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NEN FEEDBACK DESIGN METNODOLDGIES FOR LARGE SPACE STRUCTURES:

A NULTI—CRITERION OPTINIZATION APPRDACH

by

Dong—Non Rew

(ABSTRACT)

A few problems of des1gn1ng structural control systems are

addressed, cons1der1ng opt1m1zat1on of three des1gn object1ves: state

error energy, control energy and stab1l1ty robustness. Tradeoff

relat1onsh1ps among these selected des1gn object1ves are 1nvest1gated by

solv1ng multiple object1ve opt1m1zat1on problems. Var1ous measures of

robustness (tolerance of model errors and d1sturbances) are also

rev1ewed carefully 1n the present study and throughout the d1ssertat1on,

robust control des1gn methodolog1es are emphas1zed.

Presented 1n the f1rst part of the d1ssertat1on are three new

feedback des1gn a1gor1thms: 1) a general1zed l1near-quadratic regulator

(LQR) formulation, 11) a general1zed LQR formulation based on Lyapunov

stab1l1ty theorem, and 111) an eigenstructure ass1gnment method us1ng

Sylvester's equat1on. The performance of these algor1thms for nulti-

cr1ter1on opt1m1zat1ons are compared by generat1ng three d1mens1onal

surfaces of wh1ch d1splay the tradeoff among the three des1gn

object1ves.

In the second part, a non1terat1ve robust e1genstructure ass1gnment

algor1thm v1a a projection method 1s 1ntroduced. This algor1thm



produces a fa1rly well—cond1t1oned eigenvector matr1x and provides an

excellent start1ng solut1on for opt1m1zat1ons of various des1gn

cr1ter1a. we also present a spec1al1zed version of the project1on

method for second order d1fferent1al equatlons, wh1ch offers useful

1ns1ghts to design strategies 1n regards to cond1t1on1ng (robustness) of

the e1genvectors.

F1nally, to 1llustrate the 1deas presented 1n th1s study, we adopt

numerical examples 1n two sets: 1) 6th order mass-spr1ng systems and 11)

var1ous reduced order models of a flex1ble system. The numer1cal

results conf1rm that mult1-cr1ter1on opt1m1zat1ons by using a m1n1mum

correction homotopy techn1que 1s a useful tool w1th s1gn1f1cant

potent1al for enhanced computer—a1ded des1gn of control systems. The

proposed robust eigenstructure ass1gnment algor1thm 1s successfully

1mplemented and tested for a 24th reduced order model, wh1ch establ1shes

the approach to be appl1cable to systems of at least moderate

i11mens1onal1ty. Ne show analytically and computat1onally that

constra1n1ng closed—loop e1genvectors to equal open-loop e1genvectors

generally does not lead to e1ther opt1mal cond1t1on1ng (robustness) of

the closed-loop e1genvectors or m1n1mum ga1n norm.
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CHAPTER 1 INTRODUCTION

1.1 Motivation and Survey of Previous Hork

During the last decade, the problem of controlling large flexible

spacecraft has been the focus of the intense research, as evidenced by

Refs. [1-5]. Unlike r1g1d spacecraft, Large Space Structures (LSS) are

characterized by distributed structural flexibility, which introduces a

large class of research problems, for example, development of

mathematical models, identification and estimation, analysis and

synthesis of robust control systems, and large scale computations.

LSS controlled systems usually consisting of a flexible structure,

associated sensors and actuators, and a stabillzing feedback control,

often has ambltious performance requirements, for example, carrylng out

rapid open loop maneuvers followed by high precision v1brat1on arrest

and closed loop tracking, which must be accomplished 1n the presence of

a variety of model uncertainties and dlsturbances. Among many important

issues in the design of LSS control systems, the topic of robust control

systems, especially determination and/or optimization of stability (or

performance) properties in the face of modellng error, has been of great

interest, as evidenced by recently published papers [30-40]. Even if

one restricts discussion to systems adequately modeled by a finlte set

of linear ordinary equations, as the order of the dimension increases,

lt is difficult to characterize a system analytically and

computationally. Along with the stability robustness issue, these

I
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conslderatlons motivate our evaluat1on of existing control schemes and

development of new design algorithms feasible for high dlmensloned

applications.

A typlcal LSS design problem 1n1t1ates with a nominal

structure/controller design and seeks to determine optimized structural

parameters and/or control parameters to achieve design objectives,

especially stabillty requirements and vibration suppression. The design

of these space structures involves such sub-problems as the selection of

reduced—order structural models, choice of actuator and sensor types and

locations, and the control strategy itself. Traditlonally, the

structural and controller synthesls procedure consists of two separate

processes of structural design and controller design, as illustrated in

Fig. 1.1. Recently, great interest has arisen in integrating these two

processes into a single optimal design problem. Refs. [7-9,12-13,74]

are recent examples of work in this type. In this mode of design,

reduced order models are usually utillzed since the simultaneous design

of a structure and a full-order controller 1s conceptually an enormous

task for large systems. Moreover, each task itself in the design

process of Fig. 1.1 1s far from simple and there are many different

schemes for accomplishing it.

For some practical design problems, lt ls not difficult to imagine

that aprlorl defined performance requirements may not be attainable and

a feasible controller may not exist, especially for the case with

competing design constraints. In fact, each task in the LSS design

procedure of Fig. 1.1 usually requires several lterations which often
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lead to least compromised redefinitions of design objectives and

structure/controller modifications. The scenario of Fig. 1.1 motivates

the development of systematic design methodology which can reduce the

use of ad hoc constraints which may severely limit the performance of

the system. It is, therefore, natural to seek "good" design algorithms

which are suitable for computer aided design implementations. Such

algorithms should be numerically stable and capable of handling complex

design constraints in a compact way. In summary, development of more

dependable design algorithms, which efficiently acconrnodate a variety of

design constraints (through judicious parameterization of design

variables and numerically stable optimization) is judged to be a

critical area for research.

This dissertation focuses mainly on the development of feedback

control methodologies which are extendable to high dimensioned

applications and the integrated structure/controller design problems.

Among many control schemes, linear state feedback control laws have been

widely appreciated since they are much simpler to design, implement and

operate than other approaches, for example, dynamic compensators and

estimators. With some approaches [6-9], the feedback gain matrix is

_ directly iterated to satisfy design constraints (or specifications).

These approaches require a large number of eigenvalue placement

constraints since an arbitrary gain does not guarantee the most

important requirement, namely stability of the closed-loop system. The

closed-loop eigenvalues are highly nonlinear in terms of the gain

elements and then, imposing explicit eigenvalue placement constraints
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along w1th opt1m1z1ng design objectives usually increases computational

difficultles. Thus, we prefer to optimlze over stable families of

control laws, for instance, the linear optimal regulator and

eigenstructure assignment methods.

Among many developments in modern control theory, one of the most

fruitful results is the linear optimal feedback control determined by

m1n1m1z1ng a quadratic lntegral performance crlterion subject to linear

differentlal equations. This 1s widely known as the l1near—quadrat1c

regulator (LQR) which possesses many useful properties such as excellent

stablllty character1st1cs[47] and 1nsens1t1v1ty to disturbances and

parameter var1at1ons[49].

while the LQR control scheme 1s wldely appreciated and frequently

appears in the control literature, the following important question

should be answered: What 1s the cr1ter1on for the select1on of the

weight matrices in the LQR performance criterion? when a particular

choice of the weights does not produce deslred or feasible controller

1nput system response, 1t 1s necessary to redefine the quadratic

criterion with new weights. Recently, in an attempt to explore the

arbitrariness of the welghts, we developed a systematic method to adjust

the elements of the weight matrices in search of the "opt1mal" optimal

linear regulator in the sense that some additional design objectives,

for example, eigenvalue placement and/or robustness optimizatlon, are

achieved. In Refs. [10,11], we have shown that fully populated weight

matrices, particularly the cross-coupling weights between state and

control variables affect eigensolutlons and magnitude of feedback gain
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s1gn1f1cantly.

LQR based synthes1s algor1thms typ1cally suffer from the

computat1onal burden assoc1ated w1th solv1ng the nonl1near algebra1c

R1ccat1 equat1ons. For h1gh order systems, th1s makes opt1mal tuning an

expens1ve process and moreover, ex1st1ng numer1cal algor1thms[55-57] for

the R1ccat1 equat1on solut1on l1m1t practical application to systems of

moderate order (<100). In order to resolve these d1ff1cult1es, a

modified LQR algor1thm based upon Lyapunov stab1l1ty theory 1s developed

1n the present study whereby the nonl1near R1ccat1 equat1on 1s

el1m1nated 1n favor of the l1near Lyapunov equat1on. While th1s

1mprovement does not el1m1nate the necess1ty to f1nd jud1c1ous we1ght

matr1ces, 1t 1s ev1dent that the formulat1on based on the s1mpler

Lyapunov equat1on 1s extremely useful, espec1ally for h1gh d1mens1oned

appl1cat1ons . _

S1nce the response character1st1cs of a g1ven system are fully

d1ctated by the closed loop e1gensolut1on, 1t 1s obv1ously attract1ve to

find a feedback ga1n matr1x wh1ch sat1sf1es prescr1bed constra1nts on

the closed loop e1genvalues and e1genvectors. Typ1cally, for a

controllable system, a prescr1bed set of e1genvalues can be ass1gned by

an 1nf1n1ty of ga1n matr1ces and the rema1n1ng freedom of select1ng a

ga1n matr1x can be used to opt1m1ze some other des1gn object1ves.

During the last decade, a number of e1genstructure assignment

formulations and algor1thms have been developed. Most of the algor1thms

of th1s type ut1l1ze formulat1ons based on either Sylvester equat1on

[46,76], or subspaces of adm1ss1ble e1genvectors [77-79]. The most
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recent literature emphasizes gain determination which imposes eigenvalue

placement constraints and result in less sensitive design with respect

to modeling error and disturbances. Since the sensitivity of

eigenvalues 1s directly measured by the condition number of the

elgenvector matrix [43], lt 1s obviously desirable to have well-

condltioned eigenvectors. Good conditioning of the modal matrix 1s also

crucial for robustness of the numerical processes to determine the gain

matrix as well as low sensitivity of the resulting closed loop

performance and stability indices. These observations motivated the

present study to develop a scheme to produce a fairly well-conditloned

eigenvector matrix.

In this dissertation, a new scheme 1s introduced to generate a

unltary set of target vectors which serve as the desired eigenvectors;

we seek to determine admissible closed-loop eigenvectors as close to

these unitary vectors as possible. A similar approach can be found in

Ref. [42], which employs an orthogonal projection scheme to iteratively

improve cond1t1on1ng of eigenvectors. As mentioned in Ref. [42], the

convergence of their iteration is not assured. The algorithm developed

herein utilizes a noniteratlve scheme in conjunction with an orthogonal

projection concept. Special formulations for second order equations are

also developed and useful insights on design strategies regarding

conditioning of the eigenvectors are provided.

In the design of practical control systems, we naturally encounter

several design objectlves (or constraints) related to stability,

performance, sensitivity and other physical objectives. The objectlve
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functions typically embody a nonlinear dependence upon the feedback galn

elements. Moreover, there 1s usually a s1gn1f1cant tradeoff expliclt or

implicit between some of the objective functions. when fundamental

tradeoffs occur, there is presently no rigorous approach available to

solve this type of design problems. One coumonly used approach 1s to

define a "conglomerate performance index which applles relative

welghting to these various (and usually competlng) objectlves. An

alternative to this approach is to define multiple objective

optimizatlon as a "goal progranming problem"[11,59,66l, which we have

found better suited to studying tradeoffs between some competing

objectives.

During the last decade, Computer Aided Design (CAD) has most ,

signlflcantly changed many traditional engineering design discipllnes

and has equal potential for control system designs. One interesting

paper by Flem1ng[59] has shown that a tradeoff surface generated by the

lnterpolation of several objective values can represent complex

information ln a compact, visual, and intultively appealing way. This

graphical technique 1s examined herein in the study of trade-off

relations between competing objectives. Along with this graph1cal_

technique, Gemb1k1's goal progranming approach[66] to multiple objective

optimization 1s also studied. Analogous to this method, we introduce a

new algorithm which utilizes the minimum correction homotopy (MCH)

algorithm developed in Refs. [60,61]. Using this numerlcal method and

standard interpolatlonv algorithms, we generate three dimensional

extremal surfaces of these important objectlve functions: state error
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energy, control energy, and robustness measure. These plots can be

generated irregardless of the order of the underlying dynamical system,

the number of inputs and outputs, implicit constraints, and other

complications. They represent an appealing tool to use in the search of

suitable control schemes. The MCH algorithm is believed to be one of

the most attractive numerical schemes available which has inherent

possibilities for CAD interactive implementation of multiple objective

optimizations.

1.2 Dissertation Outline

The range of issues and problems covered in this dissertation are

very broad and four sets of new results are presented. The first part

of the dissertation is a survey of the recent results in the development -

of stability robustness which is one of the most important issues for

LSS system designs. Second part offers the technical development of

feedback design methodologies. The results include a generalization of

the classical LQR design methods and a new robust eigenstructure

assignment algorithm which utilizes a projection technique. Also,

introduced is a multiple—optimization technique in conjunction with a

scheme to generate trade—off surfaces. This technique is employed in

the investigation of significant trade—off relations between selected

design objectives: state error energy, control energy and robustness.

Compared is also the performance of each feedback design algorithms

proposed in the present study for multi-criterion optimizations.
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In Chapters 2 and 3, we rev1ew and class1fy the ex1st1ng stab1l1ty

theor1es and var1ous stab1l1ty robustness measures. He also offer here

useful 1ns1ghts to the1r character1st1cs and appl1cat1ons.

In Chapter 4, we present the two most spec1f1c and 1nmed1ately

useful contr1but1ons of th1s d1ssertat1on, namely (1) a new LQR

formulation based on Lyapunov stab1l1ty theory and (11) a new robust

e1genstructure ass1gnment by a projection method. Parameter1zat1on

schemes are developed for a general1zed LQR 1n ·two forms, based on

solv1ng (1) a mod1f1ed R1ccat1 equat1on, and (11) a Lyapunov equat1on. '

Also, 1ntroduced 1s a procedure to generate un1tary target e1genvectors

and determ1ne correspond1ng opt1mal adm1ss1ble e1genvectors 1n the least

square sense. The der1vat1ves of ga1n matr1x w1th respect to the

assoc1ated des1gn var1ables for each type of the proposed algor1thms are

der1ved.

Chapter 5 explores the underly1ng 1deas and 1mplementat1ons of

mult1ple cr1ter1on opt1m1zat1on approaches. It beg1ns w1th a rev1ew of

Gemb1k1's goal programm1ng techn1que and then 1ntroduces our new

opt1m1zat1on formulat1on based on the m1n1mum norm correct1on homotopy

techn1que. Also, d1scussed 1s a un1que procedure to generate nult1ple

cr1ter1on tradeoff surfaces and we offer useful 1ns1ghts on the

1nterpretat1ons of these tradeoff surfaces. Along w1th th1s mult1-

cr1ter1on technique, mathemat1cal express1ons are developed for

eff1c1ent 1mplementat1on of selected des1gn object1ve funct1ons:

expected state error energy, expected control energy, and robustness (or

sens1t1v1ty) measures.
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Chapter 6 focuses on appl1cat1ons. A sixth order mass-spring

system and a 24th reduced order large spacestructure are considered. In

the first part, we present results of apply1ng the mult1—cr1ter1on

opt1m1zat1on to three selected des1gn object1ves by us1ng three feedback

des1gn algorithmsz generalized LQR des1gns (Form 1 and Form 2) and

Sylvester's method. In the second part, a new e1genstructure assignment

algorithm 1s tested for e1ght models der1ved from these two types

(discrete and cont1nuous) of dynam1cal systems. For perspective and

contrast, also included are test results obtained by us1ng (1) the new

project1on method w1th open-loop e1genvectors as the target closed loop

e1genvectors[69] and (11) independent modal space control_ (IMSC)

method[70l. In this computational study, we also present a more

pract1cal des1gn example of a 14th reduced order model of a flexlble

spacecraft, which demonstrates the effect1veness and usefulness of the

proposed e1genstructure assignment algorithm and opt1m1zat1on

technique. The s1mulat1on of the result1ng closed-loop system 1s also

presented.

F1nally, Chapter 7 presents some concluding remarks and offers

suggest1ons for further study.



CHAPTER 2 SOME FUNDAMENTAL ASPECTS OF STABILITY THEORY
FOR LINEAR SYSTEMS

Dur1ng the last decade, top1cs of stab1l1ty robustness have been a

focus of 1ntens1ve research, part1cularly, 1n the evolution of

methodology for des1gn of LSS control systems. The ma1n 1ssues 1n the

recent research on stab1l1ty robustness are 1) how to detect

1nstab1l1ty and 11) how to measure the d1stance to the cr1t1cal

stab1l1ty boundary 1n the space of the parameters subject to

uncerta1nt1es. When physical systems are represented by a fam1ly of

mathemat1cal models, the 1ssues stated above should be 1nvest1gated over

all poss1ble comb1nat1ons of parameter perturbations 1n a class,

1nclud1ng changes 1n the order of dynamical systems.

In the present chapter, we review ex1st1ng stab1l1ty theor1es for

l1near time-1nvar1ant systems and trace back to the or1g1ns of recent

results 1n stab1l1ty robustness analys1s and synthes1s. In the first

section, an abbrev1ated historical account of the development of

stab1l1ty theor1es 1s given. Stab1l1ty theor1es based on the

character1st1c equat1on, state energy, residue theorem in the complex

analys1s, and 1nput-output relat1ons are discussed 1n Section 2,3,4 and

5, respectively. Section 6 offers concluding remarks.

2.1 Development of Stab1l1ty Theories

Stab1l1ty 1s the most 1mportant single requ1rement of a pract1cal

dynam1c system, and for general t1me-dependent nonl1near systems, 1t

12 .
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poses very complex problems. The stab1l1ty problem for l1near t1me-

1nvar1ant dynam1cal systems, however, 1s s1mpler than the more general

cases. This 1s because: 1) all stab1l1ty properties are constant w1th

respect to t1me and 11) all stab1l1ty properties are global, s1nce any

solution for the state of the system 1s proportional to the 1n1t1al

state. For the l1near case, 1t 1s well known that the solution of a

l1near t1me-1nvar1ant dynam1c system 1s character12ed by the e1genvalues

and e1genvectors assoc1ated w1th 1ts f1rst order d1fferent1al

equat1ons. The e1genvalues (or character1st1c roots) are def1ned to be

the solution of a character1st1c polynomial. It 1s then well known that

1f all the e1genvalues have negat1ve real parts, the assoc1ated system

1s asymptot1cally stable.

» In late 1930's, Herm1te, Routh and Hurw1tz [I4] found conditions

wh1ch guarantee that the zeros of a character1st1c equation all have

negat1ve real parts. Polynomials hav1ng th1s property are often termed

"Hurwitz polynom1als“. A more general version of the problem, namely to

find how many zeros of the character1st1c polynomial l1e 1n the half

plane to the r1ght of the 1mag1nary ax1s, was also solved by Herm1te,

Routh, Hurw1tz and Myqu1st. In 1932, a stab1l1ty cr1ter1on us1ng the

residue theorem 1n complex analys1s was 1ntroduced by Nyqu1st [14]. H1s

cr1ter1on 1s basically a graphical technique to illustrate the system

response in the frequency domain. As a consequence of th1s development,

he introduced the concept of stab1l1ty marg1n, wh1ch has been a useful

tool 1n the design of feedback controllers for S1ngle-Input and S1ngle-

Output (SISO) systems. In 1977, Nyqu1st's work was extended for Multi-



14

Input and Multi-Output (MIMO) systems by MacFarlane [19]. He

general1zed Nyqu1st stab1l1ty criterion using a technique called the

characteristic locus method for multivariable feedback systems analysis

and design.

In 1966, a different class of stab1l1ty criteria for input-output

problems utilizing functional methods was introduced by Zames [20]. His

theorem was originally developed for time-varing nonlinear systems.

Therefore, his definition of the stability is somewhat different from

conventional ones. According to his statement, a system is called

stable if it is well behaved in two respects: 1) It is bounded, 1.e.,

not explosive. 11) It 1s continuous, 1.e., not critically sensitive to

noise. The essence of his work is to consider a feedback model as a

“black box", wherein only the external property of 1nput—output behavior

is of interest. Recently, the usefulness of Zames' 1nput-output

criterion and MacFarlane's generalized Nyquist criterion was

rediscovered in the study of the stability of a family of mathemat1cal

models [30-32,36-38].

In 1892, Lyapunov [17] developed his "d1rect" method of stability

analysis, which does not require the solution of a characteristic

equation (or eigenvalue problem). The idea involved is a generalization

of the concept of energy for a conservative dynamic system. In such a

system, the energy is a posit1ve function which decreases to zero as an

equ1l1br1um state is approached. If then, a function with properties

similar to those of an energy function can be found, the stability of

the dynamic system is guaranteed. This method has been found to be the
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most widely useful method for studying the stability properties of both

linear and nonlinear systems, as evidenced by the frequency of its usage

in modern control literature [45,75,76].

2.2 Stability Criterion based on Characteristic Polynonials

The basic description of a linear time-invariant dynamical system

is taken to be the state—space model

x(t) = Ax(t), x(0) = x, (2.2.1)

where x(t) is the n—d1mens1onal state vector,

x(t) denotes the derivative of x(t) with respect to time,

A 1s a nxn constant matrix.

The well known solution of Eq. (2.2.1) is simply

x(t) = exp [At] x(0) (2.2.2)

where exp [At] is the matrix exponential.

If we assume that there exists nonsingular transformation T such that

-1 _ _
T AT — A - diaglxl, A2,...,An]

Then, the solut1on of Eq. (2.2.1) can be rewritten with this as
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_1 xlt xnt
x(t) = T exp [At] T x(0) , exp [at] = d1ag[e ,...,e l

From this, 1t 1s obvious that the equilibrlum x=0 of the system (2.2.1)

is asymptotically stable if and only 1f all eigenvalues of the matrix A

have negative real parts. It is also well known that the eigenvalues

satlsfy the characteristic polynomial defined by

det (sI-A)= 0

Upon expanding this determinant, we obtaln the characteristic polynomial

sn + a,s“'1a2s“'2+ .......+ an= 0 (2.2.3)

For this expression, the essential features of Routh—Hurw1tz criterion

[14] and Kharitonov theorem [16] are discussed in what follows.

2.2.1 Routh—Hurw1tz Criterion

The zeros of the characteristic polynomial depend on the

coefficients of s in Eq. (2.2.3). Given a1,{1=1,2,..,n], the roots of

Eq. (2.2.3) are unique, therefore these coefficlents determine the

stabillty of the system (2.2.1). Routh and Hurwitz developed necessary

and sufficient conditions on ai to guarantee an asymptotically stable

system ln the following two theorems.



17

Theorem 2.1 (Hurwltz, [14])

A necessary and sufficient condition for the differential equation

(2.2.1) to represent an asymptotically stable system 1s that

"Hurwitz determ1nants“, A1,A2,..,An are all positive, where ai 1s

defined as the determinant of the "Hurwitz testing matrix",

H(a1,a2,..,a1), given by

al • D OO1

aza40
al a3

1 O O OO0

0al0

0 0 . . .·. ai

Theorem 2.2 (Routh, [14])

A necessary and sufficient condition for the system (2.2.1) to be an

asymptotically stable 1s that the elements of the first column of

the matrix (cij) are all positive, where the first two rows of (cij)

are defined in terms of the even and odd coefficients as follows:
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1f n=2m 1s even or 1f n=2m+1 1s odd;

C11: 1
clj = a2(j_1), for 2 s J s m+1
clj = 0, for J > m+1

1f n=2m;

J czj = a2j_1, for 1 s J s m

czj = 0, for J > m

if n=2IlH'1;

c2j= a2j_1, for 1 s J s m+1
c2J= 0, for J > m+1

and the subsequent elements are defined by the recurrence relat1on

c1J= c1—2,J+1 ' c1_2 1 · 5= 1,2, ......

These two theorems are usually called the Routh-Hurw1tz stab1l1ty

cr1ter1on and the1r relation was established as follows [14]:

c — 1 c = A c 1=3 4 n+111' ' 21 1° 11 a1_2 ° ' "'°*

The or1g1nal proofs of Theorems 2.1 and 2.2 are compl1cated and

usually 1nvolve contour 1ntegral theorems of the complex 1ntegral

calculus. Parks [15], however, 1ntroduced a d1rect proof of both

theorems using the Lyapunov theorem. A brief sketch of h1s proof 1s as
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follows:

The equation (—1)"det(B—sI) = 0 and Eq. (2.2.3) can be made

identical by chooslng

A A A A
- - 1 - .1 - .1*. -bl- Al, bz- A1 , b3-

AIAZ
, br-

Arzzßr-1
, r-4,5,..,n

where Al, A2,..., An are the Hurwitz determinant of Eq. (2.2.4)

provided A1¢O, {1= 1,2,..,n-1}, and B in the Schwartz form[15l is

defined as

O 1 0 O
•

O 0 0

—bn 0 1 . . . 0 0

B = 0 -bn_l 0 . . . . . (2.2.5)

. . . . . . 0 1

0 0 0 • • • 'bz 'bl

This result and the Lyapunov theorem which will be discussed in the next

section lead to the necessary and sufficient conditions

bl >0, bz >0,..., bn >0 (2.2.6a)

A A A A2 3 r-3 r _

or Al> 0 > A2> 0,....,An> 0 (2.2.6C)
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which establishes the Routh—Hurw1tz criterion of Theorems 2.1 and 2.2.

An alternative form of the Routh-Hurwitz crlterion by Lienard and

Chlpart can be found in Ref. [14], which requires roughly half of the

determinant inequalities of the Routh-Hurwitz criterion.

2.2.2 Kharitonov Theorem

Nhen the model is known only approximately, one way to represent a

family of models 1s to consider perturbations of the coefflclents in the

characteristic polynomial. Then this type of problem may take the form

of Eq. (2.2.3) with

A stability condition for this case was studied by Kharitonov and its

main result 1s summarized in the following theorem.

Theorem 2.3 (Kharltonov, [16])

The characteristic polynomial with the coefficients given by Eq.

(2.2.7) ls stable 1f and only if the polynomlal fi are stable where

s“+

s“+
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f,(s) =
s“+

s“+ 6,s“'1+
¤,s“'2+ a,s“'3+ a„s“'4+ .....

Readers who are interested in its proof may refer to the original paper

of Ref. [16].

2.3. Stabillty Theory Based on State Energy

As shown above, the stability can be tested directly via a

characterlstic polynomial equation or the characterlstlc roots of the

matrix A in Eq. (2.2.1). Lyapunov, however, introduced the concept of

the generalized energy function, namely, the "Lyapunov function" and

established a stability criterion. The essence of his theorem is given

below.

Theorem 2.4 (Lyapunov, [17])

The matrix A is a stability matrix (1.e., all its eigenvalues has

negative real parts) lf and only if, for any real positive definlte

smmmetric matrix Q, the solution for the real symmetric matrix P

satlsfying "Lyapunov matrix equat1on“

P A + ATP = -Q (2.3.1)
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1s pos1t1ve def1n1te.

Not1ce that v = xTPx 1s a Lyapunov funct1on for Eq. (2.2.1) having

der1vat1ve -xTQx . Several proofs of this theorem 1n d1fferent forms

can be found 1n Refs. [14,17]. However, 1n what follows, a d1rect proof

1s g1ven 1n order to prov1de the 1nterpretat1ons of P and Q matrices 1n

tenns of the e1genvalues and eigenvectors of A matr1x.

Proof of Theorem 2.4

Assum1ng that A can be d1agonal1zed as M'1AM = A, construct P as

P=M'HM"1. 0bv1ously, P 1s Herm1t1an, but not necessarily real. Not1ng

that P 1s pos1t1ve def1n1te, for any non zero vector x, we can wr1te

xTPx = xTM'HM'1x = (M'1x)H(M'1x) > 0 . Then 1t 1s obvious that

Nox = —<Mx>"<x"+ x><Mx> > o.

1f and only 1f the real parts of the e1genvalues of A are 1n the left

half plane. In this sequence, we notice that 1f A matrix 1s

constructed as 1n block d1agonal form, M matr1x can be chosen as real.

Several 1mportant po1nts ar1s1ng from the theorem should be noted:

1) The solution P of Eq. (2.3.1) 1s un1que. 11) If Q 1s chosen as

pos1t1ve sem1—def1n1te and P turns out to be pos1t1ve def1n1te,

Lyapunov's theory establ1shes that A 1s certa1nly a stab1l1ty matrix.

However, g1ven a pos1t1ve def1n1te P and a stable A matrix do not



23

necessarily lead to positive definite Q matrix. When Q 1s positive

sem1—def1n1te, 1t can always be written in the form, RRT , where R 1s an

n x m matrix with rank equal to that of Q. An important theorem given

in Ref. [18] for this special case may be stated as follows:

Theorem 2.5 (Anderson, [18])

If A 1s a stabillty matrix, the solution for the real symmetrlc

matrix P of the equatlon

PA + ATP = -RRT

is unique and positive sem1—def1n1te.

Further, if the pair (A,RT) 1s observable, 1.e., 1f rank [R, ATR, (AT)2

R,.., (AT)“'1Rl = n, or equ1valently if RTexp(At)x=0, for all t, implies

x(t) = 0, then P is positive definite. A simple proof of the theorem

can be found in the Anderson's original paper. ‘

The Lyapunov theorem 1s useful to test the stabillty of a given

matrix, since 1t results in only one condition, positive definiteness of

the P matrix. However, determining the definiteness of P matrix may be

as tedious as applying the Routh—Hurw1tz criterion. For a special case

with the B matrix of Eq. (2.2.5) in the Schwartz form, if we apply the

Lyapunov function v = xTPx with

P = diag [ b1b2b3 ..bn, b1b2b3..bn_1„ b1b2b3bn_2, (2.3.2)

• • • •g
I
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to the equation x = B x . Then

0 = xT(PB + BTP)x = -zb;-xi (2.3.3)

is negative semi-deflnite for arbitrary bl. The proper R can be defined

for this case such that the pair (B,RT) is completely observable. Hence

from Theorem 2.5, P must be positive definite, which leads to the

necessary and sufficlent condition of Eq. (2.2.6). Parks' proof of

Routh-Hurwitz criteria using the Lyapunov theorem establishes an

important connection between the stabillty crlterla based on

characterlstic polynomials and the Lyapunov theorem. It should be noted

that the transformatlon of a general A matrix to B in the Schwartz form

is, on the other hand, not trivial.
1

2.4 Frequency-Domain Stabllity Concepts

Consider a system described by

x(t) = Ax(t) + Bu(t) (2.4.1)

y(t) = Cx(t) (2.4.2)

where x, u and y are state, control and output vectors, respectively,

A is a constant matrix and B and C are control influence and sensor
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matrices, respectively.

The state-space model of a dynamical system 1s often referred as an

internal description since 1t retains a knowledge of the system internal

dynamical structure. An external or input-output description is

obtained if in Eqs.(2.4.1) and (2.4.2) single-s1ded Laplace transforms

are taken, to give

sx(s) - x(o) = A;¤(s) + Bu(s)
96) = 696)

where x(s) denotes the Laplace transform of x(t) and s 1s the Laplace

variable. If the initial conditions at time t=0 are all zeros so that

x(0)·0, the input and output transform vectors are related by

Äds) = G(S) Ü(S) ·

where

G(s) = C[sI-A]'1B

Hence, the matrix G(s) is a matrix-valued rational function of the

complex variable s, and is called the open-loop transfer function

matrix. To simplify notation, we drop the symbol ^ from now on.

With the 1nput—output relation described here, we examinee the

stability cond1t1on for the general feedback configuration shown in Fig.



26

r<S) u(S) y(s)Jr

A

Figure 2.1 Standard Feedback Configuration
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2.1. The system's input and output are related to the reference input

r(t) by the relations

’ ets) = rts) - arts)
uts) = H arts)

and combining these with Eqs. (2.4.1) and (2.4.2), the following closed-

loop state—space equations are obtalned

x(t) = Acx(t) + Bcr(t) (2.4.4a)

y(t) = C x(t) (2.4.4b)

where

AC = A - BHC (2.4.4c)

BC = BH (2.4.4d)

Then the transfer function representation of Eq (2.4.4) becomes

y(s) = G(s)H L(s)'1r(s) (2.4.5)

where G(s)H 1s called the loop-gain/return-ratio matrix, and L(s) called

return-difference matrix defined by L(s) = I + G(s)H.

In 1835, Nyquist developed a graphlcal technique to check the

stability of a closed-loop SIS0 system by lnvestigating the loop gain
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and his theorem 1s generalized for multivarlable cases by MacFarlane.

In what follows, their results are given without proofs.

2.4.1 Nyquist Stability Criterion

From Eq. (2.4.5), 1t can be observed that the character1st1c

equation of the SIS0 system of Eq.(2.4.4) is given by

a(s) = 1 + G(s)H

and assumed to be written in the form

(s-zl)(s-22).....(s-zv)
a(s) = —-—-ill- (2.4.6)

($'p;) ($"p2) •• •• •($'pw)

where zl, 22,...,zv and pl, p2,...,pw are the zeros and poles of the

characteristic polynomial, respectlvely.

Consider a closed contour D such that the whole r1ght—half s plane

is encircled (see Fig. 2.2), thus encircling all zeros and poles

of A(s) that may have positive real parts. The plot of A(s) for values

s on the path D can be used to predict the number of unstable poles and

zeros of Eq. (2.4.6). The essence of Nyquist theorem as a consequence

of the complex variable theory can be summarized as follows:
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Nyqulst Stability Crlterion (Nyqulst, [19])

The net number of rotations n of A(s) about the origin is equal to

its total number of poles pr minus its total number of zeros zr in

the right-half s plane. A stable A(s) can have no zeros in the

right-half s plane, 1.e., zr=0; therefore, it can be concluded that

for a stable system,

“ = pr ' zr = pr

where counterclockwise rotation ls defined as being positive and

clockwlse rotatlon ls negative.

It 1s required that w s v for dynamlcal systems. Mathematically, this

means that when s goes to infinity, A(s) should not vanlsh. Note that

the plot of a(s) can be simplified by moving the origin of s plane to

(-1+jO) point; then the plot of the loop gain, G(s)H, can be used.

Nyquist also lntroduced the concept of the stability margin

utllizing root locus techniques. He defined the galn margin, gm, and

the phase margin, pm, such that when the function gmexp(jpm);j2=—1 1s

lntroduced in the loop, limlting values of gm and pm can be identifled,

which cause the system to be unstable. Pure gain margin and pure phase

margin are defined similarly for the cases when pm= « and gm=1,

respectlvely. An illustration of the root locus technique and the

stabillty margin concept for a nmltivariable case is given in the next

section.
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2.4.2 Generallzed Nyquist Criterlon and Multlvariable Root Loci

In 1960's, MacFarlane lntroduced the generalized Nyquist stability

criterlon for multivarlable systems. The idea involved is in defining

"characteristic ga1n loc1" which are a plot of the elgenvalues of the

return-ratio matrix G(s)H as the Laplace transform variable s

transverses the standard Nyqu1st D-contour. The criterion can be

sketched as follows:

Generalized Nyquist Criterlon (MacFarlane et al., [19])

The feedback system is stable 1f and only 1f the number of net

counterclockwlse encirclements of the critical point -1+30 by the

. characterlstic locl, is equal to the number of open-loop unstable

poles.

If a scalar ga1n k is introduced into each of the loops, then closed-

loop stability can be checked on the same plot for a family of parameter

values k by counting enclrclement of -1/k+30. Also, in analogy with the

scalar situation, ga1n and phase margins can be defined from the

characterlstic ga1n loci which indicate the limiting values of the

modulus and phase that k can attain before instability occurs.

In order to lllustrate multivariable root loci and generalized

Nyquist crlterion, MacFarlane's result for Kontakos‘ example (see Ref.

[19]) is included in what follows.
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Consider a generic feedback loop of Fig. 2.1 and assume that

feedback galn H and the plant G(s) are 1n the form

H=kI

G( ) 1 (s-1) s
S:

O1 25Zs+I§Zs+2$ _6 (s_2)

Then, the return—rat1o matrix 1s given by

F(s,k) = k G(s)

and the corresponding characteristic equation is

det [I + F(s,k)] = 0 (Z·4·7)

where s is the characterlstic root or eigenvalue.
2

In order to investigate the behavior of Eq.(2.4.7) with respect to

k, MacFarlane introduced a scalar characteristic function

x(s,k) corresponding to the return-ratio matrix, which satisfies

det [x(s,k) I — F(s,k)] = 0

Then, the characterlstic locus 1s the plot of x(s,k) for k=1 and s

travels along the D-contour.
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, For th1s particular example, the pole polynomial for G(s)H 1s

(s+1)(s+2) and therefore the total number of poles 1n the r1ght-half

plane 1s zero. If the net counterclockw1se enc1rclements of (-1/k +30)

1s zero, closed-loop stability 1s ensured. From F1g. 2.3, we can obtain

the l1m1t1ng values of k which ma1nta1n closed-loop stability.

1) For - ·
< -1/k < -0.8, there are no encirclements of the

cr1t1cal point (-1/k+j0) and thus the closed-loop system is

stable for 0 < k < 0.25.

2) S1m1larly, for 1.25 < k < 2.5, the system 1s unstable.

3) For 2.5 < k < ¤ , the system is stable.

4) For - ¤ < k < -1.875, the system 1s unstable.

5) For -1.875 < k < 0, the system 1s stable.

2.5 Zames' Input-Output Stab1l1ty Criterion

The def1n1t1on of Input-Output (I-0) stab1l1ty introduced by Zames

[20] 1s somewhat d1fferent from the stab1l1ty def1n1t1on discussed in

the previous sections. Zames' theory 1s based on the functional

relations between 1nput and output behavior and or1g1nally developed for

time-varing nonl1near systems. He stated that the I-0 system 1s one 1n

wh1ch the output m1ght be requ1red to track some funct1ons of the 1nput,

and 1t must usually have the following properties:
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1) Bounded 1nputs must produce bounded outputs.

2) Outputs must not be cr1t1cally sensitive to small changes 1n

inputs.

Zames' theorem of the I-0 stab1l1ty can be sketched by using

funct1onal form for a system of Fig. 2.4. The equations descr1b1ng this

system, termed as feedback equat1ons are:

el =w2+a2u+y2

e2=w2+a2u+y2 _

am = H„¤„
y2 = Hzez

where u 1s an 1nput,

el and e2 are error outputs,

y2 and y2 are outputs,

al and a2 are real constants,

and ul and w2 are fixed biases.

Note that the 1nputs and outputs are def1ned 1n an extended normed

l1near space (see Ref. [20] for the def1n1t1ons).

The problem to be considered for the system of Fig. 2.4 1s to

determine cond1t1ons on the elements H2 and H2 wh1ch will ensure that

the overall loop w1ll remain stable after H2 and H2 are

1nterconnected. Thus Zames adopted the following definition of the

1nput-output stab1 l 1 ty.
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Def1n1t1on 2.1

A relat1on H of a set (U.!) ls 1nput—output stable

1) 1f H 1s bounded: For every bounded input u, H produces a bounded

output, y.

11) 1f H 1s continuous: For any 6>0, there ex1sts 6>0 such that 1f

|v—wI < 6, then IHv-Hwl < 6.

Zames also defined the ga1ns and incremental gains of a relat1on H,

respect1vely as

IHvI
· 9(H) = SUP **1;]*

- IHv-HwlQ1") ‘ *“P Wm-

where the supreme 1s taken over all v and w 1n the doma1n of H, all Hv

and Hw 1n the range of H, and all t1me for wh1ch v ¢ w. H1th these

def1n1t1ons, the suff1c1ent cond1t1on of 1nput—output stab1l1ty can be

stated 1n the follow1ng:

Theorem 2.6 (Zames,[20])

a) If 1, then the closed—loop relations (u, el) and

(u, ez) are bounded.

b) If g(H1)g(H2) < 1, then the relations (u, el) and (u, ez) are

1nput—output stable.
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Th1s theorem 1mpl1es that 1f norm of the return-rat1o matrix in the

standard feedback loop 1s bounded by one, then the system 1s input-

output stable. For the case of linear systems, Zames‘ stab1l1ty

cr1ter1on may be a very conservative condition, s1nce 1t ut1l1zes a

sequence of 1nequal1t1es 1n its derjvation. On the other hand, when

norm bounded perturbations, especially dynamic perturbations, are

1ntroduced 1n the feedback loop, this may be a useful cr1ter1on to

define the stab1l1ty of the result1ng closed-loop system.

2.6 Concluding Remarks

' The stab1l1ty of any mult1var1able linear time-invariant system can

be always determ1ned by ex1st1ng methods. So, from one po1nt of view,

the stability problem 1s completely solved. The problem cons1dered in

the present study 1s, however, namely how stability 1s affected by

uncertaintjes 1n the plant, 1nclud1ng change 1n model dynamics. when

only one parameter 1n the system 1s subject to var1at1on, the

generalized Nyqulst criterion can be applied. when several parameter

perturbations are cons1dered, the stab1l1ty problem becomes more complex

and totally different from the s1mple case of s1ngle parameter

var1at1on. From this po1nt of v1ew, the ex1st1ng stability theories and

on-going research are revlewed in this chapter.

Most of available stab1l1ty theorles are based on a characteristic

equatlon, a stab1l1ty matrix or a transfer function. The stability
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theorles based on a characterlstlc polynomlal, the so—-called classical

approach, provides condltions on each coefflcient of a characterlstic

polynomial. Following this approach, one interesting paper by

Kharltonov has established a direct way to test the stabillty of a

family of dynamic models. For moderate to high dlmensioned systems,

computatlonal difflcultles usually arise in determlnatlon of the

characteristlc coefficients from dlfferentlal equations. From a

practical point of view, lt may be generally better, therefore, to solve

the algebraic eigenvalue problem correspondlng to a linear dlfferential

system directly uslng an computatlonal algorlthm. with this direct

method, the elgenvectors of a system can be found with little extra

effort, so that the actual solution of the dlfferentlal system may be

obtalned. A set of elgenvalues, however, does not dlctate "how stable"

the system ls in terms of var1at1ons in the plant parameters and

feedback gain elements, since each eigenvalue has different sensitlvity

and the elgensolutlon 1s usually a highly nonllnear function of the

plant parameters.
F

Different from the classical approach, Lyapunov stability theorem

deals with the system stability matrix itself and results in one

condition such that the solution of the corresponding matrix Lyapunov

equation should be positive deflnite. For this type of criterlon,

changes in model dynamics can not be included in the stab1l1ty

analysis. Therefore, the 1nput—output stability criterion by Zames

appears to be a more general criterion for the study of stability

robustness s1nce lt provides a norm bounded condition by its nature.



CHAPTER 3. STABILITY ROBUSTNESS MEASURES

In thls chapter, an overvlew ls presented of some recent results

for robust controller deslgn of multlvarlable llnear time-lnvarlant

systems. Since the toplc of robust control ls an extremely actlve area

of research at present, lt ls lmposslble to lnclude all the

results/approaches obtalned up to date. Therefore, the emphasls

throughout thls chapter ls to characterlze the most lmportant of the

known stablllty robustness results based on the stablllty crlterla

dlscussed ln Chapter 2. Along wlth the approaches based on several

stablllty crlterla, a method based on small perturbatlon theory (l.e.,

elgenvalue sensltlvlty) ls also dlscussed.

Thls chapter ls dlvlded lnto slx sectlons: Sectlon 1 describes the

general problem of robust controller deslgns. Sectlons 2 and 3 descrlbe

the results obtalned based upon the Routh-Hurwltz crlterlon and the

Lyapunov stablllty theorem, respectlvely. In Sectlons 4 and 5,

robustness measures ln the frequency domaln and those based on

elgenvalue sensltlvlty are dlscussed. Flnally, Sectlon 6 offers some

concludlng remarks.

3.1 General Problen of Robust Control

In feedback control deslgns for multlvarlable systems, especlally

for the LSS control deslgns, representatlon of a practical system (l.e.,

40
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one that can be 1mplemented) plays an essent1al role 1n the development

of robust control synthes1s. All of the ava1lable feedback design

methodolog1es are based on mathemat1cal representat1on of physical

systems, namely, depend upon a "good model". However, no s1ngle f1xed

apr1or1 model can rel1ably and accurately match the response of phys1cal

real1ty. At least, sets of "maps" are therefore needed as a model.

Uncertainty of an open-loop plant or model ar1ses from 1) var1at1ons 1n

the actual plant 1tself due to changes 1n operat1ng cond1t1ons, ag1ng

components, etc., 11) differences between the actual plant and a control

"des1gn" model used to represent 1t at any g1ven operat1ng po1nt, and

111) poorly modeled external d1sturbances.

A typ1cal approach for study1ng these departures from determ1n1sm

uses a f1xed l1near t1me—1nvar1ant system as a nom1nal model and

represent uncerta1nt1es by 1ntroduc1ng

1) H1ghly structured representat1ons of uncerta1nty 1nclud1ng, for

example, uncertain parameters 1n a known model structure. Often these

ar1se from the use of l1near1zed models, where the l1near1zat1on can be

made about var1ous operat1ng points.

2) Weakly structured (or unstructured) representat1ons of

uncerta1nty 1nclud1ng, for example, those for wh1ch only a bound on

magn1tude or some norm of the uncerta1nty 1s known. Typically these
1

1nclude unknown or neglected h1gh-frequency dynamics.

In add1t1on, depend1ng on a part1cular phys1cal problem, sensor

and/or actuator malfunct1ons may be cons1dered as uncerta1nt1es 1n the

system. The h1ghly structured perturbations make the (often opt1m1st1c)
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1mpl1c1t assumpt1on that the model phys1cs are well-understood, only

parameter values are uncerta1n. The weekly structured perturbat1ons, on

the other hand, make the (often pess1m1st1c) assumpt1on that the system

1s parameter1zed only 1n the most macroscop1c sense, 1f at all.

A general robust control problem cons1sts of f1nd1ng a f1xed

controller wh1ch can stab1l1ze s1multaneously all the plants 1n a g1ven

class. In LSS control system des1gns, both h1ghly and weakly structured

uncertainty may be cons1dered. However, 1n c1rcu1t des1gn problems, the

order of plant 1s usually exactly known. Var1at1ons 1n certain plant

parameters are then only cr1t1cal 1n the controller des1gn. Therefore,

robust controller des1gns depend on the part1cular representat1on of

uncerta1nt1es appropr1ate for the problem under cons1derat1on.

As shown 1n Chapter 2, the stab1l1ty of a g1ven system can be

determ1ned by test1ng 1) the character1st1c equat1on, 11) the system

matrix of state equat1ons, or 111) 1nput-output frequency-doma1n

transfer funct1on representat1ons of the system. Each stab1l1ty

cr1ter1on then adopts a part1cular mathemat1cal representat1on of the

system and uncerta1nt1es 1n the system, for 1nstance, changes 1n the

coeff1c1ents of a character1st1c equat1on, changes 1n the elements of a

stab1l1ty matr1x, or perturbat1ons of an open-loop transfer matr1x. For

the f1rst two types of representat1ons, the order of a d1fferent1al

system 1s assumed to be f1xed, wh1le for the th1rd type, the change 1n

dynam1c order can be 1ncluded 1n the representat1on of perturbat1ons.

In the analys1s and synthes1s of robust controller des1gns, ma1n source

of d1ff1culty lies 1n the fact that all poss1ble comb1nat1ons of
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perturbation in a class should be considered. Most of the available

design methodologies admit norm bounded perturbation and follow a design

strategy to obtain a fixed controller which maximizes the norm of

allowable perturbations while preserving system stability.

3.2 Robustness Index Based on Characteristic Polynonial

Hhen the coefficlents of a characterlstic polynomial are not

exactly known, the problem of interest 1s to find maximal intervals

centered at the nominal values of the coefficients, having the following

property: the polynomial remains strictly Hurwitz (stable) for all

variations of the coefflcients within these intervals. As discussed in

the previous chapter, the Kharitonov stability theorem established a

basis on the investigation of this problem. Recently, Barmish exploited

the Kharitonov theorem to obtain a robustness measure for polynomials of

any degree. He simply defined four constraints according to the

Kharitonov theorem and applied the Routh—Hurw1tz stability criterion to

obtain maximally allowable perturbation size of the coeff1c1ents.

Different from Barm1sh's approach, Soh et al. introduced a method to

measure the distance from a nominal point to a instability boundary in

the coefficlent space directly. His instability boundary in the

coefflcient space is defined by two surfaces corresponding to

characteristic values at the origin and on the imaginary ax1s of the

complex plane. Then, the robustness index 1s defined to be the minimum
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distance to these hyperplanes. In what follows, The results obtained by

Barmish in Ref. [21] and Soh et al. in Ref. [22] are discussed in

detail.

3.2.1 Application of the Kharltonov Theorem

Conslder the characteristic polynomial

n n-1 n-2g(s) = s + als + azs + ......+ an_1s + an (3.2.1)

with bi- v16 s ais b1+ w16 , 1=1,2,..,n, where vi and wi are weighting

factors and 6 ls a positive constant. Note that when 6=0 , Eq. (3.2.1)

represents the nominal characteristic polynomial assumed to be strlctly

Hurwltz. Also, observe that 6max is considered as a robustness index

which guarantees that sets of polynomial in maximal

intervals [bi- v16maX, b1+ wi6max] , {i=1,2,...,n} remain stable.
I

According to the Kharitonov theorem in Chapter 2, given any 6 > 0 ,

all polynomials g(s) are strictly Hurwitz 1f and only 1f the Routh-

Hurwitz crlterion is satisfled for the four polynomials .

g2(s) =
s“+

61s"'1+
s2s“'2+ ¤3s"'3+ ¤4s“'4+

...... (3.2.2b)

g3(s) =
s“+ ¤1s“'1+ 62s“'2+

a3s“'3+
64s“'4+

...... (3.2.2c)
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g4(s) = s°+
a1s“°1+ ¤2s“'2+

s3s“°3+
¤4s“°4+

...... (3.2.2d)

with a1= bi-vie, 61=b1+w1e, 1=1,2,...,n.

Denoting by H(a,,a2,a3,...,an) the Hurw1tz testing matrix defined by

Eq. (2.2.4), we write the Hurwltz test matrlces corresponding to each

polynomial of Eq. (3.2.2) as _

Q2(e) = H(e,,ß2,¤3,¤„,es,....) (3.2.3b)

=H(¤l•B2·¤3,B|•’¤5,l•II)Q„(;)

= H(s1,a2,63,a„,ßS,....) (3.2.3c)

If the leading pr1nc1pal m1nors of Q1(¤),{1=1,2,3,4}, are all positive,

the Routh-Hurwitz criterion 1s satisfied and then the polynomials g1(s)

of Eq. (3.2.2) are strlctly Hurwitz. Now, let A1j(e) denote the jth

leading principal minor of Q1(e) and define

eq = min { e>0 : there exists a j>n such that Aij(e)<0 }

for 1=l,2,3,4 (3.2.4)

Then, 1t follows that the maximally allowable interval of

a=col(a1,a2,...,an) 1s defined by _
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To illustrate th1s process, Barm1sh's example [21] is included here.

Consider the strlctly Hurwitz polynomlal

_ « 2 2
g(s) = s + Ss + 8s + 8s + 3 (3.2.6)

For this polynomial, w1th equally welghted perturbations in all

coefficlents, 1.e., v1=w1=1,[1=1,2,3,4], we obtained the set of

constraints by Routh-Hurwitz criterion as

Q1(6) t 6<5, 6<8,
62-

756 + 181 > 0

Q2(;) : ;<3, ;<8, ;2+ 75; + 181 > 0

Q,(;) : ;<3, ;<5, -25;2+
55; + 181 > 0

Q„(e) : ;<8, -25;2— 55; + 181 > 0

Using Eq. (3.2.4), we obtaln

J: = 2.5, J; = 2, J; = 2, J: = 1.81

Finally, applying Eq. (3.2.5), we arrive at
7

;max= min { 2.5, 3, 3, 1.81 } = 1.81

For this scheme, Bialas and Garloff [68] developed an efficient

computational algorithm to reduce the cost for the evaluation of Hurwitz
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determlnants. They utillzed the Llenard-Ch1pard[14] crlterion instead

of the Routh-Hurwitz criterlon.

3.2.2 Soh's Approach

Recently, Parkash and Fam [23] have shown that the stabillty domain

of the coefflclent vector a=col(al,a2,...,an) in the Hurwitz polynomial

of Eq. (3.2.1) is bounded by two surfaces;

1) An (n-1)-dimenslonal hyperplane Bl, which corresponds to the zero

characterlstlc value 1.e., g(0) = 0.

2) An (n—2)-dimensional hyperplane B2, which corresponds to g(s)

with complex conjugate characterlstlc values on the lmaginary axls of

the complex plane, 1.e., g(:jy)= 0, for y>0.

Using these def1n1t1ons of instability boundary, Soh et al.[22]

developed a method to measure the minimum distance from a nominal point

a to Bl and B2 surfaces in the coefficlent space.

For the first case when s=0, the distance from a to the Bl boundary

ls obvlously given by

dl = an (3.2.7)

To prove this result formally, define Bl by fl vector which satisfies

T -fl ul- 0
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where ul = col (0,0,..,1) 1s an n—vector and fl 11es on the boundary B1.

Then, the shortest distance (Eucledian norm) from the point a to the

hyperplane B1 1s given by

d1= 'f1° a U =

Iwhere

a1= w1Ta =

anForthe second case when g(zjy)=0, an opt1m1zat1on process 1s

reguired in the caTcu1at1on of the shortest distance from a to the

surface B2. Rewrite Eq. (3.2.1) with g(:jy) = 0 as

2 2 n = o 2 2 66(S)=(s +v)(s> (--)where ·
h(s) =

s“'2+ r1s“"3+
r2s“'4+.......+ rn_2

Expanding Eq. (3.2.8), the vector, fz, on the surface B2 may be written

as

f2= t + G r (3.2.9)
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where t = col(0, y2,O,...0) is an n-vector

r = col(r1,rz,...rn_z) is an (n—2)—vector and

1 0 . . . 0 0

01....0

G=y201..0
0y201.
ooyzo.
. . . y2 . 0

V OIIOOO

OOOOOO

1s an n x (n-2) matrix.

Again, the shortest distance from the point a to Bz 1s given by

d2=I f2- a I (3.2.10)

Then, we are led to find minimum dz with respect to r and y. Since for

a fixed y, fz 1s a linear function of r, we can analytlcally calculate

optimal r which minimizes dz. Using Eq. (3.2.9), rewrlte Eq. (3.2.10)

as

2 Td2 = (t + G r — a) (t + G r - a) (3.2.11)

Setting the gradient of dz with respect to r equal to zero, we obtain
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•· = [GTGl°1GT(t—a)

After substituting this into Eq. (3.2.11), we obtaln the minimum dz as

d22=
min { (t-a)T[I-G(GTG)'1GT](t—a) 1 (3.2.12)

.v

This 1s an unconstralned optimizatlon problem which can be solved by;

available numerlcal algorlthms. The result can be summarlzed in the

following theorem. .

Theorem 3.1 (Soh et al., [22])

_ The largest hyperplane centered at a in Eq. (3.2.1) contalning all

strictly Hurwitz polynomlals has a radius R given by

nä min { dj (1,21 (3.2.13)

The proof ls geometrlcally obvious because the hypersphere of the radius

R ls contained within those of dl and dz.

To provide an illustration of the approach, again consider

Barm1sh's example in the previous section. For the polynomlal of Eq.

(3.2.6), using Eqs. (3.2.7) and (3.2.12), we obtain

dlz = 9 and dzz = 12.36
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Finally, R2 = 9. Note that the radius R can be interpreted by the

maximally allowable changes in a vector, 1.e.,

R2= AQTAQ

Then, the design strategy is obvlously to find a stabilizlng feedback

control which maximizes allowable perturbation size R given by Eq.

(3.2.13). It should be noted that in Eq. (3.2.12), the global minimum

1s required. Application of this result to compensator design problems

can be found in Refs. [52,53].

3.3 Robustness Index Based on Lyapunov Theorem

Asymptotically stable linear systems subject to time-varying
”

nonlinear perturbatlons have been studled by Patel and Toda[24l by using

Lyapunov stability theorem. They obtained certain bounds on general

nonlinear perturbation such that the system remains stable. In an

attempt to obtain a less conservative robustness measure for the case T

when particular elements of the system matrix are considered to vary,

Yedavall1[26] developed an extended version of the Patel and Toda's

measure. The key ideas of their robustness indices are discussed 1n this

section. „
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3.3.1 Patel and Toda's Approach

The problem considered in their study [24] 1s to find a stabllity

bound on the nonlinear vector function f(t,x,u) for the system given by

x(t) = A x(t) + B u(t) + f(t,x,u) (3.3.1)

where x and u are the state and control vectors, respectlvely, A and B

denote the system model parameter matrices. .

The perturbation f can be interpreted ln several ways, 1.e.,

1) f(t,x,u) = Ex + Fu for linear additive perturbations in the

system model (A,B).

2) f(t,x,u) = EAx + FBu for multiplicative perturbations in the

system model (A,B).

The essence of Patel and Toda's work 1s given in the following theorem

for the case with u = 0. Throughout the context, the system of Eq.

(3.3.1) with u=0 and f=0 is assumed to be asymptotically stable.

Theorem 3.2 (Patel and Toda, [24])

The system of Eq. (3.3.1) with u = 0 is stable 1f

I f(t,x) I min x(Q)

I x I max A(P)

where x(.) is the eigenvalue of (.) and P is the unique positive

definite solution of the algebraic Lyapunov equation
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T -P A + A P - - 2 0 (3.3.3)

for some pos1t1ve definlte Q matrix

Proof of Theorem 3.2

With the positive definite solution of Eq. (3.3.3), define the

Lyapunov function as

_ Tv(x) - x Px (3.3.4)

Since A 1s assumed to be an asymptotically stable matrix, such a P

always exists. By the Lyapunov theorem, if the der1vat1ve of v(x) with

respect to time along the solution of Eq. (3.3.1) 1s negative, then the

system remains stable. Differentlatlng Eq. (3.3.4) yields

v(x) = xTPx + xTPx

T
= xT(P A + ATP)x + 2 f(t,x)TPx

Using Eq. (3.3.3), rewrite this as

v(x) = -2 Jo; + 2 f(t,x)TPx

Hence, v(x) < 0 if
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f(t.¤)TP x < xT0 x (3.3.5)

By Rayle1gh's theorem [25], we have the relations

xTQx > m1n x(Q) xTx

and If(t,x)TP xl < If(t,x)I·lP|·|xI

It follows that Eq. (3.3.5) 1s sat1sf1ed if

|f(t,x)!·|PI < m1n x(Q) IXI

Then, the result of Eq. (3.3.2) follows on not1ng that

IP! = max x(P)

when the spectral norm is used.

when the perturbatlon of A matrix only 1s 1ncluded, 1.e. (A+E),

the left hand side of Eq. (3.3.2) can s1mply be replaced by IE! . It

has been also shown [24] that when the identity matrix 1s chosen for Q,

pl in Eq. (3.3.2) is a max1mum and pl , for this choice, 1s bounded

by the equat1on

1
¤1= ————————— < min Real [-A1(A)] (3.3.6)

max x(P) 1
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Therefore, from matrix norm relations, the elements of E matr1x 1s

bounded as

leijl < ul/n (3.3.7)

As observed here, 1t 1s obv1ous that the more stable the nominal system

1s, the larger the bound, pl, 1s. In Theorem 3.2, the only

computation requ1red 1n obta1n1ng the robustness 1ndex ul _ 1s the

determ1nat1on of the solut1on of Eq. (3.3.3).

For the case of the l1near state feedback, u = —Kx, the stab1l1ty

of the closed-loop system

x(t) = (A-BK) x(t)

1s requ1red to be asymptot1cally stable for the solut1on, P, of Eq.

(3.3.3). Then, the elements of stab1l1z1ng feedback ga1n K can be

opt1m1zed for a max1mum ul . As ment1oned 1n the1r paper, the

robustness 1ndex ul may be qu1te conservat1ve w1th respect to the

maximally allowable bounds on the perturbat1ons s1nce 1t expresses a

suff1c1ent cond1t1on for the stab1l1ty of a system, espec1ally when only

part1cular elements of A matr1x 1s considered to vary. Uncerta1n

degrees of conservat1sm are also 1mpl1c1t 1n the Patel/Toda developments

because the sequent1al use of 1nequal1ty arguments (1.e., how "nearly"

are the 1nequa1l1ty statements approx1mated by equal1ty statements 1s

problem-dependent) .
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3.3.2 Yedavall‘I's Approach

In an attempt to obtain a less conservative robustness measure,

Yedavalll developed an extended version of pl defined in Eq. (3.3.6),

which can be applied to systems subject to highly structured parameter

perturbations. His result can be sunmarized In the following theorem.

Theorem 3.3 (Yedavalli, [26])

Suppose that the nominal system of Eq. (3.3.1) with u=0 and

f(t,x)=0, 1s asymptotically stable. We Introduce the perturbation

in the form f(t,x) = Ex. Under these assumptions, the perturbed

system remains stable for any perturbation matrix E, which

satisfies.

e = e < Tl- = p2 (3.3.8)I I
1

"
¤(I|PIUlS)

where |.| 1s a matrix with all positive elements, U is the nxn

matrix whose elements are typlcally set to unity, [ [S represent the

synmetrlc part of [ l, and P satisfies the algebraic Lyapunov
I

equation of (3.3.3) with Q=I.

with the U matrix of Eq. (3.3.8), we can test the stability of a system

subject to structured parameter perturbations. The robustness Index

[I2 can be calculated with U matrix whose elements are all set to zero
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except elements correspondlng to dlsturbable entries of the A matrix.

If all the elements of A are considered to change, then all U elements

are set to unity, 1.e., u1j=1, {1,j=1,2,..,n}. For this case, Yedavalli

has shown that p2 1s greater than Patel and Toda's index ul (1.e.,

less conservative) 1f all the elements of P are positive. A simple

proof of this theorem by using matrix norm algebra can be found in Ref.

[26].

3.4 Robustness Index in Frequency Domain

' During the last two decades, generalizatlon and unification of

classical and modern control concepts has been of great interest as

evidenced by Refs. [27-41]. The frequency domain approach for single-

input s1ngle—output (SISO) systems, usually called the classical

approach, has been widely used in practical design of feedback

systems. Its application to multivariable control problems, especially

stability robustness analysis, has been introduced only in the recent

literature of modern control theory. In an attempt to evaluate modern

control design methodologies by using frequency domain techniques,

several researchers established connections between classical and modern

control concepts, for instance, the generalized Nyquist stability

criterion discussed 1n Chapter 2, frequency domain optimallty conditions

for linear quadratic regulator problem [27], etc.
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As a consequence of this recent work, fruItful areas of current and

future research for multIvar1able control problems are:

1) Frequency doma1n conditions for performance and stabIlIty

robustness for multivariable feedback systems [30-38].

2) Stab1lIty of two—Input and two-output systems [28,29].

3) Frequency domain characterIzatIon of modelling error [31,37].

4) Role of Return-RatIo and -DIfference matrIces In modern control

synthesis [39-41].

In thIs sectIon, we examIne key results of 1) and 2), and their

applications to multivariable feedback desIgn problems.

3.4.1 Stab1lIty of Two-Input Two—0utput (TITO) Systems

As mentioned In Chapter 2, Zames' I-0 stabIlIty crIterIon was

orIgInally developed for tIme—varyIng nonlinear systems. In thIs

subsection, the stabIlIty of an Inter—connected lInear system wIth

stable transfer function matrIces will be examIned. The general frame

work to be used Is Illustrated In the dIagram of Fig. 3.1 for a lInear

feedback system, namely, Two-Input Two-Output (TITO) system. It Is not

d1ffIcult to show that any lInear InterconnectIon of Inputs, outputs and

controllers can be arranged to match this diagram. Moreover, If other

subsystems are Introduced In the loop, a new feedback system In the

standard form of this diagram can be formed and the stabIlIty of the

overall system can be systematIcally analyzed.

A feedback system Is defined to be "Internally stable" If all the
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Figure 3.1 Two-Input Two-Output Syste:
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eigenvalues of the composite state—space representation of the closed-

loop system lie in the left half plane[28]. Recently, it has been

established that the internal stability is equivalent to external

stability of an appropriate system with virtual inputs injected into

each subsystems. Consider a system of Fig. 3.2 with the virtual input

u. Here, G and K are assumed to be proper rational functions in s with

real coefficients and internally proper coprime fractions (see Ref. [28l_

for the definitions). Also, similar to the condition of the Nyquist

criterion for SIS0 systems, it 1s assumed that as s goes to infinity,

det (I + GK) ¢ 0 or det (I + KG) ¢ 0

This condition 1s usually referred to as an assumption of well—posedness

of a feedback system. Calller and Desoer's result under these

_assumpt1ons can be summarized as follows:

Theorem 3.4 (Callier and Desoer, [28])

The system of Fig. 3.2 1s internally stable 1f and only 1f each

transfer function matrix Pij relating inputs (v,u) and outputs (e,y)

1s stable, 1.e., externally stable.

The transfer functions Pij of the TIT0 system of Fig. 3.2 are obtained

in Appendix A as
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Figure 3.2 Feedback Syste! with Virtual Input
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P11 P11 (I+KG)°l K(I+GK)°1
P = = -1 -1(3°4'P11

P11 G(I+KG) GK(I+GK)

The proof of this theorem can be found in Ref. [28], which utilizes

matrix fractions of G and K. Bhattacharyya and Howze, however, provided

a state-space-based proof which relates the assumptions made here to

controllability and observability conditions. Their main result 1s

given as follows: _

Theorem 3.5 (Bhattacharyya and Howze, [29])

Under the assumptions that the state-space realizations of G and K

in Fig. 3.2 are stabilizable and observable, the overall system 1s

internally stable if and only 1f PU, [1,j=1,2] of Eq. (3.4.1) are

stable.

These two theor1es provide an important basis for the stability analysis

of interconnected systems. The internal stability of a feedback system

can be easily tested by inspecting the TIT0 system with virtual inputs

injected each subsystems. Notice that usual I-0 map of the system of

Fig. 3.2 is given by
I

P - G(I+KG)"121 °

The poles of P21 are then the eigenvalues of the system and the
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character1st1c equat1on 1s 1dent1f1ed as

det (I+GK) = 0 (3.4.2)

Then, It 1s obv1ous that 1f zeros of Eq. (3.4.2) are all 1n the left

half plane and the assumptions of Theorem 3.4 or 3.5 are sat1sf1ed, the

components, Pij, {1,j=1,2} are stable transfer matr1ces. Th1s 1mpl1es

that 1f a new component connect1ng input 1 and output j 1s 1ntroduced 1n

the TIT0 system, P, only ·the (1,j) component 1s needed to test for

stab1l1ty analys1s. Th1s result can be illustrated by 1ntroduc1ng a new

component (1+ A) 1n the loop as shown 1n F1g. 3.3a, 1.e., replac1ng G by

(1+ A)G. From F1g. 3.3a, we form equivalent feedback systems of F1gs.

3.3b and 3.3c. Then the return-d1fference matr1x 1s eas1ly 1dent1f1ed

and the correspond1ng character1st1c equat1on 1s obta1ned as

A) = Ü (3.4.3)

As shwn here, P22 and A determ1ne the stab1l1ty of the overall

compos1te system. Th1s character1st1c equat1on can be d1rectly

1dent1f1ed from the TIT0 system conf1gurat1on w1thout follow1ng the

rearranging process of F1gs. 3.3a, 3.3b and 3.3c. In the d1agram of

F1g. 3.1, the subsystem A 1s cons1dered as a feedback ga1n matrix

connect1ng y and u such that

u = - A y
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Figure 3.3 Reconstruction of Feedback Loop
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Notice that P22 is considered as an open-loop transfer matrix

corresponding to this feedback control law which leads to the

characteristic polynominal of (3.4.3). Also, note that when a new

component is lnserted in any place of the feedback loop, this standard

procedure can be used in the formation of a TIT0 system and the

determlnatlon of the stabillty of the overall system. This useful

scheme will be illustrated in the next section for the stabillty

robustness analysis.

3.4.2 Performance and Robustness Index

In order to study the robustness of closed-loop properties with

respect to large and possible dynamic perturbations, consider feedback

configuration of Fig. 3.2. He assume that the true plant G(s) can be

represented by

G(s) = G0(s) + 6G(s) (3.4.4)

where Go(s) 1s a known stable nominal plant model and 6G(s) is an

addltive model uncertainty or perturbation.

Ne choose also to represent the perturbation 6G(s) either of two

multlpllcative forms , 1.e.,

6G(s) = AG(s) (3.4.5a)

or
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¤G<s) = G(s)¤ (2.4.sb)

where A in these expressions represents perturbatlon reflected to output

and input of the plant, respectlvely.

It should be noted that the robustness measure depends upon the location

of uncertainty introduced in the loop. In what follows, the special

form of Eq. (3.4.5a) will be used as the representatlon of

uncertalnty. He also assume throughout that the controller K(s) 1s

preclsely known. As shown in the previous part, if G(s) in Fig. 3.2 1s

replaced by perturbed plant of Eq. (3.4.4) with Eq. (3.4.5a), lt is not

difficult to rearrange Fig. 3.3a to match the dlagram of Fig. 3.1.„ For

this T1T0 configuration with the components of P(s) given by Eq.

(3.4.1), we have the characterlstlc equation of Eq. (3.4.3).

According to the generallzed Nyquist criterlon dlscussed in Chapter

2, the stab1l1ty of the composlte system of Fig. 3.3 is guaranteed 1f

necessary encirclement of the map of Eq. (3.4.3) about the origin on the

Nyquist 0-contour ls zero. For the case when A ls only partlally known,

the matrix norm induced by a vector norm can be utillzed for

characterizlng uncertain structure. For a norm bounded A ,1f ‘

IP22I·IAI < 1

then the map of Eq. (3.4.3) will never become singular for all s on the

0-contour. This is usually called “s1ngular1ty test" for stability

analys1s[30l and 1t can be also obtained by applying the 1-0 stability
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criterion. Note that usual performance map for the system of Fig. 3.3c

is given by

e = Pll'v = [P11-P12(I+P22A)”1P21] v (3.4.6)

If we consider nominal system with A = 0, P11 may be recognized as a

performance matrix (or sensitivity matrix). As shown here, two transfer

matrices P11 and P22 play an important role in the analysis of

performance and robustness in the face of uncertainties. The

performance condition may be a bound on e in Eq. (3.4.6). Then, for

this case, the uncertainty takes the form of bound on v or a description

of the allowable A .

Recently, Doyle and Stein rediscovered the usefulness of singular

value decomposition in the analysis and synthesis of feedback systems in

the face of model uncertainty. The following two theorems provide key

ideas in the results obtained by Doyle et al. [30,31,32].

Theorem 3.6 (Doyle et al, [31]): Performance
‘

The norm of the output error e in the diagram of Fig. 3.1 is bounded

by one for all the external input v such that Iv|<1, if and only

if

l
|Pl1| < 1 (3.4.7)
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Theorem 3.7 (Doyle et al, [31]): Robust Stabllity, Unstructured

The composlte system of Fig. 3.1 is stable for all A such that

IAI < 1, lf and only if

IP„I < 1 (3.4.8)

It should be noted that the performance of the system with A = 0,

lndlcated by Pu, ls equivalent to robust stabllity of a related system,

and vice versa. Also note that to be useful for any practical problems,

1t is .necessary that weights be used on both the external input and

perturbation to reflect the dependence of the uncertainty on frequency

and direction. Since these welghts can always be absorbed into the

interconnected structure, it 1s no loss of generality to use unweighted

norm expressions of Eqs. (3.4.7) and (3.4.8). Further discussion on

welghted measure of performance and robustness will be given later. As

shown here, using only a norm bound on uncertalnty does not capture the

natural known structure inherent in almost any control problems.

Therefore, conditions on P11 and P22 obtained in Theorems 3.6 and 3.7

must be very conservative for this case.

In an attempt to study the robustness and performance index of Eqs.

(3.4.7) and (3.4.8) slmultaneously, Doyle also introduced a robust

performance index for a scheme for structured perturbation in the

system, so called, "Structured Singular Value (SSV)" or p -1ndex. In

Ref. [32], he used a perturbation expression of norm bounded block

diagonal for A , 1.e.
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A = d1ag( A1, A2,...., An) (3.4.9)

For the uncertainty expression in this form, he defined structured

singular value u as -

p(M) = 0 1f no A 6 X solves det(I+MA)= 0, otherwise

[ minimum { E(A) | det(I+MA)= 0 l
]-1

(3.4.10)
Acx

where the set X 1s the set of all block diagonal matrices with no

restriction on the norm.

The notations used in this definition and in the following theorems can

be listed as _

E (M) = spectral norm = maximum slngular value of M

p (M) = spectral radius = magnitude of largest eigenvalue.

with the representation of uncertainty given in Eq. (3.4.9), he

addressed the issue of robust performance, 1.e., performance in the

presence of perturbations, in the following theorem.

Theorem 3.8 (Doyle et al, [31]): Robust Performance

IeI<1 for all bounded v such that |vn<1 and A in the form of Eq.

(3.4.9) if and only 1f
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MP) < 1 (3.4.11)

The index u in this theorem is computed with respect to the structure

A = diag( A2, A2,...., An, An+1) where An+1 is the performance block
that converts the performance requirement into an equivalent robust

stability problem.

One of the useful properties of p in the sequence is given by the

inequality

mäx p(UP) < p(P) < igf 5(DPD'1) (3.4.12)

where U is an unitary transformation matrix and D is a strictly diagonal

weighting matrix.

In Ref. [32], Doyle et al. have shown the left hand side inequality of

this equation is always an equality. It is, however, observed that the

optimization problem involved may have multiple local maxima. Also,

they noted that the right hand side of inequality Eq. (3.4.12) is

equality when there are three or fewer blocks and blocks are not

repeated. Its optimization problem involved is, however, always convex.

Suggested approach to computation of bounds for u can be summarized as

follows:

1) Ignore the block diagonal structure and compute 5(P) . This

gives an upper bound for p(P) .

2) Treat each perturbation one at a time. Compute the largest

matrix singular value for each of the corresponding diagonal blocks.
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This also gives lower bound for p(P) .

In the next section, we discuss a weighting scheme for defining a

robust performance measure which captures a fundamental trade-off
between robustness and performance of feedback systems.

3.4.3. Synthesis of Robust Control Systems

In order to illustrate the relation between stability robustness

and nominal performance (e.g., comparison sensitivity, disturbance

rejection, etc.), we cons1der a SIS0 system 1n the diagram of Fig. 3.4

described by

y=GKe+d

€=T-y+
1}

where d and n are disturbance and output noise, respectively, and r is a

reference input. The nominal output error for this system is defined

by

€‘=r-y

and can be rewritten as

e' =S (r-d)+ (1-S) ¤ : S= (1+GK)'1
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Figure 3.4 Feedback System with Disturbance and Output Noise
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where S 1s called performance (or comparison sensitivity) transfer

function and (1-S) 1s the closed—loop transfer function.

Notice that both S and 1-S cannot be made simultaneously smaller than

one. This implles that there is an algebraic trade—off relation between

performance (small S relating coumand error to output error) and

disturbance rejection (small (1-S) relatlng sensor noise to output

error). Based on this observation, we can conclude that it 1s deslrable

to make S small in low frequency range and (1-S) small in high frequency

range. This idea can be extended to multlvariable cases. The robust

synthesis problem is then to find stablllzing K(s) which minimizes

weighted nominal stability robustness and performance indices

given, respectively, by

w1GK(1+GK)'1

w2(1+KG)'1

Typical weighting functions of wl and wz with a small number,

6<< 1, can be chosen as

w,=§(1+s). «,=—}<1+ä>

to emphaslze high frequency and low frequency amplitudes,

respectlvely. It should be noted that definition of a performance

varies with selected design objectives, for example, disturbance
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rejection, less sensitive design, etc. Also, The expression of

stabllity robustness depends on the location of uncertainty introduced

in the feedback loop. Simple nontrivial robust control problem of Fig.

3.5 was studied in Ref. [35], for the case when the disturbance

rejection 1s chosen as performance crlterion and input signal level

uncertainty 1s introduced. For this example, transfer matrix relating v

to el and ez ls given by

_ 0 w -1

Notice that P may be rectangular matrix. A complete solution to this

synthesls problem for the spectral norm robustness index was obtalned in

Ref. [35]. The application of the p-index for general feedback control

problems has, however, not been fully exploited and this remains an area

of applications-oriented research.

3.5 Robust Eigenstructure

3.5.1. Elgenvalue Sensitivity Measures

A deslrable property of any system design 1s that the eigenvalues

are insensitive to perturbations 1n the coefflcient matrices of system

equations. This crlterion may be used to produce a well conditloned or

robust elgenstructure. In this section, revlewed are several measures
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of the robust e1genstructure given 1n Refs. [42,43].

Cons1der an e1genvalue problem

A ¢ = A ¢ (3.5.1a)
T 1 1 1 1=1,2,...,11

^ *1* 11*1

with the usual normal1zat1on

where ai and vi are the right and left eigenvectors corresponding to

the 11111 e1genvalue, AT.

For a closed—loop system, the matrix A can be replaced, 1n this

d1scuss1on, by the closed—loop system matr1x (A—BK) for the control_

1nfluence matrix B and the feedback ga1n matrix K. If A has all

d1st1nct e1genvalues, 1.e., A has n linearly independent eigenvectors,

then 1t can be shown (see Ref. [43]) that the sens1t1v1ty 1ndex, sT,

of AT to perturbat1ons 1n the elements of A depends upon the magn1tude

of cond1t1on number cT, where

C=S=IvbI°Sa—-—— ..1/ 1*11*
(2 6 2)1 T 1 ° 1 HTI I¢TI

For real AT, the sens1t1v1ty 1ndex si 1s just the cos1ne of the angle

between corresponding right and left e1genvectors. It 1s also observed

1n Ref. [43] that a bound on the sens1t1v1t1es of the e1genvalues 1s
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g1ven by

mgx cJ< k2(0) = (3.5.3)

where k2(0) denotes the cond1t1on number of the modal matr1x,

0 = [¢2,¢2,...,¢nl and I I2 denotes the spectral norm of a matrix.

Furthermore, the cond1tion numbers take m1n1mum value cJ=1,

{1=1,2,..,n}, 1f and only 1f A 1s a normal matrix. In this case w1th

the e1genvectors 02 normalized according to Eq. (3.5.1b), the

matr1x, 0, 1s perfectly cond1t1oned w1th k2(0)=1. Th1s observation

suggests that one should seek r1ght eigenvectors of A to be as

orthonormal as possible 1f low eigenvalue sens1t1v1ty to parameter

perturbations in the controlled system 1s des1red.

when the Froben1us norm 1s used in the expression of Eq. (3.5.3),

we have

I 0 If= nk
(3.5.4a)

I 0'1If= ( z 6: )% (3.5.4b)
1

Therefore, an alternat1ve to kz (0) for the cond1t1on number of 0 1s

kf(0) = l0IfIQ°1If= ( n z ci )%
1

In sunmary, several robustness measures of the cond1t1on1ng of the
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elgenproblem can be llsted;

¤,= I c
I_=

max ci (3.5.5a)

u,= k2(•) (3.5.5b)

Noted that ua takes 1ts minimal value, unity, 1f and only lf ci = 1, for

all 1. Also, by the equivalence of norm [43], notice that

1 < "a< “1<
*'2<

n us

One of these measures can be, therefore, considered as a robustness

index for well—cond1t1oned elgenstructure.

when the order of system increases or the number of parameters

increases, the determinatlon of the derivatlves of each elgenvector

required in the optimlzation of the condition number may be a lengthy

computatlon. Therefore, we may adopt a strategy that eigenvalues close

to the lmaglnary axls, which are most likely to become unstable, are

required to have much better conditioning and hence, less sensitive to

disturbances than those which lie far away from the imaglnary axis. It

has been also suggested in Ref. [42] that by chooslng appropriate

weights for the indices given in Eq. (3.5.5), the relative condition of

each elgenvector can be controlled. The formulatlon of weighted
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robustness measures are examined in what follows.
0 If a real diagonal scaling D = diag (d1,d2,..,dn) with d1>D, is

applied to the matrix
0'1

of the left eigenvectors, we obtain from Eq.

(3.5.4)

I 0D”1If= I D'1If= ( 1:
Tdgz )l‘

J

-1 =
2 2 95

I D0 If (
g

dj cj )

with these expressions, we can define a weighted cond1t1on number as

u3(D) = I 0D°1IfI Dfllf
_ -1— I D0 If/IDIf

= I nc I2/Iülf

The measure p3(D) clearly takes its minimal value, unity, 1f and only

if cj = 1, for all j, or, equivalently 0 Is unitary; thus, u3(D) attains

its minimum simultaneously with other measures of Eq. (3.5.5). One

choice for the D matrix 1s obviously a set of weights expressed in terms

of real part of eigenvalues, 1.e., d;1= Real(11). In Ref. [42], the

computational result of overall conditioning of the eigenstructure

obtained with weighted measures has been reported; They observed that

the conditionlng of the emphasized eigenvalues is improved, but the

overall cond1t1on1ng is worse than in the case D = I.



80

3.5.2 Stability Robustness via Conditioning of Eigenstructure

As discussed above, conditioning of the eigenstructure is directly

related to the sensitivity of each eigenvalue with respect to

disturbance of system matrix elements. In this part, examlned 1s the

role of condition number of eigenvectors in the study of stability

robustness analysis. In what follows, several theorems related to the

conditioning of the eigenstructure are given.

Theorem 3.9 (Patel and Toda, [24])

For the stab1l1z1ng state feedback matrix K, the perturbed closed-

loop system matrix, A-BK + A remalns stable for all disturbances

which satisfies

IAI2< min Real(-xi)/k,(¢)

The original proof utilizing transient response formulation 1s given in

Ref. [24]. He include, however, the proof of Kautsky et al. [42] since

it utillzes the frequency domain robustness theorem dlscussed in the

previous section.

Proof of Theorem 3.9

· First, we define a funct1on d(K) as

d(k) = min g{sI-(A-BK)} (3.5.6)
s=j«
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where g denotes the smallest singular value.

With this expression, we show that for all A such that

I A I2< d(K) (3.5.7)

the perturbed closed-loop system matrix, A-BK+ A 1s stable. Next, we

will show that the lower bound of d(K) is given by

d(K) > min Real(-A1)/k,(•) (3.5.8)

The first part follows directly from the generalized Nyquist criterion.

The n x n matrix M+ A = M(I+M°1 A ) is nonsingular, assuming M is

nonsingular, 1f

IM-1AI < I M'1I IAI < 1

It follows that

I A I2< IM-ll-1= g(M)

Hence, noting that M = sI—(A-BK), the matrix s1—(A-BK+ A ) 1s

nonsingular along the imaginary axis, where s=ju, only if the

inequality of Eq. (3.5.7) holds and the matrix (A-BK+ A ) is, therefore,

stable. From Eq. (3.5.6), it easily follows that
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d(K) = min gl sl- A A
w'!}

s=ju

> g(•) g(¢'1) mgn ¤1(sI-A) (3.5.9)

> m1n Real(-A1) / k2(•)
1

wh1ch g1ves the lower bound of Eq. (3.5.8).

From this theorem, we can deduce a lower bound on the stab1l1ty

marg1n of the closed—loop system. The result obtained 1n Ref. [42] can

be summar1zed 1n the follow1ng theorem for the special case when the

mult1pl1cat1on perturbat1on, A sat1sfy

A=BAK

Theorem 3.10 (Kautsky et al. [42])

The return d1fference matrix l + (1+ A )G(s) of the d1sturbed

closed-loop system, where G(s) = K(sl-A)°1B remains nons1ngular at

s=ju for disturbances Ä(s) wh1ch sat1sf1es

- d(K)
I A I < -———-———- (3.5.10)

IBI·|KI
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Proof of Theorem 3.10

It Is easily shown that

det [sI—(A—BK+A)l = det [sl-A]·det [I + G(s) + Ä G(s)]

Hence, from Theorem 3.9 (see Eq. (3.5.7)), I+G(s)+ A G(s) is non

singular at s=Jo, provided

IA I < IBI·IKI·II<I < d(I<)

and Eq. (3.5.10) follows. From Eqs. (3.5.9) and (3.5.10), we obtain the

upper bound on Ä as '

- min Real(-A )
I A I < k2(•)

IBI·IKI

3.6 Concluding Remarks

In this chapter, we have reviewed the key results of recent

developments in stability robustness measures which are based upon 1)

characteristic equation, 2) state-space equation, 3) transfer matrix,

and 4) eigenstructure. The characteristics and some qualitative

discussions on each type are summarized as follows:

Type 1) This approach requires calculatlon of the coefficients of

a characterlstic equatlon accurately. If perturbations of each
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coefflcient can be experimentally measured or analytically approximated,

robust controller synthesis by using a dynamic compensator may be

deslrable, for instance, a method developed by Keel and Bhatacharyya

[52]. Computational approaches to optimization of the gain elements may

not be feasible due to difficultles ln the computation of characteristic

coefficients, especially for high order systems.

Type 2) Patel and Toda's approach via Lyapunov stability theory

is very simple to implement since 1t requires only solving a Lyapunov

equation and the robustness measure obtained establishes an allowable

perturbation bound on the elements of an open-loop system matrix.

Several deficiencies, however, may be observed. Their robustness

measure may be very conservative (1.e., for particular applications, it

may be very small compared to the actual allowable perturbation size

which results in instabillty). Moreover, 1t cannot deal with particular

structure of perturbations. On the other hand, Yedavall1's modified

robustness index in this class depends upon selection of a particular

parameter which is supposed to vary. In the optimizatlon of his index,

however, computational difflculties may arise since this index is

usually highly nonlinear in terms of design variables (due to modulus of

the Lyapunov solution).

Type 3) One advantage of using this approach 1s that stability

problems in the face of dynamic perturbations can be handled. Similar

to Type 2, however, it may produce conservative measures. Therefore,

current research for this type concentrates on the reduction of

conservatism inherent in the derivation and the development of
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computational algorithms. As mentioned 1n Ref. [44], the calculation of

the u index suffers from computational difflculties such as arbitrarily

large gaps between the upper and lower bounds. Furthemore, global

extremal values of both bounds are required. The computation of the

p index is, therefore, not yet fully exploited and applicable for

general robust control problems.

Type 4) This type of robust eigenstructure approach ls based upon

a small perturbation (sensitivity) analysis technique. Since dominant

plant perturbations and disturbances are usually highly structured over

some ranges of frequency, a method 1s desired to optimize welghted

robustness measure emphasizing sens1t1v1ty of dominant eigenvalues,

especially for high order systems. It 1s believed that this type of

robustness measure is simpler to implement and 1s physically more

interpretable than other types.

Several robustness measures discussed in this chapter are

sumarlzed in Table 3.1. Flnally, we observe that non of these measures

provide direct interpretation of the instability boundary in terms of

physical plant paramaters, for example, mass factor, stiffness factor;

sensor and actuator locations, etc. Therefore, we conclude that

interpretatlons (or justification) of the available robustness 1nd1ces

1s equally important research topic in th1s area.
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CHAPTER 4 STATE FEEDBACK DESIGN ALGORITFHS

4.1 Introduction

l

In th1s chapter, we consider two types of state feedback control

schemes: 1) optimal linear controls and 11) eigenstructure assignment

algor1thms. For the first type, we develop a generalized linear-

quadrat1c regulator (LQR) formulation with a cross-coupl1ng penalty term
1

between state and control variables 1n the performance cr1ter1on and a

new formulation based on Lyapunov stab1l1ty theorem. For the secondi

type, we introduce a robust eigenstructure assignment algor1thm

ut1l1z1ng project1on concepts.

g Optimal l1near control based upon m1n1m1z1ng a quadratic

performance measure in the t1me· doma1n 1s one of the most fam1l1ar

control methodolog1es 1n modern control l1terature. The LQR control

possesses two essent1al propert1es: guaranteed stab1l1ty [47] and

robustness 1n the sense of d1sturbance rejection [49]. S1nce these two

properties are fundamental requirements for LSS control appl1cat1ons, we

d1scuss extens1vely how they can be formulated and just1f1ed 1n regards

to topics of the prev1ous chapter. Along w1th th1s d1scuss1on, we

introduce a generalized LQR formulation with cross-coupling term between

state and control variables 1n the cr1ter1on. This general1zat1on leads

to further development of mod1f1ed LQR based upon Lyapunov stab1l1ty

theorem.

For mechanical v1brat1ng systems with collocated sensors and

87
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actuators, it will be shown that a simple "symmetric feedback control

law" with certain positive definite matrices parameterizing symmetric

gain matrices for displacement and velocity feedback assures the

stability of the resulting closed—loop system. As a consequence of the

development of this simple stabilizing feedback control law, the Riccati

equation solution required for classical LQR formulation is eliminated

in favor of the simpler Lyapunov solution. An elegant and judicious

parameterization of the weight matrices for this more general and

attractive formulation is introduced. For both the generalized and

modified LQR formulations, we present a scheme to adjust the weight

elements (design variables) systematically to achieve some other design

constraints. Also, we formulate the derivatives of the gain matrix with

respect to the design variables which are necessary in the optimization

process.

For the second type of design algorithms, we start with a simple

and attractive Sylvester's method of Ref. [46], and examine its unique

features. We extend the original Sylvester formulation, and introduce a

scheme to iterate real and imaginary parts of the assigned

eigenvalues. with this additional feature, we can consistently compare

the performance of the proposed LQR formulations and Sylvester's method

for optimizations of various design objectives. Also, we introduce a

new eigenstructure assignment algorithm which utilizes a projection

technique. This algorithm generates unitary target eigenvectors and

determines admissible eigenvectors as close to them as possible. This

scheme may produce a fairly well-conditioned eigenvector matrix which we
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show can be used as an excellent start1ng solut1on for opt1m1zat1on

process. As suggested 1n Ref. [69], open-loop eigenvectors as target

eigenvectors are also tested 1n the evaluation of the proposed

projection method. A spec1al1zat1on of the project1on scheme for second

order equat1ons are also developed, wh1ch provides useful 1ns1ghts on

des1gn strategies regarding cond1t1on1ng of eigenvector matrix, and

connect1ons between 1ndependent modal space control (IMSC) method[70]

and the project1on method.

Th1s chapter 1s d1v1ded 1nto four sect1ons. In Sect1on 2, the

propert1es of LQR, 1.e., 1) guaranteed stab1l1ty [47] and 11) comparison

sens1t1v1ty and d1sturbance reject1on [49], are d1scussed. In Section

3, generalized formulat1ons of LQR feedback des1gn are presented. In

Sect1on 4, the Sylvester's method 1s examined and further 1mprovements

and the new project1on method are 1ntroduced. A br1ef d1scuss1on of

IMSC method 1s included. F1nally, a sumary and conclud1ng remarks are

offered in Section 5.

4.2 Properties of L1near-Quadrat1c Regulators (LQR)

In th1s sect1on, are reviewed the most important properties of

L1near Quadrat1c Regulators (LQR) : 1) guaranteed stab1l1ty, and 11)

compar1son sens1t1v1ty and d1sturbance reject1on. In the first part, 1t

1s shown that this type of feedback control guarantees the stab1l1ty of

the closed-loop system. Moreover, 1t 1s a s1mple matter to move all the
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closed-loop elgenvalues to the left hand side of a pre-assigned real

number (1.e., a stability margin) in a complex plane. In the second

part, the comparison sensitivity with respect to parameter changes and

external dlsturbances will be defined in terms of the return-difference

matrix. Following the investigations of Chapter 2, the role of the

return-difference matrix in feedback system analysis is again emphaslzed

in th1s chapter. It 1s shown that 1f the inverse of the return-

difference matrix (1.e., comparison sensitlvity matrix) is bounded by

one in a norm space, then the closed—loop system is less sensitive than

the equivalent open—loop system with respect to parameter perturbations

and external disturbances. Fortunately, all LQR feedback controls

possess this property, as shown in Ref. [49]. The definition of the

standard LQR problem and its solution are given below.

l Consider a standard optimal control problem

min J =0f° (xT0x + uTRu) dt (4.2.1)
u

· subject to

· i = Ax + Bu, x(0) = xu (4.2.2) ·

where x 1s the n x 1 state vector,

u ls the m x 1 control vector,

A, B are plant, controller influence matrices, and

0 and R are positive semi-definlte and positive definite matrices,
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respectively.

The solution for this problenr can be obtained by using variational

calculus methods[47]. Instead of this standard solution process, we use

a device analogous to square—complet1on [75], which provides more

insight to understanding of the optimality condition and the role of the

weight matrices.

Let P be any symmetric matrix. with u(t) and x(t) as above,

welhave

d T -T T --—— (x Px) = x Px + x Px
dt

T TT = (Ax+Bu) Px + x P(Ax+Bu)

Integrating this from t=0 to t= ¤, we obtain

T xTP xl - xTP xl =„j“' { xT(¤>A + ATP)x + 2uTaT¤>x T at
t=¤ t=0

Since we consider only stable admisslble controllers for which

X(t) + 0 GS t -• ¤•
(4.2.3)

holds, it follows that

„f° { xT(PA + ATP)x + 2uTBTPx } dt + xIPxo = 0 (4.2.4)
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Note that since the system of Eq. (4.2.2) 1s assumed apriori to be

stabilizable, then the controller which holds Eq. (4.2.4) exists.

Adding Eq. (4.2.4) to the performance criterion of Eq. (4.2.1), we

obtain for any admissible controllers

.1 = OV 1 xT(PA + ATP + 0).. + 2..T6TPx + 0TRu 1 .11; + xIPx°

In this expression, the symetric matrix P is entirely arbitrary.

Suppose that P may be chosen to satisfy the quadratic matrix equation

P A + ATP - PBR'1BTP + 0 = 0 (4.2.5)

known as the Algebraic R1ccat1 Equation (ARE). For this choice of P, the
T

performance index then reduces to

.1 = OV (0 + R'1BTPx)TR (0 + R‘T0TPx) dt + XTP1.), (4.2.6)

Since R is positive definite, the integrand which is non-negative, can

be made zero (1.e., if we select u(t) to minimize J) and thereby we find

u(t) as the optimal feedback law

u = - R‘1BTP x (4.2.7)

This 1mpl1es that the optimal trajectory x(t) satisfies the closed-loop

system
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x(t) = Ä x(t) , x(0) = xo (4.2.8)

where we have introduced Ä as the closed-loop system matrix

Ä”=
A — B R'1BTP (4.2.9)

For the control law given by Eq. (4.2.7), the minimal performance index

of Eq. (4.2.1) becomes

J* = xIPx°

It 1s apparent from Eq. (4.2.6) that, for any admissible control u(t),

the following inequality

J > T T
- x°Px0 = trace {Pxuxol (4.2.10)

holds and J* is the global minimum as long as a positive definlte

solution of the Riccati equation (4.2.5), P, exists. The equality in Eq.

(4.2.10) is obvious since the inner product of any two vectors 1s equal

to the trace of their outer product. If the right hand side of this

inequality (4.2.10) is less than or equal to zero, this inequality

becomes meanlngless for the positive crlterion function. It should be

noted that if the system of Eq. (4.2.2) 1s completely controllable, then

the ARE has a unique positive definite solution for which the Ä' matrix
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given by Eq. (4.2.9) 1s a stabillty matrix [47]. In the following

sections, the useful properties of LQR feedback systems are discussed in

detail.

4.2.1 Guaranteed Stability

The stability of the closed-loop systenn of Eq. (4.2.8) can be

easily verified by using the Lyapunov stability theorem. The first step

is to rewrite the ARE of Eq. (4.2.5) in terms of the closed—loop system

matrix Ä”as

PÄ + KTP = - Q - PBR°1BTP (4.2.11)

Consider the trial Lyapunov function defined by

6 = xTPx

This is positive definite for nontr1v1al solution of Eq. (4.2.8), since

P 1s positive definite. Differentiating this with respect to time and

substituting Eq. (4.2.11), we obtain

5 = - xT( Q + PBR°1BTP )x

wh1ch 1s negative def1n1te since admissible choices for Q and R are

required to be positive sem1—def1n1te and positive definite,



95

respectlvely. The function 6 is therefore a Lyapunov function and the

system of Eq. (4.2.8) is stable. The beauty of the above result ls that

an infinity of positive performance indlces will result in an

asymptotically stable closed—loop system. The Q and R matrices

parameterize an infinity of stable feedback controllers. A simple

modification of this procedure can guarantee that every closed-loop pole

will have its real part less than a pre—ass1gned margin ¤, as shown in

Ref. [47]. To achleve this, we solve the modified ARE

Pa(A+¤I) + (A+¤I)TP¤- P¤BR'lBTP¤+ Q = 0 (4.2.12)

It is easily checked that 1f the pair (A,B) ls completely controllable,

then so is the system

Ä = (A+¤I)X + Bu

Hence, Eq. (4.2.12) has an unique positive definlte solution Pa and the

feedback law

u = - R'1BTP¤x (4.2.13)

This control law leads to the closed—loop system matrix

K = A + al - BR°1BTPa
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which is a stability matrix. S1nce the term ul simply adds a to each

eigenvalue of (A-BR‘1BTP¤) , it follows that the closed-loop system

matrix

K = A - 6 R”1BTP¤

of the actual system of Eq. (4.2.2) with control law (4.2.13) has the

eigenvalues with real part less than —a , as asserted. Of course, it is

expected that the entries of gain matrix R'1BTP¤ will become larger.

The larger a will be, the higher the resulting galn and therefore the

larger the control jnputs. For this choice of u, the corresponding

performance index turns out to be -

S
¤ T TJ =°f exp(2¤t)(x Qx + u Ru) dt (4.2.14)

where exp(.) denotes the exponential function.

Usjng the standard calculus of var1at1ons technique, or the approach

used in this section, we can show that m1n1m1z1ng Eq. (4.2.14) subject

to Eq. (4.2.2) results in the optimal control law of Eq. (4.2.13) and

the corresponding closed—loop system has eigenvalues with real parts

less than —a.

4.2.2 Comparison Sens1t1v1ty and Disturbance Rejection

_ Here, we define the "comparlson sensitlvity matr1x" and show how
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the comparison sens1t1v1ty matr1x 1s related to the sensitivity of

system response w1th respect to plant parameter perturbations and

external d1sturbances. Also, we der1ve a norm bounded condition on the

comparison sens1t1v1ty matrix for LQR feedback systems.

n
Z The basic idea of the compar1son sens1t1v1ty 1s to establish a

relat1onsh1p between the open- and closed-loop parameter induced error

[49]. Consider the time-1nvar1ant linear system w1th l1near feedback

control 1n the form

A
x = Ax + Bu + Cw, x(0) = xn (4.2.15)

u = - Kx (4.2.16)

where x 1s the nxl state vector,

u 1s the mxl control vector,

w 1s the qx1 external disturbance vector,

and A, B, C and K are constant matrices of proper d1mens1ons.

Also, considering the effect of differential parameter var1at1ons from

their nominal value pn, we introduce the notatlon, dp = p
-·pn

, and

denote by xn, the solution of Eqs. (4.2.15) and (4.2.16) with p = pn .

Assum1ng that A and B are funct1ons of the parameter vector p, 1.e.,

A(p) and B(p), then we have the var1at1on in x due to the var1at1on dp

to the first order

d¤(Z„¤l = ¤(t•¤> - ¤n(t•vn) = Z äidpi
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Similarly, for A, B and u, we have

l
- Edu - 2 apidpi

- abd^(¤) — Z mdr,

- AEdß(¤) — Z mdr,

Uslng these expressions and assuming C and w are independent of p, we

obtain from Eq. (4.2.15)

di: = A dx + B du + dA xn+ dB un (4.2.17)

Note that dA and dB are evaluated at the nominal value of p, and xn and

un are constants. Then the last two terms ln the right hand side are

constants. In the open—loop system, u 1s independent of p, 1.e. du =
0..

Therefore, for nominally equivalent open- and closed-loop systems

which produce same response, we obtaln from Eqs. (4.2.16) and (4.2.17)

dx°= A dxo+ dA xn+ dB un, dx°(0) = 0

dxc= (A-BK) dxc+ dA xn+ dB un, dxc(0) = 0

where the subscripts o and c denote open- and closed-loop systems,



B 99

respectlvely.

Combining these equations, we can write,

dx°= dxc+ v ; (4.2.18)

v = A v + B du, v(0) = 0 (4.2.19)

Then, it is a simple matter to show that the Laplace transform of Eq.

(4.2.18) becomes

d;&°(s) = (I+6(s)K] däcm (4.2.20)

where s 1s the Laplace variable and

G(s) = (sI-A)'1B

Now, we define the comparison sensitlvity matrix

S(s) = [I + G(s)Kl°1

and rewrite Eq. (4.2.20) with this as

dxc(s) = S dx°(s) (4.2.21)

Upon evaluating Eq. (4.2.21), we conclude that the closed-loop 1s less
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sensitive than the open-loop system in the sense that

I s ¤·¤ däou

only 1f

I S(s) I < 1, for all s=ju (4.2.22)

Obviously Eq. (4.2.22) is a desirable property to impose upon feedback

laws. Ne can obtain an alternate form of this result by Introducing the

quadratic criterion inequallty

V dxTzdx dt < ]'°axTzax dt (4 2 22)¤ c c ¤ o o ' °

where Z is an arbitrary positive definlte weightlng matrix. Using

Parseval's Theorem [48] and from Eq. (4.2.21), we can transform the time

domain integrals of Eq. (4.2.23) into the corresponding frequency domain

form to obtain the lnequality

°f° dx0(—ju)T [S(—ju)TZS(ju) - Z] dx°(ju) dw < 0

Therefore, a sufflcient condition guaranteeing that this 1nequal1ty

holds, 1s

”
S(-ju)TZ $(jw) < Z for all u (4.2.24)
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Now, we elect to test the sensitivlty of x(t) with respect to the

external disturbance w. Again, denote by xn the solution of Eqs.

(4.2.15) and (4.2.16) with w = 0 and by ax = x - xn the finite

variation of x due to w. Similar to the previous case, we have

Ax°= A ax°+ C w, Ax°(0) = 0

axc= (A-BK) axc + C w, Axc(0) = 0

Combining these equatlons, we obtain the relation

Ax0= AXc+ v

where v is given by Eq. (4.2.19).

Therefore, if either the condition of Eq. (4.2.22) or (4.2.24) holds,

the closed-loop system 1s less sensitive than the open—loop system with

respect to the parameter perturbations and the external disturbances. In

what follows, we will define an inverse LQR problem and show that the

inequality of Eq. (4.2.24) 1s truly an optimality condition.

The inverse LQR problenu was first raised by Kalman[27] and the

precise definition of the problem 1s the following: Given a completely

controllable system of Eq. (4.2.15) with w=0 and an asymptotically

stabilizing feedback law of Eq. (4.2.16), 1s there a performance index
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J = fz
(xTQ x + uTR u) dt

wlth positive seml-deflnlte 0 and deflnlte R for whlch control of Eq.

(4.2.16) optlmal? The answer to thls question ls derlved ln the

following theorem.

Theorem 4.1 (Kalman, [27])

For a glven positive deflnlte matrlx R, there exlsts a posltlve

seml-deflnlte Q such that the glven control law, u = —Kx, ls optlmal

for the performance lndex glven above lf for all real 111 , the

followlng lnequallty holds

TT(·J¤») T(Jw) - I > 0

where

us) = 1 + R'1K(sI-A)"1BR

Proof of thls theorem lnvolves slmple algebra, whlch ls glven ln

Appendlx B. Thls result follows that Eqs. (4.2.22) and (4.2.24) can be

consldered as frequency domaln statements of the optlmallty condltlon

for the LQR problem.
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4.3 LDR Feedback Design Synthesis

In this section, a scheme for tuning the weight matrices in LQR
performance criterion of Refs. [9-11] 1s described. For feedback design

problems, we elect to determine the feedback gain matrix for which the

resulting closed—loop system satisfies some design specifications (or

constraints). The key idea of LQR based formulation is that an 1nf1n1te

family of "opt1mal” feedback galns can be generated by adjusting the

weight matrices. In other words, the elements of the weight matrices
may be considered as design parameters whose arbitrariness can be

exploited 1ra an optimization of some given design constraints, for

instance, system response, control saturation, eigenvalue sensitivity,

etc. We may view the situation as one in which we have not introduced

all constraints (1.e., on response times, saturation bounds, etc.) in

formulating the optimum control problem, but have left free parameters

in Q, R to adjust in order to satisfy the remaining requirements.

Adjusting weight matrices has historically had a largely ad hoc flavor,

we seek a more well-defined methodology.

In this section, the emphasis 1s on the parameterization schemes

for the weight matrices and derivatives of feedback ga1n matrix with

respect to elements of the weight matrices, which is necessary to the

optimization process. Also, introduced 1s a new LQR design formulation

which allows solution for the feedback gain via a linear algebraic

Lyapunov equation instead of the nonlinear R1ccat1 equation for

conventional LQR designs.
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4.3.1 Generalized LQR Formulation: Form 1

Consider the standard optimal control problem defined by Eqs.

(4.2.1) and (4.2.2) and introduce a new control variable Y(t) with some

general m x n matrix N defined by

Y = N x + u (4.3.1)

Rewrite the state-space equation of (4.2.2) with this expression to get

x = (A-BN) x + B Y (4.3.2)

Considering Y as the control vector, we define the optimal control

problem for the above system as

min .1 =„j‘°° (xTQx + YTRY) at (4.3.3)

subject to Eq. (4.3.2)

As shown in the previous section, the optimal control law is given by

Y = - GYx ; 6Y= R‘16T1¤

~
where P satisfies the modified Riccati equation
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P (A—BN) + (A-BN)TP - PBR'1BTP + Q = 0 (4.3.4)

Substituting Eq. (4.3.1) into (4.3.3), we obtaln the criterion function

associated with the optimal control problem in terms of the original

control variable u as (Form 1)

x T o+NTRu NTR x» min J =
f i

dt (4.3.5)
u RN R u

subject to Eq. (4.3.2)

It is obvious that the optimal solution ls in the form

u = - G X ; G = N + R'1BTP (4.3.6)

where P satisfies Eq. (4.3.4).

The corresponding closed-loop system matrix, therefore, can be written

as

— " -1 T _ " _
A=A—BRBP,A-A-BN (4.3.7)

It should be noted that the integrand of Eq. (4.3.5) 1s positive
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definite for Ey N matrix as long as 0 and R are positive definite. The

optimal control problem 1s then well defined and there is an unique

positive definite solution of Eq. (4.3.4) under the controllability

assumption for the pair (A, B). It can be interpreted that the open-

loop system is modified by the "pre-feedback" gain, N, and the closed-

loop system 1s obtained via R1ccat1 solution for the modified system

matrix of (A-BN).

As mentioned in Ref. [8], the motivation of including the "cross

coupling weight matrix", N, 1s to obtain a larger family of optimal

controls and to permit a more constructlve optimization scheme. Also,

in Ref. [10], it has been reported that the N matrix plays a significant

role in the eigensolution and the magnitude of feedback gain. Here, we

elect to parameterize the weight matrices Q, R and N. Introducing

weight parameter vectors q, r and n and using Cholesky decomposition

[73], we write the weight matrices in the factored form:

Q = LILIT, R = LZLZT (4.3.8a)

with the Cholesky factors given by

A Q112 Ü • . • Ü

L1= [Q2], Q222 • • • • (4.3.8b)

qnl qn2'‘'‘qnnz



107

T112 Ü • . • Ü

L2 = T21 • • • • (4.3.8c)

2• • •

•anddenote the arbltrary real elements of N as

H11 H12
• • •

hin
N = nzl nzz ....nzn (4.3.8d)

"m1 nmz · · · nnm

The global weight parameter vector p, then, becomes

I
p = col (4.3.9)

For the imposltlon of constraints and additional optimality

conditions on properties of the closed—loop system, we often need to

differentiate the galn matrix of Eq. (4.3.6) with respect to an element

pi of the p vector. Denotlng by the derivative of (.) with

respect to pi, we obtain

_ -1 TA16 — AiN + a1(R ) B a1P (4.3.10)

The derlvatlves of N, R and Q matrices can be obtalned by direct
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differentiations of Eq. (4.3.8). The der1vat1ves of P matrix, however,

can be obta1ned by solving the algebraic Lyapunov equation

A1P K + ·ÄTÄ1P = A10 - P A1Ä - Ä1ÄTP + P 6 A1(6'1) BTP (4.3.11)

where Ä and Ä are given 1n Eq. (4.3.7).

Notice A1P 1s the only unknovm 1n Eq. (4.3.11), this equation can be

solved for A1P by us1ng the available methods of Ref. [8] or [58]. In

fact, 1f the e1gensolut1ons of Ämatrix 1s available, the calculation

of A1P is s1mple algebra. The closed—form solution of Eq. (4.3.11) 1n

terms of the e1gensolut1on of the Ä matr1x can be found in Ref. [8].

In summary, we list the major steps of the LQR based feedback

design algorithm, start1ng with 1n1t1al guess of the parameter vector p.

ESPA
Solve the Riccati equation for P us1ng Schur method [56] and

calculate the feedback ga1n matr1x G by using Eq. (4.3.9)

ääsrß
Modify the ga1n matrix, G, via the parameter vector p to satisfy

given design constraints w1th the derivatlves of G g1ven in Eq.

(4.3.10) and Eq. (4.3.11).

In what follows, we develop a second form for a general1zed LQR

algorithm for mechanical systems, which remarkably requ1res only the

solution of a linear Lyapunov equatlon instead of a nonlinear R1ccat1

equation.
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4.3.2. Generalized LQR Formulation v1a Lyapunov Equatlon: Form 2

Motlvated by the performance index of (4.3.5), we introduce the

(Form 2) quadratic criterion as

x T o + uTRu + PsR‘1ßTP NTR xJ =
ajfb

J { { g dt (4.3.12)
u RN R u

where Q and R are smmmetric positive definite matrices, N 1s an

arbitrary mxn matrix and remarkably, P satisfles the linear Lyapunov

equation

P(A-BN) + (A—BN)TP + 0 = 0 (4.3.13)

instead of the nonlinear Rlccati equation of (4.3.4).

In the subsequent discussion, we develop some new insights on selecting

judicious N matrlces.

As shown above, by lntroducing the extra weight term (PBR'1BTP) in

Eq. (4.3.12), ln addition to those in Eq. (4.3.5), the quadratic term of

P matrix in the nonlinear Rlccati equation is canceled out and Eq.

(4.3.4) reduces to the linear matr1x Lyapunov equation of Eq. (4.3.13).

It should be noted that the solution process in this sequence is reverse
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to the usual case. Ne must solve Eq. (4.3.13) for P matrix before we
can completely assign the numerical weights in the underlying

performance index of Eq. (4.3.12). The optimal solution given in Eq.
(4.3.6) holds as long as the solution to Eq. (4.3.13) exists. when an
arbitrary N matrix is chosen, this is, however, not the case. One way

to guarantee the solution to the Lyapunov equation of (4.3.13) is that
we construct an N matrix such that all the eigenvalues of the matrix,
(A—BN), lie in the left half of the complex plane. Particularly, for
structural systems, it is possible to rigorously stabilize the system

with a family of judicious N matrices.
I

Suppose that a mechanical system is defined by the equation of

motion

M y + C y + K y = D u (4.3.14)

where y and u are the displacement and control vectors,
l

M is the positive definite mass matrix, K and C are the positive
semi-definite stiffness and damping matrix, respectively, and D is
the control influence matrix.

For this system, we introduce a control law with the special structure

u = — S DTy — T 0Ty
(4.3.15)

”

where S and T are positive definite matrices.

Substituting Eq. (4.3.15) into Eq. (4.3.14), we obtain the closed-loop
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system . -

M y + (C+DTDT) y + (K+DSDT) y = 0 (4.3.16)

The stability of this system can be easily tested by using the

Lyapunov's second theorem.

Consider the trial Lyapunov function defined by

6 -
9TM 9 + 9T(x+¤s¤T) 9 (4.3.17)

This function 1s, at least, positive semi-definite since M>0,

S>0, Kz0. Differentiating Eq. (4.3.17) with respect to time and

substituting Eq. (4.3.16), we obtain

. _ .1 1 .
6 — -2 y (C+DTD ) y (4.3.18)

which 1s negative definite since T is chosen to be positive definite and

C is positive semi-definite. The function 6 is, therefore, a Lyapunov

function and the system of Eq. (4.3.16) 1s stable in the sense of

Lyapunov. In summary, we can construct A, B and N matrices in Eq.

(4.3.13) from Eqs. (4.3.14) and (4.3.15) as

0 I 0 (4 3 19 )A = B = . . a-M‘1•< -M°1c M’1o
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N = [SDT : TDT]
(4.3.19b)

Th1s special choice of N matrix will guarantee a positive definite

solution to the Lyapunov equation of (4.3.13) and the gain matrix given

by Eq. (4.3.6) 1s optimal. It 1s not difficult to show that this

control law obviously satisfies the frequency domain optimality

condition of Theorem 4.1. In Ref. [82], we specialize Eq. (4.3.19a) to

modal space differential equations to avo1d inversion of large matrices

and to accommodate order reduction for high dimensioned systems.

The parameterlzation of Q, R, S and T can be done by using a

Cholesky decomposltion method similar to the Form 1 generalized LQR case

as.

. Q = L1L1T, R = LZLZT, S = L3L3T and T = L4L4T (4.3.20a)

with L1 and L2 given in Eq. (4.3.8) and

$112 Ü • • • Ü

_ L3 = S21 5222 • • • • (4.3.20b)

2
Sml Sm2 •'‘• Smm
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tu? o . . . o
L4 = • • • •2

tml tm2'••'tmm

Then the corresponding global parameter vector becomes

|) = col(q11,q21,..,qm, Y‘11,T21,••,T"m, (4.3.21)

$11•s21•··•Smn• t11•t21•··•tnm)

This parameter vector leads to a stabilizing feedback control and can be

further tuned to achieve design constralnts and optlmality conditions.

Similarly, for the generalized LQR formulation ln Form 1, the

derivatives of the gain matrlx with respect to the elements of the p

vector can be obtalned by using Eqs. (4.3.10) and (4.3.11). „

4.4 Robust Eigenstructure Assigment Algorithms

- In this section, one of the most attractlve elgenstructure

asslgnment algorithms, Sylvester's method[46l, is examlned. Several

unique features of this method are carefully studied and further

improvements are presented. As a consequence of these efforts, we

lntroduce here a projectlon concept which is one of the main results of

this dissertation. This development applies to systems having an
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arbitrary structure in the first order system matrices (A,B), however,

we develop a specialized version to take advantages of the structure of

second order differential equations for a mechanical vibrating system.

This special formulatlon offers useful insights on design strategies in

regards to improvlng conditionlng of the closed loop eigenvalue

problem. Along with a brief discussion of the IMSC method[70], we

establish useful connections between the IMSC method and the new

projection method.

4.4.1 Sylvester's Method

For the differential system descr1bed by Eq. (4.2.2.), consider the

n x n closed-loop system matrix (A-BG) with the m x n gain matrix G and

its eigenvalue problem in the form

(A-BG)¢1= xiai , 1=1,2,...,n (4.4.1)

where xi and ¢1 are the 1th eigenvalue and right eigenvector,

respectively.

The main idea of this algorithm 1s to define a vector hi corresponding

to the lth eigenvalue such that

h1= G¢1 (4.4.2)

Then, Eq. (4.4.1) 1s put in the component form of Sylvester's equation
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A 02- 01xi = B hi (4.4.3a)

or in the matrix form

_ A 0 - 0 A = B H (4.4.3b)

where

0 = [01, 02,..., 0n] (4.4.3c)

A = diag (xl, x2,..., xn) (4.4.3d)

and H = [hl, h2,..., hn] (4.4.36)

with these expressions, we formulate the Sy1vester' algorithm in two

steps;

Step 1

For given A, B, A (desired eigenvalues) and an arbitrary choice of

H, solve Eq. (4.3.3b) for 0 by using the numerical method of Ref.

[Sal

Step 2

Calculate the feedback gain matrix from



116H

= G0 (4.4.4)

It should be noted that the cond1t1on of full rank 0 requ1res that (A,B)

be controllable and (H, 0) observable, wh1ch 1s proven 1n Ref. [51].

Also, note that an arb1trary H may result 1n an expensive feedback

design unless the 1mpl1c1t arb1trary choice 1s opt1m1zed. Such an

arbitrary choice may lead to an 1ll—cond1t1oned eigenvector matr1x and

computational d1ff1cult1es ar1se when we calculate the ga1n matr1x by

using Eq. (4.4.4). As can be seen 1n Eq. (4.4.3a), any scal1ng of hi

and 01 vector does not change the feedback ga1n. However, from a

computational point of v1ew, 1t 1s appropr1ate to normalize hi vector

s1m1lar to the usual normal1zat1on of eigenvectors. Not1ong that the

cond1t1on number of 0 depends upon scal1ng of the hi vectors, we

introduce the follow1ng normal1zat1on scheme:

A,= 6 A11 [0,%,1* , 1=1,2,..,n

In general, 0 and A are complex matr1ces. He can, however,

rewrite Eq. (4.4.3b) 1n a real form by 1ntroduc1ng a un1tary

transformat1on matr1x U such that

0 = X U

A = u E u"
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where X and E are real matrices and H denotes the transpose of the

complex conjugate matrix. Hith these matrices, we write Eqs. (4.4.3b)

and (4.4.4) in the real form as

A X - X E = B H (4.4.5a)

H = G X (4.4.5b)

If pairs of complex conjugate numbers are selected as desired

eigenvalues, the matrix E can be constructed in the block diagonal form

with n/2 by 1 parameter vectors q and r, and a constant vector s as

E = block diag [ E1, £2,..., En/2] ; (4.4.6a)

2 2"‘1
* $1 *1E1= 2 2 , 1=1,2,...n/2 (4.4.6b)

' *1 "*1 * $1

where the ith eigenvalue pair 1s defined by

x1= -
q12+

si 1 j r22;
j2=

-1

If the eigenvalues are iteratively adjusted, this parameterization

scheme will be useful since with any number for qi and negative number

for si, we can place the eigenvalues arbitrarily in the region defined
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by Real(x1) s —si. Therefore, si, {1=1,2,..,n}, can be considered as a

minimum stabillty margin for each elgenvalues. with the riz

parameterization of the imaginary parts of xi, we can keep the

structures of E1 in Eq. (4.4.6b) and the corresponding unitary

transformation matrix given by

U U1;_%

1 1
Ui = 2 (4.4.7b)

J -5

Since optimal location of the system poles are usually not known

apriorl, q and r vectors in addition to the elements of the H matrix can

be considered as design parameters and iterated to achieve some other

design constraints. (Note that this is a modification/generalizatlon of

the original algor1thm in Ref. [46]). The global parameter vector for

this scheme is defined by

P = col(q1,q2,..,qn/2, T1,Y2,••,Tn/2, h11,h21,..,hmn) ·

In what follows, we derive the derivatives of the gain matrix defined ln

Eq. (4.4.5b) with respect to the elements of the p vector.

Denotlng by A1 the partial derivative with respect to ‘the 1th

element pi of the p vector, we obtain the partlal derivatives of G by

d1fferent1at1ng Eq. (4.4.5b) as
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Ä1G = - H X°1A1X X'1, for q and r elements of p (4.4.8a)

A
-1 -1 -1A16 = A1H X - H X A1X X , for H elements of p (4.4.8b)

where A1X satisfies, respectively,

L A A1X - A1X E = - X A1E (q and r elements) (4.4.8c)

2
A A1X - A1X E = B A1H (H elements) (4.4.8d)

This algorithm is included because of its simplicity and the

arbitrariness of H matrix; this arbitrariness can be exploited in the

optimization process. The application of this algorithm to robust

eigenstructure assignments and further discussions are available in

Refs. [50,52,53]. In sunmary, we list below several important

observations made.

1) There are an infinite number of choices for H, most of them lead

to poorly-conditioned eigenvectors and result in inaccurate calculation

of the gain matrix.

2) Optimization of the H elements for well-conditioned eigenvectors

can be done, but it requires "good" estimate of the H matrix at the

beginning of the iterations.

From these observations, we conclude that the success of this type of

approaches depends on the selection of the H parameters, and
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developments of a s1mple non1terat1ve scheme to generate a fa1rly well-

cond1t1oned e1genvectors 1s cr1t1cal necess1ty. These observations

motivated the follow1ng development.

4.4.2 Project1on Method

I If the closed-loop eigenvector matr1x 1s poorly-cond1t1oned, the

closed-loop e1genvalue placements are h1ghly sensitive w1th respect to

perturbat1on of plane parameters. This 1s because of the well-known

truth [43] that the cond1t1on number of the eigenvector matrix 1s a

measure of e1genvalue sens1t1v1ty. Moreover, 1f th1s 1s the case, the

computation of the gain matrix from Eq. (4.4.4) may not be accurate. To

avo1d th1s d1ff1culty, we develop a systemat1c scheme des1gned to

generate the parameter vectors, hi, wh1ch produce well-cond1t1oned

e1genvectors.

~ Prov1ded that hi and xi are given and (A-x1I) 1s 1nvert1ble (wh1ch

obviously precludes ass1gn1ng xi at 1ts open-loop pos1t1on), then the

e1genvectors are obtained from Eq. (4.4.3a) as

¢1 = (A-x1I)'1Bhi (4.4.9)

From th1s equat1on, we observe that the adm1ss1ble e1genvectors are also

determined by un1tary bas1s vectors wh1ch span the column space

of (A-x1I)'1B. Ident1fy1ng such bas1s as the columns of the rz x m

matr1x, U1, we rewr1te Eq. (4.4.9) with proper choice of hi as
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¢1 = 01111 (4.4.10)

There are several computationally stable alg0r1thms for the calculat1ons

of the un1tary basis matr1x, U1, three be1ng:

1) construct the s1ngular value decompos1t1on (SVD)[34] of the matrix

1 1; 0 v"<^·w>‘*¤= 1111111211 ‘
] *10 0 vzi

and def1ne U1 = U11,

11) construct the QR decompos1t10n[34] of the matr1x

(A I-1 _ R1
*1 ) B ‘ 1011021] 0

and define U1 = Q11,

111) construct the SVD of the matr1x[80]

1 1: 0 vl':
0 (A—A1I) = [U11 U21} H0 0 v21

and define U1 = V21,

where B1 1s the orthogonal complement of B (1.e., B18 = 0).

· For the present study, we adopt the th1rd approach s1nce 1t does not
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require the inversion of (A-x,I). Based on Eq. (4.4.10), we develop

projection concepts for robust eigenstructure assignment.

Assuming that the desired elgenvector, Ä, is given, we formulate

the least-square problem

S, = u,H, (4.4.11)

The admissible eigenvector, 6,, and the residual error vector, A,, are

then obtalned, respectively, as

6, = U,U, ¢, (4.4.12)

A, = Ä, - ¢, = (I-U,U?);, (4-4-13)

where H denotes the transpose of a complex conjugate matrix. Now, we

need to select deslred basis Ä, such that the resulting eigenvector

matrix is well conditioned. With Eq. (4.4.13), we define an

optimization problem as

" Hminimize J = z A, A, (4.4.14)
¢k,k=1,2,..,H 1”1

- subject to SQ Ä, = 6,, , 1,j = 1,2,...,n (4.4.15)

Thjs problem can be solved by using available nonlinear programming
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algorithms. The parameterization of the unitary basis, however, may be

tedious and lead to a highly nonlinear optimization problem. A more
direct and less rigorous approach 1s then to choose some judicious

unitary basis and solve the unconstralned optimization problem of Eq.

(4.4.14). Thus we develop a scheme to generate target eigenvectors

consistent with system dynamics and prescribed set of eigenvalues basis

from the subspace matrices, U1, 1=1,2,..n.

Define the global matrix S with the basis matrices U1 as

S

=andtake SVD of S to get

V S = ÜEVH

where 1: is the diagonal singular value matrix, and Ü and V are the

left and right singular vectors, respectively. Assuming that the left

singular vectors of the S matrix provide an attractlve set of target

elgenvectors, 1t is then required to determine which unitary target

vector should be assigned to each of the n least square problems of Eq.

(4.4.11) corresponding to each particular assigned eigenvalue. Based

upon this strategy, we summarize the main steps of the proposed

algorithm as follows:



124

Step 1

For 1=1,2...n, compute the unitary basis matrices Ui which span the

column space of (A-x1I)'1B matrix.

Step 2

Find the left singular vectors Ü = [ul, u2,...,un] of the matrix S
‘

and define the set of target vectors as Ä1= ui , for 1=1,2,..,n.

Step 3

For 1=1,2,...n, determine the index k for kth target elgenvector

ak, which m1n1m1zes IA1I = |(I-U1UiH) ¢k|. Store this index in
_ the array, q(1)=k. and remove ak from the set of target vectors.

A Step 4
I

i For 1=1,2,..,n, calculate parameter vectors and admissible

elgenvectors

Step 5

with 0 obtained in Step 4, determine the gain matrix G from Eq.

r (4.4.3b) 1n the form

8+(A0-0h) = G0

where the m x n dlmensional matrix 8+ ls the pseudo 1nverse[33]

of the B matrix.
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when the open-loop eigenvectors are considered as the desired closed-

loop eigenvectors, Step 2 should be replaced by a step to compute the

right eigenvectors of the open-loop system matrix.

· The direct parameterization of the closed-loop eigenvectors of Eq.

(4.4.10) can be utilized ira optimizations of some other performance

objectives, for instance, state error energy and control energy. Thus

the elements of the H matrix can be considered as design variables. For

this case, the global parameter vector becomes

p = col(h,,,h,2,...,hmn)

The derivatives of the gain matrix G with respect to the elements of p

can be obtained by differentiating Eqs. (4.4.3b) and (4.4.4). we

rewrite Eq. (4.4.3b) with Eq. (4.4.4) as

A — 0 a 0'1= BG

Since the eigenvector matrix 0 is already available for given H (see

Eq. (4.4.10)), the gain matrix G can be easily evaluated as

G = B+(A-0a0'1)

Denoting by A1 the derivative with respect to the ith parameter pi, we

simply write the derivatives of G as
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A •°1- o A A1•'1)

where

A1¢k= UkA1hk, k=1,2,..,n

A10'1= -
•'1A1¢ o'1

Nhen we deal with N second order differential equations of a

mechanical vibrating system, it is not necessary to determine 2N x 2N

eigenvector matrix for the corresponding 2N first order state space

equations. In fact, we can reduce dimensionality in half and consider

the N x N modal matrix. Suppose that a mechanical system is defined by

the N second order equations of motion

My + cg + Ky = Du (4.4.16)

where y and u are the configuration and control vectors, respectively,

M is an NxN positive definite mass matrix, K and C are NxN positive

semi-definite stiffness and damping matrices, respectively, and D is

an Nxm control influence matrix (assumed to be of maximum rank m).

For this system, we introduce the feedback control in the form

u = G1y + G2} (4.4.17)
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Subst1tut1ng Eq. (4.4.17) 1nto Eq. (4.4.16), we obta1n the closed-loop

system

M; + C! + K! = D [Gl G2]; !
;

(4.4.18)

9

and the correspond1ng e1genvalue problem

(x:M + x1C + K)a1 = DIGIGZI; °1 (4.4.19)
Aa1 1

where xi and ai are the 1th e1genvalue and modal vector, respect1vely.

S1m1lar to Eq. (4.4.2), we def1ne the parameter vector hi as

hi = [G1 G,] °1 (4.4.20)
Aiai

Assuming that the 1nverse of the coeff1c1ent matrix of the left—hand

s1de of Eq. (4.4.19) exists, we can wr1te the modal vector, ai, w1th

Eq. (4.4.20) as

- (x2M + x C + K)'10h (4 4 21)°‘1‘
1 1 1 ··

0bv1ously, as before, ex1stence of the 1nverse 1n Eq. (4.4.21) depends

upon ass1gn1ng the e1genvalue xi to pos1t1ons other than the open-loop
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eigenvalue position. It should be noted that the modal vector for the

velocity vector y 1s simply Aiai. Also, note that 1f_ the

vectors ai, 1=1,2,..,N, are an unitary set, then so are the elgenvectors

for the corresponding closed—loop system in

the state—space form. Therefore, we conclude that the same procedure

developed in the previous part can be used for the system of Eq.

(4.4.16) with the formulation of Eq. (4.4.21). That is, after

completing the calculation of adm1ss1ble modal vectors ai, we form

2Nx2N eigenvector matrix such that

GO

= __
¤A oA

where A is the diagonal elgenvalue matrix and a is the NxN modal

matrix for the displacement vector, y, and
(_)

denotes the complex

conjugate.

with this, we compute the gain matrix [G1 G2] by solving the linear

system

Q [G1G2l0 = u Q

where H is an m by 2N matrix defined by

M = [A1 A2 AN}

Eq. (4.4.21) provides useful insight on the independent modal space
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control (IMSC) algorithm of Ref. [70] for the case when D=I and C=O. In

what follows, we review pole placement by the IMSC method.

4.4.3 Eigenstructure Assignment by IMSC method

The key idea of IMSC is to determine a feedback control which

preserves the open-loop modal matrix, so that the closed-loop modal

system becomes completely decoupled. For the system of Eq. (4.4.16)

with C=0 and D=I, we introduce the modal coordinate n defined by

Y = ¤¤

where a is the modal matrix which satisfies

·
Ku = Mac

with the diagonal natural frequency matrix 0 given by

‘ 0 = dläghlä, wä,...,wä]

It is well known that the modal vectors ai are orthogonal with respect

to M and K such that

¤IM¤j = GU , alkui = Q. (4-4-22)



130 «

Ident1fy1ng the modal force w = aT0u, rewr1te Eq. (4.4.16) 1n the

modal-space form as

n + an = w (4.4.23)

If a feedback control w1th d1agonal feedback ga1n matr1ces 1s 1ntroduced

1n Eq. (4.4.23), then the structure of 1ndependent modal space equat1ons

1s: ma1nta1ned. Therefore, w1th a proper cho1ce of d1agonal ga1n

matr1ces for n and ü, we can place the closed-loop eigenvalues

arb1trar1ly. For this case, we can write the e1genvectors for the open-

and closed-loop systems in the state-space form as

4
G G.;*-11 ‘}. .$-( *1. 1*--1

wa Aa
{ 1 1 1 1

where the superscripts o and c represent open-loop and closed-loop,

respect1vely.

For the case w1th D=I, we rewr1te Eq. (4.4.21) as

2 -1a1= (11M + 1,6 + K) hi (4.4.24)

0bserv1ng that the columns of the coeff1c1ent matrix 1n the r1ght-hand

side span a complete N—d1mens1onal space, we conclude that the closed-

loop e1genvectors for the d1splacement y can be arb1trar1ly ass1gned.
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In other words, Eq. (4.4.24) has exact solution hi for any ai

vector. Therefore, the closed-loop modal vector obtained by projecting

an open-loop one will be exactly the same vector as obtained by the IMSC

method for each desired eigenvalue. Therefore, the projection method

using open-loop eigenvectors as target vectors is equivalent to IMSC

method. From Eq. (4.4.22), we observe that the condition number of the

modal matrix a depends upon the K and M matr1ces. For a special case

when a is a unitary matrix, the projection methods based on unitary

basis vectors and open-loop modal vectors, and IMSC method will generate

equally well—conditioned closed-loop eigenvectors. However, the

projection algorithm based on unitary basis may not produce the same

gain matrix since the unitary basis vectors selected for this algorithm

generally do not coincide with the orthogonal open-loop modal vectors.

It should be noted that it is, however, generally impossible to have a

perfectly conditioned closed-loop eigenvectors for pairs of complex

conjugate eigenvalues, since self-conjugate eigenvectors are not

orthogonal.

4.5 Concluding Remarks

This chapter presents some fundamental ideas underlying state

feedback design algorithms: LQR based formulations and several

eigenstructure assignment algorithms. He have discussed extensively how

linear state feedback control systems can be designed by systematic
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adjustment of the welght matrlces ln the quadratlc crlterlon.

Ä In the flrst part of thls chapter, most lmportant characterlstlcs

of LQR°s are revlewed. LQR's can be vlewed as a subset of a famlly of

stablllzlng controllers, whlch satlsfles dlsturbance rejectlon

crlterlon. In thls regard, we elect to seek the answer of the followlng

questlon: How "good" ls the robustness condition of thls type of control

schemes (or a frequency domaln optlmallty condition)? Slnce thls

condition ls derlved by applylng a sequence of lnequalltles for matrlx

norm bounds, lt may be very conservatlve and physlcally meanlngless as

dlscussed ln the prevlous chapter. As shown ln thls chapter, for a

controllable system, only the deflnlteness condltlon for the welght

matrlces ls requlred for the solutlon of llnear optlmal control.

Therefore, lt ls deslred to generate a famlly of optlmal controls ln

thls class and determlne the "optlmal" optlmal control ln the sense that

some other deslgn constralnts are achleved. Thls task can be fulfllled

by uslng a systematlc method presented ln thls chapter.

We presented here a new LQR formulatlon based on Lyapunov stablllty

theorem, whlch has a slgnlflcant advantage over the conventlonal

approach. Through a judlclous parameterlzatlon of the welght matrlces,

we avold solvlng the Rlccatl equatlon. In fact, wlth the formulatlon

based upon solvlng a Lyapunov equatlon, we are able to deslgn feedback

systems wlth up to 200 state varlables. Thls lmprovement can be placed

ln perspectlve by notlng that the appllcatlon of the conventlonal LQR

deslgn methods ls llmlted to systems wlth fewer than 100 state varlables

due to the practlcal llmltatlons lmposed by the avallable numerlcal
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methods [55,56,57] for the R1ccat1 solution. Numerical difficulties are

frequently encountered for even low dimensioned systems, depending upon

conditioning of the solution in a numerical sense.

» The eigenstructure assignment algorithm via Sylvester's equation in

Ref. [46] is examined and generalized by Introducing an alternative

parameterization scheme for closed-loop eigenvalues. with this scheme,

the important practical constraints, for instance, transient response,

damping factors, settling time, etc., can be easily enforced by

judicious constralnts upon real and lmaginary part of eigenvalues. The

features of Sylvester's algoritm and related eigenstructure assignment

methods are very important in many applications.

In this chapter, we also develop a new nethodology for robust

eigenstructure assignment and multivariable feedback gain design. This

noniterative scheme will produce a fairly well—cond1t1oned eigenvector

matrix since it utilizes target (unitary) eigenvectors consistent with a

closed-loop system. An 1n1t1al feedback design obtained by this method

can be further tuned to achieve various design constraints s1m1lar to

the LQR based algorithms discussed 1n this chapter. The direct

parameterization of the closed-loop elgenvectors (see Eq. (4.4.10)) 1s

extremely useful since the Sylvester equation solution is avoided at

each iteration of the parameter· matrix H. we also establish some

interesting connections to the independent modal space control approach

for special cases with the same number of controllers as number of

controlled modes.



CHAPTER 5. IIJLTIPLE OBJECTIVE OPTIMIZATION

5.1 Introduction

Among several important properties of a feedback control system, we

consider expected state error energy, control energy and stab1l1ty

robustness (1n our case, a cond1t1on number of e1genvectors) as the

three most broadly s1gn1f1cant object1ve functions; these also have

obv1ous physical importance. These des1gn object1ves can be optimized,

in pr1nc1ple, for each (or any) method of parameter1z1ng the feedback

ga1n matr1x, for example, 1) the Form 1 general1zed LQR, 11) the Form 2

general1zed LQR (based on the solution of a Lyapunov equat1on), and 111)

the Sylvester's e1genstructure assignment method. In essence, these

three feedback des1gn methods d1ffer ma1nly in the manner 1n which the

ga1n matrix is parameterized. The multiple object1ve opt1m1zat1on

approach seeks to m1n1m1ze one of the cr1ter1a: state energy, control

energy or robustness 1ndex, subject to one of the constra1n1ng equat1ons

(R1ccat1 equation for Form 1 LOR, Lyapunov equation for From 2 LQR and

Sylvester equation for Sylvester method), while hold1ng the other two

1nd1ces to prescr1bed values (1n the v1c1n1ty of the1r unconstra1ned

m1n1ma). By sweep1ng the target values for the two 1nd1ces treated as

constralnts, while m1n1m1z1ng the th1rd, a surface 1s generated 1n the

neighborhood of the unconstrained m1n1ma.

A mult1ple-object1ve opt1m1zat1on (MO) problem can be converted to

134
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a standard nonllnear programming problem which minimizes a single

objective function subject to several equaljty and inequality

constraints. Available optimlzation algorithms of Refs. [62-65] can

then be used for the converted opt1m1zat1on problem. These techniques

were originally developed for single objective constrained optimization

problems. Therefore, the formulation of a MO problem should necessarily

take the form which 1s most suitable for the solution algorithm

chosen. In this regard, we first review Gemb1k1's formulation [66] and

then introduce our minimum norm correction strategy in conjunction with

homotopy techniques [60,61]. The mult1ple—cr1ter1on approach requires

solving several neighborjng nonlinear optimization problems, which are

usually expensive in computation, especially for higher dimensional

systems. It is then desirable that we have the mathematlcal expression

of each design objectjve function in as simple a form as possible.

Along with multiple criterion approach, we adopt the idea of

Fleming who has shown in Ref. [59] that multi-cr1ter1on trade-off

surfaces can be generated and displayed in graphical form, by the

interpolatlon of a family of carefully determined optimal solutions.

This technique offers useful insights for understanding the trade-off

relations among the design objectives and greatly accelerates the search

for suitable feedback control schemes. Most of the available numerical

algorithms for general nonlinear programming problems, however, generate

local solutions since their formulations are usually based on the first

derivatives and estimates of the second derivatlves of an objective

function with respect to design parameters. Furthermore, the converged
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solution may depend on the initial guess of the parameters since we can

~ seldom guarantee unimodal behavior of the performance indices. It

should then be noted that a trade-off surface generated by interpolating

optimized objective values may not be unique for different initial

guesses of parameter values. Uniqueness can be achieved only if the

local optimization (to isolate each point on the surface) in fact

achieves a global minimum. It is therefore extremely important to

"explore" the parameter space and establish confidence that global

convergence has been achieved and that the interpolated solutions in

fact exist. In order to reduce these difficulties and compare the

feedback design algorithms consistently, every attempt should be made at

this stage to define the trade-off surface for given objective functions

as uniquely as possible.

This chapter is divided into six sections. In Sections 2 and 3, we

review Gembiki's approach to multiple—criterion optimization problems,

and the minimum norm correction homotopy technique developed by Junkins

et al. In Section 4, the procedure to generate trade-off surfaces is

described in detail. In Section 5, we present the mathematical

formulations of the selected objective functions along with the

derivation of the partial derivatives of each objective function with

respect to the gain elements. Finally, in Section 6, concluding remarks

are offered.
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5.2 Goal Progrmming Problem

Let p = col (p1,p2,..,pn) denote the set of design parameters and

let J = col (J1, J2,.., Jm) represent the m design objectives. Also,

define a feasible reg1¤n, o , in the parameter space, which is the set

of all parameters satisfying given equality and inequality constraints.

The multi-criterion optimization (MO) problem then can be stated as

minimjze J
p c S2

and it is desired to simultaneously minimize the individual components

of J.

For this type of parameter optimization problems, the ”goal

attalnment method" developed by Gembiki is believed to be one of the

most systematic approaches. For this method, the designer ls required

to specify a set of desjred goals (interpreted as optimistic "design

specifications"), J*. Also, one can define the direction of search in

the objective function space. In Ref. [66], Gembiki defined MO problem

as

minlmize r
T, p c Q

subject to

-A·
Ji(p) + wir < Ji , 1=1,2,..,m
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where w1>O, are user selected weighting coefficients and r is a scalar

variable. A unique feature of this formulation is that wir can be

interpreted as the degree of over- or under-attainment of the goal Ji*

and w vector as the direction of search from the current point in the

objective function space. In this way, a trade—off surface can be

constructed by an alternative choice of the w vector. For this standard

constrained optimization problem, available numerical techniques, for

instance, generalized reduced gradient method [62], can be used. In

what follows, we introduce an alternative nonlinear optimization

technique for solving the MO problem, which has a similar motivation and

bears an analogy to the Gembiki's formulation.

5.3 Minimum Correction Homotopy (MCH) Algorithm

The essential feature of this algorithm is to solve, if possible, a

set of nonlinear equations,

·A·
J1 - J1(p) = 0, i=1,2,..,m (5.3.1)

where Ji* is the ith desired goal as noted before. The first step of the

MCH approach is to generate a homotopy family of problems by introducing

"portable“ goal function values defined by the linear map
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°'
*J1(¤) = ¤J1 + (1-a) J1(pstart), l=1,2,..,m

with homotopy or contlnuatlon parameter, a . If we replace the original

goals, J1* ln Eq. (5.3.1) by the "portable goals" 31(a) , we obtain the

homotopy family of nonllnear equatlons

f1(p(a)) = aJ1*+
(1-¤)J1(pStart) - J1(p(¤)) = 0, l=1,2,..,m (5.3.2)

Thus, at a = 0, this equatlon has the solution, p = pstart, and

at ¤ = 1, lt becomes the original equation of (5.3.1). Hence, p(1) ls

the deslred solution. This formulatlon can be rewrltten ln the form

similar to the goal attainment problem as

maximlze a
¤>0, pen

subject to

·A•JN
·· = —‘«<¤„„—e>· ‘=1·Z·······

Note that the second term ln the left hand side can be interpreted as

the dlrectlon of search multlplled by the homotopy parameter, a. Also,

notice that lf the iteration converged with a>1 (a<1), then the goals

are over- (under-) achleved. The advantage of using this formulation ls

due to an lmproved convergence since the lteration can be initlated with

close estimates of the solution vector at each continuation step by
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sweeping a from zero to one. This unique feature enables us to

adoptively choose the step size (an increment in a ) of each iteration,

which is necessary for highly nonlinear objective functions.

Next step is to solve Eq. (5.3.2) for a given continuation step,

a, by using a minimum correction technique. Since Eq. (5.3.2) is

usually under—determined, a unique correction vector p can be obtained

by solving the quadratic programming problem.

Tminimize Ap wap
AP

subject to the truncated Taylor series expansions of Eq. (5.3.2), i.e.,

dff(¤+¤¤) = f(p) + [—:' AP = 0
dv

where W is a weighting matrix.

Then, the weighted minimum norm correction vector takes the standard

form

. _,arTar _1arT‘1
ap = -w [—] [—] N IZ-] f(p) (5.3.3)

dp dp dp

where the n x m locally eßaluated Jacobian is

V'] [°"]dp dp

Starting with a neighboring solution at the step a = ai_1 , and using
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the correction vector of Eq. (5.3.3), we define p(a,) recursively by

computing

p(°1)new= p(°1)old + Ap

until local convergence 1s achieved for each ai. The final convergence

1s achieved by incrementing ai after each local convergence until a

approaches 1 (or, typically, until a 1s as large as possible while

satlsfying all constraints). The overall procedure can be summarized as

follows:

Starting Iterate Minimum
Iterative Norm Correction to obtaln

pstm = ¤( G). f(¤(¤,)) = G —> ¤(¤,)

¤(¤,). f(¤(¤,)) = G —> ¤<¤,)

¤(¤q_1). f( ¤(1)) = G —> ¤(¤q=1)

with 0 < al< al< ···< aq= 1
»

As shown here, this method has inherent reliance upon neighboring

solutions by its nature and 1s attractlve for systematic trade-off

surface generation. Its effectiveness for eigenvalue placement problem

was demonstrated in Refs. [7-10].
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5.4 Generation of Trade-off Surface

Assuming that three objective functions (J1, J2, J3) have

continuous derivatives with respect to design parameters, we solve the

optimization problem in two major steps: 1) primary objective

optimization, 11) local minima generation. The details of each step can

be summarized as follows:

Step 1 Primary Objective Optimization

Solve the optimization problem to m1n1m1ze J1, which is considered

as the most important objective function, defined by

minimize J1
peü

subject to zzs J1; u2, 116 Jas u1

where ¤ 1s the set of all parameters satisfying constraining

equations. This step should be done very carefully with multiple

starting points to generate a high degree of confidence that the

global minimum has been ach1eved.

Step 2 Local Minima Generation

2.1) Starting with the solution obtained from minimizing J1 in Step

1 (considered as the global minimum in the predefined region of

(J2, J3) space), optimize J2 and J3, trying to achieve given
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design "goals", J2* and J3*, without constraining the primary

objective function J1.

2.2) Based upon the results of Steps 1 and 2.1, choose a grid of

target values for J2* and J3* between their minimum values and

their values associated with the global minimum of J1. while

J1* and J2* are constrained to be a constant point on this

grld, optlmlze J1 to determine an equality constrained local

minimum for the g1ven point (Jz*, J3*) 1n the (J2, J3) space.

2.3) Starting with the converged solution obtained from 2),

lncrement one of the goals (J2*, J3*) and repeat until the

region of (J2, J3) defined by the 1nequal1t1es of Step 1. is

swept as entlrely as possible.

The set of converged points (J1*, J2*, J3*) obtained by Step 2 are

interpreted as the minimum of J1 subject to J2=J2* and J3=J3*. These

are interpolated by using a standard algorithm to generate three-

dimenslonal trade-off surfaces. Each point on this interpolated

surface, then, represents a minimum of the primary objective function,

J1, for given values of J2 and J3. Corresponding to each point on this

surface, of course, ls a set of gains for a feedback controller. when

the LQR formulations are used in the process, each point on this surface

represents a quadraticly optimal design. It is worth mentloning that

the family of lmpllclt constraints are held lnvariant to generate this

surface (e.g., if eigenvalue placement constraints are enforced, the

same constralnts are lmposed for every point on the surface). Clearly
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the density .of po1nts (.11*, .12*, .13*) required for accurate

interpolation is problem dependent, and the density of points 1s

controlled by selection of the (J2*, J3*) gr1d. Some experimentation is

usually necessary.

The upper and lower bounds on the second and third objective

functions in Step 1 should be chosen carefully, especially for the case

when the performance of several different feedback design algorithms are

compared for multiple objective optimizations. The same bounds should be

used during optimization process of Steps 1. and 2.

Several important features of the trade-off surface are summarized

as:

1) Trade—off relations among the three objectives can be

effectlvely illustrated with this surface.

2) Degree of smoothness of the trade-off surface may be considered

as a qualitative measure of different parameterizations of the

feedback gain matrix. The more regular the surface 1s, the

better the algorithm 1s from the computational point of view

(neighboring convergences provide more reliable starting

solutions), and, of course, the more accurately effects of

design specification variations can be lnterpolated and

predicted. If the surface 1s very smooth, then the probability

of converging to a global minimum will be high.

3) Comparing the trade-off surface (for a given system) generated

by each feedback design approach (e.g., LQR, Sylvester's

method, etc.), qualitative insight can be quickly obtained to
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learn how each design approach inherently limits the feasible

design objectives. This information may be useful in the

decision making process especially when a designer establishes

or revises the design specifications (or goals). Of course,

the most important feature is the ability to select a design

point with full visibility of the tradeoff between three

critical performance measures, for a family of designs.

5.5 Design Objective Functions

State error energy. control energy. and a stability robustness

measure are selected for multiple objective optimizations because of

their physical significance and importance in control fields. The

mathematical expressions of the selected objective functions and their

derivatives with respect to the elements of the gain matrix are

presented here.
l

Consider the linear dynamical system in the state—space form

x = A x + B u, x(O) = xn (5.5.1)

with linear constant feedback control

u = • G x (5.5.2)
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where x ls the nxl state vector

u ls the mxl control vector

A, B and G are plant, controller influence

and feedback galn matrlces, respectlvely.

we assume, for lnltlal slmpllclty, that the full state ls measurable and

the palr (A,B) ls completely controllable. Substltutlng the control law

of Eq. (5.5.2) lnto Eq. (5.5.1), we obtaln the closed-loop system

x = Ä”x , x(O) = xo (5.5.3)

where

A = A - 6 6 (5.5.4)

It ls assumed throughout that the control law glven by Eq. (5.5.2)

stablllzes the open—loop system, l.e., Ä ls a stablllty matrlx, and the

reference values for the states are all zero. For the system descrlbed

here, we provlde mathematlcal expresslons of the selected objectlve

functlons and thelr derlvatlves wlth respect to the elements of the galn

matrlx.

State Error and Control Energy

Under the assumptlon made above, we deflne the state (error) energy

functlon, JS, and the control energy functlon, Ju, as



147

JS = °f° xTQsx dt (5.5.5)

Ju = ,,f“' ¤T0„¤ dt (5.5.6)

with the positive definite weight matrices, QS and Qu. Similar to the

derivations given in Section 4.2, we use the identity

ä (xTPSx) = idvsx + [Psi (5.5.7)

to evaluate JS and Ju.

Assumlng that PS 1s an arbitrary positive definite matrix and

x(t) -+ O as t -• ¤ , upon integrating both sides of Eq. (5.5.7) with

Eqs. (5.5.3) and (5.5.4), we get

ÄTPS)x dt + xIP$x° = 0

Adding this to Eq. (5.5.5), we obtain

_ ¤¤ T — —T TJS - of x (PSA + A PS+ QS) x dt + xoPSx0

This equation can be evaluated by solving the algebraic Lyapunov

equation

-
.'|’ _PSA + A PS + QS - 0 (5.5.8)
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With the solution, PS, obtained here, we rewrite JS as

TJS = xo Psxo = trace (PSXO)

where XD is an initial condition matrix defined by the outer product,

1.e., X0= x°x„T and trace( ) denotes the trace of the matrix. As shown

here, the state energy is initial state dependent. X0 can be chosen to

represent average, worst case, or some apriori statistical covariance of

the distribution of initial conditions. If we assume that X0 is

distributed over unit sphere, upon setting XO=I, JS=trace (PS) can be

interpreted as an expected value of the state energy. For the control

energy function, substituting Eq. (5.5.2) in Eq. (5.5.6), we obtain

similar results after some algebra

Ju = trace (PUXU)

where Pu satisfies the Lyapunov equation

—- -T T _
PUA + A Pu + G QUG — 0 (5.5.9)

Therefore, JS and Ju are easily evaluated by solving Eqs. (5.5.8) and

(5.5.9), respectively, and optimized with respect to the elements of the

gain matrix, G. In Appendix C, the partial derivatives of JS and Ju

with respect to the G matrix elements are derived and the results can be

summarized as follows.
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Denoting by the partial derivative of (.) with respect to the

element gi of the gain matrix, we have the expressions

a1Js= -2 trace { V PSB·a1G }

ADJU = -2 trace { V(PuB - G }

where V satisfies the complementary Lyapunov equation

.‘|'- _
V A + A V + XD - 0

For the case when the gain matrix, G, is parameterized by some design

parameters, for example, LQR weights, the term ADG should be replaced

by the partial derivative of the G matrix with respect to the ith

element of the design parameter vector (see Chapter 4 for the

parameterization schemes of the gain matrix).

Stability Robustness Index

As discussed in Chapter 3, a well conditioned or robust

eigenstructure (i.e., the eigenvalues are insensitive to perturbations

in the coefficient matrices of the system equation) can be obtained by

minimizing the condition number of the eigenvectors. In the present

study, this design strategy is adopted and the eigenvector condition

number is considered as the third design objective function. The

mathematical expression of the selected stability robustness measure
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related to eigenvalue sensitivity is given by (see Chapter 3)

Ie1= 2 I vidil (5.5.10)
or

Iez = ¤1(0) / on(o) (5.5.11)

where vi is the left eigenvector corresponding to the ith eigenvalue and

di is a vmighting factor and al and an denote the maximum and minimum
singular value of the right—eigenvector matrix.

As mentioned in Chapter 3, when the order of eigensystem increases,

the determination of all the eigenvector derivatives becomes a lengthy

computation and the eigensolutions for higher modes may not be accurate

enough for the optimization process. Therefore, the calculation of Iel

with only eigenvectors corresponding to dominant eigenvalues in some

frequency range or close to the imaginary axis is suggested. This can

be done by choosing proper weights, di, {i=1,2,...,n) in Eq. (5.5.10).

The condition number, Iez, in Eq. (5.5.11) may be highly nonlinear

function in terms of the gain elements, since it has the reciprocal

expression of the lowest singular value. The computational difficulty

due to this fact can be avoided by choosing the alternative objective

function, i.e., the condition number for the modal matrix normalized by

its lowest singular value. Note that since an is always greater than

zero, the minimization of al will also result in reduced values of IE2

defined by Eq. (5.5.11).

For the feedback design algorithm of Sylvester's method, the
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elgensolution 1s not necessary. In fact, lt solves the inverse

elgenvalue problems, 1.e., the closed—loop system matrix is determined

from a given elgenvalue set. Therefore, the robustness measure, Iel in

Eq. (5.5.10) 1s far superior to Iez from the computational point of

view. For both Indices of Eqs. (5.5.10) and (5.5.11), as shown in the

previous chapter, the eigenvector matrix in a real form can be

utllized. By introducing the unitary transformation, we can rewrlte Iel

as

Iel= trace(X'TD X°1)

where X and 0 are defined by

X = 0 U , D = dlag [dl, d2,...,dn]

and U 1s given ln Eq. (4.4.7).

In summary, the objectlve function which measures either stabllity

robustness, for the purposes of this study is adopted as

_ Hsel - Z dl slsl (5.5.12)
or

Jez = ¤l(X) (5.5.13)

for the LQR based feedback algorithms and Sylvester method,

respectively.
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In the opt1m1zat1on of these 1nd1ces, we need to determ1ne the

part1al der1vat1ves of the left eigenvector, vi , and the r1ght modal

matrix 1n the real form, X, with respect to des1gn parameters. The

der1vat1ve of the left eigenvectors can be found 1n Appendix D and the

der1vat1ves of X can be easily obtained by d1fferent1at1ng the Sylvester

equation of (4.4.5).

Aga1n, denot1ng by A1(.) the part1al derivative of (.) w1th respect

to the 1th element of the parameter vector, we wr1te the derivative of

the s1ngular value as [73]

where al and 61 are the r1ght and left s1ngular vector corresponding

to the largest s1ngular value of X matr1x, ol .

Hence, we arr1ve at the der1vat1ves of Jel and Je? 1n the f1nal form

A J = 2 d v
H A v1 e1 j j 1 j

_ T
A1Je2 - al Aix sl

where Aivj and Aix are given 1n Appendix D and Eq. (4.4.8),

respect1vely.
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5.6 Concluding Remarks

In this chapter, we have addressed the problem of multiple-

criterion optimization and its utility for practical feedback system

designs. This idea has been rarely mentioned in the control literature

and only recently [59,11] and in the present dissertation have any

significant numerical results been achieved. we have developed a fairly

general algorithm for multiple objective optimization problems, which

utilizes the minimum norm correction homotopy technique. Also, a scheme

for generatlng trade-off surface and its interpretations are discussed

in detail. we believe that this algorithm is the most promising

candidate for computer aided design of control systems, due to its

simple implementation, inherent reliance upon the neighboring

convergences, and other unique features. The trade-off surfaces

generated by this algorithm provide useful insights to understand trade-

off relations among some design objectlves and the evaluation of

proposed feedback design algorithms. The schematic diagram of the

overall procedure 1s given in Fig. 5.1.

The multiple criterion approach along with trade-off surface

generation can, in principle, be applied to systems of arbitrary order.

The success of this approach, however, depends upon the accurate

determinatlon of the design objective functions and their derivatives

with respect to design parameters. Due to computational costs, 1t may

be necessary to apply the method to a reduced order model to obtain a

candidate control design, this can be validated with a full-order

system.
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CHAPTER 6. COMPUTATIONAL STUDIES

In order to 1llustrate several 1ssues assoc1ated w1th state

feedback des1gns v1a the LQR based formulat1ons and the e1genstructure

ass1gnment algorithms, we present the numer1cal results for two sets of

models: 1) Set I (6th order mass—spr1ng systems w1th var1ous mass

matr1x) and, 11) Set I1 (var1ous reduced order models of a flex1ble

space structure).

The f1rst set prov1de ma1nly academ1c examples and the second set

prov1de reduced order· models of the Rapid Retarget1ng and Prec1s1on

Po1nt1ng (R2P2) exper1ment structure under development at Mart1n

Mar1etta Denver Aerospace. Due to computat1onal cost, only a model 1n

Set I 1s used 1n the mult1-cr1ter1on opt1m1zat1on stud1es of the LQR

based regulator des1gn algor1thms and Sylvester's method. For the

evaluat1on of the new robust e1genstructure ass1gnment algor1thm, models

1n both Set I and Set II are tested. As a pract1cal design example, we

1nclude numer1cal results for the R2P2 structure constrained to 1n-

plane-mot1on (IPM), th1s reduced order model has 14 state var1ables and

has two actuators (one force and one torque).

Sect1on 1 cons1ders control system des1gns v1a the mult1-cr1ter1on

opt1m1zat1on approach w1th two LQR based formulat1ons and Sylvester's

method. In Sect1on 2, we present the test results obta1ned by three

robust e1genstructure ass1gnment algor1thms w1th d1fferent des1gn

strateg1es. In Sect1on 3, we present numer1cal results for the R2P2 IPM

model. Response of th1s structural system w1th actuator f1lters are

155
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also 1ncluded.

6.1 Multiple Objective 0pt1m1zat1ons

The des1gn problem cons1dered in th1s sect1on 1s to synthesize a

control system wh1ch m1n1m1zes the state error energy. control energy

and stab1l1ty robustness index (cond1t1on number of the closed loop

eigenvector matr1x) s1multaneously by us1ng three feedback design

algor1thms: 1) Algor1thm A (general1zed LQR in Form 1), 11) Algor1thm B

(general1zed LQR 1n Form 2) and 111) Algor1thm C (Sylvester's method).

In summary, we def1ne the nult1ple object1ve opt1m1zat1on problem as

follows:

Je = Robustness Index (Eq. (5.5.12) or (5.5.13))

m1n1m1ze JS = Expected State Error Energy (Eq. (5.5.5))

p Ju = Expected Control Energy (Eq. (5.5.6)

subject to one of the following constra1nts for each feedback des1gn

algor1thm (see Eqs. (4.3.4), (4.3.13) and (4.4.3b))

A: R1ccat1 Equat1on, gl Q(p), R(p), N(p) ] = 0

B: Ly¤¤¤¤¤v E¤¤¤t1¤¤„ 91 G(¤). R(p), S(p)„ T(p) l = G

C: Sylvester Equat1on, gl A(p), H(p) l = 0
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These constrained optimization problems are solved separately and

corresponding trade-off surfaces are generated by using the numerical

procedures described in Chapter 5.

we consider a mechanical vibrating system of Set I, as shown in

Fig. 6.1. This system has two actuators on the first and third

masses. The system dlfferential equations are of the form given in Eq.

(4.3.14), where the mass matrix M=d1ag[1,1,2], the damping matrix C=0,

the stiffness and the control input matrix

[2 -1 0] [1 0]
K = -1 3 -2 , D = 0 0

0 -2 2 0 1

The corresponding A (6x6) and B (6x2) matrices are constructed by using

Eq. (4.3.19a). For this 6th order system, the three feedback design

algorlthms A, B and C are tested with arbitrary selected initial design

parameter values for the algor1thm B. For the algorlthms A and C, the

initial parameter vectors corresponding to that of the algorithm B are

determined so that the three algorithms can start with exactly the same

closed-loop system to begln the optimization process. The number of

design variables for each algorithm and the parameter setting at the

beginning of iteratlons are sunmarized as follows:

Number of Design Parameters

A. Generalized LQR (Form 1):36

B. Generalized LQR (Form 2):30

C. Sylvester's Method:18
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Figure 6.1 Multi-Criterion Optimization: Configuration
of Test Model (Set I)
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Design Parameter Values for Algorithm B

L1 = mag [0.52, 0.62, 0.62, 0.62, 0.62, 0.621
L2 = L3 = L4 = mg 112, 121

Height matrices and Initial State Covariance matrix

Qs “ Qu = XD = I

Heights for the condition numbers

dl = dz = dg = 1

Homotopy step size and convergence limit

Aa = O.1

IApI s 10'3 for local homotopy step, a4 .

In order to generate trade-off surfaces for the three algorithms,

we solve the optimization problenn of Step 1 in Section 5.4 for the

primary objective function, Je, 1.e.,

min J
P e

subject to 0 s JS s 3, 0 s Ju s 2

The results obtained from this step are given in Table 6.1.

For Algorithm A, we reported the results of two cases with

different parameter settings. For the first case (A—1), all the
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Table 6.1 Multiple Objective Optiuization:
Robustness Index Optimization (Step 1)

Algorithm* State Control Robustness
Energy (JS) Energy (Ju) Index (J€)**

A-1 3.0 0.368 3.270
A-2 3.0 0.385 3.150
B 3.0 0.842 3.050
C 3.0 1.000 3.040

* A-1: Generalized LQR (Form 1, N=0)
A-2: Generalized LQR (Form 1, N¢0)
B: Gneralized LQR via Lyapunov Equation (Form 2)
C: Sylvester's Method

** Je is minimized subject to the inequalities 0sJSs3 and 0sJus2 .
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parameter elements of Q and R matrices are lterated with a frozen N

matrlces, 1.e., N=0 (Classical LQR). For the second case (A-2), all the

elements Q, R and N matrices are iterated. For all the cases tested,

shown in Table 6.1, the slightly different minimal Je's have occurred at

the same state energy level (JS=3) , as shown in Table 6.1. Starting

with these solutions, the trade-off surfaces were generated by following

Step 2 in Section 5.4. In Flgs. 6.2-6.5, the trade—off surfaces for

Algorithms A-1, A-2, B and C are given.

For all the cases tested, each point on the surface of Flgs. 6.2-

6.5 can be lnterpreted as local minima of the robustness index, Je, for

given expected state and control energy levels. Also, each point on the

surface represents a stab1l1z1ng feedback control design. For the cases

of LQR based fornulatlons (Algorithms A and B), each point on the

surface represents an optimal design for some underlylng cholces of

welght matrices. It should be noted that when arbltrarily chosen

diagonal weight matrlces were used in the quadratlc criterion of the

standard LQR problem, the corresponding design points obtalned were far

above the surface of Fig. 6.2. This observation justifles the necessary

LQR weight tuning for "better" optimal designs (from the point of view

of robustness), even though it 1s generally accepted that LQR

formulatlon typlcally produce relatlvely insensitive designs (compared

to an ad hoc asslgnment of stab1l1z1ng gains) with respect to plant

parameter perturbatlons.

For all three algorlthms, Figs. 6.2-6.5 show that the expected

state error energy and robustness index are obvlously competlng with
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each other for a given expected control energy. Simllarly, for a given

state energy level, we can see the trade—off relation between control

energy and robustness index, especially for small state energies

( Jss 1 ). Comparing Figs. 6.2-6.5, we observe that the surfaces

generated by using Algorltmm B and C are much more regular than that

obtained using Algorithm A, which may be due to more nonlinear

constraining equatlons. Comparing Figs. 6.4 and 6.5, we conclude that

the multi-criterion surfaces of Algorithms B and C are approximately the

same. In fact, the Lyapunov equation can be viewed as a special type of

Sylvester equation.

Several observations made from these numerical results are

summarized as follows:

1) Optimization of the robustness index 1s more difficult than

_ that of the expected state and control energy.

2) For all the cases, the state energy and robustness index are

strongly conflicting objectives.

3) The Form 1 generalized LQR design with “cross-coupl1ng" weights

in the criterion produces more regular trade-off surfaces and„

offer more choice of feedback gains than classical LQR designs.

4) LQR design based upon solving the Riccati equation limits the

accessible region in the state and control energy space more

severely and generated more irregular trade-off surfaces than

the Form 2 generalized LQR and Sylvester algorithms.

5) For the cases studied, the Form 2 LQR formulation and Sylvester

method performed approximately the same. Both methods
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generated near-planar performance trade-off surfaces, which are

more attractive than the conventional LQR results.

To illustrate the usefulness of the condition number as a stability

robustness index, two feedback designs with different condition numbers,

the same eigenvalue sets and the same control energy, are generated by

using Algorithm C. The objective function values of each design can be

found in Table 6.2. For the closed-loop systems obtained here, the

elements of the plant matrices (non zero elements of the A matrix) are

perturbed by :20 percent and the corresponding state trajectories

(x1(t)) are plotted and compared with nominal ones. As can be seen in

Figs. 6.6 and 6.7, the second design with smaller condition number is in

fact significantly more robust than the first design. The first design

goes unstable for -20 percent perturbations whereas the second design

remain stable.

6.2 Robust Eigenstructure Assignment

In order to study the performance of the projection algorithm

developed in Chapter 4, eight models from Set I and Set II are selected

for numerical testing. The configuration and specifications of Models

1-4 in Set I with various mass matrices are given in Fig. 6.1 and Table

6.3, respectively. For these models of Set I, the number of control

inputs are chosen equal to the number of controlled modes (i.e., 0=I).

For Set II, we generate the four models (Model 5-8) with 6 actuators by

truncating various number of higher modes. For the models in Set II, we
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Table 6.2 Two Different Feedback Designs by Eigenspace Assignment
Algorithm via Sylvester's Method

State Control Robustness
Energy (JS) Energy (Ju) Index (Je)

Design 1* 50.0 10.0 10.3
Design 2* 17.4 10.0 5.2

* The closed loop systems of both designs have same eigenvalue set.
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Table 6.3 Robust Eigenstructure Assigment:
Test Example Set I (Mass-Spring Systems)

MODEL* MASS MATRIX DESIRED EIGENVALUE**
N0. w L

w3= 1.44
1 M = diagl1,1,I] m3= 4.47 :3 = :2 = :3 = 0.5

. w3= 6.92

2 w3= 0.89
2 M = diag]10 ,1,1] u3= 2.33 :3 = :3 = :3 = 0.5

w3= 6.76

3 2 ..3- 0.09
M = diagl10 ,10 ,1] u3= 0.95 :3 = :2 = :3 = 0.5

u3= 4.70

4 2 w3= 0.03
M = diagl10 ,10 ,1] m2= 0.31 :1 = :2 = :3 = 0.5

w3= 4.49

* All the models have the same stiffness matrix and control
influence matrix

20 -10 0 _ 1 0— 0
K= [-10 30 -20], 0= [0 1 0

0 -20 20 0 0 1
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def1ne the state vector with the modal coordinates, n and ü , as

x = col {mn} (6.2.1)

and construct corresponding plant matr1ces as

[0 I ] 0
A = B = (6.2.2)

-9 -2;:: I;

oTwhere¤ 1s the modal matrix and ¤ 1s the natural frequency matrix

given by

¤ = mg,....1 (6.2.3)

and ; 1s the damp1ng factor.

The natural frequenc1es (ni) and damp1ng factors (;) for Models 5-8 in

th1s class are g1ven 1n Table 6.4. The A and B matrices are formed

correspond1ng to the sz matrices of various d1mens1ons.

For these eight structural systems, we test the three eigenvalue

ass1gnment algor1thms: 1) Algor1thm I (the projection method us1ng

un1tary vectors as target e1genvectors), 11) Algor1thm II (the

project1on method us1ng open-loop e1genvectors as target e1genvectors),

and 111) Algor1thm III (pole placement technique by IMSC method). For
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Table 6.4 Robust Eigenstructure Assignnentz Test
Example Set II (Flexible Space Structure)

OPEN-LOOP EIGENVALUE*_ DESIRED CLOSED—LOOP*
. EIGENVALUE

Freq(o) Damp1ng(;) Freq(u) Damp1ng(;)

1 4.90x10'4 .001 6.78 .70

2 4.46x10'4 .001 8.17 .70

3 4.27x10'4 .001 8.98 .70

4 2.57x10“4 .001 8.79 .70

5 1.95x10'4 .001 11.97 .70

6 1.07x10"4 .001 15.26 .70

7 22.36 .001 16.46 .70

8 20.49 .001 18.40 .70

9 20.86 .001 20.10 .70

10 42.28 .001 21.86 .70

11 42.28 .001 23.87 .70

12 61.95 .001 67.23 .70
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Models 5-8 in Set II, the IMSC method could not be tested without

introducing additional actuators above the fixed number (m=6) actually

available in the R2P2 configuration. In Tables 6.5 and 6.6, we report

condition numbers of the closed-loop eigenvectors (generally, not the

open-loop modal matrix) and Frobenius norms[43] of the gain matrices for

each model.

As shown in Table 6.5, the same results were obtained by Algorithms

II and III for Models 1-4. For models with same number of controllers

as number of modes, Algorithm II is truly equivalent to the IMSC method

since the open-loop modal matrix are preserved. For the case with the

unitary open-loop modal matrix (Model 1, M=I), the condition number

obtained by all three algorithms is exactly the same. For this case,

Algorithm I, however, generates a different gain matrix and the unitary

basis employed in the projection step does not coincide with the unitary

open-loop modal vectors. For Models 3 and 4 with different mass

elements, Algorithm I performs superior to Algorithms II and III. The

reason is that the condition of open-loop modal matrices depend upon the

mass matrices. From these observations, we conclude that the open-loop

modal matrix is not generally the optimal choice for the target closed-

loop modal matrix, as regards minimizing the condition number of the

modal matrix or the norm of the gain matrix. For Model 4, we summarize

the two gain matrices as follows:



>s
Q

GJ
·I¤ *•—

M Q O N >•—•
= w O Os •—•

ve -1-
es •—• (3 • • • •

- IQ .p•—• •-•
= G GD Q N U1-• Q N O an GJ

4-* E
v·•

Q L Q.
GJ -C O In
M 4-* 4-* GJ
sa -1- an U L

L Q O G •—• O U GJ
vl OU N M M Q >

•·
E Ö7 6

• • • •
M C ¤-C r- NY G Q N M L GJ O4-* < .2 •-•

N I- ¤ cn O•I• 4) ••• •—
L U GJ I
O GJ 'OG > O. GJ•—

O an
< 4¤ ••- M co •„¤ N >, o o•-•

= Q Q G
•**

L •··
•-

4) I-O LQ
• • • •

I5 Ü ÜC = G ID Q N 4-* C
E •—• Q N O ·•·· GJ 'U
.C •·-I Q C C- C49 3 O UG ••·

•r· L G G Q.
M O Q O G F'! *O C C O
M GU N W) F) Q •r· -1- Q
< Q 6 • • • • M

M• Q
<t G O N M :!v• :m I•—• N N L L C

'OO 'OO GJ
3 O4-* O4-* O.
4-* .„CU .CU O
U 4-*GJ 4-*GJ
E GJ> GJ> GJ••- •-< cn cs Q E: EC 4-*
4-* 4* = G Q N O_ GJ GJ 'U O
Ih •—•

LD
• • • • CG CG O C

C = O Q O•r· O••· -C GJ
GJ E In O N O ••—GJ ·•'GJ 4-*

‘O
G L -1 M 4-* 4-* GJ-1- 4-* U4-* U4-* E UU-I ••··I< GJGJ GJGJL4: GG GG U ‘¤

*4- O Q O Q Q G OL OL VI C
O GU N O O N LU LU Z U

1- -9
• • • •

Q,-3.)
Q_4.J •-I

GJ <
-

cm Gs O •—• OX 1-I V7
I I I 4-*

O.•—• -1-•—• •-•
L.

Q
•—• •—• •—•

Q*4- ·I¤ N O G Q III
L ··I¤ G •-I N G E E E LQ L • • • • L L .C GJQ. o O N O N 4-* 4-* 4-* O.

6 (\| N
•!- •!* •*'

S

--
L L L VI

In x O O O• U'! OJ G GJ
Q I- r-

•···· .C

Q
, < < < I-

1- _
Q Q 1-4 N M Q

*
I·— ÜZ



176

QQI-ILD
OOLDN

II- OOOOey =
• • • •

•-• LD ¤:>~¤mC>•-•
= OO•—I(*!

I\IU!OI\
E • ••
S NO+3 •-•

L L
O O
O 4-*

d'\ 0**
• • • • I QI-I < »·~ I\I•—I•"*!!n 0.*•-•

U momm >6- <I'I~<' v!C
4-I sz • • gw
4* .2 cm OU!V! •—I¢\l

4-*·•·O gg;
Ih >+| •

E CU >•
OU! •-

4-* OO!¢\I¢\l OL 0
'*' OWOGI •r··¤ >L

•·•-
Or~O<f 4*4-*

••-
Q =

• • • • 4.}
O ID <I'O<'O 4-*v! UI" <k = MOON IUI6 0
<

•-•
NI~G!G! U! Q.• • Lv! Ih

-•-I E •-Im UL aa
C .C •··I 4-*O L

4-* 4-*••— v!U O.
L I60 O

O O ·¥ > O•I" O4! • • • •
v!C •-

Ih •— rx •-II\¢\I\D LU I
v! < U 0‘!¤¢O

OO 'O
< 6- mmc 43-- evsr •• •«

QQI Ih

E X O•·* U O
1-4 >Q, |—

>•8
U

U LP '¤
E ¤I C

4-*C I64-*
*

••·¤*
vl _* CO. O.
C OOOO DO OO o OOOO OO 6 *.O\D\D\D OO It•I"

OOOO! CC I|„|,| X ••-·••- C
IhIh U

*4- 33 O.
O O

'OU
U OO 0*
E .C.C 4-*

U., 4-*4-* O'_
UID C

O EE U
v!L lo

.O wp CC
*4- HCE OOOO OO U
26 ·¤¤ 135 ‘O

¤.
ä‘-’

uu c“_ IDG) I6 ~
6 ·•ö¤ “E?”§

¤• • LLO_O4*
gz • ¤ ¤.•··• .¤C NOOQ ·r·

.¤ C
•—••—•NN •—• LU M

•-••-• U
I- Ih

EE L
£.C 4*
4-*4-* O.~•··•-

3

ää
"’

I1
_ mc!

s.n•.¤•~¢z> ·,_

Z

·|I
··!¤ —I¤



177

Algorithm I Gain Matrix (using unitary basis as target eigenvectors)

-6.801 10.000 0.000 363.299 0.000 0.000
G = 10.000 -16.664 20.000 0.000 36.517 0.000

0.000 20.000 6.934 0.000 0.000 5.189

Algorithms II and III Gain Matrix (using open—loop eigenvectors as

target eigenvectorsl

6.666 -3.333 0.000 396.842 -32.917 -0.305
G = -3.333 10.000 -6.666 -32.901 -41.009 -4.803

0.000 -6.666 6.666 -0.305 -4.803 5.014

Test results for Models 5,6,7, and 8 are most interesting since

these are more typlcal of the applications under consideration (m<n). As

shown in Table 6.6, Algorithm I consistently performs better than

Algorithm II as regards cond1t1on1ng (robustness) of closed-loop

eigenvectors, whereas the ga1n norm is not consistently smaller by

either method.

6.3 Application

An R2P2 IPM model with 14 state variables (2 r1g1d body modes and 5

flexible modes) and two controllers (force and torque actuators) is

employed in another application-oriented computational study. The state
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vector and the plant matrices are constructed 1n the form of Eqs.

(6,2.1) and (6.2.2), respect1vely. The natural frequenc1es (ui) and

the damping factor (;) are g1ven 1n Table 6.7. For th1s model (wh1ch

w1ll be called the "structural" model), we elect to determ1ne a feedback

control wh1ch sat1sf1es several performance constraints and phys1cal

restr1ct1ons. Ne l1st the most 1mportant primary des1gn spec1f1cat1ons

as follows:

1) Settling t1me should be less than 0.2 second,

11) Actuator bandw1dth should be less than 5 Hz (10« rad/sec) ,

111) Magn1tude of max1mally allowable force and torque are

bounded by approximately 2000 N (or N-m).

The above do not represent actual des1gn spec1f1cat1ons, but serve as an

example for 1llustrat1on purposes.

S1nce the performance cr1ter1on (1) can be directly 1nterpreted as

eigenvalue placements constra1nts, the robust e1genstructure ass1gnment

algor1thm (the project1on method) 1s ut1l1zed 1n the computat1onal

study. For the controller character1st1cs (11 and 111), we employ the

state error energy and control energy as two des1gn objective funct1ons

s1nce the control prof1les are determ1ned by the system response and the

feedback ga1n matrix. Along with these des1gn spec1f1cat1ons, we also

seek a robust feedback control, so a robustness measure (cond1t1on1ng of

the e1genvectors) 1s then cons1dered as a th1rd design object1ve

function. In summary, we def1ne the feedback control problem to

determ1ne the 2 x 14 ga1n matr1x wh1ch seeks to m1n1m1ze (or study

tradeoffs 1n m1n1m1z1ng) these three object1ve funct1ons and results 1n
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a control system with prescribed eigenvalues.

The state error energy, control energy, and robustness index are

usually competlng objectives as already shown in Section 6.1. It 1s

therefore evident that rigorous m1n1m1zat1on would require that we

opt1m12e each objectlve function separately. First, we generate an

initial feedback design by using the projection method. Secondly, we

utilize the MCH nonllnear progranming technique and the parameterization

scheme of the projection method (see Eq. (4.4.11)) to optimize each of

the three objective functions defined as

Je = IQI I•'1I

.1s= g „y“*(;J;,+„‘¤„)dt

Ju = % °_|°°° uTu dt

where n is the modal coordinate vector (see Eq. 6.2.1) and u 1s the

control vector and o is defined in Eq. (6.2.3).

Note that JS and Ju represent physical vibration energy and control

energy, respectively. The initial state covariance values necessary in

the evaluation of JS and Ju are chosen to correspond to a 0.01 degree

rigid body rotatlon. Since deterministic feasible initial state

conditions (usually "hand—off" conditions at the end of an open—loop

maneuver) are not known aprlori, this arbitrary setting of initial state

covariance is employed as an illustration in the feedback design. In
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fact, the predlctlon of feaslble state values at the time when the

closed-loop control ls activated, 1s beyond the scope of the present

study, but can be attacked generally using system-specific simulation

studies.

Due to the limited bandwldth of any given actuator, a feedback

control for the full-order "structural" model may not be appropriate

since only frequencles within the actuator bandwidth can be used to

control the structure. Even though we select deslred eigenvalues which

meet the controller bandwidth specification, the resulting feedback

controller may not be feaslble since forcing dramatic change of closed

loop frequencies from the natural frequencies usually results ln an

extremely expensive feedback controller. It 1s, therefore, desired to

design a feedback control law for a reduced order model with emphasls

upon controller those modal frequencies less than 5 Hz. Since active

controls always excite all the flexible modes, careful selection of the
"control" reduced order model 1s a crucial necessity.

As a first trial, we considered a "control" model with just the

first four modes and determlned the 2 x 8 galn matrix by using the

projectlon method developed in Chapter 4 with prescribed closed-loop

elgenvalues wlth damped frequency less than 5 Hz. The simulation of the

controlled "structural" model showed that the control spllled over into

the flfth mode (uncontrolled mode) and the overall performance was not

acceptable. Thus as a second trial, we generate a "control" model with

the first 5 modes and assigned the closed-loop eigenvalues corresponding

to the chracterlstics of Table 6.7. The 2 x 10 feedback galn matrix was
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optimizing each of the three objective functions defined above. In

Table 6.8, we report the three optimal designs and maximum control

magnitudes for each design. Each feedback design is then tested for the

"structural" model, including additional states to model controller

dynamlcs. In this case, two second order filters, one per actuator,

with critical damping (;=1) and bandwidth 5 Hz were introduced. The

equations for the "structural" model with filtered inputs are given by

x = Ax + sü

where the 2x1 filtered control vector u satisfies (see Fig. 6.8)

Z - * -2^ ..2 -
‘

u + Zw u + 6 u = 0 u; w = 5 Hz

u = -Gx; G 1s the 2 x 14 gain matrix

and A and B are in the form of Eq. (6.2.2).

The above equations are put into the state-space form

x A 6 0 x
X A

U = 0 0 I U
I __ __ xu $26 $21 -2101 u

we simulate this "evaluat1on" model with the gain matrix G obtained by
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u ('ßz G

s2+2E”os+cTJ2

Figure 6.8 Application: Actuator Filter Model
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m1n1m1z1ng the state error energy. The initial conditions corresponding

to 0.01 degree r1g1d body rotation are utilized in this simulation,

which are given by

n„= col {5.9751,-9.6206, 0, 0, 0, 0, 0,}

0, = col {0,0,0,0,0,0,0}

ü„= Go- 0

The open-loop (“structural" model) and closed-loop elgenvalue

("evaluat1on" model) loci are illustrated in Fig. 6.9. In figs. 6.10

and 6.11, the history of the residual energy of vibration (JS) and the

force- and torque—control profiles (u1(t) and u2(t)) are given,

respectively. In Table 6.8, we also report maximum control magnitudes

obtained for both the “structural" model and the "evaluat1on" model. As

can be seen in Fig. 6.9, the 6th and 7th modes are almost

uncontrollable 1.e., their frequency and damping factors are not

affected by the controller introduced In the system. Therefore, we

conclude that the excitation of the flexible modes is mostly due to

controller activation at the time t=0. In fact, as shown in Table 6.8,

with the actuator filters, we were able to reduce control effort

approximately by 90 percent for all three designs and generate more

attractive response. These filters are for illustration purposes

only. Many actuators are better represented by first order integrators
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in lieu of the double integrators used here. we summarize the

observations made from this numerical study as follows:

1) Feasible initial (or "hand—off") conditions for the closed-loop

tracking control is approximately 0.005 degree of rigid body

rotation.

2) From the case studied, it is observed that the control filter is

effective in vibration suppression of the high frequency

flexible modes and reduces control magnitude dramatically.

3) Careful selection of the “control“ model and desired closed-loop

eigenvalues are necessary. ore rigorous selection criteria

should be studied.

The numerical studies illustrate how conveniently various design

objectives, especially eigenvalue placement constraints can be handled

by the proposed robust eigenstructure assignment algorithm, and provide

an ample basis for optimism in future applications.



CHAPTER 7 CONCLUSION

7.1 Hork in Retrospect

This dissertation addresses a few problems associated with

feedback designs for large space structure. In particular, we have

focused on two main aspects, namely, state feedback design algorithms

and mult1—cr1ter1on optimization approaches. Throughout the research,

we have emphasized robust control system designs in the presence of

model uncertainties. Several conclus1ons and lesson learned from this

study are summar1zed below.

Survey of Stability Robustness Measures

Existing stability theories and related robustness measures in

several classes are d1scussed in this dissertation. Among the

robustness indices discussed, conditioning of closed-loop eigenvectors

1s the most attractive for several reasons: 1) it 1s simple to evaluate

and inmlement for optimization processes, 11) it has physical

interpretation, 1.e., it bounds the sensitivity of eigenvalues. while

this robustness measure can not handle dynamic perturbations

(unstructured uncertainties), 1t will be useful for general feedback

design problems since the other type of indices, for instance,

robustness measures based on characteristic polynomials and transfer

matrices, require optimizations for their evaluations. A critical

190
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question has arisen in this discussion: How do we rigorously map the

various robustness measures into meaningful bounds in the physical

parameter space, for instance, density variations, stiffness variations,

actuator and sensor location variations, etc? The answer to this

question 1s far from available at this stage.

LQR Based Formulations and Sylvester Approach

Classical optimal linear control methodology is generalized by

introducing cross-coupling penalty terms between state and control

variables in the quadratic performance criterion. Numerical examples

presented have demonstrated that the generalized LQR formulation (Form

1) provides a designer more choices of stabilizing controllers than the

classical LQR. The computational results also offer useful insights to

practical interpretations of the optimality condition dictated by the

definiteness of the weight matrices in the criterion. We conclude that

the disturbance rejection property of optimal linear control systems

should be further enhanced to achieve more challenging design

constraints.

Further improvement of this type of feedback design methods is due

to the generalized LQR formulation (Form 2) based upon Lyapunov

stability theorem, which has a significant advantage over conventional

approach. while this improvement does not eliminate the necessity of

finding hard—to-assign weight matrices in the performance criterion, it

is significant since the nonlinear algebraic Riccati equation is

eliminated in favor of the simpler linear Lyapunov equation. From the
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cases studied, we conclude that the modified LQR and Sylvester's method

perform near equally for multi-criterion optimizations. Sylvester

approach is, however, more attractive compared to LQR based

formulations, judging from the fact that it requires a smaller number of

design parameters than LQR designs. With feedback designs of this type,

we can directly define a family of stabilizing feedback controllers

which satisfy prescribed set of eigenvalue constraints.

Robust Eigenstructure Assignment by a Projection Method

In this discussion, we have developed a nonlterative algorithm

which generates fairly well—cond1t1oned eigenvectors. This development

1s signiflcant since the success of algorithms based upon the Sylvester

equation depends directly on the selection of a parameter set which

generates the eigenvectors. We have presented a projection concept

which offers new and useful insights on design strategies for the

selection of desired eigenvectors. Ne have shown both analytically and

computatlonally that the open-loop eigenvectors are not generally the

optimal choice for the target closed-loop eigenvectors in the sense of

maximum robustness (conditionlng of the eigenvectors) and minimum gain

norm. He also presented a specialized version of the projection method

for second order differential equations. This formulation appears

promising for simultaneous structural and controller design since it

utilizes the second order form of the dlfferential equations. Numerical

results show that this algorithm can be applied to at least moderately

high dimensioned systems.
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Multi—Criterion Optimization

In this dissertation, we address the problem of multiple objective

optimizations and present an optimization algorithm based upon a "goal

programming approach" which rarely appears in control literature. The

numerical algorithm developed in the present study utilizes a graphical

technique for displaying tradeoff surfaces to allow the designer visual

evaluation of the nature of multiple performance compromises implicit in

a given controller design problem. This algorithm is believed to be the

most suitable for studying trade-off relations between some competing

objectives and for evaluation of proposed feedback design algorithms.

Numerical results demonstrate the multi—criterion approach (in

conjunction with a nnnimum correction homotopy technique, MCH) is a

widely useful candidate for computer—aided control system design

implementation.

The projection method and the MCH optimization technique have been

successfully implemented and tested for an illustrative practical design

problem (for the Martin Marietta Denver Aerospace's Rapid Retargeting

and Precision Pointing Experiment).

7.2 Directions for Further Research

The research reported here should be extended as follows:

1. The robust eigenstructure assignment projection method and its

parameterization scheme for second order equations may be
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efficiently applied to simultaneous optimization of structural

and controller design problems.

2. State feedback controller usually requires estlmators for

measuring all the state values. Therefore, the development for

output feedback control is desirable and the projection method

should be extended, if possible, to the output feedback problem

based on the theoretical foundation of Ref. [81].

3. Test the proposed multi-criterion optimization approach and the

robust eigenvalue assignment algorithm for high dimensioned

applications.

4. Develop robustness measures which can be efficiently mapped 1nto

physical parameter space.

5. It 1s also desirable to develop methodologles and hardware

implementatlons for verification of various robustness

indices.



REFERENCES

[1] Proceedings of the First VIP&SU/AIAA Symposium on Dynamics and
Control of Large Flexible Spacecraft, VPI&SU, Blacksburg, VA, ed.
by L. Meirovitch, June 1977.

[2] Proceedings of the Second VPI&SU/AIAA Symposium, 1979.

[3] Proceedings of the Third VPI&SU/AIAA Symposium, 1981.

[4] Proceedings of the Fourth VPI&SU/AIAA Symposium, 1983.

[5] Proceedings of the Fifth VPI&SU/AIAA Symposium, 1985.

[6] Lin, J.G., Hegg, D.R., Lin, Y.H. and Keat, J.E., ”Output Feedback
Control of Large Space Structure: An Investigation of Four Design
Methods,“ Proceedings of the Second Symosium on Dynamics and
Control of Large Flexible Spacecraft, VPI&SU, Blacksburg, VA, June
1979.

[7] Bodden, D.S. and Junkins, J.L., "E1genvalue Optimization
Algorithms for Structure/Controller Design Iterat1ons," AIAA
Journal of Guidance and Control, Vol. 8, No. 8, December 1985.

[8] Junkins, J.L., Bodden, D.S. and Turner, J.D., "A Unified Approach
to Structure and Control System Design Iterat1ons," Fourth
International Conference on Applied Numerical Modelling, Tainan,
Taiwan,-December 27-29, 1984.

[9] Junkins, J.L. and Rew, D.N., "A Simultaneous Structure/Controller
Design Iteration Method,“ Proceedings of American Control
Conference, Boston, MA, June 1985.

[IO] Rew, D.H. and Junkins, J.L., "In Search of the Optimal Quadratic
Regulator," Proceedings of the Fifth VPI&SU/AIAA Symposium on
Dynamics and Control of Large Flexible Spacecraft, VPI&SU,
Blacksburg, VA, August 1985.

[11] Rew, D.w. and J.L. Junkins, "Multi-criterion Approaches to
Optimization of Linear Regulators," submitted for publication in
the J. of Astronautical Sciences, Sept. 1986, AIAA paper 86-2198-
CP.

[12] Lim, K.B. and Junklns, J.L., "Optimal Redeslgn of Dynamic
Structures via Sequentlal Linear Programm1ng,” Fourth
International Modal Analysis Conference, Los Angeles, CA, February
1986.

195



196

[13] Hale, A.L. and Lisowski, R.J., "0pt1mal Slmultaneous Structural
and Control Design of Maneuverlng Flexible Spacecraft,"
Proceedings of the Fourth VPI&SU/AIAA Symposium on Dynamics and
Control of Large Flexible Spacecraft, VPI&SU, Blacksburg, VA, June
1983.

[14] Gantmacher, F.R., The Theory of Matrices, Vol. I and Vol. II,
Chelsea Publishing Company, New York, N.Y., 1959 and 1964.

[15] Parks, P.C., "A New Proof of the Routh-Hurwitz Stability Criterion
Using the Second Method of Lyapunov," Proceedings Comb. Philus.
Vol. 58, No. 4, pp. 694-702, 1962.

[16] Kharltonov, V.L., "Asymptotlc Stablllty of an Equilibrium Position
of a Family of Systems of Linear Differential Equations,"
Differential. Uravneu., Vol. 14, No. 11, pp. 2086-2088, 1978.

[17] Lyapunov. A.M., Stability of Motion, Academic Press., New York,
N.Y. 1966.

[18] Anderson, B.D.0., "A System Theory Criterlon for Positive Real
Matrices," SIAM Journal of Control. Vol. 5, pp. 171-182, 1967.

[19] MacFarlane, A.G.J. and Post Lethwaite, I., "The Generalized
Nyquist Stablllty Criterion and Multlvariable Root Loc1,"
International Journal of Control, Vol. 25, No. 1, pp. 81-122,
1977.

[20] Zames, G., "0n the Input-Output Stability of Time-Varying
Nonlinear Feedback Systems, Part I: Conditions Derived Using
Concepts of Loop Gain, Conlclty and Posltivity," IEEE, Tr. on
Autonatic Control, Vol. AC-11, No. 2, pp. 228-238, April 1966.

[21]Barm1sh, B.R., "lnvariance of the Strict Hurwitz Property for
Polynomlals with Perturbed Coefficients," IEEE Tr. on Automatic
Control, Vol. AC-29, No. 10, pp. 935-936, 1984.

[22] Soh, C.B., Berger, C.S. and Dabke, K.P., “0n the Stabllity
Propertles of Polynomlals with Perturbed Coeffic1ents," IEEE, Tr.
on Automatic Control, Vol. AC-30, No. 10, pp. 1033-1036, Oct.
1985.

[23] Parkash, M.N. and Fam, A.T., "A Geometry Approach to Stabilizatlon
by Output Feedback," Int. Journal of Control, Vol. 37, No. 1, pp.
111-125, 1983.

[24] Patel, R.V. and Toda, M., “Quant1tat1ve Measures of Robustness for
Multivariable Systems," Proceedings of Joint Automatic Control
Conference, San Francisco, TP8-A, Vol I., 1980.



197

[25] Noble, B. and Daniel, J.N., Introduction to Matrix Computations,
Academic Press, New York, 1973.

[26] Yedavalli, R.K., "Improved easures of Stability Robustness for
Linear State Space Models," IEEE Tr. on Automatic Control, Vol.
AC-30, No. 6, pp. 577-579, June, 1985.

[27] Kalman, R.E., "when ls a Linear Control System Opt1mal?," Journal
of Basic Engineering, pp. 51-60, March 1964.

[28] Calller, F.M. and Desoer, C.A., Multivariable Fedback Control,
Edt. by J.B. Thomas, Springer-Verlag, New York, 1982.

[29] Bhattacharyya, S.P. and Howze, J.N., "Transfer Function Conditions
for Stab1l1ty," IEEE Tr. on Autonatic Control, Vol. AC-30, No. 6,
pp. 581-583, June, 1985.

[30] Doyle, J.C. and Stein, G., "Multivariable Feedback Design:
Concepts for a Classical/Modern Synthes1s,“ IEEE Tr. on Automatic
Control, Vol. AC-26, No. 1, pp. 4-16, Feb., 1981.

[31] Doyle, J., wall, J.E. and Stein, G., "Performance and Robustness
Analysis for Structured Uncerta1nty," Proceedings of IEEE Conf. on
Decision and Control, Orlando, FL, pp. 629-636, 1982.

[32] Doyle, J., "Analysls of Feedback Systems with Structured
Uncerta1nt1es,“ IEEE Proceedings, Vol. 129, Part D, No. 6, pp.
242-250, Nov. 1982.

[33] Golub, G.H. and Kahan, H., “Calculat1ng the Singular Values and
Psuedo-lnverse of a Matr1x," SIAM Numerical Analysis, Vol. 2,
1965, pp. 202-224.

[34] Dongarra, J.J., Moler, C.B., Bunch, J.R. and Stwart, G.H., LINPACK
User's Guide, SIAM Publication, Phlladelphia, 1979.

[35] Doyle, J.C. and Chu, C.C., "Matrix Interpolation and H Performance
Bounds," Proceedings of American Control Conference, Boston, MA,
pp. 129-134, 1985.

[36] Safonov, M.G. and Athans, M., "A Multiloop Generallzatlon of the
Circle Crlterion for Stablllty Margln Analys1s," IEEE Tr. on
Automatic Control, Vol. AC-26, No. 2, April 1981.

[37] Lehtomakl, N.A., Sandell, N.R. Jr. and Athans, M., "Robustness
Results in Linear-Quadratlc Gausslan Based Multivarlable Control
Designs," IEEE Tr. on Automatic Control, Vol. AC-26, No. 1,
February 1981.



198

[38] Postlethwaite, I., Edmunds, J.M. and Macfarlane, A.G.J.,
"Principal Gains and Principal Phases in the Analysis of Linear
Multivariable Feedback Systems," IEEE Tr. on Automatic Control,
Vol. AC-26, No. 1, February 1981.

[39] Cruz, J.B. Jr., Freudenberg, J.S. and Looze, D.P., "A Relationship
between Sensitivity and Stability of Multi-variable Feedback
Systems," IEEE Tr. on Automatic Control, Vol. AC-26, No. 1,
February 1981.

[40] Macfarlane, A.G.J., "Return-Difference and Return—Ratio Matrices
and their use in Analysis and Design of Multivariable Feedback
Control Systems," IEE Proceedings, Vol. 117, pp. 2037-2049, 1970.

[41] Safonov, M.G., Laub, A.J. and G.L. Hartman, "Feedback Properties
of Multivariable Systems: The Role of Return Difference Matrix,"
IEEE Tr. on Automatic Control, Vol. AC-26, No. 1, pp47—65, Feb.
1981.

[42] Kautsky, J., Nichols, N.K. and P. Van Dooren, "Robust Pole
Assignment in Linear State Feedback,“ Numerical Analysis Report
NA/5/84, School of Mathematical Sciences, Flinders Univ., Bedford
Park, Australia, 1984.

[43] Wilkinson, J.H., The Algebraic Eigenvalue Problem, Oxford Univ.
Press, 1965.

[44] Barrett, M.F., "Conservatism with Robustness Tests for Linear
Feedback Control Systems," Proceedings of IEEE Conference on
Decision and Control, pp. 885-890, 1981.

[45] Bell, D.J., Cook, P.A. and Munro, N. (Ed.), Design of Modern
Control Systems, IEEE Control Engineering Series, Vol. 18, 1982.

[46] Bhattacharyya, S.P. and de Souza, E., "Pole Assignment via
Sylvester's Equat1on," Systems and Controls Letters, Vol. 1, No.
4, pp. 261-263, Jan., 1982.

[47] Anderson, B.D.0. and Moore, J.B., Linear Optimal Control,
Englewood Cliffs, Prentice Hall, NJ, 1971

[48] Bracewell, R. The Fourier Transfonm and Its Applications, McGraw-
Hill, New York, 1965.

[49] Cruze, J.B. Jr., Feedback Systems, McGraw-Hill, New York, 1972.

[50] Cavin III, R.K. and Bhattacharyya, S.P., "Robust and Well-
Conditioned Eigenstructure Assignment via Sylvester's Equation ,"
Journal of Optimal Control Applications and Methods, Vol. 4, pp.
205-212. 1983.



199

[51] de Souza, E. and Bhattacharyya, S.P., "Controllability,
Observability and the Solution AX-XB=C," Linear Algebra and its
Applications, Vol. 39, pp. 167-188, 1981.

[52] Keel, L.H. and Bhattacharyya, S.P., "Low Order Robust Stabilizer
Design Using Hurwitz Cond1t1on," IEEE Conference on Decision and
Control, 1985.

[53] Keel, L.H. and Bhattacharyya, S.P., "Compensator Design for Robust
Eigenstructure Assignment v1a Sylvester's Equat1on," Proceedings
of American Control Conference, pp. 481-483, June 1985.

[54] Pullman, N.J., Matrix Theory and Its Applications: Selected
Topics, Marcel Dekker Inc., New York, 1976.

[55] Potter, J.E., "Matrix Quadratic Solut1ons," SIAM Journal of
Applied Maths., Vol. 14, No. 3, pp 496-501, May 1966.

[56] Laub, A.J., "A Shur Method for Solving Algebraic Riccati
Equat1ons,“ IEEE Tr. on Automatic Control, Vol. AC-24, No. 6, pp
913-921, December 1979.

[57] Kleinman, D.L., "On an Iteratlve Technique for Riccati Equation
Computat1ons,“ IEEE Tr. on Automatic Control, Vol. AC-13, No. 1,
pp 114-115, February 1968.

[58] Golub, G.H., Nash, S. and VanLoan, C., "A Hessenburg-Schur Method
for the Problem AX+XB=C,“ IEEE Tr. on Automatic Control, Vol. AC-
24, No. 6, pp. 909-913, 1979.

[59] Fleming, P.J., "Computer Alded Design of Regulators Using
Multiobjective Opt1m1zat1on," preprint, University College of
North Wales, Bangor, Gwynedd, U.K., 1985.

[60] Dunyak, J.P., Junkins, J.L. and Watson, L.T., "Robust Non-linear
Least Squares Estimation Using the Chow-Yorke Homotopy Method,"
Journal of Guldance and Control and Dynamics, Vol. 7, No. 6, pp
752-754, November-December 1979.

[61] Junkins, J.L., "Equlvalence of the Minimum Norm and Gradient
Projection Constrained Optimization Techn1ques," AIAA Journal,
Vol. 10, No. 7, pp 927-929, July 1972.

[62] Lasdon, L.S., ”Des1gn and Testing of a Generalized Reduced
Gradient Code for Nonlinear Programm1ng," ACM Tr. on Maths.
Software, Vol. 4, No. 1, pp 34-50, March 1978.



200

[63] Ech—Cher1f, A. and Ecker, J.G., "A Class of Rank-Two Elllpsoid
Algorithms for Convex Progranming," Maths. Programing 29, pp 187-
202, 1984.

[64] Bland, R.G., Goldfarb, D. and Todd, M.J., ”The Ellipsold
Methods: A Survey," Operation Research, Vol. 29, No. 6, November-
December 1981.

[65] Rosen, J.B., "The Gradlent Projectlon Method for Nonlinear
Programming: Part II: Nonllnear Constra1nts," SIAM Journal, Vol.
9, No. 4, pp 514-531, 1961.

[66] Gembicki, R.H., "Vector Optimization for Control with Performance
and Parameter Sensltivity Ind1ces," Ph. D. Dissertation, Case
western Reserve University, Cleveland, OH.,

[67] Hoffman, K and Kunze, R., Linear Algebra, Englewood Cliffs,
N.J.,Prent1ce-Hall, 1961.

[68] Bialas, S. and Garloff, J., "Stabllity of Polynomlals Under
Coefflclent Perturbat1on,” IEEE tr. on Automatic Control, Vol. AC-
30, No. 3, pp310-312, March 1985.

[69] Juang, J-N., Lim, K.B. and Junkins, J.L., "Robust Elgensystem
Ass1gnment,“ preprint of a paper submitted to 1987 AIAA Guldance
and Control Conference, Dec. 1986.

[70] Oz, H. and Meirovitch, L., "Optlmal Modal-Space Control of
Flexible Gyroscoplc Systems," Journal of Guidence and Control,
Vol. 3, Nov.-Dec. 1980, pp.220-229.

[71] Nelson, R.B., "Simpllfled Calculation of Eigenvector Der1vat1ves,"
AIAA Journal, Vol. 14, No. 9, pp1201-1205, Sept. 1976.

[72] Plaut, R.H. and Huseyln, K., "Der1vat1ves of Elgenvalues and
Elgenvectors in Non-Self—Adjo1nt Systems," AIAA Journal, Vol. II,
No. 2, pp 250-251, February 1973.

[73] Stewart, G.H., Introduction to Matrix Computations, Academic
Press, New York, 1973.

[74] Mclntosh Jr., S.C. and Floyd, M.A., "lntegration of Interactive
Structural and Controller Synthesis for Large Space Craft,“
Technical Report No. 86-1, Mclntosch Structural Dynamics Inc.,
Palo Alto, CA, Jan. 1986.

[75] Jacobson, D.H., Martin, D.H., Pachter and Geveci, t., Extension of
Linear-Ouadratic Control Theory, Lecture Notes in Control and
Information Sciences, Vol. 27, Edited by Balakrlshnan, A.V. and M.
Thoma, Springer-Verlag, New York, 1980.



201

[76] Brogan, w.L., Modern Control Theory, Quantum Publishers, Inc., New
York, N.Y., 1974, pp. 311-315.

[77] Porter, B. and D'Azzo, J.J., "Algorithm for Closed-Loop
Eigenstructure Assignment by State Feedback in Multivariable
Linear Systems,“ Int. Journal of Control, vol. 27, No. 6, 1978,
pp. 943-947.

[78] Moore, B.C., "On the Flex1b1l1ty Offered by State Feedback in
Multivariable Systems Beyond Closed-Loop Eigenvalue Ass1gnments,"
IEEE Tr. on Automatic Control, Vol. AC-21, 1976, pp. 689-692.

[79] Honham, W.M., "On Pole Assignment in Multiinput, Controllable
Linear Systems,“ IEEE Tr. on Automatic Control, Vol. AC-12, 1967,
pp. 660-665.

[80] Kautsky, J., Nicols, N.K., "Robust Eigenstructure Assignment in
State Feedback Control," Numerical Analys1s Report NA/2/83, School
of Mathematical Sciences, Flinders Univ., Bedford Park, Australia,
1983.

[81] Srinathkumar, S., "Eigenvalue/eigenvector Assignment Using Output
Feedback," IEEE Tr. on Automatic Control, Vol. Ac-23, No. 1, 1978,
pp. 79-81.

[82] Junkins, J.L. and Rew, D.M., "Un1f1ed Optimization of Structures
and Controllers," to appear in Large Space Structures: Dynamics
and Control, ed. by S.N. Atluri and A.K. Amos, Elsevier, in press,
1987



APPENDIX

202



203

A. Transfer Function Matrix for TIT0 Systems

Consider the two-input two—output(TITO) feedback system of Fig. 3.2

and introduce transfer matrix P which connects the inputs (v,u) and the

output (e,y) such that

e P P v{ M " "]$ f <^·¤Y P21 P22 U

From the Fig. 3.2, we have

y = G(s) e

e = v - K (y - u) (A.2)

Combine these two equations to get

y=Gv—GK_y+GKu

=> y = (1+GK)°1Gv + (1+GK)'1GKu (A.s)

Substituting Eq. (A.3) into Eq. (A.2), we obtain

e = v - K(1+GK)'1G - K(1+GK)'lGKu + Ku (A.4)

Then, from Eqs. (A.3) and (A.4), we can identify the elements of P in

Eq. (A.1) as
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P11 = I — K (1+GK)°1G (A.5a)

P12 = K - K (1+GK)'1GK (A.5b)

P21 = (1+GK)°1G (A.5c)

P22 = (1+GK)'1GK (A.5d)

To reduce these expression in a compact form, we utilize Sa1n's Lemma in

Ref. [67]. The result can be summarized as follows:

Lenma A.1 (Sain, [67])

Let M and N be matrices of dimensions m by n, n by m and let Im and

Im denote unit matrices of dimension m by m and n by n. Then, the

following equalities hold.

1) det (Im+MN) = det (Im+NM)

ii) suppose det(Im+MN) = 0, then

(Im+MN)"1 = Im - M(Im+NM)'1N (A.6)

Simple proof of this lemma can be found in its original paper. Using

th1s lemma, we will show that

A(1+BA)°1 = (1+AB)'1A (A.7)

Rewrite the left hand side of Eq. (4.7) with eq. (A.6) as
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A(1+BA)'1 = A 11-6 (l+AB)'1 A1
= [1 - AB (1+AB)‘1]A

= [1 + AB - AB] (1+AB)'1A

Hence, Eq. (A.7) holds. Similar to this result, we obtain

AB (1+A6)'1 = (1+AB)'1AB (A.8)

Using Eq. (A.7) and (A.8) with Lemma A.1, we rewrite P as

P11 = I - K(1+GK)-IG

= 1 - KG(1+KG)°1
= (1+KG)'1

P12 = K11 - (l+GK)'1GK]
_ = K[1 - GK(1+GK)'1]

= K11 + GK - GK] (1+GK)°1

= K(1+GK)'1

Therefore, the TIT0 transfer matrix P becomes 2

P,, P,2 (1+K6)'1 K(1+6K)‘1 i,P = =[P2,
P22] G(1+K1;)'1 GK(1+6K)'1
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B. Frequency Domain Dptimality Condition

In Chapter 4, we have shown that the optimal galn for the optimal

control problem defined by Eqs. (4.2.1) and (4.2.2) 1s given by

x = R'1BTP (6.1)

where P is the positive def1n1te solution of the algebralc Riccati

equation in the form

-PA - ATP + PB R'1BTP = 0 (6.2)

Note that Q and R are assumed to be positive semi-definite and definlte

matrices, respectively. To the both hand sides of Eq. (B.2), we add Ps

and PsH to get

P(sI — A) + (sl — A)HP + PBR'1BTP = Q + 2Re(s)P (B.3)

where Re(s) denotes the real part of the complex variable s.

Define the complex matrix G(s) as

G(s) = (sl -
A)°1B

and pre- and post-multlply Eq. (B.3) with G(s)H and G(s), respectively,

to obtaln
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GHPB + BHPG + 6"P6R'16TP6 = GHIQ + 2Re(s)P] 6

It can be then shown that adding R matrix on both hand sldes, the above

equation becomes

(I+R'1BTPG)HR(I+R'1BTPG) = GHlQ+2Re(s)PlG + R (0.4)

Note that the first term of the right hand side of the equality is at

least positive definlte since Q is chosen to be positive sem1—def1n1te.

Thls lmplles that the following inequality holds for all s=jm

[I + KG(s)lHR [I + KG(s)l — R > 0

or

[1 + R"KG(s)R"‘]H [1 + R‘¤•<6(s) 11**1 - 1 > 0

where K ls given by Eq. (B.1).

Therefore, the frequency domain condition for the optimal linear

regulator becomes

T(-jn)TT(j«„) - I > 0 for all •„ (8.5)

where the matrix T 1s defined by
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T(s) = I + R%K(SI - A)'1BR'%

If the matrix norm expression 1s used, Eq. (8.5) can be rewritten as

IT(ju)I > 1 for all u

For a special case when R is chosen to be the identity matrix, this

lnequality becomes

II+KG(jw)I > 1 for all w

It should be noted that any positive definite welghting matrix in the

proper dimension can be used 1n this matrix norm expression. Also, note

that if R matrix in Eq. (8.4) is replaced by KTRK, we can write the

optimality condition as

|I+G(jw)IZ > 1 for all u (8.6)

with a proper weighting matrix Z.

He can also write Eq. (8.6) in terms of the comparison sensitivity

matrix, S, as

IS(jw)I < 1 for all m

where S(jw) = I + G(ju)K
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C. Derivatives of State Energy and Control Energy
with Respect to Gain Elements

In Chapter 5, we obtain the expressions for JS and Ju as

JS = trace (PSX0) (C.1)

Ju = trace (PUXO) (C.2)

where X0 1s the 1n1t1al state matrix, 1.e., X0 = x°x0T and PS and Pu
satisfy

P A 'T —
S + A PS + QS - 0 (C.3)

PUK + ATPU + 6T0u0 = 0 (0.4)

Note that Ä 1s the stability matrix of the closed—loop system g1ven by

K = A - 00

Denoting by , the partial derivative of (.) with respect to ith

element of the gain matrix G, we obtain the derivatives of Eqs. (C.1)

and (C.2) as

trace (AiPSX„) (C·5)
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trace (AUPUXU) (C.6)

Also, differentiate Eqs. (C.3) and (C.4) to get

1,PsK + KTAUPS = - PS 111Ä - MKTPS (6.7)

11PUK + K IUPU = - PU1,K + AUX PUT- 116 QUGT- 6 oU116T (6.6)

Let V be the solution of the complementary Lyapunov equation

v KT- K v = - x„ (6.9)

Again, substituting this into Eq. (C.5), we obtain

Aias = trace 1 — 1,Psv KT- A1PSÄ v 1
T

= trace 1 (-V)(a1PSÄ + KTPS) 1 ·

Substitute Eq. (C.7) into this equation to get

111JS = trace 1 V(PS4,Ä + AUÄTPS) 1

= 2 trace { VPSAUÄ 1
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Noting that A1Ä = - B A16 , we obtain the derlvative of JS in terms of
A16 as

A1Js = - 2 trace { V PSB A16 }

where PS and V satisfy Eqs. (C.3) and (C.9), respectively. Similar to

the derivation of A1J$ , for the control energy Ju, we have

A1Ju = — 2 trace { V(PuB - GTQU) Ä1G }

where Pu and V satisfy Eqs. (C.4) and (C.9), respectively.
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D. Eigenvector Derlvatives

Consider an algebraic elgenvalue problem in the form

[A—x1Il a,= 0 (D.1)

where A ls a real nxn matrix, and xi and ai are the 1Th elgenvalue and
right eigenvector, respectively. The left eigenvector associated

with xi 1s defined by

0 (D.2)[AT

Assuming that the n elgenvalues are dlstlnct, 1.e., n lndependent right

eigenvectors exist, we have the usual normalizatlon

T-aj ai — aij (D.3a)

H-
ai ai - 1 (D.3b)

where aij is the Kronecker delta, and T and H denote the transpose and

the complex conjugate transpose, respectively.

Note that with this normalization scheme, the left and right

eigenvectors are uniquely defined for each eigenvalue.

Assuming that the matrix A is a function of a parameter vector p,
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1.e. A = A(p), we take the part1a1 der1vat1ve of Eq. (D.1) w1th respect

to pk to get

66} 6A ax}[Ä Il 41.} (D.4)

Pre—mu1t1p1y1ng this equation by vTT and us1ng Eq. (D.3), we obta1n the

e1genva1ue der1vat1ve

31 aA1 _ T___

Then, Eq.(D.4) becomes

-Ä
-—

= •1A Il M 6 (11 6)1 apk 1

where fi 1s def1ned by

6A T aA
f.}

(Ü.}Notethat the matr1x on the left-hand s1de of Eq. (D.6) 1s of rank (n-

1), which can not be 1nverted. Ne can, however, show that Eq. (D.6) are

consistent, since 1. Nr1te the eigenvector der1vat1ve as

a°‘ n
o 6E-J:1Cj¢j ( • G)

or 1n the matr1x form
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ä
- 0 C (D.8b)

where o = [ol, ¢2,...., ¢n]

Substitutlng Eq. (D.8b) into Eq. (D.6) and pre-multiplying the transpose

of the left eigenvector matrix, we obtain

nic = 1Tf,
(D.9)

where Aiühd rare given, respectively, by

A1= d1ag

= [vl’¢2·••·¢n]

Then, From Eq. (D.9), we determine the coefficients cj as

T

- blCJ - Ä _Ä j¢1
j 1

Next, we determine ci from Eq. (D.3b). With this result, we write Eq.

(D.8a) as

ui

where
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n
v = E C 11J *1,1 J J

jd

Pre-mult1ply1ng th1s by 1*: and not1ng that

11 ***1 _¢.‘ *555 - Ü

we obta1n

°1
‘ ' J1 "1

wh1ch completes the calculat1on for the e1genvector der1vat1ve.

Analogous to th1s procedure, we can also determ1ne the der1vat1ve of the

left e1genvectors by solv1ng (see Eq. (0.6))

1 °*1 _[A · X1!] 555 · 91

where

T T_ gL T aAgl ‘ ‘
ap *1* ( *1 Tap *1) *1k k

S1m1lar to Eq. (0.8a), we def1ne the der1vat1ves of the left

e1genvectors as

— = 2 d 1 = w + d 11.apk jd jj 1 1 1
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Then, the coeff1c1ent dj becomes

¢1Tg1
dj = Ä _ Ä

j¢‘I
j 1

S1nce the left and r1ght eigenvectors are orthonormal, di 1s determ1ned

from the orthogonal1ty cond1t1on of Eq. (0.3a) and the der1vat1ves of.

the r1ght e1genvectors, wh1ch 1s, after d1fferent1at1on,

1 1 °*1¢ [w + d p l + p ——— = 01 1 1 1 1 spk _
or

d1 ‘ ' "1T*1
‘ "'1T°1 ’ °1

It should be noted that th1s analyt1cal procedure requ1res accurate

calculation of all left and r1ght e1genvectors, wh1ch may be 1mpract1cal

for h1gh d1mens1oned systems. An alternat1ve method wh1ch requ1res only

the 1th e1gensolut1on, 1s to solve the (n+1) equat1ons of (0.3b) and

A - 111 sil =
fi

1,1** °°k o (0.11)

by using generalized matr1x 1nverse techn1que[33]. In Ref. [71], Nelson

has shown that n equat1ons w1th full rank matr1x can be extracted from

the above equat1on, wh1ch w1ll lead to vi vector 1n Eq. (0.10).
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It should be, however, noted that the inverse of the coefficient matrix

in the left-hand side of Eq. (D.11) 1s required for each eigenvalue.

This additional computation may be tedious, but the accuracy of the

eigenvector derlvatives will be improved, especially for high

dimensional eigenproblems.




