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Power statistics for wave propagation in one-dimension and 
comparison with radiative transport theory. II 

W. Kohler 

Department of Mathematics. Virginia Polytechnic Institute and State University. Blacksburg. Virginia 24061 

G. C. Papanicolaou* 

Courant Institute of Mathematical Sciences. New York University. New York. New York 10012 
(Received 10 April 1974) 

We consider the one-dimensional problem of a slab having a random index of refraction and 
illuminated from within by a point source. We compute the expected value and the fluctuations of 
both the total power and power flux. These quantities, which are functions of the slab width, source 
location, and observation point, are determined in the limit of weak refractive index fluctuations and 
large slab thickness. We I;ompare the expected values of total intensity and flux with the predictions 
of radiative transport theory. We also compare the results of both theories with numerical 
simulations. 

1. INTRODUCTION AND SUMMARY 

This work is a continuation and extension of previous 
work by us, 1 which we shall refer to as I in the text. Ex
cept in the derivations of Sec. 4, where we rely on some 
of the analysis developed in I, the description of the 
problem and the results are self-contained here. 

We consider a one-dimensional medium with a random 
index of refraction that fluctuates slightly from an ex
pected value of unity. This medium occupies the interval 
[0,1). The regions to the right of 1 and to the left of ° 
are assumed to have a constant index of refraction equal 
to one. A time -harmonic point source is located within 
the interval [0,1]. We are interested in the statistical 
properties of the resulting wave. field throughout the me
dium. More speCifically, we are interested in the mean 
value or expectation of the total power (intensity) of the 
waves, the expectation of the power flux and the fluctu
ations of the intensity and flux about their mean values. 

The formulation of the above as a transmission line 
problem was carried out in I, and it leads to the same 
mathematical considerations. This is also true for the 
propagation of the fundamental mode in a waveguide with 
random inhomogeneities. All computations presented in 
this work will deal with what was termed the matched 
case in I, i. e., the medium in the absence of random 
perturbations, has an index of refraction equal to unity 
everywhere on (- 00, 00). The extension of the new re
sults to the mismatched case, however, can be carried 
out without difficulty as we indicate in Sec. 4. 

We study the above problem in the asumptotic limit of 
weak fluctuations of the refractive index and large slab 
thicknesses. The fluctuations are characterized by a 
small parameter E while the thickness 1- 1/ E2. The wave
length in the unperturbed medium and the correlation 
length of the random inhomogeneities are assumed to be 
of order one relative to E. We shall refer to the asymp
totic limit as the diffusion limit. A formal description of 
this limit is given in Ref. 2. More mathematical de
scriptions are presented in Refs. 3, 4, while additional 
references are cited in Refs, 3, 4 and L References 5 
and 6 can be consulted for related information. 

Our results are the following. First, we compute in 
the diffusion limit the expectation of the total power or 
intensity of the wave field as a function of the scaled 

width of the slab of the random medium, the scaled 
source location and the scaled observation point. From 
this expression, in turn, we determine the expectation 
of the power flux. Thus, we generalize the results of I, 
wherein the source was located at the left end of the slab, 
1. e., radiation was incident from the left. This latter 
problem has also been treated by Gazaryan7 and Lang. 8 

Rubin9
•
10 has considered the analogous problem of wave 

propagation through a one-dimensional randomly dis
ordered crystal while Halperinll has also dealt with a 
similar problem in his calculation of the spectral den
sity for a particle in a one-dimensional random 
potentiaL 

Our second result is the computation in the diffusion 
limit of the fluctuations of the total power about its mean 
value as a function of the scaled slab width, scaled 
source location, and scaled observation point. We again 
use this expression to determine, as a special case, the 
fluctuations of the power flux. These quantities, which 
were not computed in I, provide important insights into 
the basic nature of wave propagation in random media. 
Marcuse12 has also computed power fluctuations but with
in the forward scattering approximation, and so his re
sults differ from ours. 

We compare our results for the expected total power 
with the predictions of radiative transport theory. This 
is a phenomenological theory, due to Schuster, 13 that 
leads to simple equations for the total intensity and flux 
of radiation through an inhomogeneous medium. As in I, 
we find discrepancies between the stochastic and trans
port theories and conclude that radiative transport theo
ry in one -dimension cannot be derived from a stochastic 
wave theory in the diffusion limit as one might expect 
from physical considerations (cf. references in I). Fur
thermore, intensity fluctuations in the interior can be so 
large as to render the mean intensity in the interior a 
relatively unimportant quantity. 

We also compare our results with the results of nu
merical simulations. The predictions of the stochastic 
theory for the mean value and fluctuations of both the 
total power and power flux are found to be in good agree
ment with the simulation data. 

Section 2 presents the formulation of the problem and 
a delineation of our results. Section 3 compares these 
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diffusion limit results both with those of radiative trans
port theory and the results of numerical simulations. 
Graphs are presented which illustrate the behavior of 
the quantities of interest; these graphs are discussed in 
Sec. 3. We also briefly indicate how our results can be 
applied to the case where the physical configuration re
mains fixed while frequency or wavenumber is permit
ted to vary. Section 4 presents a derivation of the re
sults. This derivation relies both upon theorems estab
lished in Refs. 3, 4 and also upon the formulation in 1. 
Therefore, some details are omitted. 

We take this opportunity to refer to the work of 
Besieris and Tappert14 in connection with the pulse prob
lem discussed in Sec. 9 of 1. Our formula fOr the pulse
spreading factor [below (1. 9.47)] agrees, up to a factor 
3/2, with their results. In OUr formula, as well as in 
(1. 9.44), the factor !o ~ R(s) cos2ks ds is set equal to 
one so that (I. 9.44) is in fact dimensionally correct. 
Besieris and Tappert treat the problem in the forward 
scattering approximation but, as (1. 9. 8) and (1. 9.9) in
dicate, backscaUering is negligible in the diffusion limit 
as well. 

2. FORMULATION OF THE PROBLEM AND 
STATEMENT OF RESULTS 

Let u(x) denote the complex-valued scalar wave field 
at location x E (- 00, 00) with the time dependence 
exp( - iwt) omitted throughout. We assume that u(x) sat
isfies the following equation and boundary conditions: 

d2u(x) 
72+ k2 [1 +E/J.(X)]U(x) =i2k1i(x - y), ° "",x,Y"'" " 

x (2.1) 

u(x) = T+ exp(ikx), x ~ " u(x) = T_ exp( - ikx), x"'" 0, 

(2.2) 

u(x) and d~~) continuous, (2.3) 

(2.4) 

Here k is the free space wavenumber, JJ.(x) is a wide
sense stationary random process satisfying (2.4)15 
(where E{ • } denotes expected value) and E is a small pa
rameter characterizing the fluctuations of the refractive 
index. T.(y, I) and T_(y, I) are the complex-valued right 
and left transmission coefficients. These coefficients 
depend upon y, the source location, and I, the width of 
the random medium, as does the wave field u==u(x,y, l). 
In general, we will not display this dependence upon y 
and I explicitly. 

As in (1. 2.15)16 we define the complex valued func
tions A(x,y, I) and b(x,y, I) by 

u(x) = exp(ikx) A(x) + exp( - ikx)B(x), 

d~~) == iklexp(ikx)A(x) _ exp( _ ikx)B(x)] (2.5) 

so that 

A(x) = 1 exp( - ikx) (U(X) + i! dz:ixX») , 

B(x) == texp(ikx) (U(X) - i! dz:ixX»). (2.6) 

We interpret A(x) and B(x) as the "slowly varing" com-
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plex amplitudes of right and left propagating waves 
whose sum composes the wave field u(x). From (2.1)
(2.3) and (2.5) we see that A(x) and B(x) satisfy the fol
lowing stochastic boundary value problem: 

dA(x) EiklJ. (x) [ . ] 
~= -2- A(x) + B(x) exp( - z2kx) , 

(2.7) 
dB(x) 

dx 
- EikJJ. (x) [. ] 

2 exp(z2kx)A(x) + B(x) , o"",x"",Z, xif.y, 

A(y +O,y, I) -A(y -0, y, I)=exp(-iky), (2.8) 

B(y +O,y, Z) -B{y -O,y, 1)= -exp{ikj, 0"", y"", " 

A(O,y,I)=B(I,y,I)=O. (2.9) 

The arguments y + ° and y - ° in jump conditions (2.8) 
refer to the limits as x tends to y from the right and left 
respectively. Note thatA{x,y,I), B{x,y,l), and U{x,y, I) 
are random functions which depend upon E. We shall 
sometimes use a superscript, i. e., A (E), B('), ute), to 
denote this dependence. 

From (2.6) and (2.7)-(2.9) it follows that 

/ T/<>(y, I) /2 = /A (e)(x, y, Z}j2 _/ B(e)(x, y, I) /2 

1 (_ au(e) dii(E») ==- u(') ___ U(E)__ x>y 
i2k dx dx' , 

(2.10) 

(2.11) 

The functions 1 T + 12 and 1 T_12 represent the power flux 
to the right and to the left of the source, respectively. 
Since the medium is lossless, the two fluxes are indepen 
dent of the location of the observation point and depend 
only upon the location of the source point and the width 
of the random medium. We define the total power or in
tensity by 

.fE)(x, y, I) == IA (')(x, y, 1}j2 + 1 B(E>(x, y, l) 12 

_1.(1 (E)12 !lau(')!2). 
-2 u +k2 dx (2. 12) 

This quantity depends on the observation point, source 
point, and the width of the random medium. Note that 
when E == 0, L e., there are no random inhomogeneities, 
then u(x) ==exp(iklx - yl), IA 12 -I BI2 =sgn(x - y), and 
IA 12 + IBI2 = 1. It follows from (2.9) that 

1 T+(el(y, Z)12==.f E)(l,y, I), 

1 T _ (el (y, I) 12 == .I') (0, y, I), ° "'" Y "'" I. 

(2.13) 

(2. 14) 

Therefore, it is not necessary to compute the power 
fluxes separately since they can be obtained from .I ,) . 

By letting y to, y""'x"", lin (2.7)- (2. 9) we recover 
problem (I. 2.6), (I. 2.7) with rg==rz==o. Therefore, 
J(E)(X, 0, I) is the function that was considered in J, i. e. , 
total power or intensity as a function of the observation 
point and width of the random medium, with plane wave 
illumination of the medium from the left. Note that 
J(')(l, 0, Z) is the power transmission coefficient for this 
configuration. All relevant information about power 
transport is contained, therefore, in the random function 
.f')(x,y,l),O"",x,y"",l. 
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2188 W. Kohler and G.C. Papanicolaou: Power statistics 

We shall now state our results. Let 7, ~, and Tj be de
fined as follows: 

(2.15) 

These variables are the scaled width of the random me
dium' the scaled distance of the source from the mid
point, and the scaled distance of the observation point 
from the midpoint, respectively. The limit E + ° with 7, 
~, and Tj fixed is called the diffusion limit. The mean 
power or intensity in the diffusion limit is defined by 

MJ(7,~, Tj) ==limE{J(e)([7/2 + Tj]/E2, [7/2 + ~]/E2, 7/E2)}. 

(2.16) 

As our first result, we assert that this limit exists and 
that MJ is given by the following formula: 

x [(t2 + t) cos2ta(~ + Tj) + (t2 - t) cos2ta(7 -I ~ -Tjl) 

+tsin2ta(7-1~-TjI)Jdt, (2.17) 

where 7;' 0, - 'T/2 -'S ~,Tj -'S 7/2, and 

a == tk2 10 ~ R(s) cos2ks ds. (2.18) 

From (2.17) and (2.18) it follows that MJ depends on k 
and the correlation function R(s) [cf. (2.4)] through the 
parameter a which is the value of the power spectrum 
of kjJ. at wavenumber 2k. For brevity, we refer to 
MJ as a function of 7, ~, and Tj although it actually is a 
function of a7, a~, and aTj. Observe that MJis a sym
metric function of ~ and Tj (L e., it obeys the principle 
of reciprocity) and is invariant under the transformation 
~- -~, Tj- -Tj. 

When ~ == - 7/2, i. e., the source is at the left end of 
the random medium, we recover formula (I. 6.32)17 
with 8, == 8, == 0. 

MJ(7, - 7/2, Tj) ==exp(a 7/4 _ aTj) 1'" exp( - t
2
a 71 rrt sinhrrt 

.~ cosh rrt 

( sinta(7 -2Tj») 
x \costa(7-2Tj) + 2t dt, 

-7/2-'STj-'S7/2. (2.19) 

Because of the symmetry MJ(7, - 7/2, Tj) ==MJ(7, Tj, -7/2) 
it follows that MJ(7, ~, - 7/2) is given by (2.19) with ~ 
replaCing Tj. However, from (2.14) we conclude that 

MJ(7, ~, - 7/2) == lim E{I T. (e) ([ 7/2 + ~]/E2, 7/E2) 12}. 
e.O 

(2.20) 

Thus, the mean power flux to the left as a function of 
source location and slab width coincides in the diffusion 
limit with the mean total power in the interior at the 
former source location when the slab is now excited by 
a source at the left end. Analogous consequences of re
ciprocity exist for T., but no additional computations 
are needed in view of obvious symmetry about the mid
point of the slab. When ~ == - 7/2 and Tj == 7/2, we obtain 
the mean power transmission coefficient (cf. references 
in I, Sec. 7). 
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MJ(7, - 7/2, 7/2) ==exp( - a7/4)1~ exp( _ t2(7) rrtsi~rrt dt • 
.'" cosh rrt 

(2.21) 

Our second result concerns the fluctuations of the 
total intensity .Ie) in the diffusion limit. We define 
KJ(7, ~,Tj) as follows: 

KJ(7, ~, Tj) == lim E{(J<e) ([ 7/2 + Tj]/E2, [7/2 + ~l!E2, 7/E2»2}. 
e'O 

(2.22) 
The fluctuation in the total power is then given by 

F J(7, ~,Tj) == [KJ(7, ~, Tj) - (MJ(7, ~, Tj»2]1/2, (2.23) 

7;,0, -7/2-'S~, Tj-'S7/2. 

We find that 

KJ(7 ~ Tj)==exp(15a7/4-4aITj-~I)i"'rrtsinhrrte (-f2a7) 
, , 8 .~ cosh2rrt xp 

(t2 + 1) /, 
X (t2 + ~)2 ~t2 + i) exp( - 2a (7 - 2OT/» + (t2 +-%) 

sin2ta(7 -2OT/)\ x co s2ta (7 - 2 OT/) + (t2 + i) ---''----o't '--'----'-') 

x [w + t)exp(-2a (7+ 2crm + 3 ~t2 +-%) ] 
sin2ta (7 + 2cr~)\ 

xcos2ta(7'+2cr~) + W +i) t ) dt, 

(2.24) 

Observe that KJ(7, ~,Tj) is invariant under the transfor
mation ~- -~, Tj- -1). However, as Eq. (2.24) indi
cates, the second moment of the total intenSity is not 
invariant under an interchange of ~ and Tj, the source 
and observation points. 

When ~ == - 7/2, (2.24) reduces to 

KJi(7 -7/2 )==exp(7a 7/4 -4a Tj) f~rrtsinhrrt 
, , Tj 2 .~ cosh2rrt 

(t2 + 1) 
Xexp( - t2(7) (t2 + ~) W +i) exp(-2a(7 - 2Tj» + (t2 +-%) 

sin2ta (7 - 2Tj) 
xcos2ta(7-2Tj)+(t2 +t) t dt· (2.25) 

From (2.25), (2.19), and (2.23), we obtain the power 
fluctuations at observation point Tj, -7/2 -'S Tj -'S 7/2, when 
the source is at the left end; this solves the power fluc
tuation problem associated with I. Finally, when ~ 
== -7/2 and Tj == 7/2, we obtain 

f~ rrt sinhrrt 
KJ(7, -7/2, 7/2)=exp(-a7/4) h2 t 

.~ cos rr 

(2.26) 

Therefore, from (2.26), (2.21), and (2.23) we obtain 
the fluctuation in the mean power transmission 
coefficient. 

In Figs. la-12a we plot the mean total power or in
tensity MJ and in Figs. lb-12b the intensity fluctuations 
F J as functions of the observation point aTj for a selec
tion of slab widths and source locations. In Figs. 13a 
and 13b we plot the mean power transmission coefficient 
and its fluctuations as a function of slab thickness with 
the source at the left end. Observe that we have only 
considered source locations over half the slab width 
(i. e., ~ == -7/2, -7/4,0). Since MJ, KJ, and therefore 
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F J are invariant under the transformation 1)- -~, 1)
-1), the plots for the corresponding source locations in 
the other half of the slab (L e., ~ = r /4, r /2) can be ob
tained by reflecting the presented curves about the ver
tical axis, 

On these graphs, we have superimposed the results of 
random simulations conducted to verify the theory; the 
agreement is good. Observe that for the three source 
locations considered, the maximum value of the mean 
intensity occurs at the source point. As one moves away 
from the source point, the mean intensity decreases mo
notonically. For a fixed slab thickness, the value of the 
mean intensity at the source point increases as the 
source point is moved from the slab end toward the cen
ter. If, on the other hand, we increase the slab thick
ness while keeping the relative source position fixed 
(i. e., ~/ r = const. ) the mean intensity at the source 
point is again seen to increase. 

When the slab is excited at the left end, the intensity 
fluctuations at the left and right ends of the slab are 
equal (cf. Figs, Ib-4b), This is to be expected since 
the intensities at the left and right ends of the slab cor
respond to one plus the power reflection coefficient and 
the power transmission coefficient, respectively. Since 
the random medium is nondissipative, the two intensi
ties must sum to two; thus the variance of the two slab 
end intensities must be equal. Observe that the peak 
fluctuations (with source at left end) Occur in the slab 
interior between the left end and center. As the slab 
width a r is increased, the peak fluctuation also 
increases. 

When the source is positioned in the slab interior, the 
peak fluctuations occur at the source point and for a 
given slab thickness, they are considerably greater than 
those occuring when the slab is excited at the end, More
over, as the slab thickness is increased with the rela
tive source position held fixed (1, e., Ur= const.), the 
fluctuations build up very rapidly, 

On the basis of the results described above and dis
played in the figures we may conclude the following: 

For ar small, say less than one, the intensity fluctu
ations are relatively small and the mean intensity be
haves in much the same way as the predictions of radia
tive transport theory (cf. Sec. 3). For ar> 2, however, 
the intenSity fluctuations in the interior can be very 
large, especially when the source is also located in the 
interior. In this case, neither the mean intensity of the 
stochastic theory nor that of the phenomenological trans
port theory give any insi.ght into the extremely fluctuat
ing character of the fields. On the other hand, away from 
the source point and near the slab extremities, the in
tensity fluctuations remain moderate even when a r is 
large, This is particularly true when the slab is illumi
nated at one end. Therefore, the mean of the power re
flection and transmission coefficients (cL Fig, 13) are 
stable quantities and the comparison with transport the-
0ry is meaningfuL The enormous size of the fluctuations 
in the interior was unexpected and indeed surprising. 

In Sec, 3, we shall discuss these results in more de
tail and compare them with transport theory, 
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Radiative transport theory is a phenomenological the
ory that views the propagation and scattering of radiation 
as an incoherent process. This theory was first applied 
to the one -dimensional problem by Schuster. 13 We shall 
now outline the transport theory analog of problem 
(2.1)-(2.4) and compare the corresponding solution with 
the results of Sec. 2, as we did in Sec. 8 of I. 

Let us assume that a scattering medium, occupying 
the interval [-r/2, r/2], is excited from within by a 
point source whose distance from the center of the slab 
is denoted by ~. Let 1) represent the distance of the ob
servation point from the center of the slab. We shall as
sume a steady state condition and a conservative medi
um. Let 1+(r, ~,'I)) and T(r, ~,1)) represent the intensities 
of radiation at location 1), propagating in the positive and 
negative 1) directions, respectively, Assume that over 
an interval of length d1), there occurs a backscattering 
of radiation equal to aJ+d1) and a forward scattering equal 
to ard1). Then, a conservation of energy argument leads 
to the following equations: 

d~[+= d~r = - a(r -n, 
1+(r, ~, - r/2) =r(r, ~, r/2) = 0, 

[=(r,~, ~ + 0) -[=(r,~, ~ - 0) =± 1. 

(3.1) 

(3.2) 

(3.3) 

Boundary conditions (3.2) are a simple consequence of 
the fact that scattering only occurs in the interval [- r /2, 
r/2]. The notation ~ + 0 and ~ - 0 used in jump condition 
(3.3) again refers to limits as 1) approaches ~ from the 
right and left, respectively. The point source at location 
~ is assumed to emit radiation of unit intensity. Note 
that the transport coefficient in (3.1) is the parameter a 
defined by (2.18). This choice has been justified, on the 
one hand, in an a priori manner by the heuristic argu
ments of Marcuse. 18 On the other hand, this choice will 
also be dictated in an a posteriori manner by the com
parison of stochastic and transport theoretic predictions 
for small values of ar. 

We shall use the subscript s (for Schuster) to denote 
the transport theoretic quantities of interest. It follows 
readily from (3.1)-(3.3) that: 

MJ.(r,~, 1)) =[+ +r 

= [1 + a (r + 2u~)][1 + a (r - 2a1))J/(1 + ar), 

u= sgn(1) - ~). 

Noting (2.10)-(2.14), we also obtain 

1+a(r+2~)=MJ(r ~ r/2) 
1+ar • " , 

(3.4) 

1)"'~,(3.5) 

1 T_.(~, r) 12 =r -1+ 1 ~ :(:;20 =MJ.(r, ~, - r/2), 

1)';;~. (3.6) 
We again can obtain the right and left-directed power 
flux by an evaluation of the total intensity at the right 
and left slab ends, respectively. 

Let us now compare the mean total intensities MJ and 
MJs when the slab thickness is smalL Assume that 
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aT« 1 with - T/2 ~~, 1) ~ T/2. Define 

f
~ 7Tt2"+1 sinh7Tt 

/3"= ---h2 t dt, n=0,1,2, .... 
_~ cos 7T 

(3.7) 

Using the fact that/3o=l, /31=3/4, and/32=25/16, we 
find the expansions of MJ and MJ. agree to terms of or
der (a T)3. Specifically 

MJ(T, ~, 1) = 1 + aT - 2a 11) - ~ 1-4a2~1) + O[(aT)3] 

=MJ.(T,~,r,,+o[(aT)3], (3.8) 

In Figs. 1-13, we present a graphical comparison of 
the predictions of the stochastic and radiative transport 
theories. The stochastic theoretic curves are drawn as 
solid lines while the transport theory curves are drawn 
as dashed lines. Also displayed on these graphs are the 
results of numerical simulations conducted to verify 
these theoretical results. Figures la-12a compare the 
intensities, i.e., MJand MJ .. as a function of the ob
servation point for a variety of slab thicknesses and 
source locations. Figures Ib-12b present the intensity 
fluctuations F J as a function of the observation point for 
the same selection of slab thicknesses and source loca
tions. Note that we have not exhibited a transport
theoretic analog of F J. Figure 13a compares the sto
chastic and transport theoretic transmission coefficients, 
i. e., MJ(T, - T/2, T/2) and MJ.(T, -1/2, T/2), as func
tions of slab thickness while Fig. 13b presents the trans
mission coefficient fluctuations F J( T, - T /2, T /2). 

Figures 1-4 correspond to a source location at the 
left end of the slab. For this configuration, both the sto
chastic and transport theoretic intensities attain their 
maximum values at the source point and are monotonical
ly decreasing functions of the observation point. Both 
intensities are equal to unity at the slab center. For 
small values of aT, the two intensity curves practically 
coincide; this is to be expected in view of (3.8). As aT 
increases, however, the effects of multiple scattering 
become more pronounced. Both intensity curves tend 
asymtotically toward the values 2 and 0 at the left and 
right slab ends, respectively. However, as aT in
creases, the transport theoretic intensity remains a lin
ear function of the observation point while the stochastic 
intensity exhibits an increasingly nonlinear behavior. 
Note that, in all cases, for both theories, the intensities 
at the two slab ends sum to two. This is to be expected 
since the intensity at the left end equals one plus the 
power reflection coefficient while the intensity at the 
right end equals the power transmission coefficient. 
Since the random medium is conservative, the reflection 
and transmission coefficients must sum to unity. 

In Figures Ib-4b, we present the intensity fluctua
tions F J as a function of the observation point a1) for the 
source point at the left end of the slab. As we noted in 
Sec. 2, the fluctuations at the two slab ends are equal. 
This is due to the fact that they represent the standard 
deviations of two random variables whose sum is a con
stant, i. e., 2. Observe that the largest intensity fluc
tuations occur in the left half of the slab; these fluctua
tions increase as the slab thickness increases. The oc
currence of large fluctuations in the half of the slab 
nearest the incident excitation is, as the graphs indi
cate, supported by our numerical simulations. This 
phenomenon is also in qualitative agreement with obser-
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vations made by Frisch, Froeschle, Scheidecker, and 
Sulem19 based on numerical simulations that they 
conducted. 

Figures 5-8 correspond to a source location midway 
between the left end and the center of the slab, i. e., 
~ = T /4. Observe that the sum of the intensities at the 
two slab ends, i. e., MJ(T,~, - T/2) +MJ(T, ~, T/2) and 
MJ.(T,~, - T/2) +MJs(T,~, T/2), again equlas 2. This 
phenomenon occurs for an arbitrary interior Source lo
cation. We shall now show that in the stochastic case 
there follows, as a simple consequence of jump condi
tion (2.8), the fact that the right and left power fluxes 
are independent of the observation point [cf. (2.10)
(2.14)], and the diffusion limit. From (2.10), (2.11) it 
follows that 

1 T + (e) 12 + 1 T_ (e) 12 = IA (e)(y + 0, y, l) 12 -IA (e) (y _ 0, y, l) 12 

+IB(e)(y -O,y, l) 12 -IB(e)(y + O,y, l) 12 • (3.9) 

Using (2.8) and (2.13)-(2.15), we obtain 

J< e) (T /E2, [T/2 + ~]/E2, T/E2) + J<e) (0, [T/2 + ~]/E2, T/E2) 

= 2 + 2 Re{[.AT"l (T/2 + ~ - 0]/E2, [T/2 + ~]/E2, T/E2) 

+ B(e)([ T/2 + ~ + 0]/E2, [T/2 + ~]jE2, T/E2)] 

Xexp[ik(T/2 + O/E2]}. (3. 10) 

When the diffusion limit (2.16) is applied, the rapid 
phase variations annihilate the expected value of the sec-
0nd term on the right side of (3. 10) and we obtain the 
aforementioned result. The argument for the transport 
theoretic case follows immediately from jump condition 
(3.3) and Eqs. (3.5)-(3.6). 

For the source located midway between the left end 
and center of the slab, the peak intensity occurs at the 
source point. Observe that, as the slab thickness in
creases, the effects of multiple scattering again become 
increasingly important and the peak intensity predicted 
by the stochastic theory grows much faster than that 
predicted by transport theory (cf. Figs. 5a-8a). Fig
ures 5b-8b display the intensity fluctuations correspond
ing to this source configuration. Observe that the inten
sity fluctuations at the slab ends are not equal in this 
case. Note also the discontinuity in the fluctuations at 
the source point that is very apparent for the smaller 
slab thicknesses (Figs. 5b, 6b) but which effectively dis
appears for the thicker slabs (Figs. 7b,8b), i. e., when 
the source is located in the deep interior. 

Figures 8 -12 display the intensity and fluctuation 
variations corresponding to a source located at the cen
ter of the slab. The graphs display the obviously re
quired symmetry with respect to the slab center. The 
peak intensity and peak fluctuations both occur at the 
source point. For a given slab thickness, this SOurce 
location produces the largest peak values. Note, more
over, that these peak values become very large for mod
erate valyes of a T; a peak intensity of 30 and a peak 
fluctuation of 5000 occur for aT equal to 5. 

Figures 13a and 13b show the variation of the power 
transmission coefficient and power transmission coeffi
cient fluctuations, respectively, as a function of a T for 
a source located at the left end of the slab. For the sto
chastic theory, the transmission coefficient is given by 
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(2.21); the transport theoretic transmission coefficient 
can be obtained by setting ~ = - -r/2 in (3.5). We have 

MJs(T, T/2, T/2) = 1/(1 + aT). (3.11) 

The stochastic transmission coefficient decreases ex
ponentially while the transport theoretic transmission 
coefficient decreases algebraically. The fluctuations 
also decrease with increasing aT. As aT increases, 
therefore, the transmission coefficient approaches zero 
in probability. This behavior has also been established 
by Sulem and Frisch20 when the index of refraction is a 
random telegraph process and, in fact, convergence is 
with probability one. For values of aT greater than 8, 
the fluctuations are less than the corresponding spread 
between stochastic and transport theory intensity p ... edic
tions. In the light of these observations, one would ex
pect reasonably good agreement between stochastic the-
0ry predictions and numerical simulation at the right 
end of the slab. Moreover, the simulated results should 
discriminate between the two theories. Simulation re
sults of this sort have been reported by Morrison. 21 The 
simulations plotted in Figures 1-4 and 13 also behave 
in this antiCipated manner. 

In performing the numerical simulations, the expected 
values were approximated by computing an average over 
100 realizations. Each of these realizations in turn was 
a slab consisting of 2000 sections (i. e., of unscaled 
length 2000). Within each realization, the index of re
fraction was assumed to be a two-state random process, 
with states .ff±E. The initial state (L e., the value of 
the process at the left end of the slab) was chosen ran
domly; subsequent switching of states occured randomly 
at intervals which were (approximately) exponentially 
distributed. In the computations, the average number of 
sections between changes of the index of refraction was 
varied from 2.5 to 10, while a wavenumber of 0.5 was 
used throughout. The parameter E, therefore, was not 
specified directly but rather was determined by the other 
variables. Typically, E fell within the range 0.1 ",E '" O. 3, 

The simulations were beset by two difficulties, the 
strongly fluctuating nature of the process being simulat
ed and the inherent limitations of the discrete approxi
mating model. Note, in particular, the failure of the 
simulation model to generate the fluctuations predicted 
in Figs. 7b and llb. In general, however, the agreement 
between the simulated results and stochastic theory is 
good, and we feel that these simulations amply demon
strate the applicability of the stochastic theory. 

Throughout this discussion, we have assumed that 
frequency (or wavenumber k) is fixed while the spatial 
variables change. Note, however, from (2.21)-(2.24), 
(3.4) and the graphs, that MJ, FJ, and MJs are functions 
of aT, a~, and aT/, where a is defined by (2.18). Con
sequently, we could equally well adopt the point of view 
that the spatial variables are fixed and wavenumber is 
variable. For fixed T, ~, T/ and a particular correlation 
function, we could use our graphical data to determine 
the variation of MJ, F J, and MJ. as functions of wave
number through a(k); observe from (2.1), however, that 
we would have to account for the fact that our source 
strength is frequency-dependent. 
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4. DERIVATION OF THE RESULTS 

The derivation that we shall present will rely on Secs. 
3-6 of L In addition to the theory of Ref. 3 (Theorem 3 
of Ref. 3) which we used in I, we shall now also apply 
an improved version of that theory. 4 For the problem 
being conSidered, we need the improved theory to con
clude that the limit theorem for the propagator matrices 
(Sec. 4 of I) holds for certain unbounded functions of 
these matrices. In fact, in I the condition of Theorem 3 
(Ref. 3) that f(g) be bounded was violated. With the im
proved theory, however, such conditions are no longer 
needed. Hence, the results of I, up to Sec. 9, are rigor
ously correct. The pulse propagation results of Sec. 9, 
though, still require additional theoretical considera
tions because of complications that were overlooked; we 
shall not pursue this matter here. In the analysiS that 
follows we shall point out where the improved theory is 
needed. 

P'~:!':(X)i::::'~the12 x 2 m::;;~::~u)ed stochastic 

m(x)=-- (4.1) 
2 _ exp(i2kx) -1 

Let 7)u 7)2' 7)3 be defined as the following 2 x 2 matrices: 

", ~ t(: _OJ, ",~ tC ~, ",~ t (0, ~. (4.2) 

We can express m(x) in terms of 7)1> 7)2' T/ 3 as follows: 

m(x) = klJ. (x)7Jl + (klJ. (x) sin2kx)7J2 + (klJ. (x) cos2kx)1)3' 

(4,3) 

Note that 1)1' 1)2' and 1)3 constitute a representation of the 
Lie algebra su(l, 1) with commutation relations 

T/11)2 -T/27Jl =(1)u T/2l =1)3' (1)1> T/sl= -T/2' 

[T/2' 1)3l = - T/l' 

Thus, m(x) is a stochastic process with values in 
su(l, 1). 

(4.4) 

Let Y(x, y) denote the 2 X2 matrix solution of the ini
tial value problem: 

dY(x, y) = Em(x)Y(x, y), 
dx 

Y(y,y)=[ (2x2 identity matrix), x~y. (4,5) 

In view of (4.3), Y(x, y) is a stochastic process with val
ues in SU(l, 1), the group of 2X2 matrices of the form 

y=r b) laI2-lbI2=1. (4.6) \b a , 

We decompose Y(l,O) into the product 

Y(l, 0) = YS(l,y)Y2 (y,X)Yl (x, 0), 0 ",x "'y '" I, 

Y(I, 0) = Y3(l, x)Y2 (x, y)Yl(Y, 0), 0", y "'x '" I. 
(4.7) 

The matrices Y1> Y2 , and Y3 , when viewed as functions 
of their first argument, are solutions of (4.5) which 
equal the identity matrix when their two arguments co
incide. Equation (4.7) is simply an expression of the 
propagator property (cL I, Sec. 3). To simplify the no
tation, we omit the arguments and write 
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yj=(:j ~j\ la j I2-lb jI2=1, j=1,2,3. 
bja j ), 

(4.8) 

The solution of boundary value problem (2.7)-(2.9) can 
be expressed in terms of Yu Y 2 , and Y3 as follows: 

- bg(a2b1 + b2a1) + a g(02b1 + a2a1) , 0 -'Sx -'S Y -'S l, 
A- b![ii3 exp(iky)-bg exp(-!,:?,)] \ 

B- -iil[ii3exp(~ky) -:.b3exp(-i,:?,)] (4.9) 
- b3(a2b1 + b2a1) + a3(b2b1 + a2al ) 

These formulas generalize (I. 3.9) and (I. 3.10) for the 
matched case. 

We shall now introduce the notation: 

(:21 ~2~ = (:2 ~2\ (:1 ~~ = (:2
a

l + ~2~1 a/il 
+ b

2a\ 
\b21 a2) b2 a2) bl a) b2a1 + a2b1 b2b1 + a2a), (4. 11) 

(

G32 b32) (a3 b~(a2 b~ (a3a2 + b/i2 a3b2 + b3a2\ 

b32 a32 =\b3 (3)~2 a2)= b3a2+a}2 b3b2+a3a2}. (4.12) 

Observe that the denominator of (4.9) is b3b21 + a3a2l and 
the denominator of (4. 10) is b1 b32 + ala 32 , We shall also 
introduce polar coordinates, as in Sec. 5 of I, by 
defining 

a j =exp[i(1) j + IJI N2] cosh(ti/2), 

b j = exp[i( 1> j -IJI j)/2J sinh(ti /2), 

j=1,2,3. 

Similar ly, let 

a 2l = exp[i(1)21 + 1J1 21)/2] cosh(ti21/2), 

b2l =exp[i(1)21 -1JI2l)/2]sinh(ti2/2), 

a32 = exp[i(1)32 + 1J132)/2] cosh(ti3/2), 

b32 = exp[i(1)32 -1JI32)/2] sinh( ti3/2). 

(4,13) 

(4.14) 

The following useful relations, which constitute the law 
of cosines in the hyperbolic disc, are a consequence of 
(4.11) and (4.12): 

coshti2l = coshti1 coshti2 + cos( 1>1 + 1J1 2 ) sinhti1 sinhti2, 
. . (4.15) 

coshti32 =coshti2 coshti3 + COS(1)2 + IJI) smhti2 smhti3. 

We are primarily interested in .fd(X, y, l), which is 
defined by (2.12). Using (4.9)-(4.16), we express it as 
the following function of the polar coordinates: 

.fe)(x, y, l) 

_ 2 coshO)cosh03 - cos (2ky - /fi 3 ) sinh03] , 
-1 + cosh03coshti2l + cos(1JI3 + 1>21) sinh03 sinh 021 
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1 + cosh Ol cosh032 + COS(1)1 + ~32) sinh01 sinh032 , 

O-'Sy-'Sx-'Sl. (4.17) 

These formulas generalize (1. 5.12) and (I. 5.13) for the 
matched case. 

Note that 

l.fel(x,y, 01 -'Scosh01(coshti3 + I sinhe31), 0 -'Sx -'S Y -'S l, 

(4.18) 

or 

l.fd(x, y, l) 1< cosh03(coshtil + I sinhOll), ° -'S Y -'Sx -'S l. 

(4.19) 

From (4.13) it follows that: 

1.1 e) (x, y, l) I -'S ( I al l2 + I b112)( I a3 1 + I b31 )2, 

O-'Sx-'Sy<l, (4.20) 

l.fd(x,y, l) 1< (la312 + I b312)(1 all + I b11)2 

o <y < x < l. (4.21) 

.f') can therefore be bounded by absolute moments of the 
elements of the propagator matrices. These are precise-
1y the kind of estimates required in the improved theory 
of Ref, 4. Theorem 3 of Ref. 3, on the other hand re
quired uniform boundedness. We can thus proceed now 
as in Secs. 4 and 5 of I without difficulty. 

To facilitate application of the limit theorem, expres
sions (4.18) and (4.19) for .fe) will be further trans
formed. We record the following facts about the 
Legendre functions P,;'(u) that are needed22: 

d (; d ~ m 2 

du \(u
2 
-1) du P;(u); - u2 -1 P;'(u) 

= v(v + l)P~(u), u> 1, 

2 f~ 7Tt sinh7Tt 
u + 1 = _~ cosh27Tt P-l/2+it(U) dt, 

~ r(v-'ml+1)plml( 0) 
Pv(cosh~) = 3:~ r(v + I m 1+ 1) v cosh 

(4.22) 

(4.23) 

xpJml (coshe) exp[im(1) + IJI)J, (4.24) 

cosh~ = coshe coshe + cos(1) + IJI) sinhO sinhe, (4.25) 

P~(U)=P~V-l(U), (4.26) 

upJml(u) = 2:+ l[(v -I m I + l)pJ':'ll(u) 

+ (v + I m I )P~,7-i(u)], (4.27) 

4 !~ (2 1.) 7Tt sinh7Tt p ( ) dt u?; 1. (4 28) 
(u + 1)2 = _~ t + 4 cosh27Tt -1/2+il U , • 

Only (4.23) and (4.28) require a brief comment. Note 
that if we set u = 1 and use the fact that Pv(1) = 1, we ob
tain the relations f3 0 = 1 and f31 + if3 0 = 1, respectively 
[cf. (3.7)]. It is well known that (4.23) follows from the 
Mehler transform. 22 We can derive (4.28) from (4.23) 
by observing that the solution g(T, u) of the equation 

J...g=J...~u2_1)J...g\, u>1, g(0,u)=1+1
u 

(4.29) aT au \' au J 
has the integral representation 
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Therefore, we have 

gT(O, u) = [(U2 
-1) (1 ~ u) T = (1: ~)2' (4031) 

By combining (4.31) and (4.30), we obtain (4.28)' 

We shall analyze (4.16) in detail; the analysis of 
(4. 17) follows in the same way. Observe that we can 
write 

(4.32) 

where the triple subscript is an obvious extension of the 
notation introduced in (4.14) and (4.15). By using (4.23), 
Eq. (4.16) can be rewritten as follows: 

,( ) [ . ] f'" rrt sinhrrt 
u

E =cosh i\ coshi13 -cos(2ky -1);3)smhB3 h2 t 
_'" cos rr 

(4.33) 

Addition theorem (4.24) when applied to (4 yields 

,( [ . ] J"'rrt sinhrrt u· El = coshB1 coshi13 - cos(2ky -1);3) smhB3 h2 t 
_'" cos rr 

X ~",r(v+lml+1) v cosh 3 v cosh 21 (
if.. nv -Iml +1) plml( B )plml( B) 

X exp(im(<I>21 +1);3))) dt, v=-~+it (4.34) 

To decompose pJm l(coshB21), we require a generaliza
tion of addition theorem (4.24). This, in turn, necessi
tates the introduction of generalized Legendre functions. 
All necessary information about such functions, includ
ing addition theorems and recurrence relations, is given 
by Vilenkin23 (in Chap. VI). We record here the required 
addition theorem: 

exp (im <1>21) p~ml(coshB21) 

~. r(v+lml+1) (. ( ).) 
= ~ r( 1) exp -m <1>1 +1);2 + tm <l>2 

n=-'" v + n + 

(4.35) 

The generalized Legendre function Pmn satisfies the dif
ferential equation: 

!!..- ~U2 -1)~ P' (u)\ _ (m
2 
+ n

2 
- 2mnu)p (u) 

du~ du mn ) \ u2 -1 mn 

= v(v + 1) l~m(u), u > 1, (4036) 

and also the relation 

r(v-n+1) 
r(v + 1) P:(coshB)0 (4037) 

Therefore, when m = 0, addition theorem (4035) reduces 
to (4024)0 

We now use (4035) in (4034) to obtain the desired re
presentation for .IE) (when 0 <:; x <:; y <:; l): 

.IE) = coshBJcoshB3 - cos(2ky -1);3) sinh B3] f"'rrt sin~rrt 
_'" cosh 1/"1 
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( 
'; ~ r(v -I m I + 1) . 

X ::''''n7'-", r(v+n+1) exp(zm(<I>2+1);3))exp(-in(<I>l +Ih)) 

X p'!(coshB1) Pim l,n(coshB2) p~m I(COShB3») dt, 

(4038) 

A similar analysis, utilizing (4.28), can be performed 
to obtain the following representation for (.tE)Y 
(when 0 <:; x <:; y <:; l) 

(.t o»2 = cosh2BJcoshB3 - cos(2ky -1);3) sinhB3]2 f: (f2 + t) 

X rrt si~rrt (E t nV -I m 1+ 1) exp(im(<I>2 + 1);3» 
cosh rrt ""-"'n.-'" r(v + n + 1) 

Xexp(-in(<I>l +1);2»p'!(coshB1) Piml,n(coshB2) . 

XPJml(COShB 3»)dt, v=-~+ito (4.39) 

We now apply the diffusion limit, Le., (2016) and 
(2.22), to (4.38) and (4 039) to obtain MJ and KJ, re
spectivelyo Thus, we take expectation or statistical av
erage of .te) and (.1'»2 with respect to the limiting prob
ability distribution of the propagators. As explained in 
Sec. 4 of I, the propagator matrices corresponding to 
nonoverlapping intervals become statistically indepen
dent in the diffusion limito Up to this point, our analysis 
could be applied to the mismatched problem by adjusting 
the initial value of Y1 and the final value of Y3 (cL Sec o 
3 of 1)0 In the sequel, we shall consider only the match
ed case; the formulas for the more general mismatched 
case are unwieldy but not particularly difficult to obtaino 

Observe that the angle 1);1 is absent in both (4038) and 
(4039), As explained in Seco 5 of I, the limiting transi
tion density for cP is uniformly distributed over [0, 2rr] 
and is independent of B1" (Recall that we are dealing with 
the matched caseo) Therefore, when we average (4038) 
and (4039) with respect to CPl> only the n=O term sur
viveso Moreover, since 1);2 appears only in the combi
nation (CP1 + 1);2)' this average with respect to CP1 also 
eliminates functional dependence upon 1);20 We next aver
age with respect to CP20 The same argument applies to 
this case also; the transition density for <1>2 is uniformly 
distributed over [0, 2rr] and independent of B20 When this 
average is performed, only the m =0 term surviveso 
W~ next average with respect to the uniformly distrib
uted angle 1);3' If we use angular brackets (0) to denote 
averaging with respect to the angles CPu CP2' and 1);3' 
then (4.38) and (4.39) yield 

f
"'rrtsinhrrt 

(J) = coshBl cosh03 h2 t Pv(coshB1) 
_'" cos rr 

(4.40) 

(.12) =cosh2B1 (3 cos~2Bs -1) [ (t2 + t)rr::!~;/ Pv(cosh81) 

XPv(coshB2)Pv(coshB3) dt, v = - ~ + ito (4041) 

To obtain MJand KJ, we must average (4040) and (4041) 
with respect to the limiting distributions of 81> B2 , and 
830 Since we are in the matched case, it follows from 
(I. 5021) [or directly from (I. 5.16)] that in the diffusion 
limit 
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E{Fv(cosh8('T))}= exp(II(1I + 1)a 'T), (4.42) 

In (4.40) and (4.41) we must take the expected value of 
functions of the form uJFv(u), j=O, 1,2, where u=coshB, 
Notice, however, that by using (4, 26) and (4, 27) we can 
rewrite uFv(u) and u2 Fv(u) as linear combination of 
Legendre functions with different degrees. We use the 
scaled variables defined by (2,15) in specifying the ar
guments of the random functions 810 82 , and 83 , For the 
case being considered, L e" O.:S x.:S Y .:S l, these argu
ments are 'T/2 +7/, ~ -7/ and 'T/2 -~, respectively, Equa
tion (4,42) is used repeatedly and after some straight
forward but lengthy computations, (2,17) is obtained 
from (4,40) and (2,24) from (4.41), By starting with 
(4,17), the analysis for the other case, i.e" O.:Sy.:S 
x .:S l, follows in basically the same way as the case we 
have discussed. 

Gazaryan7 studied the configuration corresponding to 
the matched case with a source location at the left end 
of the slab (~= - 'T/2). He observed that the total inten
sity in the interior, L e., MJ('T, - 'T/2, 7/), satisfies the 
heat equation in the variables 'T and 7/, Moreover, Eq, 
(2, 19) with 'T = 0, can be recast into the following very 
simple initial condition: 

(4.43) 

Using the fundamental solution to the heat equation, 
Gazaryan obtained an alternate representation for 
MJ('T, - 'T/2, 7/), His observation was generalized and 
used extensively in Sec. 6 of I. 

For the general configuration, where the source loca
tion is permitted to vary, one can show that MJ('T,~, 7/) 
satisfies the following partial differential equation: 

a ~J= t[t(a~~. "'~ + a~~. "'~) - a(a "'~ - a ",~)]MJ, 
0"= sgn(7J - ~). 

(4.44) 

However, KJ does not satisfy such a simple partial dif
ferential equation. Moreover, the simplicity of the ap
proach as a whole is apparently lost in this more gen
eral problem. Consequently, the approach was not 
pursued, 

J. Math. Phys., Vol. 15, No. 12, December 1974 

2197 

ACKNOWLEDGMENT 

We wish to thank Uriel Frisch for bringing the interior 
source problem to our attention and J, B, Keller for use
ful comments and suggestions, 

*Research supported by the Air Force Office of Scientific 
Research under Grant No. AFOSR-71-2013. 

1W. Kohler and G. C. Papanicolaou, J. Math. Phys. 14, 1733 
(1973). 

2G• C. Papanicolaou and J. B. Keller, SIAM J. Appl. Math. 
(Soc. Ind. Appl. Math.) 21, 287 (1971). 

3G.C. Papanicolaou and S.R.S. Varadhan, Comm. Pure 
Appl. Math. 26, 497 (1973). 
4G.C. Papanicolaou and W. Kohler, Comm. Pure Appl. Math. 
27, (1974) (to be published). 

5J. A. Morrison and J. McKenna, SIAM-AMS Proc. 6, 97 
(1973). 

GA. Brissaud and U. Frisch, J. Math. Phys. 15, 524 (1974). 
7yu. L. Gazaryan, Zh. Eksp. Teor. Fiz. 56, 1856 (1969) 
[Sov. Phys. JETP 29, 996 (1969)1. 

8R. H. Lang, J. Math. Phys. 14, 1921 (1973). 
9R. J. Rubin, J. Math. Phys. 9, 2252 (1968). 

10R.J. Rubin, J. Math. Phys. 11, 1857 (1970). 
11B. I. Halperin, Phys. Rev. 139, AI04 (1965). 
12D. Marcuse, Bell Sys. Tech. J. 51, 1793 (1972). 
13 A. Schuster, Astrophys. J. 21, 1 (1905). 
141. M. Besieris and F. D. Tappert, J. Appl. Phys. 44, 2119 

(1973). 
1'For the validity of the diffusion limit it is required that f.l(x) 

be almost surely bounded and mixing in a sufficiently strong 
sense (cf. Refs. 1, 3, and 4). Model media with f.l(x) a finite 
state ergodic Markov chain are included in our formulation. 

1GThis denotes Eq. (2.15) in I. 
17The leading minus sign on the third line of (I. 6. 32) should be 

a plus sign. 
18D. Marcuse, IEEE Trans. MTT 20, 541 (1972). 
19U. Frisch, C. Froeschle, J.-P. Scheidecker, and P. L. 

Sulem, Phys. Rev. A 8, 1416 (1973). 
20p. L. Sulem and U. Frisch, J. Plasma Phys. 8, 217 (1972). 
21J.A. Morrison, IEEE Trans. MTT 22, 126 (1974). 
22W. Magnus, F. Oberhettinger and R. P. Soni, Formulas and 

Theorems for the Special Functions of Mathematical Physics 
(Springer, New York, 1966). 

23N. J. Vilenkin, Special Functions and the Theory of Group 
Representations, 22, Transl. of Math. Monographs (AMS, 
Providence, R. I., 1968). 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.173.125.76 On: Mon, 24 Mar 2014 19:28:52




