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(ABSTRACT)

This dissertation is concerned with controlling the motion of a

semisubmersible structure induced by high-frequency waves. The

structure consists of a rigid platform and a flexible superstructure.

Motion of a structure in fluids generates forces depending on the motion

itself. The added mass and damping terms stemming from this motion

depend on the frequency of motion. It is well known that for a given

wave height, the wave energy is distributed according to a Rayleigh

distribution. Because mass and damping terms vary with the frequency of

the wave motion, there is an infinite number of sets of dynamical equa-

tions, one for each frequency in the Rayleigh distribution. Practical

considerations make it necessary to discretize the frequency spectrum,

so that there are as many dynamical equations as frequency increments.

The center frequency in each increment is computed by equipartitioning

of the wave energy distribution represented by a Bretschneider spectrum.

The excitation forces are estimated for each increment and the design of

optimal control is carried out by the Independent Modal-Space Control

(IMSC) method. The net control forces can be found by summing the

forces associated with each increment. The technique is demonstrated by

means of a numerical example in which the wave-induced vibration of a

cylindrical platform with a flexible cantilever beam is suppressed.
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CHAPTER I

INTRODUCTION

1.1 PRELIMINARY REMARKS °

Civil structures such as suspension bridges, buildings and off-

shore-structures can undergo large—amplitude vibration in response to

environmental Forces. The environmental Forces can be very large and,

if the structure is sufficiently Flexible, can lead to discomfort for

the occupants and even to failure of the structure. The disaster of the

Tacoma Narrows Bridge in the state of washington, U.S.A., caused by

wind-induced Forces, is well publicized (Ref. 1). In recent years,

successful application of modern control theory to aerospace problems

has stirred an interest in the application of active control theory to

the vibration suppression in civil structures. Unlike aerospace struc-

tures, which are subjected to negligible environmental loads, civil

structures are subjected to large environmental loads. For example,

buildings are subjected to earthquake and wind loads, whereas offshore

structures are subjected to wind and wave loads. In this dissertation,

we attempt to control the motion of a semisubmersible structure caused

by waves.

In the past, when oil was extracted from fields lying in shallow

waters, offshore platforms could be moored to ensure a stable working

area.. In recent years, there has been a trend toward fields in deeper

waters, rendering mooring impractical. This necessitates the position-

ing of offshore structures by active control, which has given rise to a

technique known as "dynamic positioning." However, the effect of envi-

1
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ronmental loads in deeper waters, such as ocean waves, becomes more

serious. In the dynamic positioning technique, control forces are gen-

erated so as to regulate the motions of a rigid structure caused by low-

frequency waves (Ref. 2). The motion generated by high-frequency waves

is filtered out and left uncontrolled even though these forces can be

very large (Ref. 3). Offshore platforms often support auxiliary struc-

tures, such as communication towers and cranes. These auxiliary super-

structures are often sufficiently flexible to undergo excessive vibra-

tion, and as mentioned earlier can lead to discomfort for the occupants

and even to structural failure.

The area of active control of civil structures is still in its
‘

early stages and the literature available is scant. As a background for

the present work, we present a brief survey of research carried out in

related areas.

1.2 LITERATURE SURVEY

In one of the earliest papers in the area of control of civil

structures Yang [Ref. 4] applied optimal control theory to the control

of building structures subjected to random vibrations arising from

earthquake motion and wind loading. This study used equations of motion

involving the horizontal motion of the floors only. The performance

index was formulated on the basis of structural integrity and economy of

energy used in operating the actuators. Although the study was limited

to Gaussian white noise, numerical examples showed that significant

reduction in variances can be achieved and that structural responses

decrease as control forces increase.
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Meirovitch and Silverberg (Ref. 5) have studied the control of

structures subjected to seismic excitation. They considered complex

structures represented by assemblages of distributed components such as

beams and columns. Such structures, when modeled by the finite element

method, are characterized by a large number of degrees of freedom.

Because in practice it is feasible to control only a limited number of

modes, a reduced·order controller was developed. The required control

law was determined using independent—modal-space—control (IMSC) (Refs.

6,7) and linear optimal control theory (Ref. 8). The investigators

presented a simulation study that showed that the structure experienced

displacements which were about one—tenth in magnitude compared to an

uncontrolled structure. The investigators did not include structural

damping, wind loads and the stochastic nature of earthquake excitation.

Meirovitch and Ghosh (Ref. 9) applied optimal control theory to

suppress the flutter instability of a suspension bridge by means of

feedback control. The partial differential equations of motions, which

in the presence of aeroelastic forces are non-self-adjoint, were conver-

ted into a set of second—order ordinary differential equations by

Galerkin's method. The design of optimal control was carried out by the

IMSC method. The closed—loop eigenvalues were selected so that unstable

flutter mode acquired a negative real part while the open-loop frequency

remained unchanged. The technique was successfully demonstrated by

means of numerical example in which the flutter of a suspension bridge

deck similar to the Tacoma Narrows Bridge was controlled.
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1.3 OUTLINE ·

This dissertation is concerned with the control of an offshore

structure subjected to high-frequency wave forces. To this end, the

mathematical model consists of a Floating rigid platform and a flexible

superstructure attached to the platform. Motion of a structure in

fluids generates forces depending on the motion itself. This gives rise

to added mass and damping terms depending on the frequency of motion.

Also, the damping terms render the system non-self-adjoint. If the

flexible superstructure is much lighter than the platform, the motion of

the rigid platform affects the vibration of the flexible structure, but

not vice-versa. The motion of the rigid platform is described by

ordinary differential equations and the vibration of the superstructure

relative to the platform can be described by partial differential equa-

tions. Practical considerations dictate that the system be approximated

by one consisting entirely of ordinary differential equations. To this

end, the flexible superstructure is discretized by the Finite element

method and the equations of motion are derived by the Lagrangian

approach. The system can be controlled by the Independent Modal-Space

Control (IMSC) method (Refs. 5-7).

It is well known that for a given wave height, the wave energy is

distributed according to a Rayleigh distribution (Ref. 2). Because the

mass and damping terms vary with the frequency of the wave motion, there

is an infinite number of sets of dynamical equations, one for each fre-

quency in the Rayleigh distribution range. In view of the fact that it

is not possible to work with an infinite number of sets of dynamical

equations, it is necessary to discretize the frequency spectrum, so that
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there are as many sets of dynamical equations as frequency increments.

The mass and damping can be assumed to remain constant over each

increment and can be represented by the values of mass and damping

corresponding to the center frequency of each increment. The center

frequencies are computed by equipartitioning of the wave energy

distribution represented by a Bretschneider spectrum (Ref. 2). The

excitation forces are estimated for each increment and the design of

optimal control is carried out by the IMSC method. Because the

excitation forces can only be estimated, it is necessary to design an

observer for each interval to take into account the deviations from

actual excitation forces. The net control forces can be found by

suming the forces associated with each increment. The technique is

demonstrated for a typical increment by a numerical example.
(

»



CHAPTER II

DERIVATION OF THE EQUATIONS OF MOTION

2.1 INTROOUCTION
‘

In this chapter, Lagrange's equations of motion for the entire

structure are derived by assuming that the semisubmersible consists of a

rigid platform and a flexible superstructure. The motion of the rigid

platform is described by ordinary differential equations and the vibra-

tion of the flexible superstructure relative to the platform can be

described by linear partial differential equations. Hence, assuming

small rigid-body motions, the complete equations of motion describing a

semisubmersible structure is a set of hybrid linear differential

equations.

•
In general hybrid systems of equations do not admit closed-form

solutions. Approximate solutions can be obtained via spatial discre-

tization, which yields a set of ordinary differential equations. In one

class of spatial discretization method, coordinates describing the

motion of the flexible structure are assumed in the form of series of

space-dependent admissible functions multiplied by time—dependent

generalized coordinates. An exact description of the system dynamics

requires an infinite number of terms in the series for the elastic

displacements, thus yielding infinite—dimensional coefficient matrices

for the discretized model. For practical reasons, it is necessary to

retain a finite number of terms in the series representation. Of

course, the truncation must be performed such that the basic dynamic

characteristics of the system are not sacrificed. The foregoing

6
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procedure of spatial discretization and truncation is called the

classical Rayleigh—Ritz method. The drawback of this method is that it

requires admissible functions defined over the entire domain of the

flexible structure, i.e., global admissible functions. For systems with

complex geometry, it is difficult to produce satisfactory global admis-

sible functions valid for the entire domain. In another method of

spatial discretization known as the finite element method, the

admissible functions are defined over small subdomains instead of the

entire domain i.e., they are local admissible functions. The finite

element method permits the application of the method to systems with

complex geometries. Moreover, it permits the use of very simple

admissible functions. In this dissertation, we choose the finite

element method for discretizing the flexible structure.

2.2 KINEMATICAL CONSIDERATIONS

Ne wish to derive the equations of motion for a rigid semisubmerged

platform with a flexible superstructure, as shown in Fig. 2.1. To this

end, we consider an inertial frame, XYZ with the origin at 0' and

introduce a reference frame xyz with the origin at the center of mass 0

of the entire structure in undeformed state; the frame xyz is rigidly

attached to the platform. The position of a point in the rigid platform

is represented by the vector r with respect to 0. The position of a

point in the undeformed flexible superstructure is represented by the~

vector r given by

(2.1)
where, BO is the vector from O' to 0, [E is the position vector of a
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point E on the boundary between the rigid structure and flexible super-

structure and Q is the position vector of a typical point in the

flexible structure with respect to E. Denoting by Q the elastic

displacement of a point in the flexible superstructure, the position of

a point in the deformed structure is

(2.2)

The velocity Q of a point r in the rigid body in terms of components

along the body frame is

(2.3)

where yo is the velocity of origin O of the body frame and Q is the

angular velocity of xyz in terms of components along the body frame.

The velocity of a point in the flexible structure is given by

Q=Rö+Q„(rE+Q+Q)+Q (2.4)

where Q is the elastic velocity of the point relative to the body frame.

For small values of Q and Q, the product QXQ is of second order in

magnitude and can be ignored, so that

!= B0 + exit; + 2) +*2 (M)

2.3 KINETIC AND POTENTIAL ENERGY

Ne propose to derive the Lagrange's equations of motion by means of

the extended Hamilton's principle. This requires expressions for the

kinetic energy, potential energy and virtual work.

The equations of motion consist of six ordinary differential

equations for the rigid-body motions and a set of partial differential

equations for the elastic members of the superstructure. Instead of

working with a hybrid set of equations, we propose to discretize the
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structure in space, before the equations are actually derived. To this

end, we use the Finite element method.

The kinetic energy, TR of the rigid structure has the expression

- L .TR T 2 TRR (90 T 9 * FR) (90 T *9 " FRTTTTTTR

>< {R) + (Rg >< (2-6)
where mR is the mass of the rigid structure. Moreover, considering n

Finite elements, the kinetic energy TF of the flexible structure can be

written as

T - T n v v 2V 2V °F T T ~0°T*9 TTTCE T 91TTTT

(TEVTETTTTTTTTT (2.7)
where mi is the mass of the ith element. The total kinetic energy is

obtained by combining Eqs. (2.6) and (2.7), so that

1 fiT T TR T TR T äm 90*90 T 90*9*TTmR Y *T'“R T @1
T···,TT¤

T 9TT*TT"TT
1” TT ·· + 5 f,„R <«;»<:>·<<;·¤:)¤¤·R + YORQI fm, 21 dm)

H
+5 gl fmilg»·

(5ETT . TT . .‘ + 1;]. ‘|·mi[wx([‘E + dmi + dmi (2.8)

where m is the total mass of the structure. Our object is to express

the kinetic energy in terms of nodal velocities. To this end, we assume
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that

- * - R91 ‘ Lisi ‘ Li 191 (23)
where Li is a matrix of interpolation functions, Ri is a matrix of

direction cosines and gi and gi are nodal displacement vectors for the

ith element in terms of local coordinates and global coordinates,

respectively. Substitution of Eq. (2.9) into (2.8) yields

_ 1 1 1~ " 1 - 1 1T ’ ä "‘Y0Y0 ‘ 9099 T i§190 **191 * E 9 L09

n n·T T- 1 ·T - ~- igl fgiRiLim(rE + Qi)dmi +·? iii gi aigi (2.10)

where IO is the moment of inertia of the entire body about 0 and

B = r dm + (r + a.)dm. (2.11a)1 E 1~ mR~ R i=1 mi ~E ~1 1

_ — _ Tai -jiii1i1zi ami, ai - ami (2.11b,c)

and
O 102 -1uy _

Ö = -1112 O aux (2.11d)

wy —u.»X O

in which ax, my, oz are the components of 9. _

Then, introducing the notation

0 BZ -8y
~ _ _ ~T
B - -82 0 BX - - B (2.12a)

By -8X O
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and -
-1 _ 1 - -ai - fm_RiLi(rE + p1)dmi (2.12b)

1

in which FE and Bi are skew symmetric matrices of the type (2.12a), the

kinetic energy can be written as

1 = é mygyo + ygäg + gTaTy0 + é Q10? + gTöTa + ä gk g (2.13)

where o, 5 and F are obtained by assembling ai, $1 and ai respectively.

Next, we derive an expression for the potential energy V in terms

of nodal displacements g of the flexible structure and the generalized

rigid—body displacements § of the rigid structure expressed as

R
§- :9 (2.14)

Q c

To this end V can be written symbolically as

V = %[g,gl + %l§„§] (2.15)

where [u,u} and [§,§] are energy inner products (Ref. 9). Using Eq.

(9), the potential energy can be written as

_ 1 " 1 1 1V ‘ 2 gl 91"1‘!1 * E? KR? (M6)
where

Kiand

R TR
RR = -Ü}-B? (2.17b)

KR2:KR4
in which KR is the stiffness matrix of hydrodynamic spring constants,

KR1 and KR4 are matrices of hydrodynamic stiffness coefficients for
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linear and angular displacements, respectively, and KR2 = KR3 is the

matrix of coupled stiffness coefficients. Equation (2.16) can be

rewritten as
_ 1 T 1_ TV -·ä g KFg + 2 Q KRQ (2.18)

where KF is obtained by assembling the element matrices Ki.

Finally, we write expressions for the virtual work due to external

forces, including control forces. Denoting the force and moment vectors

per unit volume of the rigid structure by [R and f6R, respectively, and

the force and moment vectors per unit volume of the ith element of the

flexible structure by
fui and f6i(i = 1,2,...n), respectively, we can

write the virtual work as follows:

n
gw r)

(2.19)

where gfi is the rotation of the cross-section at

ri = [E + Qi + ui (2.20)
Moreover, Di is the domain of extension of the ith element of the

flexible superstructure. Equation (2.19) can be written as

aw = FT6R + MT66 OTSQ (2 21)~0 ~0 ~D ~ i=1~i ~i '
where

n
EO = [DRER dDR + iél [üifui dDi (2.22a)

M — [ (FTf + f )dD [(FT +
“T)f

+ f ]dD (2 22b)~O
”

DR ~R ~6R R i=l Di E °i ~ui ~6i i · ‘

_ TQi — [Di RiLifi dDi (2.22c)

ih which gui = [fgi g;i1T (2.2211)
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are the generalized force vectors in which fu, and fo, are the force and

moment vectors per unit volume, respectively, for the ith element of the

superstructure. Equation (2.21) can be written in the compact form

aw = fT6§ + QT6g (2.23)

where A

E9 .
E = -— (2.24)

Üo
Moreover, g is the nodal displacement vector and Q is the vector of

nodal forces for the flexible structure and is obtained by assembling

Q1. The vector E in Eq. (2.23) includes contributions due to the reac-

tion force fr arising from the motion of the rigid structure in water,

the environmental excitation force fe and the control force [C, so that

E = Er + Ea + EC (2.25)

where fe includes contributions from various sources and can be written

as

Ee = Ef + Ead + Ed (2°26)

in which ff is the generalized hydrodynamic force vector due to distur-

bances generated in the farfield, [ad is the generalized aerodynamic

force vector and
n

iél
fuidni

Fd = --————-----————--—------———---—- (2.27)
~ n _T _T n

.2 ((”s
* °1)€u1d°1 * .2 Üaidüa1=l 1=1

is the generalized force vector due to distributed forces fu, and

fa, acting on the flexible structure. Also, the control force EC in Eq.

(2.25) can be expressed as

Ec 7 EcR + EcF (2°28)
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_
”

where [CR is the generalized control force vector on the rigid body and

fi1=1 ”°u1
EC;

‘
Er':}········g······ (2.29)

r f + f
1=1

‘“°u1
i=l ~c9l

is the generalized control force vector due to control forces [C
ui

and fc acting at the nodes of the flexible structure. Finally, 0 in
ai

“
Eq. (2.23) can be written as

Q = Qe + Qc (2.30)

where Qe is the generalized environmental force vector acting on the

flexible structure and Qc is the generalized control force vector with

components acting at the nodes of the flexible structure.

2.4 EQUATIONS 0F MOTION

The expressions developed for the kinetic energy, potential energy

and virtual work can be used to derive Lagrange's equations of motion,

which can be written in the symbolic form

d aT av— (—) + —— = F (2.31a)dt ayo aßo —0

d aT av _
Hi (3;) + Sg - go (2.31b)

d aT av+ - = Q (2.31c)dt ag ag ~

Substitution of Eqs. (2.13) and (2.18) into Eqs. (2.31) yields

myo + Rg + 6Q + Rälgo + käzg = 50 (2.326)

év - 1 1 + sa - RT R - KT 6 = -M (2 226)~0 0~ ~ R2~0 R4~ -0 °
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6TyO + STQ + sg + Klg = Q (2.32c)

where KF is an 2x2 matrix obtained by assembling Ki. Equations (2.32)

can be written in a more compact form,

M*Q* + K*g* = [* (2.33)

where.

g* = [§T gT]T (2.346)

5 ~ I-!-;--§-:--2-
~ : I ~T

"* (2-345)

JF al: E Q
is a (6 + 2)¤(6 + 2) positive definite matrix,

•<R§o
K* = --1--- (2.34c)

0 {KF
is 6 positive semidefinite matrix and

ä¤.‘ E
F*= M- = ---(2.34d):9-

9
‘

Q .

As mentioned earlier, the generalized force vector E includes a

component Er arising from the motion of the structure in water. In

general, it depends on the generalized velocity 5 and acceleration

3 of the rigid structure (Ref. I1) and can be written symbolically as

E,. = E,.(§•§) (2-35)

The linearized form of Eq. (2.35) can be written as
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fr = -Ma§ - Caä (2.36)

where Ma is the added mass matrix and Ca is the added damping matrix.

In general both matrices depend on the frequency of oscillation of the

structure (see Fig. 2.2). Introducing Eq. (2.36) into (2.33) and using

Eqs. (2.25) and (2.30), we obtain

[M* + M;]Q* + C*Q* + K*u* = F; + F; (2.37) °

where
. Ma}

M; = --4--- (2.38a)
01

ca E 0 I
C* = --—}-- (2.38b)

0 g 0

KR} 0
K* = ------ (2.38c)

0 { 0

Ee
E; = -- (2.38d)

ge

Ec
fg = -- (2.388)

gc R

In general,·F; depends on significant wave height, the angle of

incidence of the wave, speed and direction of the current, and speed and

direction of the wind. Significant wave height is defined as the

average of the one-third highest waves (Ref. 2).

For control purposes, it is convenient to express the equations of

motion in state space form. To this end, Eq. (2.37) can be written as

Mx* + I<x* = 5; + QS; (2.39)
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where

M~ + M·~ ¥ 0
M = [M6--9-E--Ä (2.40a)

; 0

M-1;
0

ür4 5* = (2.40c)

ES
{E =

[6%
(2.40d)

* Vi}
EC = ö· (2.4OE)

If Ma is symmetric, then M can be decomposed by the Cholesky

decomposition (Ref. 10), i.e., we can write M in the form

M M = LLT (2.41)
where L is a Tower trianguiar matrix

Introducing Eq. (2.41) into (2.39) and premuitipiying by L'1 yie1ds

(2.42)
Then, using the transformation

x = LT)? (2.43)
Eq. (2.42) can be written as

x(t) = Ax(t) + Re + EC (2.44)

where

A = -n.‘1¤<L‘T , (2.4661)
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ge = L‘lg; , (2.45b)

gc = 1*1;; (2.4sc)

2.4 CONCLUDING REMARKS

Equation (2.44) represents the equations of motion of the system in

° state-space form. In Chapter 3 the wave spectrum is di scretized into a

finite number of segments so that there is a state-equation for each

segment. The state—equations derived for each segment is then used for

the design of contro'I1ers and observers. This is done in Chapter 4.
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CHAPTER III

ESTIMATION OF THE WAVE FORCES
I

3.1 INTRODUCTION

An offshore vessel at sea is subjected to disturbance forces which

cause the vessel_to move and change its heading. The most common

environmental disturbance acting on a vessel are the wind, the waves and l

the sea currents. In this paper, we restrict ourselves to the control

of motion generated by wind-induced waves. The analysis can be extended

so as to include the other effects.

As wind moves over the surface of the sea, it interacts with the

water surface to form waves. The strength of the waves depends on the

wind speed and duration and on the area over which the wind blows. An

increase in any one of these factors results in stronger waves, i.e.,

waves with larger mean wave height. They can be described mathemati-

cally by a random spectrum, which is essentially a Rayleigh distribution

(Fig. 3.1). There are various models available for describing the wave

spectrum. A spectrum that is widely used is the Bretschneider spectrum

(Ref. 2) which is described in Section 3.2.

As remarked earlier, added mass and damping terms, stemming from

the motion of the structure in water, depend on the frequency of

oscillation. This necessitates the discretization or partitioning of

the high-frequency spectrum into a finite number of areas as shown in

Fig. 3.2. There are various methods of partitioning the spectrum. In

one method described in Section 3.3, the spectrum is divided according

to equal energy or areas. The center frequency of each area is assumed

21
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to represent the frequency of the partition and the amplitude is taken

as proportional to the square root of the area. For equal partitioning

all sinusoids have the same amplitude. The approximate wave profile can

be written as

N
HW =

i§l_hi
sin (nit + ¢i) ‘ (3.1)

where HW is the time-dependent wave amplitude about the mean water

level, N is the number of discrete frequencies used to simulate the wave

spectrum and hi, Qi and ¢i are the amplitude, frequency and random phase

of the ith sinusoid, respectively.

The number of sinusoids used to approximate the wave spectrum

depends on the desired accuracy in simulating the wave spectrum density

function chosen to model the actual waves. Because the chosen spectral

density is itself modeled with only a given degree of accuracy, the

benefit of using a large number of sinusoids to simulate the wave

spectrum is questionable. Pakstys (Ref. 11) reports that some 20

randomly phased harmonic component waves used to simulate a sea spectrum

resulted in wave statistics within one percent of those obtained

directly from measurements of the sea. As soon as the frequency and

amplitude for each partition have been selected, the wave forces can be

obtained from precomputed distribution curves.

3.2. BRETSCHNEIDER SEA SPECTRUM

One of the most widely used sea spectrum descriptions is the

Bretschneider Sea Spectrum, given by (Ref. 2)

sw = ä e‘B/**4 (3.2)
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where Q the frequency of oscillation and
_ 2 4A - 2760 HS/TS (3.3)

6 · 690/T4· S (3.4)

in which, HS is the significant wave height and TS is the average period

of the significant waves. As stated in Sec. 2.3, HS is the average of

one-third highest waves (Ref. 2). Both HS and TS depend on the average

wind speed. when the wind speed increases TS increases, the lower end

of the spectrum shifts towards the lower frequencies, as shown in Fig.

(3.2). This may lead to resonance if the natural frequencies of the

platform lie in the lower range.

3.3 DISCRETIZATION OF THE BRETSCHNEIDER SEA SPECTRUM

The energy contained between the frequencies Q = Q and Q = ¤ is

E(Q) = f;Sw(Q)d9 = ää [1 - exp(-B/04)] (3.5)

Substituting Eqs. (3.3) and (3.4) into (3.5) we have

s(p) = H§[1 - exp (-69o1p“i§)1 (3.6)

When Q = O, E = E(O) = Hä. If the wave spectrum is divided into M equal

segments, then the energy Ei contained between Qui the upper frequency

of the segment and the

Q = ¤ is given by

Ei = E[1 - exp (-690/Q:iTg)] (3.7a)

From Eq. (3.7a)

e — l- ———§?9-— 1/4
(2 7b)ui

_1-Ei/E
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Also 4

E
Q--*%,1-1,2,...,M-1 (3.8)

where M is the number of equal parts into which the spectrum is divided.

Substituting Eq. (3.8) in (3.7b), we obtain

1/4 '
Qu, - ä 1- 1,2,...,M - 1 (3.9)

If we wish to find the frequencies corresponding to one half of the

energy of one segment, then

E. . .
ä.,l#1+.€@=i;_,,1_2_____M (3_]_0)

and Eq. (3.9) can be rewritten as

1/4
Q. - l- —-fü (3.11)‘ TS 1··<%>

For a fully developed sea,

TS = 7.34 J HS (3.12)
Introducing Eq. (3.12) into (3.11), we obtain

-1/4 4
_ 0.6984 2MQi -J HS

The amplitude of the pure sinusoid is given by

M - ni -
MS/JW? · (3.14)

3.4 CONCLUDING REMARKS

In this dissertation, we asssume that the wave force is the only

environmental force. If we represent the vector of the estimated wave

forces in the ith partition by {gi, then the jth component can be
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written as

X;i,j = Di’ih sin(nit + pi + pi), j = 1,2,...,6 (3.15)

where, Digi is the amplitude normalized with respect to the wave

amplitude h, pi is the phase shift, ni is the selected frequency of

excitation and pi is the random phase shift.

The equation of motion for the ith partition can be written as,

gi(t) = Aigi(t) + Bei + Bci + Bi (3.16)
where gi is the state vector, Ai the state matrix based on added mass

and damping at the center frequency ni, Bei the vector of estimated

environmental forces, Bci the vector of control forces and Bi the vector
of unmodeled environmental forces.I The subscript i will be dropped for

the remainder of this dissertation and will be invoked only when

necessary.
‘ _
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CHAPTER IV

ACTIVE VIBRATION CONTROL
I

4.1 INTRODUCTION

In Chapter 2 we derived the equations of motion of a

semisubmersible structure (with a flexible superstructure) subjected to

arbitrary excitation forces. It is well known that wave forces are

random in nature and that wave heights are distributed in a Rayleigh

distribution. The wave-induced motion of marine structures cause

additional forces which depend on the velocity and acceleration of the

structure. The coefficient matrix associated with the acceleration and

velocity of the structure are known as added mass and added damping,

respectively. Because these matrices depend on the frequency of

oscillation of the wave, there is an infinite number of sets of state

equations, one for each frequency in the continuous frequency

« spectrum. Because it is not possible to work with an infinite number of

sets of state equations, it is necessary to discretize the frequency

spectrum so that we have as many sets of state equations as increments.

In Chapter 3, we presented a method of discretizing the spectrum by ‘

allocating the same amount of energy to each segment. The center

frequency of each partition is used to calculate the mass and damping

matrices of the corresponding segment by assuming that it remains

constant within the segment. Also, the center frequency is used to

estimate the phase and amplitude of the wave forces in each segment from

precomputed distribution curves. The center frequency of a segment is

defined to be the frequency corresponding to one half of the energy of

28
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that segment. The actual excitation forces for a given segment can be

regarded as a sum of the estimated forces and unmodeled forces. More-

over, the unmodeled forces can be regarded as random forces. The

control forces are designed by the Independent Modal-Space Control

_ (IMSC) method (Refs. 5-7). The responses computed for all the

partitions can be added together to yield an estimate of the actual

response. Because the estimated excitation forces modeled are only a

deterministic approximation of the actual wave forces, the responses

computed represent estimated values only. To improve the estimates it

is necessary to use observers that take into account the difference in

the measured responses and the estimated responses. The observers are

designed such that the difference in the root mean square (RMS) values

of the estimated and measured responses is brought down to an acceptable

level. In this chapter, we first discuss the design of a controller for

each segment. Then, we consider the problem of observer design. In

Chapter 4, we present a numerical example demonstrating the technique.

4.2 THE EIGENVALUE PROBLEM AND DECOUPLING OF THE EQUATIONS OF MOTION

The eigenvalue problem can be derived by letting Pe = Q and PC = Q

in Eq. (2.44) and assuming a solution of the homogeneous problem in the

exponential form

x(t) = extx (4.1)

where x and x are constants, both quantities in general being complex.

Canceling ext on both sides, we obtain the eigenvalue problem

Ax = xx (4.2)
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which has 2(6 + m) solutions xs, gs, (s = 1,2,...,2(6 + m)), where

xs are the eigenvalues and gs are the associated eigenvectors.
To decouple the equations of motion, we must solve the adjoint

eigenvalue problem
AT! = x! (4.3)

It possesses the same eigenvalues xr but the set of left eigenvector !r

is different from the set of right eigenvectors gs. The two sets of
I

eigenvectors are biorthogonal and can be normalized (Ref. 7) so as to

satisfy

!lgS = 26rS, !lAgS = Zxrsrs,
r,s, = 1,2,...,2(6 + m) (4.4)

To formulate the problem in terms of real quantities, we assume p real

eigenvalues and 2k complex eigenvalues. The complex eigenvalues and

associated left and right eigenvectors occur in complex conjugate pairs.

The eigevalues and eigenvectors can be written as

gr = dr, !r = dr, xr = ar, r = 1,2,...,p (4.5a,b,c)

gr = ar 1 ibr, !r = gr 1 idr, xr = ar 1 iur,

r = p + 1, p + 2,...,6 + m — p/2 (4.5d,e,f)

Our objective is to formulate the problem in terms of real quantities

alone. To this end, we can form the modal matrices (Ref. 7)

X = [E1 E2 §3°°°§p §p+]_ Pp-+-1 §p+2 |3p+2

'‘‘°Ö6
+ m - p/2 P6 + m -

p/2] (4°6a)

_ 1 1 1 1

Y°°°E6 + m - + m -
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In terms of X and Y, the biorthonormality relations can be written as
YTX = I , YTAX = A (4.7a,b)

where A is block-diagonal, in which

(4.8a)

°r wr
Ar = _w a , r = p + 1, p + 2,...,6 + m - p/2 (4.8b)

r r

Next, we introduce the linear transformation

X = XE (4.9)

in Eq. (44), premultiply the resulting equation by YT and obtain

Q = AE + Q + Q (4.10)

where

Q(t) = P°1X*(t) (4.1la)

-
T

*Q - Q XC (4.11b)

_ T
Q - Q X; (4.11c)

in which
‘ P =

L_TX
, Q = L-TY (4.l2a,b)

If we write
I

-

zr(t) = zr(t) , r = 1;2,...,p (4.13)

‘and
_ T (4.14a)

_ Tgr - [Z2„_1(t) Z2„(’¤)l (4-1%)

Qr = [E2r_l(t) E2r(t)]T, r = p + 1,p + 2,...,6 + m — p/2 (4.14c)
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then Eq. (4.10) can be rewritten as

gr(t) = Argr + gr + Er, r = 1,2,...,p + k (4.15)

where gr, gr and Er are vectors of modal displacements, modal control
forces and modal excitation forces, respectively. If gr E Q, Eqs.

(4.15) are independent. when gr ¢ Q, the modal control represents

feedback control and has the general functional dependence

gr = gr (gl, g2,...,gp + k), r = 1,2,...,p + k (4.16)

so that Eqs. (45.1) are coupled through the control forces. In such a

case, we refer to Eqs. (4.15) as internally (plant) decoupled but

externally (controller) coupled. In the special case in which the modal

control gr depends on gr alone

gr = gr(gr), r = 1,2,...,p + k (4.17)

Eqs. (4.15) represent uncoupled pairs of first order differential

equations. In the following, we assume that this is the case and use

Eqs. (4.15) to design control forces in the modal space.

4.3 OPTIMAL CONTROL IN MOOAL SPACE

Usually, the mass of the flexible superstructure is much smaller

than the mass of the rigid platform. In such cases, the displacements

of the rigid platform affect the elastic motion of the flexible

structure, but the effect of the flexible structure on the rigid

platform is sufficiently small that it can be ignored. Also, damped

modes are primarily associated with the motion of the rigid platform and

undamped modes are primarily associated with the motion of the flexible

structure. To reflect the damped motion of the rigid platform and

undamped elastic motion of the flexible structure, we can partition the
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modal state vector and the associated control vector and excitation„

vector as follows:

z= rz} zl?» s= rs} sz?· s= rs{
sz?wherethe subscripts l and 2 correspond to modes associated with the

displacements of the rigid structure and elastic displacements of the °

flexible structure, respectively. Similarly, we can partition the

coefficient matrix A as follows:

A = [iii-92} (4.19)0 E ^2
where A1 is a 12xlZ matrix corresponding to the modes associated with

the motion of the rigid platform and A2 is a 2m¤2m matrix corresponding

to the elastic modes associated with the motion of the flexible

structure. The transformation matrix P can also be partitioned in the

form

Üssilss
€ss-i-Üs2P = P3l P32 (4.20)
P41 E P42

where P11 and P3l are l2¤12 submatrices representing the contribution of

the modes associated with the motion of the rigid platform to the

velocities and displacements of the rigid platform, respectively. The

entries in P12 and P32 must be regarded as negligible compared to the

entries in P11 and P3l, consistent with the assumption that the mass of

the flexible structure is much smaller than the mass of the rigid
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platform. Submatrices P21 and P41 represent the contribution of the

modes associated with the motion of the rigid platform to the elastic

velocities and displacements, respectively. Finally, P22 and P42

represent the contribution of the modes associated with the motion of

the flexible structure to the elastic velocities and displacements,

° respectively.

It can be shown that (Ref. 7) submatrices P31, P32, P41, P42 must

satisfy the relationships

9 9 (“·21°·°)
Because the entries in P32 can be ignored compared to the entries in

P31, we have

P31g1 = Q (4.22)
Also, the columns of P42 occur as interdependent pairs (Ref. 4) corres-

ponding to an undamped system. Hence, we have

Pdzgz = Q (4.23)
Let us further split the vectors gl and gz into controlled and uncon—
trolled parts, so that

gl EZRIT ( ("·2“a·°)
where the subscripts C and R refer to controlled and residual

quantities, respectively. For the modes associated with the motion of

the rigid platform, we can write P3l as

P31 = [PTI Piz] (4.25)
where P11 and Piz correspond to controlled and uncontrolled modes,
respectively. Then, according to Eq. (4.22) we have

PYZEIR ‘ Q ("·26°)
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from which it follows that

Em = ·<"iz>'1"i1Z1c <‘*·26b>
Equation (4.26b) implies that only one half of the damped modes asso-

ciated with the displacements of the rigid platform can be controlled

independently. The same conclusion was reached in other investigations

(Ref. 7). In certain cases, displacements and velocities of the rigid

platform can be independent of each other, or the dependence can be

extremely weak. For example, the coupling between surge and pitch

motions is often negligible. In such cases Pfl and Piz contain zero
rows and Eq. (4.26b) is no longer valid. This implies that each mode

associated with the motion of the rigid platform, can be controlled

independently. Moreover, if zi and zi are two modal displacements

corresponding to two different real eigenvalues and contributing to the

same displacement of the rigid structure, then it follows from Eq.

(4.22) that Zi and Zi can take the form

KiZi + KJZJ = 0 (4.27)

where Ki and Ki are two elements belonging to Pgl. Equation (4.27) can

be regarded as a constraint equation implying that only one half of the

modal displacements associated with real eigenvalues can be controlled

independently.- In this dissertation we assume that this is the case.

Next, we observe from Eq. (4.23) that any number of modes asso-

ciated with the motion of the flexible structure can be controlled.

Because the lower modes require less energy to excite than higher modes,

we consider controlling the lower modes only. To this end, we consider

proportional control, so that the control vector can be expressed in

terms of the modal state vector as follows:
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2 = GE (4.28)

where G is the modal gain matrix, which can be expressed in the

partitioned form

oc} 0
G = --4-- (4.29)

0 ; 0

If we assume that all the rigid modes are controlled, then the modal

equations can be written as

z +
·

z° A 0 ° 0 Egg = -g....g1-- gg + zg (4_30)
gR 0 0 ~R QR

If the modal control force Zc r is a function of zr(t) alone, then GC
has the block—diagonal form

‘GC
= block—diag Gr (4.31)

If we consider controlling all the modes with real eigenvalues and the

first n modes corresponding to the complex eigenvalues, then we have

Gr = 0, r = 1,2,...,p/2 (4.32a,b)

G G
Gr = rll V12 , r = p + 1, p + 2,...,p + n (4.32c)

Gr21 Gr22

For optimal control, G can be determined by minimizing a cost

function of the form

¤ 2 ¤+¤
J = J: + 2 Jr „ (4.33)

r=1 r=p+1

where J: and Jr are modal cost functions. Because each mode is

controlled independently, the modal cost functions J: and Jr are

independent of one another. It then follows that J can be minimized by
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minimizing each Jr and Jr independently. The modal cost functions

Jr and Jr are assumed to have the form

J* =
[tf [220* + Z2R*]dt r = 1 2 /2 (4 34a)r 0 r r r r

’ ’°°°’p
°

tr T TJr = fo [2rQr2r + grRrgr]dt , r = p + 1, p + 2,...p + n (4.34b)

where Or is a nonnegative number, R; is a positive number, Qr is a

positive semidefinite matrix and Rr is a positive definite matrix. For

simplicity, we assume that Q: = 1 and Qr = I, so that

J* =
[tf [22 + Z2R*]dt r = 1 2 /2 (4 35a)r 0 9 !$°°'!p

•

tf T TJr = fo [2rgr + 2rRrgr]dt, r = p + 1, p + 2,...,p + n (4.35b)
This leaves us with the problem of selecting R: and R.

It is shown in Ref. 8 that the optimal control gain matrix has the

form

G (t) = -(R*)'1K*(t), r = 1,2,...,p/2 (4.36a)r r r

Gr(t) = —Rr1Kr(t), r = p + 1, p + 2,...,p + n (4.36b)

where Kr(t) is a real variable satisfying the Riccati equation

K*(t) = -2a K*(t) - 1 + (R*)“1K*2 K*(t ) = 0r r+p/2 r r . r
’

r f
’

r = 1,2,...,p/2 (4.37a,b)

and Kr(t) is a real symmetric matrix satisfying the Ricatti equation

~ _ T -1 _
Kr(t) - -Kr(t)Ar - ArKr(t) - I + Kr(t)Rr Kr(t), Kr(tr) - 0,

r = p + 1, p + 2,...,p + n (4.37c,d)
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The weighting factor R; is a mere scalar. 0n the other hand, Rr is

a matrix, which on physical grounds can be chosen in the form (Ref. 7)

Rr = , r = p + 1, p + 2,...,p + n (4.38)

° Rrzz T
from which it follows that

_1 0 0
RT = , r = p + 1, p + 2,...,p + n (4.39)

0 R‘1
r22

Hence, QT can be written as

0
ZT = , r = p + 1, p + 2,...,p + n (4.40)“

-1‘ Rr22(Kr21z2r-1 * Krzzzzr) =
As soon as a value for Rrzz has been chosen, we can solve the scalar

equations

-
_ ° -1 2_ Krll ‘ ”2°rKr11 * 2“rKr12 ‘ 1 * Rr22Kr12

·
1

_ -1Kr12 _
”“rKr11

”
2°rKr12 + “rKr22 + Rr22Kr12Kr22

- _ -1 2Krzz ‘ °2”rKr11 ‘ 2°rKr12 ’ 1 * Rr22Kr22’ .
„ r = p + 1. p + 2.•--„¤ + 0 (4-41)

It is shown in Ref. 8 that if O; and R; are the constant scalars and Or

and Rr are constant matrices, then as tr
-

¤, K;(t)
-

K; = const and

KT(t) + KT = const, which implies that K;(t)
-

0 and KT(t) — 0.

In this paper, we assume that tf is sufficiently large that steady-state
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solution of the Riccati equations can be used. Hence, Eq. (4.37a)

yields

2 -1¤ i' /a + (R*)
K: = r+g/2 r+g/2

r(R,.)

and the steady-state value of K, can be obtained from Eqs. (4.41). For

undamped systems, Eqs. (4.41) admit a closed-form steady-state solution

(Ref. 4) ·
_ _ 2 2K12 ‘ K21 ‘ ‘ 4°rRr22 4 ’“rRr22 * Rrzz (4*4%)

_ 2 2 2 2 1/2K22 ‘ (Rrzz ‘ 2°°rRr22 4 2°’rRr22 '/°‘rRr22 4 Rr22) (4*4%)

_ -2 -1 -1 2 2 3/2 2 2 1/2
K11 [wr + zwr Rr22K“rRr22 + Rr22) ' 2Rr22wr ”

Rr22] (4°43c)

For damped systems the steady-state solution can be computed by Potter's

method (Ref. 13)

At this point we can appreciate the benefit derived from the IMSC

method. The general coupled control method involves a large order

Riccati equation. For high-order systems (> 40) this can present severe

computational difficulties. If the IMSC method is used, then it is

necessary to solve sets of independent first-order or second-order

Riccati equations, instead of solving a single matrix Riccati equation

of high order.

To select the values of R; and R,22, we return to the closed-loop

equation, Eq. (4.30). Inserting Eqs. (4.40) and (4.36) into (4.30), we

obtain

ir = Grzr + Er
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2 = -(J6 2 + (R*)_1)Z + E r = 12 /2 (4 44a 6)r+p/2 r+p/2 r r+p/2 r+p/2* ' °°°°°p ' °

gr = A:2r + Er, r = p + 1, p + 2,...,p + n (4.44c)

where A; are nonsymmetric matrices given by

wr wr
A* = (4.45)r -1 -1‘("’r T Rr22Kr21) °‘r ‘ Rr22Kr22

Letting

2 = amp/2tz* r = 1 2 /2 (4 466)9 9‘°'9p •

A:t
gr = e 2;, r = p + 1, p + 2,...p + n (4.46b)

we obtain the eigenvalue problems

-(J¤2 + (R*)”1]z = 1* 2 r = 1 2 p/2 (4 47a)r+p/2 r r+p/2 r+p/2 r+p/2’
’

’°'°' °

1
1:2r = 1:2r, r = p + 1, p + 2,...,p + n (4.47b)

Then, R: can be obtained from

1* = - Jaz + (R*)'1 (4 48)r+p/2 r+p/2 r °
where 1:+p/2 is a preselected closed-loop eigenvalue corresponding to a

real open-loop eigenvalue ¤T+p/2. Finally, Rrzz is selected such that

the eigenvalue of A; lies to the left of its open-loop counterpart. As

soon as R; and RT have been determined, the modal gain matrices can be

written as ·
- Z -1 -Gr - - (6r+p/2 + J + (R;) ) r — 1,2,...,p/2 (4.49a)

1 0 0
Gr = - R;22 K K

r = p + 1, p + 2,...,p + n (4.49b)
r12 r22
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Then, the contol force vector gr can be determined by

gr = Grgr(t) (4.50)

Finally, the actual control force }E(t) and response x*(t) can be found

by using the transformation

};(t) = LY'Tg(t) (4.51)

x*(t) = L'TXg(t) (4.52)

4.4 DESIGN OF OBSERVERS

Until now the discussion has been confined to the generation of

control and to the estimation of the states after estimating the wave

Forces in each partition. The estimated states are likely to be_

different from the actual states because the exact wave Forces are not

known. To narrow the difference between the actual states and the

estimated states, it is necessary to design an observer For each

partition in the wave spectrum.

The task of the observer is to extract the state vector g from the

system output. However, the output wi, obtained by Filtering the total

output through a filter of bandwidth Ani (Fig. 4), contains contri-

butions not only From the frequency ni but also From the other

frequencies in the partition.

The actual system can be written in the modal form

gi - Aigi + Gigi + vitilgai + vitilgi (4.53)
where Fegi is the estimated excitation force in the ith interval and Ni
is the vector of unmodeled disturbances. The measurement vector wi can

be expressed as
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wi = Cigi + Ii (4.54)
where

Ci = CiLiTXi ‘ (4.55)
in which Ci is the z¤2(6 + m) measurement matrix, 2<2(6 + m) implying

I

that the measurement vector wi is not complete, and Ii is the error

vector stemming from the fact that Ai, which actually varies with the

frequency of oscillation, is assumed remain constant within each

partition. .

Our objective is to construct an observer to improve the estimate

of the state vector g. Observers are dynamical systems similar to the

actual system and having as input the output of the actual system. The

observer eigenvalues are chosen such that the differences in the root-

mean-square (RMS) values of the actual measurements and the estimated

measurements are brought down to an acceptable level. we choose the

observer in the form
_

I
Ä g Ä Ä

z .(t) A .• 0 2 . 2 . „
:91--- - --91;--- ;9l +6. ;9l + vltlr .+ „.(w. - w.) (4.56)1 .iA _ Z 1 Z _ 1 1 ~e,1 1 -1 -1
gRi(t) 0 2 R1 ~Ri -R1

where

wi = Cigi (4.57)
Next, we introduce the error vector

Ei - gi - gi (4.58)
Inserting Gigi = Gigi in Eq. (4.53), we have

— _ T -1gi - Aigi + Gigi + Ggi + YiLi ([€,i + Ni) (4.59)
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Subtracting Eq. (4.59) from (4.56), and combining the resulting equation

with Eq. (4.59) we have

E61 ^61 T 661* 6 I 661 I 6 E61
T" '‘‘'‘‘'‘‘1‘‘'‘‘1'‘‘‘‘''‘'‘‘‘1‘‘‘‘‘‘‘"‘‘‘‘‘ "‘
ERi _ 6 1 ^R1 ! 6 1 6 gRi -'"'6T6"'?''''''''''El?'''''''El''''ec.•

1 ^61 ‘ “61 61
‘“61

Ri E61
:-1

-------..J---.-.1-----..-----.g..--..------. ---I I I

ER1 6
*

6
* -uRiCEi I ^Ri ‘ “R16R1 ER1

Y§L'L(Ee i + ui)
-—-—----ä·---Z-- (4.60)

T -1°Y1L Bi T “1!1

Inspection of Eq. (4.60) shows that the system eigenvalues can be de-

signed separately in accordance with the deterministic separation prin-

ciple (Ref. 4). Inspection of Eq. (4.60) also shows that spillover from

residual modes as represented by uCiC§i exists. This spillover will not

destabilize the system if the observer gains are chosen properly.

4.5 DISCRETE-TIME SOLUTIONS

Numerical simulations and on board computations are carried out

most efficiently on digital computers. Moreover, it is practical to

make measurements at preselected time intervals. This makes it

necessary to seek a discrete-time solution. The process of discreti-

zation in time transforms the first-order differential equations into
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difference equations. After dropping the subscript i, the dynamical

equation for the observer, Eq. (4.56), can be rewritten as

Ä (t) A + G E 0
‘

Ä
:-9--- = -9----9--- -9 +g+M (4.61)
gR(t) 0 g 0 2R

where
_ T -1 _ ^ ^

E — Y L fe , M — u(w — w) (4.62a,b)

In Section 4.3, we saw that the IMSC approach leads to a block—diagonal

form for GC and the resulting modal equations are both internally and
·

externally decoupled. Following Eqs. (4.44), we write the modal

equations for the observer

2r(t) = arÄr(t) + Er + Mr, (4.63a)

; (t) = —(/az + (R*)'l Ä (t) + E + Mr+p/2 r+p/2 r r+p/2 r+p/2 r+p/2*

r = 1,2,...,p/2
’

(4.63b)

ér(t) = A;Är+p/2(t) + gr + Mr, r = p + 1, p + 2,...,p + n (4.63c)

gr(t) = Ar§r(t) + gr + Mr, r = p + n + 1, p + n + 2,...,p + k

(4.63d)

where A;, Ar are given by Eqs. (4.45) and (4.8b), respectively. More-

over, Qr and Mr the estimated modal excitation and the correction term
for unmodeled excitation forces, respectively. If T is the samping

interval, the discrete-time solution of Eqs. (4.63) is given by (Ref. 10)

Är(K + 1) = (1 + ArT)Är(K) + [Er(K) + Mr(K)]T, r = 1,2,...,p/2 (4.64a)
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Zr+p/2(K + 1) =(1r

= 1,2,...,p/2 (4.64b)

é„(K + 1) V = P + 1• P + 2„•--,P + ¤

(4.64c)

g,.(¤< + 1) = «>,g„(K) + r„l§r(K) + @„(¤<)l„

r = p + n + 1, p + n + 2,...,p + k (4.64d)

where
A*T 2 3

o; = e r = I + TA; + ä?
A:2 + A*3 + .... (4.65ö)

t 'k

r: = fg e
Ardt

= [6; - I](A;)'l (4.65b)

A T 2 3
or = e.r = I Ai + .... (4.65c)

tA_ T r _ -1rr - rfo e dt - [ar - 1lAr (4.65d)

The solution of the discrete time difference equations is stable when

the eigenvalues of o; and or lie inside a unit circle (Ref. 10). This

can be achieved by choosing T sufficiently small.



CHAPTER V

NUMERICAL EXAMPLE

5.1 MATHEMATICAL MODEL

He now demonstrate the control technique outlined in Chapter 4 by

means of a numerica] example. A circular platform is considered because

the angle of incidence of the environmental disturbance may vary over a

wide range. The flexible superstructure is chosen in the form of a

cantilever beam attached to the platform. The dimensions of the

platform and its hydrodynamic characteristics are as in Ref. 12. An

illustration of the structure is shown in Fig. 5.1 and its dimensions

are given in Table 5.1. The body—fixed system of coordinates is shown

in Fig. 5.2. It is assumed that the structure is exposed to waves with

significant height of 4m.

For small motions, the linearized hydrodynamic stiffness coef—

ficients are given by ‘
_ _ _ 6

kRxX- kRyy - 0, kRzz— 8.24¤10 N/m

- - 9 =kR¢¢- kRww - 3.1¤10 N/rad, kRvv 0

The distribution of potential damping as a function of frequency of

oscillation 0 (shown in Figs. 5.3 — 5.6) is given approximately by
_ 8

Q Caxx
— 2.78 (0 - 0.3)10 for 0 > 0.3 (5.1a)

caw = 13.88 (0 - 0.2)2101° for 0 > 0.2 (6.10)

_ _ 2 9
Caxw - Cawx - 8.5 (0 — 0.3) 10 for 0 > 0.3 (5.1c)

Although in general added mass terms vary with the frequency, for

relatively small frequencies, such as those considered in this example,

46
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they remain constant. The added mass terms are

_ _ 8 2 _ 7 2
Maxx- Mayy - 1.1¤1O N/(m/s ),

Malz
— 5.9¤1O N/(m/s )

= = 10 _ 2 = = 8 2
Ma¢¢ Maww

2.63¤10 N m/(rad/s ), Maxw May¢ 2.6¤10 N/(rad/s )

M = M = 2.6¤lO8 N·m/(lll/S2)awx a¢y
The distribution of the amplitude of excitation forces as a function of

the frequency of oscillation Q (shown in Figs. 5.7 - 5.8) is given

approximately by
_ 2

Fax - (5.82 -1.64 Q )hw for Q s 0.5 (5.2a)

Fex = (2.69 - 5.26 (Q - O.69)2)1O7hw for Q > 0.5 (5.2b)

Mw = (mz - 6¤3)1o8hw (5.2c)
where hw is the wave aplitude. Ne consider only two degrees of freedom

for the rigid-body motion: the longitudinal motion x and the pitching

motion w. The wave spectrum was partitioned into six segments of equal

energy, and the second segment with center frequency of 0.32181 rad/s

was used. The cantilever was divided into four finite elements with 2

degrees of freedom for each node, as shown in Fig. 5.2. The resulting

system had 10 degrees of freedom: 2 for the rigid platform and 8 for

the flexible structure.

5.2 THE FINITE ELEMENT MODEL OF THE FLEXIBLE CANTILEVER BEAM

Figure 5.2 shows the nodal locations and the element numbers.

Figure 5.9 shows the nodal locations for a typical element where ; is

the local coordinate along the axis of the cantilever and h is the

length of the element. Hermite cubics are chosen as the interpolation
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i functions. The displacement u§3)(z*) for the ith element is given by

u§‘)(z*) = Lqi 1 (5.3)
where

L = [L1 hL2 L3 hL4l (5.4a)
is the row matrix of interpolating functions, where

L1 = 3:2
-

2:3 ° (5.4b)

L2 = :2 — :3 (5.4c)

L3 = 1 - 3:2 +
2:3 (5.4d)

L4 = - : +
2:2

-
:3 (5.4e)

in which

: = (n — i + 1) - 2*/h (5.4f)

where n is the number of equal length elements of the cantilever. In

the present case n = 4.

Moreover, qi is the vector of nodal displacements given by
_ T

**1
‘ [**4(1-1)+1 *'4(1-1)+2 q4(i-1)+3 **4(1-1)+4] (55)

The matrix of direction cosines is

Ri = I (5.6)
' From Eq. (2.11b),

ai = fm_LRidmi (5.7)
l

Considering Figs. (5.4) and (5.5), using Eq. (5.7) and carrying out the ·

necessary integrations, we obtain

ai = [é an li-? an2 gab - ää phzl (5.8)
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where p is the mass per unit length of the cantilever and h is the

1 length of an element. From Eq. (2.11b),

$1 - fm1RT1T1RTd111T (5.9)

Inserting Eqs. (5.4) — (5.6) into Eq. (5.9), we have
L XT = - oh f?1T1d¤ (5.10)

where -2L1
2hL L hL Symm

T 1 2 2 T
L L =

~ 2 1 5.11LIL3 hL2L3 13 ( 1
2 2 2111114 11 1214 111314 11 14

Carrying out the integrations, we obtain

13
35 1***

.112 .113 Symm
ET = . (5.12)

9 13 2 37ö
¤“ 1*** 6 ¤*‘

-13 2 - 1 2 -11 2 1 3E6
=·“

TE ¤" Kö ¤*‘ W6 1***

From Eq. (2.21b), we have
...T _ T .. ..6T - fm1RT1T(rE + QT)dmT 4 (5.13)

Introducing Eqs. (5.4) - (5.6) into Eq. (5.13), we obtain

T (6-1)11 T$4 = 11 f [Ll(46 + 2*) 1112(46 + 2*) 13(46 + 2*) h|_4(46 + 2*)} d2*
(4-1)11

(5.14)
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V
Carrying out the above integration, we have

..T _ 2 . 2 3dg - ¤[23h + h (43/20 - 1/2) (121/130)h + (2-1)h /12

23h + (43/20 1/2)h2 23h2/6 + (10° · 3 T—
- 1 — 46)h /120] (5.15)

Finally, ¢, F and ST are obtained by assembling ai, Xi and IST,

respectively. The results are

ql =li% ph phz ph O ph O ph (il (5.16a)
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33hh(23 + 55-

2 121 h"(m*1a)
h(46 + 3h)

~- Zih Z2 LQo — h ( 10
—

6 + 130) (5.16c)

h(46 + 2h)

2 -3h 23 121

h(46 + h)

2 -3h 23 121“(i«V·2v*m)
The e1ement stiffness matrix Ki corresponding to the disp1acements

in the x direction is

12EI
....11 1

13

6EI 4EI

1 1

Ki:-12EI -6EI 12EI
.....11 ....11 ....11 -

3 2 31 1 1

6EI 2EI -6EI 4EI...11 ...11 ...ä11 ...11
1 1 1 1
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5.3 RESULTS AND DISCUSSIONS

The open-loop eigenvalues are displayed in Table 5.2 and the

submatrices P11 and Pgl, P21, P41, P22, P42 are displayed in Tables 5.3

- 5.8. The first four eigenvalues correspond to the modes associated

with the motion of the rigid platform and the remaining to the modes

associated with the motion of the flexible structure. It can be seen

that the modes of the flexible structure have essentially no damping.

Submatrices P12 and P32 are essentially null matrices, confirming

expectations. An examination of the submatrices P22 and P42 shows that

the columns occur as interdependent pairs, in accordance with the

analysis presented in Ref. 6. Finally, an examination of the sub-

matrices P11 and P31 shows that the rigid-body modes correspond to the

longitudinal motion x and the remaining mode corresponds to the pitching

motion w, indicating that the two motions x and w have negligible

influence on each other. This enables us to control each mode

independently. Ne choose to control the modes associated with the rigid

platform and the first four modes associated with the flexible

structure. The control gain matrix GC is shown in Table 5.9. The

closed—loop eigenvalues are displayed in Table 5.2. In the design of

the observer, only the velocities were measured and used for feedback.

”The observer eigenvalues are also shown in Table 5.2. The observer gain

matrix is shown in Table 5.10. The uncontrolled and controlled

responses of the longitudinal motion and the pitching motion of the

platform, and the nodes of the cantilever beam are shown in Figs. 5.10 -

5.21. The time history of the control forces are shown in Figs. 5.22 -

5.27. Examination of the responses shows that the controlled responses
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are about 50% smaller in magnitude than the corresponding uncontrolled

responses. Examination of the responses also show that the time history

of the estimated velocities of the controlled flexible structure exhibit

noise envelopes within which the velocities are confined. The envelopes

can be attributed to the random nature of the measured velocities.

Inspection of the control force time histories shows that the estimated

control forces for a segment of a spectrum are free of the noise

envelopes observed in the estimated velocity responses. The differences

between the RMS values of the measured velocities and estimated

velocities after 120 seconds of simulation were around 10% of the

corresponding measured velocities.
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Table 5.1 Dimensions of the Structure

Diameter of upper cylinder D1 = 32 m

Diameter of lower cylinder D2 = 52 m

Underwater height of upper cylinder Hl = 15 m
i

Height of lower cylinder H2 = 44 m

Depth of water H3 = 100 m

Volume of water displaced V = 105500 m3

Mass of structure M = 1.1¤1O8 kg

Center of gravity above base GK = 23 m
I

Center of buoyancy above base FK = 25.37 m

Radius of gyration around x, y axes iXX = iyy = 19.75 m

Moment of inertia around x, y axes M¢ = Mw = 4•3x101O kg·m2

Radius of gyration around z—axis izz = 15.6 m

Moment of inertia around z-axis MV = 2.6 ¤1010 kg·m2

Height of cantilever H4 = 10 m

Length of cantilever Ly = 0.1 m
width of cantilever LX = 0.05 m

Mass per meter of cantilever
‘

p = 39.3 kg/m
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Table 5.2 Eigenvalues

Open loop poles Closed loop poles Observer Poles

0.0 0.0 0.0

-0.0270 -0.0400 -0.0274

-0.0005 1 1 0.2120 -0.0850 1 1 0.2133 -0.0162 1 1 0.0624

0.0 1 1 2.4084 -0.2234 1 1 2.4804 -0.3356 1 1 2.8894

0.0 1 1 14.8747 -0.0707 1 1 14.8750 -1.5806 1 1 12.8703

0.0 1 1 41.3667 -0.0707 1 1 41.3070 -0.5981 1 1 40.8849

0.0 1 1 77.7629 0.0 1 1 77.7629 0.0 1 1 77.7628

0.0 1 1 192.3846 0.0 1 1 192.3846 0.0 1 1 192.3846

0.0 1 1 285.3756 0.0 1 1 285.3756 0.0 1 1 285.3756

0.0 1 1 341.9900 0.0 1 1 341.9900 0.0 1 1 341.9900

0.0 1 1 448.5287 0.0 1 1 448.5287 0.0 1 1 448.5287
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Table 5.3 Submatrix P11

0.00000D OO 0.39056D OO -0.86464D-O3 -0.15656U-Ol

0.00000D OO -0.106370-O4 0.14799D-O2 0.13259D-Ol

- Table 5.4 Submatrix P31

0.14142D Ol -0.141860 O2 -0.73849D-O1 O.42429D—02

0.00000D 00 0.38634D—03 0.62535D—O1 —O.7l203D—O2

Table 5.5 Submatrix P21

0.000000 00 -0.697150-04 0.673720-0S 0.620510-0Z
0.000000 00 0.929540·05 -0.885620·04 -0.815260—03
0.000000 00 -0.465670—04 0.452990-03 0.417120-02
0.000000 00 0.91501D·05 -0.876810·04 ~0.807Z20-03
0.000000 00 -0.246900-04 0.242040—03 0.222900-02
0.000000 00 0.813330-05 -0.790660·04 —0.728040—03
0.000000 00 —0.735260·05 0.725470-04 0.668150~03
0.000000 00 0.537380-05 -0.529330-04 ·0.687490·03

Table 5.6 Submatrix PAI

0.000000 00 0.253220-02 0.292570-0l -0.524520—02
0.000000 00 ·0.557630-03 -0.384520-02 0.426350-05
0.000000 00 0.169140—02 0.196750·01 -0.218070-02
0.000000 00 -0.332350-05 -0.380720•02 0.422090-03
0.000000 00 0.896790—05 0.105130-01 -0.116520-02
0.000000 00 -0.295420—03 -0.343580·02 0.3806Z0·05
0.000000 00 0.267060·05 0.315130-02 —0.349240·03
0.000000 00 -0.195180·03 -0.229950·02 0.254820-03
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Table 5.10 0bserver·Gain Matrix p

0.1

0.1

-0.1

-0.1 _

-1.0

. -1.0

1.0

1.0

0.3

0.3
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CHAPTER VI

SUMMARY AND CONCLUSIONS

The equations of motion of a semisubmersible structure consisting

of a rigid platform and flexible superstructure are derived. The

flexible superstructure is discretized by the finite element method and

the equations of motion are derived by the Lagrangian approach. For °

small motions_of the structure, the equations are linear. Although in

i general the excitation forces acting on the structure are due to both

wind and waves, only wave—induced vibrations are considered in this

dissertation.

It is well known that for a given wave height, the wave energy is

distributed according to a Rayleigh distribution. The motion of marine

structures cause additional forces which depend on the velocity and

acceleration of the structure. The added mass and damping matrices

associated with the acceleration and velocity of the structure depend on

the frequency of oscillation of the wave. This implies that there is an

infinite number of sets of state equations, one for each frequency in

the continuous frequency spectrum. Because it is not possible to work

with an infinite number of sets of state equations, it is necesary to

discretize the frequency spectrum, so that we have as many sets of state

equations as increments. A method of discretizing the spectrum, whereby
V

the same amount of energy is allocated to each segment, is shown in
3

Chapter 3. The center frequency (corresponding to one-half of the

energy in each segment) is used to calculate the mass and damping

matrices of the corresponding segment by assuming that it remains

constant within the segment. The center frequency is used to estimate

86
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the amplitude of the wave forces in each segment from precomputed

distribution curves. The actual excitation forces for a given segment

can be regarded as a sum of the estimated forces and unmodeled forces.

Moreover, the unmodeled forces can be regarded as random forces.

The state equations, which are coupled in physical space, are

transformed into sets of uncoupled equations in modal space. The °

eigenvalues of the system consist in general of both real and complex

quantities. Real eigenvalues corresponding to rigid-body modes can

occur because the semisubmersible is assumed to be unmoored. Control

forces are designed in the modal-space. In general the modal equations

are coupled through the control forces. when forces are designed by the

IMSC approach, the modal equations are both internally (plant) and

externally (controller) decoupled. This method, adopted in this

dissertation, has distinct computational advantages. For example, the

general coupled control method using optimal control involves a large-

order Riccati equation. For high-order systems (> 40) this can present

severe computational difficulties. In contrast the IMSC method involves

only independent sets of first-order or second-order Riccati equations.

_ The excitation forces, found by discretization of the wave

frequency-spectrum, are only a deterministic approximation of the actual

wave forces and the responses computed represent estimated values

only. To improve the estimates it is necessary to use an observer that

takes into account the differences in the measured respones and the

estimated responses. The observer eigenvalues are chosen such that the

differences in the root—mean-square values of the actual measurements

and the estimated measurements are brought down to an acceptable
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level. The system eigenvalues and observer eigenvalues are designed

separately in accordance with the deterministic separation principle.

Finally, a numerical example is presented. A circular platform
“

with a cantilever beam attached is considered. Control forces and

responses are computed for one segment of the spectrum. Also only the.

velocities at the center of mass of the platform and at the nodal points

of the cantilever are measured. Numerical results show that significant

reductions (about 50%) in the amplitude of the vibrations are

obtained. The differences between the RMS values of the measured

velocities and estimated velocities after 120 seconds of simulation are

around 10%. In addition to forces due to potential damping, there may

be wave drift forces and forces due to currents. Also, the forces due

to wind may be significant. It is recommended that these forces be

included in future work.
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