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Cauchy problem for the linearized version of the Generalized Polynomial 
KdV equation 

Russi G. Yordanov 
Department of Mathematics and Center for Transport Theory and Mathematical Physics, 
Virginia Polytechnic Institute, Blacksburg, Virginia 24061 

(Received 1 April 1991; accepted for publication 13 January 1992) 

In the present paper results about the “Generalized Polynomial Korteweg-de Vries equation” 
(GPKdV) are obtained, extending the ones by Sachs [SIAM J. Math. Anal. 14, 674 
( 1983)] for the Korteweg-de Vries (KdV) equation. Namely, the evolution of the so-called 
“prolonged squared” eigenfunctions of the associated spectral problem according to 
the linearized GPKdV is proven, the Lax pairs associated with the “prolonged” eigenfunctions 
as well as “prolonged squared” eigenfunctions are derived, and on the basis of some 
expansion formulas the Cauchy problem for the linearized GPKdV with a decreasing at infinity 

- initial condition is solved. 

I. INTRODUCTION 

Gardner, Green, Kruskal, and Miura observed in 
their classic paper’ that the squares of the eigenfunctions 
satisfy the formal adjoint of the linearized KdV equation, 
and the derivatives of these squares satisfy the linearized 
KdV equation itself. In Ref. 2, Sachs used this result and 
solved the Cauchy problem for the linearized KdV by 
applying an expansion formula for the squares of the 
eigenfunctions of the Schrodinger equation. 

The present paper is a generalization of these results 
for a wider class of equations (GPKdV reduces to KdV 
when n = 1, N = 1). It makes use of the expansion for- 
mulas obtained in Ref. 3. 

Analogous questions have been considered in Ref. 4 
for the Ablowitz-Kaup-Newell-Segur (AKNS) hierar- 
chy. The problem of deriving orthogonality relations and 
expansion formulas for the Schrodinger equation2.5*6 and 
other similar equations3*’ has been treated by many au- 
thors. 

Let us consider the spectral problem 

[ 

N-l 

I$= - ljY(xJ) + c A’u,(x) $(xJ) =~Nlbka, 
r=O 1 (1) /kc, u@, ’ = a/ax, 

where (I) is the Schwartz space of functions v:lR+C and N 
is a natural number. As usual, the functions u,, 1c, are 
assumed to depend also on a “time variable” t in connec- 
tion with the evolution equations associated with ( 1). 

Equation ( 1) is a generalization of the Schrodinger 
equation (N = 1) and we will call it a polynomial Schro- 
dinger equation. It is known to be the spectral problem 
associated with a certain class of nonlinear evolution 
equations (here referred to as GPKdV) solvable8 by the 
inverse scattering method. Strictly speaking, the associ- 

ated linear problem is not ( 1) but, according to the Lax 
pair for GPKdV (Theorem 1 ), the equivalent matrix 
equation 

Lf =/if 
with L independent of il, namely, 

0 1 0 . . . 0 

0 0 1 --. ; 
L= i . : -.* -.* 0 

0 0 . . . 0 1 

-a,+ UO u1 u2 . . . UN-.] 

(2) 

3 
w 

1 H 

,f= : * 
/IN- ‘tc, 

Here f = $(x,/z)a(A), a(A) = (1,;1,..., /lN- l)T, T 
= transposition, is called a prolonged solution, 1c, being a 

solution of ( 1) . Also, if 4, tC, are solutions of ( 1)) then the 
product +$ is a solution of 

I - ~a,, + NIi l n’j(u,) c&!J> = Pa&b), r=O 1 
j(Urk&+tv,,,, (*),=a,(-), 

or, equivalently, MF = AJF where 

1 -j(q) . . . -j(u,- 1) a,\ 

J= : . 
I 

--j(u2) .-- 
. .- 
a, 0 
- Lx + j( uo) 

0 
M= : 

il 
0 

a, 0 
. . 9 

.- 
. . . 

0 0 . . . 0 

-Au21 -j(u3) . . . a, 

: . .-- 0 

-j(uN--l) ax .-- i 

ax 0 .** 0 

(3) 

t 
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2014 Russi G. Yordanov: Generalized Polynomial KdV equation 

and F(x,;l) = ~$(x,/z)$(x,n)o(,%) is the so-called pro- 
longed squared solution. For convenience we define a 
product “fog” of f = $10 and g = 40 as fog = qhju, so 
that F = fog. 

Also, M = AJ with 

1 0 0 . . . ol( - ta, +jh,))a,- I\ 

1 0 . . . 0 A+$- * 
x A = 0 1 -.- ; j(v2>&- ’ I , ax-l= . 
--m 

:- . -. 0. .O : . 
0 . . . 0 1 j(uN- da; ’ 

0 

0 
: 

0 

a,- ‘( - aa, +i(v0)) 

Therefore, MF = AJF can be represented as 

A(JF) = ;1(JF), (4) 

where F = @o is a prolonged squared solution, 
x-*m F + 0. 

Moreover, the following is true: 

A*F = /zF (5) 

with 

1 0 

0 1 

--. 
0 . . . 

a,-'j(h) ax-'itu2) 

. . . 0 

--. . 
--. 0 

0 1 

*.. a; !hN- 1) 

Using the operator A we can’ write the GPKdV II. LAX PAIRS AND TIME EVOLUTION OF 
equations in the form EIGENFUNCTIONS 

v, = WA)vx, u(X,t) = (&$a+ ,..., UN- ,jT, 

cl(p) =a&P+qp”-‘+ **- +a,. (6) 

Here n is used for generality. Often only the case a(,~) 
=y”, n =0,1,2 ,..., is considered, referred to as a hierar- 

chy of evolution equations. For N = 1 this is the KdV 
hierarchy and for N = 2 it is the Jaulent-Miodek hierar- 
chy. 

Despite the presence of a; i in A, (6) represents a 
system of differential equations. Indeed, as a consequence 
of Appendix B and formulas (3.12) and (3.18) in Ref. 8, 
we conclude that the functions 

x PO=& Pm= s 
cm- l,N- l(d& m>l, 

-02 

= Amu,, 

depend polynomially on v, r = l,N - 1, and their deriv- 
atives only. 

Let us introduce the matrix 

(7) 

For simplicity the following theorem will consider only 
the case u. = 1, al = **a = a, = 0, the general result be- 
ing written as a corollary. 

Theorem 1: The GPKdV equations (6) for u. = 1, at 
= . . . = a, = 0 have the Lax representation 

L, = A& - LA,, (8) 

where 

A,,= i 
i=O 

L”-’ 

Prooj Using the approach in Ref. 9 (p. 2 16) we will 
show first that 

= Ci - Ci_ ,L, iZ0, C_ * = O. 

Indeed, at i = 0 we obtain 

(9) 
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= co. 

If i>O, then 

where, for r = l,N- 1, 

( -iPi,x + fP8.x 
1 

4P,aJ = b,=(-tPi,x+5P~x)Vr-Vr(-4pi,x+ 
and (using the above at r = 0) 

bo= (-i~i,,+fpdJ( -&x+ud 

- ( --d,+vo)(-4pi,x+~Piax) 

PPr,x, 

= 4Piu0,~ + t $ Pi,dxx - 4 P$, - f L& + ku+m 

= 4 PPO,x + ( - 4 Pi,xxx + Pi,Jxx> . 

On the other hand, 

where, due to Ci = ACi_ 1, we have 

d,= [Ci- I,~-. I +iwa; ‘ci- l,N- 11 

- [ci- l,r- I + Ci- l,N- IV~I 

= ; vr,g$- ’ cj- l,N- 1 = bp r= l,N- 1, 

do = ( - ia,, +a,m- ‘cj- l,N- 1 - cj- l,N- 1 

XC -axx+vo) 

=fvo,~(a~‘cj-1,N-1)-~Cj- 1,N - 1,x.x 

+ Ci- 1,N _ ,axx = bo. 

Finally, due to (9) we find 

A,&--LA,= i 
i=O 

- a Pi,x + f P,a, 

XL--L -tp,,ff~$~ 
( I Ln-i 

= j. (Ci-Ci-lL)L”-‘= C,. 

Corollary: The nonlinear evolution equations (6) can 
be represented in the form 

L,=AL-LA, A= i ad,-i. 
i=O 

(10) 

Now we will find the time evolution of the solutions 
of ( 1 ), the prolonged and the prolonged squared solu- 
tions provided the potential v(x,t) evolves according to 
(6). 

Lemma 2: If f(x,A) and v(x) satisfy (2) and (6), 
respectively, then f f - Af is another solution of (2). 

Prooj Differentiating Lf = ,lf with respect to t yields 
L,f +Lft=nft Using (10) and (2) we obtain L( f, 
-Af 1 =Uft-Af). 

We will be especially interested in the partial case 
ft- Af =O. 

Lemma 2: If f (x,A) = t/a is a solution of (2) and 
f I = Af, then I/ evolves according to 

Jlt= j. ( --~prx+&+adn-‘f *** +4-i)+ 

(11) 

(This result was obtained independently of Ref. 10.) 
Proo$ Using change in order of summation we obtain 

ft=Af = [aoizo ( -tPix+~PA)L”-i 

n-1 

+a1 C 
i=O 

+ . . . +a, i 
i=O ( -tPj,, + ;Pa Lo-i f ) 1 

n 

=( 

1 
= 

i=O 
-,Pi,x+kP$x 

1 

X [aGn-‘+ alL”-l-i+ *** -I- a,-i]f 

n 

= 

=( i=O 
-~Pi,x+~PJx 

1 

x(adn-‘+ *.* +a,-i)f. 
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Theorem 2: If the solutions f = $a, g = +a of (2) 
satisfy the evolution equation yr = Ay, then 

(a) the prolonged squared solution F = fog evolves 
according to 

F,= i 
i=O 

Suppose it is true for some non-negative n. Then 

BJF=J’[v,]F+ JFt 

X (adn-‘+ all”-‘-’ + *.* + a,- j)F, (12) 

(b) if, moreover, (6) holds, then JF evolves accord- 
ing to 

and therefore for n + 1 we obtain [using (7), (4), (5)] 

(JF),=J’[c,+G’+ J 

(JF),= BJF, B= i a$,,-i, 
i=O 

where 

(13) 

.B,= i TiA”-ip r,=a, 
i=O 

T,,, = (Pm,, + 4 Pdx> i- pm9 

. . . 

, m>O. 
. . . 

=J’[cn+,lF+J( -itPn+~,x+fpn+&F 

+ n{BdF - J’[A”v,]F’j 

=J’[Ac,lF+J(--fp,+,,~+fp,+,a,)F 

+ B,AJF - J’[c,]A*F. 

In order to calculate this we need to use the linearity ofj, 
namely dc,,,- I +IWP,+ 1) =J@,,,- 1 +Mv,)p,+ ,I, 
as well as 

Prooj (a) As a consequence of Lemma 2, 

Ft = ($4 + Mb 

n 

= 

= [$( i=O 
- bPi,x + iP3x (adn-’ 

1 

+ “‘+a,-i)~+~(--pi,x+4Pid,) 

X(adnZ”-‘+ *** +a,-i)+ 0 1 
n 

= 

= I( i=O 
-~Pi,x+~p~.x (adn-’ 

1 

+ “* + a,- j)+$ (T. 1 
(b) We will prove the statement at a0 = 1, a, = *.a 

= a, = 0. In the general case it follows from the linearity 
of the right-hand sides of the equalities used. 

Let us denote by J’[w] the matrix operator 6JI 6u = w 
(Here S is the variational derivative, S@(v) = (d/de) 
XwJ+d~v))I,=o, where Q, is a functional of v or an 
operator depending on v. ) Then for n = 0 we have 

(JF),=J’[u,]F+ JF,=J’[v,]F+ J&F=aJF. 

J-(.~)P~+~)+Av,)( -f~~+~,~+f~~+,a,) 

= (Pn+ 1,x + f~,, ,ax~.m. 

Now we find 

(14) 

(JF) t = B,AJF + (P,, + 1,x + b, + ,a,> JF 

j(c,,o) 0 *a* 0 
- 

i- : 

: . i F 

j(Cn,N- 1) 0 . . . 0 1 

= (B,A+ T,,+l)JF=B,+IJF. 

Lemma 3: The following identity holds: 

AT,-T,A=P,,,+,-PP,A, m>O. (15) 

Procy? We express the left-hand side as 

AT,,,- TmA= -PA+ [AT,,,- (p,,,+&,A)~l 

= -PmA+ (; 1;; % k,i, 
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where for m > 07 = 1,N - 1, we have, due to ( 14), 

=j(v,)a,-‘(p,,,+tp,a,) - Li(iw~,)+jw( -h,x+4hk4m;* -j~~,~--,w? -i(v,!i(p,,,W 

= - li(j(~,)p,)+j(~,-~,,-~)ia,-* +~(v,)a,-1[~pmaxx+~m,xax+~a~m,x-~a~max-~m,xax-~pPm,xxla~* 

= -im,)~, + C, _ ,,+ ,)a,- 1 = -i(c,,,x- 1. 

Now we use ( 16) for r = 0 to obtain 

- (P,,,+hm[ -aa,+.mowc* 

- [-~aaxrx+j(vO)ia,-‘j(c,-l,N-I)a~’ 

= -.d~(~,hsc- 1 - &up,,, + ha 

- (P,,, + ip,a,)a, - ufp,,, +Pm,xaxWi 

= -iwvo)~, - ai5+.a- 1 - ~MP,,,K 1 

+ f ~,,xxa, - hdbdc- 1 I 

= -.k,o)ax- 1. 

At m = 0 we have 

To = a, PO = 0, 

s,=i(v,)a,-la,-a~(v,)a,-l 

= m,)a, - ajwa,- 1 

= -j(~,,)a,-*= -j(co,,)a,-*, r= l,N-- 1, 

so= [ -~aa,,,+j~~,~~a,-*a,-a,~ -:a, 

+j(v,)ia,-* = -.mo,,)a,-* = -jko,o)ax-*. 

CorolIary I: For each n)O we have 

(16) 

I 

AB, - B,A = P, + 1. (17) 

ProoJ By changing the order of summation we obtain 

AB,-B,,A=A (i=o * i Th+ ‘) - ( joTiAn-i)A 

= i% (ATi- TiA)A”-’ 

= i$o (Pi+l-Ppih)A”-i+ 

Corollary 2: If (6) is satisfied, then the following Lax 
representation holds: 

A,=BA-AB. (1’3) 

Prooj Now we use Corollary 1 to obtain 

BA-AB= i ai(B,-iA-ABn-i) 
i=O 

= - i~oaPn-i+i 

= (WI,,=.,,,,=& 

Corollary 3: The operator B, can also be represented 
as 

B,= i A”-‘(Tim Pi). 
i=O 

Proo$ For n = 0 it is trivial. Let it be true for some n. 
Then 
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B n+,=B,A+Tn+, 

= j% I 
A”-‘(Ti-Pi)A 

I 
+ Tn+l 

= i$oA”mi[A(%--P,) + (M,-Pi+l)lj 
I 

+Tn+,= I 
i A”-‘[A(Ti-Pi)] 

i=O I 

+ CT,+,--pn+,). 

t,b* (x,il) -efikx(x+ f CO ), k = hN’2, Im k>O, (21) 

analytic3’” in the sectors Sz, = (1: - (S - 1)27r/ 
N < arg /z <d?r/N), s = l,N and continuous up to the 
rays I, = {karg A = s27r/w, s = O,N(io=lN). The same 
is true for the function 

a(A) = Wtc,- WM+ (x,~)) 

=(2ik)-‘[$- (x,A)$‘+ (x,A> 

- $‘- whb+ W)l. 

Theorem 3: Let the conditions in Theorem 2 hold [includ- 
ing the one in (b)]. Then JF satisfies the linearized 
GPKdV equation 

h,=fW(N~JIsu=,z. (19) 

Prooj Again we will prove the statement for a0 = 1, 
a, = a*- = a,, = 0 only. We have to show that 

S(A”v,) = B,(h). (20) 

First we will prove (20) in the case when Sv&. Then it 
will follow for the general case as well because A%, de- 
pends on v, v,,..., polynomially and therefore does not 
contain a,- '. As a byproduct we get that B, is also a 
differential operator, not containing 8; ‘. 

For n = 0 we have 

In addition, on the rays I, we have 

$‘+ (x,A,) = b,(n)+- (x,n,> 

+ a+(n)+- WL), M, (22) 

where for any function C$ we define $(A* ) 
= limE;z$(/z f id),n E Z,. Notice that k, = AZ”?0 

and a, (A) = a(,%,). Also 

&n,) = a,(&) = To(&) =&(&.J>. 

If it is true for some n>O, then 

S(A”+‘v,) 

a+ @)a- (A) -b+ (A)b- (A) = 1 (23) 

which, together with (21), implies 

$- (x,A,) = - b,U)tCI+ (x,/2.+) 

+ a+(A)++ (x,il,), W. (24) 

We suppose that a(d) has a finite number of simple 
zeros A-b I = l,M. Then 

= (SA)A”v, + AS(A”v,) 

+ W(~v) 

1cI + (x,4) = W - W,). (25) 

Define f*((x,A) = $*((x,,l)o(n). Then f+(x,A) also 
satisfy (22), (24), and (25) as well as f*kA)-e *‘%7(A) for x--r f CO. 

Lemma 4: If the solutions f = 4~7, g = &r of (2) 
satisfy y, = Ay, then [ W( $,#)lr = 0. 

Proo$ According to Lemma 2, 

= (P,+I,x+;Pn+l&)(~U) + (&A+P,+l)(w 

= VW+ T,,,, )(Sv) =B,,+,(Su). 

III. CAUCHY PROBLEM FOR THE LINEARIZED 
GPKdV EQUATIONS 

Now we will find specific solutions of (l)-(4) for 
which the statements above apply. Equation ( 1) has Jost 
solutions 

[Wh$)l,= WVM) + ww,> 

= j. (acdn-i+ . . . + an-i) 

XCW( -fPj,x+fPJx)$,#) 

+ Wtct,( - tPi,x + fPia,>+)l = O* 

Lemma 5: If (6) holds, then 
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W;;fW) =Af.(x,/l)rik~(a)f,(x,/l); f + (x,A) satisfies yt = Ay; 
(c) a,(A) = 0; 
(d) b,,,(/%) = - 2ik,fi(/Z)b,(;1), A+ 
(e) b,, = - 2ik&l(,lZ,)b,, where kl = ny”, Im k+O; 
(f) the vector function gl(x) = f + (x,A,) 

- b,f- (x&), where * = a,, is a solution of (2) and 
g&) =A&) - jk~bb)g~(x) - W@(4))-f + k4); We ikpcA/)rkl(x) + (2ik&l(il,))*f + (x,&)t] satisfies 
it = AY. 

Proofi Statement (a) follows from Lemma 1, the as- 
ymptotics (21) and the fact that f +,t(x,A) 
-o(e*ik*)a(A) as x-+f co, as well aSPi(X for i>O 
and pe(x) = 2. 

Statement (b) is a corollary of (a), and (c) and (d) 
follow from (b), Lemma 4 and the formulas 

a(h) = (2ik) -‘W(~+!I- (~,/Z)e-‘~“(‘~‘,t,h+ (x,A)e”“(‘)q 

b~(,l)e2ik*R(‘)‘= (2ik,)-‘W($- (x,,lT)e-ik’R(A)*, 

1c,+ (x,A*)eikmRcA)~. 

Next, (e) can be obtained by differentiating (25) 
with respect to t and using (a). Notice that /2,, = 0 due to 
(c). 

For (f), in order to show that g/(x) solves (2) we 
differentiate (2) with respect to il and use (25) again. 

I 

This .fact is not surprising Since &(x) = [tt + (x9&) 
- bl$- (x,Al)]a(Al). Concerning the second Part 

of (0, 

g/,,(x) = Cl-+ -hi- LIL+ 

={j-,,,- hi--,3 -b,,i-- LA, 

={A(j+ -bj‘-) - [ddW)l*(f+ +&f-I 

-ikR(il)(j‘+ +bLf-)lIA=Al 

+ 2&WW$- (x,4). 

Now we use (25). 
Finally, (g) is a direct consequence of (f) and (a). 
Remark I: According to (g) of Lemma 5 the formula 

for gj(x,t) in Ref. 2 is incorrect. 
In order to solve the linearized GPKdV equation we 

need an expansion formula. We introduce the bilinear 
form 

(fbf2) = J", 5hx)P(x)dx. 

fi= ~"'(X),f~l'(X),...,~N-l'(X))T, 

i= 1,2. 

Then3’” for any vector function h(x)dy( - co,(x)) 
EL 1( - OO,CO)X...XL~( - c0,03) we have 

h(X)= ~(h-i)-';;; j-[$$;;;;(F*(a+)*h) - 

JF, (x&) - J&(x,/l,) 1 (I;* (&),h) - JF, W,) <I’+ bb)h) (26) 

with F&(x,/Z) = fA(x,A)Of,(x,A), provided 1~1, 1 JYX,~) =f+(x,A+)of-(x,A-), 
= l,M, s = l,N. 

Remark 2: According to Refs. 3 and 11 for N > 2 the 
expansions above are formal when some v,.=#=O, r 
= [N/2 + l],N - 1 due to lack of results on the asymp- 

totics of $* (x,n) as IA ] + 00 for ,l close to the rays I,. Let 
us not forget also about the assumption that a(A) has a 
finite number of simple zeros. 

By adding the two formulas in (26) we will obtain a 
new expansion formula containing prolonged squared so- 
lutions only (and not their A-derivatives as well), namely 

Q(x,~) =f + (xJ - )of - (xd + ), wo 

4(x) = F, (x,1&, Q/(x> = f + (x,&)%(x), 

I = 1,M. (27) 

In order to do that we need the following. 
Lemma 6: The functions in (27) satisfy the identities 
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(a) [P(x,~)QT(y,~) (b) tf’Ax)Q:(~) - QbW:Wl2A$ 

- Q(x,A)PT(y,2)]2/a+ @)a- (a> 
F, (x,1,) - h+ (x,&) 

F-(x,/Z-)FT,(y,L) F-W+)FT,W+) 

++g$ 1 
= 

a2-U) - a’+ (a) x F: (y,A,) - F, (x,&)$ (Yh) 

F, (x,/l - )F?. b’,n - ) 
- 

a2- (a) - 

+ 
F, Cd + )I;“_ (~,a + 1 

a’+ (1) 
; (28) 

F- (x,&) -k (&&) 1 
XF?,. (Y,&) + F- (x,Ui;: W,). (29) 

prmj (a) Let p(x,il) =$+(x,A+)+-(x,1-), q(x,A) =$+(x4-)$-(xJ+). Using (z2) and (24) severa1 
times we obtain 

P(x,A)QT(r,A) - QW)PT(vA 

=a(A)crT(/Z){$-(x,1-)[b+@-(x,A+) +a+tC)-(x,;l-)lqll+(y,~-)[ --b-4.W.) +a+‘!+(J’9A-)] 

-b-a#+(y,tt+)] + [ -b-a+@-(x,A-) +b+a-3-(x,n+)l~+(y,/Z-)1C,+(y,~+.}. 

Because of the identities 

b+a+t,&Cy,L)-b-a-@+&A+) 

=b+$+W-)tC,-(yJ+) -b-IC,+W+)tC,-(yh-)s 

-b-a++:(x,L) +b+a-@-(xh.) 

=b+$-(x,d+)$+(x,A-) -b-$-(xh-))tC,+(xJ+), 

= [b-$-(y,A-) +a-$-&~+)]$+&~+) 

=b-+-(y,a-)$+(y,a+. ++-(Y&+)[1c,-(Y,a-) +b+tC,+(y,a-)], 

we obtain 

oaT[p(x,aq(YJ> - qkn)P(YJ) 1 = a”+ Fe (x,A _ )FT, (y,A - ) - a: F- (x,1 + )FT, Ol,A + ) + 00~11, - (x,n - ) 

xt+h- (x,2+ )[b+q(y,A) - b-p(y,A)] + aaT[b+q(x,l) - b-p(x,A)l 

x[q-(r,A+>$-(~,~-) +b-z-dy,~) +b+dvd>l. (30) 
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After interchanging x~*y in (30) and subtracting it out of (30) we obtain after cancellation 

2[P(x,/2)QT(y,A) - QL-d)PT(v,W = a’+F- (x,L- )F: (y,l-) -a2-F- (x,a+)F?+ (~,a+) 

- a’+ F, (x,n - )FL (y,L _ ) + a2-F+ (x,n + )FL (Y,A + ) 

- o(/z)aT(A)2b-b+ [p(x,A)q(y,~) - q(x,~)P(y,~)l. 

Now we use (23) and obtain (28). 
(b) Let A/(x,y) be the right-hand side of (29). Then 

due to (25) we have 

A[(x,y) = - i+ (x,,I,)F: Cv,&) - F, (x,&$--m (Y,&> 

+ i- (x,/2@‘; (Y& + F- b,&l~; (y/b). 

On the other hand 

2Q[(x) = 2obI)f + b-4,) Li-+ WZI) - bj‘- (4) I 
= a(A) [ f2+ b,A~) - b;f22_ L4-l) I. 

= i’, (x,/i/) - b;i’- (x,/II). 

Therefore 

Al(x,y) = - 2Qr(x)F!- cV,&) + F- (GW2Q:(y) 

= [ - Q@)P:(y) + PHQ:(Y) I’#. 

Using Lemma 6 we find, after adding the formulas in 
(26) and dividing by 2: 

I 
N-l r 

I 

h(x) = (2ri)-’ Ni’ I [JP(x,/Z)(Q(;l),h) 
s=o Is 

- JQ(~,~)U’(~),~)12A~a zjav tilj 
+ 

+ ,i, (2~~~2bW:) - ‘[JPW (Q/h) 

- JQb, (P/h) I. (31) 
As a corollary of Theorem 3 and Lemma 5 [(b) and 

(g)] we find that 

e2ik+“(‘Z)‘JP(x,A), e-2ik+“‘“)‘JQ(x,/z), M, 

e2ik”(L@[JQ,(x) + (2ik@(/Zl))*JPl(x)t], I= 1,M 

are solutions of ( 19). Therefore, applying the expansion 
formula (3 1) we obtain the following. 

Theorem 4: The Cauchy problem for the linearized 
GPKdV equation ( 19) (subject to the restrictions in Re- 
mark 2) where v(x,t) evolves according to (6), with ini- 
tial condition h(x,t=O) =h,(x)~L.r( - CO,CO), has a 
solution 

J, Ie 2ik+n(A)fJP(x,;l)(Q(;l,t = O),ho) - e - 2ik+“‘“‘rJQ(x,/l) (P&t = O),ho)] 
I 

d/l M 

xUNa + (A)a _ (A) 
+ C [2~~~2(~,)bf(t=0)] -‘eZikp(‘l)‘{Jp~(x)<Ql(t=O)ho) 

I= 1 

- [JQh) + (2iklSl(&))*JPLx)tl (Pl(t = O),~O)). (32) 

[Here, P, Q, PI, Q[ defined in (27) depend on t implicitly 
via v(x,t).] 
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