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~ INTRODUCTION

The ability to control flexible structures in space will be needed

in the near future. This has received (1,2,3,4) and is continuing to

receive much attention (5). Theory developed for large space structures

(LSS) covers a diverse range (6) but it seems only recently that practi-

cal, experimentally verified work has begun (7,8,9).

This thesis is the written summary of a theoretical and experimen-

tal study into the dynamics and control of a generic flexible struc-

ture. The system studied is a flexible beam cantilevered at its base to

a dc—servo motor with motion perpendicular to the gravity field. Both

position and vibration control are of importance. The control algorithm

is implemented on an EAI-20 analog computer.

The results of this study apply to a diversity of LSS research

interests such as platform or solar panel manipulation. It could also

stand as a preliminary investigation into a higher degree-of—freedom

problem·(10).

The nature of the problems encountered with large space structures

are by now well known (6). These include:

1. distributed parameter systems

2. little or no natural damping

3. low and closely spaced natural frequencies

4. ‘stringent position control and vibration suppression require-

ments.

This study is confronted with all but the problem of closely spaced

natural frequencies.

1
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Flexible beam studies have been considered before. Montgomery (7)

Horner (8), and Schaechter and Eldred (11) have successfully applied a

variety of control laws to flexible beam systems. However, the strength

of their results is hindered by actuator and/or sensor apparatus that is
V

external to the actual beam system. Mills (12) compares the merits of

two types of tip—mounted actuators for vibration control in a rigidly

supported cantilevered beam. Vibration control is achieved through

direct velocity feedback, however no position control is possible with

this system. Alberts and Hastings (13) apply a hybrid active and pas-

sive control scheme to a model similar to the one used in this thesis.

A constrained viscoelastic layer coats the beam thus enhancing system

stability by increasing system damping. Good control is then achieved

via a classic linear quadratic regulator approach. As they point out

though, problems are anticipated in actual space applications due to

varying viscoelastic material properties.

The control approach taken here is to generate the motor's input

signal based on a full output feedback law. This is an extension of

experimental work done by Robertshaw (14). Robertshaw successfully

implemented a partial output feedback law which demonstrated positlon

control and vibration suppression. While the system responded swiftly

and stably, complete freedom in eigenvalue placement is limited by

implementing only partial output feedback (15). The author hoped to

increase the system's performance by implementing a full output feedback

control law allowing for complete freedom in eigenvalue placement and

also optimization of a performance index (PI).
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Feedback gains are selected with an algorithm presented by Junkins

and Bodden (16,17). Iterations are performed on system gains to sequen-

tially meet imposed eigenvalue constraints and then give a constrained

optimized solution. Gain changes are based on eigenvalue sensitivi-

ties. To help insure convergence in the iterations, gain changes are

forced to minimize a gain correction norm. In addition, constraints are

met by stepping through a series of closer, intermediate constraints.

The optimality criteria treated here is minimization of a normal-

ized eigenvalue sensitivity norm to small variations in system gains.

The motivation for this is as follows. The control law is actually

implemented on an analog computer. Feedback gains are set by adjusting

potentiometers that are accurate to only three significant digits. In

addition, it was anticipated that iterations based on a minimum gain

correction norm would yield a "sensitive" set of gains. Hence, it was

anticipated that best experimental results would be achieved with a

minimum sensitivity gain set.

The algorithm used here has successfully treated various other

performance criteria including minimmm gain norm (16) and "optimized"

LQR design (18). However, it is also very well suited for sensitivity

minimizations. Lim and Junkins (19) have applied a related algorithm to

minimize a sensitivity norm, however its applications were on a much

simpler system. The novelty of the sensitivity work presented in this

thesis is twofold: the sensitivity norm is normalized giving it a much

stronger tie to actual system performance and it is the first such ap-

plication on a complex theoretical and experimental model.
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Presentation of this work begins in Chapter 2 with system model-

ing. Throughout this thesis, two distinct motor types are considered

and compared as actuators. Hence, two system models are developed

here. The first model has a voltage-controlled motor and the second

model has a torque-controlled motor. The primary difference in these

motors is related to back EMF. The influence of back EMF on system

response is studied throughout this thesis via these two different

systems. All other beam and instrumentation parameters are identical in

the two models giving a good basis for comparison. The torque-con-

trolled system models the actual experimental hardware. The voltage-

controlled system does not have an actual physical counterpart here

however it is the motor type used in previous experimental work (14).

For clarity throughout this thesis, the voltage-controlled system is

called the "example system" and the torque-controlled system is called

the "experimental system."

In Chapter 3, an augmented full output—feedback control law is

developed for these models. The control law and system models are

included in a unified closed-loop state variable representation. In

Chapter 4, an overview is presented of a gain iteration algorithm that

calculates gains to meet eigenvalue constraints and minimize the PI.

In Chapter 5, open—loop characteristics are discussed for the two

systems. It is shown that the different motor models change considerab-

ly. In addition, system sensitivity to motor characteristics in gener-

al, is clearly shown in a root locus plot with respect to varying motor

parameters. By extending these results, the importance of good know-

ledge of system damping characteristics is pointed out.
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In Chapter 6, model accuracy is improved by adding previously

unmodeled system damping. Experimental data is considered and compared

to simulated response data. An accurate system model results and is

verified.

Chapter 7 presents full analytical results for the closed—loop

systems. Results are presented first for the example system and then

for the experimental system. Minimum gain norm and minimum sensitivity

norm solutions are calculated for both systems. Simulation results,

sensitivity studies and torque requirements are considered and compared

for both gain solutions. All results are developed in parallel for the

example and experimental systems for a good basis of comparison. Re-

sults are summarized at the end of the chapter.

In Chapter 8, experimental implementation is discussed. The inten-

tions here were to experimentally verify the results of Chapter 7.

However, unmodeled system characteristics presented unanticipated obsta-

cles. New gain solutions that focused on these problems were calculated

with the iteration algorithm. Motivations and results are fully docu-

mented with experimental data. While improvements are made, desired

system response is still not achieved. Results are summarized at the

end of the chapter.

Chapter 9 wraps up this thesis with a summary of conclusions.

Brief recommendations for promising future research based on the results

of this work are also discussed.



Chapter 2

SYSTEM MODELLING

The physical model used throughout this thesis is a flexible beam

cantilevered at its base by a DC motor. Figure 2.1 shows a schematic

representation of this system along with its instrumentation. The motor

is equipped with a potentiometer for angular position measurement and

the beam is equipped with 3 strain gages for vibration measurement.

For mathematical modelling, the beam and motor subsystems were

considered separately. The resulting sets of equations were then cou-

pled to yield the complete system model. The beam was treated as a

rotating cantilever and modeled with energy methods (20). Both a volt-

age—control1ed and torque-controlled motor are discussed throughout this

thesis, so models are developed for each and combined with the beam

model. Finally, the beam's instrumentation is related to the beam/motor

model yielding a complete system description.

It is important to state here the features of the experimental

system that are not modeled in this chapter. However, in

1. inherit damping in structure

2. 4.5 oz—in torque deadband due to Coulomb friction in motor

3. 5 kHz switching frequency of servo amplifier that drives motor.

The first unmodeled characteristic, inherent damping, is very difficult

to predict mathematically. In Chapter 6, viscous damping terms are

added to the model with good accuracy by consideration of experimental

data. The second and third unmodeled characteristics are non-linear and

must remain unmodeled. It will be seen in Chapter 9, that the torque

deadband has a prominent effect on system response and presents imple-

.
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mentation problems. Attempts are ongoing for overcoming the deadband

with compensation circuits, however the results are preliminary and are

not reported here.

BEAM MODEL

Figure 2.2 shows the beam model and its coordinate system. The

coordinate vector b_is body—fixed while n_is the Newtonian reference.

Important beam parameters are

L = 44.5 in

2
EI = 246 lb - in

(2.1)

-5 lb - secz
m = 6.9 x 10 ——-————-

2
in

The generalized coordinates 9(t) and y(x,t) completely describe the

motion of the beam system. However y(x,t) represents a continuous

displacement field which is not suited for linear system thedry. Hence,

the continuous displacement field of the beam is modeled with the three-

term Ritz approximation:

3
y(x,t) = Xqi(¤)¢i(x) (2-2)

i=1

where ¢i(x) are chosen shape functions and qi(t) are their amplitudes.

The shape functions used here are the equations for the first three

natural vibrating modes of a clamped-free beam. Appendix A.1 shows

these equations and briefly discusses their derivation.
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It can be seen now that the system's dynamic characteristic is

completely mathematically represented in terms of the state variables

(generalized coordinates):

9

S = •ql (2 3)
Q2

. q3

To arrive at the describing equations of motion, the potential

energy, V, and kinetic energy, T, of the beam are written in terms of

the generalized coordinates and used in Lagrange's equations. For our

model, Lagrange's equations take a standard form:

d BT BT BV F (2.4)
dt Öqi Bqi Bqi i

The kinetic energy of the beam is formulated as follows. Refering to

Fig. 2.2, the position vector, gg, of any incremental mass, dm, on the

beam is written as

gp = x gl + y(x,t) gz (2.5)

It should be noted that beam elongation is neglected and y(x,t) is

representing Eq. 2.2. Applying the Transport Theorem yields the veloci-

ty of this particle, EP, with respect to the Newtonian reference frame:

Lip = — y(x,t) Öél + (y(x,t:) + x Ö) éz (2.6)
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The kinetic energy for the whole beam can now be expressed as:

L
O I

T =1/2 f (m(x) Ä
• lg) dx (2.7)

x=0

The potential energy of the beam is contained solely in the internal

strain energy due to the beam's bending. This can be expressed as

L dz; 2v =1/2 fEI( 2) dx (2.8)
x=0 dx

Substituting the kinetic and potential energies into Lagrange's Equa-

tions yields four non—linear second order differential equations in

terms of the system's generalized coordinates q. After linearizing, the

set of coupled linear differential equations looks like (See App. A.2

for details.)

I al az a3 9 0 0 O O 9 Ta

al ml O 0 ql
+

O kl O O _q1
=

0
(2 9)

az O mz O qz O 0 kz 0 qz O

a3 0 O m3 q3 0 O 0 k3 q3 0

or

+ El = E (2.9)

where E is the mass matrix for the beam, Ä is the stiffness matrix and E

is the input matrix.
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Note that no attempt is made here to experimentally model any

system damping. However, when it is added later in Chapter 6 the system

model will look like

EÄ+EÄ+E&=£ (L10)

MOTOR AND SYSTEM MODELS

The motor system used in the experiment is a PMI U9M4T dc—servo

. motor driven by 11 PMI SSA-54 dc-servo—switch1ng amplifier. Relevant

parameters for this equipment are as follows:

KT = 6.1 oz-in/amp

KB = 0.04297 volt-sec/rad

Ra = 1.025 ohms

La = 100.0 p-henries
2

Ja = .008 oz—i;gsec

am =0.01146fm
= 4.5 oz-in

GA = 2.0 amps/volt

The second-to—last parameter is the average friction torque in the

motor assembly which must be overcome. As mentioned earlier, this non-

linear—torque deadband is unmodeled; hence this parameter has no in-

fluence on any analytical results however it will affect experimental

_ results.

Applying Kirchoff's voltage law around the standard armature cir-

cuit—motor model shown in Fig. 2.3 yields
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Va = R • Ia + Kbß (2.12)

assuming as usual that the effect of motor winding inductance is

small. This is validated since the time constant of the inductor Ra/La

is several orders of magnitude larger than all others in the system.

The motor output torque, Ta(t), can be expressed as

Ta = KT • Ia (2.13)

assuming small motor inertia and damping. Solving Eq. 2.12 and Eq. 2.13

for output torque, Ta, results in

K KTa = -1} va - 6 (2.14)
A A

This is a standard voltage—controlled motor model.

Torgue—Contro1led Motor/Experimental System

Modifications were made on the PMI switching amplifier according to

factory specifications so that the motor/amplifier system performed as a

pure current driven—torque source. Therefore internal motor character-

istics such as winding resistance or inductance do not effect the in-

put/output (Voltage/torque) relationship. Including the gain on the

switching amplifier, the model for this system is simply

Ta = GAKTVa (2.15)

Combining Eq. 2.15 into Eq. 2.11 gives

(2.16)
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where the element Bl E is given by B1 = KTGA. This is the mathematical

model of the experimental system.

Voltage—Controlled Motor

The model for a voltage—controlled motor was developed earlier and

is given by Eq. 2.14. Combining Eq. 2.14 into Eq. 2.10 gives a set of

equations that look similar to Eq. 2.16. KHere, however, B1 = iä-Tl (in-

cluding the amplifier gain) and C11 is a viscous

damping term determined in Chapter 6 and is present in both system

models.) Comparing the values of Bl for the two systems shows that they

are approximately equal since RA = 1.02552 Hence, the voltage—t0—torque

input relationships of these two systems are also approximately equal.

The term KB is related to motor back EMF and adds damping to the

system. It appears only in the voltage-controlled model. Note that

this term is essentially the only difference between the voltage-con-

trolled and torque—c0ntrolled systems. Hence, comparison of results

gives direct information about the influence of back EMF on system per-

formance. For the moto: parameters of Eq. 2. , %KB = 0.250. In this

thesis, the value of is exaggerated considerably to a value of

100. As will be seen in Chapter 5, this exaggerated value gives a more

distinct difference between systems for stronger comparisons.

INSTRUMENTATION

As shown in Fig. 2.1, the beam/motor system is equipped with a

potentiometer and three strain gages. These measuring devices are used

to generate voltages which are considered to be the system outputs. The
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potentiometer has a voltage across it and its output is proportional to

the rigid body angle, 9. The strain gages are connected to bridges

whose output voltages are proportional to the strains measured. Thus, ‘

the system has an output vector g(volts) where

Thm
'

E = STI (2.17)
ST2

ST3

A direct, linear relationship exists between the system outputs,gg,

and the state variables, gg

g = ;1‘_g (2.18)
where _'1; is a matrix of instrumentation gains. This is demonstrated

below.

Strain at a point, p, on the beam can be calculated as a function

of the modal amplitudes, qi, by substituting the mode shape equations in

Eq. 2.1 into the relationship

d2z(x)Strain = C •
2 (2.18)

dx x=p

where C is the half depth of the beam. For example, root strain as a

function of modal amplitudes was calculated as

Strain(gage 1) = 75.7 ql + 341 qz + 974 q3 (2.19)
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Since output voltage of the strain gage's bridge is directly pro-

portional to strain, strain measurement output and modal amplitudes are

linearly related. The row of the transformation matrix_T, corresponding

to ST1 contains the coefficients on the right hand side of Eq. 2.19

multiplied by the bridge gain. Similar relationships exist for ST2 and

ST3.

So, in summary, the equations describing system dynamics and system

output are

u¥i+.<;<i+$<¤=2V,
(2.20)

2=£s

It is noted again for clarity that matrices §_and Q_differ for the two

models developed. The next section uses these equations in designing

the control law for the system.



Chapter 3

CONTROLLER DESIGN

The system model (2-20) is rewritten below

gÄ+gj+gg=gva (3.1)

2=11 (3.2)

where Va is the input voltage and IE is the vector of measurement or

output variables. The control strategy adopted here is a form of con-

stant-gain, linear, direct-output feedback.

For exact pole placement, the two systems discussed require both

position and velocity measurements (15). The desired feedback law is

written as

. Va = Gsys (r (3.3)

where

r = position reference input

El = displacement measurement vector

é = velocity measurement vector

gg_ = displacement gain vector

(QL = velocity gain vector

GSYS = overall system gain

However, the beam's instrumentation gives only displacement meas-

urements. So for exact pole placement, velocity estimators are added to

the system to approximate velocity information. The design of the

estimators was based on Mounfield (21). A block diagram of the estimat-

or is shown in Fig. 3.1. Mounfield showed successful implementation on

an analog computer in an adaptive control scheme. Its transfer function

is written as

18
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,„, L
° 8
Em =;—l— (3.4)

———+ 1gog2

Here m represents the estimated Velocity of the input m; go and gz are

feedforward and feedback gains respectively. It can be shown (21) that

when the system is made fast (i.e. gogz made large) that

m s
m

(s) - g (3.5)
2

which when written in the time domain is

T 1
•

gz

From Eq. 3.4 the differential equation describing the estimators is

m = gom — gogzm (3.7)

The frequency response from Eq. 3.4 is shown in the Bode plot in

Fig. 3.2. It can be seen that the break frequency of the differentiator

is also set by the gain product, gogz. Here, the feedback gain in the

estimators are held constant at gz = 10. This specifies the approximate

relationship in (3.6). The feed forward gain, go, is kept Variable but

maintained close to a value that sets the differentiator breakpoint

frequency near the system's highest modelled frequency (third Vibration

mode frequency). Thus, filtering in addition to estimation is achieved

with this design.
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Fig. 3.2 Bode Diagram for Rate Estimators (eq. 3.4)
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The velocity of each output variable is now approximated with an

Äestimator. The ideal control law of Eq. 3.2 is rewritten for the real

system as

Va = GS(r ‘ SEB" (3.8)

The complete closed loop system is now described by the set of
Ä

equations (3.1), (3.2) (3.7) and (3.8).

For clarity, Fig. 3.3 shows a closed—1oop block diagram of the

model with the designed control law. Here, the equatious of the system

model (3.1) are represented in block diagram form from standard state-

space uotatiou

Ä = A Ä (3.9)

where
O I

A = (3.10)-A°‘A {12

It can be seen in the figure and also in equatious (3.7) and 3.8) that

the system has 13 variable gaius: 4 ou displacemeut measurements, 4 ou

velocity estimates, 4 in state estimators and 1 overall system gaiu.

In selectiug the gaius for eigenvalue placement, a uuified state

space model is the most appropriate system representation. Substituting

(3.2) into (3.6) and subsequeutly substitutiug this into (3.1) gives
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(3.11)

Taking the derivative of (3.2) and substituting it into (3.7) gives

(written in matrix form)

Q = GOTQ - g2_Q0 E (3.11)

The four second order equations in (3.9) are combined with the four

first order equations in (3.10) into a single twelfth-order homogeneous

matrix representation shown below

• „

L 0 0 1 0 L 0 1
0 Q 0 gl = *K ‘£ ‘§

Ä (3.12)

0 0 0 Q 0 c T -62go Q

where g=(§+GS§_QT)

§ = GS L Q

Rewriting Eq. 3.12,

éÄ=B1 wav

This state space representation could be made similar to Eq. 3.7 by

multiplying both sides of the equation by the inverse of the left hand

side. However, this representetion shown was maintained for compute-

tional reesons.
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The gain design procedure outlined in the next section uses this

state—space representation. The procedure is an efficient and methodi-

cal approach to controller design that produces optimized eigenvalue

placement solutions.



Chapter 4

SATISFYING EIGENVALUE CONSTRAINTS AND MINIMIZING SYSTEM SENSITIVITY

This section presents a brief and simplified overview of an itera—

tive procedure that calculates system gains. The algorithm has the

flexibility to sequentially meet eigenvalue placement contraints and

then minimize an optimality criteria. This procedure has been well

developed and documented by Junkins, who refers the reader to any of

several publications (16, 17, 18). Most helpful in the successful

implementation of this algorithm was Bodden (22, 23) and direct conver-

sation with Dr. Junkins.

The älgorithm is driven by eigenvalue sensitivity to variable

parameter (gain) changes. To help insure convergence of the interac-

tions, two built-in characteristics maintain a "local linearity" condi-

tion. The constraint set is made "portable;" that is, the desired con-

straint is met by marching through and meeting a series of stepped

constraints from the initial set of eigenvalue positions to the final

desired set. In addition, the stepped solutions are always kept in the

same "neighborhood" by forcing the gain changes to minimize a correction

norm.

The constraints considered in this thesis are inequality con-

straints on the real part of the system eigenvalues. That is, all

system eigenvalues are forced to the left of some line in the left half

of the s-plane. This is written as

Real (ki) < -bi (4.1)

26
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The real part of an eigenvalue describes decay characteristics; that is

1f Real (A1) = bi, then the time response decays according to e°b1t. By

constraining all beam related eigenvalues to the left of the same line,

all system dynamics will decay within the envelope of e_bit. Hence, by

moving the constraint bi to the left, the system can be made "faster."

Since dynamic estimators are also included in the state model, their

eigenvalues are forced to a vicinity that gives the desired cutoff

frequency discussed in Chapter 3. In addition, a constraint is placed

on the imaginary part of the lowest frequency eigenvalue to help stabi-

11ze the algorithm by preventing bifurcations. (Such as complex roots

moving to the real axis and bifurcating along that axis.)

Once the eigenvalue constraints are met, the algorithm allows for

minimization of a performance index while still maintaining the "hard"

eigenvalue constraints. The performance index minimized here is a

normalized eigenvalue sensitivity function to small gain perturbations.

The state space formulation of Eq. 3.13 is rewritten below

(6.1)

The left and right eigenvalue problems for this equation are

r1gm:· A A 4) = BTA left· A A gg = BE (A 2)
' 1--1 —--1 ' 1 — 1 -— 1 '

where
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li =
ich eigenvalue

th
¢i = 1 right eigenvector

4 ¢i =
ith

left eigenvector

The eigenvalues are normalized according to

gf A_g = 6 jf B = 6 X (4.3)3- 1 13 3--Q1 13 1

The matr1x_B_in Eq. 4.1 1s parametrized in terms of the gain vector·$b

so B_= B(g). Clearly then, the following statements are also true,

Xi = 7»i(§_) , Qi = ;|gi(§) , jl = gi(§) (M4)

The first and second partial derivatives of the eigenvalues are

derived from Eqs. 4.3-4.5 and are essential to the development of this

algorithm. Their der1vat1on and results are well documented (16, 24).

As they pertain to this problem, the first and second partial der1va—

tives of the eigenvalues with respect to gains are

Ok OB1 T ·—
ac.1

. 1

2 2 T T T TÖ Ö1 = 4r [ Öä 6ackacj 1 ackacj 1 F1 (2.4-xk)
)
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A constraint violation vector is defined as

A1 = 1D - 1(Q) (4.7)

where

lb = vector of desired eigenvalue positions (constraints)

4l(Q) = vector of current eigenvalue positions

Al = vector of constraint residuals.

The vector lb includes all eigenvalue constraints imposed on the sys-

tem. Since these are inequality relationships given by Eq. 4.1, only

violated constraints are penalized. Therefore if a particular con-

straint is not violated, its residual is set equal to zero.

If large eigenvalue movements are demanded by the constraint vec-

tor, convergence to a solution may be unreliable. Therefore, a parame-

terized family of intermediate constraint vectors is defined as

1(6) = 6 ll) + (1-6)1(§_o) (4.9)

where

_l(GO) = vector of initial eigenvalue positions.

By sweeping the parameter 6 from 0 to 1, it can be seen that Y(6) march-

es from the initial eigenvalue positions to the desired positions in the

coustraint set.

Replacing lb in Eq. 4.8 with y(6) in Eq. 4.9 gives

A1 = 1 (6) —
1 (9) (4.10)
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The adjustable step size in e dictates the magnitude of the constraint

violations and thus the rate of convergence.

The iteration procedure seeks the gain correction vector Ag in

E = gc + Q (4.11)

where

gc = vector of current gains

§_= vector of gains necessary to meet constraint F(e)

The gain correction vector, AQ is related to the constraint violation

vector A_l through the first-order Taylor Series approximation

Öl
Al=[E:]A_Q (4.12)

In the original applications of this algorithm (16), large vectors

(>SO) of variable feedback gains and structural parameters were used to

meet a uch smaller vector ((20) of eigenvalue constraints. This creat-

ed an infinity of solutions for AQ in Eq. 4.12. Consequently a minimum

gain correction vector was sought that solved Eq. 4.12 and minimized

II¤1Il = AETHAQ <‘+·13>

The resulting gain correction equation is

AE A1
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Q is a matrix of constraint (eigenvalue) sensitivities. For constraints

on the real parts of eigenvalues, matrix elements are given by the real

parts of values calculated with Eq. 4.6.

Recursive iterations with Eq. 4.14 on marching constraints defined

by Eq. 4.10 will yield a gain vector that will make the system meet its

desired eigenvalue constraints.

It is interesting to note that the algorithm can be used to gene-

rate minimum gain norm solutions. If the initial, starting gain set is

given very small or zero values, the continuously minimized gain correc-

tion norm implies an approximate minimum gain norm solution. This

design solution is used throughout this thesis.

Notice also that the gain correction equation (Eq. 4.14) is derived

from the condition of more design variables (gains) than constraints.

In some applications in this thesis, this relationship changes from an

inherent algorithm characteristics to an actual restriction on the use

of this algorithm. This will be seen while focusing on experimental

implementation in Chapter 8.

The performance index used in this thesis is a normalized measure

of eigenvalue sensitivity

PI = Z Z · (4.15)
3 1 3 1

Each term in this sum expresses a percent change in the real part of an

eigenvalue for a unit percent change in a gain. The value of the PI is

therefore the sum of the square of all constraint sensitivities to all

design gains. Thus, the smaller the number, the more robust in general

the system is to small perturbations in the calculated gain values.
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It is desired to minimize this performance index while maintaining

the desired eigenvalue constraints. The procedure is relatively

straight—forward and involves supplementary calculations in which the

constraint vectors and the sensitivity matrix are augmented with an

additional row for PI. Gains are first calculated to satisfy eigenvalue

constraints; these are then used as starting gains in the supplimentary

calculations. The sensitivity matrix, 2 is augmented with a row of the

first partial derivatives of the sensitivity norm with respect to gains

c ax ax c2 226% <2-222
k 1 j j 1 1 1 j k 1

where öik = dirac function}

öy. özy

Note that Ei is calculated from the real part of Eq. 4.5 and 1s
calculated from the real part of Eq. 4.6. The constraint vector 1 is

augmented with a term that marches through a series of incrementally

smaller desired PI numbers. All other vector elements remain set at the

original desired eigenvalue constraints. Thus, by recursively iterating

with Eq. 4.14, gains are changing to lower the performance index while

still enforcing "hard" eigenvalue constraints. When the algorithm can

no longer iterate, the performance index is said to be minimized.

Thus in two sequential steps this algorithm can yield a minimum

gain norm solution and a minimum sensitivity norm solution. Each of

these solutions is obviously important in its own right. FORTRAN code

was written for the algorithm and was successfully applied. Results and

valuable comparisons of solutions types and system types are in Chapter
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7. The next chapter discusses uncontrclled, open-loop characteristics

of the systems.



Chapter 5
4

0PEN—LOOP RESPONSES

This section discusses the natural responses of the two open-loop

systems as related to motor models. Setting u = 0 in Eq. 2.20, the

equations for both models can be written as:

u§+sé+sg=¤
(5.1)

2=£a

Recalling from system modeling the only differences in the two

models arise solely from the different motor models in each. In Eq.

5.1, the only term related. to motor parameters is C(1,1) = äi KB .

Hence, motor characteristics interact with the open-loop system primari-

ly by introducing angular damping through the motor's back EMF.

The torque—controlled motor model is a special case of this. The

switching amplifier has its own feedback loops which essentially isolate

all motor characteristics including back EMF from the system. In other

words, gl KB = 0 and Q_= Q_in Eq. 4.1. The motor acts as a pure torque

source hince there is no interaction between motor and beam dynamics.

Fig. 5.1a shows the positions of the open-loop eigenvalues for the

torque—controlled system. As can be seen there is no damping in any of

the system modes. The frequencies of the Vibration modes

are wi = 13.9, w2 = 37.5 w3 = 68.4 (units in rad/sec). The rigid body

mode has a pair of poles at the origin. If oscillations were introduced

into this model, they would continue forever.

In comparison to this model, the Voltage controlled motor model has

a strong back EMF. The motor and system dynamics are strongly

34
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coupled. Figure 5.1b shows the eigenvalue positions of this system

model. The light damping in the vibration modes is caused by this

inherent coupling of motor and beam dynamics through the motor's back

EMF. This system's vibration frequencies are ml = 3.35, mz = 21.0,

m3 = 58.8 (units are in rad/sec); the system is not as stiff as for the

torque controlled case. If oscillations were introduced into this

system they would decay, but very slowly.

As an aside, note that these natural vibration frequencies are very

close to those of a clamped—free beam with similar parameters. This is

expected since a strong back EMF essentially inhibits angular motion;

hence the beam would vibrate with little influence on angular posi-

tion. While not nearly as accurate, the natural vibration frequencies

of the torque-controlled motor are close to those of a pinned—free

beam. This too is as expected since the lack of back EMF allows for

free, undamped angular motion. Table 5.1 shows comparisons of the

vibrating frequencies for the two systems.

Fig. 5.1 suggests that the more back EMF there is in the motor, the

more damping there is in the system. This, however, is not the case.

lt was found that system response characteristics are highly sensitive

to damping introduced through back EMF. Fig. 5.2 shows a root locus of

eigenvalues of Eq. 5.1 as äi KB is varied from O to ¤. As seen, as this

parameter increases some poles move further into the left side of the s-

plane but then reverse on themselves and return to the imaginary axis.

Other poles move deep into the left side but then "crash" the real axis

and separate. Note that the damping characteristics of the two motors

considered here places their system eigenvalues at the extreme, not-so-

sensitive, opposite ends of this unusual relationship.
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Table 5.1 Comparison of Vibrating Frequencies between Beam/Motor
Systems and other classic (textbook) Systems (units in
rad/sec)

beam in clamped-free
example system beam

Ist mode 3.35 3.36

2nd mode 21.0 21.0

3rd mode 58.8 58.8

beam in pinned—free
_ experimental system _ beam

Ist mode 13.8 14.7

2nd mode 37.7 47.6

3rd mode 68.9 99.4
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This relationship becomes even more significant when taken out of

the context of open-loop sensitivity to back EMF. Any angular damping

present in the system will move eigenvalues along the locus of Fig.

5.2. Sources of this damping include back EMF, inherent angular frie-

tion, and perhaps most importantly, angular rate feedback.

Adding angular rate feedback without a good estimate of inherent

system damping eharacteristics may not improve system performance. As

seen, exeessive damping actually degrades response. Hence, knowledge of

system damping characteristics and perhaps even a feel for system's

sensitivity to damping is critical. Therfore, the next chapter uses

experimental data to arrive at estimates of inherent system damping for

W
the beam/rotor model.



Chapter 6

SYSTEM DAMING AND MODEL ACCURACY

The system model developed in Chapter 2 did not include structural

damping primarily since it is difficult to predict mathematically.

Here, by analyzing experimental data, damping in the system is estimated

and included in the model. These estimates are arrived at primarily

though logarithmic decrement concepts.

Damping is assumed to originate from two sources: internal struc-

tural damping in the beam and friction effects in the motor and bear-

ings. These effects, particularly those due to friction, are a combi-

nation of viscous (linear) and coulomb (non-linear) damping. The linear

system theory developed in Chapters 2-4 requires that the damping be

estimated with linear terms for it to be useful. Therefore, structural

damping in the beam is modeled with terms directly proportional to the

rates of three modal amplitude state variables and damping in the motor

and bearings is modeled as proportional to angular rate. Cross-coupled

damping is not attempted to be modeled.

These two sources of damping are estimated separately. First, the

beam is isolated from the motor and its internal damping is deter-
l

mined. Then, angular damping is approximated by considering the

beam/motor system's response with position feedback alone.

The beam is removed from the motor and mounted in a heavy vise. It

is given an approximate first mode deflection of ql = 2.73 (6" tip

deflection) and allowed to oscillate freely. Beam response is shown for

the strain outputs in Fig. 6.1. Note that the oscillations in ST1 and

40
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ST3 are slightly "dirty" while ST2 is quite clean. This simply says tha

small second mode vibrations were also induced. Since ST2 is the clean-

est signal, it will be used to determine the structural damping in the

first vibration mode. The logarithmic decrement of this response indi-

cates a damping ratio of 1.022. With this an equivalent damping term is

calculated (see App. B.1).

It would be very hard to exclte relatively pure second and third

mode vibrations so damping for these modes is estimated using the ap-

proximate relationship (25).

11 ai (6.1)
eq w

Fig. 6.2 shows a comparison of experimental data and simulation

results for ST2. Fig. 6.3 shows the same comparison for ST1 only over a

more complete time history (120 sec). As seen, this technique gives a

good approximation of structural damping in the beam.

Next, angular damping is estimated using the complete beam/motor

system. By feeding back an angular position signal only, the system

would act similarly to an ideal spring/inertia system if there was no

damping present. Therefore the rate of decay in the system's response

to an initial angular displacement gives information on angular damp-

ing. The implemented control law looks like

Va = -1.8 6 (6.2)
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The logarithmic decrement in this system's response indicates a rather

large damping ratio of 11.82; from this equivalent angular damping is

calculated (App. B.2) and included in the system model. Fig. 6.4 shows

a comparison of experimental and simulated responses of Thm to a 45°

initial angular displacemnt. Similar comparisons are shown in Figs.

6.5, 6.6 and 6.7 for the strain signals. As seen, the prominent shape

of the responses has been improved. However, representation of high

frequency content has been sacrificed. The simulations with no angular

_ damping represent the high frequency content much more accurately, while

simulations with angular damping better represent low frequency con-

tent. This indicates either the non-linear or the coupled nature of the

sources of damping in this system; neither of which could be modeled

here. Both beam and angular damping are included in the final model

since lower frequencies are the most prevalent (and visible) in the

system's repsonse.

For a further check on the accuracy of this model, the control law

of Eq. 6.3 was taken one step further to include an estimated Velocity

signal on 9. The control law now looks like

Va = -1.8 9 - 14.6 Öest (6.3)

Comparisons of experimental and simulation results are shown for Thm,

ST1, ST2 and ST3 in Figs. 6.8-6.11, respectively.

Good accuracy is seen in all reponse comparisons. With this con-

fidence in the system model, the control strategies discussed in Chap. 4

are attempted next.
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Chapter 7

ANALYTICAL RESULTS

In this chapter, results are summarized for the analytical studies

of the closed-loop systems. Recall from Chapter 4 that the gain itera-

tion algorithm yields two solutions: a minimum gain norm solution and a

minimum sensitivity norm solution. Gain solutions are compared based on

sensitivity and torque-requirement considerations. General Sensitivity

relationships are also developed. Results are presented separately for

the example system and the experfmental system to reinforce conclu-

sions. As emphasized throughout this thesis, the two systems are iden-

tical in all respects except for motor type. The motor in the example

system is voltage—controlled and the motor in the experimental system is

torque controlled. As pointed out in Chapter 5, the only difference in

system models is the disappearance of a back EMF term in the torque-

controlled model. Hence, a comparison of the separate results of the

two system models will also give more information on the effects of back

EMF on system response.

Example System

Recall from Chapter 4 that the constraints imposed on the system

the form

Real (ki) < — b (7.1)

This constraint forces all system dynamics to decay within the envelope

e°bt; in other words, it can_ force the speed of the response to be

“fast."

54
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To help gain an understanding of the relationship between gain

norms, sensitivity norms and speed of response, several gains sets were

calculated for minimum gain norm solutions over the range of eigenvalue

constraints

O > Real (A1) > -3.5 (7.2)

For each constraint considered in that range, a gain norm, a sensi-

tivity norm and a sensitivity matrix were calculated.

The gain norm has the form

IIGII = E I<=,l <7-3>
1

and the sensitivity norm is simply the stated system performance index,

G öl 21 1
IIPTII = Z E (3;**;;*) (7-*)

1 j 1 1

The sens1tiv1ty matrix is constructed so that each element shows the

sensitivity of a particular eigenvalue to a particular gain variance.

That 1s

G bk
[sensit1v1ty]i j = Xi •·äEl (7.5)

9 j 1

Clearly, the sum of the square of each matrix element 1s the same number

represented 1n the PI.

Two graphs show the relationships found between ga1n norms, sensi-

tivity norms and eigenvalue positions. Figure 7.1 shows a graph of gain

norm vs. eigenvalue constraint position. Constraint position 1s defined
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by Eq. 7.1. As seen, gain norm grows convexly (wrong word) as eigen-

values are moved further into the left side of the s-plane. In con-

trast, Fig. 7.2 shows a graph of sensitivity norm vs. eigenvalue con-

straint position. Here, system sensitivity grows exponentially as

eigenvalues are pushed to the left. Thus arises an important considera-

tion; there appears to be a significant tradeoff in a minimum gain

solution between speed of response and system sensitivity.

With this in mind, a minimum sensitivity norm is of obvious inter-

est. Because of lengthy execution time (2-3 hours) and expensive compu-

tation time, a minimum sensitivity norm solution is considered for only

one constraint set; that is

Re(li) < -2.5 (7.6)

This was chosen since it represents a relatively fast response that

appears physically realizable.

The value of the PI in the minimum gain norm solution is 280. The

minimum sensitivity norm algorithm reduces this number a significant 72%

to 110. Table 7.1 shows side—by-side listings of the gain sets calcu-

lated by the minimum gain norm solution and minimum sensitivity norm for

the constraint set of Eq. 7.6. Note the gain norm for the minimum

sensitivity solution rose 13% over the minimum gain norm solution.

Table 7.2 shows side-by—side listing of the final eigenvalue posi-

tions of the two solutions. Note that since there are no constraints on

the imaginary parts of the eigenvalues it is quite possible for them to

change dramatically. Here, however, they remain close. Since eigen-
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Table 7.1 Gain Solutions for Example System

Gain min. gain norm min. sens. norm
solution solution

Gsys 28.31 30.23

Gth 1.749 1.805

Gstl -1.634 3.423

Gstz -7.726 -15.30

GSt3 7.387 13.67

Gth -2.092 -0.8265

Gstz 14.82 18.63

GSt3 24.34 17.93

Gesth 4.366 4.977

Gestz 6.417 5.309

GeSt3 4.380 4.885
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Table 7.2 Eigenvalues for Example System Solutions

Eigenvalues

min. gain norm min. sens. norm
solution solution

-2.50 1 1 55.4 -2.50 1 1 55.1

-2.50 1 i 14.3 -2.51 1 1 15.5
.—•

Ä -2.50 1 i 3.34 -2.50 1 i 3.37
0
Z!

-2.50 1 i 0.0 -2.49 1 1 0.0

-3723. 1 1 0.0 -3722. 1 1 0.0

E -40.1 + 1 0.0 -38.5 + 1 0.0
0u

E -45.1 + 1 0.0 -46.3 + 1 0.0·«-•
u,2 -49.7 + 1 0.0 -50.1+ 1 0.0
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values completely describe response characteristics, there is clearly no

appreciative change in system response for these two solutions.

The sensitivity matrices mentioned earlier are shown for the mini-

mum gain norm solution in Table 7.3 and for the minimum sensitivity norm

solution in Table 7.4. Recall that each matrix element approximates the

anticipated percent change in an eigenvalue for a unit percent variance

in a gain. Consider for example a +1% change in GSYS in Table 7.3. The

anticipated effect on system eigenvalues is represented by the row of

G01. Consider the same +1% change in GSYS in Table 7.4. Note that the

anticipated changes are considerably smaller for the minimum sensitivity

norm solution. This is demonstrated in Table 7.5 by a side-by—side

comparison of the actual change in eigenvalues for a +1% change in

G01. As discussed, the minimum sensitivity solution is more robust to

this type of perturbation. Upon close inspection, the actual change in

eigenvalues is not in exact accord with the anticipated changes. This

is expected though since the PI is only a first order approximation to

system sensitivity. Clearly, higher order effects are present but the

matrix elements (PI) are still good approximations.

The two solutions are now looked at in response simulation. These

were conducted with the help of ACSL (Advanced Computer Simulation

Language). Two tests are considered: impulse loading (initial velocity

conditions) which excites all vibration modes and a large angle (45°)

slewing maneuver which starts from rest.

First, the uncontrolled, open—loop beam response to the impulse

load is shown for the three strain gage outputs in Fig. 7.3. As an

interesting aside, note that no second mode vibration is detected by
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Table 7.3 Normalized Eigenvalue (Re(Ai)) Sensitivities for Minimum Gain
Norm Solution to Example System

—2.50ti55¤Q.50ii14.3 -2.50ii3.34 -2.50+10.0 -3722+10.0

Gsys 0.914 -0.822 2.70 5.34 0.00000

Gth -0.0335 -0.477 -0.399 2.59 -0.00032

GSTI 0.0434 -0.0348 0.122 0.228 -0.00023

GST2 -0.245 -0.622 0.539 1.10 -0.00013

GST3 -0.0215 0.562 -0.164 -0.406 -0.00017
Gtü 0.168 0.157 0.468 0.821 0.000170

Gsiz 1.31 0.155 1.28 0.551 0.00158

GSi3 -0.309 -0.561 0.855 0.355 -0.00243
Gesth 0.0969 -0.259 -0.0716 -0.0499 0.00172

Géstz -0.240 -0.397 1-0.0657 -0.0223 0.00160

G€St3 -0.184 -0.950 -0.0679 -0.0215 -0.00246

-40 .1+10 .945 .1+10 .0 -49 .7+10 .0

Gsys -0.288 0.0521 -0.360
Gth -0.00876 0.00141 -0.00886

GST1 -0.00434 0.00073 -0.00474

GST2 -0.00818 0.00126 -0.00759

GST3 -0.00268 0.00048 -0.00326
Gtü -0.513 -0.239 0.383

Gsiz -0.168 0.0366 -0.320

GSf3 0.417 0.251 -0.398

Gestz 0.279 -0.0862 1.10

G€St3 -4.50 9.02 -3.37
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Table 7.4 Normalized Eigenvalue (Re(ki)) Sensitivities for Minimum
Sens1t1v1ty Norm Solution to Example System

-2.50t155.1 -2.51¢i15.5 -2.50t13.37 -2.49+10.0 -3722+10.0

Gays 0.954 0.0425 2.53 4.69 -0.00001

Gth -0.0405 -0.405 -0.360 2.56 -0.00035

GSTI -0.0949 -0.00266 -0.259 -0.457 0.00051

GST2 -0.532 -1.01 1.09 2.09 -0.00027

GST3 -0.0469 1.07 -0.315 -0.720 -0.00033
Gtü 0.0819 0.0953 0.181 0.308 0.00082

Gsiz 1.87 0.598 1.58 0.665 0.00175

GSi3 -0.279 -0.296 0.611 0.248 -0.00213

Gesch 0.0374 -0.0822 -0.0236 -0.0162 0.00083

Gestz 0.0693 -0.525 -0.0934 -0.328 0.00177

GeSt3 -0.139 -0.731 -0.0426 -0.0133 -0.00216

-38.5+10.0 -46.3+10.0 -50.1+10.0

GSYS -0.842 0.0680 -0.00096
Gth -0.0294 0.00198 -0.00003

GST1 0.0291 -0.00209 0.00003

GST2 -0.0534 0.00335 -0.00004

GST3 -0.0154 0.00124 -0.00002
Gtü -0.228 0.0603 0.00798

Gsiz -0.909 0.148 -0.00462

GSi3 0.365 -0.145 -0.00426

A Gesth 0.778 -0.806 1.09

Gestz 2.39 -1.01 0.0785

Gestg -1.36 2.63 -0.166
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strain gage 2 and that no third mode vibration is detected by strain

gage 3. Recalling from Chapter 5, in a system such as the one with a

large back EMF, the vibration modes of the beam/motor approach those of

a clamped-free beam. Recall also from Chapter 2 that the positions of

the second and third strain gages were carefully chosen so that they

coincided with nodes in the second and third vibration mode shapes

respectively. Since these mode shapes are based on a cantilevered beam,

these simulation results show characteristics exactly as expected.

The closed loop response for the minimum gain norm solution to the

same impulse is shown in Fig. 7.4 and Fig. 7.5. Strain gage output is

shown in Fig. 7.4. Figure 7.5 shows angular position of the beam and

input torque requirements. Similar results are shown in Fig. 7.6 and

Fig. 7.7 for the minimum sensitivity norm solution. Notice that as

anticipated the responses of the two solutions are very similar. It is

particularly important to note that there are no significant differences

in input torque requirements between the solutions.

Next, the responses of these solutions are simulated for 45° slew-

ing maneuver that starts from the system at rest. The simulations of

the minimum gain norm solution are shown in Fig. 7.8 and Fig. 7.9. The

simulations of the minimum sensitivity solutions are shown in Fig. 7.10

and Fig. 7.11. Notice as before, the similarity in dynamic responses

and in torque requirements. Also notice that in all cases shown, posi-

tion and vibration control are achieved in the same amount of time.

This is caused directly by the uniform eigenvalue constraint of Eq. 7.1.

In summary, a 72% reduction in net system sensitivity has been

achieved without altering system response or torque requirements.
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Clearly, system performance has benefitted from the sensitivity reduc-

tion.

Experimental System

Here, the analytical results are presented for the experimental

system with the torque-controlled motor. All results are presented in

parallel. with the discussion of the results for the example system.

Comparisons and contrasts are observed between the two systems as well

as between the two gain solution types.

As before, minimum gain norm solution sets were calculated over the

range of constraints given in Eq. 7.2. Graphs of gain norm vs. eigen-

value placement and of sensitivity vs. eigenvalue placement are shown in

Fig. 7.12 and Fig. 7.13 respectively. These graphs are qualitatively

similar to those in Fig. 7.1 and Fig. 7.2; convex (wrong word) increase

in gain norm and an exponential increase in sensitivity norm are both

observed as eigenvalues are moved to the left. Note, however that the

magnitude relationships of these norms for the two systems are quite

different. The gain norm for the experimental system remains smaller

and in a more "dense" range than for the example system. Conversely,

the sensitivity norm grows at a steeper rate and is 1-3 orders of magni-

tude larger in the experimental system. Intuitively, these results make

sense: smaller changes in gains would be necessary to meet constraints

if the system was more sensitive than the example system.

As before, a minimum sensitivity norm solution is considered for

the constraint set given in Eq. 7.6. The value of the system PI with

the minimum gain solution is 4210. The minimum sensitivity norm algo-

rithm reduces the PI once again by a significant 72% to 1800.
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Table 7.6 shows a side—by—side listing of the calculated gain sets

of the two solutions. The sensitivity reduction leads to a 9% increase

in gain norm. —
Table 7.7 shows the system's eigenvalues. Notice that the imagi-

nary parts of the eigenvalues moved considerably from their original

positions. In this case, different system responses can be anticipated

for the two solutions.

Sensitivity matrices are shown for the minimum gain solution in

Table 7.8 and for the minimum sensitivity solution in Table 7.9. A ty-

pical eigenvalue sensitivity is much greater here than in the example

system (Tables 7.3 and 7.4). The effectiveness of the sensitivity re-

duction is still evident though. Table 7.10 compares the robustness of

the two solutions to a +1% perturbation in. Gsys. As seen, with a

minimum sensitivity norm-gain set, the system's ability to handle small

gain Variances is once again improved.

As before, simulations are presented for system response to an

impulse load and to a large angle maneuver. The same impulse load is

applied to the experimental system. The uncontrolled, open—loop re-

sponse is shown in Fig. 7.14. Recall from Chapter 5 that the Vibration

modes of this experimental system are different than those of a clamped-

free beam; therefore the significance of the chosen strain locations is

lost. As seen, all Vibration modes are visible at all strain gage

locations.

The closed-loop response for the minimum—gain—norm solution is

shown in Fig. 7.15 and Fig. 7.16. In comparison to the results in Fig.

7.6 and Fig. 7.7, system dynamics behave similarity since the enforced
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Table 7.6 Gain Solutions for Experimental System

min. gain norm min. sens. norm
Gain solution solution

Gays 4.075 5.064

Gth 0.1048 0.1036

GST1 4.834 5.846

GST2 2.636 1.379

GST3 0.8302 -1.735

Gtü 0.4095 0.3819

Gsiz 1.145 1.598

GSi3 0.7031 1.136

Gesth 4.659 4.517

Gesth 4.602 4.521

GeSSt3 4.075 5.325
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Table 7.7 Eigenvalues for Experimental System Solutions

Eigenvalues

min. gain norm min. sens. norm
solution solution

-4.16 + 1 65.3 -4.16 + 1 63.3
F1

§ -6.10 + 1 28.5 -6.28 + 1 18.8
Z

-2.50 + 1 5.14 -2.50 + 1 9.03-

-2.50 + 1 0.94 -2.49 + 1 1.12

- ä -37.3 + 1 0.00 -37.45 + 1 0.00
u

-45.23 + 1 0.00 -45.47 + 1 0.00
u

-49.8 + 1 0.00 -49.58 + 1 0.00
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Table 7.8 Normalized Eigenvalue (Re(Ai)) Sensitivities for Minimum Gain
Solution to Experimental System

-4.16t165.3 -6.10t128.5 -2.50ti5.14 -2.50¢i0.94
Gsys 0.142 -0.114 -13.4 17.8

GST1 0.0126 -0.269 -7.69 11.0

GST2 0.00861 -0.279 -4.99 6.05

GST3 0.0145 -0.00641 -0.766 0.719
Gtü 0.284 0.679 0.316 2.21

Gsiz 0.292 -0.609 -0.872 -0.987
GSi3 0.0782 0.341 -0.173 -0.231
Gesch 0.222 0.128 -0.263 -0.185

Gestz 0.385 -0.0911 0.241 0.0669
G€St3 0.0579 0.141 0.0598 0.0143

A
-37.3+10.0 -45.2+10.0 -49.8+10.0

Gsys -0.585 0.00599 0.00496
Gth 0.00968 -0.00008 0.00006

GST1 -0.230 0.00200 -0.00150

GST2 -0.0528 0.00040 -0.00028

GST3 0.00509 -0.00005 0.00004
Gtü -0.704 0.0474 0.0159

Gsiz 0.449 0.0455 -0.00724

GSi3 -0.612 0.00182 -0.0119
Gesth 2.810 -1.58 0.245

Gestz -1.91 2.61 -0.0947

GeSt3 0.172 -0.0157 0.848
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Table 7.9 Normalized Eigenvalue (Re(Ai)) Sensitivities for Minimum
Sensitivity Norm Solution to Experimental System

-4.16i165.3 -6.28i118.9 -2.50t19.03 -2.49111.12
Gsys 0.116 -2.54 -1.41 13.5

Gth 0.0142 0.205 0.250 -0.905

GST1 -0.773 -3.72 1.54 12.5

GST2 0.00745 -0.799 -0.660 2.99

GST3 -0.0352 -.126 1.30 -1.43

Ggü 0.253 0.860 4.91 1.93

Gsiz 0.521 -0.0436 -6.38 -1.25

GSi3 0.128 1.61 -2.36 -0.346
Gesth 0.174 -0.710 -0.321 -0.160

Gestz 0.675 0.878 0.327 0.0803

GeSt3 0.753 0.143 0.230 0.0186

-37.5+10.0 -45.5+10.0 -49.6+10.0

GSYS -0.709 0.00087 -0.0582

Gth 0.0143 -0.00001 0.00082

GST1 -0.418 0.00043 -0.0266

GST2 -0.0413 0.00004 -0.00213

GST3 -0.0160 0.00002 -0.00120
Gtü -1.16 -0.0350 0.154’

Gsiz 1.04 0.0350 -0.127

Gsig -0.132 0.00038 -0.0566
Gesth 5.61 -5.30 1.73

Gescz -5.02 6.29 -1.44

GeSt3 0.314 -0.00225 0.765
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constraint, Eq. 7.6, is the same. However, note the dramatic difference

in torque requirement for the same tasks. Clearly the system with back

EMF requires more energy output than the system without.

The response of the closed-loop, minimum-sensitivity solution to

the same impulse is shown in Fig. 7.17 and Fig. 7.18. As anticipated

since eigenvalue positions were different, the two solutions for the

experimental system do have qualitative differences. The only important

difference, however, is in the 15% increase in torque requirements for

the minimum sensitivity solution. This is still considerably less than

the torque requirements of the example system shown in Fig. 7.9.

Similar results are visible in system response to the 45° slewing

maneuver. Simulation of the minimum gain norm solution is shown in Fig.

7.19 and 7.20; similation of minimum sensitivity norm solution is shown

in Fig. 7.21 and Fig. 7.22. Comparison with each other and with the

similar simulations for the example system lead to the same results

written above.

For clarity, important results of this analytical study into these

two systems and solutions are summarized below.

1. Minimum gain and minimum sensitivity solutions were generated for

torque—controlled and vo1tage—controlled motor systems.

2. For all cases, eigenvalues were successfully positioned in accord-

ance with the constraint Real (Ai) < -2.5.

3. In general, system sensitivity appears to be exponentially related

to eigenvalue constraint positions.
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4. With little other influence on system performance, the minimum

sensitivity algorithm presented here has reduced net system sensi-

tivity by ~7OZ.

5. Sensitivity of experimental system is considerably greater than

example system.

6. Energy requirements of experimental system are considerably less

than example system.



Chapter 8

EXPERIMENTAL RESULTS

In Chapter 6, the experimental model was "tuned" so that it more

accurately represented actual hardware performance. Confidence in the

model was attained through several comparison tests. With this confi-

dence, the intentions here were to experimentally verify the analytical

concepts developed in the last chapter; that is, compare minimum gain

and minimum sensitivity solutions with each other and with the antici—

pated analytical results. However, there proved to be two unmodeled

system characteristics which stood as obstacles in successful experi-

mental implementation. Problems arose with the torque deadband in the

motor (briefly mentioned in Ch. 2) and with closed-loop noise from the

state estimators. These problems are clearly demonstrated with experi-

mental data. Focused attempts to overcome these problems required new

gain solution sets to be generated; all subsequent solutions are still

generated with the minimum gain correction algorithm. Experimental data

shows benefits and problems of each subsequent solution. Unfortunately,

no solution could simultaneously overcome both obstacles; thus, desired

system response was not experimentally achieved.

The first gain set experimentally implemented was the minimum gain

norm solution given in Table 7-4. The eleven gains in this solution set

were added one or several at a time. Here, the first feedback, law

implemented was for angular position. The feedback law looked like

Va = - Gsys Gth 9 (8.1)

95
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For this particular minimum gain norm solution, Eq. 8.1 looks like

Va = -0.4271 6 (8.2)

In Fig. 8.1, strip chart data is shown for system response to an initial

angular displacement of i45°. Notice the in steady—state error in

position in both tests. Clearly, this region of non—influence of the

controller reflects the torque deadband in Chap. 2. It is important to

note here that addition of other feedback components will not help this

condition; all other gain components are independent and do not in-

fluence angular position. Therefore, from this simple preliminary test,

it can be concluded that the minimum gain norm solution will not give

the desired response.

When the full state feedback law is implemented, the second problem

mentioned is clearly demonstrated. The beam vibrates with high frequen-

cy, low amplitude oscillations that are so severe that the beam gives

off an audible hum. The source of this instability is traced back to

closing the loop on the strain velocity estimators. This is clearly

shown in Fig. 8.2. As seen, when these estimated signals are removed

from the control law, the noise in the system drops off immediately.

Note that the angular velocity estimator does not cause similar noise-

related instabilities. This is most likely due to the difference in

frequency content of position and strain measurements. Angular position

measurement has a very low frequency content whereas beam vibrations and

consequently strain measuteméuts have a relatively higher frequency

content. The estimator design presented in Chapter 2 apparently intro-
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duces too much noise into the estimated signal at high frequencies.
‘

When the feedback, loop is closed around the estimators, this noise

becomes a system input and drives the dynamics unstable. It should also

be noted that the frequency content of the noise was approximately 60

Hz.

Clearly the original minimum gain norm solution gives unsatisfac-

tory response. The minimum sensitivity norm solution will not offer any

improvements either: 0 feedback is still "weak" and the same estimators

are still present. The three subsequent approaches presented here

directly focus on these problems.

While the torque deadband cannot be eliminated, it might be poss-

ible to compensate for it or at least minimize its visible effects.

Compensation techniques are being developed but no experimental testing

has been done yet. The approach taken here is to minimize the visible

effects of the torque deadband by increasing system gains.

Recall from Chapter 4 that the gain iteration algorithm is typical-

ly given very small initial (starting) gains. Since the algorithm meets

constraints by solving a minimum gain correction norm, the final solu-

tion approximates a minimum gain norm solution. Experimentally, a

minimum gain solution was found to be inadequate. A more robust (to

torque deadband) gain set is calculated by simply using large initial

gains in the algorithm. The resulting gain set is shown in Table 8.1.

By comparing these gains to the gains in Table 7.4, it is clear that a

more robust gain set has indeed been calculated. Note that the estimat-

or poles were moved in to around -25 in an effort to decrease noise.
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Table 8.1 "Robust" Gain Set for Experimental System

Gays 2.496

Gth 0.7308

GST1 2.556

GST2 3.529

GST3 1.740 ~
' Gtü

l
5.684

Gsiz 12.46

GSi3 3.809

Gesth 2.232

Gestz 2.123

GeSt3 2.508
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As before, a position feedback law is implemented first. For this

system, the control law of Eq. 8.1 looks like

Va = -1.824 9 (8.3)

In Fig. 8.3, this system's response to a 45° initial displacement is

shown. As seen and as hoped, the response is considerably more energet-

ic. Note that although the torque-deadband is still present, control-

deadband has been reduced significantly by increasing system gaius.

When the full feedback law is implemented, once again high frequen-

cy instabilities arise. As before, they are related to closing the

feedback loop around the strain velocity estimates. The noise instabil-

ity is shown growing from an at rest position in Fig. 8.4.

Clearly it is necessary to change the estimator structure or simply

eliminate them from the control law. The latter is the next approach

taken here; changing the estimator structure could result in the same or

even new problems.

Recall from Chap. 4 that the iteration algorithm must have more

gaius to adjust than constraints to meet. With the strain velocity

signals no longer available for feedback, the algorithm reaches its

limit; there is one more gain than constraiut. So while a minimum gain

norm solution may still be calculated, it would now be impossible to

introduce the performance index constraint.

The control law now feeds back all components of the measurement

vector, Bl (Eq. 2.17) and an estimate of angular velocity. As mentioned

before, the low frequency angular position measurements do not cause the
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same problems that the strain measurements do in state estimation.

Intuitively, good system response could be achieved with this feedback

law if the gains could be made "robust" to the torque deadband. Unfort- -

unately, the iteration algorithm could not successfully iterate from a

robust initial gain set to a final gain set that met the constraints.

In all attempts, the algorithm went unstable. There is no clear path

for the algorithm to iterate along from the initial conditions to final

desired gain set.

With a very small initial gain set, a minimum gain norm solution

could be calculated. This gain set is shown below in Table 8.2. As

anticipated though, this solution does not overcome the torque deadband

problems seen before. For this gain set, the angular position feedback

law of Eq. 8.1 looks like

Va = -0.3133 9 (8.4)

Full feedback implementation is shown in Fig. 8.5. While, instabilities

have been eliminated, the response is clearly unsatisfactory.

As mentioned earlier, best results could be achieved with a robust

set of gains in the partial feedback (no strain velocity estimates)

control law just described. In all previous analytical and experimental

applications of the iteration algorithm, it performed consistantly and

reliably. However, it failed in its most promising application here.

The difference between this application and all others is primarily in

the gain/constraiut relationship (mentioned before). Here, this rela-

tionship is as close as the algorithm can tolerate while in all other
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Table 8.2 Minimum Gain Norm Solution with no Strain Velocity Estimation
for Experimental System

Gsys 0.651

Gth 0.4813

GST1 7.979

GSTZ 30.12

GST} 21.20
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applications there was considerably more "slack." Perhaps another

algorithm (26) not dependent upon a gain/constraint relationship would

be better suited to calculating gains in this partial output feedback

application.

Summarizing the results of this section,

1. Attempts were made at experimentally verifying concepts developed in

Chap. 7.

2. Chief obstacles incurred were controller deadband due to unmodeled

torque deadband in motor and noise instabilities related to closing

loop around state estimators.

3. Focused attempts were made at overcoming problems. While each

problem could be dealt with separately, no solution could be gener-

ated that solved both simultaneously.

4. The best response from this system would be achieved with "robust“

gains in a partial output (no strain estimators) feedback law.

5. A different gain selection algorithm might be better suited to solve

for this particular solution.



Chapter 9

CONCLUSIONS AND RECOMENDATIONS

The following is a summary of goals attained and conclusions

reached in this thesis:

1. System response characteristics are highly sensitive to damping in

the beam/motor system. Knowledge of system's damping characteris-

tics is therefore critical.

2. A system model with improved accuracy was attained by including

damping determined from experimental data.

3. Min. gain norm and minimum sensitivity norm solutions were generated

for both torque-controlled and voltage-controlled motor systems. In

all cases, all eigenvalues were forced to meet the constraint

Real (Ai) < -2.5.

4. Minimum sensitivity norm improves system response characteristics

over min. gain norm solution in that it increases system's robust-

ness to small gain perturbations by ~ 70% while maintaining similar

energy (torque) requirements.

5. In general, system sensitivity appears to be exponentially related

to the eigenvalue constraints considered in this thesis.

6. System with torque—controlled motor had about 5 times less torque

requirements than with voltage—controlled motor.

7. However, the system with torque-controlled motor was also signifi-

cantly more sensitive to small gain perturbations.

8. Successful experimental implementation of desired control objectives

was not achieved. Chief obstacles were from a torque-deadband

present in the motor and also from noise related unstabilities due

to strain rate estimation.
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9. Rate estimation of high frequency signals is unsuitable for stable

and reliable feedback control of this flexible system.

With these conclusions in mind, the author makes the following

brief recommendations for future research related to this system:

1. Torque deadband needs to be eliminated either by electrical compen—

sation techniques or perhaps better yet with a new motor.

2. Strain rate estimation needs to be eliminated from the control

law. This reduces the control law to partial output feedback. In

this situation, other eigenvalue placement algorithms need to be

investigated which are better suited for this application.

3. Improved techniques for identifying system damping need to be inves-

tigated.

These remarks conclude this thesis.
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APPENDIX A

SYSTEM MODELING DETAILS

A.1 Shape Functions Chosen for System Model

The shape functions, ¢(x) in Eq. 2.1 are the first three mode

shapes of a cantilevered beam. Figure A.1 shows the forces and moments

acting on an element on a cantilevered beam in bending (25). V and M

are shear and bending moments, respectively, and p(x) is the loading per

unit length of the beam. Summing forces and moments

XFX = 0 (A.1—1)

+XFy = p(x)dx — dV = 0 (A.1—2)

2
1-XMI_iäht= M + dM - M - Vdx -1/2p(x)dx = 0 (A.1—3)

s e

In the limit Eqs. A.1—2 and A.1-3 become

dV p(x) (A.1 4)

dM
V (A.1 5)

substituting (A.1-5) into A.1—4) yields

u
é = (X) (A 1-6)2 dx P °
dx
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Fig. A,} Forces and Moments Acting on an Element of a Beam in Bending
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Substituting for M in Eq. (A„1—6) with the relation

d2
M = EI —§ (A.1-7)

dx

gives

dz dz—§ (EI = p(x) (A.1—8)
dx dx

For a beam vibrating about its static equilibrium position, p(x) is

equal to the inertia load of its mass and acceleration (25). So, assum—

ing harmonic oscillations

p(x) = puFy(x) (A.1—9)

where p is mass per unit length. Assuming a constant EI for the beam,

Eq. A.1—8 is now written as

44 4——%
-6 y = 0 (A•1-10)

dx

2
where 6 =·Ä£L .

EI

Assuming an exponential solution and applying Euler's Equations,

the general form of the solution to A.1—1O is

y(x) = A cosh ßx + B sinh ßx + C cosßx + Ds1n6x (A.1—11)

For a cantilevered beam, the boundary conditions are

/
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x=O: y=0

dx O

(A.1—12)

izx=L: M=0or 2=0
dx

d3
V = 0 or 3 = 0

xd

In solving (A•1—10) subject to (A•1—12), an intermediate equation

in ß arises

coshB1 coxB1+1= 0 (A.1—13)

Solutions for ß in this equation are determined by iteration and

correspond to each umde of vibration. This leads to expressing the

solution of A•1-10 subject to A„1—12 as the infinite series

Il

y(x) = E (coshßix - cosßix) + Ai(sinhßix + sinßix) (A.1—14)
i=l

where
sinh(ß 1) + sin(ß 1)

Ai cosh(ßi1) + cos(ßi1) °

For the first three modes

07 7l
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The first three mode shapes expressed in A.1-14 and A.1-15 are

shown in Fig. A.2.
2

Recalling the relation in A.1—10
B4

= é%L-, the natural frequencies

of vibration can be solved for as

LO = (6 102 EL (A.1-16)n i / 4i pl

The natural frequencies of the beam used in this then are

ml = 0.53 hz nä = 3.61 hz üb = 10.1 hz .

A.2 Linearization

The "full blown" nonlinear equations resulting from solution of

Lagranges Equations are

2+62+63
lql zqz 3q3 lql zqz 3q3

(A.2—1)

+ (2mB1ql + 2mB2q2 + 2mB3q3)9 Ta(t)

111(BIÄI + 310) + mßlqlöz +1/2 El Ylql = 0 (A.2—2)

•• •• •2
1 = 1

m(B2q2 + a2G) + mB2q26 + /2 EI yzqz 0 (A.2 3)

a30) + mB3q3Ö2 +1/2 EIy3q3 = O (A.2—4)

The variables Bi , ai and Yi result from substitution of the Ritz

Approximation Eq. 2.1 into the potential and kinetic energy equations

2.6 and 2.7. They are defined as
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L2
ßi = I ¢i dx (A.2-5)

o

L
ai = I x ¢idx (A.2—6)

o

L..2
Yi = I (¢i) dx (A.2—7)

o

These integrals were evaluated for the chosen mode shapes with the

help of the symbolic manipulation language MACSYMA as

B1 = 1.8551L . 82 = 0.9641 , 83 = 1.00161

al = -0.7712 , az = -0.08912 , a3 = -0.032512

Y
_ I 22.936 Y I 468.04 G3 I 3812.8-•1

13 2 X3 X3

Equations A.3—1 thru A.3—4 are linearized by assuming only small pertur—

bations exist (hopefully achieved through the control algorithm...)

about the equilibrium points

qi = qi = 0 (A.2—8)

Thus making all higher order terms involving these variables neg-

ligible. The resulting coupled linear equations are
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3
mfg- 0 + alql + azqz + a3q3) Ta(t) (A.2—9)

+
dlré)

+
‘

0

41120) + 1/2 EI yzqz = 0 (A•2—11)

m(ß3q3) + 11,30) + /2 EI y3q3 0 (A.2 12)

Eq. A.3—6) through A.3—9) can be condensed into the matrix representa—

tion

where
0

Q1
q = Q2

Q3

ml}
T M1 M2 "‘°‘a

_ ma mß 0 0
E--

m
1 01

mß OQ2 2
ma3 O 0 mß3
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O O O O

0 1/2 EIYI 0 0
K =' 0 0 1/2 zxyz 0

0 0 0 1/2 EIy3

C1 0 O 0
O 0 0 0

E ’
0 0 0 0
O O 0 0

B1 ~

O
and B = O

O O



APPENDIX B

SYSTEM DAMING CALCULATIONS

B.1 Beam Damping

The clamped—free response to an initial first mode deflection is

shown for ST2 in Fig. B.1. The ratio of successive amplitudes of oscil-

lation is

A0
'"=A

1

The damping ratio in the beam's response is determined from the loga—

rithmic decrement equation (25):

ln Ä:
E =

2/ 4]-12 + (ln1

This was calculated to be

§ = 0.0103 (B.1-3)

Using equivalent mass and stiffness terms in Eq. 3.1 for the first mode

2
m1 in

kl = 0.0640 lb/in (B°1_4)
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An approximate equivalent damping term can be calculated from

Deq = 2;/KM (B.1—S)

The was calculated to be

_ lb • sec
Deq — 0.00039 in (B.1-6)

This is the equivalent damping in the first mode of vibration, the

damping in the second and third modes are simply approximated with the

relationship of Eq. 6.1, Deq aé . When these values were tested in

simulations, the responses were not damping out fast enough compared to

the experimental data. These values of damping were usually iterated

upon until the best matchup was obtained. The final values were

D = 0•QQ05 .Lä.;2;
eq in

D =0_OD()Dgq2
in

lb • secDq3 - 0.00003 in

The simulation results for the system with these damping values are

shown in Chapter 6 in Fig. 6.2 and 6.3.

B.2 Beam/Motor System Damping
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Calculations are similar here to Appendix B.1. 4The complete

beam/motor system is given an initial angular displacement. By imple-

menting a feedback law of position control above, the beam will oscil-

late about its equilibrium. This response is shown in Fig. B.2. The

ratio of successive amplitudes is

K- = 2.154 (B•2—1)
1

which from Eq. B.1-2 gives a damping ratio of

§ = 0.113 (B.2—2)

For this system, approximate damping is given by

D = 2 Äzl . —
eq E (B 2 3)

The equivalent stiffness of this system is given by

Keq = Gth Gpot GA KT (B.2—4)

where Gth = gain on angular position feedback

Gpot = gain of angular position potentiometer

GA = amplifier gain (amps/volt)

KT = torque constant of motor

The values of K and I are
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J = 2.027 lb•in•sec2

K = 4.369 1b/1:1 (B'2‘5)

From this

Dth = 0.72 lb•in•sec (B.2-6)

When this approximate angular damping term is included in the model,

good, improved simulations are achieved. This is demonstrated in Ch. 6
l

with Fig. 6.4 through Fig. 6.11.
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