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ABSTRACT 

 

Prediction of the sound field in large urban environments has been limited thus far by the heavy 

computational requirements of conventional numerical methods such as boundary element (BE), finite-

difference time-domain (FDTD), or ray-tracing methods. Recently, a considerable amount of work has 

been devoted to developing energy-based methods for this application, and results have shown the 

potential to compete with conventional methods. However, these developments have been limited to two-

dimensional (2-D) studies (along street axes), and no real description of the phenomena at issue has been 

exposed (e.g., diffraction effects on the predictions).  

 

The main objectives of the present work were (i) to evaluate the feasibility of an energy-based method, 

the diffusion model (DM), for sound-field predictions in large, 3-D complex urban environments, (ii) to 

propose a numerical hybrid method that could improve the accuracy and computational time of these 

predictions, and (iii) to verify the proposed hybrid method against conventional numerical methods.  

 

The proposed numerical hybrid method consists of a full-wave model coupled with an energy-based 

model. The full-wave model is used for predicting sound propagation (i) near the source, where 

constructive and destructive interactions between waves are substantial, and (ii) outside the cluttered 

environment, where free-field-like conditions apply. The energy-based model is used in regions where



iii 

diffusion conditions are met. The hybrid approach, as implemented in this work, is a combination of 

FDTD and DM models.  

 

Results from this work show the role played by diffraction near buildings edges close to the source and 

near the exterior boundaries of the computational domain, and its impact on the predictions. A wrong 

modeling of the diffraction effects in the environment leads to significant under or overpredictions of the 

sound levels in some regions, as compared to conventional numerical methods (in these regions, some 

differences are as high as 10 dB). The implementation of the hybrid method, verified against a full FDTD 

model, shows a significant improvement of the predictions. The mean error thus obtained inside the 

cluttered region of the environment is 1.5 dB. 
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Chapter 1                                                          

Introduction 

Outdoor propagation of sound in urban settings have long been one of the most active research topics in 

the field of acoustics, because of its widespread applications and impact on the populations. The number 

of available commercial software packages dedicated to sound propagation modeling is perhaps the best 

indication of this fact (e.g., Comsol is using the Finite Element method, CATT-Acoustic , Ramsete, and 

SoundPLAN are using the Ray Tracing method) . The selected software should make accurate 

predictions, within a relatively short time, and allow the user to study various situations with some 

flexibility in the modeling capabilities. Combining all these features into one tool remains a challenge 

because the characteristics of the source (e.g., very large frequency bandwidth) and of the acoustic 

environment depend strongly on the application targeted. Civil applications include the assessment and 

mitigation of the noise generated by various transportation means (e.g., road, rail, and air-traffic), 

construction work, wind farms, and mining activities. In the military, the noise impact on the populations 

of combat aircraft, shooting ranges, and military equipment is also of interest. Additionally, in an urban 

warfare context, many localization techniques for enemy threats such as snipers rely on the sensing of the 

acoustic signals as well as an accurate knowledge of the multiple sound propagation paths. 

 

1.1 Literature Review 

Earlier models for sound propagation through the atmosphere assumed a homogeneous and isotropic 

medium with perfectly reflecting grounds [1]. In the most recent models, wind and temperature gradients, 

ground impedance, and possible non-linear effects are taken into account [2]. In an urban environment, 

the modeling challenge is increased by the presence of multiple scatterers such as buildings, vegetation, 
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and vehicles. The resulting intricate sound field is difficult to describe, whether analytically or 

numerically. The main concerns in urban sound propagation are the level of details (i.e., wall absorption, 

wall roughness, scatterers, etc.) and the proper modeling of the urban configuration (e.g., single street, 

multiple intersections, diversity of building heights). Correct predictions of the behavior of the acoustic 

waves in the domain rely on the amount of information available about it. Many studies have been 

conducted on this subject and are described in the literature. The complexity of the domain and the 

desired accuracy of predictions usually define which method to choose. A short review of some of these 

methods is presented here, based on the classification proposed by Kang [3]. 

 

1.1.1 Image source method 

The image source (IS) method is used frequently for the computation of the sound field in indoor and 

outdoor acoustics [4, 5]. In this method, the wave-propagation phenomena boil down to pure geometrical 

considerations. The method is based on the principle that the original point source is mirrored by 

neighboring flat surfaces, thus generating a number of virtual point sources. The reflected field (first order 

reflections) is realized by considering the direct sound path between each virtual source and the receiver. 

The modeling of higher orders of reflections is achieved by creating additional virtual sources, i.e., 

images of the image sources. Due to the geometrical nature of the method, only specular reflections can 

be modeled. Figure 1-1 is a schematic representation of 1st and 2nd order reflections obtained from 

virtual sources, in the case of a point source near a structure on the ground. For complex geometries that 

include non-line-of-sight configurations, a visibility test must be performed to determine if there is a 

direct path between the source (or virtual source) and the receiver. Depending on the complexity of the 

problem (e.g., number of surfaces) and the order of reflections (i.e., number of virtual sources) included in 

the calculations, this visibility test may be expensive in terms computational resources (time and 

memory).  
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The IS method only models the direct and reflected fields. However, it is possible to combine it with a 

model for edge diffraction [6, 7, 8] with applications, for instance, to auralization in room acoustics [9] 

and sound propagation between buildings [10]. The implementation is not trivial since the visibility test 

must now include the possibility for a reflection to be diffracted and vice versa. Besides, simulations of 

the diffracted field may be computationally intensive and are usually restricted to low orders of 

diffractions. Some of the major edge diffraction models are reviewed in Section 1.1.3. 

R

Virtual 
Source 1 

Virtual 
Source 2 

Virtual Source 3
(2nd order)

S direct

1st order
reflection

2nd order
reflection

Structure

Ground
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R
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1st order
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Figure 1-1: Schematic representation of the direct and reflected (1st and 2nd order) field, using the image source 

method, in the case of a point source near a structure on the ground. 

 

1.1.2 Ray and beam tracing 

Ray-tracing (RT) and beam-tracing (BT) methods also belong to the category of geometrical acoustics 

(GA) techniques. However, they provide asymptotic solutions only adapted to mid- and high-frequency 

problems. Unlike the IS method, they do not model the sound propagation using the deterministic 

approach of defining image sources and finding the specular propagation paths but instead they describe a 

stochastic process of particle emission and detection. The ray-tracing method has first been presented for 

the computation of impulse responses in room acoustics [11]. It is based on the emission of a large 

number of rays in the environment, which are subjected to multiple reflections by obstacles (e.g., interior 
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walls in room acoustics, buildings in outdoor acoustics). Then, the intersection of all the resulting rays 

with a given receiver (sphere or cube) is evaluated. Beam-tracing methods have been developed to 

address some of the limitations of the RT method [12, 13, 14, 15, 16]. Unlike rays that have no thickness, 

beams have a given cross-section and are defined as cones or pyramids. This allows for the receiver to be 

downsized from a volume of space to a single point, thus avoiding false hits or redundant paths [17]. 

Figure 1-2 shows an example of beam tracing applied to sound propagation in an urban environment. The 

use of the RT and BT methods is usually limited to geometrically reflective boundaries because of the 

computational cost incurred by diffuse reflections (i.e., too many rays). Several RT- and BT-based models 

have been developed for sound field predictions in streets [18, 19] and have been implemented in 

commercial software packages for noise mapping [20, 21]. It is interesting to note that many developed 

RT and BT codes use the IS method to model reflections in a numerical environment or track the ray at 

the center of the beam [22, 23]. It must be noted that RT and BT methods, like the IS method, do not 

model the diffraction effects but can be combined with a model for edge diffraction [24, 25, 26]. 

 

 

Figure 1-2: Example of beam tracing applied to sound propagation in an urban environment. T. 

Funkhouser, N. Tsingos, I. Carlbom, G. Elko, M. Sondhi, J.E. West, G. Pingali, P. Min, and A. Ngan, “A 

beam tracing method for interactive architectural acoustics,” Journal of the Acoustical Society of 

America, 115, 2, 739–756 (2004). Used under fair use, 2014. 
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1.1.3 Models for edge diffraction 

The problem of wave diffraction by an edge has been extensively studied since the late 1950’s. A number 

of models have been proposed in both the frequency and time domains. The most popular frequency-

domain formulation is the Geometrical Theory of Diffraction (GTD) proposed by Keller [27], which 

extends geometrical optics by the inclusion of additional diffracted rays to describe the diffracted field. 

This theory has two limitations. First, the solutions of the incident and reflected fields are discontinuous 

across the boundaries of the specular and shadow zones. Second, the diffracted waves become infinite in 

these two regions. To address the first limitation, several theories have been developed such as the 

Uniform Asymptotic Theory of Diffraction (UATD) [28] and the Uniform Geometrical Theory of 

Diffraction (UTD) [29]. However, due to the asymptotic nature of the solutions, these methods are only 

applicable in the mid- to high-frequency ranges. A time-domain formulation for the case of an infinite 

wedge ensonified by a point source was first proposed by Biot and Tolstoy using explicit analytical 

impulse response (IR) solutions [30]. The Biot and Tolstoy method was later extended to finite wedges 

[31] and to handle multiple diffractions using a "discrete Huygens interpretation" [32]. More recently, the 

Biot-Tolstoy-Medwin (BTM) method was reformulated by Svensson et al. [33] to give the solution for 

the first order diffraction from a finite edge as a line integral along the edge, based on secondary edge 

sources with analytical directivities. Figure 1-3 present a schematic of the computation of the diffracted 

field using the BTM method. The BTM solution suffers from singularities near the boundaries of the 

specular and shadow zones. This limitation was addressed by deriving an analytical expansion of the 

integrand, which gives a continuous IR across these zones [34]. Unlike the GTD and other asymptotic 

methods, the BTM method provides an exact solution of the diffracted field and thus is not restricted to 

mid and high frequencies. A recent reformulation of the BTM method, which facilitates the computation 

of arbitrary orders of diffraction, has been shown to provide accurate predictions down to 0 Hz [35]. 

However, this method has been limited so far to rigid objects with convex geometries.  
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1.1.4 Radiosity model 

The radiosity model has been developed in the 1950's to predict heat exchange between surfaces [36]. It 

was later extended to room acoustics [37, 38] and has also been applied to urban configurations [39, 40]. 

The radiosity model is based on the dividing of the boundaries into patches, considered as possible 

reflectors. A form factor is computed for each pair of patches to describe the amount of energy passing 

from one patch to the other. Figure 1-4 shows an example of the distribution of source energy and energy 

exchange between patches. This method has been proven very efficient for the modeling of diffuse 

reflections, although considering specularly reflecting surfaces is feasible through changes in the 

formulation [41]. However, because of the requirements in terms of discretization (to comply with 

frequency needs), this method is not suitable for very large environments. Indeed, the calculation time 

increases dramatically with the number of patches. Moreover, the radiosity model does not account for 

edge diffraction, which is often neglected in radiosity simulations. Note that a diffraction module could be 

added to the method, through the same approach as with radiative transfer, that is the modeling of edges 

through fictitious sources with equivalent diffracted powers [42]. However, the presence of singularities 

in the model seem to make this approach unsuitable for large and complex environments. 

IR (1st order diffraction)

IR (2nd order diffraction)
+

=
IR (Total)

S

R

S

R

 

Figure 1-3: Schematic representation of the computation of the diffracted field through the Biot-Tolstoy-Medwin 

method: discretization of and integration along the edges of the structure. 
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Figure 1-4: Cross-section of an idealized rectangular street with diffusely reflecting façades and geometrically 

reflecting ground, showing the distribution of source energy and energy exchange between patches. J. Kang, 

“Numerical modelling of the sound fields in urban streets with diffusely reflecting boundaries,” Journal of Sound 

and Vibration 258, 793–813 (2002). Used under fair use, 2014. 

 

1.1.5 Transport theory and diffusion model 

In the transport theory, sound propagation can be represented by a ray beam, symbolizing the path of a 

sound particle named phonon. The phonon is characterized by its energy, position, and velocity (with a 

norm equal to the speed of sound), as a classical point particle. It follows a straight line until it collides 

with an obstacle (interactions between phonons are neglected). An example of the 2-D path of a sound 

particle between two planes is given in Figure 1-5. Based on these assumptions, models have been 

proposed to predict the sound field in urban areas [43]. The use of the transport theory allows one to 

consider combinations of diffuse and geometrically reflective surfaces, in highly reverberant 

environments, with atmospheric attenuation [44]. An asymptotic approach shows that the transport theory 

can be simplified and reduced to a diffusion process [45]. Then, the sound propagation is governed by 

Fick's laws (assuming a large number of phonons) and the problem comes down to determining 

coefficients of proportionality (or diffusion coefficients) corresponding to a specific propagation. This 
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type of sound propagation is analogous to the one used for heat conduction. Diffusion coefficients have 

been formulated analytically by Picaut et al. [43, 46] based on statistical theory. The diffusion model has 

been used mainly in very narrow medium where the particle experiences a large number of collisions. 

Predictions of sound field distribution and reverberation time with the diffusion model in rooms [46, 47] 

(with one dimension greater that the mean free path), coupled rooms [48], and in streets [49, 50] have 

given promising results. However, until now, only applications to simple 2-D urban configurations have 

been considered, with no attention paid to diffraction effects by scatterers. 

 

Figure 1-5: Example of the 2-D path of a sound particle between two planes, with partially diffuse reflections () 

and specular reflections (). T. Le Polles, J. Picaut, M. Berengier, and C. Bardos “Sound field modeling in a street 

canyon with partially diffusely reflecting boundaries by the transport theory,” Journal of the Acoustical Society of 

America 116, 2969–2983 (2004). Used under fair use, 2014. 

 

1.1.6 Wave-based models 

In wave-based models, the wave equation is solved by means of various numerical methods. Amongst the 

most common of them are the finite-element (FE), boundary-element (BE), equivalent-source (ES), finite-

difference time-domain (FDTD), and parabolic-equation (PE) methods. 
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In the FE and BE methods, the domain is discretized into volume and surface elements, respectively, with 

the constraint that the element size should be one-sixth to one-tenth of the smallest acoustic wavelength 

considered in the simulation. The problem basically reduces to solving a linear system of ordinary 

differential equations and inverting large matrices [51-52]. In the case of the BE method, only the 

boundaries of the environment are considered. The FE analysis has been used for room acoustics 

simulations [53], but it is mainly restricted to small enclosures due to the very large number of elements 

needed to achieve accurate predictions at higher frequencies. For larger environments such as urban 

spaces, the FE method can be coupled to a modal approach [54, 55]. The BE approach is hardly more 

efficient in standard urban configurations and can be also discouraging in terms of computational time, 

even for small clusters of buildings [10]. 

 

In the ES method, the boundaries of the acoustic domain (e.g., free field, boundary between cavities, and 

surfaces of the objects) are modeled as equivalent multipole sources. The total sound field generated by 

these sources must match the boundary conditions of the problem, which is basically how the strengths of 

the sources are determined. This method has been widely used in acoustics [56, 57, 58, 59], and also 

applied for sound propagation in streets [60, 61]. Figure 1-6 depicts the distribution of equivalent sources 

to study the influence of balconies on sound propagation in street canyons [61]. In this model, the solution 

is derived by using Green’s functions for rigid walls and by modeling the non-rigid areas with equivalent 

monopole sources. The solution for this simple urban configuration was computed in 42 hours and was 

limited to a frequency range of 0 to 1000 Hz. As the size and complexity of the domain increases, the ES 

method, as implemented in [61], becomes highly inefficient. It is worth mentioning that recent work of 

Mehra et al. [62] has demonstrated the possibility of using the ES method as an efficient tool for sound 

propagation over several hundreds of meters in various rural settings. Their implementation is 

decomposed into a computationally intensive pre-processing step and a near real-time post-processing 

step. The originality of the approach is to decompose the domain into a number of rigid objects and define 

offset surfaces around these objects. Then, for each object, transfer functions are computed to map the 
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incident acoustic field to the one scattered by the object. The acoustic interactions between pairs of 

objects are computed in a separate step. As a result of this segregated implementation, pre-processing 

calculations can be parallelized. This approach has not been tested on complex urban configuration tough. 

It is possible that the pre-processing step would be computationally prohibitive due to the very large 

number of inter-object interactions.  

 

 

Figure 1-6:  Distribution of equivalent sources to study the influence of balconies on sound propagation in street 

canyons. In this implementation, edge sources only model the non-rigid boundaries of the sub-domains. M. Hornikx 

and J. Forssen, “The 2.5 dimensional equivalent sources method for directly exposed and shielded urban canyons,” 

Journal of the Acoustical Society of America 122, 2532–2541 (2007). Used under fair use, 2014. 

 

The FDTD method is one of the most popular wave-based numerical techniques in the acoustic 

community because it is easy to implement. It is based on the discretization of the wave equation in both 

time and space, using Taylor's series. The method has been first developed for solving Maxwell's equation 

[63], and later widely used for other types of wave propagation, including two- [64, 65] and three-

dimensional acoustics [66]. The main strength of the FDTD method is that it allows the modeling of 

sound propagation in moving and inhomogeneous atmosphere, and includes the effects of multiple 

reflections and diffractions. Thus, simulations performed using FDTD contain the complete set of 

information on the propagation of a sound wave. Examples of acoustic pressures predicted using the 

FDTD method is shown in Figure 1-7. These are snapshots taken at two different time steps, showing the 
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evolution of the pressure in time. However, the FDTD method requires very large storage and memory 

capabilities to perform simulations in large, complex environments, over a wide frequency range. For 

instance, a FDTD simulation involving 3.3 billion grid points was run using 227 GB of RAM memory on 

32 processor cores for 49 hours to compute only 0.4 seconds of the sound propagation with a upper 

frequency limit of 219 Hz [67]. More recently, the FDTD method has been implemented on graphical 

processing units (GPUs) instead of a central processing unit (CPU) to reduce the computational time by 

orders of magnitude [68, 69, 70, 71]. GPUs have become very popular for implementing time consuming 

methods such as the FDTD. In [70], the sound propagation in a volume of 15000 m3 is simulated in real 

time up to a frequency of 180 Hz. However, in the kHz range and/or for much larger domains, the task 

becomes more challenging even when GPUs are used. 

 

Figure 1-7: Snapshots of the acoustic pressure calculated using the FDTD method in an urban area. D.G. Albert, L. 

Liu, and M.L. Moran, “Time reversal processing for source location in an urban environment,” Journal of the 

Acoustical Society of America 118, 616–619 (2005). Used under fair use, 2014. 

 

The PE method consists of solving the reduced wave equation in the frequency domain. It was first 

applied to radio waves [72] and extensively used in underwater acoustics [73, 74]. Later on, applications 

to atmospheric sound propagation have been presented for two- [75] and three-dimensional [76] 

environments. The main drawback of the PE method is that it is mainly applicable to atmospheric 

propagation over flat terrain, or with simple obstacles, but not suitable for complex environments. 
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1.1.7 Hybrid modeling 

As indicated above, classical numerical methods for sound propagation are typically limited to a 

frequency range and/or domain configuration. For instance, wave-based methods are particularly adapted 

to the lower frequencies and relatively small domains but are not sensitive to the complexity of the 

domain. On the other hand, GA methods (e.g., IS, RT, and BT) are mostly used to solve mid- to high-

frequency problems but their efficiency is dependent on the number of successive reflections in the 

domain, and thus to its complexity.  

A number of hybrid methods have been developed for specific applications by combining the advantages 

of classical methods. The first hybridization approach is based on frequency decomposition. A wave-

based method is used at low frequencies while a GA method is used at high frequencies. A filter must 

then be designed to join the results from the low- and high-frequency simulations, assuming that these 

simulations have a valid mid-frequency range in common. Examples of such implementations include the 

use of FDTD [67, 77, 78] and FE [79, 80] as wave-based methods. The frequency-decomposition 

approach is limited by the size of the problem: for very large domains, wave-based methods are 

inefficient, even at low frequencies. Another hybridization approach is based on the spatial decomposition 

of the problem where different types of models are used near and far from the source.  

 

Van Renterghem et al. [81] proposed a hybrid FDTD-PE model where the FDTD method is applied 

within a complex region (e.g., obstacles, wind) near the source and the PE method is used for long range 

propagation toward the listener. This allows proper predictions where the complexity of the environment 

requires accurate modeling of all wave propagation phenomena, and simpler, faster simulations where the 

terrain resembles the free field (i.e., flat terrain with no obstacle). One-way coupling from the FDTD to 

the PE method is achieved by defining a number of intermediate receivers along the boundary of the 

source region and by using the simulation data computed with the FDTD method as the input data to the 
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PE model at these receivers. Good predictions have been obtained, showing the efficiency of such a 

method in cases where the complexity of the terrain and its characteristics (e.g., non-flat, obstacles, 

complex flows) is concentrated in a small region around the source. In this way, FDTD simulations, 

known to be computationally demanding and time consuming, are restricted to a small portion of the 

environment. Note that a similar one-way coupling strategy was employed by Hampel et al. [82] to 

develop a hybrid model where the near-field solution was computed with BEM and the far-field solution 

with ray tracing.  

 

Findings on façade scattering characteristics has lead to interesting suggestion for the modeling of sound 

propagation [83]. The buildings have been shown to exhibit mainly specularly reflective façades. Thus, it 

has been claimed that a suitable sound propagation model would be to use a specular model close to the 

source, and radiosity or diffusion (allowing mixed specular and diffuse reflections) for further 

propagation implying higher order of reflections.   

 

1.2 Objectives 

A large amount of work has been devoted to the study and development of an energy-based method for 

room acoustics and simple street canyons. Within the context of source localization and noise mapping, it 

is critical to have available efficient and fast computer tools for algorithm development and improvement.  

Although many tools already exist and are widely used in the acoustic community, they also have some 

significant limitations. The most common limitations noticed in the literature are the size of the 

computational domain and the characteristics of the computational domain. First, the size of the 

computational domain is dictated by the computer memory, and the desired computational time and 

frequency range. Basically, the wider the frequency range, the longer the computational time and the 

bigger the memory requirements. Thus, the frequency range for a large computational domain (e.g., a 

city) is usually quite narrow. Then, the developed acoustic tools for sound propagation in the atmosphere 
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are not able to account for all the characteristics of the computational domain. Most of them consider only 

specular or only diffuse reflections, and do not model absorption on the obstacles (e.g., building facades), 

or atmospheric attenuation. The modeling of these characteristics can be critical for the accuracy of the 

predictions and the development of sound mapping software or source localization algorithm. 

 

The present work is motivated by the need of overcoming the aforementioned limitations and allowing 

fast and accurate modeling of the sound propagation in large and complex outdoor environments (e.g., 

urban areas). The first step towards the development of such a tool is to improve and apply past research 

to simple but realistic environments. The relevance of the method for source localization will be studied 

and its efficiency established through comparisons with well-established methods such as the FDTD or IS 

methods.  

 

The specific objectives of this study are: 

 

a.  To examine the possibility of using the diffusion method for modeling sound propagation in large 

urban areas. 

Hodgson has established that the diffuse-field theory provides accurate predictions of the steady-state 

sound pressure level in empty, quasi-cubic reverberation rooms [84]. Often, the characteristics of such 

rooms (i.e., regular shapes, multiple specular reflections, and uniform surface absorption) are assumed in 

simulations of outdoor sound propagation in high-building-density environments [85]. Therefore, the 

diffusion model (DM), previously used for predictions in small two-dimensional (2-D) urban 

configurations, is regarded in this study as an alternative to more conventional methods for noise study on 

larger 3-D environments. It is easy to implement and has the potential to allow sound field predictions in 

large urban areas with numerous buildings, with the possibility to adjust parameters such as the ratio of 

diffuse and specular reflections, or the absorption at buildings façades. 
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b. To investigate and address the limitations of the diffusion method for such an application.  

Several limitations of energy methods have already been pointed out. First, the diffuse-field theory does 

not allow predictions of the direct sound field, making inappropriate any computations performed on free-

field-like environments (e.g., built-up area limited to very few buildings). The second major limitation, 

greatly addressed in the present study, concerns the modeling of diffraction effects at buildings corners. 

Until now, it has not been clearly exposed whether or not edge diffraction is accounted for in the DM, and 

what the impact would be on predictions of the sound field in large urban areas. In the literature, 

diffraction by façades irregularities has been mentioned as partly responsible for the sound diffusion in a 

street and thus is assumed to be accounted for in the model [49]. However, the phenomena resulting from 

diffraction by façades irregularities do not have the same implications as those involved in edge 

diffraction by buildings corners and are hardly separable from a diffusion process inside a street. In the 

meantime, the impact of a proper modeling of the wave behavior around buildings edges has been noticed 

in recent study of streets crossings [100]. Nevertheless, no reference was made to diffraction effects 

around buildings edges, thereby leaving lingering doubts on the ability of the diffusion model to account 

for edge diffraction.  

 

c. To propose a fast yet reasonably accurate hybrid method for sound propagation in large and complex 

urban areas. 

After clearly identifying the limitations of the diffusion model for its use in urban sound propagation, a 

new numerical hybrid method is proposed. The hybrid method is a combination of a full-wave method 

(FDTD) with an energy-based method (Diffusion Model). It is designed so as to overcome the limitations 

of the diffusion model and allow fast and accurate predictions is large urban environments. 
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1.3 Organization 

This thesis is organized in four chapters. Chapter 1 is an introduction to the field under study and present 

a survey of the available tools for outdoor sound propagation. The objectives of this study are also 

presented. Chapter 2 describes the reference models used in this study, the FDTD and GA-BTM method. 

This includes the theory, the capabilities of the methods, and their limitations. Chapter 3 presents the 

energy-based method under investigation in this work, that is the diffusion model. The theory behind the 

model is introduced in the context of urban sound propagation. The feasibility of the technique is 

investigated and verifications are performed against conventional numerical methods, i.e., the FDTD and 

the IS method. In Chapter 4 the development of a numerical hybrid method for fast and reasonable 

accurate outdoor sound propagation is presented. First, the principles of the method are exposed, 

including a general description of how the models constituting the hybrid method work together. Then, 

the proposed numerical hybrid method is verified against the FDTD method. 
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Chapter 2                                                                  

Reference methods: FDTD and GA 

The development of an efficient numerical hybrid method (or any new method for that matter) implies to 

define a baseline, i.e., reference predictions, to which comparisons can be made in order to make 

verification and test the accuracy of the results. Although most methods provide only idealized results, 

and therefore are not "real life" solutions (as compared to experimental results), some of them are heavily 

used in the literature for urban noise predictions. Thus, it is reasonable to accept those as a "reference 

methods", i.e., to verify that the proposed hybrid method can be an efficient alternative to commonly used 

methods. Two reference methods are used in the present thesis, finite-difference time-domain (FDTD) 

and geometrical acoustics (GA). The methods are described in details in this section. 

2.1 Finite-difference time-domain 

A 2D FDTD code was initially developed based on the discretized coupled wave equation of pressure and 

velocity as described by Tolan and Schneider [66] and was implemented by Mennit [86]. For the purpose 

of implementing and verifying the proposed hybrid method on urban domains, it is important that efforts 

be devoted to making the acoustic simulation more realistic and computationally more efficient. For that 

purpose, the 2D FDTD code was extended to 3D. Then, a number of issues have arisen concerning the 

implementation of absorbing boundaries, as well as the stability and accuracy of the code. The solving of 

those issues is investigated in the present section. A source model was also incorporated into the 3D code. 

Since the FDTD is known to be a computationally intensive numerical method, a study on computational 

time for simulation on urban models was conducted. 
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2.1.1 Extension of the FDTD code to 3D 

The derivation begins with the differential wave equation and Euler’s equation in three dimensions (3-D) 

as 
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  is the gradient operator; ρ is the density of the medium in which the waves propagate; 

and c is the speed of sound in that medium.  

Substituting Equation (2.2) into Equation (2.1) and integrating once with respect to time yields 
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Before using finite difference to solve the partial differential equations, Equation (2.2) is rewritten in 

terms of velocity components using Euler’s equation as 
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Equations (2.3) and (2.4) are discretized in time and space. Each pressure node is positioned at point  

(iΔx, jΔy, kΔz) where i, j, and k are integer indices and Δx, Δy, and Δz are the spatial steps or grid spacing 

in three orthogonal directions. Velocity nodes are offset by half of a spatial step from the corresponding 

pressure node with the same indices as shown in Figure 2-1. Therefore, the nodes which contain the  
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x-component of velocity are positioned at   zkyjxi  ,,21 , the y-component at 

  zkyjxi  ,21, , and the z-component at   zkyjxi  21,, . The temporal index is n with 

time step or temporal spacing Δt. Each pressure is known at times nΔt, while velocities are again offset 

and known at times   tn  21 . 

 

Figure 2-1: Diagram of partial differential equation discretizing scheme to obtain FDTD equations [66]. 

 

Applying the above scheme, the discretized forms of Equation (2.3) and Equation (2.4) for constant grid 

spacing Δx = Δy = Δz = Δ are 
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The time offset by half a step allows for the calculation of pressure from velocities at a previous time, and 

the calculation of velocities from the updated pressures. This is repeated for each time step.  

2.1.2 Time step calculation 

After selecting a grid size and resolution, the time step is calculated based on the Courant condition [66]. 

This condition restricts the time step for the 3-D FDTD simulation to have a stable solution. It is given as 
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To gain a more physical understanding, the condition in one dimension (1-D) for grid spacing Δx is 

 xtc   (2.8) 

This much simpler condition states that the distance the wave propagates in one time step of the 1-D 

FDTD simulation, cΔt, must be less than or equal to the spacing of the grid, or that the speed of 

propagation of the wave must be less than the numerical speed of propagation. 

In a two dimensional (2-D) FDTD simulation with Δx = Δy = Δ, the condition is 
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tc  (2.9) 

The time step is restricted even further than the condition for the 1-D case. In 2-D, the distance that the 

wave propagates, cΔt, must be less than or equal to half of a diagonal step formed by a square block of 

points in space. 

In 3-D, with a spatial grid where Δx = Δy = Δz = Δ, the stability condition is 
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As more dimensions are added to the FDTD model space, the distance that the wave propagates in one 

time step, cΔt, is restricted even further. The condition now restricts this distance to one third of the 

diagonal of a cube of points in space. In the FDTD simulations, the time step is selected such that 

Equation (2.7) is satisfied with a factor of safety or margin, ns ≥ 1, as  
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Based on multiple simulations, a factor of safety of 1.7 was selected to automatically calculate the time 

step from the grid spacing to result in stable solutions. 

 

2.1.3 Upper frequency limit 

There is an upper frequency limit for accurate simulations using the FDTD method. This upper limit must 

either be based on the temporal discretization related to the sampling frequency or based on the spatial 

discretization related to the spatial sampling of the geometry. In the temporal case, the maximum 

frequency of the simulation, fmax, must be lower than the Nyquist frequency, fn, given by 
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In the spatial limiting case, the maximum frequency of the simulation is related to a minimum 

wavelength. A spatial Nyquist sampling frequency, fNx, is defined by  
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This limiting frequency gives way to a spatial Nyquist wavelength, λNx, given by 

  2Nx  (2.14) 
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Therefore, the smallest wavelength present in the simulation must be greater than this Nyquist 

wavelength, λNx. Inverting and rearranging Equation (2.14) gives the maximum frequency in the 

simulation as 
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Inserting the stability condition for the time step from Equation (2.11) (assuming equal grid spacing Δ) 

into Equation (2.12) gives 
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where the factor of safety, ns, must be larger than one to ensure a stable simulation. Comparing Equation 

(2.15) to Equation (2.16), it can be seen that the spatial discretization will always be the limiting factor on 

the maximum frequency present in a stable FDTD simulation. To examine this limit and how the 

simulation handles frequencies present which exceed this limit, a number of 3-D free-field acoustic 

environments with sine-wave and Ricker-wavelet source signals were simulated using the FDTD code. 

Constant parameters in the simulations are given in Table 2-1. 

 

Table 2-1: Constant simulation parameters to examine stability of 3-D FDTD simulations with increasing frequency 

content of source. 

Grid Size (m): 150 × 150 × 150 

Grid Spacing (m): 1.00 

Time Step (ms): 0.97 

Sampling Frequency (Hz): 1029.00 

Nyquist Frequency (Hz): 514.50 

Source Location (m): 74,75,75 
 

First, a source consisting of a constant amplitude sine-wave signal was placed at the center of the free-

field environment. Simulations were carried out with several source frequencies. Examples of simulation 

results are depicted in Figure 2-2. In this Figure, the left column shows snapshots of pressures in the x-y 
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plane at a height of 75 m, the same height as the source. Pressure time histories at the point with 

coordinates x = 25 m and y = 25 m are plotted in the right column. 

 

It has been determined from that study that a uniform spherical wave is propagated from the source when 

at least ten nodes are present per wavelength of the source. When the source frequency is increased to 

about 51.5 Hz (6.7 nodes per wavelength), the wave front is no longer perfectly spherical. Increasing the 

source frequency further causes significant distortion and instability in the propagated pressure wave. 

Looking at the pressure histories, it can be seen that a steady state oscillating pressure of constant 

amplitude is attained (after an initial transient phase with some high frequency) when using ten or more 

nodes per wavelength. The high frequency content is produced by the abrupt start of the sine wave. 

However, increasing the frequency to where less than ten nodes per wavelength are used causes the 

pressure at this point to never reach a steady state condition. 

 

In summary, in the 3-D FDTD simulations, about ten nodes or more per shortest wavelength present in 

the source signal should be used to obtain accurate results without distortion. This limits the application 

of the 3-D FDTD code to relatively low frequencies due to the limited computational resources. 
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(a) (b) 
19.4 Hz (17.7 node per wavelength) 

51.5 Hz (6.7 node per wavelength) 

 

125.5 Hz (2.7 node per wavelength) 

 

Figure 2-2: Results of free-field 3-D FDTD simulation with sine wave source at center of grid: (a) the 

pressure map at the vertical center of the FDTD grid at the end of the simulation and (b) pressure time 

history recorded 25 m from the source in the positive x- and y-directions. 
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2.1.4 Source model 

A noise source must be specified to perturb the computational domain (FDTD grid). In this particular 

simulation, the source is implemented by imposing velocities at six velocity nodes surrounding a single 

pressure node from a given source velocity. The source is defined in two ways: its position and its 

monopole source strength as a function of time. The position of the source is defined as its position in the 

FDTD grid at a velocity node, i.e., (i, j, k). To radiate spherical waves like a monopole, the x-, y-, and z- 

velocity components at nodes (i −1, j, k), (i, j −1, k), and (i, j, k −1), respectively, are assigned equal 

magnitudes and opposite direction to their counterparts at node (i, j, k). Thus, the velocity nodes that are 

fixed to form the source surround a single pressure node in a pulsating diamond pattern as shown in 

Figure 2-3. 

 

Figure 2-3: Diagram of simple source geometry and coordinate system. 

 

To determine the velocity profiles to assign these nodes from a given monopole source strength, the 

source was calibrated using FDTD simulation in a free-field model. The velocity nodes forming the 

source were placed at the center of the grid assuming a 10 Hz sine wave velocity with amplitude of 0.1 

m/s. The grid spacing, Δ, used in all three directions was 6.86 m or one fifth of the acoustic wavelength. 

The FDTD simulation was allowed to run for 1.5 seconds using a time step of 1 ms and pressures were 

recorded at all grid points in a cubic grid with size 30 × 30 × 30 m3. 
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The pressure amplitude of the steady-state acoustic wave radiated from the source, Ps, was examined as a 

function of the distance from the source, r. Since the source is small relative to the wavelength 

(acoustically compact source), the ratio of the pressure amplitude at some distance from the source to the 

source strength, Qs, must be equal to the ratio of pressure amplitude, Pm, to source strength of a 

monopole, Qm, [87] 
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For a monopole, this ratio is 
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where λ is the acoustic wavelength. Using Equation (2.17) and Equation (2.18), the strength of the source, 

Qs, can be calculated for different directions and distances from the source. The source strength was 

calculated for all grid points in the positive and negative x-, y-, and z-directions until the absorbing 

boundary layer was reached. From these values, an average source strength was computed. An equivalent 

radius, a, of the source was determined from this average source strength, sQ , using 

 VaQs
24  (2.19) 

where V is the amplitude of the velocity given to the source velocity nodes. A constant, C, relating this 

radius to the grid spacing was then determined using 

 Ca  (2.20) 

This process was repeated for finer grid spacings of Δ = λ/10, λ/15, and λ/17.15 to examine the 

convergence of the constant, C, while keeping the physical size of the grid constant around 200 × 200 × 

200 m3. The constant converged to within 1 % difference to a value of about 0.7. Therefore, the velocities 

of the source nodes, vs, can be computed from a given monopole source strength, Qm, as 
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and assigned in the directions given in Figure 2-3. 

 

The FDTD model with the source as defined before was examined using again a free-field environment. 

The main objective was to compare the FDTD simulations with the theoretical sound radiation from a 

monopole. For these studies, the waveform of the monopole source strength provided to the source at the 

center of the grid was a sine wave with a frequency of 10 Hz and an amplitude of 15 m3/s. Equation 

(2.21) was then used to determine the velocity of the source nodes. 

 

First, the pressure amplitude of the propagating wave was plotted every 10 m in the positive and negative 

x-, y-, and z-directions against the theoretical amplitude predicted by Equation (2.18). The results are 

shown in Figure 2-4. It can be seen from the figure that the amplitude of the wave radiated from the 

source agrees very well in all six directions with the predicted amplitude radiated from a monopole with 

the same source strength. Therefore, the calibration was successful in determining the source velocity 

from a given monopole source strength. This figure shows the well-known spherical spreading law. 

 

Figure 2-4: Pressure amplitude radiated from the source given a source strength with frequency of 10 Hz and 

amplitude of 15 m3/s, as a function of the distance from the source every 10 m in the positive and negative x-, y-, 

and z-directions. Solid line: analytical solution. Symbols: FDTD simulation. 
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Next, the pressure time histories calculated every 20 m from the source in the positive and negative x-, y-, 

and z-directions were plotted on the same graph in Figure 2-5. If the source radiates spherical waves, the 

time histories should match exactly in all six directions. It can be seen from Figure 2-5 that this is the case 

aside from very minor variations near the peaks farther away from the source. 

 

The pressure time histories calculated every 20 m away from the source in the positive x-direction are 

plotted in Figure 2-6. It can be seen that the waves that arrive at the four separate positions are of the 

same shape with smaller amplitudes as predicted by Equation (2.18). More importantly, the time delay 

between the microphone signals is clearly observed. The time delays between adjacent observed locations 

(20 m apart) is about 0.058 s that demonstrates that the wave is traveling at the speed of sound of 343 m/s. 
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0 m 

 

40 m 

 

60 m 

 

80 m 

 

Figure 2-5: Pressure time histories recorded in the positive and negative x-, y-, and z-directions plotted in the same 

graph every 20 m from the source. 

 

Figure 2-6: Pressure time histories every 20 m from the source in the positive x-direction. 

 

Time Delay 
of 0.58 sec 
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In addition, the source strength source signal must not have any frequency content above the upper 

frequency limit discussed in Section 2.1.3. To this end, the chosen source signal is a Ricker wavelet 

centered at fc = 100 Hz. It is a zero-phase wavelet commonly used in seismology to represent impulsive 

sources. The frequency bandwidth is well defined as shown by the magnitude of the Discrete FT in Figure 

2-7. The main advantage of the Ricker wavelet is that it does not introduce high frequency content and it 

is defined by a single parameter: its dominant center frequency. The Ricker-wavelet input is implemented 

in the FDTD code as a source-strength waveform defined by 

       22222221 offc ttf
offc ettfAtQ    (2.22) 

where A is the amplitude of the source, fc is the center frequency of the source, and toff is the offset time. 

As shown in Figure 2-7, most of the source energy is contained between 50 and 250 Hz. 

 

Figure 2-7: Time history and DFT magnitude of input source signal (Ricker wavelet). 

 

Since the specified source signal is a velocity, the pressure wave propagated will not have the same shape 

as the input source signal. In fact, the propagated pressure wave will have the shape of the derivative of 

the input velocity signal. This is demonstrated in Figure 2-8 where the input volume velocity (a Ricker 

wavelet) is plotted with the pressure signal at the node immediately next to the source in a free-field with 

1 m spacing. In the figure, both signals are normalized to unit amplitude. It can be seen from the figure 

that the pressure time history has the shape of the derivative of the source signal. 
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Figure 2-8: Time history of input Ricker waveform volume velocity and the resulting propagated pressure wave. 

Both signals are normalized to unit maximum amplitude. 

 

2.1.5 Free-field boundaries 

To avoid reflections coming from the impedance change when a traveling pressure wave reaches a free 

boundary of the computational space, an absorptive boundary layer is employed. Originally in the 2D 

FDTD formulation implemented by Mennit [86], the absorptive boundary layer consisted of a number of 

rectangular rings bounding the computational space. The minimum damping factor (any positive number 

less than one) was assigned to the innermost ring and this damping factor increased as a cosine function to 

a specified maximum damping factor at the outermost ring. The damping factors associated with each 

ring were directly multiplied with the particle velocities and pressures of waves traveling in the absorptive 

boundary layer. This causes waves travelling through this layer to lose energy at each pressure and 

velocity node before they arrived at the edge of the computational domain, were reflected, and then lose 

more energy as they travelled out of the boundary. By the time they emerged, the waves had a very small 

amplitude and negligible effect on the other waves propagating in the computational space. This 

absorptive boundary layer simulated a free boundary on all sides of the 3-D domain where there was no 

hard surfaces. 
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This ad-hoc model of a free boundary is computationally inefficient. Since computational time is a serious 

issue in the 3D FDTD model, alternatives to this modeling approach were required. Methods exist in the 

open literature to simulate a free boundary at the edge of a computational domain. In particular, two 

formulations were investigated [88, 89]. 

 

In 1981, Mur created a few absorbing boundary conditions (ABCs) that completely absorb reflected 

waves for the FDTD simulation of an electromagnetic field [88]. By defining the boundaries of the 

computational domain as outgoing plane waves, any reflected waves are subtracted from the defined field 

and canceled out while outgoing waves are free to propagate out of the domain. 

For a wave traveling in the negative x-direction, the boundary condition at x  = 0 is described 

mathematically by 

      011
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where sy and sz are the y- and z-components of the speed of sound, c, which determine the angle of 

incidence of the wave on the boundary. Since the angle of incidence of the wave is unknown, some 

Taylor series approximations on the square root term in Equation (2.23) are made. The first order 

approximation assumes that the incident wave is normal to the boundary and Equation (2.23) becomes 
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Use of the second order approximation of the square root gives 
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The first order method has the advantage of needing only one ring around the computational domain to 

absorb outgoing waves, therefore reducing the size of the model needed to run the numerical simulation. 

The Mur’s formulation was applied to the FDTD code. Initial results showed the second order 

approximation yielding slightly better results (less reflection) than the first order approximation. 
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However, inaccuracies are encountered near the edges when a wave grazes the boundary with a very large 

angle of incidence or if the source is located close to the boundary of the computational domain. Higher 

order approximations were shown to provide negligible improvement in accuracy and cause numerical 

stability problems. Thus, it was decided to implement and evaluate the first order approach. 

 

As a demonstration of the performance of this first order model, FDTD simulations in a free-field model 

were run for several different absorbing boundaries as implemented previously. For all simulations, a 

cubic grid with a size of 40 × 40 × 40 nodes and a grid spacing of 10 m was used. The FDTD solutions 

were computed with a time step of 10 ms. The source, which will be discussed later, was placed at the 

center of the domain and generated a Ricker wavelet profile with a unit maximum amplitude and about 1 

second durations. 

 

In the first simulation, Mur’s first order model was implemented by calculating the pressure at the 

outermost ring of grid points using the discretized form of Equation (2.24) as 

         kjpkjp
tc
tckjpkjp nnnn ,,0,,1,,1,,0 11 




   (2.26) 

Thus, to have a grid of 40 × 40 × 40 nodes inside the boundary, a total grid size of 42 × 42 × 42 nodes 

was used. The second simulation used a grid of 40 × 40 × 40 nodes surrounded on all sides by 5 layers of 

absorptive boundary layers discussed previously with a maximum absorption factor of 0.75. Thus, the 

total grid size was increased to 50 × 50 × 50 to preserve the size of the grid interior to the boundary. The 

third simulation again consisted of a 50 × 50 × 50 grid with 5 absorptive boundary layers. However, the 

maximum absorption factor was changed to 0.5 at the outermost ring. The fourth and fifth simulations 

were run with a 60 × 60 × 60 node grid with 10 absorptive boundary layers where maximum absorption 

factors at the outermost rings were 0.75 and 0.5, respectively. After the simulations, the pressure at each 

node in the interior grid was squared and added together at each time step to represent the total energy in 

the grid. These energy values as a function of time are plotted in Figure 2-9. 
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Figure 2-9: Total energy in the grid of free-field FDTD simulation as a function of time using different boundaries to 

absorb waves incident upon the edge of the computational domain. 

 

It can be seen from Figure 2-9 that the total energy in each grid begins with two spikes due to the pressure 

node located inside the velocity source. When the source pulsing ends (at 1 sec.), the total energy in each 

grid remains constant until the waves reach the absorbing boundaries a little after one second into the 

simulation. Then, the total energy in each simulation rolls off by about 25 dB in approximately 0.75 

seconds where the energy curve reaches another plateau. Mur’s first order model clearly outperforms all 

the other multi-layer simulations except for the case of 10 layers/0.75 maximum absorption. However, 

Mur’s method is computationally more efficient.  

 

The second absorbing boundary method investigated is known as the perfectly matched layer (PML), a 

more sophisticated version of the absorbing layer mentioned previously. The PML is another type of 

absorbing boundary, originally formulated by Berenger for electromagnetic fields [90, 91]. Yuan et al. 

extended Berenger’s PML to the acoustic wave equation in 2-D [89]. Mathematically, the acoustic 

equations in a PML boundary are defined by 
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where κ is the compressibility of the acoustic medium (c = 1/  ) and α and α* are attenuation 

coefficients. The wavenumber, k, for Equation (2.27) can be calculated as 
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assuming harmonic time dependence where i is the imaginary unit. It can be shown that there are no 

reflections on a PML boundary for a normally incident plane wave traveling in a lossless acoustic 

medium with 

  *  (2.29) 

and 

  ci
c

k   (2.30) 

However, non-normally incident plane waves will reflect. Thus, Equation (2.29) is used for α and α* to 

absorb waves with non-normal incidence as in 
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Due to these separate components of the attenuation coefficient, the pressure is split into two parts  

p = px + py where px is related to   xvx  and py is related to   yvy . The acoustic equations then 

become 
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Equations (2.32) through (2.35) can be extended trivally to 3-D by inspection. It is then proved that a 

wave traveling in a lossless acoustic medium produces no reflection when it reaches a PML interface 

normal to the x-axis if αx = 0 for any angle of incidence. Similarly, a wave traveling in a lossless acoustic 

medium will produce no reflection when it reaches a PML interface normal to the y-axis if αy = 0 for any 

angle of incidence. 

 

Equations (2.32) through (2.35) were discretized and implemented in the FDTD code. The simulations 

were run with eight PMLs with α increasing quadratically towards the outermost edge of the 

computational domain. As before, a point source excited the medium at the center of the FDTD grid. 

Results showed that the PML method attenuated the reflected waves by −70 to −80 dB whereas the 

second order Mur’s boundary condition discussed previously attenuated the reflected waves by −30 to 

−40 dB. However, the PML method requires multiple attenuation layers where Mur’s method requires 

only one layer to absorb reflected waves. Thus, it was decided to implement the first order Mur’s 

boundary condition in the FDTD code. This approach was computationally efficient and simpler to 

implement. 

 

2.1.6 Terrain model 

Non-flat terrains are defined in the FDTD code as perfectly reflecting surfaces. A matrix of heights is 

specified over the entire x-y plane of the 3-D FDTD grid. Then, all velocity nodes near these surfaces are 
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set to zero. All velocities in the z-direction at ground level are constrained to zero, whereas the x- and y-

components of the velocity are constrained to zero only when the ground changes height in the x- and y-

direction, respectively.  

 

A geometric model of an urban area on a flat terrain was used to simulate an acoustic scenario. The urban 

environment model is shown in Figure 2-10. It is a simplified model of the Army Fort Benning training 

facility in Georgia. The buildings are all 7 m in height. The total volume modeled was 100 × 150 × 20 m3 

with a grid spacing of 0.125 m. Based on the upper frequency limit study, the maximum frequency that 

can be accurately predicted in this model is 275 Hz when assuming a speed of sound of 343 m/s. 

 

 

Figure 2-10: Model of the Army Fort Benning training facility. 
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2.1.7 Limitation of the code 

The FDTD formulation outlined above was implemented in a MATLAB program. The FDTD method is 

simple to implement but computationally inefficient for large domains. The severe constraint that the 

stability condition represents on the grid spacing and the time step leads to the inevitable increase of the 

computation time, which is a very serious limitation for realistic environments and frequency bandwidths. 

The model presented in Figure 2-10 require a large amount of nodes to simulate the acoustic propagation 

over a frequency range of 0 to 250 Hz. Table 2-2 summarizes the main features for the model. As a result, 

the computation time to solve this model is unrealistic for the type of computational capabilities available 

for this project at Virginia Tech (workstation with 8 processors running MATLAB).  

 

Table 2-2: Numerical characteristics of the numerical urban model. 

Volume 100 × 150 × 20 m3 

Grid resolution 0.125 m 

Number of grid points 131,072,000 

Time run 300 ms 

Time step 0.20 ms (1500 time steps) 

Estimated computation time for 

one source position (Matlab) 
28 h 

 

Thus, the 3D FDTD program developed using MATLAB has been converted to FORTRAN to gain 

computational speed. Simulations showed the FORTRAN program (only a single processor) to be about 5 

times faster than the MATLAB program (using all processors) on the VT computer system. This 

improvement allows for urban models to be run more easily, but it is still prohibitive for practical 

applications (e.g., real time simulations). This leads to the need for more computational resources or for 

computationally efficient methods.  
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2.2 Geometrical acoustics 

2.2.1 General description 

Geometrical acoustic (GA) simulations are carried out in the time domain, with the three-dimensional 

numerical model developed by Svensson et al. [33, 34]. The model is based on the image source method 

to compute the reflected field. The formulation assumes a point source where the monopole source signal, 

q(t), involves the fluid density, ρ0, times the volume acceleration, A(t), through q(t) = ρ0A(t)/(4π). Direct 

and reflected fields are included, and the total field is assumed to have the form 

         ththtqtp pp
total speculardirect   (2.36) 

where q(t) is the monopole source signal described above, hp(t) are various sound pressure IRs, and * 

indicates a convolution. See Figure 2-11 for an illustration of these components. Here, direct
ph  is the direct 

sound component, i.e., the free-field sound pressure from the source, multiplied with a visibility factor 

 RISS rrV  ,/ , where V is 1 if the source, at Sr
 , is unobscured from the receiver, at Rr


; 0 if the source is 

completely obscured. The term specular
ph  is a sum of all the possible specular reflections for the specific 

source and receiver positions. The image source method is straight forward for identifying such 

reflections of low orders [92]. The same type of visibility factors used for the direct sound are to be used 

for the specular reflections, but with the important difference that the image source position, ISr , should 

be used. Furthermore, for a specular reflection, the visibility factor is 1 if the line from the image source 

to the receiver passes through the reflection plane, and is unobscured by other planes. For external 

scattering geometries, the list of specular reflections typically has quite few terms (i.e., under 20 orders of 

reflection), whereas internal scattering problems generate infinite numbers of reflections. The direct 

sound and specular reflection IRs all have the form 

      RISSpp rrV
c
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r
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    (2.37) 
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where ISSR rrr /


  is the distance from the original source, or image source, to the original receiver. 

The speed of sound is denoted by c, and δ(t) is a Dirac pulse signal. Hence, the IR in the free-field has an 

amplitude of 1 Pa at 1 m from the point source and decays proportionally to the inverse of the distance 

traveled beyond this point. In this study, receiver positions are placed immediately on a surface, and then 

the direct sound and the specular reflection fuse together to a single component of twice the amplitude. 

 

Figure 2-11: Illustration of a polyhedral scatterer and (a) the direct sound, (b) a specular reflection  M.C. Remillieux, 

S.M. Pasareanu, and U.P. Svensson, “Numerical modeling of the exterior-to-interior transmission of impulsive 

sound through three-dimensional, thin-walled elastic structures,” Journal of Sound and Vibration 332, 6725–6742 

(2013). Used under fair use, 2014. 

 

The corresponding computer code [93] was written in MATLAB and contains a set of routines that 

calculate the IRs due to a point source in an environment of rigid, plane surfaces. Many sources and 

receivers can be run, and for each source-receiver pair one output file is stored that contains the direct, 

reflected, and total IRs. The resulting IRs can then be convolved with any source signal to get the actual 

pressure at a receiver position. Here, the source signal will be chosen to be a unit pulse. In the frequency 

domain, the magnitude of this source signal is then a constant, which means that the volume velocity is 

proportional to the inverse of the angular frequency ω. 
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2.2.2 Limitation of the code 

The main advantage of using the GA method to simulate exterior sound propagation is that the accuracy 

of the solution does not depend on a volume element mesh size, or surface element mesh size and thus is 

not restricted to low frequencies, unlike other methods such as FE, BE, and FDTD. There are four 

parameters controlling the speed and accuracy of the GA-BTM method, namely the order of reflection, 

the number of surfaces (complexity of the structure), the sampling frequency, and the number of receiver 

points. The computation time grows exponentially with the number of consecutive reflections. 

Consequently, fast (within seconds or minutes) analysis can be conducted only if simulations are 

performed with these five parameters kept small. This is a severe drawback for simulations over large and 

complex domains. 
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Chapter 3                                                                   

Energy-based method: the diffusion model 

This chapter is devoted to understanding and extending the diffusion theory for the application targeted in 

this thesis: sound field predictions in complex urban areas. First, a review of the theory and of the work 

already accomplished in this area is presented, based on the work of Philibert [94]. Then, the extension of 

the theory to sound propagation in both indoor and outdoor settings is discussed. The main developments 

are exposed along with the most important equations. 

 

3.1 Diffusion theory 

3.1.1 General description 

Diffusion is the process describing the random spreading of particles from regions of high concentration 

to region of low concentration. Figure 3-1 shows the simple example of a group of particles in a glass. 

The particles are initially all concentrated in the same area, and then diffuse in the rest of the glass. In 

other words, the particles, as a result of their random movement, eventually spread themselves uniformly 

in the entire medium. 

 

Figure 3-1: Diffusion of particles in a glass. 
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The mathematical and physical concept of diffusion was first developed by Joseph Fourier in 1822 in his 

work on heat conduction. The time rate of heat transfer through a material (local heat flux) is defined as 

proportional to the negative gradient of temperature and the coefficient of proportionality is called the 

material conductivity. Analogous laws are known in electricity (charge transport) as Ohm’s law and in 

fluid dynamics (hydraulic flow) as Darcy’s law. 

 

The two general laws of diffusion were derived later on in 1855 by Adolf Fick. Fick’s first law describes 

how a concentration field varies in space. It states that the diffusive flux is proportional to the negative 

gradient of the concentration field. Fick’s second law describes how this same concentration field varies 

in time. It specifies that the variation of the concentration field in time is equal to the negative gradient of 

the diffuse flux. Therefore, combining both laws leads to a relationship between variations of a 

concentration field in space and in time. If no input is specified inside the field, these variations are 

related by a proportionality coefficient, called the diffusion coefficient or diffusivity, D. This coefficient 

is the main term of interest that has to be defined for each field of application of Fick’s laws. When Fick 

first introduced that coefficient, it could only be determined experimentally. However, Fick still specified 

that its value increases with temperature. In 1905, Einstein established a mathematical description of the 

diffusion coefficient in liquids, based on the random walk of the diffusing particles. He stated that the 

diffusion coefficient depends on the mean square value of the displacement  tR2  of the particles in a 

given time.  

 

Finally, Fick’s laws lead to the commonly used diffusion equation, whose expression considering an input 

source  trf ,  is: 

 
     trftrD
t

tr ,,, 2 






 (3.1) 
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3.1.2 Acoustic applications 

Application of the laws of conservation of energy had also been extensively used in acoustics to predict 

the sound pressure level due to sound sources inside rooms. However, these applications always assumed 

the uniformity of the acoustic energy density inside the room. Recent research has been performed to 

model the sound field in rooms following Fick’s laws. Even more recently, efforts have been put in using 

the diffusion theory to predict sound outdoors, more specifically in streets canyons. The section focuses 

on applications of the conservation of energy and the diffusion equation in acoustics, both for indoor 

(rooms) and outdoor (streets) propagation. 

 

Energy models have been widely used to predict sound pressure levels inside rooms under the assumption 

of uniform energy density in the medium. The extension from the energy model to the diffusion theory is 

presented here. It must be noted that the equations detailed in this section are applied to each frequency 

band (e.g., 1/1 or 1/3 octave band). Indeed, the analysis conducted in the present work is only valid in 

frequency band (i.e., no narrow band analysis), and thus the energy model has to be run multiple times to 

obtain results for multiple frequency bands. The variables, function of the frequency band, are the 

acoustic power W, the absorption α, and the atmospheric attenuation m. 

 

In room acoustics, the rate of internal energy increase inside a room, Eroom, is computed as a function of 

the energy input, Ein, and the energy dissipated, Eout, following [95]: 

 
     tEtE

dt
tdE

outin
room   (3.2) 

Usually, the energy inside the room is assumed to be uniform (hypothesis of diffuse sound field). Thus, 

the energy inside a room of volume V is written as 

    tVetEroom   (3.3) 
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with e being the energy density, defined as the sum of the potential and kinetic internal energy per unit 

volume. 

 

The energy dissipated is a function of the energy inside the room, such that  

    teSctE out 4
  (3.4) 

where   is the average absorption coefficient of the room, S is its surface, and c is the speed of sound. 

 

The energy input being defined as the source acoustic power  tW , Equation (3.2) becomes 

 
     tWteSc

dt
tdeV 

4
  (3.5) 

which is the energy equation well known in room acoustics. 

 

The energy model described by Equation (3.5) permits the prediction of a time varying but yet again 

uniform (i.e., unique) value of the energy density inside a room. In many cases, a more realistic (and 

rigorously correct) spatial distribution is required (e.g., acoustic propagation in large domains). For that 

purpose, recent research has been undertaken to extend the traditional energy model to acoustic 

propagation, based on the diffusion theory. Boundary conditions formulated and are also presented in the 

following development. 

 

In 1997, Picaut et al. [46] proposed a new approach based on the diffusion theory, introducing an acoustic 

diffusion coefficient. Their studies were based on propagation in rooms with length on the x-axis greater 

than the other dimensions (see Figure 3-2).  
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Figure 3-2: Geometry of the room: length on the x-axis greater than the other dimensions. 

 

They first made the assumption that the scattering of particles in a room is comparable to the motion of a 

particle in a gas hitting other particles. Nevertheless, in this acoustic application, collisions between 

particles are replaced by collisions between sound rays and the walls. Therefore, Equation (3.1) can be 

considered to model the variation of energy inside a room. The diffusion coefficient, of primary interest in 

any diffusion modeling, was found to be 

 
3
cD 

  (3.6) 

where λ is known in room acoustics as the mean free path, i.e., the average distance a ray travels between 

two collisions, and is expressed as 

 
S
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  (3.7) 

for a finite domain with volume V and surface S.  

Therefore, the following room acoustics diffusion equation can be written 

 
     trWtreD

t
tre ,,, 







 (3.8) 

where D is given by Equation (3.6) and W is the acoustic power of the sound source. 

 

However, Picaut et al. also included an absorption term in their derivation to account for losses in the 

medium [46]. Thus, the following diffusion-loss equation is obtained: 
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where the coefficient   needs to be determined depending on the problem. For the case of the Sabani 

room model (all walls have the same average absorption coefficient),   takes the value 

 c

V
Sc


4
, 

where  is the average room absorption coefficient as in Equation (3.4). It can be easily verified that in 

this case, under the assumption of uniform energy density, Equation (3.9) reduces to Equation (3.5).  

 

The coefficient σ can also be modified, along with the diffusion coefficient, to account for losses due to 

atmospheric attenuation, critical in large rooms. Defining m as the intensity attenuation coefficient (in  

m-1), D and σ are rewritten as 

 
m

DD



1

1
0  (3.10) 

 mc  (3.11) 

where D0 is the diffusion coefficient without absorption.  

The intensity attenuation coefficient m can be computed from the atmospheric attenuation coefficient A 

(in dB/unit length) following [96] 

 mmeA 343.4)(log10 10   (3.12) 

where e is Euler's number and e = 2.7183. 

 

A next step in developing a model is to properly define the boundary conditions at the limit of the 

domain. This was the main topic of a following paper [49]. A new parameter was introduced allowing the 

modeling of the distribution of absorption on the walls, the exchange coefficient. The exchange 

coefficient is frequently encountered in heat conduction to define the exchange of heat between the 

medium of propagation and the medium around. For applications in room acoustic, this coefficient 

characterizes the energy flux on the wall which is then expressed as 



48 
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where 
n


 is the normal derivative to the wall surface and h is the exchange coefficient. The theoretical 

value of the exchange coefficient has been subject to several mathematical developments [97-98]. The 

latest by Jing and Xiang may be applied for low and high absorptions and avoids any singularities [99]. It 

can be expressed as 

  




22

ch  (3.14) 

where α is the absorption coefficient which value depends on the properties of the boundary.  

A specific case arises when α = 0 and thus h = 0, simulating perfectly reflective boundaries. Substituting 

in Equation (3.13) leads to the reflective boundary condition (i.e., hard wall condition): 

 0


n
e

 (3.15) 

 

The last parameter needing a correct modeling is the source term. The sound source W in equation (3.9) 

has to be a function of time and space. In 2005, Valeau et al. focused on well defining the source terms in 

the diffusion equation [47]. The source may be defined as a compact volume source of power W(t) at 

location sr


, and thus can be modeled as 

    srrtWT 
   (3.16) 

If the source is defined as a subdomain of volume, Vs, the source term outside the subdomain becomes 0 

and inside that subdomain becomes  

 
 
sV
tWT   (3.17) 

Properly establishing all the necessary parameters of the energy-based model (i.e., the coefficients of the 

diffusion equation, the source term, and the boundary conditions) has allowed the study of more 

complicated configurations. The most recent developments in room acoustics concerns the application of 
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the diffusion theory to coupled rooms. In 2006, Billon et al. proposed a model to predict the sound field 

inside rooms coupled through an aperture [48] and in 2008 they proposed a similar model for rooms 

coupled through a partition wall [44]. Both models were conceived so that one set of one equation and 

boundary conditions is allocated to each defined domain. The models were solved for both steady-state 

and time-varying states in 3-D and good agreements were found in comparison with the SEA and the ray-

tracing. The diffusion method has the main advantages to be much faster than the ray-tracing and more 

accurate than the SEA, since it gives a spatial distribution of the sound pressure level instead of a mean 

value. All these developments can be extended to complicated geometry and systems of multiple coupled 

rooms. 

 

In recent studies, Equation (3.9) has been assumed valid for outdoor propagation. The same parameters as 

developed in the previous section have basically been used to first extend the long room model of Figure 

3-2 (one dimension is much larger than the others) to an equivalent outdoor model. Actually, setting the 

length and the height to be much larger than the width of the room would be similar to what is called a 

street canyon in outdoor propagation. Coming along with the transition from room acoustics to outdoor 

environments is the need to redefine the way to compute the diffusion coefficient. As discussed earlier, 

the diffusion coefficient has to be properly defined for each field of application. Even if acoustic 

propagation is the subject of interest, many differences exist between indoor and outdoor environment 

and the research undertaken to account for these differences is summarized here. 

 

The first attempt to extend the equations derived for room acoustics to outdoor propagation was made by 

Picaut et al. in 1999 [49]. They basically presented the same equations as Equation (3.9) except no losses 

were considered (σ = 0), and the same boundary conditions as in Equation (3.13). The authors have opted 

for a simple street canyon configuration where the source is always inside the street, and have looked into 

ways of defining the diffusion coefficient. In an urban environment, the non-uniformity of the diffusion in 



50 

all directions must be considered (e.g., the diffusion of sound by the façades and by the pavement is not 

the same). Therefore, the diffusion coefficient should no longer be a scalar but a matrix expressed as 
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D  (3.18) 

with the axis of the streets being parallel to the axis of the coordinate system, the matrix in Equation 

(3.18) would reduce to its diagonal. No mathematical expression of the diffusion matrix terms was 

proposed by the authors, though they stated that it should depend on the geometry of the street and on the 

characteristics of the façades. Additionally, they claimed that it should be frequency dependent, like the 

acoustic phenomena observable in a street. They performed computations on the basis that the diffusion 

coefficient can be calculated from measurements of the sound decay on a scale model. Analytical 

calculation of sound attenuation and reverberation on a rectangular 1/50 scale model provided results in 

good agreement with the experimental data. 

 

The major advance in defining properly the diffusion coefficient was presented in 2004 by Le Polles et al. 

[43]. By mean of an extensive mathematical derivation, the diffusion coefficient for a street canyon was 

found to be a function of the street width and a coefficient called the accommodation or scattering 

coefficient. This coefficient describes the nature of the reflection on the façade, and takes its values 

between 0 for non-specular reflections, and 1 for perfect specular reflections (Figure 3-3).The value of the 

diffusion coefficient depends also on the reflection law considered to derive it. 
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Figure 3-3: Schematic of a specular reflection (left) and a non-specular reflection (right). 

 

The most recent research [100] has considered the following expression of the diffusion coefficient 

 
2

2 Lc
s

sD 
  (3.19) 

where s is the scattering coefficient, L is the street width, and c is the speed of sound. 

 

In 2002, Picaut published a paper summarizing his work on sound field modeling in streets and 

introducing a two-dimensional numerical finite-difference scheme for solving the equations [50]. 

Comparisons between the numerical results and the analytical solutions of the diffusion equation have 

shown the validity of such a numerical method. Moreover, the finite-difference scheme proposed in the 

paper has been proven unconditionally stable, meaning that no restrictions of any kind apply to the 

definition of the grid of points. 

 

In 2009, numerical and experimental studies have been conducted for non-rectilinear streets [100]. 

Several measurements of the sound pressure level at the center line of the street have been performed in a 

variety of configuration (e.g., crossing, varying cross-section). Comparisons with several numerical 

simulations have shown good agreements, except for results at the extremity of the streets. These 

divergences might be due to the neglect of the diffraction effect in the model which is more important 

away from the center line of the street. On the other hand, it might be expected that in a complex urban 
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environment (i.e., a large number of buildings), the large number of reflections will reduce the importance 

of diffraction effects. In this case, diffraction effect can possibly be neglected. However, no such study 

has been reported in the open literature. 

 

3.2 Feasibility of the diffusion model 

The diffusion model presented before was developed for room acoustic applications. However, a goal in 

this work is to extend the model to realistic 3D urban environments. Thus, the main objective in this 

section is determining the feasibility of the diffusion model to model sound field distribution (i) in large 

3-D urban environments and (ii) in the extreme case of highly specular reflections. In addition, it looks at 

establishing if diffraction effects are included in the DM and determining its impact on the predictions. To 

this end, two 3-D urban environments with high building density are examined, considering the ground 

and building façades as specularly and perfectly reflective surfaces. Comparisons with FDTD (full model) 

and GA (image source method) solutions are performed. The FDTD method has the ability to simulate 

accurately full-wave acoustic propagation and thus is a great tool in establishing the accuracy of the DM. 

The GA method is selected because it allows for the sound field to be decomposed into direct, reflected, 

and diffracted components. Therefore, the diffracted component of the sound field can be removed from 

the solution and a partial wave behavior is obtained (direct and reflected field only). This allows assessing 

if the DM accounts for diffraction effects. 

 

3.2.1 Steady-state diffusion model 

Unless otherwise mentioned, the DM theory followed in this study is the one developed by Picaut et al. 

for rectangular streets [43, 49, 100]. The steady-state diffusion equation is considered without any 

medium loss and it is written as, 
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    srrWreD 
 2  (3.20) 

where W is the acoustic power of the source, modeled as a point source at position sr


 in the environment, 

 .e is the energy density (internal energy per unit volume) at each receiver position r, and D is the 

diffusion coefficient, as described in Equation (3.19). 

 

The present feasibility study considers the diffusion coefficient to be varying for each grid point (i.e., 

spatial distribution) and for each x-, y-, and z-direction (i.e., directional distribution). The directional 

configuration implies to consider D in Equation (3.20) not as a scalar but as a matrix. The implementation 

of the diffusion matrix is detailed in Section 3.2.3. Boundary conditions are defined in a rather general 

fashion as presented by Equation (3.13) and Equation (3.14). A popular finite-difference (FD) scheme, the 

7-point scheme [101], was used to solve Equation (3.20) and Equation (3.13). The output data obtained 

from the solution is the energy density. 

 

In turn, the sound pressure level (SPL) can be obtained from the relationship between the energy density 

and the root-mean-square (rms) pressure. That is,  

 ,22 cep rms   (3.21) 

where ρ is the fluid density. In all simulations performed, a speed of sound of c = 343 m.s-1 and a density 

of 1.21 kg.m-3 are used to characterize the fluid medium (air). 

 

Note that the direct component of the energy density has to be computed analytically as, 

 ,
4 2

22

LOS
directdrms r

cWcep

   (3.22) 

where LOSr  is the distance to the receiver in the line of sight of the source. Then, the direct component is 

added to the corresponding DM solution. 
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3.2.2 FDTD and GA steady-state pressures  

Although the DM was developed assuming mixed reflections, and has been proven efficient for such 

cases (e.g., partly specular, partly diffuse), it is one objective of this study to determine if it can be used 

also in a configuration involving mostly specular reflections, as an alternative tool to conventional 

numerical methods. If proven valid, the DM would be an ideal tool allowing the modeling of large 3-D 

urban environments with a wide variety of façades, from mostly specular to purely diffuse. 

 

Two commonly used numerical methods were chosen for the verification tasks: FDTD and GA. Those 

were presented in previous sections. Comparisons are made in terms of SPL expressed in decibels. To 

perform this verification, the transient responses obtained from the FDTD and the GA codes have to be 

used to estimate the steady-state rms pressure at each grid point of the domain. The following steps were 

taken to obtain the rms pressures from the FDTD simulations where the source strength is defined as a 

Ricker wavelet [102] centered at 100Hz. Note that the FDTD technique performs a wide band analysis in 

a single simulation. Therefore, the excitation signal needs to have a wide spectrum. However, due to the 

explicit nature of the discretization of the FDTD code used in this study (interdependency of the grid 

spacing and the time increment values) and the resulting computational time restrictions, the results are 

valid only from 50 to 250Hz. The upper frequency limit implies that a Dirac pulse cannot be used. 

Instead, the Ricker wavelet was chosen as an input signal to minimize frequency content above this upper 

frequency limit of 250 Hz (i.e., Ricker wavelet with center frequency of 100Hz). 

 

Firstly, transfer functions were computed between the pressures in the domain and the source strength 

(i.e., Ricker wavelet). For this purpose, FFT of the time histories of these quantities were taken. Transfer 

functions are obtained at each spectral line in the narrowband frequency analysis. Then, the rms pressure 

can be computed from the magnitude square of the transfer function for any rms source strength as 

follows, 
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       ,222 fQfTFfp rmsrms   (3.23) 

where f is the frequency of each spectral line, and 2
rmsQ  is expressed as, 

   .4
2

2


cWfQrms   (3.24) 

The narrowband results in Equation (3.23) will show well defined patterns due to both constructive and 

destructive interference of the multiple waves present in the sound field, e.g., direct, reflected, and 

diffracted waves. An illustrative result is shown in Figure 3-4 that presents the sound pressure level 

distribution over a plane 2 m above the ground computed from the FDTD data. The model used is that of 

the Fort Benning facility. Figure 3-4 a) shows the result at the spectral line f = 100 Hz (left) where the 

interference pattern is clearly observed. Figure 3-4 b) shows the result for the 1/3 octave band with center 

frequency fc = 100Hz. The sound pressure distribution is smoother and there interference patterns nearly 

eliminated. These interference patterns are not present in the results from the DM where the input is a 

steady-state sound source power. The DM is actually applicable to frequency bands where many waves of 

different frequencies are involved, thus generating a diffuse field. For the proper comparison of the three 

considered methods, the narrowband FDTD and GA results need to be collapsed by grouping the 

frequencies in wider bands. Thus, in the second step the rms pressure in the 1/1 octave band with center 

frequency, fb, is obtained by incoherent addition of the rms pressure of the spectral lines within the band. 

That is, 

       ,222 
uf

f
rmsbrms fQfTFfp

l

 (3.25) 

where fl and fu are the lower and upper frequency limits of the 1/1 octave band with center frequency fb. 

Because of the frequency restrictions mentioned above, only the 1/1 octave band with center frequency of 

125Hz is considered for illustration. 
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The same approach is used for the post-processing of the GA pressure time history results, given that the 

output IRs are convolved with a source pressure time history input equivalent to the FDTD source 

strength time history input. 

 

(a) Spectral line at f = 100Hz 

 

(b) 1/3 octave band with fc = 100Hz 

 

Figure 3-4: SPL (dB) distribution for the Fort Benning model 2 m above the ground, using FDTD data a) 

narrowband at f = 100 Hz and b) 1/3 octave band with center frequency fc = 100 Hz. 

 

dB 

dB 
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3.2.3 Model parameters 

The DM was applied to the 3-D models shown in Figure 3-5 and Figure 3-6. The model in Figure 3-5 

represents a simplified urban environment and consists of 16 regularly-spaced buildings with the same 

size, shape, and height, forming a grid-type street plan. The resulting streets in the x- and y-directions are 

7- and 10-m wide, respectively. The DM computational domain is discretized into 150 × 100 × 10 

(150,000) grid points with a grid resolution of 1 m. This conventional model is a natural extension of 

those proposed in the literature and allows a preliminary study of the efficiency of the DM and the impact 

of various phenomena (e.g., significant reverberation with well-defined street canyons, significant edge 

diffraction around sharp street turns) on the solution. The model in Figure 3-6 represents the Army 

McKenna Urban Operations Site in Fort Benning, Georgia. In this model, there are 15 randomly-placed 

buildings with different sizes, shapes, and heights. The computational domain is discretized into 130 × 80 

× 15 (145,600) grid points with a grid resolution of 1 m. This model is a heterogeneous environment and 

thus is a further step in the study of the impact of wave phenomena (especially diffraction) on the solution 

for arbitrary urban geometries. In both models, it is assumed that the ground and building façades are 

perfectly reflective and that perfect absorption occurs at the boundaries of the acoustic domain. 
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Figure 3-5: Simplified urban environment model: 3-D view (top) and top view (bottom). 

 

 

Figure 3-6: Realistic urban environment model based on the Army Fort Benning training facility: 3-D view (top) 

and top view (bottom). 
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As introduced in Section 3.2.1, the parameter D in Equation (3.20) is defined in this study as a matrix. 

With the axes of the streets being parallel to the x- and y-axis of the coordinate system, and the buildings 

façades being parallel to the z-axis, the matrix reduces to its diagonal [46]. Considering M total grid 

points sampling the acoustical domain, the diffusion matrix at the m-th grid point, Dm, may be expressed 

as, 
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D  (3.26) 

The analytical expression of the diffusion coefficient presented in Equation (3.19) has been obtained 

through a meticulous mathematical derivation, assuming the diffuse field to be constant along the width 

of the street, at a given height. Therefore, Equation (3.19) has been used in past studies only to compute 

the diffusion occurring in a plane parallel to the buildings façades. In the present study, the diffusion 

coefficients are determined through an empirical approach based on the use of Equation (3.19) 

extrapolated in all three directions. Thus, Dmx, Dmy, and Dmz are written for each grid point in the domain, 

based on the dimension of the street or the building, along the x- (length or width Lmx), y- (length or width 

Lmy), and z- (height of the building Lmz) axes as 
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1

 (3.27) 

Figure 3-7 provides a description of this configuration for two grid points.  
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Figure 3-7: Schematic representation of street dimension configurations (used for the computation of Dmx and Dmy) 

for two grid points: Ga, inside the 10-m wide street (solid arrows) and Gb inside the 7-m wide street (dashed arrows). 

 

The dimensions of the street along each axis for each grid point are determined in a pre-processing task, 

as the distances between two boundaries (rigid-rigid, rigid-absorptive, or absorptive-absorptive) along 

each axis. For a regular model, with the axes of the streets parallel to the axis of the coordinate system, 

this amounts to assigning the same values for all grid points inside the same street. For a random model, 

with the axes of the streets intersecting the axis of the coordinate system, each grid point inside the same 

street would not necessarily be assigned the same values, depending on the orientation of the street. To 

make the model more consistent and avoid arbitrary large dimensions along the x- and y-axes (i.e., the 

distance between two absorptive boundaries at the limit of the numerical domain, or between a rigid and 

absorptive boundary, depends on the size of the domain arbitrarily defined by the user), a maximum 

admissible length (i.e., a characteristic length) is determined and any dimension above this maximum is 

set to a reference value defined for any given geometry (e.g., based on an average value). This is the case 

in crossings, where an average value was used. For now, it is understood that this empirical configuration 

is quite easily applied to the simplified urban model, but may be intricate for highly irregular models and 

requires developing some experience. The configuration used for the numerical models under 

consideration in this section is summarized in Table 3-1.  
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Table 3-1: Street dimension configuration for the directional diffusion coefficient: Maximum and reference values 

for the Simplified urban environment and the Fort Benning training facility. 

 Simplified urban environment Fort Benning training facility 

x-axis LXmax = 30, LXref = 18.5 LXmax = 40, LXref = 20 

y-axis LYmax = 15, LYref = 12.5 LYmax = 40, LYref = 20 

 

Along the z-axis, the domain is separated into two subdomains: one below the buildings where the street 

vertical dimension Lmz is fixed by the height of the tallest building, and one above the buildings (which 

dimensions are arbitrarily defined by the user, and in which case the dimension along the axis is equal to 

the remaining height above the buildings). It was observed that the accuracy of the results is particularly 

sensitive to important variations of the diffusion coefficient Dmz. The latter has to be significantly lowered 

for the simplified urban environment (the theoretical value computed via Equation (3.27) was divided by 

12), whereas it was not changed for the Fort Benning training facility, although they share similar heights 

of buildings. The explanation may be that the random disposition of buildings allows the energy to diffuse 

more easily in the Fort Benning training facility than in the simplified urban environment, which implies 

a smaller diffusion coefficient [49]. Moreover, as it has already been pointed out, the mathematical 

expression of the coefficients in the diffusion matrix used in this study has been implemented in the open 

literature assuming constant energy along the width of the street. Actually, it is most likely that this 

approach is valid for receiver points near the source on a limited domain (mainly single streets), but it 

becomes inaccurate in the case of sound propagation in large domains with multiple coupled streets 

(especially in and near crossings). Further investigation on the diffusion matrix would be required when 

considering complete 3-D complex environments, to go past the described ad-hoc configuration, but it is 

beyond the scope of this work. 
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As discussed earlier, the aim of the DM presented in this study is to approach the FDTD modeling, which 

models purely specular reflections. For all practical purposes, purely specular reflections are not 

conceivable in the model (the diffusion coefficient D would tend to ∞). Nevertheless, there are no 

practical limitations to considering two extreme cases, i.e., a purely diffusive façade, or a highly 

specularly reflecting surface (e.g., 90 % of the reflection are specular). Here, the study is focused on 

highly specularly reflecting surface and two major assumptions are made. First, it is assumed that the DM 

can be used in its extreme configuration, namely by setting the scattering coefficient s to a value close to 

0 (reflections predominantly specular). Second, it is believed that no significant error is made in 

considering that the reflections are 90% specular (i.e., s = 0.1) instead of 100% specular. Therefore, the 

scattering coefficient s was chosen equal to 0.1 along each axis. 

 

Given the above computation parameters, the FDTD and DM solutions are computed in 6 hours and 30 

seconds, respectively, on a 3.42-GHz quad-core personal computer with 16GB of RAM. The difference in 

computational times between the two methods is remarkable, considering that the FDTD code was written 

in FORTRAN whereas the DM code was written in MATLAB, which is a slower language. The 

computational time of the DM could be significantly improved if the code were written in FORTRAN. 

 

Some comparisons between the DM results and the FDTD and GA results were performed. Comparisons 

between results obtained from each method (i.e., FDTD, DM and GA) are achieved by means of maps of 

decibel differences on a scale from −10 to 10 dB. Note that a negative difference implies the DM 

overpredicts the sound level. Unless otherwise mentioned, all of the following results are shown over a 

horizontal plane 2 m above the ground. Note that, because of memory restrictions, the GA code is 

accounting for 5 consecutive reflections only. This is not enough to allow predictions in the whole 

domain (i.e., the sound does not propagate far enough in the environment) and thus results obtained from 

GA simulations are limited to a portion only of the computational domain. The unpredicted portions 

appear in dark on the dB difference maps. 
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3.2.4 Results 

First, results are obtained for a steady source at xs = 20 m and ys = 75 m, 2 m above the ground. Figure 3-8 

a) and Figure 3-8 b) presents maps of absolute-dB differences between FDTD and DM, and between GA 

and DM, respectively. A good overall qualitative agreement is observed between FDTD and DM results. 

However, discrepancies are noticeable between those two methods in the region in and after the first 

street crossing and at the edge of the domain boundary. In these regions, some differences are as high as 

10 dB. Much better agreement is obtained in the crossing region when comparing DM to GA results, with 

the mean error dropping to 0.6 dB. The only difference between the FDTD and GA simulations being that 

the latter does not model the diffracted sound field, these observations tend to demonstrate that the DM 

does not include diffraction effects in predictions of the sound field. Also, good agreement between the 

DM and the FDTD in the rest of the domain amongst the buildings (with a mean error of 0.34 dB) 

indicates that the diffracted sound field rapidly loses of its importance as the receiver moves away from 

the source. Thus, when considering highly reverberant environments and receivers fairly away from the 

source, domain edge, and top of buildings, the reverberant sound field is the main component of the sound 

field. 
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Figure 3-8: Maps of dB difference between (a) DM and FDTD, (b) DM and GA, 2 m above the ground, for the 

simplified urban environment and for a steady source at xs = 20 m, ys = 75 m, and zs = 2 m. Comparisons for 1/1 

octave bands with center frequency 125 Hz. Parameters: Absorption coefficient of buildings and ground α = 0. 
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To understand fully how the DM models the sound field and have a more detailed comparison between 

the methods, it is worthy to look at the SPL patterns along different street axes in the model. Figure 3-9 a) 

and Figure 3-9 b) depict the SPL along the axes y0 = 78 m and x0 = 40 m, respectively, for the three 

modeling methods. The first noteworthy outcome is that the DM provides a smoothed representation of 

the sound field predicted by GA, with a mean error of about a 1 dB along both axes. In contrast, the DM 

plot diverges drastically from the FDTD plot, especially in the region between 36 m and 90 m (in and 

after the first crossing), with a mean error of 5 dB. In the same region, the DM follows the pattern of GA 

quite well, with the mean error dropping to 0.3 dB. It is important here to remember that the diffracted 

field is significant in regions where deviation angles (angle between the source, the point of diffraction 

and the receivers) are small, such as the region in question here. It clearly follows from there that the DM 

fails in predicting the diffracted field and thus fails in modeling its destructive interactions with the 

reverberant field. The same can be observed in Figure 5.b, which presents similar plots of SPL along the 

axis x0 = 40 m. The mean error along the whole axis drops from 2.9 dB to 0.9 dB.  
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Figure 3-9: Sound pressure level in dB along 2 axes of the model: a) y0= 78 m and b) x0= 40 m, 2 m above the 

ground, for the simplified urban environment and for a steady source at xs = 20 m, ys= 75 m, and zs = 2 m:  

FDTD (—  —  —), GA(——), and DM (▬▬▬). Each axis is indicated on a model diagram on the right of each 

plot. 

 

It is now interesting to dwell on what happens as the receiver moves away from the ground. Figure 3-10 

shows maps of dB differences between FDTD and DM results at different heights, i.e., 4 m, 6 m, and 8 m 

above the ground. As it would be expected, discrepancies between both methods tend to worsen with 

height. At 4 m above the ground, differences between FDTD and DM are somewhat comparable to those 

observed 2 m above the ground. The mean error amongst the buildings, not accounting for errors at the 

first crossing, is 2.9 dB. The map 6 m above the ground shows the same pattern of errors between DM 

and FDTD as seen in the maps at 2 m and 4 m, but differences amongst the buildings reach a significant 
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level, with errors reaching 7 dB. For each height, the mean error in the region in and after the first 

crossing (between x = 36 m and x = 70 m) is constant and equal to 5.6 dB. The reason why these 

differences appear with height may rests on the increasing importance of the contribution of the sound 

diffracted through the top of the buildings.  

 

The map obtained 8 m above the ground shows very large differences between predictions. The error is 

about 4 dB above the source and it worsens to over 10 dB as the receivers move away from the source. As 

discussed earlier, the DM is not valid in free-field-like environments. Thus, the DM predictions are 

incorrect above the buildings (the DM predicts a SPL decay that is much slower than the one predicted by 

the FDTD method) and it clearly shows that the diffusion model is in no way useful for such study.  

Figure 3-11 depicts the SPL evolution as a function of the height above the ground for two different 

points A and B, with coordinates xA = 40 m, yA = 78 m, and xB = 100 m, yB = 25 m. The receiver A is 

located in the region of high discrepancies (in the first crossing) described earlier in the present section. 

As it was suspected from the study of Figure 3-10, the difference between FDTD and DM is constant with 

height, and only worsen when reaching the rooftops. The receiver B is chosen far from the source, in a 

region of low discrepancies. Contrary to what is observed for the receiver A, the difference between 

FDTD and DM worsen with height. Up to 4 m above the ground, the DM differs from the FDTD 

predictions by less than 3 dB. Above that limit, the accuracy of the DM results deteriorate rapidly (7 dB 

difference between both methods at the limit of the buildings) until predictions fail when the receiver gets 

over the rooftops (over 14 dB difference between both methods). These results show that, until a given 

distance from the top of the buildings, the DM is able to predict the sound field in most parts of a given 

environment with descent accuracy (i.e., error less than 3 dB). However, the absence of edge diffraction 

modeling maintains a spot of high discrepancies at the first crossing (which is independent of height) and 

possibly deteriorates the results close to the rooftops. It is understood that the presented results are 

obtained for a given environment. Varying the height of the buildings and the width of the streets may 
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impact on the height limit below which the SPL is predicted with a decent accuracy (e.g., less that 3dB 

errors). This would deserve a more in-depth study, which is beyond the scope of this study. 

 

Figure 3-10: Maps of dB difference between DM and FDTD, 5 m, 7 m, and 8 m above the ground, for the simplified 

urban environment and for a steady source at xS = 20 m, yS = 75 m, and zS = 2 m. Comparisons for 1/1 octave bands 

with center frequency 125 Hz. Parameters: absorption coefficient of buildings and ground α = 0. 
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Figure 3-11: Sound pressure level in dB as a function of height for two different receiver points A (40 m, 78 m) and 

B (100 m, 25 m): DMA ( O ), FDTDA ( + ), DMB (  ), and FDTDB (  ). Each point is indicated on a model 

diagram on the right. 

 

Now, focus is made on the particular case of a source positioned in a crossing. The results shown are 

obtained for a steady-source at xS = 75 m and yS = 50 m, 2 m above the ground. Note that the source is not 

at the perfect center of the crossing, and thus no perfect right-left symmetry is visible on the results. 

Figure 3-12 a) and Figure 3-12 b) show maps of dB differences between FDTD and DM, and between 

GA and DM, respectively. Significant discrepancies are visible, especially on the left side of the map. The 

differences between DM and FDTD results are much more widespread than in the case of a source inside 

a street and significant errors are present behind buildings and at crossings (errors between 5 and 7 dB). 

Those differences do not appear when comparing DM predictions to GA predictions, again suggesting 

that the DM does not model edge diffraction. 
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Figure 3-12: Maps of dB difference between a) DM and FDTD, b) DM and GA, 2 m above the ground, for the 

simplified urban environment and for a steady source at xS = 75 m, yS = 50 m, and zS = 2 m. Comparisons for 1/1 

octave bands with center frequency 125 Hz. Parameters: absorption coefficient of buildings and ground α = 0. 
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Figure 3-13 a) through Figure 3-13 c) depict the SPL along the axes y0 = 50 m, x0 = 75 m, and y0 = 75 m, 

respectively. Along y0 = 50 m, the trends of the DM solutions follow those of the GA solutions, with a 

mean error of 2 dB (vs. 5.5 dB with the FDTD), meaning that lack of diffraction modeling is here again 

the aggravating factor. Similar behavior is also noticeable along the axis y0 = 75 m, with a mean error 

between GA and DM of 1.5 dB. However, the diffraction-free nature of the DM cannot be responsible for 

differences appearing close to the source, at the entrance of the streets (about 6 m to 7 m from the source), 

since even higher discrepancies appear between DM and GA. Actually, those errors are due to the 

impossibility for the DM to model gradual interference phenomenon occurring when the sound field, 

dominated by the direct sound field in the crossing, is perturbed by the emergent reflected sound field 

when entering the streets. The DM as presented in this study will only model an instant transition from a 

direct sound field to a fully-developed reflected sound field, leading to overpredictions of the SPL in that 

region, as compared to GA solutions. Fewer errors appear when comparing with FDTD because the latter 

models interactions with the diffracted sound field, which tend to smooth out the transition zone between 

the direct and reverberant sound field. Thus, in that particular region, a flaw of the DM (i.e., no 

diffraction) is compensated by another (i.e., no transition zone). Even more errors are observed along the 

axis x0 = 75 m because of the shorter length of the street, leaving less space to the establishment of a 

fully-developed reflected sound field. Figure 3-14 depicts what happens in the crossing region, showing 

the successive ring pattern errors around the transition zone. 
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Figure 3-13: Sound pressure level in dB along 3 axes of the model: a) y0 = 50 m, b) x0 = 75 m, and c) y0 = 75 m, 2 m 

above the ground, for the simplified urban environment and for a steady source at xS = 75 m, yS = 50 m, and  

zS = 2 m: FDTD (—  —  —), GA (———), and DM (▬▬▬). The three axes are indicated on the model diagram 

on the right of each plot. 
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Figure 3-14: Schematic representation of the wave propagation in the crossing region. 

 

Subsequently, results are obtained on a realistic model, designed as a small village with randomly-placed 

buildings as described at the beginning of the section. Figure 3-15 depicts the maps of absolute-dB 

differences between FDTD and DM, 2 m, 5 m, and 11 m above the ground. The steady source was 

positioned at xS = 10 m and yS = 30 m, 2 m above the ground. Although streets in this model are not 

parallel to the axes of the coordinate system, the same matrix as given in Equations (3.26) and (3.27) was 

kept, to understand the impact of disregarding the terms out of the diagonal. At 2 m above the ground, the 

map shows a good overall agreement, except in regions hidden by buildings and where very few 

reflections occur, thus where the sound field is dominated by the diffracted sound field. However, 

diffraction effects seem to have less significance amongst the buildings here, most certainly because of 

the open distribution of buildings and the smoother transitions between streets. The DM provides results 

comparable to the FDTD, with a mean error of 1 dB amongst the buildings. Therefore, considering no off-

diagonal terms in Equation (3.26) does not seem to influence the accuracy of the results much. This result 
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is interesting for future study on models less conventional than the simplified urban environment, 

showing that neither the ease of implementation of the method nor the accuracy of the results is affected 

by the presence of streets non parallel to the axes of the coordinate system in the numerical model. When 

receivers move away from the ground (maps at 5 m and 11 m above the ground), the observations are 

quite similar to the ones made for the simplified urban environment, namely that the diffusion model is 

less and less accurate with height and is not valid above the buildings. 
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Figure 3-15: Maps of dB difference between DM and FDTD, a) 2 m and b) 11 m above the ground, for the Fort 

Benning training facility model and for a steady source at xS = 10 m, yS = 30 m, and zS = 2 m. Comparisons for 1/1 

octave bands with center frequency 125 Hz. Parameters: absorption coefficient of buildings and ground α = 0. 
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Chapter 4                                                                     

Hybrid modeling 

4.1 General description 

The hybrid method proposed in the present study is the combination of a full-wave propagation model 

and an energy-based model. Full-wave models are accurate but require considerable computer capabilities 

and computational time to obtain results on large domains over a wide frequency range. As shown in 

Chapter 3, energy-based model such as the diffusion equation are attractive because they allow fast 

computation of the acoustic energy distribution in a given environment. However, they do not model 

diffracted waves and the destructive/constructive interactions among direct, reflected, and diffracted 

waves. Here, the virtues of each model are combined to develop a fast, yet reasonably accurate tool.  

 

Figure 4-1 shows a generic schematic of a cluttered environment along with the characteristic components 

of the proposed hybrid method. The numerical environment is divided first into user-defined sub-domains 

with interface boundaries (green and red lines in Figure 4-1). One represents a reduced part of the 

computational domain, centered on the source, where the impact of the destructive/constructive wave 

interferences is significant and important to take into account. The ability of the full-wave model to 

simulate accurately the sound field is used for predictions inside this first sub-domain, in the vicinity of 

the source. Typically this solution is in the form of time or narrowband frequency domain results. Another 

sub-domain describes the rest of the cluttered environment, where the diffracted sound field is less 

influential and diffusion conditions are met. The energy-based model is used to solve the sound field in 

this second sub-domain, typically in the form of steady state energy over bands of frequencies, e.g., 1/3 

octave bands. The two sub-domains have a common interface where the solutions have to match. The 

full-wave solution computed at the boundary of this sub-domain, is then converted to steady-state energy 
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values and used to compute the energy density along this interface, over a defined frequency range. These 

values are then used as input to the energy-based model, which is applied to the rest of the domain. 

Therefore, no conventional source input is defined in the energy-based model. The only input provided to 

the energy-based model is the value of the energy density along the interface between the two defined 

sub-domains. Thus, the obvious limitation of the proposed hybrid approach is that the full-wave solution 

of the reduced first sub-domain does not include the effect of the rest of the environment, i.e., no feedback 

from the second sub-domain into the first one. Reflections that may be coming back into the sub-domain 

defined around the source are not accounted for by the full-wave model. However, as demonstrated in 

Section 4.3.2, it seems correct to assume that the impact of such a flaw in the model is limited. A third 

sub-domain (actually several small regions, shown in red on Figure 4-1) is defined at the limits of the 

computational domain, outside of the cluttered environment. There, the medium starts resembling a free 

field environment and there are not enough reflections to create a local diffuse field. This part of the 

domain can potentially be solved reusing the full-wave solution. These regions have common interfaces 

with the energy-based solution. Therefore, the results from the energy-based solution are used to compute 

the acoustic power on the interface. Then, several fictitious sources with equivalent acoustic power are 

used as input into the full-wave model. A schematic representation of the two described interfaces is 

presented in Figure 4-2. 

 

A priori, any full-wave model (e.g., FE method, ray-tracing, FDTD) and energy-based model (e.g., 

diffusion model, radiative transfer) could be combined. In the following section, a description of the 

models used for the present study is given. The FDTD has been chosen as the full-wave model and the 

DM as the energy-based method. 

 

It is important to mention that there are other potential approaches to account for diffraction effects and/or 

interactions between waves, such as the introduction of fictitious sources at diffracting edges [42] or the 

addition of a general correction term [103] (defined as positive or negative depending on zones where the 
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diffraction has constructive or destructive effects). However, it seems that these methods become 

increasingly complex in the case of a crossing, or in the case of random dispositions of buildings. Also, 

the presence of singularities in these formulations and their increasing number with the number of edges, 

makes it difficult to obtain useful data. Therefore, these methods do not appear to be much more effective 

techniques, in terms of computational time and ease of implementation, than the hybrid approach 

proposed here. 

 

Figure 4-1: Schematic of a generic cluttered environment. The source is located by a blue circle and the zone of 

application of the full-wave and energy-based solution are indicated. The interfaces between full-wave and energy-

based subdomains are shown with green and red solid lines. 
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Figure 4-2: Schematic of the sub-domain interfaces: a) from full-wave to energy-based model for the sub-domain 

centered around the source, and b) from energy-based to full-wave model at the limit of the environment. 

 

4.2 Interfaces 

4.2.1 From full-wave to energy-based solution 

As mentioned in Section 4.1, the numerical environment is divided into several sub-domains. The FDTD 

method is used to compute the sound propagation in the sub-domain defined around the source (unitary 

amplitude of the source). Then, the transient response obtained in that manner is converted to compute the 

steady-state rms pressure at each grid point in the sub-domain around the source, according to the same 

steps as described in Section 3.2.2. Then, the FDTD results obtained at the interface of the two sub-

domains are used for solving the diffusion model in the rest of the computational domain. The values of 

the energy density at each grid point on the interface are computed from the FDTD rms pressure as, 

  22 cpe rms   (4.1) 

and are then specified as fixed values in the DM instead of the insertion of a source input as defined in 

Equation (3.20). Therefore, Equation (3.20) should be modified, setting the source power input to 0, 
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  2 0D e r  
  (4.2) 

The DM, now mathematically defined by Equation (3.13) and Equation (4.2), is solved for the chosen 

computational model, thus obtaining the energy density at each grid point out of the sub-domain. Then, 

the rms pressure is obtained using Equation (3.21) and the sound pressure levels (SPL) are computed. 

4.2.2 From energy-based to full wave solution 

Once the limit of the cluttered environment is reached, the energy-based model is no longer valid. The 

medium starts resembling a free field environment, and the full-wave model must be reapplied. In order to 

transition from the DM results to the FDTD propagation, the following steps were performed. 

Firstly, the acoustic intensity is computed at the interface between the energy-based solution and the full-

wave solution, as follows, 

 y
eDI

x
eDI yx 







 ,  (4.3) 

This allows the computation of the total acoustic power W along the boundaries, to be divided amongst 

several fictitious sources input in the FDTD. 

Since the DM results are expressed in frequency bands, it is necessary to convert the acoustic power in 

frequency bands, W1/3. Then, the adequate source amplitude A in Equation (2.22) is to be determined for 

each sources, in each frequency band. Knowing that, 

 
c
fQW rms 2
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  (4.4) 

and combining with Equation (2.22), we obtain the expression of the source amplitude for each frequency 

band, 
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The FDTD, which input is now defined by Equation (2.22) and (4.5), is used to obtain predictions in each 

defined sub-domains. The results for each fictitious source are added incoherently. Then, the rms 

pressures and the SPL are computed. 

4.3 Verification of the Hybrid Model 

4.3.1 Model parameters 

The DM was applied to the 2-D model shown in Figure 4-3, which is similar to the simplified urban 

environment presented in Figure 3-5. For the DM, the computational domain is discretized into 151 × 101 

grid points with a grid resolution of 1 m. For the FDTD, the computational domain is discretized into 

1201 × 801 grid points, i.e., with a resolution of 0.125 m. It is assumed that the ground and building 

façades are perfectly reflective and that perfect absorption occurs at the boundaries of the acoustic 

domain. Also, an example of sub-domains mentioned in section 4.1, is showed in Figure 4-3 for a source 

position displayed by a blue circle.  

 

Figure 4-3: Simplified urban environment model. The FDTD and DM regions are displayed, as well as the 

boundaries between sub-domains. The source is located by a circle. 
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4.3.2 Results 

Simulations were performed using a uniform diffusion coefficient, based on an average of the street half-

width (i.e., L = 8.5 m) and assuming mostly specular reflections (i.e., s = 0.1). Although the FDTD 

method models perfectly specular reflections (equivalent to s  = 0) , the aim of the present study is to 

determine if the DM can model the sound field with a decent accuracy, while reducing the computation 

time. Assuming s = 0 in the DM was not possible ( D  tends to ∞), however it has been found that 

assuming a scattering coefficient close enough to 0 provided valid results [104]. Note that the hybrid 

method requires about 1 minute to run on the described environment whereas the FDTD method requires 

about 1.5 hours. 

 

The SPL distribution due to a steady source in the environment was computed using each of the three 

methods presented in this thesis, namely FDTD, DM, and FDTD/DM hybrid method. Figure 4-4 presents 

the maps of absolute dB differences between the FDTD and the DM (top), and between the FDTD and the 

hybrid method (bottom), due to a source located at xS = 126 m and yS = 26 m, for the 1/3 octave band 

centered at 200 Hz. The results are presented on a scale from 0 to 10 dB. Qualitatively, the hybrid method 

seems to improve the predictions, especially in the top left quarter of the domain where the diffusion 

model over-predicts the SPL. Witness that the prediction obtained near the source with the hybrid method 

differs slightly from those computed using full FDTD. However, these discrepancies are negligible, with 

a mean difference for each frequency band of about 1 dB. This confirms the assumption made earlier 

about the lack of feedback from the second sub-domain into the first, which does not affect significantly 

the predictions in this case. Outside the cluttered environment, the improvement in predictions is 

noticeable, though it is less significant for regions on the top of the maps. 

 

Figure 4-5 depicts the SPL predicted at three receiver positions for the 6 spectral bands considered in this 

study. Note that, to minimize the effects of wave interferences, a spatial average SPL was computed for 
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the FDTD method, based on the 8 grid points surrounding the receiver (i.e., a 9-point average). The 

results confirm that the hybrid method improves the predictions, especially at higher frequency. For the 

200 Hz frequency band, the error is significantly reduced (from about 4 dB to less than 0.5 dB) for the 

receiver at (100,48) as well as for that at (46,76), for which the error decreases from 4 dB to 1 dB and that 

at (3,77), for which the error drops from 6 dB to less than 2 dB. The improvement is not so important at 

lower frequency, and even worsens in some case. For receiver position (100,48), the improvement is 

noticeable for the 100, 125, and 160 Hz frequency bands, but the prediction is worst for the 63 and 80 Hz 

frequency bands. For the two other receiver positions, the predictions are improved for all the frequency 

bands, except at 125 Hz for the receiver at (46,76), and at 100 Hz for that at (3,77). 

 

To complete the study, and give a more general idea of the performances of the hybrid method, Figure 4-6 

presents the average dB differences EdB between the FDTD and DM (in blue) and between the FDTD and 

the hybrid method (in grey). The averaged dB differences are shown for receivers located inside the 

cluttered environment (top) and outside the cluttered environment, at the boundary of the domain 

(bottom). The averaged dB difference is computed over 87 receivers for the cluttered environment, and 

over 41 receivers for the boundary of the domain. Inside the cluttered environment, the overall 

improvement is good, with a mean error of 1.5 dB for the higher frequency bands. Again, at the boundary 

of the domain, although noticeable at higher frequencies, the improvement is less significant: the mean 

error is around 6 dB. 
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Figure 4-4: Maps of absolute dB differences computed between a) full FDTD and full DM, and b) full FDTD and 

hybrid method, for the simplified urban environment and a steady source at xS = 126 m and yS = 26 m. Comparisons 

for 1/3 octave band with center frequency 200 Hz. Parameters: absorption coefficient of buildings and ground α = 0. 
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Figure 4-5: Predictions of the SPL by the FDTD (in blue), the diffusion model (in grey) and the hybrid method (in 

red), for 6 frequency bands with center frequency of 63, 80, 100, 125, 160, and 200 Hz, and for three receivers, at 

(100,48), (46,76), and (3,77). 
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Figure 4-6: Averaged dB differences computed between full FDTD and full DM (in blue), and between full FDTD 

and hybrid method (in grey), for a) 87 receivers in the cluttered environment, and b) 41 receivers at the boundary of 

the domain. Results are presented in 1/3 octave bands with center frequency between 63 Hz and 200 Hz. 
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Chapter 5                                                           

Conclusions 

A numerical tool based on the mathematical theory of diffusion, exploited until now for single streets and 

single crossings configurations only, was used in this feasibility study to predict the sound propagation on 

full, large, high-building-density 3-D environments. This tool has the advantage to provide fast 

computation of the sound pressure level in large and complex urban environment, with a fairly decent 

accuracy, even in the extreme case of highly specularly reflective surfaces. Verifications of the proposed 

model have been performed against FDTD and GA solutions, and three important results were found: (i) 

the diffusion coefficient as described had to be significantly reduced along the z-axis for the simplified 

urban environment. The reasons of such a modification in the case of sound propagation in large 3-D 

domains with multiple coupled streets would require additional study; (ii) the DM does not model the 

edge diffraction effects in the predictions of the sound field in the environment; (iii) although diffraction 

cannot be ignored completely, sound propagation is dominated by the multiple reflections paths between 

the buildings. The main discrepancies appear when the source is located in a crossing and when the 

receivers are located close to the rooftops or the domain boundary. 

 

An additional numerical study was conducted on a more realistic environment with random distributions 

of streets. Preliminary verification results against a FDTD solution have shown good agreement, and have 

highlighted two interesting facts: (i) the edge diffraction effects have less importance in such open 

environments, especially in regions amongst the buildings; (ii) the off-diagonal terms of the diffusion 

matrix seem to be negligible. Therefore, no changes would have to be done in the implementation of the 

method for a domain where streets are not parallel to the axes of the coordinate system. Obviously, such 

assumption would require further investigations. Future works would mainly include the determination of 
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the diffusion coefficient for diffusion in 3-D environments. This could be done for example through 

theoretical developments or empirical approaches based on multiple simulations performed for a wide 

variety of building heights. Finally, the ultimate goal would be the development of a more refined 

diffusion model for 3-D environments that will include diffraction effects. 

 

Then, a numerical hybrid sound propagation method has been proposed for cluttered urban environments 

to overcome the current limitations of the diffusion model, and to a greater extent, the limitations of any 

energy-based method that does not account for interferences and diffractions (e.g., radiative transfer 

method). This method combines a full-wave propagation model with a diffusion model. The full-wave 

propagation model is used for the computation of the SPL inside a sub-domain in the vicinity of the 

source, where the effects of interactions between direct, reflected, and diffracted waves are the most 

significant and cannot be modeled by the diffusion model yet. Then the values of energy density 

computed at the interface of the sub-domains are used as input to the diffusion model. The full-wave 

model is used again outside the cluttered environment, where the domain is free-field-like and there are 

not enough reflections to create a local diffuse field. Although the FDTD method was used in the present 

study, any method should be applicable. However, the most effective full-wave method to be used may be 

geometrical acoustics with diffraction capabilities. 

 

It has been demonstrated that the hybrid model significantly improves accuracy of the predictions, 

especially in the higher frequency bands. This fact was expected since the energy-based methods are valid 

at mid to high frequencies. In the present study, considering the size of the buildings and the dimensions 

of the streets, it is reasonable to expect valid predictions for frequencies above 100 Hz. The results 

obtained here tend to support these claims. Also, it was demonstrated that the hybrid method has a 

significant potential to allow fast predictions of the sound field in large complex environments, since the 

computational time was reduced by a factor of 90.  
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Several limitations of the proposed hybrid method should be discussed. First, the two models are not fully 

coupled (i.e., one-way coupling only). Therefore, the hybrid model does not account for the effects of 

waves that may be reflected back into the sub-domain. It seems reasonable to state that these effects are 

negligible in urban environments, where the sound field mostly propagates outwards. Secondly, it has 

been observed that the improvements of predictions outside the cluttered environment is limited for some 

regions. As a result, although the error drops below 3 dB for some receivers, a mean error of about 6 dB 

can be expected for this case. This could be the result of the incoherent sum of the contribution of each 

source. It is possible for the interferences between waves to be more important in some regions, in which 

case incoherent sources are not the best approach. However, this limitation applies only if predictions are 

performed near the limits of the dense urban area. The hybrid method proposed in this thesis can be 

limited to the inner urban area (cluttered parts). Lastly, the diffusion coefficient used in the diffusion 

model is computed in an approximate fashion. Although the approach used here seems to give proper 

results, additional study to determine an appropriate diffusion coefficient may be necessary.  

 

A possible future step in developing the hybrid model could be the extension to three-dimensional 

environments, using geometrical acoustics combined with a diffraction model instead of the FDTD, for 

predictions in the vicinity of the source and near the boundaries of the computational domain. 
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