other more time consuming methods. Once again this 

formulation was designed to fill the technological gap between the traditional modelling 

methods using finite elements, and the other simplified approaches for analyzing adhesive 

joints in three-dimensions. 

A linear interpolation of the ADH3D displacements in the ¢ -direction (through the 

thickness of the adhesive) was chosen such that the adhesive would be modelled according 

to a strength of materials approach. With this assumption the ADH3D formulation cannot 

predict the zero stress conditions at the adhesive free edges. The distances from the edge of 

the adhesive over which these effects become important are a function of the adhesive 

thickness, modulus and Poisson's ratio. Since peak stresses commonly occur at, or close 

to these regions it is important to take these effects into account for thick, compliant 

adhesive applications. The stresses in sealant joints vary significantly through the 

thickness of the adhesive layer, and a higher order displacement interpolation through the 

thickness must be used. Unfortunately, introducing a more complicated displacement field 

requires extra nodes through the thickness of the adhesive itself. It is presently unclear 

whether this can be accomplished without harming displacement compatibility at the 

ADH3D-plate element interfaces, and it is thus recommended that a traditional finite element 

approach be used for these applications. 

Although this formulation is capable of modelling stepped adherend geometries, tapered 

adherends must be approximated by an assembly of small steps. To more efficiently model 
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tapered geometries it may be possible to derive a tapered shear deformable plate element, 

and use the same ADH3D discretization procedure to derive a new displacement compatible 

three-dimensional elasticity element. Once again it is at present unclear whether this can be 

accomplished. 

Although plate elements with no initial curvatures were used to model the adherends, 

curved joint geometries such as tubular lap joints can be modelled by approximating the 

curved regions as an assembly of piecewise flat ADH3D-plate elements. Since the faces of 

the ADH3D elements are located perpendicularly above or below the plate elements on that 

side, an inherent geometric interpenetration of adjoining ADH3D elements at their interfaces 

will occur when curved joints are modelled in this fashion. This produces an overlap of 

adhesive stresses in these regions. As the mesh density in the curved region is increased, 

this interpenetration problem should reduce, and the piecewise flat approximation should 

more accurately model the curved geometry. To reduce the number of elements needed to 

obtain converged solutions for these geometries, it may be possible to develop a 

formulation which models the adherends as shell elements instead of flat plate elements, 

and an adhesive element which satisfies the interface continuity conditions. Once again it is 

unclear whether this can be accomplished. 

4.2 Examples 

A finite element program written in FORTRAN 77 with double precision was developed 

based on the above derivations. All results obtained from this program were run on a Sun 

SPARC workstation. 

4.2.1 Adhesive Stress Convergence Study 

In order to determine the efficiency of using the ADH3D-plate formulation for bonded 

joints, the single lap shear example depicted in Figure 2.3 was modelled using equally 

spaced elements across the length of the joint. To obtain two-dimensional results, only a 

single row of elements were used across the width of the joint, and boundary conditions 

and plate coupling terms were appropriately set. Although the primary application of the 

ADH3D-plate configuration is for the modelling of bonded joints in three-dimensions, this 

example is used because closed-form solutions are only available for the two-dimensional 

case. Similarly, the rate of convergence of adhesive stresses in this two-dimensional 
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example will give an indication as to the number of elements which are required to model 

bonded joints in three-dimensions. 

The convergence results of the maximum peel stress o, and shear stress T,, can be seen in 

Figure 4.6. Although both stresses converged to within 3% of the Delale and Erdogan 

analytical solution when twenty elements were used across the length of the joint, the shear 

component converged faster than the peel. To explain this result, it can be seen from 

Figure 2.4 that a higher order stress variation across the length of the joint is needed for the 

peel stresses because its distribution is more complex. As mentioned before, the peel 

stresses are primarily governed by the w-displacements in the adhesive, while the shear 

stresses are most affected by the u-displacements, and since both displacement 

components were interpolated with the same order polynomial (i.e. quadratic) one would 

expect that fewer elements would be required to correctly model the shear stress 

distribution. In fact, the convergence results for the shear stresses are very comparable to 

those obtained by the ADH2D element in Figure 2.5. This is also expected since the u - 

displacements in both displacement compatible cases were interpolated with the same order 

polynomial. Using a similar argument, the rate of convergence of the peel stresses is 

slower than that in chapter 2 because a lower order interpolation was used for the w- 

displacements of the ADH3D element (i.e. quadratic verus cubic). 

Once again, the choice of using equally spaced elements across the length of the joint was 

Chosen for simplicity. In practise much fewer elements would be required if an unequal 

mesh was used. Although relatively few elements were used in this and subsequent 

examples, increasing the number of elements, and thus decreasing the size of each element 

should not pose any numerical difficulties. As well, increasing the thickness of the 

adhesive so that its dimension exceeds other dimensions again should not cause any 

problems, except that the validity of the basic strength of materials assumption may not be 

valid for this example. 

4.2.2 Single Lap Shear Joint Example 

The aluminum/epoxy single lap shear geometry in chapter 2 was modelled in three- 

dimensions using the ADH3D-plate formulation as depicted in Figure 4.7. The material 

properties, geometric and loading configurations for the 25.4 mm wide specimen are given 

in chapter 2. Due to symmetry, only one half of the geometry was modelled using 32 
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Figure 4.6b) Shear (txz) stress convergence. 

Figure 4.6- Convergence of maximum peel (6zz) and shear (txz) stresses in the 
two-dimensional ADH3D single lap shear joint example. 
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Figure 4.7- Geometry and finite element discretization of the three-dimensional single 
lap shear joint example using the ADH3D-plate configuration. 
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ADH3D elements. Since the critical region of the joint is at the end of the overlap, applying 

the axial load P and moment M at these points as performed in chapter 2, may affect the 

local transverse deformations and anti-clastic bending of the adherends at these locations. 

Note that both of these local deformations are caused by Poisson's ratio effects which do 

not occur in the two-dimensional examples. With this in mind, three extra rows of plate 

elements were added to the loaded adherends, and boundary conditions were applied at 

these points. Tsai and Morton (1994b) justified this movement, and showed that the 

magnitude of the loads in the loaded adherends do not significantly change from one point 

to the other. For simplicity these loads were applied uniformly across the width of the 

specimen as shown, even though experiments using Moiré interferometry in Tsai and 

Morton (1994b) suggest that the conditions are not uniform. Hinged boundary conditions 

were applied at the ends of the adherend in a similar fashion as in Figure 2.3. At this point 

it should be emphasized that although these solutions are geometrically linear, corrections 

to the applied moment M were made to approximate the geometric non-linear nature of the 

complete specimen as discussed in chapter 2. No vertical loads were applied at these 

locations to be consistent with the examples in chapter 2, Carpenter and Barsoum (1989) 

and Delale and Erdogan (1981). Stresses in each adhesive element were calculated at 64 

points. Note that it is valid to determine stresses in this manner because the ADH3D 

element was integrated exactly. Calculating stresses at the Gauss points, and interpolating 

between the values using the standard method [i.e. Cook et. al. (1989)] produced inferior 

results and was thus not used. 

The six components of adhesive stresses for this configuration are given in Figure 4.8. 

Note that each grid line intersection represents an actual calculated result. Clearly three- 

dimensional effects are observed for all stress components, and results compare favorably 

with those obtained in Tsai and Morton (1994b), and Adams et. al. (1994). 

The peel stress component o,,, is depicted in Figure 4.8a). Across the length of the joint 

the stress distribution is similar to that obtained from a two-dimensional analysis (see 

Figure 2.4). In fact, at the plane of symmetry of the joint given by y =0, the peak stresses 

which occur at the ends of the overlap, are within 2% of the previous converged ADH2D 

results. These peak stresses and the corresponding stress distribution near the ends of the 

overlap gradually increase from this interior plane out to some maximum point close to the 

free edge. This maximum value is approximately 5% higher than at the interior plane 
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Figure 4.8- Three-dimensional adhesive stress distributions within the bonded 
region of the single lap shear joint example. 
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y=0. From this point to the free edge these stresses decreased significantly such that the 

peak stress at the edge of the overlap was less than 50% of the maximum value. These 

results correspond well with experimental observations in Adams et. al. (1994) where it 

was found that a crack formed in the more highly stressed central region of the single lap 

shear joint. 

Although it may be tempting to attribute this effect to the plane stress condition of the 

adhesive at the free edge, it should be noted that the ADH3D formulation is not able to 

model such behavior because of its linear interpolation of displacements through the 

thickness. A more reasonable explanation is that this is due to anti-clastic bending of the 

adherends at the end of the overlap caused by Poisson's ratio effects. In this region, since 

adherend bending occurs in one plane, the curvature coupling term D,, in the plate 

constitutive relation (4-9) causes bending in the opposite plane in a saddle-type fashion. 

This would therefore tend to reduce the differential out-of-plane displacement of the 

adherends at the free edge, which in turn would reduce the peel stresses in that region. To 

satisfy equilibrium, an additional tensile peel stress is induced in the adhesive slightly in- 

board from the free edge, which accounts for the maximum peak stresses in that region. 

Although much of this behavior was observed in Tsai and Morton (1994b) the peak 

Stresses at the end of the overlap did not go through a maximum near the free edge as 

calculated in both this study and that of Adams et. al. (1994). It is suggested that this 

discrepancy can be attributed to either an interpolation of sparse data, or a course 'gridding' 

procedure for the results in that region. Note that these overshoots in the peel stresses are 

predicted by classical beam on elastic foundation theory and have been experimentally 

measured by Dillard et. al. (1989). 

In contrast to the peel stresses, the shear stress distribution 7,, seen in Figure 4.8b) is 

relatively insensitive to three-dimensional effects. In the plane of symmetry of the joint the 

maximum shear stress at the ends of the overlap are again within 2% of the ADH2D 

solutions in Figure 2.4. Although this stress distribution is two-dimensional across most 

of the width of the specimen, a small variation is observed in the row of elements at the free 

edge. In this region the stress decreases then increases to a slightly higher value at the free 

edge. Although no firm conclusion can be made, it is highly probable that the cause of this 

is related to the anti-clastic bending effect mentioned previously. 
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A significant shear stress component T,, was generated at the corners of the joint, as 

depicted in Figure 4.8c). The steep increase in these regions occurs because the loaded 

adherend subjected to a large tensile longitudinal force, tends to contract in the width 

direction due to the Poisson's ratio effect. A differential contraction in this direction is 

therefore set up between the loaded and unloaded adherends to cause these peaks at the 

comers. This behavior has been previously observed in Adams and Peppiatt (1973), Tsai 

and Morton (1994b) and Adams et. al. (1994). Experimental evidence in Adams et. al. 

(1994) suggests that this stress component may be responsible for the initiation of damage 

in these regions of the single lap shear joint. 

A very small in-plane shear component 7,, is generated near the corners of the joint as seen 

in Figure 4.8d). Although these values are insignificant compared with the other stress 

components, it is expected that these sharp increases may be caused once again by the 

differential contraction of the loaded and unloaded adherends. It should be noted that the 

results of this stress component shown in Figure 4.8d) are in fact average results through 

the thickness of the adhesive layer. Upon further post-processing 7,, varies linearly from 

a maximum value at the loaded adherend interface to close to zero at the unloaded interface. 

The axial stresses o,, and o,, depicted in Figures 4.8e) and 4.8f) have the same three- 

dimensional distribution as the peel stress component o,,. The adherends restrain the 

Poisson contractions of the adhesive in the x- and y-directions and sets up a stress 

distribution in these directions which mirrors that of the peel stresses. The longitudinal 

Stress component o,,, is shifted slightly upwards because it carries a portion of the joint 

axial loads. 

4.2.3 Crack-Patch Repair Example 

Crack-patching is a hybrid repair technique for fatigue, corrosion and other damage to 

metallic aerospace structures. It consists of adhesively bonding a fiber composite, metallic, 

or GLARE patch over top of the damaged metallic component, and is establishing itself in 

the aerospace market as a cost-effective and more durable repair technique than current 

mechanically fastened doubler repairs. A good overview of crack-patching technology can 

be found in Baker and Jones (1988). 
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In most cases, the methods used to analyze crack-patch repair scenarios are primarily 

concerned with the reduction in stress at the location of the damage. This is often given as 

the ‘efficiency’ of a repair since the progression of damage is a direct function of the 

stresses in the cracked structure. Since loads are transferred around the location of the 

damage to the stiffer part of the structure, special analytical and numerical methods have 

been developed to take this non-uniformity into account. Due to the complexity of this 

problem the adhesive has been at best, assumed to deform only in shear uniformly through 

the thickness. For example, Ratwani (1978) modelled a typical crack-patch structure using 

both finite elements and an integral equation method, where the adhesive was assumed to 

deform as a distribution of elastic shear springs in the plane of the joint. Adhesive 

disbonds were introduced in the models to specifically assess their effect on the stress 

intensity factor at the crack in the parent adherend. It was found that the efficiency of a 

repair was highly dependent on the stresses in the adhesive at the crack front. 

Rose (1991) used a two stage approach to determine the stress intensity factor in the 

cracked adherend. The redistribution of stress in the parent structure was first calculated by 

assuming that the reinforcement patch was rigidly bonded to an uncracked plate. The 

adhesive was then permitted to have shear flexibility in the direction of the applied load. A 

crack was introduced to the model and explicit analytical expressions for the important 

patching parameters were calculated. Integral equations for cyclic debonding of the 

adhesive were also obtained, but were not compared with experiments. A similar analysis 

was performed by Baker (1991), but again adhesive debonding results were not 

experimentally correlated. 

A boundary element method was used by Poole et. al. (1991) to model the behavior of a 

crack patching specimen. The cracked adherend and patch were represented by thin 

linearly elastic two-dimensional sheets which are infinitely stiff in bending. The adhesive 

layer was again assumed to deform in shear only, and was included in the formulation by 

using a displacement compatibility condition. 

Recently, questions have been raised regarding the durability of the adhesive bondline since 

debonding in the region of the damage have been observed and attributed to reduced 

performance of a repair (e.g. Taylor (1992), Baker (1991), and Poole et. al. (1991)) . 

Although the methods described previously are relatively simple to use, the assumed modes 
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of deformation of the adhesive cannot accurately model the debonding process, as 

discussed in chapter 1. Since every crack patch repair scenario has significant three- 

dimensional effects in both the adherends and adhesive, the ADH3D-plate approach should 

be able to model this behavior and provide insights into the performance of such 

applications. 

The configuration which will be modelled is given in Figure 4.9, This example represents 

one half of a typical repaired structure, and was an actual specimen used in previous fatigue 

experiments (Taylor (1992)). The cracked adherend is a 2024-T3 aluminum alloy plate 

with a thickness of 2.3 mm. The crack extends a distance of 25.4 mm into the plate as 

shown. A stepped patch is bonded over the crack using a high temperature cure, modified 

epoxy film with an adhesive thickness of 0.23 mm. The patch consists of 7-plies of 

unidirectional carbon/epoxy prepreg tape with the fibers oriented in the x-direction, and 

stepped at 9.5 mm intervals (note the layer closest to the adherends is two plies thick). 

Table 4.1 gives the material properties of the prepreg tape. Those of the aluminum plate 

and epoxy adhesive are given in Table 4.2. 

Table 4.1- Carbon/epoxy prepreg tape lamina properties (ply thickness=0.18 mm). 
  

Material E,, (GPa) Ey) (GPa) Vio G,, (GPa) at,, (1/MK) Oy) (1/MK) 
  

  C/ep tape   131   8.97     0.3   6.90 0.4     18 
  

Table 4.2- Material properties of the aluminum plate and epoxy adhesive. 
  

  

  

        

Material E (GPa) Vv a (1/MK) 

Aluminum 71.7 0.3 23 

Epoxy Adhesive 2.34 0.3027 45 
    

Rotations and out-of-plane displacements at the point of loading are restrained since this 

would represent the location of the grips in the testing machine. Symmetry conditions 

along the plane y=0 are enforced such that the specimen can represent one half of a 

typical repair. 
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Figure 4.9- Adhesively bonded crack-patch repair example. 
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4.2.3.1. Two-Dimensional Results 

The configuration in Figure 4.9 was modelled along the plane y = 0 with one row of 

sandwiched ADH3D-plate elements in the width direction. Due to symmetry, the geometry 

was modelled from the edge of the patch at x = 0, to the crack location at x = 76.2 mm. 

For simplicity, three elements were used across the length of each step, and boundary 

conditions and terms which couple the deformation in the x- and y-directions were 

appropriately set such that two-dimensional solutions for adhesive stresses could be 

calculated. The results presented here using this rough two-dimensional model are only 

preliminary, and are used to only give an indication of the behavior which might be 

expected in a full three-dimensional model. 

The peel and shear stress results in the region at the edge of the patch are given in Figure 

4.10 for three different loading and boundary conditions. Out-of-plane deformations were 

permitted in the ‘unrestrained’ configuration, and an axial load as given in Figure 4.9 was 

applied . The ‘unrestrained with temperature’ configuration applied an additional thermal 

load AT = -100°C. This would typically represent the loads which would result if the 

configuration was cooled to room temperature from an elevated temperature cure condition. 

The third case is identical to the first, except that the cracked adherend was restrained from 

displacing in the out-of-plane direction. This would represent the case of an infinitely stiff 

substructure located underneath the damaged plate. 

It should be noted that like the single lap shear specimen discussed previously, an inherent 

load path eccentricity exists across the length of this two-dimensional crack-patching 

geometry. As the applied axial load is increased, rotations of the geometry due to this 

eccentricity will produce geometric non-linear behavior of the specimen. Since the current 

ADH3D-plate formulation is not capable of modelling geometric non-linearity the 

unrestrained solutions presented here are only valid for the case of very small loads where 

these rotations are minimal. The results obtained for the restrained configuration however 

should be valid because specimen rotations are minimized by restraining the out-of-plane 

displacements of the cracked adherend. Although geometric non-linearity of the single lap 

shear specimen was approximated by the application of adherend moments as discussed in 

Chapter 2, there currently exists no such corrections for stepped geometries such as this 

crack-patching configuration. 
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Figure 4.10a) Peel (6zz) stress distribution. 
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Figure 4.10b) Shear (txz) stress distribution. 

Figure 4.10- Peel (6zz) and shear (txz) stress distribution at the end of the patch in 
the two-dimensional crack-patching example. 
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Although a very coarse mesh was used, Figure 4.10 suggests that the peel and shear 

stresses increase at the end of the patch in the unrestrained example. This configuration 

was also able to roughly model the stress behavior in the vicinity of one of the steps. It 

should be noted that the cusps one would expect at a step location when the shear stress 

was Calculated using a shear lag solution (e.g. Hart-Smith (1980), Taylor (1992)) does not 

completely occur here because adherend bending tends to reverse the sign of shear stress in 

that region. Restraining the cracked adherend in the z-direction causes both the peel and 

shear stresses to increase at the edge of the patch. More importantly, the temperature 

example causes both stresses to completely switch directions. This is expected since there 

is a large difference in the thermal expansion coefficients between the aluminum adherend 

and the unidirectional carbon/epoxy patch. 

The stress distributions near the crack are given in Figure 4.11. The peel stresses for both 

the unrestrained and the unrestrained with temperature configurations were very high at the 

crack location. As observed in the results at the end of the patch, the peak stress for the 

thermal loading scenario is slightly lower than the baseline unrestrained case without 

temperature effects. The displacement restrained case actually resulted in peel stresses 

which were slightly compressive. The peak shear stress occurred for the unrestrained with 

temperature case. Note that the magnitude of both the peel and shear stresses are much 

greater in this region than the results at the edge of the patch in Figure 4.10. As a result the 

effect of thermal loading on the bondline stress is much less important in this region than at 

the ends of the patch. From these observations it is therefore anticipated that bondline 

failure is most likely to occur close to the location of the crack, and not at the edge of the 

patch for the unrestrained configurations. 

It is clear from these two-dimensional results near the crack, that the stresses within the 

adhesive behave very differently when the cracked adherend is rigidly restrained from 

displacing in the z-direction. Although most crack patch repair applications in the 

aerospace industry usually have substructures underneath the reinforced region (..e. 

stringers, frames, etc.) they do not completely restrain the cracked adherend from 

displacing in the out-of-plane direction, and therefore the actual stresses in such structures 

may be somewhere in between the unrestrained and restrained case. Similarly, since 

debonding is most likely to occur in the presence of tensile peel stresses the use of the 

restrained boundary conditions should be used with much caution. 
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Figure 4.11a) Peel (6zz) stress distribution. 
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Figure 4.11b) Shear (txz) stress distribution. 

Figure 4.11- Peel (6zz) and shear (txz) stress distribution at the crack location in 
the two-dimensional crack-patching example. 
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4.2.3.2 Three-Dimensional Results 

The same crack-patching example in Figure 4.9 was modelled in three-dimensions using 80 

sandwiched ADH3D-plate elements for the bonded patch region and 63 plate elements for 

the area surrounding the patch, as in Figure 4.12. Once again, only one-half of the 

specimen was modelled due to symmetry. Displacements were permitted to occur in the 

out-of-plane direction and the thermal loading AT = —100°C as well as the external loads 

in Figure 4.12 were applied. Since it was also determined from the two-dimensional 

solutions that the critical areas of the bondline are near the location of the crack, a finer grid 

of elements in both the x- and y-directions were used to obtain more accurate results in 

this region. A single element was used to model each internal step in the x-direction since 

this area was not critical. As discussed in the previous section, the solutions obtained here 

are only valid for the case of small applied loads since geometric non-linearity cannot be 

modelled in the present formulation. 

The six adhesive stress distributions over the bonded patch are given in Figure 4.13. Once 

again, each gridline intersection represents a single calculated stress result. The grid lines 

were plotted for every second point due to the large amount of data produced. 

The peel stress component o,, is given in Figure 4.13a). As demonstrated in the two- 

dimensional results, the highest stress occurs in the region of the crack. The stress is 

maximum on the edge of the specimen at the location of the crack front, and decreases to 

zero as the crack tip is approached. Although stresses are produced at both edges of the 

patch x =O and y=76.2 mm these values are relatively insignificant when compared 

with the results at the crack. As observed in the peel stress results, the t,, shear stress 

distribution given in Figure 4.13b) is maximum at the location of the crack at the edge of 

the specimen y = 0, and decreases as the crack tip is approached. An interesting peak in 

the transverse shear stress 7,, in Figure 4.13c) is observed at the crack tip location, which 

is possibly due to the differential contraction between the loaded patch and the unloaded 

cracked plate in that region. Although the in-plane shear stress 7,, given in Figure 4.13d) 

is much smaller than the other components, a finer mesh in this region may increase these 

values significantly because of the existence of the singularity at the crack tip. The axial 

stress distributions o,, and o,, given in Figure 4.13e) and 4.13f) are primarily caused by 
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Figure 4.12- Finite element discretization of the crack patch repair example using the 
ADH3D-plate configuration. 
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Figure 4.13- Three-dimensional adhesive stress distributions within the bonded 
region of the crack-patch repair example. 
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the adherends restraining the Poisson contraction of the adhesive in the x- and y- 

directions. 

Since both the peel and shear stresses are maximum at the same point, it is expected that 

debonding would initiate at this location. Several experimental studies have indeed 

observed that cracks in the adhesive layer do initiate at this point (e.g. Taylor (1992), Baker 

(1991)). 

The maximum attained values for both the shear ( 7,,) and peel (0, ) stresses are 

approximately 50% of the peak results from the two-dimensional analysis. This is 

expected since the axial loads can be redistributed around the crack location to the stiffer 

part of the structure. Although it may be conservative to use two-dimensional results in 

design, an accurate assessment of the adhesive stresses in a crack-patch repair requires a 

three-dimensional analysis such as presented in this study. Once again, the stresses within 

the bondline in three-dimensions have been obtained, and a suitable failure criteria can be 

used to predict debonding of the adhesive layer. 

4.2.4 Discussion of Results 

As discussed previously, the solutions for the single lap shear joint corresponded very 

well with the traditional three-dimensional finite element modelling in Tsai and Morton 

(1994b), and Adams et. al. (1994). As discussed in chapter 1, these studies discretized the 

adhesive and adherends into several brick-type elements through the thickness at 

considerably high computational expense. For example, the two studies required over 

2500 and 6000 three-dimensional elements respectively to model this configuration while 

the present ADH3D method required only 32 ADH3D elements and 82 plate elements. 

Note also that no extra degrees of freedom were introduced when ADH3D elements are 

added. Three-dimensional modelling of typical structural adhesively bonded joints using 

this method can be performed on relatively inexpensive personal computers or low end 

workstations, and can be implemented in commercial finite element codes which accept 

user-supplied elements. 

Although no numerical difficulties were specifically observed in the previous examples, it 

is known that joining elements with rather different aspect ratios can cause problems in the 

solution procedures [e.g. Cook et. al. (1989)]. Errors can occur when elements of a 
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stiffness matrix have drastically different values from one another. It seems that the use of 

double precision in the numerical algorithms, and modelling adhesive and adherend 

geometries which are typical for structural applications produce a solvable system of 

equations. A study should be conducted to understand under what conditions this 

formulation numerically breaks down (e.g. ratio between adhesive and adherend 

stiffnesses, etc.). 

The above solutions are performed using geometrically linear solutions. The existence of 

load path eccentricities in bonded joints such as the single lap shear specimen and crack- 

patching structures causes rotations in the specimen during loading which affects the 

behavior of adhesive stresses. Methods such as the one performed in Goland and Reissner 

(1944) give corrections to this effect on standard joint geometries in two-dimensions. For 

general three-dimensional geometries analytical solutions are not available and thus 

geometric non-linearity must be built into the finite element formulation. This method lays 

the groundwork upon which geometric non-linear analyses can be developed for the 

analysis of adhesively bonded joints in three-dimensions. 
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5. CONCLUDING REMARKS 

| 

3.1 Conclusions for ADH2D-Plane Frame Formulation 

A simple method of modelling adhesively bonded joints in two-dimensions was developed 

such that the adherends were modelled by plane-frame finite elements, and the adhesive as 

a single plane elasticity type element through the thickness of the bondline. The plane- 

elasticity element, ADH2D, satisfies C° displacement continuity at boundaries between 

itself and two standard plane-frame elements. Satisfying the compatibility condition at the 

plane-frame interfaces was performed by choosing appropriate trial functions and imposing 

boundary conditions which manually enforce compatibility by the knowledge of the 

deformation state of the plane-frame elements. This element has its nodal degrees-of- 

freedom offset to those of the plane-frame elements themselves. Peel, shear, and axial 

adhesive stresses which are constant through the thickness of the bondline were obtained. 

The configuration is limited to the analysis of adhesive joints with a constant thickness 

adhesive bondline and material properties which are linearly elastic. Thermal and moisture 

expansion of both the adhesive and adherends are included in the formulation. 

A numerical example using the ADH2D and plane-frame elements to model an adhesively 

bonded single-lap-shear joint corresponded extremely well with accepted closed-form 

adhesive stress solutions and demonstrated its superior performance over an incompatible 

method. This method holds much potential for the modelling of general two-dimensional 

adhesive joints. 

5.2 Conclusions for Shear-Locking of Plate Finite Elements 

The governing equations of Reissner shear deformation theory were derived from linear 

elasticity equations and the assumption that the thickness of the plate remains constant 

during deformation. The equations were separated into two independent governing 

equations expressed in terms of the displacement potential @ and the rotational stream 

function y for a transversely isotropic plate. The fourth-order biharmonic equation in 

terms of @ determined the ground state of the deflections of a plate while the second order 

equation in y has a boundary layer type of solution. 
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A four-node thirty-six degree of freedom C’ continuous plate finite element was derived 

using the governing equation and interpolation in terms of @ only. As well, a similar finite 

element based on classical plate theory was derived and displacements were corrected for 

shear using the method of Donnell. 

An isotropic square plate with simply-supported boundary conditions was modelled using 

these finite elements for span-to-thickness ratios varying from thin to moderately thick. 

Convergence to the exact SDPT solutions were obtained for all span-to-thickness ratios 

with only one SDPT or classical element and no shear-locking was observed. Preliminary 

results for clamped plates as well show that the SDPT and classical element do not shear 

lock. A discussion on the actual cause of shear-locking and recommendations for future 

development and implementation of the concepts of this study were made. 

5.3. Conclusions for the ADH3D-Plate Formulation 

A three-dimensional continuum finite element was derived which satisfies C° displacement 

continuity between itself and two shear deformable plate elements. The satisfaction of the 

interface compatibility conditions was performed by choosing appropriate trial functions, 

and manually imposing continuity such that the degrees of freedom of the ADH3D element 

are offset to those of the plate elements themselves. The ADH3D-plate sandwich-type 

configuration was chosen such that adhesively bonded joints can be analyzed in three- 

dimensions by modelling the adherends as plate elements, and the adhesive as a single 

ADH3D element through the thickness. Three-dimensional adhesive stresses based on a 

strength of materials approach are calculated from this method. Adhesive and adherend 

thermal and moisture expansion, tapered adhesive layers, stepped adherends, and the 

ability to model adherends composed of laminated composite materials are all included in 

the formulation. The method is currently limited to both geometric and material linear 

behavior. 

A single lap shear joint was modelled in two dimensions using this method, and results 

agreed well with both the ADH2D and accepted analytical solutions. The same geometry 

was modelled in three-dimensions and the complete stress distributions throughout the 

bonded region were obtained. Significant three-dimensional effects were observed, and 

probable causes of this behavior were discussed. 

95



A typical crack-patching specimen was modelled in both two- and three-dimensions using 

the ADH3D-plate configuration. Once again adhesive stresses in the three-dimensional 

solution were found to be very different than those obtained using the two-dimensional 

approach. The boundary and loading conditions within this specimen were discussed. 

Modelling adhesively bonded joints in three-dimensions using the ADH3D-plate sandwich 

approach is both possible and efficient. 

5.4 Recommendations for Future Work on Modelling 
Adhesively Bonded Joints 

Further work must be carried out so that fracture mechanics concepts can be applied to the 

ADH2D and ADH3D methods for determining joint strength and fatigue response of 

adhesive joints. This can be accomplished by either using a crack-closure technique or 

extending the work of Weissberg and Arcan (1992) which showed similarities between 

strength of materials solutions to adhesive stresses and bondline energy release rates. For 

larger applied loads, material non-linearity in the form of adhesive and adherend plasticity 

should be included in both the formulations if a maximum stress or strain failure criteria is 

used to predict joint strength. 

Geometric non-linearity should be included in both the ADH2D and ADH3D formulations 

such that the large rotations which exist in most practical joints can be properly taken into 

account. This will improve the accuracy of the results for adhesive stresses as long as the 

materials are linearly elastic. Post-buckling analysis routines for bonded structures can also 

be included. The use of adherend elements which are able to model initial curvatures 

should improve convergence of results for both curved adherend geometries and geometric 

non-linear solutions. To model general adhesively bonded joints in two-dimensions, the 

ADH2D formulation must be extended to include stepped adherend geometries and tapered 

adhesive thicknesses. The validity of using p-version isoparametric solid elements for the 

adhesive and plate or shell elements for the adherends for modelling adhesively bonded 

joints in three-dimensions should be assessed since they are readily available in commercial 

finite element codes. 
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The opportunity exists for incorporating time dependent effects such as viscoelasticity, and 

dynamic responses into the solution. Moisture intrusion and the subsequent degradation of 

the bondline properties can be included using a time marching method. 

The ADH3D-plate element configuration can be used to model several applications which 

have been found to exhibit important three-dimensional effects such as bonded stiffeners, 

and the thumbnail crack front in double cantilever beam specimens. For example, a typical 

model of a t-stiffener bonded to a skin structure can be seen in Figure 5.1. 
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FigureS.1 - Application of the ADH3D-plate configuration for modelling an 
adhesively bonded skin-stringer substructure. 
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