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(ABSTRACT)

A novel statistical technique introduced by Besieris is used to

study solutions of the nonlinear stochastic complex parabolic equation

in the presence of two profiles. Specifically, the randomly modulated

linear potential and the randomly perturbed quadratic focusing medium.

In the former, a class of solutions is shown to admit an exact

statistical description in terms of the moments of the wave function.

In the latter, all even—order moments are computed exactly, whereas the

odd—order moments are solved asymptotically. Lastly, it is shown that

this statistical technique is isomorphic to mappings of nonconstant

coefficient partial differential equations to constaut coefficient

equations. A generalization of this mapping and its inherent

restrictions are discussed.
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CHAPTER I

INTRODUCTION

An important nonlinear partial differential equation which arises

in electromagnetic wave propagation and other areas of physics is the

scalar nonlinear complex parabolic equation. Within the parabolic

(forward scattering) approximation, it arises in connection with the

problem of nonlinear wave propagation in inhomogeneous and dispersive

media where the nonlinear correction to the index of refraction is

assumed to be proportional :0 the field intensity (i.e., the Kerr

effect). In addition to the nonlinearity, there exist situations where

the effect of background profiles and statistical fluctuations must

also be accounted for in the model. For example, in the nonlinear

dynamics of molecular crystals under the influence of fluctuating

phonon fields, the study of Langmmir solitons in a turbulent plasma and

of laser propagation in graded optical waveguides.l’2

Broadly speaking, approaches to stochastic nonlinear wave

propagation can be viewed as either local or global. Local techniques

involve writing equations for the nth-order moment. In this procedure,

one is confronted with an infinite chain of equations interrelating all

the moments of various orders. To obtain a finite system, one must

approximate quantities of the "inhomogeneity x field"-type, which are

linear in the dependent variable, and quantities of the "field x

field"—type that arise because of the nonlinearities. One usually

resorts to a closure rule (e.g., Kraichnan's3 Direct Interaction

APPr°ximati°“ OV decoupling approximation), and then

proceeds to solve the resulting equations. In contrast, global

l
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techniques exploit features of the stochastic equation which will allow

it to be mapped, either by functional techniques or canonical

transformations (group methods), to equations that are independent of

the desired moment, i.e., they contain the information of the complete

statistical behavior of the wave field. An important distinction

between these two methods is that local methods can be applied within a

"reasonably" general setting whereas global methods tend to be

restrictive on the types of equations to which they can be applied and

to the classes of solutions that they admit.

The main thrust of the research in this thesis will be concerned

with the analysis of two specific stochastic nonlinear parabolic

equations employing the global method described above. After

introducing a fundamental ansatz, we will show explicitly how each of

the aforementioned stochastic nonlinear equations can be mapped into an

explicit deterministic equation for a new dependent variable and a

system of stochastic nonlinear coupled ordinary differential equations

governing the remaining elements of the transformation. The ensuing

analysis proceeds two-fold. At one level, we must be able to solve a

deterministic nonlinear partial differential equation governing the new

dependent variable. At the other level, we must proceed to find the

joint probability distribution function for the stochastic system.

Combining the two solutions and inverting the mapping, we are able to

find explicit expressions for any moment of the wave field.

The final aim of this thesis is to provide a foundation for the

basic ansatz described above. Specifically, we will show that this

ansatz can be motivated by investigating the mappings of non-constant
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coefficient partial differential equations to constant coefficient ones

by using random, infinitesimal Lie groups. This work parallels that of

Blumans on the heat equation.

In the same vein, we shall exclusively use similarity methods as

the primary vehicle for solving the linear, as well as the nonlinear

equations to follow. Group methods offer a systematic way for finding

solutions of complicated differential equations that may be resistant

to the more standard methods of applied mathematics. In fact, this

technique, pioneered by Sophus Lie, is essentially a generalized

integration procedure based on the invariance of a partial differential

equation under the action of a group. These groups often act

nonlinearly on the solution domain and, in most cases, can only be

defined in some local region sufficiently near the identity

transformation (i.e., an infinitesimal transformation). Through their

generality, one can see the strength of group methods as a mathematical

tool and it is hoped that this thesis provides a glimpse of the utility

of the similarity reduction method.



CEAPTER II

LIB GKOUPS AND SIHILARITY REDUCTIONS OF
PARTIAL DIFFERENTIAL EQUAIIONS

In this chapter we will outline a systematic method for obtaining

exact solutions to linear and nonlinear partial differential equations.

Using multi-parameter Lie groups, we will show how it is possible to

reduce the dimensionality as well as the order of a partial

differential equation by symmetry considerations. In some cases, we

shall not be able to construct the general solution (in the Green's

function sense). In these instances, we shall limit the scope of the

work to the classes of solutions that the given equation may admit.

The outline of this chapter is as follows: First, the properties

of Lie groups are introduced followed by a short discussion on finite

and infinitesimal transformation groups. Then, we shall discuss the

invariance condition as applied to partial differential equations,

followed by an application of the method to the homogeneous, scalar

wave equation. For a more complete treatment of the subject, the

reader is referred to the books by Bluman and Cole,6 0vaiannikov7 ang

01ver.8

2.1 Properties of One-paraneter Lie Groups.

Although a complete knowledge of the foundations of Lie groups is

not necessary to understand the similarity reduction method, for

completeness, we will briefly state their properties. For simplicity,

we shall restrict the discussion to the case of one-dependent and two-

independent variables.

Consider the star—group of transformations

4



5

x* = x*(x,t,u;6), (2.1.1a)

t* = t*(x,t,u;6), (2.1.1b)

u* = u*(x,t,u;6), (2.1.1c)

where 6 is a parameter. In compact form, these transformations can be

written as

x*i E fi(xl,x2,x3;6), (2.1.2)

where
xl

= x,
x2

= t, etc. In order for the star—group (2.1.1) to form

a Lie group of transformations, it is sufficient thatg

i) For each i, x*i = xi when 6 = O (the identity element

exists);

ii) If
x**i

= fi(x*1,x*2,x*3;6), then there exists a function

¢ such that x**i
= fi(xl,x2,x3;¢(6,6)) (the existence of a

closure property);

iii) ¢(a,¢(b,c)) = ¢(¢(a,b),c) (the associative property);

iv) For each 6, there exists a 6 = g(6) such that ¢(6,ö) = O;

v) The functions x*i are differentiable as many times as is

necessary with respect to
xl, x2, x3

and 6.

2.2 Exaples of Finite Transformation Groups

In this section, we shall describe a few of the more common

transformation groups, namely those of translation, streching and

rotation. In the sequel, we will show how one can generate finite

groups of transformations from infinitesimal groups.

2.2.1 Translation Groups

Let xä 6 R3 and xg ¢ 0. Then the functional form for fi is



6

6°(Xl,X2,X3;.;) = xi + 6 XS; 1 = 1,3. (2.2.1.1)

Here, 6 is an arbitrary (nonzero) parameter. without loss of

generality, 6 can be set to unity. Although the group (2.2.1.1) seems

rather trivial, it forms the basis for an ansatz that will be exploited

in the remainder of this thesis. Specifically,we state without proof:

Any_constant coefficient, linear partial differential equation is

invariant under the action of a translation group of independent

variables, i.e., the form of the equation is not altered.

2.2.2 Stretching Groups

As before, let xé 6 R3 and xg ¢ O. Define fi as the function
that performs the mapping

e
xi

fi(Xl,X2,X3;€)
=

xi
e,

0;
i = 1,3. (2.2.2.1)

This group is also known as a dilation group and scales the variables
6 xä

by e . Within che realm of partial differential equations, Bluman

and C0le6 have shown a one—to—one correspondence between stretching

groups and dimensional analysis.

2.2.3 Rotation Group

The action of a rotation group has the effect of rotating a vector

through an angle 6 about the origin. In two dimensions,

fl(Xl,X2;€) =
xl

cose -
x2

sine, (2.2.3.la)

f2(xl,x2;6) =
xl

sine +
x2

cose, (2.2.3.1b)
’

where
xl

and
x2

may be identified as x and y, respectively.

2.3 Infinitesinal Transformation Groups

Let 6 be a small, positive, dimensionless, ordering parameter such
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that 0 < 6 << 1. Then the action of the star—group (2.1.1) on the

space of dependent and independent variables will transform them by

infinitesimal (O(6)) amounts. Expanding the functions x*, t* and u* in

a McLaurin series about the identity element 6 = 0 gives

* 2x = x + 6 Y(x,t,u) + 0(6 ), (2.3.la)

* 2t = S + S ¤(x.t.u) + 0(S ). (2-3-1b)

* 2u = u + 6 <(x,t,u) + 0(6 ), (2.3.lc)

where

Y(x,t,u) = 3x*/36|6 = 0, (2.3.2a)

n(x,t,u) = 3t*/36|6 = 0, (2.3.2b)

<(x,t,u) = 3u*/36|6 = O. (2.3.2c)

The functions Y, n and ¤ are called the infinitesimals of the

star-group of transformations. Next, let us define the infinitesimal

operator L by the expression

— l+ ·i+ Ä 2 3 3L - Y(x.¤:.¤) ax ¤(x.¤.¤) Bt •<(x,t,¤) au - ( · · )

Under the star-group of transformations, a function ¢(x,t,u) is

* *
a

* *transformed to a function w by the identity w = ¢(x ,t ,u ).

Expanding ¢* in a McLaurin series about 6 = O, we find

ic 2 2 1,-
3 3

36 6=0

n n
1+•••+

+ O(6n+ ). (2.3.4)n. n36 6=0

By the chain rule,
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* * * * * * *Bw
= Bx Bw Bt Bw IBu Bw

Be e=0 (Be
Bx + Be Bt Be Bu

)
e=0

= Lw. (2.3.5)

Furthermore,

62w* 6 6y* 2= (—( )) = L W- (2-3-6)2 Be BeB6 e=0 e=O

In operator notation, the star—group of transformations (2.1.1) can be

formally written as

w* = exp(eL)w(x,t,u). (2.3.7)

Therefore, given the infinitesimals of a Lie group, one can compute the

transformations generated by the action of the group. For example, for

the stretching group of Section 2.2.1, the infinitesimals are

y(x,t,u) = xox, n(x,t,u) = tot and x(x,t,u) = uou. The infinitesimal

operator L is given by

B B BL = xox 5;*+ tot 5;*+ uou 5; . (2.3.8)

To generate the action of L on x*, we must compute quantities of the

form

1.“x, (2.3.9)
for all n > O. Now,

Lx = 7 = x x, (2.3.10a)o
2 2

L x = L(Lx) = xox, (2.3.10b)

L3x (2.3.10c)

n n
By induction, L x = xox. Therefore,
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.2..2.. .**..*1,.
X* = X + € XOX +i—2·(&)*+°°'+iIT?——+°°‘

6xO
= x e , (2.3.11)

as previously discussed.

2.4 Invariance Property of Differential Equations

In this section, we shall discuss the construction of the

invariance principle within the framework of one-dependent and

two-independent variables. The extension to the multi-variable case

follows; however, the main concepts of the formmlation become less

transparent as the dimensionality increases. For this reason, we shall

restrict the analysis to the two—dimensional case.

Without loss of generality, consider the second-order partial

differential equation

H(uxx,uxt,utc,ux,ut,x,t) = O, (2.4.1)

with associated boundary/initial data prescribed on the appropriate

space—time curves. Let us denote this system by the letter S.

Introduce the one-parameter (6) Lie group of transformations (2.1.1):

x* = x*(x,t,u;6), (2.4.2a)

t* = t*(x,t,u;6), (2.4.2a)

u* = u*(x,t,u;6). (2.4.2a)

Let u = 9(x,t) be a solution of (2.4.1) satisfying the given

boundary/initial conditions. The star—group of transformations (2.4.2)

leaves invariant the system S iff u*(x,t,O(x,t);6) satisfies 3* (i.e.,

S in the star coordinates) whenever u = @(x,t) satisfies 3.6
This is
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the definition of invariance. If the transformation (2.4.2) has this

property and under the assumption that solutions to S are unique, then

it follows that

G(x*,t*) = u*(x,t,0(x,t);6). (2.4.3)

Expanding the star-group about 6 = 0 gives

x* = x + 6Y(x,t,u) + 0(62), (2.4.4a)

t* = t + 6n(x,t,u) + 0(62), (2.4.4b)

u* = u + 6<(x,t,u) + 0(62). (2.4.4c)

Inserting the expansions (2.4.4) into the functional equation (2.4.3)

leads to the expression

0(x+ey+0(62), C+€U+Ü(€2)) = 0(x,t)+e<+0(e2). (2.4.5)

Equating terms to 0(6) leads to the following invariant surface

condition,

Y(x,t,G) §ä·+ n(x,t,G) gg = <(x,t,0). (2.4.6)

Since this is a first-order equation in 0, the solution for O(x,t) can

be computed, in principle, by the method of characteristics. Formally,

(2.4.6) is written in the equivalent form

= ——...?Z,.> = ———„«„i‘?,.> · <2··~>
The solution of (2.4.7) involves two constants, one which plays the

role of the new independent (similarity) variable, say g(x,t,0), and

the other assumes a form equivalent to a new dependent variable, say

f(g). Therefore, the solution of S can be written as

0(x,t) = X(x,t,f(g)), (2.4.8)

where the dependence of E on x,t and f(g) is known explicitly, (i.e.,
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by insertion of (2.4.8) back into the system S). In many cases, (e.g.,

linear partial differential equations), the infinitesimal K(x,t,G) can

be shown to be linearly dependent on 9, viz., K(x,t,G) = v(x,t)G. In

this situation, the similarity form of the solution is given by

0(x,t) = n(x,t)f(g). (2.4.9)

For the problems to be encountered in the following chapters, (2.4.9)

will be the correct functional form of the similarity solution.

In the previous discussion, we have tacitly assumed that the

infinitesimal elements Y, H and K are known explicitly. In order to

calculate them, we turn to the task of determining how derivatives

transform under the group (2.4.2). We begin by computing the

auxiliary functions 8x/3x*, 8x/3t*, Bt/8t* and Bt/3x*. By the chain

rule,

[x* — @Y(x.¤.@) + 0(@2)]
3x 3x

2.
13x 3x 8x* 8x

(2.4.10a)

Similarly,

8: S _€[gl 8x + gg St + gg gg 8x + gé_gg 8:] + 0(€2),
Bt X 8:* 8:* X 8:* 8:*

(2.4.10b)

L - 1 QL 111.21,3t 8:* 8:* 8:* Bt
(2.4.10c)

3: _
_E[gg_ 3x + gg ät + gg gg 8x + gä_gg 8:] + O(€2)’

3x X 3x* 3x* X 3x* t 3x*

(2.4.10d)
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By using the method of successive substitutions, one finds the reduced

expressions:

..8X ä irää 2
*

= 1 s(8x + 39 ax) + 0(s ), (2.4.11a)
3x

ä iuü 2
3 *

s(at +
39

at) + O(6 ), (2.4.11b)
C

at E hä 2
*

1 s(3t + BG
at) + 0(s ), (2.4.11c)

ac

aß- EH Hä 2
3 *

— s(3x + SG ax) + 0(s ). (2.4.11c)
x

We are now in a position to compute the first extensions 3u*/3x*

and 3u*/3t*:

*22; = -2; [@(x,t) + s<(x,t,G)] + 0(e2)
3x 3x

3x C 3x* X 3x* t 3x* G X 3x* t 3x*

+ 0(s2). (2.4.12)

Using the auxiliary functions (2.4.11) allows us to write,

3u* 39 3x 3: 37 3G 3n 3G BY 30
2

Qäää 2- 39 ax at] + O(6 ). (2.4.13a)

Similarly,



13

3u* 30 3x + 30 3t + 6 3: 3x 3: 3tT: .—— —; [ ii- ..i.
8:*3:

30 3x 30 3t 2+*(———+*—··)]+0(¤>30 3x 3:* 3t 3t*

30 3: 3: 3n 30 3Y 30 3n 30 2

2
BG ax at] + O(a ). (2.4.13b)

The second extensions 32u*/3x*2 and 32u*/3:*2 follow in a similar

manner• Omitting intermediate steps, they are

8x30 3xZ 8x ax2 8:

2 2 23 : _ 3 Y 30+ (302 2 3x30)(3x)

2 2 3 2 2 2
2 3x30 3x 3t 2 3x) 2 3x) 3t + (30 2 3x) 230 30 3x

2 2 2_
2

3g_ 820 _
3 3l_3Q 8 0 _ in 30 3 0 _

2 3 0]3x 3x3t 30 3x 8 2 30 3t 2 30 3x 3x3tx 3x

2
+ O(c ), (2.4.l4a)
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32u* _ 620 + €[S2K + (2
SZK S2n)S0 S27 S0

8t*Z atz 3:2 StS0 at? St ac2 Sx

+ .. 0
StS0 St

· 0
- 2 321 @@92 - Szqwf

- @21 E (äyStS0 öx Sc 3Gz St 302 Sx St

2
+ (gf.- Z ÄlyäiäS0 St atz

2 2 2 2_
2 BY S 0 _

3 Sn S0 S 0 _ BY S0 S 0 _
Z GY S0 S 0]FF 3xSt SU SF atl FU SE atl SU SF Sxät

+ 0(62). (2.4.14b)

As alluded to previously, there exist many situations (e.g., the

analysis of linear partial differential equations) where the

infinitesimal elements 7 and n are independent of 0 while K depends

linearly on 0, viz.,

7 = 7(x,t), (2.4.15a)

n = n(x,t), (2.Z+•l5b)

K = n(x,t)0. (2.4.1Sc)

In this case, the auxiliary functions and the extensions take the form,

-BE-= 1 — 6 il + O(62), (2.4.16a)3x* Sx

2—ää·= -6 il + 0(6 ), (2.4.16b)
3c* St

21 - E E+ 0(6 ), (2.4.16c)3:* St

S S 2
%= -6 ä + 0(6 ), (2.4.16d)
Sx
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3u* s 30 3n _ _ 37 30 _ 3n 30 2
§ ax

+
€[ax

Ü + (TT +
O(€

), (2•l&•l6€)

3u* 30 3w 3n 30 37 30 2
at.: ° 3t + °[3t G + (1T _

3t)3t
_

3t 3x] +0(€2

ax2 ax2 3x ax2 3x ax2 3:

2 2_ Qi 3 0 _ 3g 3 0 2+ (n 2
ax)-? 2

ax S25;] + O(6 ), (2.4.16g)
3x

2
3 u* 320 32w 3n 32n 30 327 30

3: 3t 3t 3t 3t

2 2
+ (1: — 2 ääü — 2 gi} + o(:2). (2.4.161)3t atz 3t 3x3:

Before proceeding to the next section, a few remarks associated

with the invariance property are in order:6

i) When using this technique, the order of the partial

differential equation is immaterial;

ii) The specific partial differential equation can be nonlinear.

(This remark by Bluman and Cole is not proven per sg_and

appears to be contradictary to the uniqueness argument used

in the development of the invariance principle, i.e.,

solutions of nonlinear equations may be multi-valued);

iii) The star—group of transformations (2.4.2) are, in general,

functions of the independent as well as the dependent

variables;

iv) Boundary and/or initial conditions are unnecessary when the

goal is simply to reduce the number of variables in a system
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of partial differential equations (i.e., investigating

classes of solutions). However, they can play an important

role in determining if the specific problem under

investigation can admit self-similar solutions.

2.5 The (3+1) Dimensional Scalar Have Equation

In this section, we shall use the theory developed in the Section

2.4 to investigate the group properties of the scalar wave equation.

After finding the expressions for the infinitesimal elements, we shall

show how to generate the familiar Lorentz transformations and then

proceed to use similarity reductions to generate novel classes of

solutions related to the Brittingham focus wave modes.10

2.5.1 The Infinitesimal Elements

Consider the free—space, homogeneous scalar wave equation

2162+ +2(V - —E·——E)w(r,t) = O, r 6 R , (2.5.1.1)
c Bt

governing the evolution of the complex—valued wave field w(;,t), where

c is a constant (e.g., the speed of light in vacuo). Let us define

the one-parameter (6) group of transformations, viz.,

x* = x*(x,y,z,t,w;6), (2.5.1.2a)

y* = y*(x,y,z,t,w;s), (2.5.1.2b)

2* = z*(x,y,z,t,¢;6), (2.5.1.2c)

6* = t*(x,y,z,t,¢;6), (2.5.1.2d)

p* = w*(x,y,z,t,w;6). (2.5.1.2e)

Since (2.5.1.1) is linear, we assume, without loss of generality, the

following infinitesimal expansions for the group (2.5.1.2):
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x* = x + 6Y(x,y,z,t) + 0(62), (2.5.1.3a)

y* = y + 6K(x,y,z,t) + 0(62), (2.5.1.3b)

* 2z = z + 60(x,y,z,t) + 0(6 ), (2.5.1.3c)

* 2t = t + @¤(x,y,z,¤) + 0(€ ). (2·5~1·3d)

* 2
w = ¢ + 6¢(x,y,z,t)¢ + 0(6 ). (2.5.1.3e)

Invariance of the scalar wave equation under the star-group of

transformations leads to the following expressions for the

infinitesimal elements (Y,K,o,n,¢):

Y(x y z t) = a + a x + a y + a z +
cze

t + 2b xy + 2d xz' *
’

1 2 3 4 2 13 14

2 2 2 2 2+ Zelsxt +
al2(x

y z +c t ), (2.5.1.4a)

2K(x,y,z,t) = bl - a3x + azy + baz + c e3t + Zalzxy + Zdlayz

+ Zelsyt + bl3(y2-x2-z2+c2t2), (2.5.1.4b)

- d b + +
2

+ 2 + 2b0(x,y,z,t) —
1 aßx ay azz c eat alzxz 13yz

2 2 2 2 2
+ 2el5zt + dl4(z -x —y +c t ), (2.5.1.4c)

n(x,y,z,t) = el + ezx + e3y + eaz + azt + Zalzxt + 2b13yt

+ 2d zt + e
(x2+y2+z2+c2t2)/cz,

(2.5.1.4d)14 15

¢(x,y,z,t) = fl — Zalzx — 2bl3y — Zdlaz — 2e15t. (2.5.1.4c)

Here the constants al, az, etc., form a sixteen parameter (6)

sub-group. For historical reference, the infinitesimal elements Y, K,

0 and n were reported as early as 1910 by Bateman.11
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2.5.2 A Classical Group: The Lorentz Transformation

Set all parameters in the infinitesimal elements equal to zero

with the exception of ea. Without loss of generality, assume ea = 1.

The infinitesimal generator, va, is written as

2 3 3va = c t az + z at. (2.5.2.1)

Solving the characteristic equations corresponding to va generates the

transformation of independent variables,

z coshcA c sinhck 0
= _l , (2.5.2.2)

t c sinhck coshck n

where 0 and n are the "initia1" values (similarity variables) of z(A)

and t(A), respectively. Inverting the nonsingular mapping gives

0 coshck —c sinhck z
=

1 . (2.5.2.3)
n —c sinhck coshcl t

Let v = c tanhcA; then the Lorentz transformation is readily

identified:

z' E ¤ = —, (2.5.2.4a)
/ 2 2
1 — v /c

- [ 2
v E n = (2.5.2.4b)

/1 - v /c

Using the infinitesimal generators corresponding to ez and e3, one

finds the transformations

x· - , (2.5.2.4c)
/ 2 2
1 - v /c

- [ 2
:· = (2.5.2.4d)

/1 — v /c
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and

y•
= , (2.5.2.6.;)

1 - v /c

26• = ill, (2.5.2.4f)
/1 — vz/cz

respectively.

Other finite transformation groups (e.g., rotation groups,

dilation groups, etc.,) can be found by investigating the remaining

parameters in the Lie group (2.5.1.4). The specific combination of

parameters for which transformatious exist can be found by looking at

the comutator brackets corresponding to each parameter (i.e., building

the commutation table for all possible combinations of sub—parameters

and finding that subset which commutes).

2.5.3 Se1f—Sinlar Solutions

In this section, we will give an example of the similarity

reduction method as applied to the homogeneous, scalar wave equation.

Specifically, our goal will be to derive from basic principles, an

ansatz which leads to solutions called "focus wave modes", that obey a

complex, Schrödinger-like equation in three independent variables.

Furthermore, we shall show that this ansatz is a special case of a more

general ansatz which leads to other dimensional1y—reduced equations

that govern classes of solutions to the homogeneous scalar wave

equation.

For the equation under consideration, the similarity variables

are found by solving the characteristic equations

Q? = é%·= = gä·= ää. (2.5.3.1)
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In general, these equations cannot be solved analytically (in closed

form) for all parameters being non-zero. In the sequel, we shall only

investigate a few sets of non—zero parameters.

The ansatz that we shall derive, turns out to be a special case of

the characteristic equations (2.5.3.1) where all sub—parameters are

zero except the set {dl,el,f1}. It should be noted that the

infinitesimal generators corresponding to the parameters dl and el

result in translations in the z and t axes, respectively, whereas the

parameter fl gives an exponential scaling of the dependent variable.

This particular choice of parameters singles out solutions which

propagate along the z—axis. By choosing other parameters, e.g., al or

bl, other axes can be used as the preferred direction of propagation.

However, since the homogeneous scalar wave equation is rotationally

invariant about the origin, we find that this particular choice of

parameters presents no serious restrictions on the results to follow.

In this setting, the characteristic equations (2.5.3.1) are formally

given as
{

(2.5.3.2)
1 1 1

Solving the first two gives the similarity variables x and y. Solving

the next pair results in the expression

Q = elz — dlt, (2.5.3.3)

where the constant of integration has been defined as the similarity

variable Q. The solution of the last pair can be written as

¢(x,y,z,t) = f(x,y,Q)exp(at), (2.5.3.4a)

q E fl/el, (2.5.3.4b)
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where, in general, f is a complex function and a is a complex constant.

Inserting (2.5.3.4) into the wave equation and making use of the

similarity variable L, we find the following equation for f(x,y,L):

62 62 2 dä 62 "‘d1
6 B2

[7+ ——+ (e -
—)7+ 2 ———

- ——]f(x,y,L) = O. (2.5.3.5)2 2 1 2 2 2 BL 2Bx By c BL e c

We introduce, finally, the change of dependent variables

f(x,y,L) = g(x,y,L)exp(BL) where B is an arbitrary constant. This

results in the following equation for g(x,y,L):

2 22 2 d 2 d adB B 2 1 B 2 1 1 B{—+—-—+ (e - ——)——·+ [2ß(e -
——) + 27-]-

ax2 3yZ 1 C2 BCZ 1 C2 C2 BL

2
2 d1 2 ,

°‘d1 B2
+ l(<—=l · 7>B + Z 7 8 ·· 7]}g(x„y,c) = 0- (2-5-3-6)

c c c

There are three distinct cases associated with (2.5.3.6) depending on

2the sign of ei — di/c . The first case to be studied will lead to the
desired ansatz. The other two will lead to Helmholtz-like and

Klein-Gordon-like equations for g(x,y,L) in three independent

variables.

Case (1): Parabolic

2 2 2With el - dl/c = 0, let B = a/Zdl, where dl 2 t cel. It follows
that g(x,y,L) obeys the equation

2 2 ae
B 1(l-+ — x 2 —- l)g(x,y,;) = 0. (2.6.2.7)2 2 c BL

Bx By

If el = l and a = Zkci, then by choosing the positive sign, the wave

function ¢(;,t) is given explicitly as follows:

¢(x,y,z,t) = g(x,y,z-ct)exp[ik(z+ct)]. (2.5.3.8)
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Here, the wave function is a bilinear expression representing the

product of two, oppositely travelling disturbances- For information

regarding to this special class of solutions of the scalar wave

equation, the reader is referred to Belanger,l2, Ziolkowskilg and

Sezginer.1“

Case (ii): Elliptic

Let ei -
di/cz

E
Y2

> 0 and choose B = —¤d1/Yzcz, where

dl = t elc(1 — Y2/e§)1/2- If dl is restricted to real values, then
this implies that

YZ
< ei- With a = ia', a' real, g(x,y,;) obeys the

equation

2 2
(Ä-+ %-+

Y2
%- + u>ä)g(x,y,;) = 0, (2-5-3-9)

Bx By B;

where

wi =
a'2

ei/Yzcz, (2-5.3-10a)

g = el(z 1 cvet), (2-S-3-10b)

2 2 1/2
ve = (1 —

Y /e1) (2-5-3-10c)

and the wave function ¢(;,t) is given by

¢(x,y,z,t) = g[x,y,el(z 1 cvet)]exp(icw;(ct i vez)/a']- (2-5-3-11)

It is seen in this case that solutions of the (3+1) dimensional scalar

wave equation are related to solutions of a (3) dimensional scalar

Helmholtz equation with ; playing the role of a space-like independent

variable- Since 0 < ve < 1, the envelope g(x,y,;) moves at the

sub—luminary phase speed vec and it is modulated by a plane wave with a

super-luminary (tachyonic) phase speed of c/ve.
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Case (iii): Hyperbolic

Let es - di/cz E -K2 < 0, with K2 > 0, and choose B = adl/Kzcz,
2 2 1 2where dl = i C€l(l+K /e1)

/
. With a = ia', a' real, g(x,y,;) obeys

the equation

2 2 23 3 2 3 2(-5-+ -5-- K —-E-— wh)g(x,y,;) = O, (2.5.3.12)
3x 8y 3;

where

2 2 2
mä = a' el/Kzc (2.5.3.13a)

; = el(z 1 cvnt), (2.5.3.13b)

vu = (1+K2/eä)l/2, 1 < vn < w. (2.5.3.13c)

The wave function ¢(;,t) assumes the form

2¢(x,y,z,t) = g[x,y,e1(z 1 cvnt)]exp[—icmh(ct 1 vnz)/a'].

(2.5.3.14)

If ; is treated as a time-like variable spanning the real axis, the

solution for ¢(;,t) is related to a solution of a (2+1) dimensional

Klein-Gordon equation. In contradistinction to the elliptic case, the

envelope g(x,y,;) translates at the super-luminary phase speed vuc and

is modulated by a plane wave with a sub-luminary phase speed of c/vu.

A unique feature of the hyperbolic case is that the solution ¢(x,y,z,t)

is uni-directional, whereas in the parabolic and elliptic cases, ¢(;,t)

is the product of two disturbances moving in opposite directions.

It should be observed in cases (ii) and (iii) that the homogeneous

scalar wave equation admits multiplicative solutions where the phase

speeds of the modulating wave are different than c. The parabolic
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reduction represents the special case where the envelope and the

modulating plane wave have exactly the same phase speed.

Geometrically, when viewed in the el—dl plane, the parabolic case

separates regions where the similarity reductions lead to either

elliptic or hyperbolic equations on either side of the lines

el = i dl/c. Note that in all cases, the products of the individual
phase speeds is always cz.

By using other parameters contained in the infinitesimal elements

(Y,¤,0,n,¢), exact, dimensionally—reduced equations different from

those considered here can be derived. For example, the subset {e4,fl}

generates the similarity variables

Q =
e4(z2 — cztz)/2,

(2.5.3.15a)

+ fl
¢(r,t) = f(x,y,Q)exp(i EZ; lnlt + z/c|), (2.5.3.15b)

where f(x,y,Q) obeys the equation

(-2;-+ —ä;·+ 2 eA[—ä;-+ (1 t E5é)5%]}f(x,y,;) = O. (2.5.3.16)
Gx Gy GQ 4

With fl/eac real, a solution for f(x,y,Q) can be found by introducing

a Fourier transform with respect to the transverse coordinates x and y.

The solution of the transformed equation can be expressed in terms of

ordinary Bessel functions for Q < 0 (i.e., z < ct) and modified Bessel

functions for Q > 0 (i.e., z > ct). If the exponentially growing

solution is discarded for Q < 0, the function f(x,y,Q) has the property

of a "bullet—type" solution discussed by Moses and Prosser,15 i.e.,

oscillatory inside the light-cone and decaying outside the light-cone.



CBAPTER III

THE RAHDOHY HODULAIED LINBAR PROFILE

This chapter focuses on solutions of the nonlinear parabolic

equation in the presence of a randomly modulated linear profile. This

equation models the propagation of a Langmuir wave packet in a weakly

nonlinear, nonuniform, random plasma. In the electromagnetic regime,

it models the behavior of a weakly nonlinear cw wave in a region

containing a randomly positioned turning point.l6 Othct applications

can be found in the study of the dynamics of molecular crystals under

the influence of a fluctuating phonon field.1

In this chapter, we will introduce a fundamental ansatzl7 that

performs a one—to—one mapping of a stochastic nonlinear parabolic

equation to an explicitly deterministic/implicitly random nonlinear

parabolic equation together with a hierarchy of coupled stochastic

ordinary differential equation. In Chapter V, we shall show how this

mapping can be derived from basic principles, using the invariance

condition described in the previous chapter.

Continuing, we shall summarize the work accomplished with respect

to computing even—ordered moments of the wave function and then extend

these results to encompass all moments. We shall conclude with a brief

remark on the integrability of the nonlinear Schrodinger equation

(NLSE) with a linear profile. This shall provide a basis of

understands towards explaining how the fundamental ansatz works and how

it might be extended.

3.1 Summary of Previous Research: a Fundamental Ansatz

In his study of wave propagation in an inhomogeneous, random

25
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medium, Besierisl7 considers the following equation:

2

[ä·3§-+
—lE·—äE +-ä 63|¢(x,z;a)|2 + x6H(z;a)]w(x,z;¤) = 0, z > O,
2k 3x

(3.1.1a)

¢(x,0;a) E ¢0(x), (3.1.lb)

where x 6 K, k and 63 are positive constants corresponding to wave

number and nonlinearity strength, respectively, and a 6 A, (A,F,P)

being an underlying probability measure space. In this investigation,

Besieris has shown that there exists a one—to—one correspondence

between the even-order moments of (3.1.1) with those of the wave

function E(x,z;a) governed by

i 3 1
32

1 2 1l;;+ j—j+ g @3IE<x.z;<¤>I + E- ¤l(x,z;¤>1E<x.z;<¤> = 0,
2k 3x

z > 0, (3.1.2a)

E(x,O;¤) E s0(x), (3.1.2b)

under the assumptions that sl(x,z;a) is a zero-mean, homogeneous,

wide-sense stationary, Gaussian random process, ö—correllated in range,

and where the transverse correllations of 6l(x,z;a) are related to a

quadratic Kolmogorov spectrum.

To find solutions of (3.1.1), Besieris introduces the fundamental

ansatz

y(z;a) = x — u(z;a), (3.1.3a)

¢(x,z;a) = ¢[y(z;a),z]exp{ik[u(z;a)y(z;a) + y(z;a)]}. (3.1.3b)

This ansatz is essentially a random version of a Galilean—like

transformation of independent variables together with a scaling

(complex dilation/stretching) transformation of the dependent variable
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w(x,z;¤). Tacitly assumed in using this ansatz, is the fact that we

have restricted our study to a certain class of solutions of (3.1.1).

This is analogous to the way that similarity transforms may select

certain types of solutions out of a broader solution set.

Inserting the ansatz into (3.1.1) and equating coefficients of

equal powers of y(z;a) to zero creates the hierarchy of equations:

1 8 1
82

1 2
[Erg'?

j··—i+
i

€3\¢(y,z)| ]¢(y,z) = 0, z > 0, (3.1.4a)
2k 8y

¢(>'.0) = ¤vO(y). (3·1·‘•b)

d
ä;·u(z;a) = v(z;a), u(0;a) = O (3.1.5a)

d
ä;·v(z;a) = 6H(z;a), v(O;a) = O (3.1.5b)

d 1 2ä;·Y(z;a) =·E v (z;a) + 6H(z;a)u(z;a) = O, y(0;a) = 0, (3.1.5c)

for z > 0. The choice of zero initial data permits a one-to—one

mapping of the new dependent variable ¢ to the previous one at z = O.

Observe that this remarkable ansatz has transformed the stochastic

nonlinear parabolic equation (3.1.1) into an explicitly deterministic,

nonlinear equation for ¢(y,z). Therefore, (3.1.4) can be solved, for

example, by the inverse scattering technique, Backlund transformations,

similarity reductions, etc., which are methods totally divorced from

stochastic analysis. It should be noted, however, that ¢ 1s a random

function by virtue of its implicit dependence on u(z;a) through y(z;a).

To compute the moments of ¢(x,z;a), one must be able to produce

solutions for ¢(y;a), invert the mapping (3.1.3), and then integrate

over the joint probability density function governing the random
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processes u(z;a), v(z;a) and Y(z;a). This density function is related

to an average of a (3+1) dimensional "fine—grained" density function

whose particle paths follow the functions u, v and Y for each

realization a. Assuming that a closed partial differential equation

can be found for the probability density function, the construction of

the solution to this equation can be a highly non—trivia1 task. In

order to simplify the analysis, Besieris recognized that even-order

moments are independent of the random phase Y(z;a). Hence, the reduced

statistical problem is defined by the stochastic system

d -ä;—u(z;a) - v(z;¤), u(0;a) = 0, (3.1.6a)

ä§·v(z;¤) = 6H(z;a), v(O;a) = 0, (3.1.6b)

for z > O.

The joint density function governing the evolution of the

statistics of (3.1.6) can be solved easily. Foregoing the intermediate

calculations, we state the solution:17

-1 -1 2 1 1 2 2F(u,v,z) = (Zn) (det Z) /
exp[—

im (:52211

+ oälvz — 2¤i2uv)], z > O, (3.1.7)

2 . .where the variances oij, 1,j = 1,2 are given by

2 3
011 Dz /3, (3.1.8a)

2 2
olz

= Dz /2, (3.1.8b)

2 — D (3 1 8c)°22
“•

° '
and
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det Z = Dzza/12. (3.1.8d)

The diffusion constaut D is related to the strength of the auto

covariance of 6H(z;o), viz.,

E{6H(z;o)6H(z';¤)} = §·6(z·Z')· (3-1-9)

Therefore, for even—order moments, the statistics of the system (u,v)

are normally distributed with zero mean and variances oäl and oäz,
respectively and covariance oäz. Note that in the limit as z + ¤

(i.e., the far—field regime), F(u,v,z) +
0+.

Here, the probabilities

that u is between u and u+du, v is between v+dv is are equal for all

(u,v) 6 R?.

3.2 Group Analysis of the Background Problen

As shown in the previous section, the ansatz maps the stochastic

parabolic equation into the explicitly deterministic equation

2 6
(ä—$§-+

Eii-Q2;-+
—%1¢(y,z)l2)¢(y,z) = 0, z > 0, (3.2.1a)

Y

¢(y„0> = wow). y E R- (3-2-1b)

Before proceeding with the analysis, we shall reduce (3.2.1) to a

normal form by redefining the constants k and 63, viz., let

s E l/2k and r E 63k/2. Then with ¢ E ¢, t = z and x = y, (3.2.1)

becomes

3
32

2(1 3;-+ s ——E-+ r|w(x,t)| )w(x,t) = 0, t > 0, (3.2.2a)
3x

¢(x,0) E ¢b(x), x 6 R. (3.2.2b)

We shall now embark on a Lie group analysis of (3.2.2). Because of the

nonlinearity, we will not be able to invoke the invariance principle
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per gg. Rather, we will look for solutions of (3.2.2) which leave the

equation partially invariant to first-order iu 6 in the transformed

domain. Towards this end, we shall summarize the results of Tajirila

on the (1+1) dimensional NLSE and show that the pioneering work of

Zakharov and Shabatlg on the inverse scattering technique is contained

as a special case of the group analysis.

Without loss of generality, assume the following infinitesimal

expansions for the Star·gr0up of transformations:

* 2x = x + 6Y(x,t) + O(6 ), (3.2.3a)

* 2t = t + 6n(x,t) + 0(6 ), (3.2.3b)

* 2W = W + 6<(x,t) + O(6 ). (3.2.3c)

Using these expansions, W* obeys

3 32
ic ic Z

* *(1 *;‘+S*;+ rl¢(x ,*2 )I )W(x „¤ ) =
3t 3x

3x ac aua:]
2 2 2 23 W gg_gg 3 c _ 3 ¢4äl _ 3 W gg2 2 zax Zaxauax3x 3x 3x

22 32Y 22 32_ _ V]
3x 2 3t 2]

3x 3x

+ r[2¤|W|2 +
<TW2]}

+ O(62), (3·Z·4)

where (T) denotes complex conjugation„ Equating coefficients of

32W/3x2, 32W/3s3t, etc., defines the determining equations for the

infinitesimal elements Y, n and x:

K - 2 ¥ 2 0, (3.2.Sa)X
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2H.a Q 2ax
, (3. .5b)

(325c)ät 3x 3 2 ’
° °x

ay 30
820

1(2 5;-- äij - s -5 = O, (3.2.5d)
8x

2
1 ä+ S ¥= 0. (3.2.6.1)ac 82x

In the last equation for K, we have invoked partial invariance under

the star—group of transformations. Strictly speaking, we are not

guaranteed that the solutions of Y, n and K will lead to dimensionally-

reduced equations. Therefore, we shall denote the solutions of the

system (3.2.5) as candidates for similarity variables.

The solution of the determining equations (3.2.5) is straight-

forward. The infinitesimal elements are given by

Y(x,t) = ax + bst + cl, (3.2.6a)

n(x,t) = 2at + cz, (3.2.6b)

a bxK(x,t) = ie - E·+ i —E3
(3.2.6c)

where the constants a, b, e, cl and cz are arbitrary. As a direct

consequence of the partial invariance, the coefficient of the nonlinear

term, r, does not appear in the equations for Y(x,t) and K(x,t).

Solving the characteristic equations dx/Y = dt/n = dw/Kw, we find the

following candidates for similarity variables:

1 bscz*‘*;<°1‘7: 1,. „———
p =———————-——-—————— o -——— |2at + c |, (3.2.7a)J }2at + czl 3 zaz 2
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iF(p•t)

=2at + c2

where

c b
b 2 3F(p,t) = [Ei-- ——E(c1 - —E;—)]ln|2at + c2|

4a

bzst b r—*—
+ ———i-+ ig |2at + c2|, (3.2.8a)

4a

c3 = sign(2at + cz). (3.2.8b)

For all possible choices of parameters a, b, e, cl and cz, three

special cases have been investigated by Tajir1.l8 Two ete gf the

solitary wave variety, whereas the other belongs to explode—decay class

of solutions.

Case (1): cl # 0, e ¢ 0, cz = 1, a = b = 0

The similarity variables and the solution ¢ are given by

p = x — clt, (3.2.9a)

clp
¢(x,t) = exp[i(—E;·+ et)]f(p), (3.2.9b)

where f(p) satisfies the nonlinear ordinary differential equation

sf"(o) ·· ¤f(¤) + rlf(¤)I2f(¤) = O, (3·Z·lO¤)
_ 2

a : e — cl/46. (3.2.10b)

If f(p) is real, it can be solved in terms of the Jacobi elliptic

functions of which the hyperbolic secant solution is a special case.

The solution given by this similarity reduction is a generalized

version of the result first given by Zakharov and Shabatlg and

represents a progressive disturbance in x - t space.
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Case (ii): a = 1, e ¢ O, b = cl = cz = O.

The wave function w(x,t) is given by

p = x//F, (3.2.11a)
¢(x,t) = —L exp(is lnt)f(p), (3.2.11b)JE 2

where f(p) satisfies

Sf"(¤> —
é (of'(¤) + f<o)> · ä f(o> + rIf(o)I2f(¤) = O- (3~2·12)

Here ¢(x,t) represents a explode-decay solution, i.e., its amplitude

becomes infinite at t = O and decays as t + +w. Since (3.2.2) is

invariant under any real—valued time translations, the temporal

occurence of the explode point can be chosen by the appropriate initial

condition for w(x,t). Through the introduction of an action/angle

representation for f(p), it can be shownzo that f(p) le related to a

solution of the fourth Painleve' transcendent - a solution to a

nonlinear ordinary differential equation originally studied by

G¤¤bi¢F~21
The solution of this Painleve' equation is unique in the

sense that it cannot be expressed in terms of the elementary or

classical functions of mathematics.

Case (iii): b ¢ O, cz = 1, a = cl = e = 0.

The similarity reduction method yields

p = x - ä·bst2, (3.2.13a)

ib
bst3

¢(x,t) = exp[—E-(st — ——§—O]f(p),
(3.2.13b)

where f(p) satisfies

sf"(p) — %·bpf(p) + r|f(p)[2f(p) = O. (3.2.14)
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For f(p) real, Tajiri has shown that the change of independent and

dependent variables

(3.2.15a)

g<c>leads
to another equation of the Pa1nleve' type, v1z.,

g"(¤> = 2g3(c) + cg(c), (3·2-16)
which 1s the second Painleve' transcendent. In contrast to case (1),

¢(x,t) 1s a solution that accelerates continuously rather than

progressing at a constant velocity.

3.3 Derivation of the Equation Governing the Evolution of the
Probability Distribution Function

In this section, we shall derive the equation governing the

evolution of the joint statistics of the system of which u(z;a) and

Y(z;a) are solutions, viz.,

E§·u(z;¤) = v(z;a), u(0;a) = 0 (3.3.la)

E;-v(z;a) = 6H(z;a), v(0;a) = 0 (3.3.lb)

E; Y(z;a) = ä-v2(z;a) + öH(z;a)u(z;a), Y(0;a) = 0, z > 0. (3.3.1c)

Associated with the system (3.3.1), we define the following "fine-

grained", random phase—space distribution function:

f(u,v,Y,z;a) 6[u-u(z;a)]6[v—v(z;a)]6[y—Y(z;a)], (3•3•2a)

f(u,v,Y,0;¤) 6(u)6(v)6(y). (3.3.2b)

Differentiating with respect to z, one can show that f(u,v,Y,z)

satisfies
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-2-+ -ä·+ GH( · )-2-+ (Xi·+ GH ·
—ä f( · ) — 0

[az V au zsa av 2 (z»¤·)u)a.Y] u•V•Y»z»¤ ' •

(3.3.3)

with the initial conditions (3.3.2b). Taking expected values,

28 8 v 8 8 8 _
(az + v

au +
2

5;)E{f} + (5;-+ u §;)E{GHf} - O. (3.3.4)

Since 6H(z;a) is a zero—mean, Gaussian random process, we can make use

of the Donsker—Furutsu-Novikov function formalism22_2“ go cgmpuge the
quantity E{öHf}. Specifically,

E{6H(z;¤)f<¤.v.Y„z;¤)}
_

··
_ <5f<¤.v.Y„z;<=>— f_¤ dz'E{GH(z,a)GH(z',a)}E{

6(6H(z,;¤)) } (3.3.5)

The functional (variational) derivative 6f(u,u,Y,z;a)/ö(6H(z';¤)) is

computed from (3.3.3). Ommitting intermediate steps, we find

D 8 8E{<$H(=;¤¤)f(¤,v„Y.z;¤>} = — g (3-; + ¤ §)E{f(u.v.Y.z;¤)}· (3·3·6)
If we make the definition F(u,v,Y,z) E E{f(u,v,Y,z;a)}, the averaged

phase—space distribution function obeys the Fokker-Planck equation
2 2.ä + l + L i - P.(l.[az " au 2 ay 2 28v

2 2 2
+ Zu i—+ Q—)]F(u v Y z) = 0 (3.3.76)3vaY 2 Q Q Q Q

3Y

F(¤.v.Y.O) = ö(¤)ö(v)<$(Y)- <3·3·7b>
Given the solution for F(u,v,Y,z), all moments for the wave function

¢(x,z;a) can be computed exactly. In particular, let
¢(n)(x,z;a)

be

defined as

¢¤(l)<5.z;¤) E ¤|»(xl.z;a), (3.3.8a)



36

(2) . , . # .wb

• : •
t

• . 3

(äozsa)etc.For n > 1,

-1w(n
)(§,z;a)w(xn,z;a), for n odd

¢(¤)(x,z;a) = (3.3.9)
(¤—l) *w (x,z;a)w (xn,z;u), for n even,

where x_= (x1,x2,...xn) E RP. Then the nüh moment of the wave

function is given by

(rr) °°Ew (;<_.z;¤)} = [if dudvdv ¢(“)(x.z;¤.v.Y)F(u.v.Y,z>„ <3·3·10)

where the dependence on a is explicitly expressed through the variables

u, v and Y. Using the ansatz (3.1.3), we find

¢(x,z;u,v,Y) = ¢(x—u)exp[ik(v(x—u)+Y)]. (3.3.11)

To complete the specification of F(u,v,Y,z), we must satisfy two

additional constraints, namely positivity and normalization of

probability,

F(u,v,Y,z) > 0, (3.3.12a)

for all u,v,Y; z > 0, and

Q

ff] dudvdY F(u,v,Y,z) = 1, z > O. (3.3.12b)•-G

3.4 Exact Solution of the Fokker-Planck Equatiou by Sinilarity Methods

In this section, we shall utilize group methods to systematically

construct the exact solution of the Fokker-Planck equation (3.3.7).

Before proceeding to the group analysis, we shall find it convenient to
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reduce the equation to normal form. Consider the finite

transformations

q = z, (3.4.1a)

r = u, (3.4.1b)

s = v, (3.4.1c)

t = uv — 1. (3.4.ld)

The modulus of the Jacobian of the transformation (3.4.1) is unity and

by repeated application of the chain rule we find

3 8
s2

G D
82

(SE-+ s §;·+ E- E;
—

E
;;?)F(r,s,t,q) = 0, q > 0, (3.4.2a)

F(r,s,t,0) = ö(r)ö(s)6(t). (3.4.2b)

Observe that the quasi-linear transformation (3.4.1) significantly

reduces the complexity of the second-order differential operator of

(3.3.7). [The transformation of independent variables can be motivated

either through standard analysis (reduction to canonical form) or by

group methods.] Next, we define the Fourier transform pair:

F(r,s,w,q) = ;?® dtF(r,s,t,q)eiwt, (3.4.36)

F(r,s,t,q) = 5% ffm dwF(r,s,m,q)e—iwt, (3.4.3b)

and introduce the change of dependent variables

F(r,s,m,q) = exp[a(s,q)]f(r,s,w,q), (3.3.4a)

where

2
a(s,q) = %—(§B-+ q), (3.4.4b)

5 (3.4.4c)

The new dependent variable f(r,s,w,q) obeys the (2+1) dimensional



38

equation,

2
(l+Si—6Sl-¤l)£(:sq)=o q>o (2.4.6..)Bq Br 3s aS2 ’ ’ ’ ’

F(r,s,0) = 6(r)6(s), (3.4.5b)

where we have dropped the explicit dependence of f(r,s,q) on w and

performed the mapping D/2 + D.

Consider the star—group of transformations,

f* = f*(r.S.q.f;€)„ (3-4-6a)

r* = r*<r.S.<1,f;@). (3-4-6b)

¤* = S*(r.S„q„f;¤), (3.4.6c)

q* = <1*(r.S.q.f;¤)„ (3-4-6d)
where c is a dimensionless ordering parameter. Typically, 0 < 6 << 1.

Without loss of generality, we can assume the following infinitesimal

expansion:

* 2f = f + Eg(r,s,q)f + O(s ), (3.4.7a)

* 2r = r + e<(r,s,q) + O(c ), (3.4.7b)

* 2s = s + en(r,s,q) + 0(e ), (3.4.7c)

q* = q + 6Y(r,s,q) + O(s;2). (3.4.7d)

Iuvariance of (3.4.5) under the action of the star—group of

transformations (3.4.7), creates the determining equations satisfied

by the infinitesimal elements <, n, Y and g. Specifically,

BY
S;·= O, (3.4.8a)

3x
as = 0, (3.4.8b)
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2 gg--g = 0, (3.4.8c)

BY BY 37
32

iv1-•¤aqg + s ar Bs as D
8 2 O, (3.4.8d)
s

K K3K 3K 3
32

SE
—

n + s(5;—— g) - Bs 5;-- D Sg?-= O, (3.4.8e)

an 3n 3n
32

3_ .. ..5,,eq + s ar + Bn Bs(aS g) D(aS2 2 as) 0, (3.4.8f)

-ää—Sä$-+6Si%-+1>&=0 (348)aq ar as 32 ' "g
s

The solution of the system (3.4.8) is the 6-parameter 6—subgroup:

7 = A, (3.4.9a)

K = k + Lq + M coshßq + N sinhßq, (3.4.9b)

n = L + MB sinhßq + NB coshßq, (3.4.9c)

1 2 2g = - E5{[(M+N)B coshßq + (M+N)B sinhBq

2
+ BL]s + B Lr + J}, (3.4.9d)

where the set {A,J,K,L,M,N} form the 6—element subgroup. Invariance

at q = 0 requires A = 0, i.e., q* = q. Invariance of the initial

condition (3.4.5b) requires that K = —M, L = -NB and J = O. Therefore,

a two parameter c—subgroup which leaves the Fokker-Planck equation

(3.4.5a) and its initial condition (3.4.5b) invariant is given by,

7 = O, (3.4.10a)

K = —M — NBq + M coshßq + N sinhßq, (3.4.10b)

n = — NB + MB sinhßq + NB coshßq, (3.4.10c)
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1 2 2 .g = - ?Ü{[(M+N)B coshßq + (M+N)B sinhßq

2 3 _
— NB ]s — NB r). (3.4.10d)

Corresponding to each parameter M, N, we shall be able to compute

the similarity forms explicitly. These two degrees of freedom will

allow us to reduce the dimensionality of the partial differential

equation (3.4.5a) by two, in some appropriate space. The resulting

equation will be first order in the variable q and can be solved by the

integrating factor method.

Case (i): N = O, M = 1.

The solution of the characteristic equations

Y < n gt

leads to the similarity variables q,

pl = Br sinhßq + (1 — coshßq) (3.4.12a)

and

‘
B hß + ' hB 2f(r,s,q) = F;(¤l.¤1)@><p[* 1- (3·‘+·l2b)

Case (ii): N = 1, M = 0.

Following similar calculations, the similarity variables

corresponding to this choice of parameters in the 6-subgroup are q,

p2 = B(coshBq-1)r — (sinhßq-ßq)s (3.4.13a)

and

*8 . .f(r,s,q) = F2(p2,q)exp{***—**——————1E[(s1nhßq—2)(coshBq+s1nhSq)
4D(l—cosh8q)

2 Bpzs
+ 2 + Bq]s } exp[——--—-T]. (3•(+•l3b)

2D(1—coshBq)
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In the sequel, it will prove convenient to adopt new similarity

variables gl, gz that are multiples of pl and p2. Let

g E l-p (3.4.14a)1,2 A 1,2’

where

A = B[Bq sinhßq + 2(l—coshBq)]. (3.4.14b)

In terms of the similarity variables pl and p2, the independent

variables r and s are given by

r = (ßq - sinhßq)gl —- (l—coshßq)g2, (3.4.15a)

s = B sinhßq gz + B(l—coshßq)g1. (3.4.15b)

Next, we assume that there exist functions Gl(g1,q) and G2(g2,q) such

that Gl(g1,q) = Fl(g1,q) and G2(g2,q) = F2(g2,q) and express the

similarity forms (3.4.12b) and (3.4.13b) in terms of the new similarity

variables gl and gz. Assuming that solutions to (3.4.5) are unique, we

equate the similarity forms. Differentiating this equality with

respect to gl, we are led to the following equation for Gl(gl,q), viz.,

Integrating,

B3
2 2Gl(C1•Q) “ G(q)¢XP{‘ Z5

[ßQwhereG(q) is an arbitrary, differentiable function of q. With

G1(g1,q) specified, the similarity solution for f(r,s,q) is

determined to within an arbitrary, multiplicative function G(q). To

determine this function, we insert the similarity form back into the

partial differential equation (3.4.5). This operation, also, serves as
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an algebraic check on the computations that have been performed to this

point, i.e., all coefficients of r, s, rz, rs and szmust equate to

zero. Performing the required operations, we find that this is indeed

the case and G(q) satisfies the first-order ordinary differential

equation

2 dG(q) ßq coshßq — sinhßq _
ßG(q) dq + 1 + Bq Sinhßq + 2(1—¤¤ShBq>

_ O' (3°4°l8)

This equation can be integrated by the integrating factor method. The

solution is

—8q/2
c(q) = —i-—ä‘———————. (2.4.19)J Ißq sinhßq + 2(l—coshBq)|

Therefore, the solution f(r,s,q) is now determined up to an arbitrary

multiplicative constant c, viz.,

2
C

e—ßq/2€—BS /4D
f(r°S’q) = J Ißq sinhßq + 2(1—coshßq)|

2 2 2
X e

{_ _§_B r sinhßq + 2ß(l—coshßq)rs+(ßq coshßq—sinhBq)s 1}xp 4D[ Bq s1nh6q+2(1-cssnßq) '

(3.4.20)

The constant c can be determined by matching (3.4.20) with the initial

+condition (3.4.5b). To this end, as q + 0 ,

rz
2

-
Dq3/3

_
41)Q

f(r,S,q) + (2.4.21..)
J IB q /3I

rz
2

6(r)6(s) = lim --7Z- e Dq / e Dq.
(3.4.21b)9*0 2nq D

Matching, we find that
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C . mi CCC CC,4nD °

Mapping D + D/2, F(r,s,w,q) is given by the expression

2
·· I

2wD Ißq sinhßq—4sinh Bq/2

2 2 _ 2 _ 2B B r sinhßq + 48sinh Bqrs+(8q coshßq-s1nh6q)sX €XP{' E5P--—·———————————————————j?———··*—··———*·*———]I-
Bq sinhBq—4sinh Bq/2

(3.4.23)

Inverting the transformation (3.4.1), the solution of the Fokker-Planck

equation is expressed as the one-dimensional Fourier integral, viz.,

¤· S
2 '·( · )dw uv Y

4n DJ [32 sinhBz—4sinh Bz/ZI

2 2 _ 2 2. B B u sinhßz + (4ßs1nh Bqz/2)uv+(Bz coshBz—sinh8z)vX expt—
T,·5[}}-Sz sinhßz-4sinh B2/2

(3.4.24)

Here, F(u,v,Y,z) describes the evolution of the joint probability

distribution function for the system (3.3.1). ln conjunction with the

ansatz (3.1.3), F(u,v,Y,z) can be used to compute any moment of the wave

function ¢(x,z;o).

3.5 A Note on the Integrability of the NLSE in the Presence of a
Linear Potential

Consider the following nonlinear, deterministic Schrodinger

equation

3 32
2(i 5;

+·——5 + <|w(x,t)I + ¤x)w(x,t) = O, t > O, (3.5.1a)
Bx

¤I»<x.0) E ‘I¤0(X). (3·5•lb)
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where x s R and K and a are constants. Introduce the change of

dependent and independent variables:

y = x — u(t), (3.5.2a)

·v(x.t) = ¢(y.¤><—=xp[i(ü(t)y + Y<¤))], (3·5·2b>
where y, u(t) and Y(t) are deterministic functions. Equating

coefficients of equal powers of y to zero, we find that ¢(y,t)

satisfies a "free-space" nonlinear partial differential equation,

3
32

2(1 5E-+ gg? + K|¢(y,t)| )¢(y,t) = O, t > 0, (3.5.3)

and u(t) and Y(t) are solutions of the system,

d2
-—E-u(t) - a = O, (3.5.4a)
dt

E; Y(t) — ä(E%'u(t))2 - au(t) = O. (3.5.4b)

Solving (3.5.4), u(t) and Y(t) can be written in the form,

u(t) at + b, (3.5.5a)

2 3
C. (3.6.sb)

Demanding zero initial data for u(t) and Y(t) implies that b = c = O

and ¢(y,O) = ¢O(y) = ¢O(x) at t = O. This form of the solutigg for

¢(x,t) was first given by Chen and Liulö and later by Ngwgll, An

important observation is that the ansatz (3.5.2) has mapped the

equation for ¢(x,t) containing a linear potential into an equation for

¢(y,t) containing no potential at all. In other words, it has mapped a

partial differential equation containing variable coefficients to one

with constant coefficients. In the sequel, we will use this property
l
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to derive the ansatz from basic principles and show that it is a

special case of a more general mapping of dependent and independent

variables.



CHAPTER IV

THE RANDMY PERTURBED QUADRATIC PROFILE

In this chapter, we shall use the fundamental ansatz (3.1.3) to

investigate solutions of the stochastic nonlinear parabolic equation in

the presence of a randomly perturbed quadratic profile. In the high

frequency limit, this equation models the propagation of a strong

beamed signal along the z-axis in a focusing medium with random-axis

misalignments and with a Kerr-type nonlinear correction to the index of

refraction. If the role of the spatial variable z is exchanged with

the temporal variable t, this equation models the nonlinear motion of a

quantum mechanical harmonic oscillator in a potential well whose center

is randomly perturbed.

4.1 Problem Definition and Smmary of Previous Research

Consider the following stochastic nonlinear equation governing the

wave function ¢(x,z;¤), viz.,

i 3 1 32
,2 1 2 2(E-5;-+

——E·——E
+ <[¢(x,z;o)| — Eg [x—a6H(z;¤)] )¢(x,z;o) = O,

2k 3x

z > 0, (4.1.1a)

w(x.0;¤) E wO(x)„ (4·1·lb)

where x 6 R, a 6 A, (A,F,P) being an underlying probability measure

space, k, <, g and a are positive constants and 6H(z;a) is a zero-mean,

wide-sense stationary, 6-correlated, real Gaussian random process

characterized by the autocovariance

E{6H(z;a)6H(z';a)} = S ö(z—z'), S > 0. (4.1.2)

As in the previous chapter, Besieriszö found that the fundamental

ansatz (3.1.3) applied to (4.1.1) creates the following hierarchy of

A6
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equations:

i 3 1 32
2 1 2 2(-—+ ——+ ·<I¢(y.>=)l ·· -2 Y >d>(y„z> = 0, z > 0. (4·1·3a)k 3z 2 2 22k 3y

4>(y.0) = =I»0(Y). (4-1-3b)

d
ä;·u(z;a) = v(z;a), u(O;a) = O, (4.1.4a)

d 2 2E;-v(z;a) = —g u(z;a) + g a 6H(z;a), v(0;a) = 0, (4.1.4b)

d v2(z;a) 1 2 2 2— v(=;¤) = ·—i — - 2 ¤ (zw) + 2 a öH(z;¤¤)¤<z;¤)dz 2 2

1 2 2 2—
E 2 a löH<z;<¤>1 , v<0;¤) = 0- <‘+·1~‘•c>

In contradistinction to the linear profile case, the ansatz fails to

map out the profile completely from equation (4.1.1).

As previously, the statistics of Y(z;a) are irrelevant to the

computation of even—order moments. Having recognized this, Besieris

was able to solve the Fokker—Plauck equation corresponding to the (u,v)

subsystem. No exact solution for ¢(y,z) has been reported, however,

although three approximate solutions exist in the literature. The

first two, dérivßd bY Nswéllzs and by Chen and Liu,27
map the nonlinear

partial differential equation (4.1.3) into an exact nonlinear ordinary

differential equation. Subsequent perturbative analysis leads to an

approximate solution of the hyperbolic secant type. The third

s¤l¤¤i¤¤. 2iY¤¤ by Balakrisbamza is based upon a modification er the

inverse scattering technique to allow for space—time dependent

eigenvalues. His approximate result also has the hyperbolic secant—

type dependence.
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In the sequel, we shall pursue an analytical/numerical approach to

the solution of the nonlinear parabolic equation (4.1.3). We shall

also show that is possible to find an approximate solution to the

Fokker—Planck equation describing the evolution of the statistics of
_ 2 2 2the system (4.1.4), provided that g a [öH(z;¤)] is small (in some

statistical sense).

4.2 Sinilarity Reduction of the Deteruinistic Nonlinear Parabolic
Equation with a Quadratic Profile

The equation to be studied is

i 8 1
32

2 1 2 2<———+ ———+ <I4><y.z>i — ;g y >¢<y,z) = 0, S > 0. (4-2~lS>k 32 2 2
-2k By

¢(y.¤> E ¢0(y). y S R· (4-2-lb)

Before beginning with the group analysis of (4.2.1), we shall find it

convenient to perform a reduction to normal form through the change of

dependent and independent variables t = kz/2, x = ky and ¢ = /E-¢.

Then ¢(x,t) obeys

6 62 2 2 2(i 5—·+ ——;
+ 2{¢(x,t)\ - u x )¢(x,t) = 0, t > O, (4.2.2a)t ax-

¢(x,0) E ¢0(x), x e R, (4.2.2b)

2 _ 2 2 . .where a : g /k . Consider the one—parameter (6) Lie group of

infinitesimal transformations, (denoted by the "*" symbol)

* 2x =· x + S‘1<><.S.¢> + O(S ). (4-2-Ba)

* 2t = 6 + 6n(x,t,¢) + 0(e ), (4.2.3b)

* 2¢ = ¢ + 6¤(x,t,¢) + 0(e ). (4.2.3c)

At this point, we concede that we will not be able to find an explicit
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solution of (4.2.1), 1.e., find a solution 1n terms of known functions.

Hence, we shall attempt to reduce the dimensionality of (4.2.1) by one

and solve the resulting nonlinear ordinary differential equation via a

combination of asymptotic and numerical methods. As with the

nonlinear parabolic equation (3.2.2), we shall search for partially

invariant groups and determine which candidates lead to similarity

reductions.

Omitting intermediate steps, partial invariance under the

star-group of transformations (4.2.3) leads to the following candidates

for the 1nf1n1tes1ma1 elements:

Y(x,t) =
-/2_a2

sin 2/2-a(t—t0)x+mcos2a(t-tl), (4.2.4a)

n(x,t) = a + 2 cos2/2-a(t—t0), (4.2.4b)

<(x,t,¢) = —1[4a22 cos2/2-a(t—tO)x2+¤m sin 2a(t-tl)x

+
gä sin 2/2 a(t—t )+p]¢, (4.2.4c)/E”

0

where the set {a,2,m,p,tO,t1} forms a 6-parameter, (6) subgroup. lt

turns out that only the subset {a,m,p} yields dimensionally reduced

equations. lt should be remarked that the parameter tl, could be

included in this subset, since 1t 1s obvious that (4.2.1) 1s invariant

under any real-valued time translation.

Two cases, corresponding to two different sets of parameters, will

be considered.

Case (1): a,p # 0 and real, m = 0

Solving the characteristic equations dx/0 = dt/a = d¢/1p¢ yields

the obvious plane—wave reduction,
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1¢(x,t) = ¢(x)e mt,
(4.2.5)

where w = —p/a. Substitution of (4.2.5) into the nonlinear parabolic

equation gives the following one—dimensional, nonlinear, ordinary

differential equation:

dz
2 2 2[7+(<»·¤><)+ZI¢(x)I 1¢(x) =0· <‘•·Z·6)

dx

Case (11): a,m,p ¢ 0 and real

Corresponding to this choice of parameter space, the solutions of

the characteristic equations generate the similarity variables

— Ä 1 2 6 2 7p - ax Za
s n at, ( . . a)

15 t
¢(x,t) = A(p)e

(x' ),
(4.2.7b)

where

l ma
2

E(x,t) = ;7—[—7§-cos2ut · 7%; s1n4at — rt + 80], (4.2.8a)

4_ mr = Z-+ p. (4.2.8b)

Assuming A(p) is real, we find that A(p) must satisfy

4
dz

2 2 2 2la -7+ Za A (¤) + (r · ¤ ¤ )]A(p) = 0- (‘+·Z·9)
do

Therefore, if bounded solutions for A(p) exist, the wave function

¢(x,t) is given by the expression

¢(x,t) = A(ax —-JE s1n2at)2a

1 max
mz mz

X cos2at ·· sinlbat ·· (2-+ ap)t + 60)].

(4.2.10)
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lf a = d and r =
-4n2a2,

then we recover the ansatz derived by Chen and
Linz?

using an adiabatic argument. Specifically, (4.2.10) is simply a

scaled version of theirs. The envelope A(p) oscillates at a fixed

frequency of Za and, for a given x, the argument is shifted by an

amount equal to m/2aa every period, i.e., it resembles a particle

trapped in a potential well.

4.3 Leading—0rder, Ionlinear Asynptotic Evaluation of the Reduced
Equation

In this section, we shall circumvent the pertnrbative analyses of

Chen and Lin and Newell for small argument and investigate the

asymptotic behavior of the nonlinear ordinary differential equation

(4.2.9) for large argument. This will clarify two related questions:

Can one find bounded solutions of (4.2.9) (bounded at infinity) and if

bounded solutions exist, at what rate do they decay to zero, i.e.,

either algebraically, exponentially, etc?

Without loss of generality, consider the equation

2
dz

2 2 2[a -5-— (x +4n ) + 2A (x)]A(x) = 0, x 6 R, (4.3.la)
dx

lim A(ix) = O, (4.3.1b)
XÖQ

where A(x) is real valued. Introdnce the change of dependent and

independent variables A(x) = /E72 B(x), x = /E-y and
rz

E 4n2/a. Then

B(y) satisfies the normalized equation

.12 2 2 2
[-5-- (y +< ) + B (y)]B(y) = 0, y 6 R, (4.3.2a)
dy

lim B(iy) = 0. (4.3.2b)
y<)¤

To treat the quadratic nonlinearity and the inhomogeneity equally, we
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introduce the successive transformations B(y) = y C(y) and y =
sl/2.

It should be pointed Out that this philosophy is contrary to the

perturbative expansions alluded to earlier. There, the effect of the

inhomogeneity was considered small relative to the nonlinearity.

However, intuition leads us to suggest that for moderately large

argument, the two (inhomogeneity and nonlinearity) may become

comparable in magnitude, but opposite in sign, and in such a way as to

cancel each other. Therefore, we should expect different types of

solutions than those predicted from the perturbative analysis.

Continuing, we find that C(s) obeys the equation

2
g c(S> = [ä (1 - C2(s)) + ä — éémsy. (4.3.3)

As s becomes large,

d2C(s) 1 2——-———— ~·— (1 — C (s))C(s), as s + ¤, (4.3.4)dS2 4

The solution of (4.3.4) can be expressed in terms of the Jacobi

elliptic functions. A special case is given by

C(s) ~ i JE sech(s/2), as s + w. (4.3.5)

Inverting the map, we have that,

A(x) ~ t x sech(x2/Za), as x + ¤. (4.3.6)

An interesting feature of this asymptotic result is that the familiar

multiplicative constant of integration associated with linear equations

has been completely determined. Specifically, the coefficient of

(4.3.5) must be t /2.
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4.4 lunerical Solution of the Reduced Equation

We have studied the normalized equation for B(x), viz.,

2
-

(x2+m2)
+ B2(x)]B(x) = 0, x s R, (4.4.1a)

dx

lim B(i x) = 0. (4.4.1b)x+@

Using the asymptotic expression (4.3.6), valid for large argument, we

have integrated (4.4.1) backwards from x = 10 to x = -2 and then

forwards from x = -10 to x = 2, requiring that the solution to match to

within 6 or 7 significant figures in the region |x| < 2. Equation

(4.3.6) allows us to evaluate, asymptotically, initial data for the

solution and its derivative for large argument. Knowledge of the

solution at infinity allows us to reduce (4.4.1) to a numerical

two-point, boundary value problem. Our solution procedure is typical

of shooting methods.

As with the linear case, we have found that bounded solutions

exist only for discrete values of the parameter
mz.

However, the

numerical solution shows that the spectrum of
mz

is both positive and

negative. Parenthetically, one associates
mz

= -A, in the linear case,

with the eigenvalue. The numerically obtained values of
mz

are listed

below:

mz
= -6.999744 (4.4.2a)(3) ’

mz
= -4.980881 (4.4.2b)(2) ’

mz
= -2.073097 (4.4.2c)(1) ’

mz
= -0.460686 (4.4.2d)(0) ’
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x2 = 1.314775, (4.4.2e)(-1)

:2
= 3.324459, (4.4.2f)(-2)

:2
= 5.574145. (4.4.2g)(-3)

The corresponding "eigenfunctions" (for lack of a better word) are

shown in Figures 1-7. It is observed that the first two solutions

corresponding to
K2

= -6.999744 and -4.980881 have small peak

amplitudes of the order of 0.02 and 0.2, respectively, and that one

might expect perturbation theory to approximate the solutions well

here. In fact, the first two
¤2's

(4.4.2a,b) are extremely close to

the ones predicted by linear theory, namely, -7 and -5, respectively.

As a final remark to this section, the numerical solutions for

B(x) switch from weakly nonlinear to nonlinear as
K2

increases from

-4.9808 to -2.0731, although the envelopes exhibit the same qualitative

shape. Here, peak amplitudes differ by a factor of 10. We would also

like to point out that even though the solutions are very nonlinear

(large amplitude) for increasing
K2,

the envelopes still bear a

striking resemblance to the ones predicted by linear theory, with the

following exception: There are no solutions without zeros, i.e., a

ground state is nonexistent.

4.5 Perturbative Analysis of the 'Eigenfu¤ctions” and 'Eigenva1ues'
of the Reduced Equation

Motivated by the numerical results of the previous section, we

shall investigate the small amplitude solutions of the reduced

equation (4.4.1). Because of the scaling of the nonlinearity with

dependent variable, this is tantamount to studying the weakly nonlinear
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solutions of (4.4.1).

With m2 E -A, we initiate the perturbative analysis with the

normalized equation governing B(y), viz.,

dz
2 2[-7-+ (A · 7 ) + B w)lBw) = C, y 8 R. (4-5-18)dy

lim B(ty) = O. (4.5.1b)y+®

Next, we introduce the scaling B(y) = /E_C(y) where 6 is a small,

dimensionless, positive constant. The stretching transformation

yields

2
d 2 2

p-TE + A - y + EC (y)]C(y) = O, y 6 R, (4.5.2a)dy

lim C(ty) = 0. (4.5.2b)
y+¤

Let us seek a first-order, uniform expansion via the method of strained

parameters (Lindstedt-Poincare technique).29 Therefore, we assume the

following expansions for C(y) and A, viz.,

2Cw;8) = Cow) + 8Clw) + C(@ ). (4-5-38)

2
A(6) = A0 + 6Al + 0(6 ). (4.5.3b)

Substituting the expansions (4.5.3) into (4.5.2) and equating equal

powers of 6 to zero creates the hierarchy of equations:

260: [-2-+ A — y2]C (y) = O, (4.5.4a)
d 2 0 0

Y

lim C (ty) = 0, (4.5.4b)y+¤¤ O
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€l' [AL Ä “ Y2]C (Y) = ‘(«\ + C ( ))C2() (‘•
5 58)' dyz 0 1 1 0 V 0 V · ' '

lim C (ty) = 0, (4.5.5b)
y+® 1.

etc. The zeroth-order solution CO(y) can be expressed in terms of the

Hermite polynomials and their eigenvalues,

c H
"yz/2

4 s 6O<y) an n<y)e . ( - - a)

A0 = 2n+l, m = 0,1,2,... . (4.5.6b)

Here, the an are arbitrary constants and the Hermite polynomials,

Hn(y), are defined asao

H0(y) = 1, (4.5.7a)

Hl(y) = 2y, (4.5.7b)

H (y) = 2yH (y) - 2nH (y), n > 1. (4.5.7c)n+l n n-1

The last expression is the recursion relation that defines the (n+l)th

polynomial in terms of the preceeding two. With C0(y) and A0 given,

the first-order equation (4.5.5) becomes

2 2 2d 2 — 2 3 3 -3 /2[——E-+ 2n+l - y ]Cl(y) = —anAlHn(y)e Y / — anHn(y)e y ,
dy

(4.5.8a)

lim C(ty) = 0. (4.5.8b)
y+¢

To find A1, we will utilize the solvability conditions imposed by the

adjoitit of C116 hO¤10g€t\é0uS Equatiotbzg This lgads to the expressign,

2-an ¤ 4 -2yzAl(n) = ———-———- f_¤ dyHn(y)e , n = 0,1,2,... . (4.5.9)
G Zun!
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For definiteness, let us impose the following, orthornormality

condition:

lim °°dc· 2=1. 4.5108+0+
f__ yl (y.€>l ( )

This implies that the a are given by
n

1an = ———————————-—, n = 0,1,2,... . (4.5.11)

Therefore, the leading-order "eigenfunctions" and first-order

corrections to the "eigenvalues" can be written as

2— 2Y / + 0(6), (4.5.12a)
(/F 2 n!)

4 2
2

2>„(6,¤) = 2n+l dy 11 (y)e Y + 0(6 ),2n 2 -¤ nn 2 (n!)

n = 0,1,2,... . (4.5.12b)

In particular, for n = 2 and 3, respectively, the eigenvalues are

416 2X ·2 = 5 — -————·+ 0 4.5.13(G. ) 64/E (E ), ( a)

13236 2
A 3 = 7 -

———————— 0 . 4.5.13b

If we use the peak amplitude as a measure of the strength of 6, we find

from Figures 1-7 that 6(Z) = 0.175 and 6(3) = 0.02. Inserting these

values into equations (4.S.l3a,b) gives

A(0.l75,2) = 4.95527, (4.5.14a)

A(0.020,3) = 6.99542, (4.5.14b)

which are in close agreement with the numerically integrated values of

4.98088 and 6.99974, respectively.
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4.6 Statistical Analysis of the Stochastic System: Even-Order Moments

In this section, we shall summarize the work of Besieriszs with

regards to computing even—order moments of the wave function ¢(x,z;a),

within the framework of the fundamental ansatz (3.1.3). As mentioned

in the previous chapter, the even—order moments are independent of the

statistics of Y(z;a). Therefore, the stochastic system that will be

studied is given by,

d
ä;·u(z;a) = v(z;a), (4.6.1a)

d 2 2
E;-v(z;a) = -g u(z;a) + g a 6H(z;a), z > 0, (4.6.1b)

with zero initial data, u(0;a) = v(0;a) = 0. Introduce the (2+1)

dimensional "fine—grained" density or random "phase-space" distribution

function:

f(u,v,z;a) = ö[u—u(z;a)]6[v-v(z;a)], z > 0, (4.6.2a)

f(u,v,0;a) = 6(u)6(v). (4.6.2b)

One can show that f(u,v,z;a) satisfies the stochastic Liouville

equation

(5%*+ v 5%*+ gzu 5% + g2a6H(z;a) 5%)f(u,v,z;a) = O, z > 0.

(4.6.3)

Under the assumptions previously stated for 6H(z;a), we can invoke the

Donsker·Furutsu-Novikov functional formalism for Gaussian processes.

Then, the averaged phase-space distribution function, defined by

F(u,v,z) E E{f(u,v,z;a)}, (4.6.4)

obeys the Fokker-Planck equation

(-2-+ v -2-+ gzu -2-- D -23QF(u v z) = 0 z > O (4.6.5a)Sz Su Sv av2 ’ ’ ’ ’
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F(u,v,0) = ö(u)6(v), (4.6.5b)

where the diffusion constant D is given by D =
g4a2S.

Several methods can be employed to integrate equation (4.6.5).

Following the trend established in previous chapters, we shall briefly

give the results of the similarity reduction method as applied to

(4.6.5), up to the point of the solution of the infinitesimal elements.

Consider the star—group of transformations acting on the

independent and dependent variables

u* = u*(u,v,2,F;6), (4.6.66)

v* = v*(u,v,z,F;6), (4.6.6b)

2* = z*(u,v,z,F;6), (4.6.66)

F* = F*(u,v,z,F;6), (4.6.6d)

where 6 is treated as a positive, infinitesimal parameter. Since the

Fokker—Planck equation (4.6.5) is linear, we can assume the following

infinitesimal expansions of the star—gr0up (4.6.6):

u* = u + 6<(u,v,z) + 0(€2), (4.6.76)

v* = v + 6n(u,v,z) + 0(62), (4.6.7b)

2* = z + 6Y(u,v,z) + 0(62), (4.6.7c)

F* = F + 6f(u,v,z)F +
Ü(€2),

(4.6.7d)

where <(u,v,z), n(u,v,z), Y(u,v,z) and f(u,v,z) are the infinitesimal

elements. After successive applications of the chain rule, the

Fokker—Planck equation in the star domain is given by
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(4.6.8)

Invariance of (4•6•5a) under the action of the star—group (4.6.6) to

0(s2) demands that the coefficients of F, 3F/3u, 3F/3v, etc., must be

identically zero. Solving the resulting equations, one finds a

6-parameter (e) subgroup which satisfies these determining equations.

Subsequently invoking invariance of the initial condition (4.6.5b)

reduces the 6—parameter subgroup to the following 2-parameter subset:

Y = 0, (4.6.9a)

5 = Bsingz — gßcosgz + Dzsingz, (4.6.9b)

n = gzßzsingz + Dsingz + Dgzcosgz, (4.6.9c)

f gßsingz) + g¤(—gBcosgz + Ds1ngz)], (4.6.9:1)

where B, D are the elements of the e—subgroup. In deriving (4.6.9), it

was found that the elements 5, n and f are linear combinations of a

function, say e(z). This function, e(z), satisfies a fourth—order

linear, constant coefficient, ordinary differential equation. The
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characteristic equation associated with e(z) has two repeated roots.

This degeneracy is reflected in the zsingz, zcosgz dependence in the

infinitesimal elements. In the work to follow on the complete

stochastic system, which includes Y(z;a), we shall find that this

degeneracy is removed in the solution for e(z).

Solving the characteristic equations dz/Y = dv/n = du/x = dF/fF

for B = 0, D = 1 and then B = 1, D = O generates two sets of "constants

of integration" that are treated as the new dependent and independent

(similarity) variables. Following the methods outlined in the

preceeding chapter, the solution F(u,v,z) can be written in the form

Z > 0,

(4.6.10)

where the elements of the covariance matrix are given by

2 2 3
dll = D[(z/g) — (1/2g )sin2gz], (4.6.116)

Oiz = (d/g2)sin2gz, (4.6.11b)

oäz = D[z+(l/2g)sin2gz] (4.6.1lc)

and

D2
2 2 2detZ = -5 [z —(l/g )sin gz]. (4.6.1ld)

8

As with the linear potential problem, the even—order moments are

related to a two-dimensional Gaussian in the variables u and v. Also,

the variances exhibit the sinusoidal behavior expected of a particle

trapped in a quadratic potential well.
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4.7 Statistical Analysis of the Stochastic Systen: Asynptotic
Closure of the Complete System

Consider the stochastic, first—order system governing the

statistics of u(z;a), v(z;a) and Y(z;a),

d
E;-u(z;a) = v(z;a), (4.7.1a)

d 2 2E;-v(z;a) = —g u(z;a)+g a6H(z;a), (4.7.1b)

d _ v2(z;a) _ gi 2 _ 2 _ _ l
ä;·Y(z,c) = ———i?——-

2 u (z,a) + g a6H(z,a)u(z,a)

2 2

- §—§—·[6H(z;a)]2, z > 0, (4.7.lc)

with the initial data u(0;a) = v(O;a) = y(0;a) = 0. Since 6H(z;u) is a

Gaussian random process, the quantity 6J(z;u) E [6H(z;a)]2 is a

non—Gaussian random process. Specifically, for fixed z, if the

probability distribution function for 6H(z;a) is of the form,

1>6H(¤) = (21:02)-1/2e_a2/Zoz, —··· < q < «·, (4.7.2)

where 0 = E{u2}, then the probability distribution function

corresponding to 6J(z;a) is given by

2 -1/2 -B/202P6J(ß) = (2¤B0 ) e u(ß), 0 < ß < ¤ (4.7.3)

where 8 =
az

and u(B) is the unit—step function. Therefore, if we

should attempt to derive the Fokker-Planck equation for the system

(4.7.1) using the Donsker—Furutsu-Novikov functional formalism, we will

fail since dY/dz is composed of Gaussian and non—Gaussian processes,

since, underlying the functional formalism is a Gaussian, statistical

assumption. To avoid this difficulty, we shall neglect quadratic terms
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in aöH(z;a). Physically, the parameter a is a measure of the strength

of the zero-mean, random-axis misalignments, viz.,

V(x;a) = %-g2[x - a6H(z;a)]2. (4.7.4)

Therefore, neglecting terms of (a6H(z;a))2 is tantamount to assuming

small, but finite random perturbations in the quadratic potential

(4.7.4). Within this approximation, the stochastic system (4.7.1)

reduces to

—g·u(z•a) = v(z•a) · (4.7.5a)dz I I I

d 2 2
ä;'v(z;a) = -g u(z;¤) + g a6H(z;a), (4.7.5b)

d 2<
· >

2 2 2Y(Z;¤) = %B···— ä- u (z;a) + g a6H(z;a)u(z;a), z > O,

(4.7.5c)

with u(0;a) = v(0;a) = Y(0;a) = O. The random, phase-space

distribution function is defined by the relation

f(u,v,Y,z;¤) E ö[u—u(z;a)]6[v—v(z;a)]6[Y—Y(z;a)], z > 0, (4.7.6a)

f(u,v,Y,O;a) = ö(u)6(v)6(Y). (4.7.6b)

Omitting intermediate steps, f(u,v,6,z;a) obeys the stochastic

Liouville equation,

2 2 2tg + v <} — -8%
2 8

+ g a6H(z;a)u)3;]f(u,v,Y,z;a) = 0, z > O. (4.7.7)

Taking expected values, we are led to the "open" equation
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[§+ V gg — gzu £ + (ää — §¥>;,%]E{f(u.V.v,z;¤)}

+ (gza 5%-+ gzau 5%)E{6H(z;a)f(u,v,Y,a;a)} = 0, z > O.

(4.7.8)

Using the Donsker—Furutsu—Novikov functional formalism, we can express

the bilinear expected value in (4.7.8) by the relation

E{6H(z;a)f(u,v,Y,z;a)} = -Sg2a(5% + u·5%)E{f(u,v,Y,z;a)}. (4.7.9)

If we make the definition F(u,v,Y,z) E E{f(u,v,Y,z;a)}, the equation

governing the averaged, phase—space distribution function is given by

[52*+ v -ä
-

gzu -2 +
l‘(v2—g2u2)-2

z Su Sv 2 SY

az az 2 .2
— D(S—E·+ Zu 5;5;·+ u ;—EO]F(u,v,Y,z) = 0 z > O, (4.7.10a)

V Y

F(u,v,Y,0) = 6(u)6(v)6(Y), (4.7.10b)

where D E Sg4a2.

4.8 Exact, Self-Sinilar Solution of the F0kker—Planck Equation

In this section, we shall construct the exact solution of the

Fokker-Planck equation (4.7.10) by using the self-similar methods

developed by Bluman and Cole*. By using the transformation (3.4.1) of

the previous chapter, viz.,

q = z, (4.8.1a)

r = u, (4.8.lb)

s = v, (4.8.1c)

t = uv — Y, (4.8.1d)

equation (4.7.10) reduces to
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·
3 3 2 3 1 2 2 2 3 3[-5;+ S ;· 6 ¤ g+;(S -6 r )—g— ¤§1F(r,S,¤,q> = 0, q > 0,

(4,8.2a)

F(r,s,t,O) = 6(u)6(v)6(t), (u,v,t) 6
R3,

(4,8,2b)

Following steps similar to those in section 3.4, we introduce the

Fourier transform pair:

¤ iwtf(r,S,q;w> =· I_„ d¤F(r,S,¤,q)6 , (l*·8•3a)

-1 -1F(r,s,t,q) = (Zu) {tw dwf(r,s,q;w)e
mt-

(4-8-3b)

Treating w as a continuous parameter, the Fourier transform of the

probability distribution function obeys the equation,

3 3 2 3 2 2 2
32

[ää-+ s E? - a r sg
— B(s —a r ) - D S;Z]f(r,s,q) = O, q > 0,

(4.8.4a)

2f(r,s,0) = 6(r)6(s), (r,6) 6 R , (4.8,4b)

where we have suppressed the explicit dependence of f(r,s,q) on w and

have made the definitions B = 1w/2 and a = g.

Let us introduce the one-parameter (6), Lie group of

transformations,

£* = £*(r,s,q,f;6), (/+-8-56)

r* = r*(r,s,q,f;6), (4,8,5b)

6* = s*(r,s,q,f;6), (4,8,5c)

q* = q*(r,s,q,f;6), (4,8,5d)

Since the equation governing f(r,s,q) is linear, we assume, without

loss of generality, the following expressions for the infinitesimal



70

expansions identity group, viz.,

f* = f + €6(r.S.q)f + 0(€2>. (4-8-66)

r* = r + 6<(r,s,q)f + Ü(€2), (4.8.6b)

ve 2s = s + 6n(r,s,q)f + 0(6 ), (4.8.6c)

. * Zq = q + 6Y(r,s,q)f + O(6 ). (4.8.6d)

Invariance of the partial differential equation (4.8.4) under the

action of the star-group (4.8.5), leads to the determining equations

satisfied by the infinitesimal elements <, n, Y and g. Specifically,

8é= 0, (4.8.7a)

ää = 0, (4.8.7b)

2 %£·- g = 0, (4.8.7c)

8Y 8Y 2 8Y 82Y
E- - g + s 5; - a r 5; - D--E = 0, (4.8.7d)q

8s

2
¥-n+s(%-g)-a2r—ä—DL§=O, (:..6.7..)q

8s

8 8 2 2 8
82

8£+..ä%+¤..—..r(.£-g)—1>(—}-2ä§.)=0, (:..6.7.6)
8s

8 8 2 8 2 2 2 2
82

- 5%*- S 5%*+ a r 5%*+ B(s -a r )g + 2ß(ns-a xr) + D ggg = 0.

(4.8.7g)

The solution of the system (4.8.7) generates the 6—parameter (6)

subgroup:

Y = A, (4.8.8a)
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K = Bcosaq + Csinaq + Ecosöq + Fsinöq, (4.8.8b)

n = a(—Bsinaq + Ccosaq) + 6(—Esin6q + Fcosßq), (4.8.8c)

g = 2B[(Ecos6q + Fsin6q)s + (¤Esin¤q—6Fcosaq)r + J], (4.8.8d)

where the set {A,B,C,E,F,J} forms the subgroup and 6 E (a2+4BD)l/2.l
Contrary to the even-order moment case, the infinitesimal elements K, n

and g are linear combinations of a function e(z) that satisfies a

fourth-order, constant coefficient, ordinary differential equation

whose characteristic equation has distinct roots. Therefore, the limit

to the even-order moment case, i.e., B + 0+, is singular within the

framework of the star-group of transformations (4.8.5). Here, the four

distinct roots of the characteristic equation for e(z) coalesce to two

pairs of repeated roots. In other words, the solutions of the

determining equations show radically different behavior when making the

transition from even to odd moments.

Imposing invariance at q = 0 requires A E O. Invariance of the

initial condition (4.8.4b) requires that B = -E, oC = -6F and J = 0.

Therefore, the tW0*patam€t&I, (6) subgroup which leaves the partial

differential equation (4.8.4a) and its initial condition (4.8.4b)

invariant is

Y = O, (4.8.9a)

K = E(—cosaq + cos6q) + F(— ä-sinaq + sinüq), (4.8.9b)

n = E(asinaq - Bsinßq) + 6F(—cos¤q + cosßq), (4.8.9c)

g = 2B[(Ecos6q + Fsin8q)s + (¤Esin¤q — 6Fcosq)r]. (4.8.9d)

Corresponding to each parameter E, F, we shall be able to compute the

similarity forms explicitly. Equating the similarity solutions for the
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dependent variable f(r,s,q) from each case will allow us to reduce the

dimensionality of the partial differential equation (4.8.4a) by two.

The resulting equation for a smultiplicative function G(q) will be

shown to be first-order and can be integrated exactly.

Case (i): E = 1, F = 0

The solutions of the characteristic equations

Q2 „ E „ ä „ ä
q K n

gf, (4.8.10)

give the similarity variables q,

Cl = (asinaq — 9sin9q)r + (cosoq — cos6q)s, (4.8.11a)

and

f(r„s.q>

2B[(osinaq—6sin6q)cos6q+asinoq(cos6q—cosaq)s +2¤sinaq;ls]
= Fl(C1•q)eXP{}•

(osinaq-Gsinöq)

(4.8.11b)

Case (ii): E = O, F = 1

Following similar calculations, the similarity variables

corresponding to this choice of parameters are q,

tz = a6(cos0q—cosaq)r + (6sinaq—¤sin6q)s, (4.8.12a)

and

f(r.¤.q> = F2(c2„q)

2
B[a(cos6q-cosaq)sinöq-cos¤q(asin6q—9sinoq)s —2cos¤q;2s]

Xd9(cos6q—cos¤q)

(4.8.12b)

Solving for the inverse transformation of independent variables we find
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r = %{(8sinaq—asin6q)gl + (cos8q—cos¤q)g2], (4.8.13a)

1
s = K{(asinaq-6sin8q)g2 + a8(cos¤q—cos6q)g1], (4.8.13b)

where the determinant, A, is given by

2A = (asinaq-Bsinßq)(8sinaq—asin6q)+a9(cos0q—cos¤q) . (4.8.13c)

In the sequel, we shall assume that the transformation (4.8.13)

and its inverse exists for all values of r, s, gl and gz. Equating the

similarity forms (4.8.11b) and (4.8.12b) and differentiating this

equality with respect to gl leads to the following equation for

SF 6

acl
A2(asinaq-6sin8q)2

2
x{2a6[(8sin8q—asinaq)cos6q+asin¤q(cos¤q-cosöq)](cosq—cos6q)

2
+ 2[a(cos6q—cosaq)sin8q—cos¤q(asinöq-Gsinaq)](¤sin¤q—6sin8q)

+ 4¤Asinaq(cos6q—cosaq)}. (4.8.14)

Integrating,

2
Gaßcl

F1<c1.q) = G(q)·=xp{T———————-7
A (asinaq—6sin6q)

2
x[a6[(6sin6q-asinaq)cos6q+asin¤q(cosaq—cosGq)](cosaq-cosßq)

+ [a(cos6q-cosaq)sin6q-cosaq(asinßq-Bsinaq)](asin¤q—8sin8q)2

+ 2aAsinaq(c0s6q—cos¤q)]}, (4-8-15)

where G(q) is an arbitrary differentiable function of q. Re—expressing

Fl(g1,q) and f(r,s,q) in terms of the independent variables r, s and q,

we find that the solution of (4.8.4) can be written in the form,
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f(r,s,q) = G(q)exp(§§$£ä§¢gl), (4.8.16a)

where

M(r,s,q) = a6[asinaq(cos6q-cos¤q)+(asinaq-6sin8q)cos¤q]r2

+ 2a[6(cosaq-cos6q)cosaq+sinaq(Ssinq—¤sin6q)]rs

+ [asin6q(cos6q—cosaq)+cos9q(6sinaq—asin6q)]s2. (4.8.16b)

To determine the arbitrary multiplicative function G(q), we insert the

similarity form (4.8.16) back into the partial differential equation

(4.8.4). Performing the required operations, we find that coefficients

of rz,
rs and sz, all equate to zero (an important algebraic check) and

that G(q) satisfies the following first—order, ordinary differential

equation:

0. (4.8.17)
Solving (4.8.17), the solution f(r,s,q) can be expressed in the form,

_ Go BM(r,s,g)f(r,s,q) - exp( ), (4.8.18)Mq)

where GO is an arbitrary multiplicative constant and M(r,s,q) is

re-expressed as

M(r,s,q) = a6(asinaq cos6q—8sin6q cos¤q)r2

+ 2a(9 — Scosaq cos6q - asinaq sin9q)rs

+ (Ssinuq cos6q — asinöq cos¤q)s2• (4·8·l9)

As q + 0+, we note the following asymptotic forms:

2
A(q) (4.8.20a)

asinaq cosaq — Gsinßq cosaq =
(a2—62)q

+ 0(q3), (4.8.20b)
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2 2 2 48 - Bcosaq cosöq - asinaq sinöq = 6(6 -¤ )SE-+ O(q ), (4.8.20c)

2 2
3

5Ssinaq cos6q - asinöq cosaq = a6(a -6 #%; + O(q ). (4.8.20d)

Using these asymptotic expressions in (4.8.18,19), we find that

f(r,s,q) and the initial condition (4.8.4b) 6(r)6(s) behave as

G 2 2[ 6 0 3 r sf(t,S,q) ~ &xp[— (4.8.2la)

2 2_ /3- 3 r s
AHDQZ

exp[ (4.8.21b)

Matching the asymptotic expressions for f(r,s,q) and 6(r)6(s) for small

q determines the constant GO. Specifically,

_ [ ¤I6| |B|GO - 2 W . (4.8.22)

Summarizing, the solution of the partial differential equation

(4.8.4) is given by

M(rsSvq)f(l‘.S.q)

jI*Ä%1';T 1, ¢><p(B MQ) ). (· · )

where M(r,s,q) and A(q) are defined by equations (4.8.19) and

(4.8.13c), respectively.

Inverting the transformation (4.8.1), the solution of the

Fokker-Planck equation (4.7.10) can be expressed as the

one—dimensiona1, Fourier integral, viz.,

¤ B [ u 0 ßM(u v z)

(4.8.24a)

where
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A = 2aB - Za6 cosaz cosüz — (a2+92)sinaz sinßz, (4.8.24b)

M(u,v,z) = a6(asinaz cosöz — Bsinüz cosaz)u2

+ 2a(G — Gcosaz cos0z — asinoz sinGz)rs

+ (Gsinaz cosßz - asinüz cos¤z)v2, (4.8.24c)

92
=

az
+ 4/BD, (4.8.24d)

B = im/2. (4.8.24e)

Within the framework of the small, random-axis misaligment

approximation, F(u,v,Y,z) describes the evolution of the joint

probability distribution function for the stochastic system (4.7.5).

In conjunction with the ansatz (3.1.3), F(u,v,Y,z) can be used to

compute all moments of the wave function ¢(x,z;a).



CHAPTER V

FOUNDATIONS AND AN ANSATZ

The main goal of this chapter is the derivation of the fundamental

ansatz (3.1.3) that has been the cornerstone of the analysis in

Chapters 3 and 4. As alluded to in Section 3.5, the ansatz has the

property of mapping the random potential V(x,z;a) into one that is

independent of z. In fact, we saw that in the case of the randomly

modulated linear profile, the potential was entirely absent in the

transformed domain. Another important observation is that the ansatz

was initially introduced in the study of linear, stochastic, parabolic

equations•31 It can be applied to certain nonlinear equations because

it is invariant under the modulus-squared operation. For the same

potential, the stochastic analysis of the system u(z;a), v(z;a) and

Y(z;¤) is exactly the same for the linearized versions of (3.1.1) and

(4.1.1), respectively. The only difference is the equation governing

the explicitly deterministic function, ¢(y,z).

Motivated by the observation that the ansatz maps random

coefficient, partial differential equation into constant coefficient

ones, we shall use the work of Blumans to show that for the linear

case, a one-to-one mapping can be constructed for a certain class of

potentials v(x,z). In accomplishing this, it will be shown that the

ansatz is a special case of a more general mapping that transforms

potentials of the type v(x,z) = q0(z) + q1(z)x + q2(z)x2 into a

free-space potential, i.e., v(x',z') E O. Bluman has shown that this

algorithm is equivalent to relating the infinitesimals of a Lie group

of point transformations to those corresponding to invariance under

77
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translations of the independent variables. In other words, since any

constant coefficient, partial differential equation is invariant under

translations of the independent variables, there may exist a mapping

from a multi-parameter, (c) subgroup of infinitesimals to the ones

corresponding to translations.

In the sequel, we will outline the work of Bluman,5 tet the

special case of one—dependent and two-independent variables, to

construct the mapping for the complex, parabolic equation. This

represents a minor extension of his work on diffusion equations.

5.1 Construction of the Mapping: General Foruulation

Consider the (1+1) dimensional, linear Schrödinger equations,

3
32

[1 5;-+ ——i + V(x,t)]¢(x,c) = 0, c > 0, (5.1.1a)
8x

»p(x,0) E ¢0<x>, x 6 R, (5.1.1b)

a az
[1 ä+ 0, n > 0, (6.1.261)

¢(c.0> E ¢0<c>, 6 6 R, (5.1.2b)

where v(x,t) is the unknown potential. We wish to show that there

exists a one—to—one, nonsingular mapping of dependent and independent

variables such that solutions of (5.1.1) are isomorphic to solutions of

(5.1.2) for a given class of potentials V(x,t). If it exists, this

mapping will be given by

x = x(;,n), (5.1.3a)

t
-

t(;,n), (5.1.3b)

v(x,t) = F(c.¤)¢(c,¤), (5·1·3¢)
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where ¢(x,t) is a solution of (5.1.1) if and only if ¢(;,n) is a

solution of (5.1.2). The function F(;,n) is called the multiplier of

the mapping (5.1.3).

In general, the constant coefficient parabolic (5.1.2) is

invariant under the group of translations

;* = ; + 61, (5.1.4a)

n* = n + 62, (5.1.4b)

4* = 4, (5.1.ac)
where 61, 62 are the translation parameters. For a mapping of

infinitesimal elements to exist, equation (5.1.1) must be invariant

under at least a 2-parameter, (6) subgroup. To construct the group

leaving (5.1.1) invariant, we consider the star—group of

transformations:

X* = x*(x•t»¢;€)s (5*]*58)

t* = t*(>¢.¤.·P;€). (5·l·5b)

¢°° = ·J»*<x.¤.¤1•;¤)· (5·1·5¤)

Associated with this group, we assume the following infinitesimal

expausions:

=k 2x = x + 6X(x,t) + O(6 ), (5.1.6a)

t* = t + 6T(x,t) + O(62), (5.1.6b)

*
_ 2¢ — ¢ + 6<(x,t)¢ + 0(6 ), (5.1.6c)

where the infinitesimal elements X(x,t), T(x,t) and <(x,t are solutions

of the determining equations constructed under the invariance
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principle. If (5.1.1) is invariant under a two-parameter, or more, (6)

subgroup, then it is possible to have a representation for the

infinitesimals such that

6X(x,t) = 6lXl(x,t) + 62X2(x,t), (5.1.7a)

6T(x,t) = 61Tl(x,t) + 62T2(x,t), (5•l·7b)

6<(x,t) = 61<l(x,t) + 62<2(x,t), (5.1.76)

where 61 and 62 are the appropriate combinations of parameters forming

the (6) subgroup. It should be noted that we are tacitly assuming

that such a subgroup exists. Furthermore, for the representation

(5.1.7) to be unique and one—to—one, we must demand that

X1(x,t) X2(x,t)

¢ 0, Vx 6 R, t > O. (5.1.8)
Tl(x,t) T2(x,t)

If the mapping (5.1.3) exists, then it follows that

x* = x + 6 X (x t) + 6 X (x t) + 0(62)1 1
’

2 2
’

= x(C*.¤*)

3x 8x 2 2
=

Ä i" • •9x + 61
8; + 62 an + O(61,62), (5 l a)

* 2t = t + 6lTl(x,t) + 62T2(x,t) + 0(6 )

= t(:*.n*)

an ac 2 2"“ 0 5•1.•9b: + 61 ac + 62 an + (61,62), ( )
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1b* = vb + €l•<‘1(X,t1)1|J + 62•<2(x,t)1p + 0(z·:2)

= F<c*.n*)4>(c*.n*)

GF GF 2= ¤p+ [::1 ä] (5.1.9c)

Since each translation parameter cl, ::2 is independent, by equating

coefficients of these parameters to zero, we find the following sets of

equations:

Gx
= Xl(x,t), (5.1.10a)

Gx
ä

= X2(x,t), (5.1.10b)

G
(5.1.10c)

ä
= T2(x,t), (5.1.10d)

1 GF
gä =¤ •<1(x,t), (5.1.106)

1 GF
F an

•<2(x,1;). (5.1.10f)

By using the Jacobian condition (5.1.8), Bluman has shown that a

solution exists to the system (5.1.10) if and only if the infinitesimal

elements satisfy the consistency relations

GXl(x,t) GXl(x,t)
Xz<*·'=> ür- + Tz<*·“> ür-

GX2(x,t) &X2(x,c)
= il-. -———-— .1.11Xl(x.¤) ax + Tl(x.¤) at . (5 8)

G'1‘2(x,t) GT2(x,t)T1<=‘·*> ür + *‘1<“·*> ür

GTl(x,t) GTl(x,t)
= T2(X,t) ‘

X2(x,t)
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8•<l(x,t) 8•<1(x,t)
X2(X,t)

T
+ T2(x,t)

T

8•<2(x,t) 8•<2(x,t)
= Xl(x,t) 13;-+ T1(x,t) —üi, (5.1.11c)

and if the independent variables ;(x,t), n(x,t) satisfy

Xl(x,t) + T1(x,t) = 1, (5.1.126)

X2(x,t) + T2(x,t) = 0, (5.1.12b)

1, (5.1.12c)

X1(x,t) + T1(x,t) = 0. (5.1.12d)

The system (5.1.12) is a direct consequence of the invariant surface

condition when 61 = 1 and 62 = O and when el = 0 and :-:2 = 1.
Having found the determining equations for the variable

coefficient parabolic equation (5.1.1),we can use the consistency

relations (5.1.11) to determine the class of potentials for which a

one-to—one mapping exists. Then, the solution of the system (5.1.12)

will determine the mapping (5.1.3).

5.2 Siuilarity Reduction of a Variable Coefficient, Schrädinger
Equation

Consider the Schrödinger equation (5.1.1), viz.,

8
82

[1 V(x,t)]¢(x,t) = 0, t > O, (5.2.16)
8x

=„|:(x,0) E ¢0(x), x e R. (5.2.1b)

Using the star—group of transformations (5.1.5) and the associated

infinitesimal expansions (5.1.6), the determining equations for the

infinitesimal elements X(x,t), T(x,t) and •<(x,t) are given by
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ST
E; 0, (5.2.2a)

SX2 ax " K " O, (5.2.2b)

SX azx S•<
iä+?—2—ä{—=0, (5.2.2c)

x

2
1 älf--

1•<+?%= 0, (5.2.2d)
Sx

Sec S2: SV( t) SV( t).. .... ...L.. „i at + axz + •<V(x,t) + X ax + T
at’

0. (5.2.2e)

The solution of the system (5.2.2) can be written in the form,

T(x,t) = ‘r(t), (5.2.3a)

I

(5.2.3b)

i 2 ..
(5.2.3c)

where, for a given potential V(x,t), the functions t(t), A(t) and B(t)

must satisfy the equation

x2‘t'
' '(t) A"(t) r"(t) xr'(t) SV(x,t)· 7,-‘ X 7-+ X[ß'<+> + 7-[ + [7-+ ^<+>[7;-

SV
+ 1'(t) 1'(t)V(x,t) = 0. (5.2.4)

5.3 Determination of the Class of Potentials V(x,t)

Assuming that at least a two—parameter, (e) subgroup exists, the

el, 62 representation for the infinitesimal elements can be written in

the form:

Tj(x,t) = Tj(t), (5.3.1a)
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xr'(t)
Xj(x,t) = ——JE——-+ Aj(t), (5.3.1b)

2
1x<_(x,t)= —{-——·———·+ x A[(t)] + B_(t), j = 1,2. (5.3.lc)J 2 ‘•

J J
The consistency relations (5.1.11a,b) give

I
=

Ir1(t)r2(t) r2(t)rl(t), (5.3.2a)

I
= IA2(t)r1(t) + 2A1(t)r2(c) Al(1:)r2(c) + 2r1(t)A2(c). (5.3.2b)

Without loss of generality, we can assume the following solutions for

r1(t) and Al(t), viz.,

r1(t) = 0, (5.3.3a)

1 2
Al(t) = [r2(t)]

/
. (5.3.3b)

Inserting (5.3.3) into the compatability condition (5.2.4), which

relates the potential V(x,t) to the functions t(t), A(t) and B(t),

results in the expression,

_ 1 3V(x t)
=x -2 + 1 Bi(t) + Al(t) ————3}; 0. (5.3.4)

Hence, for a mapping to exist, we must require that 8V(x,t)/öx ¤ x or

2V(x,t) = qO(t) + <1l(t>x + q2(¤:)x . (5-3-5)

where q0(t), ql(t) and q2(t) are arbitrary, functions of time. Using

(5.3.5) in (5.3.4), we find that A1(t) and Bl(t) must satisfy the

equations

AI(t) - 4q2(t)A1(t) = 0, (5.3.6a)

B'(t) = iq (t)A (t). (5.3.6b)
1 1 1

Using (5.3.3b), the consistency equation (5.1.11c) gives
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Aé(t)A;-(C) — = 2iA§(t)Bi(t), (5.3.7)

for the function A2(t). The general solution of (5.3.7) is given by

A2(t) = [—2iBl(t) + m]Al(t), (5.3.8)

where m is an arbitrary constant. Inserting (5.3.7) into the

compatibility condition (5.2.4), we find that r2(t) and B2(t) must

satisfy

ré"(t) — 16ré(t)q2(t) — 8t2(t)qé(t) = O, (5.3.9a)

B'(C) = E+ 1[<1 (C)A (C) + (q (C)r (C))']- (5-3-%)2 4 l 2 0 2

Equations (5.3.3a,b), (5.3.6b), (5.3.8) and (5.3.9a,b) form the general

solution of the infinitesimal elements X(x,t), T(x,t) and <(x,t). We

are now in a position to construct the mapping.

5.4 Explicit Construction of the Mapping

Since Tl(x,t) = 0, for X1(x,t) ¢ O, equation (5.1.12d) leads to

the result,

= 0, ==> n = ¤(t)- (5-4*-1)

Equation (5.1.12c) implies that

„ .L.n (c) = T2(t). (5.4.2)

Using the ordinary differential equation (5.3.6a) for Al(t), one can

show that n(t) satisfies the third—order equation

2n"'(C)n‘(C) — 3(¤"(C))2 - l6q2(¤)(¤'(C)>2 = 0- (5-4-3)

Following Bluman,32 we introduce the change of dependent variables,

R(c) E n"(t)/n'(c). R(:) sacisfies the nonlinear Ricatti equation
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2R'(t) = R2(t) - l6q2(t). (5.4.4)

Therefore, if q2(t) < 0 Vt > O, n'(t) is a monotone function and thus a

solution of (5.4.3) defines a one—to-one mapping. Similarly, using the

remaining equations (5.1.12a,b), the solution for ;(x,t) can be written

as

„ 1/2c(x.C) = xln (C)1 + D(C)„ (5·4·5)
where the function D(t) satisfies the first-order equation

¤·<¤> = -A2<¤>[¤·<¤>13’2. (5-4-6)
Exploiting the relations (5.1.10e,f), the multiplier of the mapping

(5.1.3) is given by the expression,

2
ix Ai(t) B1(t)

5.4.7l¤[F(C.¤)] + Xizzgx + W(¤), ( )

where the function W(t) satisfies,

I IIW(C) = B2(C)¤ (C) - [n (C)1 A2(€)Bl(C)· (5-4·8)

Using (5.4.7), ¢(;,n) can be shown to satisfy the constant coefficient,

partial differential equation

8 8 82
[i 5- · im —- + —+ p]¢(;,n) = O, n > 0, (5.4.9a)n 8C 3CZ

¢(C.0) E ¢O(C). C S R. (5-4-%)

where the constant p is given by the expression

p = im Bl(0) - (Bl(0))2 + 1 B2(0). (5.4.10)

5.5 Descent to the Fundanental Ansatz

In this section, we will specialize the results of the previous
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section, so as to recover the fundamental ansatz (3.1.3). As was

previously shown in Section 3.5, the ansatz has the property of mapping

the linear profile of equation (3.1.1) to a free—space potential.

Since we are looking for a transformation invariant under the

modulus-squared operation, we shall set 63 = O and consider the

mappings of dependent and independent variables which render the

equation

3 32
x[i 5E~+

——E·+·E
6H(t;a)]¢(x,t) = 0, t > 0, (5.5.la)

öx

¢(x,O) E wO(x), x 6 R, (5.5.lb)

independent of the inhomogeneity, xöH(t;a)/2. To this end, the mapping

is given by

n = n(t), (5·5·2a>

; = ;(x,t), (5.5.2b)

w = F<c,n>¢(c,¤>~ (5-5-2c)

In the potential term of (5.5.1a), we identify q0(t) = q2(t) = O. In

this case, equation (5.4.3) is considerably simplified. The general

solution for n(t) is given by

a1+a2t
81 8283, (5•5•3a)

n(¤) =

a4+a5t; al = a2a3, (5.5.3b)

where ai, i = 1,...5, are arbitrary constants. Clearly the ansatz

(3.1.3) requires n(t) = t. This implies that al = a2a3, aa = 0 and

a5 = 1. It follows, that Al(t) = 1 and Bi(t) = i ql(t). We define the
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variable v(t;a) by the relation,

B1(t) = iv(t;a)/2. (5.5.4)

Since ql(t) = 6H(t;a)/2, (5.5.4) gives

v'(t;a) = öH(t;a). (5.5.5)

The mapping of the independent variable ;(x,t), is given by,

;(x,t) = x + D(t), (5.5.6)

where D(t) satisfies the first-order, ordinary differential equation

D'(t) = —(m — 2iBl(t)). (5.5.7)

Now, define u(t;a) E -D(t). With m E 0, u(t;a) is given by the

expression

u'(t;a) = v(t;a). (5.5.8)

Similarly, by defining W(t) as

W(t) = ä [Y(t;¤) ·· u(t;¤)v(t;¤)], (5-5-9)

Y(t;a) is found to satisfy the equation

2
(5-5-10)

Therefore, by setting p E 0, the mapping (5.5.2) achieves the desired

form:

n(t) = t, (5.5.1la)

;(x,t) = x — u(t;a), (5.5.1lb)

~I»(x.¤) = ¢(c.n)exp[% (v(¤;¤¤)x — ¤(¤;¤)v(¤;¤) + Y(t;¤))]. (5·5·11<=)

where u(t;a), v(t;a) and y(t;a) satisfy the stochastic ordinary

differential equations

ä%·u(t;a) = v(t;a), u(0;a) = 0, (5.5.12a)
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£v(t;a) = 61-I(t;a), v(0;a) = 0, (5.5.12b)

d
v2(t'¤)

Y(t;¤) = + öH(t;o.)u(t;a), Y(O;a) = 0, t > 0. (5.5.12a)

Equations (5.5.11) and (5.5.12) are exactly the fundamental ansatz

(3.1.3) and the coupled, stochastic equations (3.1.5) where z E t.

Since the multiplier F(Z;,n) has unity modulus, we are guaranteed that

the mapping (5.5.11) can be applied to the nonlinear equation (3.1.1).



CHAPTER VI

CONCLUDING REHARKS

We wish to conclude our work with a series of remarks:

i) In the case of the randomly modulated linear profile, the

nonlinear parabolic equation (3.1.1) was shown to be amenable to a

complete probabilistic description in terms of all the moments of the

wave function ¢(x,z;a). Although this equation may be identified as

being canonic, it represents one of the few, model nonlinear stochastic

equations which can be integrated exactly;

ii) Within the framework of the small, random—axis misalignments

approximation, we have shown that the nonlinear parabolic equation in a

random quadratic potential admits a class of exactly integrable

solutions (in the statistical sense). An important part of this

solution was the analytical/numerical evaluation of the nonlinear

ordinary differential equation (4.3.1). Using group methods, it is

plausible that there exists a large class of nonlinear partial

differential equations, both deterministic and stochastic, which are

reducible to nonlinear ordinary differential equations which do not

possess the Pain1eve' property or which are not representable in terms

of known transcendental functions. Therefore, the study of these

nonlinear ordinary differential equations will be important in

determining existence, uniqueness, etc., associated with the reduced

partial differential equations;

iii) In the two stochastic problems considered in this thesis,

the statistical description was effected by the introduction of a

fundamental ansatz , viz . ,

90
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y(z;a) = x - u(z;a), (6.1a)

·I»(x.z;<¤) = ¢[>'(z;¤).z]@x1>{ik[ü(=;¤)y<z;¤) + Y(z;¤)]}· (6-1b)

This ansatz constitutes an embedding process through which the

original, stochastic nonlinear equation is mapped into an explicit

deterministic/implicit random equation for ¢(y,z) and a system of

coupled, stochastic nonlinear ordinary differential equations for the

random functions u(z;a), u(z,a) and Y(z;a), which account for the

statistical fluctuations of the media. In Chapter V, we have shown

that there exists a one—to-one correspondence between the ansatz and a

more general mapping of dependent and independent variables.

Therefore, an obvious extension of the analysis presented so far, is

the investigation of the mapping (5.1.3) without the restrictions that

were imposed on it when we specialized to the ansatz in Section 5.5;

iv) Although we have been concerned with single-envelope,

solutions of the reduced equation governing ¢(y,z), multi—soliton

S¤l¤Ci¤¤833
exist for at least one of the nonlinear equations that has

been studied, namely,

i 3 1
32

1 2
(E-5;-+ ;§E·;—E·+

E
s3|¢(y,z)| )¢(y,z) = 0, z > O, (6.2a)

Y

¢(>'.0> = ¢0<y). y E R- <6·2b)

An open area of research would be the study of the nonlinear

interaction of solitons in the presence of randomness.

v) ln this thesis, we have been concerned with the analysis of

two·dimensional problems where the random inhomogeneities are Gaussian

and 6—corre1ated in range. Although they serve a useful purpose as
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canonical building blocks, there exists the need to extend this local

embedding method to higher dimensions and to random media whose

statistics are not Gaussian and 6—correlated;

vi) At the cornerstone of our work is the powerful analytical

tools found in the systematic application of Lie groups within the

similarity reduction method. Although we have concentrated on two

special classes of problems, as shown by Bluman and Cole,5 cha mgghgd

can be applied to a wide range of linear, as well as nonlinear, partial

differential equations. As shown in this thesis, the application of

this technique has allowed us to find classes of solutions to nonlinear

equations as well as the fundamental solutions to the Fokker—Planck

equations (3.3.7) and (4.7.10) without having an understanding of

representation theory, etc. Specifically, the similarity reduction

method operates at the level of characteristics and allows one, in

principle, to solve differential equations in a step-by—step,

methodical fashion;

vii) As alluded to in the previous remark, knowledge of

representation theory, etc., is not necessary when using similarity

methods. However, since we have shown that group methods are an

important mathematical tool, a complete understanding of group theory

may prove beneficial in extending the similarity reduction technique

beyond its current domain of validity. Recently, Olver and Rosenau3“

have shown that a generalization of the "nonclassical" method of Bluman

and Cole can lead to a larger class of solutions for which a given

system of partial differential equations may admit. lf this extension

is applied to the deterministic, nonlinear equations (3.1.4) and
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(4.1.3), one may be successful in broadening the classes of known

solutions to these problems.
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