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We consider direct and indirect (excited-state-mediated) capture of carriers from the waveguide

region into the lasing ground state in quantum dots (QDs) and calculate the modulation response of

a QD laser. We show that, when only indirect capture is involved, the excited-to-ground-state

relaxation delay strongly limits the ground-state modulation bandwidth of the laser—at the longest

tolerable relaxation time, the bandwidth becomes zero. When direct capture is also involved, the

effect of excited-to-ground-state relaxation is less significant and the modulation bandwidth is

considerably higher. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4804994]

In Ref. 1, the upper limit for the small-signal modulation

bandwidth ideally attainable in quantum dot (QD) lasers was

estimated. The experimental modulation bandwidth in QD

lasers2,3 is actually considerably lower. Several factors can

affect the dynamic properties of QD lasers and limit the mod-

ulation bandwidth. Among such factors are the carrier capture

delay from the higher-dimensionality reservoir regions (2D

wetting layer4–7 and bulk optical confinement layer (OCL)8)

into QDs, the internal optical loss, which increases with car-

rier density in the OCL,9 and the gain compression (see, e.g.,

Ref. 10).

In this letter, we report on the effect of excited states,

which are typically present in QDs,11,12 on the ground-state

modulation response of a QD laser. Recombination processes

via excited states (Fig. 1) reduce the efficiency of carrier

injection into the ground state in QDs (Fig. 1). In this regard,

the role of recombination via excited states in QDs is similar

to that of parasitic recombination in the OCL13 (Fig. 1).

There is also relaxation delay from the excited- to ground-

state in a QD.14–22 Under the conditions of a two-step

(excited-state-mediated) capture from the OCL into the QD

ground-state, the excited-to-ground-state relaxation delay

will be added to the OCL-to-excited-state capture delay.

In Refs. 4, 5, and 8, the effect of carrier capture delay

from the reservoir into single-level QDs (i.e., into the QD

ground-state) on the modulation bandwidth was studied. In

Refs. 6 and 7, the effect of capture delay from the reservoir

into the QD excited-state on the ground-state modulation

response was discussed. While the capture delays from the

reservoir into both the QD ground- and excited-states are

inherently included in the model of the present work, the

primary focus here is the effect of excited-to-ground-state

relaxation delay inside QDs on the ground-state modulation

bandwidth.

Our theoretical model is illustrated in Fig. 1. The car-

riers injected in the OCL can be either directly captured into

the QD ground-state or first captured into the excited state

and then relax to the ground state. The carriers localized in

QDs can escape back to the OCL. For the carriers localized

in the ground state, the escape process can be either direct or

via the excited state. We used the detailed balance condition

to derive the relationship between the time s12 of upward

transitions from the ground- to excited-state and the time s21

of relaxation from the excited- to ground-state. The relation

reads as s12 ¼ s21 exp[(En1 – En2)/T], where En1 and En2 are

the energies of carrier excitation from the QD ground- and

excited-state to the OCL (see Fig. 1), and T is the tempera-

ture (in units of energy). The spontaneous radiative recombi-

nation occurs via the OCL states and both the ground- and

excited-states in QDs. Since the focus of this work is the

effect of carrier relaxation to the lasing state on the modula-

tion bandwidth, we restrict our consideration to stimulated

emission only via the QD ground-state. The case of lasing

via the upper excited-state is not essentially different from

the case of single-level QDs considered in Ref. 8.

With the above processes included in our model, we

have the following set of four coupled rate equations for free

carriers in the OCL, carriers confined in the QD excited-

state, those confined in the QD ground-state, and photons:

FIG. 1. Energy band diagram of a QD laser. One excited state is assumed

for each type of carriers in QDs in addition to the ground state. Both direct

and indirect (excited-state-mediated) capture processes into the lasing

ground state are considered.
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where nOCL is the free carrier density in the OCL, fn1 and

fn2 are the occupancies of the ground- and excited-state in a

QD, and nph is the photon density (per unit volume of the

OCL) in the lasing mode. The other parameters are as fol-

lows: j is the injection current density, b is the OCL thick-

ness, rn1 and rn2 are the cross-sections of carrier capture

from the OCL into the QD ground- and excited-state, vn is

the free carrier thermal velocity in the OCL, NS is the total

surface density of QDs (the product of the number of layers

with QDs and the surface density of QDs in a single-layer),

B is the spontaneous radiative recombination constant for

the OCL, sQD1 and sQD2 are the spontaneous radiative

recombination lifetimes via the QD ground- and excited-

state, gmax
1 is the maximum modal gain for the ground-state

transitions (gmax
1 increases directly with NS—see Refs. 26

and 28), b ¼ (1/L)ln(1/R) is the mirror loss, L is the cavity

length, and R is the facet reflectivity.

The quantities n1 ¼ N3D
c expð�En1=TÞ and n2 ¼ N3D

c

expð�En2=TÞ characterize the intensities of thermal escapes

from the QD ground- and excited-state to the OCL (Fig. 1),

where N3D
c is the effective density of states in the OCL.

As in Refs. 4, 5, and 8, our model does not include the

fraction of spontaneous emission entering the lasing mode.

This fraction is generally very small,23 and this is the more

so in QD lasers, since the spontaneous emission rate in QDs

is itself low. Even slightly above the lasing threshold, the

fraction of spontaneous emission is negligible as compared

to the stimulated emission rate. Neglecting this fraction

makes our analysis and derivations simpler while not consid-

erably influencing the physical picture.

We consider a direct modulation of the laser output by

the small time-harmonic component dj of the pump current

density j and, correspondingly, use the small-signal

analysis23–25 of rate equations (1)–(4). Looking for the solu-

tions of the rate equations in the form of the sum of the dc

(steady-state) component and the small time-harmonic com-

ponent, we arrive at the set of algebraic equations in the

small frequency-dependent amplitudes dnOCL–m, dfn1–m,

dfn2–m, and dnph–m. From the solution of this set, we find the

ratio

dnph�mðxÞ
dnph�mð0Þ

¼ A0

ðx4 � A2x2 þ A0Þ � i ðA3x3 � A1xÞ
; (5)

where x is the angular frequency of modulation. The modula-

tion response function is calculated as HðxÞ¼ jdnph�mðxÞ=
dnph�mð0Þj2. The coefficients A1, A2, and A3 are positive; A0

is positive above the lasing threshold and zero at and below

the lasing threshold. They are functions of the dc component

j0 of the injection current density and parameters of the laser

structure. The expressions for these coefficients are cumber-

some and not presented here for reasons of space.

We obtain the following quartic equation for the square

of the modulation bandwidth x–3 dB [the frequency, at

which H(x) has fallen to half its dc (x¼ 0) value: 10 log10

H(x–3 dB) ¼ �3]:

x8
�3 dB þ ðA2

3 � 2A2Þx6
�3 dB þ ðA2

2 þ 2A0 � 2A1A3Þx4
�3 dB

þ ðA2
1 � 2A0A2Þx2

�3 dB � ðr � 1ÞA2
0 ¼ 0; (6)

where the numerical parameter r ¼ 100:3 � 1:995.

The analysis of Eq. (6) shows that, under the lasing con-

dition, i.e., if the dc component of the pump current density

is above the threshold current density (j0 > jth), only one out

of four roots x2
�3 dB of Eq. (6) is positive and hence physi-

cally meaningful. At the lasing threshold (j0 ¼ jth), this root

x2
�3 dB becomes zero (Fig. 2); at a small excess of j0 above

jth, x2
�3 dB / ðj0 � jthÞ2 and hence

x�3 dB / j0 � jth: (7)

For j0 < jth (below the lasing threshold), Eq. (6) does not

have any positive root x2
�3 dB.

Below, we discuss the dependences of the modulation

bandwidth x–3 dB on j0 and parameters of the structure.

We consider a GaInAsP heterostructure lasing near 1.55 lm

at room-temperature.26,27 In a single-QD-layer structure,

the maximum gain for the ground-state transitions gmax
1

¼ 29.52 cm�1, which corresponds to 10% QD-size fluctua-

tions, the surface density of QDs in a layer 6.11� 1010 cm�2,

and an ideal overlap between the electron and hole ground-

state wave functions.28 The mirror loss b¼ 10 cm�1 (at the

as-cleaved facet reflectivity R¼ 0.32, this corresponds to the
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cavity length L¼ 1.139 mm) and the OCL thickness

b¼ 0.28 lm.

Figure 2 shows the modulation bandwidth against excess

of j0 over jth. As seen from the figure, with j0 increasing from

jth, x–3 dB increases from zero, approaches its maximum

value xmax
�3 dB (marked by the symbol “�”) at a certain opti-

mum value of j0, and then decreases.

In the presence of fast direct capture into the ground state

(when rn1 is large), x–3 dB is mainly controlled by rn1 and

only slightly affected by rn2 and s21. In Fig. 2(a), the cross-

section rn2 of capture from the OCL into the QD excited-

state and the excited-to-ground-state relaxation time s21 are

fixed while the capture cross-section rn1 into the ground state

is different for different curves. As seen from the figure, with

reducing rn1 (i.e., making slower the capture to the ground

state), x–3 dB decreases.

Making slower the excited-state-mediated capture into

the lasing ground-state (i.e., decreasing rn2 and/or increasing

s21) also reduces the modulation bandwidth. However, only

FIG. 2. Modulation bandwidth x–3 dB/2p vs. excess of the dc component of

the injection current density over the threshold current density. In (a),

rn2¼ 10–11 cm2, s21¼ 0.1 ps, and rn1 is different for different curves;

rn1¼1 corresponds to instantaneous carrier exchange between the OCL and

the QD ground-state. In (b), rn1¼ 0 (no direct capture into the QD ground-

state), s21¼ 0.1 ps, and rn2 is different for different curves; rn2¼1 corre-

sponds to instantaneous exchange between the OCL and the QD excited-

state. In (c), rn1¼ 0 (no direct capture into the QD ground-state), rn2¼ 10–11

cm2, and s21 is different for different curves; s21¼ 0 corresponds to instanta-

neous exchange between the QD excited- and ground-state. Throughout the

paper, the cavity length L¼ 1.139 mm is assumed (the mirror loss

b¼ 10 cm–1). The symbol “�” marks the maximum modulation bandwidth

xmax
�3 dB=2p on each curve.

FIG. 3. Modulation bandwidth x–3 dB/2p vs. capture cross-section into the

QD excited-state (at j0¼ 3 kA/cm2 and s21¼ 0.1 ps) and excited-to-ground-

state relaxation time (at j0¼ 1 kA/cm2 and rn2¼ 10–11 cm2) for the case of

no direct capture into the QD ground-state (rn1¼ 0). In (b), the portions of

the curves near the minimum tolerable value rmin
n2 of rn2 and the maximum

tolerable value smax
21 of s21 are shown.

FIG. 4. Minimum tolerable value rmin
n2 of the capture cross-section into the

QD excited-state (at s21¼ 0.1 ps) and maximum tolerable value smax
21 of the

excited-to-ground-state relaxation time (at rn2¼ 10�11 cm2) vs. dc compo-

nent of the injection current density. No direct capture into the QD ground-

state is involved (rn1¼ 0). The vertical dashed-dotted line marks the value

j0¼ jth;rn2¼1. The horizontal dashed-dotted line marks the saturation value

of smax
21 at j0!1 given by Eq. (9).
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when rn1 is small, the effect of rn2 and s21 on x–3 dB becomes

stronger. The modulation bandwidth is particularly strongly

affected by rn2 and s21 when there is no direct capture from

the OCL into the QD ground-state, i.e., rn1¼ 0 [Figs. 2(b),

2(c), and 3–5]. In Fig. 2(b), s21 is fixed while rn2 is different

for different curves. In Fig. 2(c), rn2 is fixed while s21 is dif-

ferent for different curves.

As seen from Figs. 2(b), 2(c), and 3, in such a case of no

direct capture, the modulation bandwidth drops rapidly with

decreasing capture cross-section rn2 or increasing relaxation

time s21. Even at a short relaxation time of 0.1 ps, the maxi-

mum modulation bandwidth (4 GHz) is four times lower

than that at instantaneous relaxation (16 GHz at s21¼ 0)—

see Figs. 2(c) and 5.

It is seen from Fig. 3(b) that there exist the minimum

tolerable value rmin
n2 of rn2 and the maximum tolerable value

smax
21 of s21 at which x–3 dB becomes zero. The point is that,

for lasing to occur and for direct modulation of laser output,

the dc component j0 of the pump current density should be

higher than the threshold current density jth. With decreasing

rn2 or increasing s21, the threshold current density increases.

It is at rn2 ¼ rmin
n2 or s21 ¼ smax

21 when jth becomes equal to j0.

The following expression is obtained for rmin
n2 from the con-

dition jth¼ j0:

rmin
n2 ¼

1

vn

1

1� fn2 th

jQD
th

eNS

ffiffiffiffiffiffiffiffi
ebB
p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 � jQD

th

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jth; rn2¼1 � jQD

th

q
j0 � jth; rn2¼1

; (8)

where fn2_th is the excited-state level occupancy at the lasing

threshold, jQD
th is the component of jth associated with the

spontaneous recombination in QDs, and jth; rn2¼1 is the

threshold current density for the case of instantaneous cap-

ture into the excited state (rn2¼1). The same condition

jth¼ j0 should be used to calculate smax
21 but no closed-form

expression can be derived for smax
21 .

As seen from Eq. (8) and Fig. 4, rmin
n2 depends strongly

on j0. At j0 ! jth; rn2¼1 (the vertical dashed-dotted line in

the figure), rmin
n2 !1. The higher is j0, the smaller is rmin

n2 .

The longest relaxation time smax
21 also depends strongly

on j0 (Fig. 4). smax
21 is zero at j0 ¼ jth; s21¼ 0 (the difference

between jth; s21¼ 0 and jth; rn2¼1 is very small and cannot be

seen in Fig. 4). smax
21 increases with j0 and saturates at the

value (the horizontal dashed-dotted line)

smax
21 jj0!1 ¼

1� fn1;0

f 2
n1;0

sQD1; (9)

where fn1,0 is the steady-state (dc) occupancy of the QD

ground-state, which is pinned above the lasing threshold

(does not change with j0) and given by

fn1;0 ¼
1

2
1þ b

gmax
1

� �
: (10)

It is clear from the above discussion that, if the abscissa

and the ordinate are interchanged in Fig. 4, we will obtain

the threshold current density jth against rn2 and s21.

For the case of no direct capture into the QD ground-

state, Fig. 5 shows the dependence of the maximum modula-

tion bandwidth xmax
�3 dB on s21. To obtain this dependence, we

calculated the modulation bandwidth x–3 dB as a function of

the dc component j0 of the injection current density at differ-

ent values of s21 [Fig. 2(c)]; we then determined for each s21

the corresponding maximum value xmax
�3 dB [marked by the

symbol “�” in Fig. 2(c)] of the function x–3 dB(j0). For com-

parison, single- and 5-QD-layer structures are considered

and three different values of rn2 are used in the figure. As

seen from the figure, with reducing s21, xmax
�3 dB increases and

saturates. The saturation value of xmax
�3 dB corresponds to the

case of instantaneous excited-to-ground-state relaxation in

QDs (s21¼ 0). At a finite value of rn2 [10�12 and 10�11 cm2

in (a) and (b), respectively], i.e., at noninstantaneous capture

FIG. 5. Maximum modulation bandwidth xmax
�3 dB=2p (maximum of the de-

pendence of x–3 dB/2p on j0—see Fig. 2) vs. excited-to-ground-state relaxa-

tion time for a single- and a 5-QD-layer structures at different values of the

capture cross-section rn2 into the QD excited-state: (a) rn2¼ 10–12 cm2, (b)

rn2¼ 10–11 cm2, and (c) rn2¼1. For both structures, L¼ 1.139 mm and no

direct capture into the QD ground-state is involved (rn1¼ 0).
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from the OCL into the QD excited-state, the saturation value

in a 5-layer structure is higher than that in a single-layer

structure [14.6 vs. 5.7 GHz in (a) and 19.5 vs. 16.1 GHz in

(b)]. The difference in xmax
�3 dB between a 5- and a single-

layer-structure becomes larger at noninstantaneous relaxa-

tion—it is considerable [9.4 vs. 1.9 GHz in (a), 11.2 vs.

2.4 GHz in (b), and 11.4 vs. 2.5 GHz in (c)] already at a short

relaxation time s21¼ 0.2 ps. The physical mechanism behind

the enhancement of xmax
�3 dB in a multi-layer structure is simi-

lar to the case of single-level QDs8—with increasing Ns (i.e.,

number of QD layers and/or surface density of QDs in a sin-

gle-layer), the carrier exchange [either direct or excited-

state-mediated—see the second through fifth terms in the

right-hand side of Eq. (1)] between the OCL and the lasing

ground state in QDs becomes faster.

In going from (a) to (b) and then to (c) in Fig. 5, i.e.,

with increasing rn2, the saturation values of xmax
�3 dB in 5- and

single-layer structures increase and become closer to each

other. At rn2¼1 [Fig. 5(c)], i.e., at instantaneous capture

from the OCL into the QD excited-state, the saturation val-

ues in 5- and single-layer structures become the same

(20.2 GHz).

In conclusion, we have considered direct and excited-

state-mediated capture of carriers from the OCL into the lasing

ground state in QDs and calculated the modulation response

of a QD laser. We have shown that, when only indirect capture

is involved, the delays in the carrier capture from the OCL

into the QD excited-state and in excited-to-ground-state relax-

ation strongly limit the modulation bandwidth x–3 dB of the

laser—at the minimum tolerable capture cross-section or lon-

gest relaxation time, x–3 dB becomes zero. When a fast direct

capture is also involved, the modulation bandwidth is consid-

erably higher and only slightly affected by the presence of

excited states. The effect of excited states is also less signifi-

cant and x–3 dB is higher in multi-QD-layer structures as com-

pared to a single-layer structure.
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