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For Schrodinger operators with central potential q(r) and angular momentum I, the behavior 
of the Jost function FI (k) as k-+O is investigated. It is assumed that fO'dr (l + r)" Iq(r) 1< 00, 

where u;;;.1. Situations where q is integrable with 1 <u < 2, but not with u;;;.2 are of particular 
interest. For potentials satisfying q(r) -qor- 2 - E (0 < c< 1) and 1 = 0, the leading behavior of 
Fo(k) and the phase shift 80 (k) as k-+O is derived. Also comments are made on the 
differentiability properties of the Jost solutions with respect to the variable k at k = O. For 
u = 1 Levinson's theorem is proved, thereby clarifying some questions raised recently by 
Newton [J. Math. Phys. 27, 2720 (1986)]. 

I. INTRODUCTION 

In this paper we study the low-energy behavior of Jost 
functions and phase shifts of the three-dimensional Schro
dinger equation with central potential q(r)eL~, where 

Our main concern are potentials that are in L ~ with 
1 <u < 2, but not necessarily in L ~. We were stimulated by a 
recent paper of Newton I on this subject and in particular by 
one result which we recall here briefly. Let FI (k) denote the 
Jost function corresponding to angular momentum 1 
(l = 0,1,2, ... ) and assume that qeL ~ with 1 <u < 2 if 1 = 0 or 
1 <u < 3 if 1;;;.1. Then Newton proved that 

FI(k) =FI(O) +O(k,,-l). (1.2) 

So, if FI (0) = 0, then it is consistent with (1.2) if 

FI(k) =aka+o(k a ), a:;;fO, (1.3) 

for some a>u- 1; this implies that Levinson's theorem 
takes the form 

81 (0) -81(00) =1T(nl +aI2), (1.4) 

where 81 (k) denotes the 1 th phase shift and nl is the number 
of negative eigenvalues for angular momentum I. Thus, if 
a:;;f 1 (I = 0) ora:;;f2 (/;;;.1), we would get a modified Levin
son's theorem. However, we should be aware of the possibil
ity that if we simply treat (1.3) as a special case of ( 1.2) we 
may miss some information that specifically pertains to the 
case when FI (0) = O. Indeed, it is known that if qeL: and 
Fi (0) = 0, then we always have a = 1 whenl = Oanda = 2 
when I = 1. A prooffor 1 = 0 (and a hint of how to proceed 
when 1;;;.1) can be found in the work of Marchenk02 (for 
1 = 0 a proof also follows from Ref. 3, Appendix I). Regard
ing ( 1.2) this leads to the question of whether the given error 
estimate is optimal for the class L ~ and of how the large-r 
behaviorofq(r) is reflected in thesmall-kbehaviorofFI (k). 

The paper is organized as follows. In Sec. II we explain 
the notation, collect some preliminary material, and state 
Lemma (2.1), which is needed in the later sections. The 
proof is given in the Appendix. 

Section III is devoted to the special case of inverse pow
er-law potentials satisfying q(r)_qor- 2

-
E as r-+oo with 

0< c< 1. For 1 = 0 we obtain the leading behaviors of the 
remainder terms in (1. 2) and (1.3) [see Theorem (3.1)]. 
This entails the leading behavior of the phase shift [see Cor
ollary (3.2)] and extends, for 1 = 0, previous results found 
by Keller and Levy,4 who assumed c> 1. There is a corre
sponding conjecture in the paper of Keller and Levy (Ref. 4, 
p. 59), but with the additional restriction that q be repulsive. 
We shall see that q can have arbitrary sign. Furthermore, we 
also consider the case when Fo(O) = 0, which was not done 
in Ref. 4. It seems conceivable to us that results similar to 
those of Theorem (3.1) and Corollary (3.2) can be derived 
for arbitrary 1 (Keller and Levy also allowed 1>0), but we 
have not checked the details. As a by-product of the analysis 
of power-law potentials we obtain precise information on the 
differentiability of the Jost solution/o(k,r) with respect to k 
at k = 0 [see Corollary (3.3)]. This result clearly demon
strates why the Jost solutions cause problems in the analysis 
of Fo (k) if 1 <u < 2, a fact that was also recognized in Ref. 1 
(see Appendix C). 

In Sec. IV we analyze the small-k behavior of Fi (k) 
when FI (0) = 0 for arbitrary potentials with 1 <u < 2 
(I = 0) or 1 <u < 3 (1;;;'1) and we obtain Levinson's theorem 
for u = 1. Our proof makes essential use of Lemma (2.1), 
which allows us to bypass the differentiability problems as
sociated with the Jost solutions. In fact, if Jost solutions are 
used (following the basic reference 5), then the stronger 
condition qeL ~ seems to be unavoidable. This may have led 
to the wrong impression that this condition is actually neces
sary (Ref. 6, p. 23). Other recent proofs/·8 based on Stur
mian arguments, also require that rq(r) be integrable at 
infinity8 or that ,:J q (r) -+ 0 as r -+ 00 [in Ref. 8 the special case 
q(r) _qor- 2 is also considered]. For a review of the subject 
see Bolle.9 As already mentioned, the proofs in Refs. 2 and 3 
work for u = 1, but they are based on the Marchenko equa
tion (and on an inductive argument with respect to I when 
1;;;.1). Our proof is more direct in the sense that it is a refine
ment of Levinson's original proof,1O which needed u = 2 at 
various places. Moreover, our method allows us to control 
the error terms. 

148 J. Math. Phys. 29 (1), January 1988 0022-2488/88/010148-07$02.50 @ 1987 American Institute of Physics 148 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.173.125.76 On: Mon, 24 Mar 2014 16:59:32

borrego
Typewritten Text
Copyright by AIP Publishing. Klaus, M., "exact behavior of Jost functions at low-energy," J. Math. Phys. 29, 148 (1988); http://dx.doi.org/10.1063/1.528167



At the end of Sec. IV, we remark on how our results tie 
in with the threshold behavior of the eigenvaluesll

•
12 when 

they are born from the continuous spectrum as the coupling 
constant is increased. 

Finally, we mention that the methods and results of this 
paper have extensions to the Dirac equation 13 and the Schro
dinger equation on the line. 14 In the latter case we can, for 
example, prove continuity of the S matrix at k = 0 for arbi
trary potentials satisfying a L ! condition on the line. 

II. PRELIMINARIES 

We consider the Schrodinger equation 

-y" + [/(/ + 1)/,-2]y+q(r)y=k 2y (/=0,1, ... ). 
(2.1) 

We always assume that k>O, except in Sec. IV, where we 
need 1m k>O in connection with Levinson's theorem. Let 
Yr (k,r) denote the solution of (2.1) satisfying the boundary 
condition 

Yr (k,r) -r1 + I, as r-O. 

ThenYr solves the integral equation 

Yr(k,r) =Yro(k,r) - I dtgr (k,r,t)q(t)Yr (k,t), 

where 

Yro(r) = r(/ +~)(k/2)-r-l/2r1l2Jr+1I2(kr), 

gr (k,r,t) = !1T(rt) 1/2(Jr + 1/2 (kr) Yr + 112 (kt) 

- Jr + 112 (kt)Yr + 1/2 (kr»). 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

Yr(r) -Drr1 + I, r- 00, 

where 

Moreover, 

Dr =Fr(O). 

(2.11 ) 

(2.12) 

(2.13) 

Also, notice that Yr is square integrable precisely when 
Fr (0) = Oandl =10. The above properties follow easily from 
the integral equation (2.3) and from (2.6). See, also, Ref. 1. 

For our later proofs we need bounds on the difference 
Yr (k,r) - Yr (r). 

Lemma (2.1): Suppose that qeL ! . 
(i) If 1= 0, Fo(O) =10, then 

IYo(k,r) - Yo(r) I <Cc5 r[kr/(1 + kr)]c5 

and if Fo(O) = 0, then 

IYo(k,r) - Yo(r) I <Cc5 [kr/( 1 + kr) ]c5, 

where 0<c5<2. 
(ii) If I> 1, Fr (0) = 0, then 

(2.14 ) 

(2.15 ) 

(2.16) 

For a proof, see the Appendix. Notice the absence of the 
factor r in (2.15) as compared to (2.14). In Sec. IV we need 
to use a second, linearly independent solution Yr (r) of (2.1 ) 
for k = 0 if I> 1, Fr (0) = O. We choose Yr such that YrY; 
- Y;Yr = 1. Then 

Yr (r) -Arr1 + I, r- 00, (2.17) 

where 

Here, J r + 112 and Yr + 112 are the usual Bessel and Neumann 
functions and Yro satisfies Eq. (2.1) with q = O. The Jost (21 + 1)ArAr = 1 (2.18 ) 

function Fr (k) is defined by and 

x fO dr rl/2q(r)H JI~ 112 (kr)Yr (k,r), (2.6) 

where H J I~ 112 = J r + 112 + iYr + 1/2 denotes the Hankel 
functions. 

Moreover, 

(2.7) 

The zero-energy solutionYr (r) =Yr (O,r) will play an impor
tant role in this paper. Its main properties are the following: 
Yr (r) is bounded at infinity if and only if Fr (0) = 0 and in 
that case it obeys 

Yr (r) -Arr- r, r- 00, 

where 

Ar = - _1_ i oo 

dr r1 + Iq(r)Yr (r) =10. 
21 + 1 0 

Combining (2.2) and (2.8) we see that 

IYr(r) I<Cr1 + 1(1 + r) -2r-l. 

(2.8) 

(2.9) 

(2.10) 

Here and subsequently C will denote various constants, al
though not necessarily the same at each appearance. If 
Fr (0) =10, thenYr (r) is unbounded and 

149 J. Math. Phys .• Vol. 29. No.1. January 1988 

Yr(r)- - [1(21 + 1)]r-r, r-O. (2.19) 

Hence 

IYr(r)I<Cr- r(1 +r)2r+l. (2.20) 

Equations (2.17) and (2.19) follow easily from the repre
sentation 

Yr (r) = Yr (r) i' dr Yr- 2(r) + PrYr (r), 
'0 

where ro is at our disposal andpr is a suitable constant (de
pending on ro). The asymptotic relations (2.2), (2.8), 
(2.11), (2.17), and (2.19) may all be differentiated. 

III. THE CASE q(I1-Qr-', 0<E<1 (1=0) 

Theorem (3.1): Suppose that, as r- 00, q(r) -qor- 2 - £, 

O<E<1. 
(i) If 0 < E < 1, Fo(O) =10, then, as k -0, 

Fo(k) = Fo(O) + aof!- (i/2)1T£Fo(0)k £ + o(k £), (3.1) 

where 

0 0 = - q02£(E(E + 1))-lr(1 - E). (3.2) 

(ii) IfO<E<I,Fo(O) =O,then,ask-O, 

Fo(k) = -ikAo + iAcPof!-(i/2)1T£2-£k£+1 +O(k HI ). 

(3.3) 

Martin Klaus 149 
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(iii) If E = 1, then, as k--+O, 

k {
Fo(O) - iqoFo(O)k In k + o(k In k), Fo(O) #0, 

F. ( ) = 
o _ ikAo + (AoI2)qok 2ln k + o(k 2ln k), Fo(O) = o. 

(3.4a) 

(3.4b) 

Relation (3.1) shows that in any classL q , l<u< 2, we can find aq such thatFo(k) - Fo(O) vanishes likekq
-

I + /j, with/) > 0 
as small as we wish. In this sense, whenFo(O) #0, the remainder estimate in (1.2) is optimal. Theorem (3.1) has the following 
implications about the phase shifts. 

Corollary (3.2): Under the assumptions of Theorem (3.1), ifO<E < 1, then 

~ k {aokE Sin(1TE/2) +o(k E), Fo(O) #0, 
uo( ) = 

1T/2-a02- Ek Esin(1TE12) +o(k E), Fo(O) =0, 

and, if E = 1, then 

/) (k) = {qok In k + o(k In k), Fo(O) #0, 
o 1T/2 - (qol2)k In k + o(k In k), Fo(O) = o. 

These relations are all understood to hold mod(1T). Corol
lary (3.2) follows from Theorem (3.1) and (2.7). 

Proof of Theorem (3.1): (i) Fo(O)#O, O<E< 1. We 
break the integral in (2.6) into three parts: 

Fo(k) = Fo(O) + 1"" dr(e1kr - 1 )q(r)yo(r) 

+ 1"" dre1krq(r)(yo(k,r) - yo(r»), (3.7) 

where we have also used (2.12) and (2.13). We denote the 
first integral on the rhs by II and the second by 12 , Consider
ing II' it is easy to show that the leading behavior of II as 
k -+0 is determined completely by the asymptotic forms for q 
and Yo as r-+ 00. On substituting Dar for Yo and qor- 2 - E for 
q(r) and changing variables, u = kr, we obtain 

II=kED~o i"" du(el"-1)u- I - E+o(k E). (3.8) 

Next we consider 12, For 1=0, (2.3) reads as 

sinkr 1 i r 
• Yo(k,r) = -- + - dt sm k(r - t)q(t)Yo(k,t) 

k k 0 

and 

yo(r) = r + L dt(r - t)q(t)yo(t)· 

From this we deduce that 

Yo(k,r) - yo(r) 

jsin kr )( r ) = , \ -,;,:- - 1 1 + Jo dt q(t)yo(t) 

sin kr i r 

+ -- dt (cos kt - l)q(t)yo(t) 
k 0 

- - (cos kr - 1) dt sin ktq(t)yo(t) 1 ir 

k 0 

- - dt(sin kt - kt)q(t)yo(t) 1 ir 

k 0 

(3.9) 

(3.10) 

+ - dt q(t)sin k(r - t)(Yo(k,t) - yo(t»)· 1 i r 

k 0 
(3.11) 

150 J. Math. Phys., Vol. 29, No.1, January 1988 

(3.5a) 

(3.5b) 

(3.6a) 

(3.6b) 

'We denote the five terms on the rhs by AI(k,r), ... ,As(k,r), 
respectively. Upon inserting A I (k,r) into the expression for 
12, we see that 

1"" dre1krq(r)AI(k,r) 

= k ED~o f" du el"e
i
: u - 1)U -E-I + o(k E). 

(3.12) 

Next we estimate A2, A 3, and A 4 • Let {3e(E,2E). By using 
elementary estimates we deduce that 

IAj (k,r) I <CkPrl +P12 L dt Iq(t) It PI2 !Yo(t) I 

<CkPrl +PI2, j = 2,3,4, (3.13) 

on account of the linear growth of Yo' This, in turn, implies 

11"" dre1krq(r)Aj(k,r) I <Ck P, j=2,3,4. (3.14) 

The term A s (k,r) is estimated by using (2.14) with /) = {3, so 
that 

IAs(k,r)I<CkPrl +P12 L dt Iq(t)lt I +P12 

and thus 

11"" drelkrq(r)As(k,r) I <Ck P. (3.15) 

Thus the contributions from A2 through As to 12 are O(kE). 
Adding (3.8) and (3.12) and computing the remaininginte
gral yields the second term on the rhs of (3.1 ) . 

(ii) Fo(O) = 0,0 <E < 1. We again use (3.7). Since now 
Yo is bounded at infinity, we obtain, using (2.8) and (2.9), 

II = - ikAo + kH IA~o 

,1"" du(eI"-1-iu)u- E- 2+o(kHI). (3.16) 

In this case, however, A I ( k,r) does not contribute to the 
kE + I term. In fact, since Do = 0, we can write 

(
sin kr ) ("" A I (k,r) = - r -,;,:- - 1 J dt q(t)yo(t) (3.17) 

and thus 
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IAI (k,r) I <Ck Yr l/2 + yI2 LX> dt Iq(t) It 112+ yI2IYo(t) I, 

(3.18) 

where 1 + €<r<min (2,1 + 2€), so that the contribution 
of Al to 12 is O(kY ). Also, we have 

IA. (k,r) I <Ck Yr ll2+ yI2 r dt Iq(t) It 112+ YI2IYO(t) I, 
J Jo 

j = 2,3,4, (3.19) 

and a similar estimate for As in view of inequality (2.15) 
with 8 = r. Thus the contributions from A I through As to 12 
are O(kY ) = o(kH I). Evaluating the integral in (3.16) 
yields (3.3). 

(iii) If € = 1, Fo(O) #0, then 

11 = - iqoDok In k + o(k In k). (3.20) 

Moreover, 

Loo dreikrq(r)AI(k,r) 

D "Loo d iu sin u - u O(k) 
- ~O'" u e 3 = . 

o u 
(3.21) 

The contributions from A2 through As are O(J!l), PE( 1,2). 
Remembering (2.13), we arrive at (3.4a). If Fo(O) = 0, 
then 

II = - ikAo + (AoI2)qok 2ln k + o(k 2ln k). (3.22) 

In the estimates for Aj (j = 1, ... ,5) we may, of course, 
choose r = 1 + € = 2 [see (3.18)] and we see that 
12 = O(k 2), whence (3.4b). Theorem (3.1) is proved. 

Next we turn to the differentiability properties of the 
Jost solution 10 (k,r) at k = 0, where/o(k,r) denotes the so
lution of (2.1) defined by the boundary condition 

(3.23 ) 
r~ 00 

Corollary (3.3); Assume that q(r) _qor- 2- E as r-+ 00, 

0<€<1 (qo#O). Then/o(k,r) is differentiable at k = 0 if 
and only iflo(O,r) = o. 

Proot For any r = ro>O we have 

/o(k,ro) = eikro + i oo 
dt eiktq(t)y(k,t;ro), (3.24) 

ro 
where y(k,r;ro) solves (2.1) for r>ro with y(k,ro;ro) = 0, 
y'(k,ro;ro) = 1. The integral (3.24) can be analyzed in the 
same way as the integral (3.7) and we obtain the analog of 
Theorem (3.1) with respect to the interval r>ro. In other 
words, Io(k,ro) is differentiable at k = 0 if and only if 
Io(O;ro) = 0, which is the assertion of Corollary (3.3). Un
der the stronger assumption that qEL ~, we know that 
Io(k,r) is continuously differentiable with respect to k at 
k = 0 for any r. I 

IV. THE CASE F,(O)=O, LEVINSON'S THEOREM, AND 
THRESHOLD BEHAVIOR 

Here we prove the following theorem. 
Theorem (4.1): Suppose that qEL ~ and that (i) 1=0, 

Fo(O) = 0,1<0-<2, then, as k-+O, 

Fo(k) = - iAok + o(k"); (4.1) 

151 J. Math. Phys., Vol. 29, No.1, January 1988 

or (ii) I> 1, F/ (0) = 0, 1<0-< 3, then, as k-+O, 

F,(k) = c/k 2 

where 

{
O(k"+ I), 1<0-<3, 1>2 or 1<0-<2, 

+ O(k 3
), 2<0-< 3, 1=1, 

(21 + I)A l 

1= 1, 

(4.2) 

(4.3) 

Here and subsequently ( , ) denotes theL 2 inner product and 
1111 denotes the L 2 norm. In ( 4. 3) F/ (k;ll.) is the J ost function 
for (2.1) with q replaced by..tq (..tER). The second equation 
in (4.3) allows us to establish the connection with the 
threshold coupling constant behavior of the eigenvalues (see 
below). 

Proot (i) For I = 0 we need only look back at the proof 
of Theorem (3.1), Eq. (3.7). We have 

II = iAok + Loo dr(eikr - 1 - ikr)q(r)yo(r). (4.4) 

The integrand is O(k 2) and dominated by 
Ck"r"lq(r)llYo(r)l; hence by dominated convergence the 
integral is o(k"). Thus 

II = - iAok + o(k"). (4.5) 

From (2.15) with 8 = 0-, 

II21<Ck" Loo drlq(r)IC; krY, 

so again by dominated convergence [since Yo(k,r) 
- yo(r) = O(k 2) for fixed r], 

12=o(k"). (4.6) 

This eStablishes (4.1). 
(ii) The case when I> 1 is complicated by the fact that 

part of the leading contribution comes from the analog of 12 , 

We begin by splitting F/ (k) as 

F/ (k) = alk / + 112 LOO dr rI/2q(r)(H p~ 112 (kr) 

- (I) - H / + 112 (kr»)Yl (r) 

+ alk 1 + 112 LOO dr rI/2q(r)(H p~ 112 (kr) 

- (I) - H / + 112 (kr»)( y/ (k,r) - Yl (r») 

+ a,k / + 112 LOO dr r I/2q(r) 

XHP~ 112 (kr)(Yl(k,r) - Yl(r») (4.7) 

and we denote the three terms on the rhs by B I' B2, and B3, 

respectively. Here 

a l =i1r2-/- 3I2(r(l +m-I (4.8) 

andH ~1J. 112 (kr) is the leading term ofH ~1J.1I2 (kr) as r-+O, 
i.e., 

H- (I) (kr) -P (kr)-l-1I2 
1 +112 - 1 , 

where 

Martin Klaus 
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PI = 11(21 + l)a l· 

Then 

IH P..t 112 (kr) - H?..t 112 (kr) I 
.;;.c(kr) -I +3/2(1 + kr)I-2. 

(4.10) 

( 4.11) 

We consider B2 first. Upon inserting (4.11) and (2.16) into 
B2 we see that 

IB I<Ck4 i'" dr rlq(r)1 
2 0 (1 + kr)3 

i

'" (kr)3-U 
.;;.Ck u+ I 0 dr ~Iq(r) I--=--.....:.....-~ 

(1 + kr)3 

To analyze B 1> we expand H } ~ 112 one tenn further: 

H?..t 112 (kr) = PI (kr) -1-112 

( 4.12) 

+ YI (kr) -I + 312 + RI(kr), (4.13) 

where 

YI =PI/2(2/- 1). (4.14 ) 

Now, RI (k,r) obeys the following estimates. For 1 = 1, 

IRI (k,r) I .;;.C(kr) 3/2(1 + kr) -I (4.15) 

and, for t~2, 

IR I (k,r)I.;;.C(kr)712-1(1 + kr)I-4. ( 4.16) 

By using (2.10) it is easy to see that the contribution from 
RI (k,r) to BI is O(k 3) if 1 = 1 and O(k 4) if 1>2, provided 
only (T = 1. Splitting off the leading tenn, we obtain 

2 i'" -2-1 {O(k
3

), 1 = 1, 
BI =alylk 0 dr, q(r)YI(r) + O(k 4), 1>2. 

( 4.17) 

It remains for us to consider B3• We make use of another 
representation for YI (k,r), which we obtain by applying the 
variation of parameter fonnula to (2.1), namely 

YI (k,r) = YI (r) + k 2UI (r) + TI (k,r), 

where 

UI (r) = f dt hi (r,t)YI (t), 

hi (r,t) = YI (r)YI (t) - YI (r)YI (t), 

and 

( 4.18) 

(4.19) 

( 4.20) 

TI (k,r) = k 2 f dt hi (r,t)( YI (k,t) - YI (t». (4.21) 

HereYI is the solution discussed in Sec. II, (2.17)-(2.20). 
From the plOperties ofYI andYI we infer that 

Ihl(r,t)I.;;.C,'+lt-l, t.;;.r, 
- 2-1 I uI(r) - -Alltvlll r +, r- 00, 

(4.22) 

(4.23) 

B3 = alk 1+ 1/2 L'" dr r I/2q(r)HI + 112 (kr) 

X(YI(k,r) _YI(r»)+alkl+1I2lR drrI/2q(r) 

XHI + 1I2 (kr)(YI(k,r) -YI(r»)=JI +J2. (4.26) 

The tenn JI is estimated by means of (2.16) and (4.9): 

IJI I';;'Ck 2 L'" drrlq(r)1 

.;;.Ck l + u L'" drr""lq(r) I =o(k u+ I ) . (4.27) 

Now we writeJ2 [using (4.9)] as 

J2 = alP Ik 2 i
R 

dr q(r)r-Iul (r) 

+alPI lR drq(r)r-ITI(k,r). (4.28) 

We split the second integral in Eq. (4.28) into two, with one 
going from 0 to R 1/2 and the other from R 1/2 to R and esti
mate them by using (4.25): 

liR drq(r)r-ITI(k,r) I 

.;;.Ck(Hu)/2 r drlq(r)l~ 
+Ck u+ 1 (R drlq(r)I~=o(ku+I). 

JJR 
(4.29) 

We write the first tenn on the rhs of ( 4.28) as 

ad3lk2l'" drq(r)r-IuI(r) 

- a lP lk
2 L'" drq(r)r-Iul(r) (4.30) 

and observe that here the second tenn is bounded by [use 
(4.23) ] 

Cku+ I L'" drlq(r) I~ = o(ku+ I). (4.31) 

Thus 

B3 = alPlk2l'" drq(r)r-IuI(r) + o(ku+ I). (4.32) 

Thus from (4.12), (4.17), and (4.32) we obtain (4.2) with 

CI = alYI i'" dr r -lq(r)YI (r) 

(4.33) 

UI (r) -const,' + 3, r-O. (4.24) We must still transfonn CI into (4.3). To this end, we 

Moreover, by (4.22) and (2.16) we obtain the bound 

I TI (k,r) I .;;.Ck 4,' + 3. (4.25) 

Now we put R = 11k and write 

152 J. Math. Phys., Vol. 29, No.1, January 1988 

observe that 

(4.34) 

Upon multiplying Eq. (4.34) by r -I and integrating by 
parts twice, we obtain the relation 
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lOO drr-y/(r) = (21 + I)A/IIY/1I2 

+ loo dr q(r)r-/u/ (r). (4.35) 

The first tenn on the rhs comes from r = 00 because of 
(4.23) and (2.8). In a similar manner we deduce from Eq. 
(2.1) with k = 0 that 

2(1 - 21) loo dry/ (r)r-/ = loo dr q(r)y/ (r)r -I. 

(4.36) 

By using (4.36), (4.35), (4.8), (4.10), (4.14), and (2.18) 
we obtain 

(4.37) 

which is the first relation in (4.3). To establish the second 
relation in (4.3) we proceed as follows. Let G/ denote the 
integral operator having kemelg/(O,r,r'). Then (2.3) for 
k=Obecomes 

y/ =I+I_G/qy/. (4.38) 

Since F/ (0) = 0, i.e., D/ = 0, we also have 

y/ =A/r-/ - Grqy/, (4.39) 

where G r is the adjoint of G/. Now we introduce a coupling 
constant II. [i.e., we replace q by ILq in (2.1)] and denote the 
corresponding zero-energy solution and Jost function by 
y/(r;..i.) and F/(k;..i.), respectively. We have that 
y/ (r;l) = y/ (r) andF/ (k;l) = F/(k),F/ (0;1) = O. We also 
put 

ay/ I Yi-,) .. (r) = - (r,z) , , az Z=A 
( 4.40) 

aF/ I F/-A (k) = - (k;Z) . , az Z=A 
(4.41) 

Then by (2.6) and (2.12), 

FH (0) = _1_Loo drr-/q(r)y/(r) 
, 2/+10 

+ -- dr r-/q(r)YH (r) 1 Loo 
21 + 1 0 ' 

= -1 + -- drr-/q(r)YH (r), (4.42) 1 Loo 
2 + 1 0 ' 

Y/;I = - G/qy/ - G/qY/;I' (4.43) 

From Eq. (4.43) Y/;I can be obtained by iteration. To sim
plify the notation in the following calculations, we freely use 
the notation (j,g) even iffandgare not inL 2, butfgisinL I. 

Then, by (4.38), (4.39), (4.43), and (2.9), 
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A/ (qr-/,y/;I ) = (q(1 + G rq)y/,y/;I ) 

= «(1 +qGr)qy/,y/;I) 

= (qy/ (1 + G/q)Y/;1 ) 

= - (qy/,G/qy/) 

= (qy/,y/) - (qy/,I + I) 

= (qy/,y/) + (21 + 1 )A/. 

J. Math. Phys., Vol. 29, No.1, January 1988 

(4.44) 

Thus 

F/;I (0) = (qy/,y/ )/(21 + l)A/ (4.45) 

or 

(4.46) 

which is the desired second fonn for c/. The proof of 
Theorem (4.1) is complete. 

Relation (4.45) also holds when I = 0 [recall that Yo is 
bounded so that (llYo,Yo) exists]. 

The proof of part (i) given here is a simpler version of a 
proofthat appears in Ref. 15. 

A. Levinson's theorem 

Since if F/ (0) = 0, then k -IFo(k) or k -2F/ (k) (/> 1) 

tends to a finite limit as kW and F/( -k) = F/(k); the 
same limits are approached as k to. Moreover, F/ (k) is ana
lytic for 1m k > 0 and continuous for 1m k>O. Then by a 
Phragmen-Lindelof theoreml6 (the required exponential 
bound is established easily) these same limits are ap
proached as k-+O from the upper half-plane. Hence by the 
usual contour argument, the contribution from the point 
k = 0 leads to a = 1 (/ = 0) or a = 2(/> 1) in (1.4) [when 
F/ (0) = 0] and the ordinary Levinson theorem holds. 

B. Threshold behavior 

Suppose that qeL: and F/ (0; 1) = O. Upon expanding 
F/ (k;..i.) near k = 0 and II. = 1 (F/ is analytic in II. ) and using 
(4.1), (4.2), and (4.46) we conclude that there is a function 
k(lL) obeying 

and 

F/(k(IL),IL) =0 (4.47) 

k(lL) = - iA C;2(qyO,yO)(II. - 1) + 0(11. - 1), 1 = 0, 
( 4.48) 

k(lL) = i[ I (qy/,y/) 11/2 IllY/II] (II. - 1) 1/2 

+ 0«11. - 1) 1/2), I> 1. (4.49) 

Since (qy/,y/) <0 (4.47) means that k 2(1L) is a negative 
eigenvalue ofEq. (2.1), converging to 0 as II. ll. The manner 
in which it does so is, for I> 1, in agreement with a general 
theorem found by Simon 12 and, for I = 0, consistent with 
related results ll but at least u = 2 was required in Ref. 11. 

Note added in proof; We were unaware of the book by V. 
V. Babikov [The Variable Phase Method in Quantum Me
chanics (Nauka, Moscow, 1968) (in Russian) ].It contains 
some results about the low-energy behavior of the phase shift 
for inverse power-law potentials (p. 121). We wish to thank 
D. Bolle and F. Gesztesy for pointing this reference out to us. 
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APPENDIX: PROOF OF LEMMA (2.1) 

(i) Clearly, it suffices to prove (2.14) and (2.15) when 
{) = 2. Since a proof of (2.14) is given in Ref. 1 we omit it 
here. Thus we tum to the case Fo (0) = O. Here we use the 
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decomposition (3.11) along with (2.12) and (2.13) 
Do = 0) and rewrite the term A I (k,r) as 

AI(k,r) = - r ei~:r - 1) Loo dtq(t)Yo(t). 

Thus 

IA I (k,r)I<C[kr/(1 +kr)]2. 

(i.e., 

(AI) 

(A2) 

Similarly, we easily see by means of elementary estimates 
such as Isinz - zl<cz3/( 1 + z)2andby using the monotoni
city of z/l + z that 

IAj (k,r) I <C [kr/(1 + kr) f, j = 2,3,4. (A3) 

Also, 

IAs(k,r) 1< __ r_ dt Iq(t)IIYo(k,t) - Yo(t) I· C iT 
1 + kr 0 

(A4) 

Thus, letting u(k,r) = Yo(k,r) - yoU), we have 

IU(k,r)l<c(~)2 +c_
r
_ r dtlq(t)llu(k,t)l. 

l+kr l+krJo 

By applying Gronwall's lemma, we obtain 

lu(k,r)I<C [kr/(1 + kr) ]2, 

whence (2.15). 

(AS) 

(A6) 

(ii) The proof is similar in spirit to case (i). By using 
DI = 0, we may write 

YI(k,r) - YI(r) = II + ... + Is, 

where 

(A7) 

II = - 21- 1I2r(/ + l/2)k -1-1I2r l/2(J/+ 112 (kr) 

- JI + 112 (kr») LOO dt t -lq(t)YI (t), (AS) 

- !!... r dt(rt) 1/2JI + 112 (kr)(YI + 112 (kt) 
2 Jo 

- YI + 112 (kt»)q(t)YI(t), 

13 = !!... r dt(rt)I/2(YI + 112 (kr) 
2 Jo 
- YI + 112 (kr») JI + 112 (kt)q(t)YI (t), 

14 = !!... r dt(rt)I/2YI + 112 (kr)(JI + 112 (kt) 
2 Jo 

(A9) 

(A1O) 

- JI + 112 (kt) )q(t)YI (t), (A11) 

Is= - fdtgl(k,r,t)q(t)(YI(k,t)-YI(t»), (A12) 

and where JI + 112' YI + 112 denote the leading parts of 
JI + 112' YI + 112 as r-+ 0, respectively. Explicitly, 
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JI + 112 (kr) = (r(/ + m- l (kr/2)1 + 112, (A13) 

YI + 112 (kr) = _21 + 1I21T- Ir(/ + l/2)(kr)-I-I12. 
(A14) 

We note the estimates 

IJI + 112 (z)I<Czl +112(1 +Z)-I-I, z>O, 

IJI + I12 (Z) -JI + 112 (z)I<Ci +5/2(1 +Z)-2, 

(A1S) 

(A16) 

I YI + 112 (z) - YI + 112 (z) I<Cz- I + 312(1 + Z)I-2, (A17) 

IgI(k,r,t) I<Ck -I [kr/(1 + kr)]1 + I 

X[kt/(1+kt)]-I, t<r. (AlS) 

By using these estimates and (2.10) we can check that 

II;I<Ck 2[r/(1 +kr)]I+I, ;= 1, ... ,4. (A19) 

Using (A1S) to estimate Is and letting UI (k,r) 
= YI (k,t) - YI (t) we obtain 

IUI(k,r)I<Ck2 _r_ +Ck- I __ r_ ( )
1 + I ( k )1 + I 

l+kr l+kr 

i T ( kt )-1 X dtlq(t)1 -- lUI (k,t) I· 
o 1 + kt 

(A20) 

Hence by Gronwall's lemma, 

lUI (k,r) I <Ck 2 [r/(1 + kr)]1 + I. (A2l) 

This proves Lemma (2.1). 
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