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Inversion formulas are obtained for the restrictions of the Hartley and Hilbert 
transforms to Rf. Regularity results are derived, and an illustrative example pre- 
sented. 

I. INTRODUCTION 

The Hartley transform arises in various areas of engineering, especially in signal processing;’ 
it is defined by the following formula: 

gdt)= ?” I g(o)(cos ot+sin wr)dw, t~1R. (1) --m 

Its properties such as regularity, inversion formula, etc., can be deduced from Ref. 1. In this article 
we are interested not in Eq. (1) but in the half-Hartley transform which can arise in certain types 
of transport problems2 

gll(t)= - I g(o)(cos wt+sin or)dw, PER+. (1.5) 
0 

Similarly, the Hilbert transform is defined by3*4 

H,v(Y))=~l_~w f(Y) fg 9 y E R. 

As in the case of the Hartley transform, we shall be concerned with the half-Hilbert transform 

h,V(Y))=~~oYf~Y) j$ ? y>o. 

The symbol “7’ indicates Cauchy principal value. The notation for the transforms “H” and “h” 
is adapted from Ref. 3. 

The inversion formula for the (full-range) Hartley and Hilbert transforms (1) and (2) are well 
known 

S(O)=& I D- g,(t)(cos wt+sin or)dt, 

f(y)=-; I cc H,V.)$. -m W’) 
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On the other hand it turns out that the inverse formulas for Eqs. (1.5) and (2.5) are not known, 
insofar as we are able to ascertain. The purpose of this article is to obtain those formulas. In fact, 
we show that the half-Hartley transform (1.5) can be reduced to the half-Hilbert transform (2.5), 
and determine the inversion formula for the latter. 

Before proceeding, we quote (in part) two standard properties of Hilbert transforms which are 
needed in the subsequent analysis. 

Proposition 1 (Ref. 5): Let f~ Lp(R), l<p<m. Then H,(f ) E Lp(W). 
Proposition 2 (Refs. 3, 6, and 7) (The Poincarb-Bertrand formula): For appropriate restric- 

tions on the functions f and g 

9 f , L?(Y) $ 9 I (f(x) g =-?rzB(o)f(w)+~~,f(*)dx PII &T(Y) (y-m;x-y) * 

(3) 

Here I may be an interval of pi (Refs. 3,7) or an arc in C (Ref. 6). In Ref. 3, the “appropriate 
restrictions” are g E LP(Z). f E Lq(Z), ( I/p) + (l/q) < 1, while in Ref. 6 it is required that f and g 
be (uniformly) Holder continuous on I. (The assumptions on f and g made in Ref. 7 are not 
relevant to our problem, and will not be stated.) 

We remind the reader that, as used in Ref. 6, the term “Holder continous” is the same as 
“Lip-or”, i.e., 3 a constant C and a number a>0 such that 

Ifb)-f(YwClx-yla, V.&Y EI. (4) 

The plan of this article is as follows. In Sec. II we reduce the half-Hartley transform (1.5) to 
the half-Hilbert transform (2.5); in Sec. III we obtain the inverse formula for the half-Hilbert 
transform. Section IV is devoted to a discussion of various regularity properties of the transforms 
and their inverses, and in Sec. V we present an illustrative example. 

II. REDUCTION TO THE HALF-HILBERT TRANSFORM 

Referring to IQ. (1.5) we define 

g*(t)cos kt dr 

and 

g:(k)= m f gh(t)sin kt dt. o 

(4a) 

Assuming the existence of these two integrals, they can be computed by formal change of order of 
integration if we write 

j-; cos kfom g(o)cos ot do dt=!=iEI,” g(o)dw]: e-“’ cos kt cos ot dt (5) 

and similarly for terms involving cos kt sin wt, sin kt cos wt, and sin kt sin wt. 
Recalling4 

fT(x)=limlA, 
610 7rx +e 

(64 
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9: =lim& 
cl0 x + 

we find easily 

+9J --& do, 1 k>O 

k>O. 

ThUS 

g;(k)-g;(k)=j?/om g(o) 2 9 k>O. 

(6b) 

(74 

(7b) 

This should be compared with Eq. (1-l). The inversion of the half-Harley transform (1.5) is thus 
reduced formally to that of solving Eq. (8) for g, i.e., the inversion of the half-Hilbert transform. 

III. INVERSION OF THE HALF-HILBERT TRANSFORM 

Rewriting Eq. (8) in generic form 

j(k)=jnIo@= g(o) &, k>O (9) 

we might attempt to solve for g by applying standard methods6’8*9 for solving singular integral 
equations of the form 

f(k)=VkMk)+p I m v(wk(w) 2 7 k>O. 
0 

(10) 

Noting that X=0, v= 1, and referring to Refs. 6, 8, or 9, we see that the solution involves the 
solution X(z) of the homogeneous Riemann-Hilbert problem 

X’(t) A(t)+7ri77(t) 
x-(t) =x(r)-az+(r) =--I, r E [O,a), 

where 

X’=lim X(rkie). 
cl0 

(lib) 

The canonical solution of Eq. (lla) is6>8*9 

X,(i)=enp( i 1: &}, 

an integral which does not exist! 
Let us therefore attempt to solve Eq. (4) by studying the equation 

(12) 
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ftk)=~j-oLst4 2, k E (0,L). (13) 

The solution of Eq (13) is given, for example, in Ref. 3 [or the methods of Refs. 6, 8, or 9 can be 
used to solve Eq. (13)]. In either case one finds 

g(k)=-& Jo(L-olftd & +C (14) 

where C is an arbitrary constant [which comes from the fact that the index of Bq. (13) is + 11. 
Letting L --t ~0, we obtain the putative solution 

J;;fW s, k>O. (15) 

It remains to be proven that Eq. (15) does provide a solution of Eq. (9). In point of fact, Eq. (15) 
is not the most general solution; we can state 

Theorem 3: Let f obey rhe conditions 

(i) Gf is Hiilder continuous on [O,m), 
(ii) Gf E P(R ‘) for some p, I <p (00, 
(iii) (ll~)hk(~f~w))ELq(R’t) for some q, I <q<w. 

Then a general solution to Eq. (9) is 

P(X)=--& [@j-r &fW 2 +c], 

where C is an arbitrary consranr. 
The proof of Theorem 3 is accomplished by applying two lemmata. 
Lemma 4: 

I m 1 dk 
I(r)=9 o T k-t =o, r>O. 

(16) 

(17) 

Proof: Let F(z) = (l/Jz) = (1Im)e ie’2 O< 19<27r. Then F(z) is analytic in 6: \ B+ with 
boundary values F’(k)= + lldk, k>O. Similariy4 

9 g =lii ,?:9-, triS(k-r)dk. 

Substituting into Eq. (17) we have 

I(k)=; 
dk 

k+ie-r - 

(185) 

the terms arising from integration over the delta function canceling. By Cauchy’s theorem 

I(k)=; 
P 

dz 1 
F(z) - -- 

c, z-k 2 f 
dz 

F(z) - 
c, z-k ’ 

(19) 
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where C, is an infinitesimal contour surrounding the point z=O and C, is a circle at infinity. 
Because F(z) = l/~z, both integrals vanish, proving the lemma. 

Remark. The technique used to prove the lemma, i.e., expressing ,/k as the difference of 
boundary values and replacing the Cauchy denominator as in Eq. (18), will be used subsequently 
for a number of other integrals. 

Lemma 5: Ler C$ obey conditions (i)-(iii) of Theorem 3. Then 

pfom i & ~1: J;;+(W) s= - r24tr) +9fom h&oh yfom $ & & dk 
(204 

=-7r2+(r). W’b) 

Remark: This is the Poincar&-Bertrand formula, Proposition 2, except that none of the “appro- 
priate conditions” quoted there is satisfied (in particular, l/,/k is in no Lp space, nor is it Holder 
continuous near zero). 

Proof Equation (20b) follows from Eq. (20a) by partial fraction decomposition and Lemma 4. 
To prove Eq. (20a), we adapt the proof of Muskhilishvili, Ref. 6, pp. 57-60. Note by hypothesis 
plus Proposition 1, the left-hand side of Eq. (20a) exists, as does the right-hand side by Lemma 4. 
The basic idea, then, is to replace the real variable r by the complex variable z. Then if the order 
of integrailon can be interchanged for Im z # 0 the result follows from simple application of the 
Plemelj formulas (18-C)-we do not repeat the details here. We do, below, give the crucial proof 
that for r EC\R+, the order of the integrals in EQ. (20a), can indeed be reversed. Following 
Muskhilishvili’s ideas (Ref. 6. pp. 59-60) it is sufficient to show for r EC \ R+ that 

I cc 1 dk 
I,= o -&k-t $2 

and 

12= 4; J;;dWd~ 1,1,::Ys,“” $ to-;k-rj =O, 

(214 

(21b) 

where 

a(r)=max(r-e,O). (214 

The fact that I,=0 follows as in Ref. 6 since $4 is Holder continuous on IX+. So we need to 
prove Z2=0. Decomposing by partial fractions 

I,= om J;Jdw g (-J1(o)+J2(o)), 
f 

where 

f 

O+C 1 dk 
Jt(w)=lim Y 

Cl0 a(w) yr k-o’ 

a,+~ 1 dk 
J2(0)=lim 

do I (I(u) Yjz k-r . 

(224 

CW 

(224 
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We show the result for Jt ; J2 is similar. Since l/,/k is Holder continuous on the range [a,~), &O, 
we need only consider 

I;= f ,” &hWJd4 6. 

Rewrite 

Jd-,=~;j~;;( + -5) jf& +$ & y/z;; 2. (23) 

In Eq. (23), the second term tends uniformly to zero, just as in Ref. 6 [note the cancellation of the 
\Iw factors when it is substituted into Eq. (22a)]. The first term yields 

la=- Jw+E+J;J (p(0) & y;/;‘: & =-21’ 4(m) 2 $hw. (24) 0 

Rewriting this integral as 

ZJ=-2 lim 
(1 

e 4(m) 
SlO 0 

-$ hr v +I: 4(w) 2 In -2) (25) 

we see that both terms tend to zero as E --+ 0, proving the Lemma. 
Proof of Theorem 3: Substitute the putative solution (16) into Eq. (9) to obtain the conjecture 

f(k)=~/om---& [-I; &f(wl) s +C] 2, k>O. (26) 

The term proportional to the constant C vanishes by virtue of Lemma 4. By Lemma 5, the iterated 
integral term reduces simply to f(k), and Eq. (26) becomes the tautology f(k) = f (k), proving the 
theorem. 

IV. REGULARITY 

The question we address in this section is, given some Lp property on f in Eq. (9), what Lq 
property or properties are induced for g. Since 1lJk is in no Lq space over Wf, this makes it 
convenient to set C=O in Bq. (16). We repeat for convenience, the formulas for the half-Hilbert 
transform and its inverse 

f(k)=~/om g(w) 2 7 k>O, 

s(o)=--& pj-; &f(k) & 1 k>O WW 

and state 
Proposition 6: Let f~Lp(Rf)nL’(Wf),2~r<p. Then (I/Jk)fELq(Wf) for every q satisfying 

2r/(r+2) <q<min(4r/(r+2),2p/(p f2)). 
The proof is based on the following result:t” 
Lemma 7 (Carlson’s inequality): Ler p, G, X, and ,u be positive constants with h-=$+1, 

pLL(@+l. Then 
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(28) 

for some constant K. 
Proof of Proposition 6: Let J=x-~‘~ Iflq, (p”+ l)q=p, and (<+ l)=r in Eq. (28). Then the 

conditions on p”, q, X, and ,x give the stated result. 
From Proposition 1, Proposition 6, and Theorem 3 we have 
Theorem 8: Let &f ELP(IR+)nL’(Rf),2+<p SW and obey (i)-(iii) of Theorem 3. Then Eq. 

(27b) is the inverse formula to Eq. (27a) and gc Lq(W+) for every q satisfying 2r/(r+2)<q 
<min(lr/(r+2),2p/(p+2)). 

Corollary 9: A necessary condition that Eq. (27b) hold is that f E Lq(lR+) for some q, I <q <2. 
The proof follows either from Proposition 1 or Proposition 6. The following result is actually 

a corollary to the proof of Theorem 3. 
Corollary 10: Let gh [Eq. (IS)] be such that &(gi-gf) [Eq. (8)] satisfies the conditions of 

Theorem 8. Then the inverse half-Hartley transform g exists, and is given by Eq. (276) with 
f =gS; -gi . Further, g E LP(R ‘) for every q satisfying 2r/(r f2) <q<min (4r/(r +2),2p/(p i-2)). 

Remark: Recalling Proposition 6 as well as the fact that the Fourier transform maps Lp into its 
conjugate space,” one sees that the inverse of the half-Hartley transform has been obtained only 
if gh , Eq. (1.5), is an element of some Lp space, p>2. 

Corollary II: Let q5 be Holder continuous on [O,a) and let the integral 

Y= 
I om + dk 9j-i 4(t) & 

exist. Then Y=O. 
Proof If the order of integration can be reversed, the result follows from Lemma 4. The proof 

of interchange of order is similar to (but simpler than) the proof of Theorem 3. 
From the corollary we have immediately 
Proposition 12: Let f=h,(g) for some g. Then if 

J= 
I oa ;; f(x)dx 

exists, J=O. 
This imposes a useful constraint on the data (i.e., the left-hand side) of the half-Hilbert 

transform which is well known in the case of the finite-range Hilbert transform.3T’2 

V. AN EXAMPLE 

We solve Eq. (1.5) for gh(t) =eeaf, a>O, t ER+. Then [Eq. (4)] 

g;(k) =& 9 g;(k) =&p . 

Thus g(w) is given by Eq. (27b) with 

f(k)=g:tk)-g'h(k)=g . 

It is easy to see that f(k) obeys the hypotheses of Theorems 3 and 8. 
We can also check Proposition 11. Since 
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J= 
s 
m (a-k) dk 
o a2+kzz 

exists, we expect J=O. J can be evaluated explicitly by contour integration as in Lemma 4, i.e., we 
express lldk as the difference of the boundary values of F(z) = l/dz and close the contour as in 
Lemma 4. Evidently, J is given by the residues at tia 

a+ia 1 
-- 2ia J-cy =O* 1 

Explicitly 

g(o)=--& 91; dJ$&). 
This integral can be evaluated by contour integration in a manner similar to that used in 

proving J=O above, that is, we write 

fi=;(F+(k)-F-(k)), (304 

where 

F(z)= & CW 

and use FIq. (18+) to express fldkl(k- 0)). Closing the contour around Rf and at infinity, we 
obtain (taking into account the residues at &ia), 

1 d2aw 
gw=, a2+“Z 9 

that is, 

e -a’=i 61: a2FWz (cos wt+sin ot)do, tS0. 

(31) 

(32) 

As a check, we might integrate this equation over t from zero to infinity. Changing the order 
of the double integral as in Eq. (5) we have, using Eqs. (6) 

’ - ’ &j-i ,25 (&(o)+C;)do --- ff ?T (334 

=$ $q; ,2:,-g. W-9 

This integral can be evaluated in the usual manner, i.e., by converting to a contour integral, 
and we verify easily that Eq. (33b) is a tautology. 
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