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ON FITTING THE TRUNCATED LOGNORMAL
DISTRIBUTION TO SPECIES-ABUNDANCE
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Abstract. The truncated lognormal distribution can be used to graduate certain species-abundance
data, provided that estimates of the location and scale parameters are obtained. A computer program
has been written which groups the data on a logz scale and numerically solves the maximum likelihood
equations for this type of distribution. Results show that the estimates obtained by this method
compare well with those of Hald and Cohen. Examples are presented using the diatom data of Hohn
and Hellerman, and it is shown that a better fit is obtained by using the entire data set instead of
selectively disregarding the most abundant tail intervals. Other published techniques for this type of

analysis are also discussed.
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INTRODUCTION

Since Preston (1948) first used the lognormal distri-
bution to graduate species-abundance data, the prac-
tice of fitting this distribution to various types of
ecological data has become important as one means of
describing community structure. Provided that the
sampling interval is complete, that is, includes the
complete lognormal ‘‘universe,”’ no difficulty arises in
the estimation of the location and scale parameters.
Unfortunately, it is rare in ecological work for an en-
tire universe to be collected, and, thus, the distribution
is nearly always truncated at the left side (Preston
1962), making estimation of the parameters more dif-
ficult.

For such truncated lognormal distributions, Hald
(1949) published tables from which maximum likeli-
hood estimates could be obtained. Cohen (1959, 1961)
published simplified tables, and Patrick et al. (1954)
gave an account of a graphical method which could te
used for the same purpose. Gauch and Chase (1974)
have proposed a variation of the parameters algorithm
which can be used to get least squares estimates of the
required parameters and which alleviates the need for
cumbersome tables and graphs. Bulmer (1974) has
written a program in ALGOL to calculate maximum
likelihood estimates for compound Poisson lognormal
distributions. In our investigations, we felt it desirable
to obtain rapid and accurate solutions to the maximum
likelihood equations for the lognormal distribution,
and for this purpose, we have written a FORTRAN IV

! Manuscript received 15 September 1976; accepted 15
November 1976.

program. Copies of this program along with the appro-
priate documentation are available upon request. The
results presented in this paper were obtained using an
IBM 370-158 computer employing double precision
arithmetic.

THE LOGNORMAL DISTRIBUTION

Species-abundance data are commonly presented in
the form of a histogram with the number of species,
f(x), containing x members as ordinate (x = 1,2,3. . .)
and the number of individuals (usually grouped in
some way) as abscissa. Presented in this manner, the
f(x) are thus frequencies of frequencies. Customarily,
this frequency distribution represents species
abundances from a relatively narrow taxonomic range
which the investigator feels constitutes an important
ecological entity. Attempts to obtain a representative
sample from every taxon in the community would be
impractical, and so it is often the case that the sample
range is restricted by taxonomic rank (Pielou 1969).

In an attempt to find a mathematical expression to
summarize data of this type, Fisher et al. (1943) pro-
posed the logarithmic series as an interpretation of the
observed frequency distribution. Subsequently, vari-
ous distributions have been proposed to describe
species-abundance data, but Preston (1948) was the
first to test the idea that the species-abundance distri-
bution might well be described by theoretical lognor-
mal frequencies. He found that for a sufficiently large
aggregation of individuals of many species, the distri-
bution often conformed to a normal law after the indi-
viduals were grouped on a logarithmic scale. That is
(after Pielou 1969) it is assumed that the probability
density function for the distribution is
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P(log,\) = (oy 27 ) lexp[—log,(A/m)?*/202]. (1)
Letting x = log,A and a = log,m, Eq. 1 becomes

P(x) = (o 27 ) lexp[—(x — a)¥20?], —*x < x < o,
)]

where o is the logarithmic standard deviation, « is the
position of the mode, and x is the position of an ob-
served number of species. Preston’s original method
of grouping was to group the individuals into ‘‘oc-
taves,’’ i.e., intervals on a base 2 logarithmic scale,
with boundaries r = 1,2,4,8 . . . , so that the midpoints
of the octaves were atr = 1.5,3,6,12. . . The matter of
labeling the octaves is arbitrary; however, it is conve-
nient to label the endpoints x = 1 through R where R
is the number of octaves required to account for the
sample distribution. Those species that fall on a group
boundary are split equally between that octave and the
next higher or lower octave. Plotting the observed dis-
tribution then becomes a matter of noting into which
octave the observed f(x) fall, splitting these f(x) as
needed.

As discussed above, Eq. 2 is nearly always trun-
cated on the left, reflecting the fact that there are a
number of rarer species that have escaped collection.
Consequently, the total number of species in the uni-
verse, N, is unknown and must be estimated. The
point of truncation of the lognormal curve is called the
‘“‘veil line’’(Preston 1948) and is assumed to occur at a
count of one individual. That is, the part of the normal
curve lying to the left of one individual cannot be ob-
served without further sampling. In handling the data,
distances along the x axis are measured using the veil
line as the y axis. Thus, for example, the first x value
of 0.5 corresponds to the midpoint of the octave con-
taining those species represented by one or two indi-
viduals. The corresponding f(x) value is the sum of
one half the singleton species plus one half the species
with two individuals. The parameter « is the distance
from the veil line to the mode.

The effects of truncation on Eq. 2 are to replace the
constant, (oV2m)~! by a new constant, A, and to restrict
the domain of the function to the positive x axis, so
that the probability density function becomes

P(x) = A exp[—(x — @)?20?], x > 0, A3)

where a and o are given above and x is the distance
from the origin (point of truncation). The constant A is
a function of « and o2.

MAXIMUM LIKELIHOOD ESTIMATES

In the following, the x values are the distances of
the appropriate octaves from the origin, with the first
x value being 0.5. The f(x) values are the species
frequencies for the appropriate octaves, with the end
point frequency count split as previously described.
The value n is the total number of species observed
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less one half of the number of singletons (i.e., species
represented by one individual), so that n = X f(x).
The probability density function of the truncated nor-
mal distribution is given by Eq. 3. Since the total area
under a probability density function is always unity,
we can write

Af expl—(x — @)?20%)dx = 1,
and thus
A7t = [Texpl—(x — a)20%dx = o [ exp(—y*2)dy.

The logarithm of the likelihood function is then
given by

L = nlog.A — (V20®) X fix)(x — a)?.

For ease of computation, let b = a/o. Then maximiz-
ing L with respect to b and o will also maximize L with
respect to « and o. Since o is the standard deviation of
the untruncated normal distribution, it must be non-
negative, and, therefore, a non-negativity constraint
was imposed on its estimate. Thus, the actual function
maximized was

L =nlog.A — (V20?) 2 fx)(x — bo)? (C))
where
Al = af_: exp(—y?%/2)dy )

subject to the constraint o = 0.
Finding the first partial derivatives of L with respect

to b and o and setting these derivatives equal to zero
gives as the likelihood equations

2 fixx — bno — no*A exp(—b%2) = 0 6)
and

3 foex? — ne?* — ba 2 fx)x = 0. @

These equations were solved on the computer, using a
modified Newton-Raphson procedure (Stark 1970,
Section 4.5) with the above constraint imposed on o.
The solutions are the same as those obtained using
Hald’s and Cohen’s tables.

The program output includes several items in addi-
tion to the estimates of @ and o. The raw data and the
data grouped into octaves are both listed. Estimates
are given for the height of the mode and the number of
species in the population. The expected frequency in
each octave (using the estimates as the population pa-
rameters) is listed, and a chi-square statistic for good-
ness of fit is calculated. Finally, the estimated asymp-
totic variance-covariance matrix for the estimates of «
and o is printed.

DiscussioN

As examples we have analyzed the diatom collec-
tions published by Hohn and Hellerman (1963) which
were graduated by theoretical lognormal frequencies.
It should be noted that Hohn and Hellerman used only
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Summary of estimates and goodness-of-fit statistics obtained using the full data set (I) and only the first ten

Estimates
a o N X2 (df)

Data sets Substrate I 11 I 11 I 11 I I
La Vase River Glass slide 0.62 1.6 4.32 3.45 221.0 176.5 4.53 (10) 6.18 (8)
October 1957 Styrofoam® -0.63 1.8 4.93 3.14 380.9 226.4 15.64 (11) 49.55 (8)
Potomac River Glass slide 1.93 2.2 3.51 3.26 144.5 135.2 2.66 (9) 5.76 (8)
August 1957 Styrofoam® 1.64 2.1 3.70 3.20 148.4 132.1 2.36 (10) 2.59 (8)
Ridley Creek Glass slide 1.46 2.0 3.52 3.06 257.4 226.1 3.43 (10) 4.58 (8)
May 1957 Styrofoam® 1.97 2.1 3.27 3.09 225.2 215.7 7.60 (9) 8.59 (8)
Ridley Creek Glass slide —5.88 1.4 6.70 3.20 560.5 149.3 25.36 (14) 63.14 (8)
March 1958 Styrofoam® -0.87 1.6 5.00 3.26 416.7 248.7 11.48 (13) 28.05 (8)

the first 10 octaves of the sample distribution in order
that the mode be more rapidly exposed, even though,
in all eight data sets, the sample distribution extended
beyond the tenth octave. As a consequence, their es-
timates of a and o differ from ours, as was expected.
Hohn and Hellerman suggested that the most abun-
dant tail intervals may be disregarded in analyzing
species-abundance data. Although this technique al-
leviates the need for further sampling (and hence
further analysis), the fit so obtained (as determined by
a chi-square statistic) is not as good as that obtained
using the full data set. In three of the data sets consid-
ered, the modal octaves were somewhat arbitrarily
exposed, although analysis of all of the observed oc-
taves showed that, in each case, the mode was still
behind the veil line. Table 1 shows the relationship
between the two methods of analysis.

It may also be seen from the table that the estimates
of N (total number of species in the population) ob-
tained using the two methods are quite different. This
discrepancy is not surprising, given the two types of
analysis. More importantly, Pielou (1975) points out
that currently available estimates of NV are not satisfac-
tory; this observation is certainly supported by the
results presented here and in Bulmer (1974). This lack
of confidence in estimates of N is unfortunate because
reliable knowledge of total species size in a population
is more interesting as a descriptive statistic than either
the location or scale parameter estimates of the distri-
bution. In addition, many applications of the
Shannon-Weaver diversity index (H) require knowl-
edge of N (Basharin 1959, Pielou 1969, and Hutcheson
1970), and recently Longuet-Higgins (1971) and
Bulmer (1974) have derived estimates of H based on
the estimates of N and 2. It is clear that a cautious
attitude is warranted in these instances, especially
when estimation of H is of interest.

At least two other computer routines are available
for fitting lognormal curves to species-abundance
data. Gauch and Chase (1974) use a curve fitting ap-
proach and obtain least squares estimates of the log-
normal parameters. This technique assumes a model

composed of a lognormal-type term plus random error
and is thus a regression method. The estimates ob-
tained are not generally the same as maximum likeli-
hood estimates.

Use of the lognormal distribution involves the as-
sumption that each species is represented in the collec-
tion by its expected number of individuals. Assuming
instead that the number of individuals representing a
species is a Poisson random variable leads to the use of
the compound Poisson lognormal distribution. Bulmer
(1974) has written an ALGOL program to find the
maximum likelihood estimates of the parameters of
this latter distribution, thus alleviating the computa-
tional difficulties of finding these estimates. According
to Bliss (1966) and Pielou (1969, 1975), however, the
lognormal distribution is adequate for describing
species-abundance (discrete) data; in addition, the
ALGOL program may be limited in its use in the
United States.

The computer program described in this paper pro-
vides a rapid and convenient method of fitting the log-
normal distribution to various types of species-
abundance data. Moreover, the program is designed to
sort through large amounts of data and group it on a
logz scale prior to the initiation of analysis. Although
other methods of grouping the data are entirely feasi-
ble, we chose Preston’s octave method since we felt it
provided a much clearer way of graphically observing
species abundance (it results in a doubling of the
number of individuals in each of the octaves). Group-
ing on a natural logarithmic scale or any other arbi-
trarily chosen base, though mathematically acceptable,
is less easily visualized in most cases. Furthermore,
acceptable ecological hypotheses to account for
the distribution of species abundance still remain to
be advanced. The fitting of a lognormal distribution
is, thus, entirely of heuristic benefit and should be
made easily interpretable.

The development of the computer program was in
response to the growing need for rapid data analysis
techniques that could be interfaced with biological
monitoring systems. Automated ‘‘early warning’’ de-
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vices (for example, see Almeida et al. 1972; Cairns et
al. 1972, 1974) are currently being developed for
monitoring pollution-related community stress in
aquatic ecosystems and require rapid processing of
biological (e.g., species-abundance) information.
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