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A MIXED COMPUTATIONAL ALGORITHM BASED ON THE UPDATED
LAGRANGIAN DESCRIPTION FOR PLANE ELASTIC

CONTACT PROBLEMS

BY

PAUL R. HEYLIGER

(ABSTRACT)

A mixed variational statement and corresponding finite element

model are developed for an arbitrary plane body undergoing large

deformations (i.e. large displacements, large rotations and small

strains) under external loads using the updated Lagrangian '

formulation. The mixed finite element formulation allows the nodal

displacements and stresses to be approximated independently. Inclusion

of stresses as the nodal variables allows the satisfaction of stress

equilibrium and contact boundary conditions more exactly than in the

displacement finite element model.

Two algorithms are discussed for the analysis of a thin, uniformly

loaded plate with a circular hole in contact with a pin. The different

algorithms consider the separate cases of a rigid pin and a flexible

pin, and use different methods to account for the computational

difficulties that arise from the unknown contact area and the presence

of friction between the pin and the plate. Both techniques use the

nonlinear mixed finite element formulation. A number of different

contact problems are solved using these two techniques.

A hybrid technique is presented that combines the numerical

technique of the finite element method with the experimental technique

of moire interferometry. The displacements at the pin—hole interface



are measured from physical experiments and are then used as prescribed

boundary conditions in the finite element analysis of the modeled

problem, which in turn is used to compute the required stresses at the

contact region. Results of this algorithm are compared with solutions

obtained from stictly computational algorithms that are independent of

the experimental data.
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CHAPTER I

INTRODUCTION

1.1 Motivation

The solution of contact problems generally involves the

determination of the states of displacement, strain, and stress acting

within the domains of two or more separate bodies pressing against one

another under external action. Unlike most problems in solid and

structural mechanics, where the critical regions of interest are usually

far removed from the point of application of the loads, the domain of

interest in contact problems is the area at or near the region of

contact, which is typically the region of load transfer. Contact

stresses are defined as stresses acting at the contact region of one

body due to the pressure of a second independent body, and are typically

among the largest stresses found within the contacting bodies.

The accurate numerical simulation of the response of two elastic

bodies in contact with one another under external load remains as one of

the most challenging problems of computational solid mechanics due to

several inherent complications. The region or area of contact between

the two bodies is changing continuously during the loading, and is

generally not known a priori as a function of the applied loading. In

addition, the presence of friction between the two bodies creates

varying regions of stick and slip. Hence this type of problem is highly

nonlinear, and although some exact elasticity solutions exist, these are

typically for problems with simple geometrical shapes and frictional

1
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conditions. Numerical techniques must therefore be used to solve

problems involving more complicated geometries and contact conditions.

The finite element method has long been established as a versatile

and powerful tool of analysis for solid and structural mechanics

problems and has recently been applied to numerous studies of elastic

contact problems. Mixed finite element models, in which independent

approximations of displacements and stresses are introduced, have also

been developed and applied to problems in solid mechanics, but to a much

lesser extent. Mixed formulations would appear to be especially

applicable to contact problems since the stresses at the contact

boundary are computed as part of the solution rather than part of the

I post—computation as practiced in most displacement formulations. These

boundary stresses are of extreme importance in computing the regions of

stick and slip and are useful in other steps of the analysis as well.

Among the many different types of contact problems found in

engineering, the problem of a thin, pin·loaded plate has recently

received considerable attention, particularly due to the increasing use

of composite materials in modern structural applications [1-10].

Elasticity solutions and finite element approximations have dominated

the majority of these analyses, most of which have ignored the effects

of the pin by assuming that it is rigid and hence have only modeled and

subsequently analyzed the domain of the plate. A number of other

simplifying assumptions were invoked in many of these analyses,

including the assumptions of a cosinusoidal radial traction on the hole

boundary as well as a constant coefficient of friction acting between

the pin and the plate. In addition, various assumptions were made to
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approximate the behavior of the contacting bodies at the contact region,

since this information is required in order to obtain a solution to the

problem, and is in general not known as a function of any of the
'

parameters of the problem.

A review of the pertinent literature is presented in the following

section to assess the gains made in the past and to indicate the

direction of recent research efforts in the analysis of elastic contact

problems. Since most contact algorithms are strictly numerical, a brief

review of geometrically nonlinear analysis is included, particularly

highlighting the lack of studies regarding applications of mixed methods

to nonlinear problems in plane elasticity in general, and contact

problems in particular.

1.2 Literature Review

The displacement finite element method, based on the principle of

minimum total potential energy, has been applied to many problems in

structural engineering and solid mechanics since the early 1960's. The

mathematical and numerical properties of the displacement finite element

method have been firmly established and numerous publications allude to

these advances. The textbooks by Reddy [11], Zienkiewicz [12], and

Bathe [13] contain a host of references regarding both the historical

development of and recent advances in most branches of finite element

analysis. .

Although the mathematical properties of mixed finite element

approximations have seen extensive development in recent years [14-16],

the applications of mixed models to actual physical problems have been
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relatively rare. In linear, two-dimensional elasticity problems, the

mixed finite element equations can be developed using the Hellinger-

1 Reissner variational principle [17]. Dunham and Pister [18] were among

the first to use this principle to introduce mixed finite element

approximations and present numerical results for plane elasticity

problems. They obtained displacements and stresses that were superior

to those obtained using an equivalent displacement model. Pitkaranta

and Sternberg [19] analyzed several mixed finite element methods for the

plane elasticity equations on a rectangular domain, while Mirza and

Olsen [20] presented a more thorough study regarding the convergence and

performance of the mixed finite element method for linear plane
[

elasticity applications. .

Contact problems are generally regarded as being highly nonlinear

for two major reasons. First, the body or bodies under analysis may

undergo large deformations, and hence must be modeled such that the new

geometry and the most recent state of stress in each body are accounted

for in an appropriate manner. Second, the boundary conditions are

changing continuously due to the changes in the contact region with

increasing load. The development of the governing finite element

equations for the nonlinear response of a solid body under external load

has been given by numerous investigators [21-32], but none of these have

addressed mixed models for plane elasticity problems. Horrigmoe and

Bergen [33] presented an incremental mixed variational principle and

corresponding finite element model for solid bodies, but gave no

numerical examples or comments on implementation.
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Contact problems have challenged mathematicians and engineers for

over a century. In 1881, Hertz obtained a solution for the problem of

two elastic cylinders in contact with one another [34]. Numerous

attempts have since been made to accurately model the physics of contact

for more complicated problems using, among other methods, finite element

techniques. Due to the inherent nonlinearity of the contact problem,

all of the most successful of these algorithms contain several iterative

procedures to account for the varying regions of contact and of stick

and

slip.Nearly all investigations of contact problems using finite element

methods have used the more conventional displacement formulations due to

their efficiency and accuracy. Chan and Tuba [35] used conventional

elements and iterative procedures to solve several different contact

problems. Bathe and Chaudhary [36] imposed the contact conditions by
I

constructing the total potential of the nodal contact forces for an
1

element in contact and adding this term to the original potential energy

functional. Campos, Dden and Kikuchi [37] solved discretized contact

problems using prescribed normal boundary tractions and nonlinear

inequalities. Francavilla and Zienkiewicz [38] used the flexibility

matrices of two elastic bodies in frictionless contact along with

iterative procedures to check for penetration. This technique was later

modified by Sachdeva and Ramakrishnan [39] to include the effects of ·

friction. Marks and his colleagues [40-41] presented several solution

techniques for contact problems using the conjugate gradient technique

integrated with the finite element method for frictionless contact

problems. Okamoto and Nakazawa [42] presented a technique which used I
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three—dimensional elements and used the magnitude of load causing a

change in the contact status of one node as a load step. Fredrickson

[43] used iterative techniques to account for the contact conditions and

also used a superelement technique to reduce the number of degrees of

freedom.

Past studies of contact problems using mixed finite elements are

not nearly as numerous as those using displacement elements. Haslinger

and Hlavacek [44] presented a mixed formulation for the Signorini

problem with prescribed normal contact forces but gave no numerical t

results. Tseng and Olsen [45] applied the mixed finite element method

to several plane elasticity contact problems using the equations of

linear elasticity along with an iterative scheme.

T The increasing use of composite materials in structural

applications has generated a great deal of interest in the problem

involving a bolt or pin in contact with an elastic plate. Although a

variety of techniques have been used to analyze this problem, most

studies have used either elasticity or finite element solutions to

obtain the states of displacement and stress in the plate [1-10]. Most

analyses have neglected the elasticity of the pin by assuming that it is

perfectly rigid [4-9], while others have assumed a cosinusoidal radial
”

-

stress acting between the pin and the plate at the points of contact

[1,2,10]. The validity of this latter assumption has been demonstrated

experimentally for isotropic plates [3], but was recently shown to be

incorrect for orthotropic plates by Hyer and Klang [46]. Of the '

numerical studies of the pin-loaded plate problem, the only analysis

that accounted for the combined effects of nonlinearity, actual boundary
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loading, friction, and orthotropy of the plate was developed by

Wilkinson, Rowlands, and Cook [47], who presented a simple iterative

technique to compute the stresses around the hole of a pin-loaded

orthotropic plate. This method was later modified by Rahman et al.

[48]. The results of these two techniques were also verified

experimentally by Wilkinson and Rowlands [49]. A review of other

pertinent methods in the displacement finite element analysis of pin

joints is given by Rao [50].

1.3 Objective of the Present Study

Despite the gains made in recent years in the understanding of

contact phenomena between solid bodies, the extreme complexity of such
”

problems has thwarted the development of a general and effective

computational method of analysis. In particular, mixed finite element

models, which contain stresses as nodal variables and hence would seem

to be particularly suited for the analysis of contact problems, have

seen extremely limited use, particularly in geometrically nonlinear

analysis.

Furthermore, all numerical techniques, regardless of the

formulation used, use several key assumptions and approximations when

performing an analysis on two or more bodies in contact in order to

simplify the problem such that it may be solved. Various important

quantities, such as the static and dynamic coefficients of friction, are

assumed to be constant as a function of position and load. Hence it is

difficult to isolate the effects of the different assumptions made in

most computational schemes that have been developed in the past.
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The present study will address each of these major difficulties or

limitations and will primarily be directed toward the development of

computational techniques for the analysis of two—dimensional contact

problems. Each of these different strategies will use a mixed updated

Lagrangian formulation as a basis for the analysis. This formulation

has seen little or no use as a tool of analysis for elasticity problems

in the past; however, it would be well suited for the analysis of

contact problems since the displacements and stresses are approximated
I

independently and each of the respective components appear as nodal

variables. This immediately introduces the primary computational

disadvantage of mixed elements compared to displacement elements in that

the mixed global stiffness matrix contains dimensions 2.5 times larger

than that of a comparable displacement model since there are five

degrees of freedom per node for the mixed model versus the two degrees

of freedom in the displacement model. However, this disadvantage must

be weighed against the positive aspects of the mixed model. The

computed nodal stresses are typically more accurate for the mixed model

and also appear as part of the solution vector instead of requiring any

post computations using the gradients of the displacements and the

stress—strain relations of the material. This fact is of immediate

value in the analysis of contact problems since the boundary stresses

are required to compute the state of stick or slip at the nodes and also

to compute tangential surface tractions due to friction for a contacting

body.

In the purely numerical analysis of contact problems, different

assumptions are made to approximate the behavior of the contacting
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bodies at the region of contact. For example, in most analyses, the

material of one of the bodies is allowed to penetrate the domain of the

second contact body and is then pushed back out during a subsequent

portion of the analysis. In addition, the coefficients of friction used

in the analysis are those determined from physical tests of specimens

made of the materials in contact and are nearly always specified to be a

constant throughout the domain for the duration of the analysis. These

are but two very basic but major assumptions frequently employed in the

development of numerical schemes used to analyze contact problems.

Although these assumptions are quite necessary in order to develop a

relatively efficient algorithm, they may have drastic effects on the

results of the analysis.

Considering these observations, a new method of analysis will be

presented as part of the present study that will attempt to eliminate

the effects of some of the approximations made in the analysis of

contact problems. This technique involves the combination of an

experimental technique, which determines the true state of the

displacements on the contact boundary, with a finite element technique,

which uses the information provided from the experimental technique to

determine the states of displacement and stress within the rest of the

domain under analysis.

The major objectives of this study are three—fold. The first

objective involves the development of a mixed updated Lagrangian

formulation and corresponding finite element model of the plane

elasticity equations for large deformation analysis. This new

formulation will then be modified to develop several numerical
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algorithms for the analysis of two-dimensional contact problems.

Finally, the mixed finite element model will be combined with the

experimental technique of moire interferometry to form a hybrid method

of analysis for the contact problem of a pin-loaded plate. The goal of

this final task is quite different from that of the second task in that

it is mainly being implemented to exclude the effects of the aforemen-

tioned computational assumptions on the stress distributions. On the

other hand, the numerical schemes are self contained in that they do not

depend on any experimental data, and will attempt to model the actual

behavior of physical problems.

The following chapters contain the formulation of and examples for

the different schemes alluded to in this section. Chapter 2 contains

the development of a mixed updated Lagrangian formulation and

computational scheme for the analysis of two-dimensional elasticity

problems. This formulation is extended in Chapter 3 to develop two

computational algorithms to analyze the contact problem of a pin—loaded

plate. These approaches are developed separately to consider the

distinct cases of allowing for a rigid pin or an elastic pin. In

Chapter 4, a hybrid experimental/numerical technique is described that

combines the experimental technique of moire interferometry and the

numerical finite element method, again for the analysis of the pin-

loaded plate problem. The results of several numerical examples from

the algorithms developed in Chapters 2-4 are presented in Chapter 5.

Finally, the summary and conclusions of the present study are given in

Chapter 6.



CHAPTER II

DEVELOPMENT OF GOVERNING EQUATIONS FOR PLANE ELASTIC BOOIES

2.1 INTRODUCTION -

when describing the motion of a solid body under external or

internal loads, a Lagrangian frame of reference is typically adopted

that refers all of the variables to a reference configuration.

Referring the variables to the initial, undeformed configuration is

known as the total Lagrangian description, and referring the variables

to the current configuration is known as the updated Lagrangian

description. Problems in solid and structural mechanics involving

geometric nonlinearities due to large deformations can usually be

divided into two categories: those with large displacements, large

rotations, and small strains, and those with large displacements, large

rotations, and large strains [13]. In both cases it is assumed that the

displacements and rotations of the line elements are large. In the

first case it is assumed that the extension of and angle between line

segments is small, whereas the second case allows for large extensions

and angles. Only the first type of problem will be considered herein,

and the updated Lagrangian formulation will be used to describe the

motion.

In this chapter we begin with the statement of virtual work for an

arbitrary solid body under external load and derive the variational

statement that will be most convenient in applying the mixed finite

element model to the problem. The finite element approximations for the

displacements and stresses are then introduced into the variational

‘
11
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statement for two-dimensional bodies resulting in the final matrix form

of the Finite element equations. The required specification of the

boundary conditions is discussed using the variational form of the

linear equilibrium and stress—displacement relations of the problem, and

an alternative Formulation of the linear Finite element matrices is

given as well. A brief section on the required order of polynomial

approximation for the mixed Finite elements is given, and the chapter

closes with a section on the condensation of the mixed Finite element

matrices for two—dimensional problems. -

2.2 EQUATIONS OF EQUILIBRIUM

2.2.1 DisplacementFormulationWe

begin our derivation by First assuming that the current

configuration C1 is known at time t as well as all equilibrium
F

configurations previous to this time. we desire the solution, i.e. the

displacements, strains, and stresses, at the configuration C2 at time

t + At (see Figure 2.1). Using the principle of virtual displacements,

we can write

2
fv O (2.1a)

where 2

SFF) Ef Zriwiav +j Ztiauias (2.1b)
V2 S2

Zrij = the Cartesian components of the Cauchy stress tensor in the

configuration C2 occupying the volume V2,

ui = the Cartesian components of the displacement vector in

going From configuration Cl to configuration C2,
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X6

time = t + At

&
time = t

time = 0 .x2

X1
Figure 2.1 Motion of an arbitrary continuumin Cartesian coordinates



14

zeij = the Cartesian components of the infinitesimal strain tensor
associated with ui which is defined as

22-iii =% + (2.2)
3 1

xi = the Cartesian components of a point in configuration C2,

2fi = the Cartesian components of the body force vector measured

' in configuration C2.
”

zti = the Cartesian components of the surface stress vector

measured in configuration C2.

The principle of virtual displacements requires that the sum of the

internal virtual work stored in the body and the external virtual work

done on the body be equal to zero [51]. Here 6 denotes the variational

operator and 6ui denotes the virtual displacement vector (i.e. the

variation of ui).

Although this statement is valid at time t + At, it is not

immediately useful since the integrations are performed over domains

that are not yet known. However, we may transform this equation into a

known configuration using appropriate stress and strain measures [52].

To do this, we first define the second Piola-Kirchhoff stress tensor as

aX. aX.§sij = · am - E: w (2.2)
where Xi are the Cartesian coordinates of a generic point in

configuration Cl, QO is the density in C1 and Q denotes the density in

C2. This equation may also be written as

ax ax (2.4)



15

we have indicated in the notation that the second Piola-Kirchhoff stress

tensor is measured in C2 but is referred to Cl. Since the Cauchy stress

tensor is defined as force per unit area of the deformed configuration,

it is always measured in the most current configuration. Hence, we may

write

2 _ 2 _ 22Sij - rij : zrij (2.5)

we next define the components of the Green-Lagrange strain tensor

as

2 — 1 aui aul aum aum
1Eij · a (at * ax. * EYTBYT) (M)

J 1 1 J

Just as the Cauchy and second Piola-Kirchhoff stress tensors are related _

by a kinematic transformation, the variation in the Green-Lagrange

strain tensor Eij and the variation in the infinitesimal strain tensor
eij are related by

2 _ axm axn

Clearly, both of these strain tensors use the particle displacements ui

in going from configuration Cl to configuration C2.

we next note that the second Piola-Kirchhoff stress tensor is

energetically conjugate to the Green-Lagrange strain tensor and the

Cauchy stress tensor is energetically conjugate to the infinitesimal

strain tensor. In other words, if we use the definitions in Eqs. (2.3)

and (2.7) along with the identities

ax.aX.J
m
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and

podvl = pdvz (2.9)
then we may write the expression for the internal virtual work given in

Eq. (2.1) as

2 2 _ 2
IV 1Sij 6(1Eij)dv - fv zij 6(2eij)dv (2.10)

1 2

Substituting Eq. (2.10) into Eq. (2.1), we obtain our modified

statement of virtual work, which is now in terms of a known -

configuration, and is given by

_ 2 2 10 — fv 1Sij 6(lEij) dv - 6( F) (2.11)

1

Ne have also implied the assumption that the applied loading is

independent of the deformation of the structure, and hence

6(ZF) = 6(IF) (2.12)

Next, we use the incremental decompositions of the stresses and

strains to write

2 _ 1
lsij ‘ *15 * lsij

ZE = e + „ (213)1 ij 1 ij 1 ij °

where

1Sgj = incremental components of 2nd Piola—Kirchhoff stress tensor

leij = (incremental) components of the infinitesimal strain tensor
“^'V¢."§g1„/
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- 1aui‘
2 (EQ T axV)·
lau au

=
ä [-;V}.)’\\

¥.\;\‘»„£L(\»

‘1·SubstitutingEq. (2.13) into Eq. (2.11) gives

_ 1 10 - fvl ( 1Vj + lsij) 6(leVj + lnij) dV — 6( F) (2.15)

or
1

(
T[V dV +IV1

1 1

- 1 1 2.16— - IV rij 6(1eVj)dV + 6( F) ( )

1
.

we next Tinearize the equations by assuming that

- 2 -lsij ‘ lcijrs ers
·

61Eij ° öleij (2*7)

· and thus obtain the approximate governing equation

1)V11d151·s lars d(1d15) dv * (V1 *15 d(1“15)dv

=-I1: 6(e )dv+6(1F) 218
V 15 1 15 ( ~ )

1

The above Tinearization can be interpreted as a representation of

the nonlinear curve between two consecutive Toad steps by a Tinear Tine

segment, and must be so1ved iteratively.
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2.2.2 Mixed Formulation

A mixed (or stationary) virtual work statement that treats the

displacements and stresses as independent variables can be derived from

Eq. (2.18) as follows. First, we note that Eq. (2.18) is the first

variation of the functional

H = [ L C e e dV + f
11 ( e + n )dV -

IF (2 19)
V 2 1 ijrs 1 rs 1 ij V

’ij
1 ij 1 ij '

1 1
Clearly, H denotes the (approximate) total potential energy of the body

in configuration C2 but referred to configuration Cl, and Eq. (2.18) is

a statement of the principle of the minimum total potential energy. In

Eqs. (2.18) and (2.19) it is understood that leij and lüij are defined

in terms of ui [see Eq. (2.2)].

In the mixed formulation, we begin with the expression for the

approximate total potential energy H and introduce the stresses as

variables using the Lagrange multiplier method (see [51]). we treat the

strain—displacement relations

1 fh 211eij” ä (axj * ax,) (MH)

as constraints and let the increment in the 2nd Piola—Kirchhoff stress

tensor 1Sij act as the Lagrange multiplier. Including this in the

variational form results in the modified functional HL, which is given

by

1H1 ‘ H ‘ JV 1Sij[1€ij” ä (SY? I ax.)JH" (ml)
1 J J

where H is given by Eq. (2.19). Here we note that the sign of the
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Lagrange multiplier term is generally arbitrary and is selected as

negative to obtain the correct form of the equations that follow.

The variational principle (often called the Hellinger—Reissner

variational principle) is given by setting GHL = O. This gives

GH = f
[11 6 e + 1: 6 n + 6(l C e e — S e )L V ij 1 ij ij 1 ij 2 ijkz 1 ij 1 ka 1 ij 1 ij

1
1+ 61SijUi,j + lSij6ui’j]dV - 6( F) = 0 (2.22)

we next write the linearized expressions for the strain energy density

UO and the complementary strain energy density U2 due to the incremental

displacements as

I
u = l c e e (2 23)o 2 ijkz 1 ij 1 kz _

‘

and

* 1U6 “ 2 Dim lsij 1Sk1 (2*24)

where Dijkz are the components of the compliance tensor. Ne can then
write

I

u‘°' — u s 2 25”o”o”1ijleij (*)

and, taking the variation of this expression gives

*„

—
=

Ä •
‘"¤ ‘(2 (im leij lekl lsij laij) (2*26)

If we write the complementary strain energy density in terms of the

2nd Piola-Kirchhoff stress components as we did in Eq. (2.24) we can

write _
_ ·k

* IIII° 2 27‘ wo ‘ ‘ 61Sij ‘ ° Dim lskzölsij ( * )
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Equating the expressions in Eqs. (2.26) and (2.27) and substituting into

Eq. (2.22) shows that in the mixed model the modified functional may

also be written as au au. )/
HL = [V1 [lHij(1eij+ LHÜ) +% (2.26)

Imposing stationarity on this functional with respect to the

displacements and the stresses yields the two approximate equilibrium

equations

IV IV Lsijaumav = 6(lF) - IV 1Tij6(LeLj)dv
1 1 1

IV IV Dijkß 1Sk26(lSij)dV = 0 (2.29)
1 1

These two equations are analogous to Eq. (2.18) for the displacement

formulation. Since these equations are a linearized version of the true

statement of equilibrium, they must be solved simultaneously and

repeatedly for a given load until the increments of the displacement and

stress components are within a preassigned tolerance. The final

solution vector, after convergence, will represent the true state of

equilibrium for a given load, and the iterations are therefore

frequently termed equilibrium iterations.

we have obtained a mixed formulation by beginning with a

displacement formuation, i.e. the principle of virtual displacements,

and introducing the variation of the incremental stress components by

means of a Lagrange multiplier. The stresses are no longer dependent

functions of the displacements and may be approximated independently.

The next section is concerned with the finite element models of the
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equilibrium equations for the displacement formulation and for the mixed

formulation.

2.3 FINITE ELEMENT MODELS

Although we will ultimately be concerned with the mixed updated

Lagrangian finite element formulation of the plane elasticity equations,

we also include the displacement formulation for completeness and for

purposes of comparison.

2.3.1 Displacement Model

i Here we construct the finite element model of Eq. (2.18) for the

two—dimensional case. Ne assume that the displacement components are

interpolated by expressions of the form (see Reddy [11])

n . ·
1

ui(xl,x2) = jgl uguj(xl,x2) (2.30)

where ug denote the value of ui at the j—th node, and wj denote the

interpolation functions for a given finite element. Substituting Eq.

(2.30) into Eq. (2.18) we obtain

(lK1'] + lK°]){A} = {FL} — {F°} (2-31)

where
u

[K11 = tf [BL]T[C][BL]dA , 1 = tnickness
^1

I C11 C12 C16
[C1: [C12 C22 C26 ·C16 C26 C66
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O 0

16*1=¤ 11 o 11...11 11
(3 X 2n) 1,2 2,2 n,2

*1,2 *1,1 *2,2 *2,1 * * * *11,2 *11,1

11<°1 = tf 1ß°1T11116°14A
A .1

*1,1 ° *2,1 ° · · · *11,1 0
.

[ cl
,1,1,2 0 1,2,2 0 . . . 111,1,2 0

B =

(4 x 211) ° *1,1 ° *2,1 · · · ° *11,1
0 111,2 0 112,2 . . . 0 11,1,2

T11 T12 0 0

[ I
*:12 T22 O O

T = 0 0 T11 T12
O 0 T12 T22

{FL} = tf 111*111dA . 1F°} = tf lBLlT{1}d^
A A1 1

*: F
11l01120...11n0 ll 1

= s {T} =
T22

• =

1 2 n T 1,
12 2

(2.32)

we note that the Cauchy stress components lrij are required for

computation of the nonlinear stiffness matrices and the nonlinear force

vectors, and are computed using the Almansi strain tensor 1:121, 1
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1 -*15 ’ lcijkm lakm (2-33)

— 1 3LIl 3Um 8Um 8Um
1°km (2-34)

where the displacements are now the total displacement components

measured in the current configuration.

2.3.2 Mixed Model —

we next construct the finite element model of Eqs. (2.29) for the

two-dimensional case. we begin by assuming independent approximations

of the displacements and stresses of the form

" 1. ui(x1,x2) = jgl u1wj(xl,x2) (2.35)

s — n sk
1 1 (2.36)

where 1Säj denote the value of 1Sij at the k-th node. Substituting
these expressions into the two equilibrium equations in Eq. (2.29) gives

[K11} [K12} {{11}} {WL}; {{1*%} (2 37)1 22
“ ‘

·11<121 11< 1 {S1 {¤1 {01

where
11811 = tf [B°]T[r][B°]dA

A1
11<221 = tf 11°1*1¤111°1¤A .A1

A {K12} = 1fA [8'·1T[11°1dA (2.38)
1
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L T{F} = tf lvl {F}d^
^1

NL L T{F }= tf {B 1 {1}aA
^1

vl 0 0 vz 0 0 . . . vn 0 O

[v°] = 0 v 0 0 v 0 . . . O v 0
(3 x 3n) 1 2 D

0 O vl 0 0 Ü2 . . . 0 0 vn

(2.39)

D11 D12 D16
[D] ’ D12 D22 D26

D16 D26 D66

and the matrix quantities are explicitly defined in the Appendix. Here

n is equal to the number of nodes in the element and rij represent the

Cauchy stress components that have been determined at the last known

configuration.

As mentioned in the previous section, the equilibrium equations are

only approximate since we have linearized the true equations of

motion. For this reason, there may be errors introduced into the

computed solution at each load level, particularly if the load increment

is large. To correct for this, we minimize the force imbalance that

results from the linearization process for a given load increment. Ne

do this by updating the stiffness matrices and force vectors to account

for the change in the nodal positions and the Cauchy stresses during a

given load step. The iterations are continued until the force
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imbalance, represented by the right hand side vector, is reduced to

below some convergence limit. For example, the displacement and stress

component increments at the (i.+ 1)st iteration for the solution at time

t + At are calculated using

<{¤<L1 + {¤<"L{>,{A¤{,,l =

{HLwherethe L and NL denote the linear and nonlinear contributions,

respectively, and the stiffness and force terms have been computed using

the displacements and stresses known from the previous iteration i. For

the displacement model, the solution vector {Ax} contains only

displacements, while the mixed model implies that both displacements and

stresses are nodal unknowns. .

For both the displacement and the mixed models, Eq. (2.40) must be

solved repeatedly until the force imbalance is reduced to below or

within a fixed tolerance. This amounts to measuring the percentage of

the displacement and stress increments (measured using the Euclidean

norm of the incremental solution vector) relative to the Euclidean norm

of the total solution vector. when the increase in the displacements

and stresses has been reduced to below a very small percentage of the

total solution, the approximate state of equilibrium has been obtained

for the given load step, and the load may then be increased or the

analysis may be terminated.

The solution of Eq. (2.40) allows us to compute the total

displacements and the Cauchy stresses at time (t + At). To compute the

displacements we simply use the equation
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2 _ 1ui - ui + ui (2.41)

In the mixed formulation, there is no need to compute the Cauchy

stresses using the Almansi strains as was required using the

displacement formulation, Since the increments of the 2nd Piola—
/

Kirchhoff stress tensor are computed as nodal variables, we simply use

our incremental decomposition of the stress given in Eq. (2.13) as

1Sij — rij + 1Sij (2.42)

I To obtain the values of the Cauchy stresses within a given element as

required in the computations of the nonlinear stiffness matrix and force

vector, we may simply use nodal stress interpolation, or

— n
"

' 2 43

when the increment in the 1Sij terms is reduced to be within the
required tolerance, we have by definition of the second Piola—Kirchhoff

stress tensor

2 _ 22Sij - rij (2.44)

and we have clearly obtained our desired configuration C2.

If the element stiffness matrices shown in Eq. (2.37) are assembled

in the form shown, the matrix [K11] will be a null matrix for the first

iteration of the first load step since the Cauchy stresses are zero

everywhere in the domain for the undeformed configuration Co. The

global stiffness matrix counterpart of the submatrix [K11] will also be

a null matrix, resulting in an indefinite system of equations. The use
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of pivoting will eliminate this problem but will generally destroy the

bandwidth of the system of equations. Mirza [53] has suggested

premultiplying the left and right hand sides of the global finite

element equation by the transpose of the global stiffness matrix, as in

the least squares technique, to yield a positive definite system. In

the present study, the first node of the finite element mesh was,

selected such that both of its displacements were specified to be

iero. This results in the value 1.0 being placed in the diagonal

position for the first two rows of the global stiffness matrix during

the imposition of the boundary conditions. As the Gauss elimination is

performed on each row of this matrix, the zeros on the diagonal

_ corresponding to the remaining displacement degree's of freedom are

eliminated. Hence, as long as the nodes are numbered as described here,

_ a conventional banded solver may be used to solve the global system of

equations.

2.3.3 Boundary Conditions and an Alternative Formulation

Although we have constructed the mixed finite element model for the

approximate equilibrium equations given in Eq. (2.29), no explicit

mention has been made of the required specification of boundary

conditions using mixed elements. In order to determine the nature of

the boundary conditions, we consider the variational formulation of the

(linear) equations that govern the problem. This will allow for the

classification of the boundary conditions of the mixed model into

~
natural and essential boundary conditions, and will also yield an
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alternative formulation of the linear portion of the finite element

matrices.

The equations that we will use in the mixed model for two-

dimensional problems are the equilibrium equations

ax ay

(2.45)
aS aS

ax ay

and the stress-displacement equations, which may be written for an

orthotropic material as

au =ax Dllsxx + D12Syy + Dlösxy

Ä! = D S + D S + D S (2 46)ay 12 xx 22 yy 26 xy '

au av _
ay + ax - D16Sxx + D26Syy + D66Sxy

where we have indicated that we are using the coordinate directions xl =

_ x and x2 = y.

Ne next construct the variational (or weak) form of these five

equations by first taking all terms to one side and multiplying each of

them by a different test function wi and then integrating the resulting

product over the domain of a typical finite element:

aS aS
= xx xy0

fgaS aS
0 = f w2(—S§¥ + —5§¥)dxdy

0
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- gg _ _ _0 - fg w3 (ax DIISXX D12Syy Dl6SXy)dxdy (2.47)

- gg _ _ _
0 W4 (ay D12Sxx D22Syy D26Sxy)dXdy

„ = ä! El - - -0 In W5 (ay + ax D16Sxx D26Syy D66Sxy)dxdy

The test functions wi, i = 1,5 in these equations appear to be

arbitrary. However, in order for these equations to have some physical

meaning, the test functions in this case represent the first variations

of physical quantities, given by

wi = Gu

wz = öv

w3 = - 6Sxx (2.48)

w4 =—ws

= -6SXy

In this case it is obvious that the signs of the test functions are

truly arbitrary and have been taken with the given signs strictly to

ensure that the resulting finite element matrices are symmetric.

The next step in constructing the weak form of the governing

equations is to transfer the differentiation from the primary unknowns

onto the test functions using integration by parts. This decreases or

weakens the continuity requirements for the unknowns. we immediately

¤ .
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observe that transferring the differentiation yields no apparent

advantage since the order of approximation is the same for the primary

unknowns and the test functions, and the terms in the parentheses are

differentiated only once. However, our goals in constructing the

variational formulation of the governing equations are to yield

physically meaningful boundary conditions and, using the approximations

for the displacements and stresses given in Eqs. (2.35) and (2.36), to

eventually obtain symmetric finite element matrices. To this end, we
D I

perform the integration by parts on only the first two equations.

Performing this step and substituting in the expressions for the test

functions gives

- ä @20 - - fQ(SXX ax + Sxy ay )dxdy + §r(SxXnx + Sxyhy)6UdS

- _ E! EH0 - fQ(Sxy ax + Syy ay )dxdy + §r(Sxynx + Syyny)6vds

-
_ E0 - fQ( ax 6SXx + 011SXX6SXx + D12Syy6Sxx + 016Sxy6SXX)dxdy (2.49)

av= — — D S D S D S d d0 fQ( ay 6Syy + IZSXX6 yy + 22Syy6 yy + 26SXy6 yy) x y

- E! , il0 - fQ(— ay 6Sxy ax 6Sxy + D16Sxx6Sxy
—

+ D66SXy6Sxy)dxdy

where r represents the boundary of the typical finite element. we note

that these five equations represent the components of the linear part of

the virtual work statement given in Eq. (2.29). In addition, we note
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that the terms within the volume integrals in the first two equations

represent the strain energy densities due to the virtual displacements

GU and sv, where the terms within the volume integrals in the last three

equations represent the complementary strain energy densities due to the

virtual stresses 6SXx, 6Syy, and 6Sxy.
Ne may also identify the nature of the boundary conditions using

the terms in the boundary integrals in the first two equations. Since

only the variations of the displacement components u and v appear in the

boundary integrals, specifying

u = u
„ on r (2.50)

v = v

constitute the essential boundary conditions of the problem. Specifying

the coefficients of the variations of the displacements u and v yields

the natural boundary conditions, or

tx E Sxxnx + Sxyny
on r

ty E Sxynx + Syyny (2.51)

These boundary conditions are exactly the same as those specified in the

displacement finite element model.

we may also use the weak form of the governing equations to

construct the linear portion of the mixed finite element model by

substituting our expressions for the displacement and stress increments

given by Eqs. (2.35) and (2.36) into the five equations given above.
1

Performing the required substitutions and letting the variations in the

quantities be equal to the approximation functions wi allows us to write
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the finite element equations in matrix form as

101 101 11<l31 101 11<l51 {0} {F11
101 101 101 11<2"1 11<251 101 1121
11<“1 101 11<”1 11<3"1 11<351 {sw} = {0}
101 [K42l 11<"31 11<""1 11<"51 {sw} 10}
11<511 11<521 11<531 11<5"1 11<551 {sw} {01

(2.52)

where the coefficients of these submatrices are given in the Appendix.

These equations may be written in the partitioned form delineated above

65

1 101 112*21 {1131 11*1} °
= (2.53)[112121T 112221] 1%.1} {101

These matrices are precisely the linear components of the nonlinear

finite element matrices given in Eq. (2.37). Hence the variational

formulation has not only yielded_the required boundary conditions, but

also an alternative formulation for the development of the linear finite

element equations for the mixed model.

2.3.4 On the Order of Approximation

In this section, we note an important point on the order of

polynomial approximation using the mixed elements. The variational

statements of the governing differential equations for problems in plane

elasticity given in Eq. (2.49) show that the stress components appear

undifferentiated whereas the displacement components u and v are each
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differentiated once with respect to the x and y coordinate directions.

Hence to ensure continuity, the stress components must be approximated

by at least a constant within the element and the displacement

components must be at least linear in both x and y within an element.

The approximation order should also be such that the mathematical

definitions of the displacements and stresses are accounted for and are

consistent with one another, i.e. the stresses are a function of the

gradients of the displacements.

The continuity requirements of the variational statement of thel

problem alone are not sufficient in guaranteeing that the mixed finite

element matrices will be acceptable for the analysis of a given

problem. Unless the displacement and stress approximations are of a

given order, the element matrices will contain more than the allowable

three zero eigenvalues corresponding to the three rigid body modes for

two-dimensional bodies. This point was examined in detail by Mirza and

Olsen [20] who proposed and verified a completeness criterion that

restricts the choice of the order of approximation for the displacements

and stresses. The completeness criterion was given as:

The strains from the stress approximations

' should possess at least all the strain modes

that are present in the strains derived from the

displacement approximations.

”
when this criterion is violated, the global stiffness matrix in the

mixed model will be singular even after the imposition of the boundary

conditions. Isoparametric rectangular elements are used for all of the
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examples considered herein and, to meet the requirements of the

completeness criterion, only linear—linear or quadratic—quadratic

combinations are used to approximate the distributions of displacements

and stresses in the mixed model.

2.4 MIXED ELEMENT MATRIX CONDENSATION

In the mixed finite element formulation of the plane elasticity

equations, the stress component increments are given as nodal

variables. Hence, the assembly of the element stiffness matrices over

the complete domain of the problem to construct the global stiffness

matrix requires that the stresses be continuous across each interface

between all elements. Although this assumption is valid for many

problems, there are cases where the material properties, and hence one
U

or more of the three stress components, are discontinuous. Such an

example can be found in the bending of a composite beam. Clearly, mixed

elements should not be used in the analysis of such problems, since the

stresses will be erroneous at the points of material discontiuity.

One way to circumvent this difficulty is to condense out the stress

degrees of freedom at the element level so that the continuity of the

stresses across the element interface is no longer enforced. To do this

we recall from Eq. (2.37) that the finite element equations can be

written in partitioned form as

[IKM} {K121] {u} _ {F}

The second of these two matrix equations can be written as
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l)<121T{u} + [K22]{S} = {0} (2.55)

Hence the nodal stress vector for a given element becomes

{s} = — [K22]”1[I<l2]T{u} (2.56)
Substituting Eq. (2.56) into Eq. (2.53), we obtain

[Kl1]{u} - {)<l21{)<221‘1{¤<l2}T{u} = {F} (2.57)
or

{F} (2-58)
where

im = 0811 - {Kl2l{¤<22l“llKl2lT (2.69)
Equation (2.59) is assembled as usual, and is solved for the nodal

displacements (after applying the boundary conditions). The nodal

stresses that were condensed out are then computed at the element level

using Eq. (2.56). Since the stresses are no longer nodal variables,

they will be discontinuous between elements.

Two points regarding the condensation procedure using linear

elements merit some discussion. First, it can be shown that the matrix

[K*l°in Eq. (2.59) is precisely the element stiffness matrix derived

from a displacement formulation. Second, computing the nodal stresses

using Eq. (2.56) yields exactly the same stresses as those computed

using the procedures typically followed in a displacement formulation,

i.e., computing the strains at the node points and then using the

constitutive relations to compute the stresses. As with the

condensation procedure, the stresses computed in a displacement

formulation are not continuous between elements due to the discontinuity

of the gradients of the displacements.
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Although the condensation procedure results in the stiffness matrix

derived from a displacement formulation for the case of linear elements,

this equivalence does not generally hold for elements containing higher-

order approximations. For example, a quadratic isoparametric element

will have the exact same stiffness matrices computed from Eq. (2.59) as

from a displacement formulation only if the element shape is

rectangular. If the element sides are not parallel with one another,

the entries in the two stiffness matrices will not be identically the

same, although they should be fairly close to one another. As the

element shape differs from that of a rectangle, the discrepancies

increase. Hence a quadratic element with curved sides will possess

larger differences between the entries of the stiffness matrices

computed from the two different approaches than will a quadratic element

with the shape of a quadrilateral.



CHAPTER III

NUMERICAL ALGORITHMS FOR PLANAR ELASTIC
CONTACT PROBLEMS

3.1 INTRODUCTION

In this chapter we discuss two techniques for the analysis of two-

dimensional elastic contact problems. Contact problems have a host of

4
computational difficulties since the regions of contact are typically

not known as a function of any of the parameters of the problem nor are

the regions of relative stick and slip between the two contacting bodies

due to the presence of friction. Most current numerical algorithms that

solve contact problems are relatively complex and use a number of

iterative schemes to account for the changing boundary conditions and

regions of contact.

The nonlinear mixed finite element formulation described in Chapter
I

2 forms the cornerstone of the methods described in this chapter. The

displacement finite element method has been used almost exclusively in

previous numerical analyses of contact problems.- Mixed elements provide

the immediate advantage of computation of stresses as nodal variables,

4 which is ideal for contact problems since the stresses may be obtained

precisely on the contact boundary.

Although a number of contact problems may be analyzed by the two

methods to be described in this chapter, the basic problem of interest

involves a thin, pin-loaded plate under a uniform in-plane load, as

shown in Figure 3.1. The plate may be orthotropic or isotropic, and the

pin is generally considered to be isotropic, The first algorithm allows

_ 37
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Figure 3.1 Elastic plate restrained by a pin and subjected
to a uniform, in-plane load
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for the assumption of a rigid pin, and the second algorithm is much more

general and allows for an elastic pin.

3.2 RIGID PIN CONTACT ALGORITHM

In general, contact problems involve two or more elastic bodies

pressing against one another under external or internal load. In the

case of a pin—loaded plate, the bodies of interest are the plate and the

pin. If the assumption of a rigid pin is used, the analysis is

simplified considerably. This assumption eliminates the need to analyze
l

the pin, which not only provides a known point of reference for the

ensuing contact (i.e. the surface of the pin), but also drastically

reduces the resulting global finite element system of equations since

there is no need to discretize the domain of the pin.

The assumption of a rigid pin is reasonable if the modulus of

elasticity of the pin is much higher than that of the plate. Analytical

studies have also shown that, in the contact analysis of composite

plates, pin elasticity is not an important variable and has a relatively

small effect on the resulting stress distributions [46].

One simple and effective method for analyzing thin, orthotropic,

pin—loaded plates was developed originally by Nilkenson, Rowlands, and

Cook [47] and was later refined by Rahman et al. [48] to capitalize on

the computational advantages that arise from the rigid pin assumption.

This method uses three separate iteration steps to account for the

incremental load level, the contact process, and the effects of

friction. Both the original and refined schemes use displacement finite

elements. In the load step iteration, the solution for a given load



40

increment was treated as a linear analysis, i.e. the equations of linear

elasticity were used. The stresses in the plate were computed for each

given load level using the original undeformed configuration of the

plate along with the final displacement vector.

The computation of contact stresses using displacement elements in

the analysis of contact problems may create difficulties since the

contact action frequently results in very large displacement gradients

near the region of contact. Since the required stresses in a

displacement model are generally computed at the element interiors and

are then extrapolated to the contact boundary, some type of stress

smoothing is often necessary using, for example, a local least squares

routine [54] or iterative improvement on the averaged nodal stresses

[55]. Using mixed elements, this is not necessary since the stresses

are computed as nodal variables and no postcomputation is necessary to

modify the resulting nodal stresses. It is for this reason that mixed

elements would appear to be advantageous over displacement elements for

contact problems since the stresses on the boundary are required for

certain portions of the analysis.

The refined algorithm developed by Rahman [48] uses a mixed polar-

Cartesian coordinate system to fix the proper displacements-of the nodes

of the plate that have come in contact with the circular pin. An

iterative scheme is used to ensure that all nodes that have come in

contact remain in contact for a given load step. In other words, after

every iteration the positions of all contact nodes of the plate that

have previously come in contact with the pin are corrected in the radial

direction so that they remain on the surface of the pin, which is
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actually defined as a set of imaginary points that specify the region of

no penetration. If the resulting shearing stress for a given contact

node is larger than the induced radial stress multiplied by the nodal

coefficient of friction, the node is considered to be sliding, and it

may subsequently move in the tangential direction of the pin.

Otherwise, the node is considered to be sticking to the pin due to

friction, and it is fixed to an interpolated position on the pin for the

remainder of the analysis. This iterative procedure is repeated until

the sum of the load steps has reached the required load level. The

details of this method are more completely described in reference [48].

3.3 ELASTIC PIN CONTACT ALGORITHM

The assumption of a rigid pin, which is reasonable for cases when

the two bodies in contact have a very large difference in modulus of

elasticity, is not usually valid for contact between two generic

bodies. The algorithm described in the previous section, though useful

for certain problems, was_mainly developed to demonstrate the use and

accuracy of the mixed finite element method for the analysis of contact

problems. For general problems involving arbitrary bodies, it is

necessary to revise the analysis to include the effects of pin

elasticity, which may be significant if the two bodies are of similar

constitution. A second computational algorithm is described below for

this more general type of contact problem.

3.3.1 General Concepts —

To account for the complications arising from contact and the

presence of friction between two elastic bodies, we add a Lagrange A
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multiplier contribution to our original expression in Eq. (2.28) which

will represent the summation of the total potential of each of the

contact forces acting at the nodes on the discretized contact

boundary. In addition, the kinematics of the elements of the two bodies

at the contact interface must be monitored such that the nodal

displacements are compatible, i.e. the bodies must not overlap. we

therefore will eventually invoke stationarity of the modified functional
[

k
nc =&uL —

iil
wi (3.1)

where k represents the number of the contactor nodes on the boundary and

W represents the total potential for a given contact force acting at a

given contact node. This idea was originated and developed using a

displacement formulation by Bathe and Chaudhary [36].

To determine the total potential for a contact force at a given

contact node, we consider the local geometry of a contactor node K that

will penetrate the target domain whose boundary is defined by the nodes

A and B as shown in Figure 3.2. In our discussion, we will assume that

the two bodies have been discretized using linear elements. Although

the algorithm could be developed using higher-order elements, this

somewhat complicates the analysis, and·linear elements were used in this

study because of their relative simplicity in many phases of the

subsequent analysis. For our problem, we define the pin to be the

contactor body and the plate to be the target body to remove the

ambiguity of analyzing two elastic bodies. Only the nodes on the pin

will be required to remain on or outside of the domain of the plate

during the loading of the plate, while the nodes of the plate are
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Figure 3.2 Local geometry of contactor node
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allowed to be within the domain of the pin. This is a key assumption

and requires some care when modeling the problem to ensure that all

—contactor nodes (i.e. contact nodes on the contactor body) are

originally outside the target body.

K In the formulation that follows, we assume that (i - 1) iterations

have been performed in the quest for the equilibirum configuration C2 at

time t + At for a given loading. During the last iteration (i-1), the

displacements of the nodes K, B, and A have been such that the contactor

node K has penetrated the domain of the plate a distance CK, where

CK = |CK| = AK (3.2)

and

CK = AKxi + . (3.3)
The distance CK represents the minimum distance from the penetrated node

K to the surface segment of the target body, which is defined as the

line segment between the two nodes A and B of the target body.

The intermediate configuration defined by the updated Cartesian

coordinates of the nodes after iteration (i - 1) is clearly not in an

acceptable state of equilibrium since the contactor body has penetrated

the target body at node K. This node must eventually lie exactly on the

boundary of the plate, i.e. on the target segment defined by the nodes A

and B, and its relative position 6 between nodes A and B must be a

function of the coefficient of friction between the two bodies. In

order for this to occur, the displacements of the nodes A, B, and K must

be adjusted accordingly during the following iteration and a contact

force must develop at the contactor node K as a result of the K

elimination of the overlap distance. we denote the latest estimate to
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this contact force at node K in configuration C2 as

2+ (i-1) _ (i-1)+ (i-1)+KK — KKX 1 + KKy J (3.4)

This contact force is equal to zero after iteration (i - 1) and is

developed as the overlap distance is eliminated during iteration (i).

Although the contact force acts alone at node K, it must be

balanced by equivalent nodal forces at nodes A and B of the target e

segment. Imposing moment and force equilibrium on the discretized

target segment defined by the contactor node K and the target nodes A

and B and solving these equations simultaneously gives the expressions

for the target segment nodal forces as

2+(i—1) _ (i-1) 2+(i—1)KA — - (1 — 6 ) KK

2i(i-1) =
_ B(i—1)2X(i-1)B

K

As these nodal forces are generated, the displacement increments at the

nodes A, B and K, which are given by Augi), Auéi) and Auéi), .

respectively, must occur such that the overlap distance CK is eliminated

during iteration (i). Hence, the total potential of the contact force

at node K may be written as

wk+

{2Kgi)}T{Auéi)} + {2Kéi)}T{Auéi)} (3.6)

where the first term is due to the contactor body and the remaining

three terms are due to the target body.
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Since the contact force is originally equal to zero and is

developed during the elimination of the overlap distance, we may write

the incremental decomposition of the contact force at node K as

(3.7)

we note that if the two bodies are in sticking contact, the contact

force components may be written as in Eq. (3.4). However, if the bodies
I

in contact are sliding, the contact force component increment in the

direction tangent to the target segment is equal to zero, or ‘

+(T) = _ (T)~AAK AAS ns (3.8)

where HS is the unit vector acting normal to the target segment as shown

in Figure 3.3. This expression is true because AAS acts as a workless

constraint force and only the normal contact force component may act in

eliminating the overlap distance. In addition, the value of 6 will

change during the iteration due to the relative slip between the two

bodies. This value change is assumed to be negligible for each

iteration.

In order to impose stationarity on the contact functional nc, we

need the first variation of wk. Using the Equations (3.5)-(3.7), we may
T ‘

write the first variation of the total potential of the contactor node K

due to sticking contact as
?(.£" i·‘

- 2 (T) T (T) (T-1) 2 (T) T (T)T- <8 -8 TT 8K T T883 T
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• • • • •

(1(i) T (i) (i) T (i-1)
- {6AxK } {AuK } - {6AxK }-{nuK } (3.9)

(1(1+

where the vector notation has been used to imply that the x and y

components of the terms given within the braces are represented and the

T superscript represents the transpose of the vector. we note that only

the displacement increments and the contact force increments are allowed

to vary, but the contact force components and the overlap distance

components are fixed scalar quantites.

Similarly, we may write the components of the target segment unit

normal vector as

ns = nsxi + nsyg (3.10)

and using Eqs. (3.5)—(3.6) and Eq. (3.8) we may write the expression for

the first variation of the total potential for the contact force at node

K due to sliding contact as

-6wK = -{2xéi“1)}T{6Auéi)} + (1 — 6(i°1)){zx§i'l)}T{6AuÄi)}

Axéinsysauég)

- (1 (1

(i) (i) _ (i—1) (i)6 Axs nSx6AuBx 6 Axs nSy6AuBy

(i) (i) (i) _ (i-1) _ (i—1)- 6AxS [-nSxAuKX
— nSyAuKy nSXAKx nSyAKy
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_ (1-1) (1) _ (1-1) (1) (1-1) (1)+ (1 6 )nSXAuAx + (1 6 )nSyAuAy + nSx6 Außx

(1-1) (1)+ nsyß Außy ] (3.11)

Here we have written out the components of the terms involving the

contact force increments to aid in showing the origin of the terms in

the sliding contact matrix and force vector. These are developed in the

following section.

3.3.2 Finite Element Matrices .

Our ultimate objective in constructing the total potential of each

of the contact forces is to impose stationarity on the modified

functional in Eq. (3.1) with respect to the displacement, stress, and

contact force component increments. Hence, we must separate the

coefficients of the variations in the contact force increments and the

displacement increments of nodes A, B, and K for the expressions in Eq.

(3.9) and Eq. (3.11). The resulting contact equations can then be

written in matrix form as

N
(11¤"))T (111/ 101 1•<§31 {111111)}

-6 =
_ _1 4111. (11111))* lKé3lT ¤•<§11 (6111}

111%wherethe entries of the [Ké3] and [Kä3] matrices and the contact force

vector {2Réi”l)} for the cases of sliding and sticking contact are given

in the Appendix. These components are then added to the existing finite
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element matrices resulting from the stationarity of HR which were given

in Chapter 2. Performing this step allows us to write the final finite

element matrix representation of the stationary constraint imposed on

the modified functional expressed in Eq. (3.1) as

{ku} 11<121 161 161 161 11<§’1 {Auml[IKIZIT 11<221 161] + [161 161161(IO]
161 161 - 11<§21‘ 161 1¤<§21 {AAm}

= ({6}} {6} ) + ; {6l 13.131
{0}{0}The

nature of the contact matrices will depend on the state of.

stick or slip between each contactor node and its corresponding target

segment, and the contact matrix and contact force vector must represent

this current state. The entries in the contact matrices and force

vectors are shown to be added to the standard mixed finite element

stiffness matrix of a typical element in Eq. (3.13) as a matter of

convenience. It should be understood that the constraint equations were

derived for a generic contact node and its target segment, and the

contact matrix and contact force vector entries must only be added to

the existing values corresponding to the proper global degree's of

freedom of the standard stiffness matrix for these contactor and target

segment nodes.
’

Once the proper contact matrix and contact force vector

corresponding to stick or slip for each of the contactor nodes have been

added to the global finite element matrix and total force vector, the
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solution procedure is similar to that of the standard nonlinear

analysis. The global system of equations is solved repeatedly for the

increments in the displacements, stresses, and contact forces until the

Euclidean norm of the incremental solution vector and/or the total force
S

vector are within a preassigned tolerance. During the iterations, the

entries in the contact matrices and the contact force vectors are

updated to reflect the most current state of the geometry and loading.

Once the solution has converged, another load increment may be applied

or the analysis may be terminated.

3.2.4 Determination of Stick and Slip

An important facet of the analysis is the determination of the

state of stick or slip between each of the contact nodes and their

corresponding target regions after each iteration. This step indicates

whether the sliding or sticking contact matrices should be imposed for

the next iteration. In reference [36], which uses a displacement

formulation, the total distributed tractions along the contactor

elements are computed after several intermediate steps and are compared

to determine the state of stick or slip for a given element. Using the

mixed formulation, this part of the analysis is simplified considerably

since the state of stress is known precisely at the nodes and hence may

be computed for each contactor node rather than for an element side.

Using the stress transformation equations along with the relative angle

(with respect to the fixed Cartesian reference frame) of the target edge

of the target segment, the normal stress component an and the shearing

stress component ent may be computed for each of the contact nodes.
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Clearly, if the two bodies are in contact, the normal stress component

of the contact node acting on the target body should be compressive. If

we designate the static or dynamic coefficient of friction as u, we say

that if, for a given contactor node,

lrntl > planl (3.14)

then the node is in sliding contact, and if

planl z lrntl (3.15)

then the node is in sticking contact. It should be noted that these

expressions are the computational equations used to determine the state

of stick or slip for a given node. Physically, however, Eq. (3.14)

would be an equality since the node begins to slide as soon as the ~

tangential stress just exceeds the frictional capacity of the node.

Equation (3.15) would then be changed to a strict inequality. This

physical situation is a very minor factor, however, since this

bifurcation point would rarely be realized computationally.

Specifying u to be the static or dynamic coefficient of friction in

these equations will depend on if the node was sliding or sticking

during the previous iteration. This comparison is made for all nodes in

contact after each iteration, and the correct contact matrix is

implemented for the next iteration. Since the state of stress is not

known for the first iteration after the nodes have come in contact, the

state of sticking contact was assumed so that a non—recoverable

tangential displacement was avoided.
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3.2.5 The Computation of Contact Forces

In the case of sticking contact, the increments in the contact

force vector components are both nonzero since a force may develop in

both the normal and tangential directions of contact along the target

segment due to the two bodies sticking together. In the case of sliding

contact, the only nonzero incremental contact force component is that in

the direction normal to the target segment, which is automatically

accounted for by the contact matrices given in Eq. (3.13). However,

there is also a force component that opposes the relative tangential

motion of the contactor node due to the presence of friction acting

along the target segment containing the contactor node. Although this

force component does not exist for frictionless problems, meaning that

the sliding contact matrices may be imposed for all iterations with no

corrections, this is not true in general. This section addresses the

issue of the computation of these tangential forces that must be applied

to the contactor nodes with nonzero coefficients of friction that are in

sliding contact along their corresponding target segments for a given

iteration.

According to the criteria given in Section 3.2.4 to determine the

state of stick or slip for a given contactor node, we observe that there

are four possible combinations of stick and slip for the triplet of

nodes neighboring and including the contactor node K. These four cases

are shown in Figure 3.4. The first and fourth cases are relatively

simple to handle computationally. In case 1, all three of the nodes are

in sticking contact, and there are no additional force contributions due

to friction resistance since the nodes do not slide. In case 4, where
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stick stick stick stick stick sliplK

- 1 K K + 1 K — 1 K K + 1

_ a) Case 1 b) Case 2 _

stick slip slip slip slip slip

K - 1 K K + 1 K — 1 K K + 1

c) Case 3 d) Case 4

Figure 3.4 Possible combinations of nodal stick and slip
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a11 nodes are s1iding, the on1y forces that need be app1ied in the

tangentia1 directions are those due to friction. To compute these

forces, we need to compute the tangentia1 tractions acting on the

contactor segment that corresponds to the tota1 frictiona1 capacity.

1 This step must be performed for each of the two contactor segments.

To do this, we must first compute the norma1 and tangentia1 surface

tractions using the noda1 stress va1ues computed during the previous

iteration, a1ong with the equations

tn = °nnnn + Tntnt
tt = rntnn + attnt (3.16)

For segment 1, which contains two s1iding nodes, the tangentia1 surface

traction is given by _

E; = ¥ afl + gig tf (3.17)

where the subscripts t and n indicate the tangentia1 and norma1

directions, respective1y, and ui is the static or dynamic coefficient of

friction at node i, depending on if the node was in sticking or s1iding

contact during the previous iteration. To compute the tangentia1 force

corresponding to these surface tractions, we use the formu1a for the

equiva1ent noda1 force given for p1ane e1asticity prob1ems as

Fti = ßstäpids (3.18)

where S represents the boundary of the given e1ement. Since we are

working with 1inear e1ements, the frictiona1 force corresponding to the

modified tangentia1 traction ti, which in this case is constant a1ong

the segment, wi11 be divided even1y between the two nodes of the
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segment. This procedure is repeated for the second contactor segment,

which borders the contactor node K on the opposite side, and the total

summed force of these two frictional force components is applied to the

contactor node K as an external load for the next iteration.

The remaining possible cases involve a contactor segment with one

node sticking and one node sliding. If the neighboring segment is -

completely slipping (case 2) or sticking (case 3), the contact forces

for this segment only are computed using the procedures described

previously for the first and fourth cases. Hence the remaining case
l

that we need to concern ourselves with is the situation shown in Figure

3.5. Clearly, the basic problem involves accounting for the transition

between the zones of stick and slip, including the computation of the

tangential contact force due to the appropriate tractions along the

segment between the sticking node and the sliding node.

In order to determine the force due to friction along a segment

acting on the sliding node, we first need to determine how much of the

element segment is in sliding contact and how much is in sticking

contact. For the sticking node, the frictional capacity of the node

exceeds the corresponding shear stress, while this inequality is

reversed for the sliding node. Since linear elements are being used, we

assume that the frictional capacity and the shearing stress both vary

linearly along the contactor segment. Hence there is a point m whose

position is defined by the parameter a, which denotes the point of

transition between the zones of sticking and sliding contact. Using the

assumption of linear stress variation and similar triangles allows us to

compute the value a as
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Figure 3.5 Surface tractions for element side with
sections of stick and slip
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K-1
a (3.19)

where the superscripts outside the parentheses indicate the node at

which the enclosed quantities are measured. Since the terms computed

within the parentheses are all positive, the value of a must be between

zero and one.

Using a to define the transition point, we next modify the

tangential surface tractions to account for the portion of the contactor

segment that is sliding. we note that the normal tractions are not

changed since they do not explicitly depend on the state of stick or

slip. At the transition point, the tangential traction is reduced to

the value tg, where

*
umt: ukt:

tm = —ä—— + —ä—— (3.20)

where m represents the transition point. The values of the tangential

tractions in the sticking regions remain the same as computed using the

nodal stress values. Using this equation and the modified values given

in Figure 3.5, we may write the final distribution of the tangential

traction t as a function of the length along the segment, denoted by x,

as

tz ‘ tl .(—i)x+t if Osxsad1; =
°‘d l (3.21)
t3 if od < x s d

where the values of tl, tz, and t3 are given in Figure 3.5.

To compute the equivalent nodal forces corresponding to these

tractions, we use Eq. (3.21) and substitute in the value of t given by
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Eq. (3.18) for t;. The tangential traction is no longer a constant

across the length of the contactor segment, and the force will no longer

be divided evenly among the two nodes of the contactor segment.

Performing the required integrations yields the desired tangential force

components for the contactor nodes K - 1 and K as

1)}
(3.22)

Fx T t1%+t2%"t2d(%'%)

The component of force FK_1 is already incorporated into the contact

force acting at node K — 1 as part of the analysis. The magnitude of

the force FK, however, must be added to the tangential contact force at

node K computed from the tractions acting on segment 2. This second

force is equal to zero if the node K + 1 is not in contact, and is

computed using Eq. (3.17) if the node K + 1 is in sliding contact.

As in the case of computing the state of stick or slip for a given

contact node, it is evident that having stress as a nodal variable is

quite advantageous. The normal and tangential surface tractions may be

readily computed using the nodal stress values instead of using the

nodal contact forces or other techniques to compute these quantities.



CHAPTER IV
A HYBRID NUMERICAL/EXPERMENTAL TECHNIQUE FOR

CONTACT PROBLEMS

4.1 INTRODUCTION

The primary difficulty in the numerical analysis of contact

problems is the lack of knowledge regarding the region of contact and

the state of stick or slip between the two bodies. If the regions of

contact and the state of stick or slip are known for a given load level,

the analysis is greatly simplified. A hybrid experimental/numerical

technique is developed in this chapter that combines the experimental

technique of moire interferometry with the numerical finite element

method to form a hybrid technique. The new method uses the advantages

of each of the two separate methods to create an accurate and powerful

tool of analysis.

The concepts and development of the nonlinear mixed finite element

model have been presented in detail in Chapter 2 and will not be

repeated here. In this chapter, the basic concepts of moire

interferometry, the experimental portion of the hybrid technique, are

presented. The details of the hybrid technique are discussed, and the

geometric and material properties of the physical specimens and the

finite element models are given in preparation of the presentation of

the numerical results given in the following chapter.

4.2 MOIRE INTERFEROMETRY _
A search for the origins of the French word "moire" would lead to a

fabric known as watered silk, which displays varying patterns of light

60
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and dark bands. For this reason, the so-called moire effect occurs

1 whenever two similar but not identicai arrays of lines or dots are

arranged such that one array can be viewed through the other [56].
l

. Moire methods have been used in the field of solid mechanics for several

decades to analyze deformed bodies. During recent years, the

sensitivity of these methods has been improved dramatically.

Moire interferometry is an experimental technique which may be used

in solid mechanics problems to measure in-plane displacements of

deformable bodies under external action. The method is unique in that

it is not dependent upon the geometrical or material nonlinearities of

the specimen under analysis. All moire techniques use two bar-and-space

gratings, one as a reference and one that is attached to the specimen.

As the specimen is deformed, the specimen grating deforms along with it,

and a contour map of moire fringes is formed due to the deformed

specimen grating contrasting with the undeformed reference grating.

Since the displacements in a given direction are directly proportional

to the fringe order, the corresponding displacements may be computed by

the analyst by counting the number of fringes on the contour map.

Stresses may then be calculated using the gradients of the

displacements, though this can become quite tedious and is not as

accurate as the displacement computation.

Moire interferometry provides the required sensitivity that is

needed to accurately measure the small in-plane displacements of the

two-dimensional pin-loaded plate contact problem. In particular, this

method provides valuable information on the state of the displacements

at the interface boundary between the pin and the plate. This
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eliminates the need for theoretical assumption on exactly what is

occurring at the contact boundary that is so common in most numerical

simulations of this problem. As mentioned previously, it is the complex

state of contact, stick, and slip that makes this problem so difficult

to model numerically, and the use of an experimental technique to

determine the contact conditions greatly simplifies the computational

effort.

Only the salient features of moire interferometry have been

discussed in this section, and interested readers are urged to consult

the more detailed references by Post [57-59].

4.3 THE HYBRID TECHNIQUE

The two basic components of the hybrid technique are the nonlinear

mixed finite element method and moire interferometry. By far, the more

demanding portion of the hybrid technique is the experimental portion of

the analysis. Although not discussed in this dissertation, the

experimental details of the hybrid technique are given by Joh [60].

Despite the effort required to obtain accurate experimental data and the

relatively large computational time involved in the finite element

analysis, the steps involved in the execution of the hybrid method are

quite simple in concept and are outlined as follows.

The exact displacements around the hole boundary of a physical

specimen may be measured for a sequence of increasing load steps using

moire interferometry. These displacement increments, along with the

loads applied to the plate, are input as a sequence of nonhomogeneous

boundary conditions for the simulated problem analyzed by the nonlinear
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mixed finite element method. These steps can be represented

} mathematically by considering the global finite element matrix of the

plate written in partitioned form as

111221 111221 111221 1011 112111<221 11<221} {10,1} = }1121} 14.11
[K13}T [K23}T [K33} {A} {F3}

where the vector {ul} contains the degrees of freedom corresponding to '

known zero displacements (for example, along lines of symmetry of the

plate), {u2} contains the degrees of freedom corresponding to the nodes

of the plate that are in contact with the pin, and {A} contains the

degrees of freedom corresponding to the remaining unknown nodal

displacements and stresses throughout the domain of the plate.

The imposition of known boundary conditions on the global finite

element matrix is a relatively straightforward task and only the major

points will be described here. Further details of this procedure may be

found in any textbook on structural analysis or the finite element

method (e.g. see [11]). The specification of homogeneous boundary

conditions, or in this case the known zero displacements, results in the

modification of Eq. (4.1) which may then be written as

111 101 101 11111 101 ' ·[[01 111221 11<221} {{112}} = §1121} 14.21
101 11<2212 11<221 111 1131

where [I] and [0] represent the identity matrix and the null matrix,

respectively, and {0} is the null vector. This step is typically

performed in all analyses of the plate regardless of whether a hybrid

technique or a numerical technique is being used in order to remove the
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rigid body motion of the plate and to account for the symmetry of the

structure. The primary difficulty in the execution of the numerical

contact algorithms described in Chapter 3 is the determination of the

vector {u2} for a given load step such that there is no penetration

between the nodes of the pin and the plate and that the regions of stick

and slip are accounted for. Hence in a strict computational contact

algorithm the vector {u2} is solved for in an iterative fashion for a

given load step. Each iterate involves significant assumption in order

to eventually obtain a solution to the problem.

In the hybrid technique, the vector {uz} is given by the

experimental technique and contains the true displacements of the plate

boundary as it has come in contact with the pin. Imposing the known

displacement boundary conditions on the global system of equations is

slightly more complicated than the procedure described in Eq. (4.2) for

the homogeneous boundary conditions since the specified displacements

are no longer equal to zero and hence have an effect on the remaining

equations of the system. The force vector must therefore be modified to

reflect this condition. If the vector {u2} represents the known

displacement of the contact nodes around the boundary of the plate

determined by the experimental technique, then the modified global

matrix equation after imposition of all boundary conditions may be

written as

111 101 101 1011 101
i

[[0] [I] [0] (4.3)
101 101 {K33l 101 11*1

we note that the remaining force vector has been modified to account for
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) the nonzero specified displacements. The components of this vector may

be written as

E? QF3 - G; (4.4)

where the indicial subscripts and superscripts indicate the appropriate

vector or matrix entries. Solving the modified matrix equation in Eq.

(4.3) will result in the correct boundary displacements as well as the

corresponding displacements and stresses throughout the rest of the

plate. -
Since the solution of the incremental displacement and stress

vector is an iterative process, the vector {u2} is nonzero only for the

first iteration of the solution procedure for the given load step, and

is specified to be zero for the subsequent iterations. Hence for a

given load step, the prescribed contact boundary displacements are

applied to the plate along with the appropriate force vector resulting

from the uniform, in-plane load that is applied to the plate. The

nonzero displacements throughout the rest of the plate along with all

nodal stresses are then solved for using Eq. (2.40) until acceptable

convergence criteria have been met. As in the case of the rigid pin

algorithm described in Section 3.2, the pin is completely eliminated

from the finite element analysis and therefore only the domain of the

plate is discretized and analyzed.

The only approximations involved in this technique are those due to

the physical and mathematical limitations of moire interferometry and

the finite element method. The numerically solved problem is simply a
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t special boundary—value problem with specified displacements, and no

other assumptions are involved.

Since, in theory, the one half of the plate acts as the mirror

image of the other half of the plate, only one half of the plate domain

is modeled for the finite element analysis. This will significantly

reduce the computational time involved. Experimental data have shown

that the displacements around the hole of the plate are not exactly

symmetric, even for an isotropic material. This is most probably due to

the limitations of creating a perfectly symmetric specimen and applying

a perfectly symmetric load. The displacements are therefore averaged in

both of the coordinate directions of the plate to yield one pair of

displacement values for a given point of the contact boundary for the

T modeled half of the plate.

4.4 OESCRIPTION OF THE PLATE

In this section the physical dimensions and material properties are

given for the plate and the pin used in the experimental portion of the

hybrid technique. Also given are the different finite element meshes

used in the numerical portion of the analysis of the plate.

4.4.1 The Experimental Specimen

A diagram of the plate used in the experiments performed to

determine the boundary displacements between the plate and the pin is

shown along with the dimensions used in Figure 4.1. The plate and the

pin were both constructed of 7075-T6 aluminum which has material

properties given by E = 10,400 ksi and o = 0.33. The thickness of the

plate was taken to be 0.061 inches. The restraining pin, with a radius
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of 0.3745 inches, was fixed to a structure exterior to the plate and

hence its center did not deform except for a very small displacement due

to the bending of the pin fixture. The plate was loaded by means of

pins passing through the two 0.5 inch diameter holes.
A

4.4.2 The Modeled Plate

Several assumptions were made in the finite element modeling of the

plate domain for use in the hybrid technique. The assumption of

symmetry was used along the length of the plate in order to reduce the

total number of degrees of freedom of the problem, thereby reducing the

cost of the finite element analysis. In addition, St. Venants principle

was invoked near the loaded end of the plate to eliminate the localized

effects of the pins loading the plate. Hence only the first 8.5 inches

of the plate were discretized, and the applied load was assumed to act

as a uniform in-plane load to the shortened end of the plate (i.e. the

left end of the plate in Figure 4.1).

Several different mesh configurations were used in the execution of

the finite element analysis portion of the analysis in order to
l

determine the effect of element size and approximation order and also to

compare results for a variety of domain and variable approximations.

The first mesh used is shown in Figure 4.2 and contains 191 linear

isoparametric elements and 228 nodes, representing 1140 total degrees of

freedom. As indicated by the type of element used to approximate the

geometry, both stresses and displacements were assumed to vary linearly

in the finite element approximations. Since the inner boundary of the

plate is circular, the use of linear elements introduces some domain
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approximation error into the solution for this mesh and any other mesh

constructed of linear elements.

The second finite element mesh used to model the plate was

constructed of quadratic elements and is shown in Figure 4.3. The use

of quadratic elements guarantees that there is no domain approximation

error in the analysis of this problem. This second mesh contains 104

elements and 367 nodes, which corresponds to 1835 total degrees of

freedom. Although the quadratic elements do represent an improvement
I

over linear elements in terms of modeling the circular boundary of the

plate, their use does tend to increase the bandwidth of the global

finite element matrix.

The nodes of both finite element meshes used in this example were

renumbered using the Cuthill—McKee ordering strategy [65] to reduce the

size of the bandwidth and thereby decrease the cost of the analysis. As

mentioned in Chapter 2, the nodes must still be numbered such that the

first node has specified (zero or nonzero) displacements. Several

different contact nodes were selected as the initial node in the

renumbering scheme and it was found that selecting the node of initial

contact (i.e. the node at x = 7.375 and y = 0.0) gave the node numbering

with the smallest resulting corresponding bandwidth.

The displacements around the boundary of the hole obtained by moire

interferometry are eventually expressed in Cartesian components as a

function of the angular position around the inside of the hole. The

displacements were given every 0.5 degrees for each load step. In order

to retain as much of the accuracy of these displacements as was

possible, the contact nodes of the plate were located exactly at a point
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where the experimental displacements were computed, i.e. on the degree

or half—degree. Due to the computational restrictions of the finite

element analysis, only a finite number of nodes could be specified on

the plate boundary, which necessitated ignoring many of the data points

from the experimental analysis. Hence for the half-plate model, the

contact nodes of the linear element mesh were located at the following

(degree) locations: 0.0, 1.0, 2.0, 4.0, 6.0, 8.0, 10.0, 12.5, 15.0,

20.0, 25.0, 30.0, 35.0, 40.0, 45.0, 54.0, 63.0, 72.0, 90.0, 99.0, 108.0,

117.0, 126.0, 135.0, 144.0, 153.0, 162.0, 171.0, and 180.0. In an

attempt to incorporate some of the different data point displacements

and to determine if this change affected the resulting stress

distributions, the nodes for the quadratic element mesh were placed at

slightly different locations and were placed at the following

positions: 0.0, 1.5, 3.0, 4.5, 6.0, 7.5, 9.0, 10.5, 12.0, 14.0, 16.0,

19.0, 22.0, 27.0, 32.0, 38.5, 45.0, 50.0, 55.0, 62.5, 70.0, 80.0, 90.0,

101.0, 112.0, 123.5, 135.0, 246.5, 158.0, 169.0, and 180.0.
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CHAPTER V

NUMERICAL EXAMPLES AND RESULTS

5.1 INTRODUCTION

In this chapter, the results are presented for a number of

numerical examples to demonstrate the accuracy and efficiency of the

methods described in the previous chapters. The results are contained

in four separate sections with each section corresponding to a specific

formulation or method. The first section considers several plane ·

elasticity problems that are analyzed by both the displacement and mixed

Finite element models using the updated Lagrangian formulation discussed

in Chapter 2. The results for the two approaches are compared and the

differences in the two methods are discussed. The next three sections

all contain results For several elastic contact problems, and in

particular the pin-loaded plate problem, using the rigid pin algorithm,

the elastic pin algorithm, and the hybrid experimental/numerical

technique.

It is again emphasized that all of the contact algorithms contain

the nonlinear mixed formulation described in Chapter 2 as a Foundation,

and the only procedures that vary in these different computational

schemes are the assumptions and computations that account For the

regions of contact and the zones of stick and slip. Throughout the

presentation of the results, the effectiveness of having stress as a

_ nodal variable is demonstrated and highlighted.

73
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5.2 Bending of CantileverBeamsThe

cantilever beam shown in Figure 5.1 was first analyzed using 5

8-node quadratic elements using the assumptions of plane stress. The

material properties, geometry, and finite element mesh used are given in

the figure. The analysis was completed using 16 equal load steps and a

tolerance of E = 0.001. The displacements along the line x = 0.0 were

specified to be zero.

Figure 5.2 contains the plot of the nondimensionalized tip

displacement vs. the nondimensionalizedAapplied load for the linear

analysis and nonlinear analysis as computed by the mixed and

displacement finite element models. The mixed model gives displacements

that are larger than those of the displacement model, with a maximum

' difference of 2.8 percent measured at the final load level. Although

the results of the displacement model are in excellent agreement with

the analytical solution reported by Holden [61], it should be mentioned

that Holden's solution uses the Euler-Bernoulli beam theory (i.e., it

does not account for the transverse shear strain). However, for a beam

of the dimensions used in this example, the shear deformation effect is

undoubtedly quite small, and it remains that the mixed element yields

slightly larger displacements than does the displacement model for this

example. Figure 5.3 shows the centerline displacement pattern of the

beam for every fourth load step, where the actual positions of the nodes

are represented as shown.

It is also of interest to compare the Cauchy stresses determined

from the two formulations. In the displacement model, it is necessary

to compute the Almansi strain tensor and then use the constitutive
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relations of the material to compute each of the three stress components

as described in Eqs. (2.33) and (2.34). In the mixed model, one may

simply interpolate the values of the nodal stresses using the original

form of the stress approximation, i.e.

" kxij(x1, x2) (5.1)

To compare the Cauchy stresses using the two formulations, we

compute the axial stress xxx at the location of the 2x2 Gauss points
along the upper half of the beam. The displacement components from the

two models are not exactly the same (the actual positions of the Gauss

points vary somewhat), but this difference is very small. The

comparison of the axial stress components is shown in Figure 5.4 for the

two different models at the final load level. The agreement is

excellent, with the mixed results giving a maximum stress that is 4.8

percent higher than the maximum stress computed using the displacement

model. All other computed values are in much closer agreement for the

two models.

Although the displacements in the y—direction are in very good

agreement for the two formulations, the difference in the displacement

gradients can be quite large and can result in significant errors when

computing the Cauchy stresses from the Almansi strains using the

displacements from the mixed formulation. For example, considering the

lower left Gauss point of the rightmost element, we have the following

values at a given load step:
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Displacement Formulation Mixed Formulation

u’X 0.003 0.007
ugy 0.082 0.082
v’x -0.082 -0.082
v,y 0.003 0.007
axx -1.95 51.20

The stress computed from the displacement model is in very good

agreement with the stress computed from the mixed model using nodal

stress interpolation, but the stress computed from the Almansi strains

using the displacements from the mixed model is very much in error. It

appears from the results of this example that the nodal displacements of

the mixed model should not be used at any point of the analysis to

compute the Cauchy stress components, and the nodal stress values should

be used instead.

As a second example, we consider an orthotropic, cantilevered beam

of the same dimensions as the beam in the previous example constructed

of T300/5208 graphite epoxy with the fibers running parallel to the x

axis. The properties of this material were taken to be

E1- 19.2 X 103 ksi , E2 = E3 = 1.56 X 103 ksi,
G12 = GI3 = 0.82 x 103 ksi , G23 = 0.523 x 103 ksi, (5.2)

012 = 013 = 0.24 , 023 = 0.49.
A uniform mesh of 80 linear elements was used to represent the domain,

and the displacements along the line x = 0 were again specified to be

zero. A tip load of 2 kips was applied as a single load step with no

iterations (i.e. a linear analysis) at the right hand end of the beam.
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The goal of this example is to show that the stresses computed

using the mixed method are generally more accurate than those computed

from the nodal displacements using the displacement formulation. This

is demonstrated in Figure 5.5, which shows the variation of the bending

stress ax with the distance from the centerline of the beam. These
values are compared with the results obtained using the classical beam

theory. The stresses from the mixed method have been computed as

primary variables at the nodes but were interpolated along an element

edge in order to obtain a position of comparison at x = 4.5 inches,

which is between nodes. These values are within 0.5 percent of the

elementary solution. The stresses from the displacement formulation are

computed at the element centroids and are as much as 4.5 percent off the

elementary solution. This trend continues along the length of the beam

and is a consequence of the continuity requirements imposed on the

stresses in the mixed model. ‘

We next consider a [0,90,90,0] composite beam of the same

dimensions as in the previous examples and constructed from four layers

of the T300/5208 graphite epoxy. The 0° plies are assumed to be

parallel to the x axis and a single load step of 2 kips is applied to

the right end with no iterations while keeping the left end fixed. The

nodal bending stresses axx along the line x = 5.0 are shown as marked by

asterisks in Figure 5.6, and are compared with the stresses computed

from the formulas given by Pagano [62] (shown by the solid line in the

figure). It is clear from this plot that the stresses are in error at

several points of comparison. This is a result of assuming that the

stresses are continuous across the interface between elements with



} 82

80.0

• Mixed formulation
+ Displacement formulation

—— Flexure formula

40.0

'Z
ii

><><
¤
„$ 0.0
U')

24->
V7

2
¥ .:cu
¤¤

-40.0

·•·

-80.0

-0.50 -0.25 0.0 0.25 0.5

y distance (in)

Figure 5.5 Bending stress along x = 4.5 in for orthotropic beam
using mixed elements and displacement elements



V 83

80.0

·

• Mixed formulation

+ Displacement formulation
.... Flexure formula (Ref. [61])

40.0

E
Si

><
><o .

J 0.0
m
ax
L

+->
m

E‘¤
c
cu
cn

-40.0

·•

•

-80.0

-0.50 -0.25 0.0 0.25 0.50

y distance (in.)

Figure 5.6 Bending stress along x = 5.0 for cross—ply beam using mixed
elements with and without condensation



V
84

different material properties. The discontinuity in the material

properties creates a discontinuity in the bending stresses at the

interface of the 0° and 90° plies. Thus the assumed continuity of

stresses at an interface in the mixed formulation is not consistent with

the mechanics of the composite beam and, therefore, yields erroneous

results. This error is even more evident when performing a nonlinear

analysis because the Cauchy stresses are computed using the nodal stressI
components which are grossly in error. The error compounds with

iteration and the nonlinear solution diverges after several load

increments.

Applying the procedure of mixed element matrix condensation

introduced in Section 2.4 to the composite beam problem results in the

nodal stresses represented by crosses in Figure 5.6, which are much

closer to the predicted results than are the stresses from the mixed

model without stress condensation. In particular, the stresses at the

points of discontinuity (y = t 0.25) are much closer to the stresses

computed from the flexure formula.

5.3 Rigid Pin Algorithm Examples

The contact algorithm proposed by Rahman in [48] was implemented

using the three basic iterations of load, contact, and friction using a

geometrically nonlinear formulation along with mixed finite elements.

Here the results of several example problems involving contact between

an elastic body and a rigid pin are presented not only to demonstrate

the accuracy of the algorithm but also to highlight the effectiveness of
I
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having stress as a nodal variable. The results of the example problems

are compared with available analytical and numerical solutions.

5.3.1 Infinitely Long Cylinder Under Uniform Load ·

As a first example we consider an infinitely long cylinder of

radius r = 1 inch resting on a rigid plane and under a uniform line

load. This problem was modeled using the assumptions of plane strain

using a thickness of l inch. One quarter of the circular domain was

used to model the problem and was approximated by 84 linear elements.

The mesh is shown in Figure 5.7. The load was assumed to act at the

center of the cylinder and was applied in 12 increments with the initial

increments smaller than the later increments. The problem was modeled

by assuming that the cylinder was in contact with a rigid pin of very

large radius (R = 1000 in.) to model the rigid plane. A tolerance of E

= 0.001 was used for the equilibrium iterations. The modulus of

elasticity used was 21,000 psi and the Poisson's ratio used was 0.3.

The results of the analysis are shown if Figures 5.8 and 5.9. The

numerical results are compared with the Hertz analytical solution

[63]. Figure 5.8 shows the contact pressure distribution plotted

against the distance from the original point of contact and corresponds

to a total applied load of 56 lbs. Figure 5.9 shows the load plotted

against the total contact area, the data points of which can only be

determined when each successive node comes in contact with the pin. The

results from the contact algorithm appear to be quite good.
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Figure 5.7 Modeling used for infinite cylinder resting on rigid plane

t under uniform line load
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5.3.2 Orthotropic, Pin—Loaded Plate

The second example considers a thin, orthotropic, pin-loaded plate

with a hole of radius r under a uniform in—plane load, similar to the

situation shown in Figure 3.1. The modeled plate is shown in Figure

5.10 along with the geometrical and material properties of the plate.

Due to symmetry, one half of the plate was modeled using 124 linear

elements with 156 nodes for a total of 780 degrees of freedom. The

material properties given in the figure are averaged properties from a

number of species of wood. The pin was assumed to be rigid and of

radius R. The plate was loaded to a final load of 400 pounds per inch

of plate thickness, and was applied in 18 unequal increments. A

constant coefficient of friction of 0.7 was assumed at all points of
3

contact between the plate and the pin for all load levels and is a

typical value for wood on steel. No equilibrium iterations were

performed for this problem.

Figure 5.11 shows the radial stress distribution as a function of

the angular position around the pin for the nodes that have come in

contact at the final load step. These results are compared with the

results obtained by wilkenson [64] using a finer mesh (385 nodes) and

quadratic displacement elements. The comparison is very good.

5.4 Elastic Pin Algorithm Examples

The method of analyzing contact problems developed in Section 3.3

is much more general than the algorithm described in Section 3.2whichuses

the assumption of a rigid pin. Although this assumption greatly

simplifies the analysis, it also restricts the number of problems to
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which this technique may be applied, since one of the bodies must be

rigid and have a circular shape. This second requirement is certainly

valid for the present study, as the primary problem of interest is that

of a pin-loaded plate, but it should be pointed out that the scheme

developed in Section 3.3 is much more versatile and may be applied to a

much larger variety of contact problems.
5

5.4.1 Infinitely Long Cylinder Under Uniform Load

As a first example of the so—called elastic pin algorithm, we

consider the Hertz contact problem analyzed by the rigid pin algorithm

in the previous section. This problem was modeled using the three

different mesh configurations shown in Figure 5.12. The geometry and

material properties of the cylinder are identical to those shown in

Figure 5.7. The rigid plane in this case is modeled as a square block

of very high stiffness with its displacements specified to be zero and

would be defined as the target body according to the terminology

introduced in Section 3.3.

Instead of applying the load to the quarter cylinder by means of a

point load along the vertical centerline, as done in the previous

section, we instead require the upper horizontal mid—plane of the

cylinder to deform a uniform amount. Hence, we specify the vertical

displacements of each of the nodes along this horizontal mid-plane to be

a certain distance for each successive load step. The total load may

then be computed by summing each of the nodal forces corresponding to

the specified vertical displacements. For this example, the load was

applied in 14 non—uniform displacement increments until a final
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displacement of 0.014 inches was reached. Since this problem involves

frictionless contact, sliding matrices are always imposed for a node in

contact, even for the first iteration.

Figures 5.13-5.15 show the contact pressure distributions computed

by the elastic pin algorithm, shown by the dotted lines, between the

cylinder and the rigid plane for the cases corresponding to the total

applied displacements of 0.006 and 0.014. we note that the smaller

displacement level corresponds to an applied loading of approximately P

= 56 lbs. which is near the final load level reached for the same

problem analyzed by the rigid pin contact algorithm and hence may be

compared with the results given in Figure 5.8. The computed stresses

are compared with the Hertz analytical solution which is again

represented by the solid line in the figure. The agreement is quite

good for both load levels and improves as the mesh is refined,

The stress distributions have been plotted on different graphs due

to the change in the Hertz solution resulting from the differences in

the total applied load. As the mesh is refined, the force required to

displace the horizontal mid-plane of the cylinder decreases since the

cylinder is generally becoming more flexible. This change in load is

relatively small, but makes a large enough difference in the Hertz

solutions to warrant separate figures.

It is also of interest to compare the changes in the contact

pressure distributions for different frictional conditions. The plot of

the contact pressure along the rigid plane measured at the final load

step for mesh 3 is shown in Figure 5.16 as a function of the distance

away from the vertical centerline of the cylinder for various values of
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the coefficient of friction, p. The plot of the Hertz analytical

solution is shown by the solid line in the figure. we note that as the

coefficient of friction increases, the total load required to displace

the horizontal centerline of the cylinder a uniform amount also

increases. Hence in Figure 5.16, even though each of the total applied

forces corresponds to the same uniform displacement of 0.014 inches, the

Hertz solution is given for the load that is computed from the finite

element solution for the case of an infinite coefficient of friction.

The contact pressure distributions shown in Figure 5.16 agree

fairly well with the analytical solution. As the coefficient of

friction is increased, the contact pressure also increases, especially

for the initial nodes of contact. The pressures computed from the

computational algorithm for all frictional conditions are generally

higher than the pressures computed from the analytical solution due to

the stiffening effect of the cylinder as it deforms. Although not shown

in this figure, the contact area decreases as the coefficient of

friction increases. The contact area may only be determined as each

successive contact node on the boundary of the cylinder comes in contactA
with the rigid plane. For example, for the load level corresponding to

the horizontal centerline displacement of 0.011 inches, the seventh

contactor node is in contact with the rigid plane for the case of

frictionless contact, but this node has not come in contact for the

cases where p = 0.3 and p = ¤.

A second means of computing the total applied load required to

displace the horizontal centerline may be implemented by integrating the

contact stresses along the length of the contact area of the rigid
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\
block. This not only provides a check on the total applied force, but

it also gives some indication as to the accuracy of the nodal stresses

computed from the mixed finite element model. The resulting forces

calculated by integrating the contact pressures using a consistent

formulation for each of the displacement increments are shown for mesh 3

in Figure 5.17, denoted by the dashed line, and are plotted against the

total specified displacement of the cylinder mid-plane. These forces

are compared with the forces computed from summing the equivalent nodal

forces at the points of specified displacement, shown by the dotted line

in the figure. Also shown are the forces computed from the exact

solution which are denoted by the solid line. Clearly, the applied

A loads calculated from the two methods within the finite element solution

are in excellent agreement with the forces computed using the pressure

integration being somewhat higher than those computed from the nodal

forces. Both of these loads are larger than the corresponding exact

loads computed for a given displacement, and again this is due to the

stiffening effect of the cylinder.

5.4.2 Orthotropic, Pin—Loaded Plate

we next consider the orthotropic, pin—loaded plate previously

analyzed by the rigid pin algorithm in Section 5.3.2. The allowance for

an elastic pin requires that the domain of the pin be analyzed as well

as the domain of the plate. Since the elastic pin algorithm was

developed using linear elements, this discretization introduces another

source of error into the problem since the approximation of the curved

boundaries of both the plate and the pin must be approximated by a
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series of straight line segments. As with any finite element

discretization, however, this approximation error decreases as the mesh

is refined.

The location of the boundary nodes at the pin/plate interface,

though not difficult to model, does require special attention to ensure

that the limitation of straight line segment boundaries does not result

in the nodes of the contactor body (i.e., the pin) being initially

within the domain of the target body (i.e., the plate). The mesh

generation was performed such that the nodes on the boundaries of both

the plate and the pin were located on the correct geometric locations on

the appropriate circular boundaries, while all nodes of the pin were

located outside the domain of the plate.

A major disadvantage of this algorithm in the analysis of the pin-

loaded plate problem is that the pin must be discretized as well as the

plate. While this does not increase the total number of degrees of

freedom to an unreasonable extent, it does hinder the effectiveness of

the bandwidth reduction scheme mentioned in Chapter 4. As the nodes of

the pin come in contact with the target segments of the plate, the

global influence of the degrees of freedom corresponding to the given

contactor node extends to the corresponding target node degrees of

freedom of the plate. Care must therefore be taken in the numbering of

the nodes of the pin and the plate to ensure that the resulting

bandwidth does not exceed the allowable maximum as new contactor nodes

of the pin come in contact with the plate.

The domain of this problem was modeled using three different mesh

configurations where the symmetry of the plate was used to advantage.
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The initial coarse mesh is shown in Figure 5.18 along with the

appropriate specified zero displacements. Most of the subsequent mesh

refinement was restricted to the region of probable contact to increase

the number ofcontact points between the pin and the plate. This region

is shown by the darkened area in Figure 5.18. The three element meshes

corresponding to this sub—region are shown in Figure 5.19. In general,

the region of contact was estimated to be within 0° and 45°, where 0°

_ represents the initial point of contact between the pin and the plate.

The coarse mesh (mesh 1 in Figure 5.19) consisted of 99 elements and 132

nodes and contained 6 specified contactor nodes. Hence the total number

of degrees of freedom corresponding to his mesh is 672 (132 x 5 + 6 x

2). The refined domain approximations resulted in 1085 and 1433 total

degrees of freedom for mesh 2 and mesh 3, respectively.

The plate was loaded to a final load of 400 pounds per inch of

plate thickness, and was applied in 12 unequal increments using an error

tolerance per load step of 0.01. The material properties used for the
•

plate are identical to those of the orthotropic plate shown in Figure

5.10, but the material properties for the pin were taken to be those of

steel, and were assumed to be given by E = 29,000 ksi and v = 0.3. The

physical dimensions of the plate and the pin are identical to those

given in Figure 5.10.

The radial stress distributions around the hole of the plate are

shown as a function of angular position in Figure 5.20 for P = 0.32 Pmax

and in Figure 5.21 for P = Pmax. In Figure 5.21 the stresses from each

of the three different meshes are represented by dashed lines and are

compared with the results obtained by wilkenson [64] which are shown by
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the solid line and were obtained using the assumption of a perfectly

rigid, circular pin. The results are fairly reasonable even for the

coarse mesh, although the stresses are significantly underestimated near

the initial points of contact. As the mesh is refined, however, both

the shape of the stress distribution and the maximum stress values

approach the solution obtained by Nilkenson, yielding fairly good

agreement for the final refined mesh.
A ”

An important point to note is that the maximum stress given by the

elastic pin algorithm is not given at the point of initial contact. In

fact, the nodal stresses do not follow a regular pattern of decreasing

as the angular position away from the initial contact point increases,

~ as reported by wilkenson. It is unknown if the pattern shown is a

result of the modeling of the problem, the contact algorithm used, or as

a consequence of using mixed elements. It should be pointed out,

however, that the results given in [64] were plotted using a smoothing

routine, and in the actual analysis of this problem, reported in [47],

this phenomena of increasing stress with increasing angle was recorded

at several points around the boundary of the plate. ”Furthermore, in one

of the few other contact analyses that used mixed elements, this effect

is also shown rather dramatically in the analysis of·the Hertz contact

problem [45].

In this example problem, the results of the elastic pin algorithm

are compared with the results obtained by means of a different technique

using the assumption of a perfectly rigid pin. To simulate this rigid

pin, the material properties of steel were used. To investigate the

effect of higher pin stiffness on the resulting stress distributions,
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the analyses in this section were repeated using a pin modulus of

elasticity one order of magnitude larger than that of steel. Poissons

ratio was kept as 0.3. For both mesh configurations, the displacements

near the contact region decreased approximately one order of magnitude

from the displacements using the steel pin. This discrepancy decreased

rapidly away from the contact region, with the displacements at the

loaded end of the plate differing by only one percent. More

importantly, the increase in pin stiffness had a very small effect on

the radial stress distributions as all computed stresses around the

plate were within two percent of one another. Hence within the context

of this example, the rigid pin was adequately modeled by having a

modulus of elasticity approximately one order of magnitude higher than

that of the plate.

5.4.3 Aluminum, Pin—Loaded Plate _

Ne next consider a second example problem involving a pin—loaded

plate. The specimen used in this example is the aluminum plate shown in

Figure 4.1. The plate is restrained by an aluminum pin that is assumed

to be of the same thickness (0.061 inches) as the plate. The mesh used

to model the plate and the pin is shown in Figure 5.22 and contains 236

elements, 286 nodes, and has a total of 16 possible contact nodes, which

accounts for 1462 total degrees of freedom. The mesh used to discretize

the plate is very similar to the mesh of linear elements used in the

implementation of the hybrid technique shown in Figure 4.2. Only the _

region of initial contact contains slidhtly fewer elements and nodes.
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In contrast to the previous example, the initial clearance between

the pin and the plate is very small for this problem. Hence even for a

very small initial load increment several nodes will come in contact at

the same time. The algorithm used to analyze this problem was written

such that the specified displacement increments corresponding to the

penetration of a contactor node are imposed one at a time to ensure that

the effects of each of these displacement increments do not subsequently

alter the penetration distance of subsequent contactor nodes. The

loading for this problem was applied in 6 increments with initial small

load steps giving way to much larger load steps until a final load of

1037 pounds was applied to the plate. The material properties used for

this plate were the same as those given in Section 4.4.1. A coefficient

of friction of 0.15 was used in this example.

Figures 5.23 and 5.24 show the radial and shearing stress

distributions computed at the end of the third and sixth load steps,

respectively. In each of the figures, the results are compared with the

corresponding results from the hybrid technique described in Chapter 4

(see Section 5.5). The radial stress distributions are in quite good

agreement with one another where the differences can probably be

attributed to the linear domain approximation of the pin, the

approximation of the restraining pin using the assumptions of plane

stress, and the effects of the relatively large load steps that force

several nodes to come in contact for a given increment due to the very

small clearance for this problem. The shear stress distribution

computed from the elastic pin algorithm increases during the initial 15

degrees of contact and then abruptly drops to near zero. This peak in
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fact indicates the termination of the zone of sticking contact, and all

nodes in contact past this point are in sliding contact. The results

from the hybrid technique also show this pattern to a slightly lesser

extent, and the shearing stress does not approach zero quite as

abruptly.

· we also note that in general the displacements in the direction of

the load computed by the elastic pin algorithm are larger than those

given by the experimental data from the hybrid technique. The

differences are largest near the initial points of contact and then

dissipate away from this region. This behavior is almost certainly

caused by modeling the pin as a two—dimensional body under plane stress

conditions when in reality this fixture is much more three—dimensional

than is the

plate.5.4.4Rigid Punch Indenting an Elastic Foundation

we next consider the example problem of an elastic foundation

indented by a rigid punch. The geometry and material properties of the

elastic foundation are shown in Figure 5.25 where d = 1 in., h = 1 in.

and b = 4 in. Owing to symmetry, only half of the domain need be

analyzed. This portion was modeled using a mesh of 224 linear elements

which is also shown in Figure 5.22. This problem has been analyzed by

Oden and Pires [66] using displacement finite elements and a

nonclassical friction law and also by Haber and Hariandja [67] using the

Coulomb friction law as well as singular quarter point elements to
l

· capture the normal and shearing stress singularities that exist under
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the edge of the rigid punch [68]. In the present case, the problem was

modeled using the assumptions of plane strain.

A displacement increment of 0.001 inches was specified for the

initial indentation of the rigid punch. Using an error tolerance of

0.01, the resulting contact normal and shearing stress distributions are

shown in Figure 5.26 at the end of this first load increment. There are

clear oscillations in both the normal stress and shearing stress

distributions that peak near the region of the expected stress

singularities. These results are due to the fact that by using a mixed

formulation we are requiring the stresses to be continuous across each

element interface, including the upper boundary of the foundation.

Physically, both the normal and shearing stresses are singular under the ·

right edge ofthe punch if Coulomb's friction law is used but are zero

just to the right of this point due to the traction free surface. Hence

the node directly under the edge of the punch must attempt to capture

this dual state of stress which causes the stress fluctuations across

the rest of the contact surface. The fluctuating behavior does not

change as the mesh configuration is changed or as the loading is

decreased and in fact the nonlinear solution fails to converge after

several more load steps. This phenomenon represents a drawback of using

the mixed formulation in the analysis of contact problems with sharp

stress discontinuities. Problems such as this one and the cross-ply

cantilever beam analyzed in Section 5.2 must therefore be analyzed by an

alternate method. Furthermore, these two problems demonstrate that the

so-called elastic pin algorithm must be applied with caution to some

contact problems due to the characteristics of the mixed method.
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5.4.5 Cantilever Beam on Curved Surface _

As a final example of the elastic pin algorithm we consider a

cantilever beam under a uniformly distributed load resting on a surface

with the shape of a quarter circle as shown in Figure 5.27. The domain

of this problem was modeled using a mesh of 97 linear elements and 126

nodes which is also shown in Figure 5.27. The dimensions and material

properties of the beam are identical to those used in Section 5.2. The

curved surface is given by a radius that corresponds to a circumference

which is equal to the initial length of the beam, and the stiffness of

this body was taken to be two orders of magnitude larger than the beam

stiffness. The contact between the beam and the surface was assumed to

be frictionless, and the load was applied to the beam in 16 equal

increments. Ne note that all of the load is applied along the upper g

surface of the beam as opposed to the beam in Section 5.2. A tolerance

of 0.01 was used for this example, and a state of plane stress was

assumed for both bodies.

The nondimensionalized tip displacement of the beam is shown in

Figure 5.28 along with the linear and nonlinear solutions for the case

of an unrestrained cantilever beam such as that given in Section 5.2.

The displacement values are initially the same, but once the beam comes

in contact with the cylinder, the stiffening effect is clearly shown.

At the final load level, the maxium displacement for the free cantilever

is 29 percent larger than the beam in contact. The deformed

configurations of these two beams are shown in Figure 5.29, which

clearly shows the initial circular shape of the contact surface for the

restrained beam. It should be pointed out here that the displacement



I 119

|• L ..l,| R = 20/vr in.
2

L = 10 in.

T; 11 =1T
t = 1 in.

Beam: E = 12000 psi
v = 0.2

=ßi"Figure5.27 Geometry, materia1 properties, and finite e1ement mesh
used for canti1ever beam on curved surface



l20

l.0

0.8

3 1
0.2

/
4-)

IO‘

(51:
„••"‘„

0.4~•-
cu¤

*·—— Linear solution - no contact
0·2 ————— Nonlinear solution - no contact

············- Nonlinear solution - contact

0.0

0.0 2.0 4.0 6.0 8.0 l0.0

Load Parameter K = PL3/EI

Figure 5.28 Tip displacement of uniformly loaded cantilever
beams with and without contact



121

2.0

0rigina1 beam center1ine

0.0‘~-
\—

-2.0 \ \„
’T ‘·._‘ \\
: \

gl
‘·._ \\.‘\‘•%

\\\

•g '4•E \
- x

S
‘ \

i.
x\ \\

-6.0
"·._

———--- Canti1ever beam in contact
-8.0

—-----—--—----2 Canti1ever beam not in contact

-10.0 Ä
0.0 2.0 4.0 6.0 8.0

”
10.0

-
x-coordinate (in.)

Figure 5.29 Center1ine disp1acement pattern for uniform1y 1oaded
canti1ever beams with and without contact



122

values for the unrestrained beam are slightly different than those

reported in Section 5.2 due to the different mesh used and the fact that

all of the load is applied along the upper surface of the beam. This

second point can cause a significant change in results for a nonlinear

analysis.

The stress oxx along the upper edge of the beam is shown in Figure
‘

5.30 plotted against the x—coordinates of the data points measured at

the final load level. The maximum stress near the left end of the beam

is significantly reduced due to the presence and stiffness of the

contact surface. There is also a slight plateau in the stresses for the

section of the beam in contact which subsequently drops off into a

pattern similar to the stress distribution of the unrestrained beam.

5.5 Results of Hybrid Numerical/Experimental Technique

This section contains the results of the implementation of the

hybrid technique described in Chapter 4. All analyses were performed

using either the mesh of linear elements shown in Figure 4.2 or the mesh

of quadratic elements shown in Figure 4.3. The loading was typically

applied in 9 increments where the values used were given as follows (all

values in pounds): 225, 467, 667, 855, 1037, 1240, 1458, 1670, and

1840. This load was assumed to be uniformly distributed along the

bottom of the plate. All u displacements (i.e. the displacements in the

~ direction perpendicular to the load) along the centerline of the plate

were specified to be zero due to the symmetry of the plate. All nodal

displacement increments around the hole interior were specified using

the displacement values from the moire analysis, except for the known
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zero u displacements for the two nodes located on the centerline of the

plate.

Several representative radial contact stress distributions are

shown in Figure 5.31. In all plots containing the results from the

hybrid technique, the angular positions of the data points correspond to

the diagram of the truncated plate shown in this figure. The stresses

shown here correspond to the second load level and the ninth or final

load level. The stresses shown are taken from the mesh of linear

elements, represented by the dotted line, and from the mesh of quadratic

elements, represented by the solid line. The compressive radial

stresses are at a maximum near the initial nodes of contact near 90° and

then decrease to near zero for the lower quarter of the hole boundary.

This is as expected since the points of initial contact on the plate

have normals that are closer to the direction of applied load than the

later contact nodes, and would therefore be expected to balance the

majority of the load in the radial direction. The stress free condition

is well shown in the region from -90° to 0° with the small variations

most likely due to numerical and experimental scatter. In general, good

agreement exists between the stresses computed using the mesh of linear

elements and the mesh of quadratic elements.

It should be stressed that all of the results presented from the

hybrid technique in this section are based on the experimental data from

a single experiment and should be viewed with this in mind. Since the

results are so highly dependent on the experimental data, it is‘

necessary to avoid making sweeping generatlizations based on the results

presented in this section. Nevertheless, several preliminary A
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observations can be made from these results. First, the region of

contact is very large, even for the lower load steps, but never exceeds

90 degrees. This is most likely due to the very small initial clearnace

between the plate and the pin. Second, there are obvious fluctuations

in the compressive stress in the initial 15 degrees of contact for both

levels, and in fact this pattern exists for each load step. This is a

consequence of an unexplained sequence of sign changes in the v-

displacement increments of the experimental data that appear in this

region for each load step. These pecularities may be due to surface

flaws, a localized stick/slip effect, or some other unexplained physical

phenomenon. Figure 5.32 shows the radial stress distribution from 0 to

90 degrees for the final load step using the mesh of quadratic elements

for a series of increasing radii inside the plate domain. As the

distance from the hole boundary is increased, the fluctuations become

much smaller and are nearly elimihated altogether for a radius of 0.6

inches. Hence these oscillations are quite localized and are most

likely due to a surface effect.

Figure 5.33 shows the shearing stress distributions calculated

using the two different mesh configurations measured at the final load

step. The trends are generally the same for both meshes except for

several obvious kinks that are due to the differences in the data point

displacements used and the differences in the two meshes. The values of

the shearing stresses are quite small and are in fact nearly an order of

magnitude smaller than the corresponding radial stresses for this same

load step. Although the stresses are of the proper negative sign, they

remain negative and slightly nonzero even in the region of supposed non-
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contact. It is difficult to ascertain if these patterns are due to the

actual behavior of the plate or if either numerical or experimental

difficulties are affecting the solution.

The circumferential stress distributions for the final load level

are shown in Figure 5.34 for both mesh configurations. These two curves

are in very good agreement and, except for the samll jumps in the region

of initial contact which are again probably due to the discrepancies in

the v-displacement data, this stress distribution is quite smooth. This

stress component is of little interest in terms of the contact problem ·

and is mainly shown here for completeness.

In the preceeding discussion, the region of contact was always

assumed to be determined by the region of compressive stress. where the

radial stress went to approximately zero, the contact region was assumed

to have ended. In terms of the hybrid technique, this is the only means

that is available for computing the angle or region of contact between

the pin and the plate for a given load step.

Fortunately, the experimental data provides a second means of

computing the contact area. A cursory glance at the u—displacements

from the moire results shows a positive displacement increment for all

of the boundary nodes from 90° down to some angle ¢. All data points
~

past this angle have a negative u-displacement increment up to the final

boundary node located at 180 degrees. The angle ¢ decreases as the

loading is increased. Intuitively, one would expect that the only

constraint that would cause a positive u-displacement for the nodes on
I

the hole boundary of the plate is the presence of the pin, and that the

point of the sign change would correspond to the end of the contact



l30

60.0
G.- Quadratic elements

, --•......- Linear elements

45.0

fi . ·
G
G

° 30.0
J
U)

4-*
‘¤

th \‘
‘

QS
g l5.0

. E
Q- .
E
3

2
ES

-l5.0
-90.0 -60.0 -30.0 0.0 30.0 60.0 90.0

Angular position, theta (deg.)

Figure 5.34 Circumferential stress around hole boundary at
the final load step _



131

region. This conclusion is reinforced by viewing the resulting radial

stress distribution from the hybrid technique and noting that the nodes

bounding the change in the sign of the u-displacement increments also

bound the change in the sign of the radial stress component from

negative to positive (or near zero).

If the above argument holds, one could recall the boundary

conditions of the mixed method given in Eqs. (2.50) and (2.51) and note

that only the displacements on the contact boundary need be specified

lsince the remaining portion of the hole boundary is stress free. Using

the criterion given in the preceeding paragraph, only those

displacements corresponding to nodes thought to be on the contact

boundary were specified using the experimental data. The resulting

radial and shearing stress distributions are shown in Figures 5.35 and

5.36, respectively using the mesh of linear elements. The radial stress

distributions are in very good agreement with one another, indicating

that the change in sign of the u-displacement increments most likely

does represent the end of the contact region. There is a small but

sharp jump in the stress at the node located at 0° which is most

probably caused by specifying the displacements for one node and not

specifying the displacements for the adjacent node. The numerical

scatter is much smaller from -90° to 0° and the revised stress is

slightly more compressive from 0° to 90°, indicating that the specified

displacements somewhat restrain the motion of the plate using this

particular mesh.

The shearing stress distributions are also in good agreement except

near the end of the contact region, where the stress values resulting
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from the specification of only the contact boundary node displacements

dips slightly more negative and then goes to near zero before following

the original stress distribution for the remainder of the hole

boundary. Again, the shearing stresses remain much smaller than the

corresponding radial stress components.

A final analysis was performed to determine the effects of

geometric nonlinearity for this particular specimen. The final load

step was applied along with the corresponding specified boundary

displacements as a single load step in contrast to the incremental

analysis that had been performed for the preceeding examples. The

resulting stresses and displacements were in excellent agreement with

the results from the incremental solution, with all values within 1

percent of each other and most values much closer. The single load step

analysis converged in three iterations whereas the incremental analysis

converged in two iterations for each of the 9 applied load increments.

Hence it appears that for this example, the effects of geometric

nonlinearity are quite small. This is no doubt due to the relatively

stiff material being used and the very small initial clearance between

the plate and the pin.

In summary, the hybrid technique provides a useful alternative to

strictly computational schemes for the analysis of the pin-plate problem

in that no approximations are involved regarding the location of the

contact region or the regions of stick and slip. Since this information

is provided by an actual physical test there are several unfortunate

drawbacks to this method that have yet to be resolved. First, although

the region of contact can be computed using the results of the hybrid
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technique with what appears to be good accuracy, the regions of stick

and slip are still unknown since the relative displacements between the

points of the pin and the plate in the tangential direction are not

known. Second, the resulting radial and circumferential stress

distributions on the hole boundary of the plate are relatively smooth

and appear to be reasonable.- The shear stresses, however, are very

small compared to the radial stresses, have no uniform pattern around

the hole boundary and are nonzero in the regions of no contact. Since

the material used in the experiment was isotropic, this may mean that -

the extensional strains arr and 669 are measured with good accuracy but
either there is some problem in experimentally capturing the true ·

shearing strains or numerically modeling the shearing stresses along the

contact boundary of the plate. Other conclusions must await the _

computation of the boundary stresses using the moire fringe patterns and

the results of additional experiments, which are to be reported by Joh

[60].
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CHAPTER VI

SUMMARY, CONCLUSIDNS AND RECDMMENDATIDNS

6.1 Summary

A mixed variational statement and corresponding finite element

model were developed for plane elastic bodies undergoing large

deformations using the updated Lagrangian formulation. The mixed finite

element formulation allows independent approximation of the

displacements and stresses and both of these quantities appear as nodal

variables. This formulation was applied to several linear and nonlinear

plane elasticity problems to assess the efficiency and accuracy of this

approach.

Using the mixed formulation, two separate computational algorithms

were developed for the analysis of contact between two bodies

considering the effects of friction. The first algorithm assumed that

one of the bodies was perfectly rigid and circular in shape. The second

algorithm was much more general and allowed for two bodies of arbitrary

shape and constitution. Both techniques required the use of several

iterative procedures to account for the accurate computation of the

regions of contact and the regions of stick and slip betwen the two

bodies. The mixed formulation yields stresses on the boundaries of the

two bodies in contact since these components are nodal variables. This

facet is a key advantage of this formulation since the contact stresses

are not only part of the desired solution to the problem but are also

used in several intermediate steps of the analysis. Both of these

algorithms were applied to several example contact problems, including

136 .
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the well known Hertz problem and several examples involving contact

between a plate under in-plane load containing a hole and a circular pin

located within this hole.

A hybrid numerical/experimental method of contact analysis was

developed using the mixed finite element formulation and the

experimental technique of moire interferometry. This approach is unique

in that there are no approximations required to determine the contact
e

regions or the states of stick and slip as required by all strictly

computational algorithms since the displacements on the contact

interface are provided by the moire analysis. The only approximations

involved in this technique are those due to the physical and

mathematical limitations of the experimental and numerical techniques.

This hybrid approach was applied to the problem of an aluminum plate

with a hole restrained by a pin and subjected to an in-plane load.

6.2 Conclusions

The displacements computed from the mixed formulation applied to

several linear and nonlinear plane elasticity problems are in good

agreement with values computed using the more conventional displacement

finite element model. The stresses computed using the mixed method,

however, are not only slightly more accurate than those computed from a

displacement formulation, but they are also computed precisely at the

nodes. This is a valuable characteristic when applying this formulation

to problems with stress concentrations or contact problems since the

displacement formulation typically requires that the stresses be
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computed within the elements which are then somehow extrapolated to the

boundaries.

The basic disadvantage of the mixed formulation is that the number

of nodal degrees of freedom per node is increased from 2 to 5 for plane

elasticity problems. This increases both the total number of degrees of

freedom and the size of the bandwidth of the global stiffness matrix.
”

This matrix is initially indefinite (in a nonlinear analysis) and

requires careful node numbering or an appropriate equation solver. In

addition to these drawbacks, the Cauchy stress components computed at

the Gauss points during the evaluation of the nonlinear stiffness matrix

and force vector must be calculated using nodal stress interpolation.

Computing the stresses from the Almansi strains corresponding to the

nodal displacements computed from the mixed method may yield erroneous

results. Care must also be taken in applying the mixed formulation to

problems with known stress discontinuities.

Both contact algorithms yield reasonably accurate results for the

contact problems analyzed in this dissertation. The stress

distributions and area of contact for the Hertz problem are in very good

agreement with the analytical solution. The pin-loaded plate examples

are generally much more difficult to analyze in a computational sense.

This is particularly true for the second algorithm, which must

approximate the domains of both the plate and the pin. The results of

the two algorithms are compared with results reported by other

investigators using both numerical and experimental methods. The

results are generally in good agreement with existing solutions, but at
I

times the points of maximum stress computed by the second algorithm are
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not at the points of initial contact, which is typically the case for

this type of problem. This may be due to the fact the approximation of

the contact boundaries of two circular bodies using linear elements

necessitates careful modeling of these bodies to ensure that they do not

initially overlap. This phenomenon does not occur in the analysis of

the Hertz problem, where the target body is modeled by a straight line,-

and for most contact problems analyzed here the results were consistent

with those reported elsewhere. Care must be taken when applying these

contact algorithms to problems with known stress discontinuities or

singularities, since by definition the stresses must be continuous at

the nodes.

The stress distributions computed from the hybrid algorithm for the

analysis of an aluminum plate shows very large regions of contact for

the example problem considered. This is due to the very small initial

clearnace between the pin and the plate. There is a very distinct jump

in the radial contact stress distributions near the initial region of

contact for all load steps, which appears to be due to several

unexplained patterns in the displacement data. The shearing stresses

are very small relative to the normal stresses, and the distributions

have no uniform patterns. The contact stresses were computed by the

hybrid technique using two separate approaches: 1) specifying all

displacement increments around the hole boundary, and 2) specifying only

the displacement increments corresponding to the region of assumed

contact. The assumed contact region was determined using the

displacement data of the plate hole boundary nodes in the direction
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' perpendicular to that of the applied load direction. The results of

these two approaches are in good agreement with one another.

For the example problem considered, the contact stress

distributions are similar regardless of whether a mesh of linear or

quadratic elements is used, indicating that the mesh refinement yields

little change in the stresses. Although the contact stresses computed

by the hybrid technique are in fairly good agreement with the results of

the second computational contact algorithm, no other comparisons are

currently available.
U

Although this method provides a unique way of obtaining the stress

distributions within the plate domain with minimal computational effort

compared with the numerical contact schemes, this technique

unfortunately does not yield the regions of stick and slip between the

plate and the pin. Such information could provide valuable information

on the bounds of the static and dynamic coefficients of friction for the

contacting bodies.

6.3 Recommendations for Future Study

The mixed element used in this study could be combined with other

types of elements to circumvent difficulties that arise due to the

requirement of stress continuity across an element interface. Singular

elements could be combined with the mixed elements for problems with

stress singularities, and conventional displacement elements could be

integrated with the mixed elements for problems with stress

discontinuities. This would increase the number of problems to which

the mixed formulation may be applied.
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The computational algorithm for the contact analysis between two

elastic bodies of arbitrary shape could be extended to higher order

elements to allow the accurate modeling of two bodies with curved

boundaries in contact, such as in the case of the pin-loaded plate.

This task is more complicated than it first appears since general

expressions must be developed for the contact force potentials and the

forces due to friction considering curved element sides and normal

surface vectors that are constantly changing. This approach would be

relatively straightforward to apply to problems such as that of Hertz,

where the target body can be defined by a straight line. This would

greatly simplify the formulation.

The mixed finite element model could also be modified to include

the effects of material nonlinearity. This could be of significance in

the analysis of contact problems since large stresses commonly occur at

or near the region of contact, and nonlinear material response could

have a dramatic effect on the contact stress distributions. A more

efficient equation solver may also help to reduce the cost of the

computational contact analyses.

The hybrid technique consisting of the finite element method and

moire interferometry may be applied to additional isotropic or

anisotropic plates. It may be of use to consider specimens with a

larger initial clearance between the pin and plate than was used in this

study. This would decrease the total contact region and increase the

region of sticking contact as well as help to minimize the effects of

minor surface flaws near the initial points of contact.
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APPENDIX
The finite element matrices may be written as in Eq. (2.37) as

[112111 112121] {{6}} {{11}} {{11*1}}
1121211 112221 {ä} {6} {6}

which may also be written in more explicit form as

{K11l'_ 161 ’ 112121 161 112121 {6} {111} {1*111}

[°* ([*12511
[211

112211 112221 {1} {F12} {F"12}
L1

,1‘
:1 ',

112211 [[01 112221 112211 [K35l {sw} = {6} - {6}

161 1121211 112121 112111 112121 {Sw} {6} {6}

112211 112221 112221 112211 112221 {Sw} {6} {6}

where

81]:.

. K1? = fg ä 1j<*¤¤1 = @1
15 11*1 5112 ij=}‘QF11jc1xdy = 12 Ü

Bd;.

311:-
= In ä wjdxdy

=148
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33 _
Kij — - fg Dllwiwjdxdy

34 _ _ 43xij - - In ¤121i1jdxdy - Kji

35 _ _ 53Kij - - fg ¤165i1jdxdy - Kji

44 _
xij - - fn 0221i1jdxdy

45 _ _ 54 .xij - - 59 0265i1jdxdy - Kji

55 _
xij - - In ¤665i1jdxdy

11- 22- E13 33 E13
K1;] " K1j'·TQ[Txx F ax T Txy(ax ay T Ü ax T

... ..1+ 1yy ay ay ldxdy

FLT = 5 6 5 dxd + 5 (T n + T n )5 dS1 Q x 1 Y 1* xx x xy y 1

fwdxdy+§(1 n +1 n)¤11dS
1 Q y1 1* xy x yy y 1

M12 _ E1 E1
F1 T Txy Wödxdy

M12 _ 3*1 °“1
F1 ' TQ(T><y $7 T Tw Ärqdxdy

Note: The Cauchy stresses Tij are computed us1ng nodal stress

1nterpo1at1on and not us1ng the A1mans1 stra1ns. For the f1rst
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iteration, the Cauchy stresses are zero and hence lälll is a null

matrix. This yields an indefinite system and an equation solver should

be selected accordingly for this first iteration.

The contact matrices and contact force vectors given in Eq. (3.13)

can be expressed in explicit form as follows:

Sticking Contact

1 101 [K13]
1•<§31) 1¤<§31

0 0 0 0 0 0 -1 0

0 0 0 0 0 0 0 -1

0 0 0 0 0 0 (1-61)*)) ‘0

0 0 0 0 0 0 0 (1-61)*))
0 0 0 0 0 0 61)*) 0
0 0 0 0 0 0 0 61)*)

-1 0 (1-61)*)) 0 61)*) 0 0 0
0-1 0 (1-61)*)) 0 61)*) 0 0

2 (1-1)
)Kx

2 (i-1)1Ky _ 1
. (i—l) 2

-(l — B ) ÄKX

_ _ (i—l) 2 (i—l)(1 6 ) 1Ky

_B(1-1) 2Ä§;—1)

(1-1) 2 (1-1)-8 ÄKY
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(1)
^uKx

(1)AuKy .

— (1)
{110111): MAX

(1)0uAy
(1)

(1)
Außy

The above two vectors are the same in the case of sliding contact,

(1) (1-1)
(1) 1;+At (1-1) _ ^Kx1^^ 1* 1 Ac 1* A(1-1)

Ky Ky

Sliding Contact

13T 33
‘

[KC] [KC}

0 0 0 0 O 0 nsx 0

0 O O 0 0 0 nsy 0

0 0 0 0 O O 0

0 0 0 0 000
0 0 0 0 0 -6nSX 0

0 O C O. 0 0 -6nSy 0
nsx nsy -6nSX -6nSy O O

0 0 0 0 0 O 0 1
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(1) (1-1) (1-1)
(A (1) _ Ms 2 (1-1) _ °nsxAKx

”
ns_yAKy1 1 — (1) 1 Ac 1 -

Mr 0

Note that 1n the case of s11d1ng contact, we must compute the 1ncr·ements

1n the contact forces 1n Cartesian coor·d1nates us1ng the equat1ons

· (1) - (1)
MI<x ' ' Ms nsx

(1) - (1)A>„Ky - -A1S nsy




