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Abstract 

Generalized likelihood ratio (GLR) control charts are investigated for two types 
of statistical process monitoring (SPC) problems.  

The first part of this dissertation considers the problem of monitoring a normally 
distributed process variable when a special cause may produce a time varying linear drift 
in the mean. The design and application of a GLR control chart for drift detection is 
investigated. The GLR drift chart does not require specification of any tuning parameters 
by the practitioner, and has the advantage that, at the time of the signal, estimates of both 
the change point and the drift rate are immediately available. An equation is provided to 
accurately approximate the control limit. The performance of the GLR drift chart is 
compared to other control charts such as a standard CUSUM chart and a CUSCORE 
chart designed for drift detection. We also compare the GLR chart designed for drift 
detection to the GLR chart designed for sustained shift detection since both of them 
require only a control limit to be specified. In terms of the expected time for detection 
and in terms of the bias and mean squared error of the change-point estimators, the GLR 
drift chart has better performance for a wide range of drift rates relative to the GLR shift 
chart when the out-of-control process is truly a linear drift. 

The second part of the dissertation considers the problem of monitoring a linear 
functional relationship between a response variable and one or more explanatory 
variables (a linear profile). The design and application of GLR control charts for this 
problem are investigated. The likelihood ratio test of the GLR chart is generalized over 
the regression coefficients, the variance of the error term, and the possible change-point. 
The performance of the GLR chart is compared to various existing control charts. We 
show that the overall performance of the GLR chart is much better than other options in 
detecting a wide range of shift sizes. The existing control charts designed for certain 
shifts that may be of particular interest have several chart parameters that need to be 
specified by the user, which makes the design of such control charts more difficult. The 
GLR chart is very simple to design, as it is invariant to the choice of design matrix and 
the values of in-control parameters. Therefore there is only one design parameter (the 
control limit) that needs to be specified. Especially, the GLR chart can be constructed 
based on the sample size of 1 at each sampling point, whereas other charts cannot 
be applied. Another advantage of the GLR chart is its built-in diagnostic aids that 
provide estimates of both the change-point and the values of linear profile parameters. 
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Chapter 1. Introduction 

 

In the modern business environment, the quality of the products or services being 

produced is critical for survival and success of a company or an organization. Generally 

speaking, the quality of a product can be viewed as the degree to which one or more 

characteristics meet the requirements of the user. A certain amount of variability will 

always be associated with these characteristics. In another words, manufacturers cannot 

produce products with identical quality over time. Quoting from Montgomery (2012), 

“Quality is inversely proportional to variability”. Statistical process control (SPC) is a 

methodology whose purpose is to reduce the variability in a process.  

The variability in a process can be classified into two types: chance causes of 

variation and assignable/special causes. The first one is an inherent part of the process 

and can be treated as background noise. This type of variability cannot be eliminated and 

a process under the influence of only chance causes is called an in-control process.  

The other type of variability, produced by assignable causes, is introduced into the 

process by some undesired incidents such as improper operation or mechanical wear out. 

The consequence of an assignable cause could be a significant change in the process 

mean and/or variance. The process with assignable causes present is said to be out-of-

control. SPC reduces the variability in a process by detecting and thus facilitating the 

removal of assignable causes.  

To define these concepts formally using mathematical statistics language, we 

follow the notation in Basseville and Nikiforov (1993). For an in-control process, a 

sequence of independent observations can be modeled as a probability model with known 

density parameter denoted by . Then after a certain time ∗, the parameter may change 

from  to , where such a change is due to the effects of an assignable cause. Detecting 

this abrupt change in the parameter from  to  at some unknown time ∗ corresponds 

to the application of SPC to distinguish the in-control process from the out-of-control 

process.  
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Control charts are graphical tools used to detect assignable causes. Observations 

are obtained from the process and the values of some statistics are computed and plotted 

over time. The first control charts were proposed by Shewhart (1931) and are often called 

Shewhart control charts. These charts are designed for the detection of large deviations in 

the process parameter being monitored. However these control charts are not good at 

detecting relatively small changes in process parameters. Other types of control charts are 

the cumulative sum (CUSUM) chart and the exponentially weighted moving average 

(EWMA) chart proposed by Page (1954) and Roberts (1959), respectively. In contrast to 

Shewhart charts, these charts have the advantage of accumulating information from past 

observations. These charts usually have some tuning parameters that must be specified by 

the user such that they are optimal at detecting a specific change size. Therefore the 

performance at detecting other change size could be compromised. This implies that to 

effectively apply these charts, the user needs to have relatively good information about 

the changed parameter  that would likely happen when the process is out-of-control. 

However in many cases, this information is either not available or is at a relatively low 

level of confidence.      

To solve this problem, one way is to use two or more charts together in 

combination, where each chart is designed for a different change size. The performance 

of this combination would be good at or close to the change sizes which these control 

charts are tuned to detect. Many publications have appeared to address the selection of 

appropriate combinations of tuning parameters for the detection of a wide range of 

change sizes. But from the practical point of view, this also complicates the design of the 

control chart. The practitioner who uses the control charts usually has little knowledge 

about how to specify the tuning parameters.  

Another type of control chart has been developed that does not require knowledge 

of how the parameter being monitored would change when the process is out of control. 

This type of control chart is based on a likelihood ratio test for detecting a possible abrupt 

change-point in the samples, and is called a generalized likelihood ratio (GLR) chart. The 

GLR algorithm was initially proposed by Lorden (1971) and then was generalized by 

Blostein (1991). Since this approach estimates the out-of-control parameter  
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intrinsically, no prior knowledge of  is necessary, and consequently the user does not 

need to specify  as a tuning parameter.  

Due to this feature, it seems that the GLR approach should be much more 

appealing to the users if the parameter 	is unknown to them. However since the GLR 

approach is very computationally complex, it is not widely used in industry. Even though 

there exist some papers about the design and evaluation of the GLR chart in SPC, most of 

them are theoretical in orientation and lack practical insights. Among them, Willsky and 

Jones (1976) devised the GLR approach for the detection of unknown jumps in a linear 

stochastic system. Lai (1998) further discussed the asymptotic optimality property of the 

window-limited GLR rules. Apley and Shi (1999) evaluated the GLR chart to detect 

mean shifts in autocorrelated processes based on an autoregressive integrated moving 

average (ARIMA) model. Capizzi (2001) investigated the issue of finding a threshold 

value for the GLR algorithm given a specified window size used in a state-space model’s 

additive change detection. Lai (2001) presented a review of the recent applications of the 

GLR approach in many areas and envisioned that this approach will be extensively 

employed in the next generation of control chart schemes. Runger and Testik (2003) 

compared the GLR approach with a CUSCORE chart for the detection of two types of 

fault signatures. Zou et al. (2009) did comparisons among five control charts including 

two types of GLR charts for monitoring the mean of a normal distribution subject to 

linear drifts. Most of the existing papers focus on the asymptotic optimality properties of 

the GLR chart, and the comparisons between the GLR chart and other alternative options 

are more for the purpose of illustration, which is not particularly helpful to practitioners 

who want to actually apply a GLR chart to monitor a process.   

Recently, Reynolds and Lou (2010) started to do a much more comprehensive 

investigation of GLR charts from the practitioner’s point of view. The GLR chart 

discussed in this paper is for the detection of the sustained shifts in the normal process 

mean. This is the first paper devoted totally to the design and application of the GLR 

chart as a practitioner’s guide. In this paper, a thorough discussion of the selection of the 

window size and a linear fitting of the control limit with respect to any desired in-control 

ATS were given by the authors such that the practitioner can easily apply this chart to 

their own problems. They have shown that without prior knowledge of the out-of-control 
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process mean from the user, the GLR chart is a bit worse than the CUSUM chart at the 

shifts where the CUSUM chart is tuned to detect, but better than the CUSUM at other 

shifts. Therefore this paper presented a more promising prospect for application of the 

GLR chart for a typical change-point detection problem. 

The objectives of this dissertation are to investigate the design and the 

performance of GLR control charts with respect to two typical SPC monitoring 

problems. In particular, the dissertation will evaluate the GLR chart for monitoring two 

types of model parameters: the normal process mean subject to linear drifts, and 

sustained changes in linear profile parameters. The	 goals	 of	 this	 dissertation	 are	 as	

follows:	

(1) Develop a GLR chart for monitoring a normal process mean subject to linear 

drifts (called the GLR-D chart), and compare it to other control charts designed 

to detect changes in the process mean. Note that a similar GLR chart has been 

developed and evaluated by Zou et al. (2009), called GLR-L chart in this 

dissertation proposal. However, the GLR-L chart is a one-sided chart and it 

assumed that the change-point takes only integer values, which may not be 

realistic in applications. For the GLR-D chart, a polynomial fitting equation is 

provided to find the control limit so that the GLR-D chart can be conveniently 

used by the practitioner. After comparing the GLR chart to other charts in terms 

of the signal time, the issue of diagnostic aids will be addressed. 

(2) Develop a GLR control chart for detecting changes in linear profile parameters. 

Most of existing control charts for this problem are designed and applied based 

on the assumption that a fixed design matrix is used in both Phase-I estimation 

and Phase-II monitoring. We think this may limit the application of these control 

charts since a major concern of users is about changes in regression parameters 

and they may want to use different design matrices over time either in Phase I or 

in Phase II. Therefore after the derivation of the GLR chart, we discuss its 

invariance property and show that the GLR chart can be more flexible compared 

to the other charts. Furthermore, it has outstanding out-of-control performance 

compared to the other charts, and its performance is more predictable in a sense 
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that the user can choose the design matrices deliberately to have faster signal 

times for different types of shifts. 

(3) The above GLR chart for linear profile monitoring is based on the common fixed 

sampling strategy proposed in the literature, i.e., at each sampling point, a fixed 

sample of  observations is taken. This sampling strategy has the advantage that 

an individual linear profile can be fitted at each sampling time.  Another option 

for sampling is to take smaller samples, such as 1 , more frequently. 

Although this may preclude the fitting of a linear profile at each sampling point, 

this is not a requirement for applying the GLR chart. The advantage of small 

frequent samples is that they may allow for a faster signal, especially when the 

shift size is relatively large. Of course in some situations, sampling of 1 may 

be unfeasible, so being able to apply a GLR chart with 1 would be very 

useful. Thus, we propose the individuals GLR chart and investigate its 

performance.  Furthermore, another option is to use a variable sampling interval 

strategy so that the chart can trigger a signal faster if some warning threshold is 

exceeded.   

The structure of this dissertation is as follows. Chapter 2 provides the formal 

derivation of the GLR chart; some notation will be introduced as necessary. For the 

performance metrics, the commonly applied initial state ATS and steady state ATS are 

explained. Also other competitive methods are introduced in this chapter such as the 

EWMA chart and the CUSUM chart. In Chapter 3, we address the detection of linear 

drifts in the normal process mean. The major comparison is between two types of GLR 

charts. One of them is designed for the detection of sustained shifts as in Reynolds and 

Lou (2010). The other is designed for the detection of linear drifts. We show that even 

though these two charts have very close performance with respect to the signal time, they 

still have their own advantages in terms of diagnostic aids after the signal. So in this 

sense, they are not substitutable. In Chapter 4, the GLR approach is applied to monitor 

linear profile parameters when a fixed sample size of 	observations is taken at each 

sampling point. It is shown that the GLR chart is uniformly better than the other charts 

most of the time. Also, the GLR chart is very easy to design with only the control limit to 



 

 6

be specified even though there could be more than three parameters being monitored. In 

Chapter 5, we develop the individuals GLR chart for monitoring linear profiles and 

compare it to the GLR chart developed in Chapter 4, which is based on concentrated 

sampling. Finally, Chapter 6 draws some conclusions about the GLR approach for 

process monitoring problem generally and discusses some future research topics.  
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Chapter 2. Background 

2.1 Definition of In-Control and Out-of-Control Process  

Throughout this dissertation proposal we assume that the statistical process can 

modeled as a sequence of independent observed random variables or random vectors 

denoted as , ,… with density . Here the density parameter  could be either 

a vector or a scalar based on the model specification and detection requirement. For 

example, for a simple linear regression model, the parameter of interest is composed of 

three components: intercept, slope, and the variance of the random error term, and 

therefore  is a vector. However if the control chart is devoted to detecting a deviation of 

the normal process mean from its in-control value , then  is a scalar.  

We suppose that a fixed sampling interval plan with sampling interval  is used 

unless specifically stated otherwise. Then, without loss of generality,  can be treated as 

one time unit, and, consequently,  denotes the random sample at time .  If only one 

observation is obtained at each sampling time then  is a scalar random variable. 

Otherwise we assume that a fixed sample size 1 is used at each time point and the 

sampling time for the observations within a sample at time 	can be neglected.  Then  

is a random vector in this situation. 

We assume that there is a value of , say , that is the target value of  for the 

process. This value is the desirable or best attainable value for the process being 

monitored, and could be estimated from Phase I samples or be specified by the design 

engineer. Then this  value should be maintained in the production process. In other 

words, the process is said to be “in-control” if the random variables , ,…  are 

independent and identically distributed with . 

Process monitoring usually starts in Phase II with  at its in-control value . 

After the unknown change-point ∗ , an assignable cause may occur and change  to 

. Then the process is said to be out-of-control. The on-line detection problem is 

then to detect the occurrence of such a cause as soon as possible. Note that the out-of-

control value  could be constant or may vary over the time after the change-point ∗. 
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The former is called a sustained shift in , while the latter involves a functional form 

between  and post change-point time ∗. Two typical examples of the latter case 

considered in the SPC literature are linear drifts where  gradually drifts away from its 

in-control value, and transient shifts where  deviates from its in-control value only for a 

short period of time.  

Also, to be precise, for any possible change-point ∗ , there are always two 

adjacent sampling time points  and 1  such that  ∗ 1 . Then the 

observations sampled up to time  are in-control observations, while those sampled 

started from time 1 are produced from the out-of-control process.  

 

2.2 Performance Metrics 

When a change in the process has not occurred, any signal triggered from the 

control chart is treated as a false alarm. Frequent false alarms not only psychologically 

reduce confidence in using the control chart, but also are inconvenient in practice due to 

the cost of stopping the production process to search for non-existent assignable causes. 

Therefore to evaluate the efficiency of a detection algorithm, the commonly used criteria 

are the delay in detecting process changes, given a fixed mean time between false 

alarms. In another word, with a fixed false alarm rate for all competing control charts, 

the one with the quickest detection ability for assignable causes outperforms the others.  

To quantify the false alarm rate in the in-control process, the average time to 

signal (ATS), which is the expected time from the start of monitoring until a signal, is 

used as the performance metric. This measure is called the in-control ATS. While for the 

out-of-control process, the ATS should be the expected time from the occurrence of the 

assignable cause to the control chart signal. Note now that if we assume that the 

monitored model parameter has changed at the onset of the control chart in Phase II, the 

ATS is called the initial-state ATS. Using the initial-state ATS as the performance 

metric implies that the control chart statistic is at its initial starting value when the 

process change occurs.  
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However, if the assignable cause is assumed to occur after monitoring has started 

in Phase II, then the control chart statistic may deviate significantly from its starting 

value. In this situation, it is suggested that the effect of the value of control chart statistic 

at the time of the shift should be modeled using the steady state or stationary 

distribution, and the ATS is denoted by the steady state ATS (SSATS). The assumptions 

used in the SSATS are discussed in Reynolds et al. (1990), Runger and Montgomery 

(1993) and Reynolds (1995). Usually, if a fixed sampling interval is used for the control 

chart, then the use of either the initial-state ATS or the SSATS would reach the same 

general conclusions for out-of-control performance comparison among different control 

charts (see, for example, Zou et al. (2007) and Zhang et al. (2009)) even though the latter 

metric is more realistic. 

Then to compare the performance of different control charts, the basic strategy is 

to first set all the control charts to have the same in-control ATS, and then do the 

evaluations of SSATS or initial-ATS under different out-of-control situations. With the 

same in-control ATS specified, the one with smaller SSATS/initial-state ATS 

outperforms the others. 

 

2.3 Assignable Cause Detection Algorithm 

In this section, we describe several well-known control charts for the change-

point detection problem. Most of them are related to the likelihood ratio test (or its 

transformation) for the parameter : : 	 . : . At the sampling time , 

consider the test statistic ln .  A key property of this ratio is that it is a 

sufficient statistic for the parameter  based on the current observation . Also if we 

let .  denote the expected value operator, then |  and |  are the 

expectation of  under the two distributions  and , respectively. Hence, it can be 

shown that | 0  and | 0 . It follows that a change in the density 

parameter can be viewed as the sign change in the mean value of the log-likelihood ratio 

and can be further quantified as the difference between them as | | . 
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Note that this is directly related to the Kullback information  defined as ,

| , where | | , , 0.  

The problem statement above directly involves knowledge of the value of  

after the change-point. From this point of view, we can classify control charts into two 

categories. The control charts derived from a known value of  are discussed in 

Subsections 2.3.1, 2.3.2 and 2.3.3. For the case of unknown values of , there are two 

algorithm types called the weighted CUSUM algorithm and the GLR approach discussed 

in Basseville and Nikiforov (1993).  However, we only address the second one in 

Subsection 2.3.4 since the weighted CUSUM can be treated as a combination of multiple 

CUSUM charts. 

To illustrate these change-point detection algorithms, we apply them to the most 

popular SPC problem in the literature. That is, the detection of a sustained shift in the 

mean of the normal distribution. We state this particular case briefly before we go into 

the discussion of various control charts. 

Consider the in-control process that can be described as a normal distribution 

with known mean  and variance , i.e., 1, .. For the following control charts to apply, 

assume that we are only interested in detecting an increase of the mean from  to 

. Furthermore, we can standardize the magnitude of change in the mean as 

0. For this particular case, suppose that we take the sample of size 1	at 

each sampling time.    

2.3.1 Shewhart Control Chart    

The Shewhart  control chart is well-known as the first control chart proposed in 

history. Shewhart (1931) developed this chart to detect a change in the mean of a 

random variable. Later on, the method was generalized to other detection problems, and 

charts such as the -chart, Hotelling  chart, and the Poisson count chart were 

developed (see examples of these charts in Montgomery (2012)). The generalized 

decision rule for the Shewhart-type chart is given based on the current sample 	and the 
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chart would signal at the time min	 :	 , where  is conveniently chosen 

threshold value.   

Taking the normal mean detection problem as an example with , we have  

																		
2

. 

The conclusion that there has been a change in the normal mean occurs when 

, which is equivalent to  

. 

With  defined before, we can rewrite this as . 

This is equivalent to the classical expression for the Shewhart chart with decision rule 

expressed as  by setting .  Most of time, for the Shewhart 

chart,  is chosen to be zero, and then 2 . Since the 3 is often used with the 

Shewhart chart, we know that this chart is based on the assumption that the possible 

deviation of  from its in-control value would be very large. It follows that the major 

drawback of the Shewhart-type chart is that it is only good at the detection of large sizes 

of change. Also since its log-likelihood ratio statistic is based only on the current 

sample, information cannot be accumulated from past observations to help detect small 

changes in the parameter being monitored. 

2.3.2 EWMA Chart 

To take the past observations into account, Roberts (1959) proposed the EWMA 

chart to use all prior samples. Originally, it was used to monitor the mean of the normal 

distribution, but it has been generalized to monitor other process parameters. For the 

EWMA chart, the weights on samples are in geometrically decreasing order such that the 

most recent sample is more heavily weighted than past samples. We can express the 

chart statistic at time  in the recursive formula as 1 , with 

0.  The chart signals using the stopping rule: 	 :	 , where  is a 

chosen threshold to achieve a desired in-control ATS. For the EWMA chart, the 

parameter  is used to tune the weights assigned to the current and past samples. When  



 

 12

is large, more weight is given to the most recent sample and the chart is good at the 

detection of large changes in the process parameter. When  is small, more weight is put 

on past samples and the chart is tuned to have efficiency for detecting small changes in 

.  

Note that both the Shewhart chart and the EWMA chart defined in section 2.3.1 

and 2.3.2 are one-sided charts, i.e.,  only take one specific value. In many situations, it 

is a scalar and can take two symmetric values, say 	and . Then both of the above 

control charts can be constructed to detect changes in either direction and would be 

called two-sided charts. Also it is worth noting that for the one-sided EWMA chart, it 

will usually have better performance if a reset is used to prevent the statistic from 

dropping below its starting value.  

In the case of detecting a change in the normal mean, we have 

  1 ,  

with 0. The statistic can also be reformulated as  to 

get the conventional formula as 1  with 0. Then the 

chart signals at the time min	 : . 

2.3.3 CUSUM Chart 

Proposed by Page (1954), the CUSUM algorithm considers a repeated sequential 

probability ratio test about the parameter : : 	 . : . Since after the 

change, | 0, it follows that the chart statistic will drift away from zero in the 

positive direction. The scheme of the CUSUM chart is to track the maximum cumulative 

values of sequential likelihood ratio tests and then signal when the maximum drifts cross 

the threshold line, i.e., min	 :max ∑ , where 	is chosen such that 

|  is the desired in-control ATS. This scheme is proven to be minimax optimal by 

Moustakides (1986) in the sense that it minimizes the worst-case expected delay over all 

stopping rules with the same or larger |  values. For convenience the CUSUM 

chart statistic is often written in its recursive formula as max 0, 	 , with 

0. Then the chart will signal at time min	 : . This expression implies 
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that the chart statistic always restarts when it is zero, which implies that there is no 

indication of a change in  before the restart.     

For the problem of a change in the normal mean stated above, the chart statistic 

is  max 0, 	  with 0. Then the control limit  is 

selected to achieve a given in-control ATS. 

Note that to detect both increases and decreases of the same magnitude from the 

in-control mean, say, 0 , usually two symmetric  values will be specified as 

, where 0. Then two CUSUM control charts can be constructed based 

on them and these two charts will be run simultaneously in Phase II monitoring. 

Generally when the combination of two or more control charts is designed, the control 

limits will be adjusted to achieve the same in-control ATS for each of them, and the in-

control ATS of the combination is the desired value specified by the user. However for 

the normal distribution case, when the combination of two CUSUM charts is used to 

detect both increases and decreases in  of the same magnitude, the control limit is the 

same for both charts.   

2.3.4 GLR Algorithm 

All of the abovementioned charts are related to the likelihood ratio test of the 

hypothesis : 	 . : , where knowledge about the out-of-control 

parameter  is required for the user to design these charts.  For the case in which the 

value of the parameter after the change is unknown, the solution is related to the 

CUSUM algorithm. Instead of using a specified value for  in the likelihood ratio test, 

the GLR approach use the maximum likelihood estimate (MLE) of , and thus a double 

maximization follows as:  

																													 max max max max ln .											 2.1  

The GLR chart signals if , where  is the pre-specified control limit. Note 

that for such a double maximization to be performed, regularity conditions about  are 

required and are discussed in Lorden (1971) and Basseville and Nikiforov (1993). The 
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above formula cannot be rewritten in a recursive formula as in the case of the CUSUM 

algorithm. The major drawback of the GLR method is that it involves the optimization of 

 at each sampling time  over all past observations from 1 through . This could be 

computationally intensive, especially when the MLE of  does not have a closed form 

expression and an iterative numerical algorithm has to be applied. To ease the 

computational burden, a modification is to apply a window-limit rule to the 

maximization. Also since  is directly estimated from the samples, the estimation error 

of  has to be considered in the GLR chart design. Introduced first by Willsky and 

Jones (1976), the GLR statistic with a window limit is  

																													 , , 	 max
,

max ln .																							 2.2  

How to choose appropriate values for  and  is a difficult question for many 

situations where the GLR chart is applied.  is taken to ease the computation burden 

and  is used to make sure that  can be estimated with certain appropriate estimation 

error. Lai (1995) addressed the simple case of detecting changes in the mean of a normal 

distribution and suggested the choice of ~ in-control ATS to achieve the 

asymptotically optimality as ~∞. This can be used as a starting choice for the design of 

the GLR chart. It implies that when the in-control ATS is large, then a large window 

should be applied at the same order of magnitude. However even with the power of 

modern computers, it could still require much effort to find the control limit for a 

relative large in-control ATS.    

For  , in the literature (see, for example, Lai (2001)) it is stated that a minimal 

delay of dim	  should be used to guarantee that the  can be estimated from the 

assumed out-of-control samples (given a sample size of 1 at each sampling point). 

Usually  is just set to be dim	 . However, from our simulation results, with 

dim	 , the estimated  can sometimes be associated with too much uncertainty. 

Consequently, the likelihood ratio test statistic based on  could be significantly 

inflated and a very large control limit would need to be specified. This will spoil the 

performance of the GLR chart for out-of-control detection. So in some situations, the 
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effect of  has to be carefully addressed and an appropriate value of  needs be 

specified instead of the naïve choice of dim	 . 

 To summarize, a careful selection of window sizes for the GLR statistic should 

be considered on a case by case basis. We will address this selection issue in our 

applications of GLR charts to different change-point detection problems.  

Once the GLR chart signals, the estimated out-of-control parameter 	is 

																			 max
,

max ln ,																			 2.3  

and the estimated change-point time ̂ would be computed by maximizing the profile 

likelihood  

																															 ̂
,

ln .																													 2.4  

Note that for a sustained shift in the parameter , the change-time ∗  is 

unobtainable, and the signal from the GLR chart would suggest that the assignable cause 

occurs between ̂ and ̂ 1. 

These two estimates  and ̂ provide the GLR chart with another advantage over 

other control charts for on-line estimation of the change time and the magnitude of the 

changed parameter.   

Now, consider our normal mean detection problem (for both increases and 

decreases in ). From Reynolds and Lou (2010), the GLR statistic with the window 

parameter  and  is  

, , max
, 	

̂ , , ̂ , ,
2

, 

where ̂ , , ∑  is the maximum likelihood estimator of the 

possible sustained shift , given the assumed change-point in , 1 . Note in that 

paper, a default setting of 1 is applied with only one parameter ( ) needing to be 

estimated. The authors evaluated various window sizes from 1 through 10,000, and 

found that a small value of  may slightly improve the performance of the chart for 
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detecting very large shifts, but makes the chart’s performance much worse for the 

detection of small shifts. The best overall performance is achieved by finding a value of 

	such that the chart performance is very close to the GLR chart without a window 

( ∞).  A window size of 400 was suggested accordingly.  

Note that the following Chapter 3, Chapter 4, and Chapter 5 have been written as 

stand-alone papers, and even though we have tried to integrate them closely into this 

dissertation, there may still exist some duplicate contents such as the control chart 

definitions and some technical terms. Furthermore, most of the material in Chapter 3 and 

Chapter 4 have been published in Quality and Reliability Engineering International, and 

Journal of Quality Technology, respectively (see Xu et al. (2012a) and Xu et al. (2012b)). 

We thank them for their permission to reprint from these two journals. 

 



17 

 

Chapter 3. The GLR Chart for Monitoring the 

Process Mean Subject to Linear Drifts 

3.1 Introduction 

A common problem in statistical process control (SPC) is the detection of a 

change in the mean  of a process, where the observations from the process are assumed 

to be independent normal random variables. Various control charts have been proposed 

for this purpose and some of them are widely used in industrial applications. For 

example, there are the traditional Shewhart  chart proposed by Shewhart (1931), the 

exponentially weighted moving average (EWMA) chart initiated by Roberts (1959), the 

cumulative sum (CUSUM) chart investigated by Page (1954), and generalized likelihood 

ratio (GLR) charts discussed by Lorden (1971), Willsky and Jones (1976), Basseville and 

Nikiforov (1993),  Lai (1995), Lai (1998), Lai and Shan (1999), and Lai (2001) .  

In monitoring  there are several different out-of-control scenarios that are usually 

considered. The most commonly studied case is a sustained shift in , which means that 

when a special cause occurs, it results in a shift in  from the in-control value  to some 

new value . Another scenario is that a special cause results in a linear/ non-linear 

drifting of  away from . A drift in  could be attributed to factors such as the gradual 

wearing out of machines, the fatigue of operators, and a slow change in environmental 

variables such as humidity and temperature. The first scenario has been widely 

investigated by many researchers using various control charts (see, for recent examples, 

Jiang et al. (2008), and Reynolds and Lou (2010)). However the latter scenario of 

drifting has only been investigated in relatively few papers. Among them, Bissell (1984) 

and Bissell (1986) investigated the performance of the CUSUM chart under a linear 

drift. The performance of the Shewhart chart  with various trend rules was evaluated by 

Davis and Woodall (1988). Gan (1996) provided an accurate numerical algorithm to 

evaluate the CUSUM chart under linear drift. Gan (1991) also investigated the EWMA 

chart’s performance under linear drift. Another evaluation of the Shewhart, CUSUM, 

and EWMA charts for the case of a drift in  was reported by Aerne et al. (1991). Chang 
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and Fricker (1999) did further investigations of CUSUM and EWMA charts for the 

detection of out-of-control process with monotonically increasing mean and compared 

them to a repeated generalized likelihood ratio (GLR) test designed specifically for the 

monotone setting. Reynolds and Stoumbos (2001a) showed that combinations of the 

EWMA charts could detect slow-rate and moderate-rate drifts of either mean and/or 

variance much faster than the combined Shewhart  chart and moving range (MR) 

charts. Runger and Testik (2003) compared the CUSCORE chart to the GLR chart for 

monitoring two types of fault signatures including the linear drift. Fahmy and Elsayed 

(2006) developed a chi-squared control chart based on the deviation between the target 

mean and the expected mean of the process for the detection of linear drifts. Zou et al. 

(2009) compared the asymptotic performance of the EWMA chart, the CUSUM chart, 

the generalized EWMA (GEWMA) chart and two types of GLR charts, called the GLR-

S and GLR-L charts, which are designed respectively for sustained shifts and linear 

drifts in .  

In this chapter, we evaluate a GLR chart designed to detect a linear drift in  

(called the GLR-D chart) for a wide range of drift rates and show that this GLR chart 

provides more appealing properties than other existing options when the drift rate is 

unknown. Note that the notation GLR-D is used to distinguish this chart from the GLR-L 

chart in Zou et al. (2009) because there are differences between these two charts (which 

will be discussed later). Also the GLR-D chart will be compared to the GLR chart 

designed for sustained shift detection (called the GLR-S chart), as the GLR-S chart also 

needs only the control limit to be specified and can detect a wide range of shift sizes. We 

found that the GLR-D chart has significant advantages in terms of providing diagnostic 

aids after the signal. 

The chapter is organized as follows. In the next section, we define the GLR-D 

chart. Then design issues are discussed to show how to obtain the control limit for a 

desired in-control ATS by using a fitted polynomial regression equation. Next, the 

performance of the GLR-D chart is compared to other control charts under both linear 

drifts and sustained shifts in . After the comparisons, the diagnostic aids from the GLR-

D and GLR-S charts are compared for both the drift and the shift cases. A numerical 
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example is used to show how to apply the GLR-D chart. Further conclusions and 

discussions are included in the last section. 

 

3.2 The GLR-D Control Chart for Monitoring the Process Mean 

Suppose that the process variable  being measured has a ,  distribution 

and, when the process is in control, the distribution is a ,   distribution. It is 

assumed that the in-control parameter values 	and 	 are either known or have been 

estimated precisely in Phase I. In Phase II, we consider the problem of real-time 

monitoring to detect any special cause that produces a linear drift in  away from the in-

control value . It is assumed that it is desirable to detect drift rates in  of all sizes. 

The sampling strategy applied for the GLR-D chart is the same as the GLR-S 

chart investigated by Reynolds and Lou (2010). Suppose that independent samples of 

1 observations are taken from the process using a fixed sampling interval of  

between observations. And we assume with loss of generality that  is the unit time, so 

that 1.0.  Let  represent the observation at sampling point . Note that the case in 

which samples of 1  are taken from the process can be handled by letting 

	correspond to the sample mean and changing the in-control variance from  to /  

in the formulas given in this paper. 

After sample  is obtained, we have data , , … . Suppose that there is a 

drift in  from its in-control value 	starting at some time ∗	between observation  

and	 . Note that  takes integer values from the above definition while ∗ is a value 

satisfying  ∗ 1  . Then the process mean at time ∗	  is 

∗ , where  is the standardized rate of drift. The log likelihood at time  is 

ln , ∗, | , , … ,  

			
2
ln 2

1
2

1
2

∗	 .			 3.1  

Under the hypothesis that there have been no changes in	 , the log likelihood function at 

time  is  
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            ln ∞,∞, 0|	 , , … , ln 2 ∑ .												 3.2  

If there has been a drift in  starting between sample  and	 1, the restricted 

maximum likelihood estimators (MLE) of the rate of drift  and the change-point ∗ can 

be derived by taking the partial derivatives of the log likelihood function (1) with respect 

to  and ∗, respectively and setting the results equal to zero. As a result, the restricted 

MLEs of  and ∗ must satisfying the equations 

     
∑ ∙ ∗ ∑

∙∑ ∙ ∗ ∙ ∙ ∗∙∑
,			 ∗ ∈ , 1 ,																													 3.3  

and 

                    

∗ ∙ ∙∑ ∑

∙ ∙
, ∗ ∈ , 1 .																																																	 3.4  

Note that to solve for  and ∗, an iterative algorithm has to be applied to alternatively 

update the estimates of   and ∗ until a convergence criterion is met.   

Therefore the log likelihood-ratio statistic for determining whether there has in 

fact been a drift in  starting within any possible time interval , 1 ,

0, 1, 2, … , 1	, is computed as 

, , 	 ln
max

, , ∗ ,
, ∗, | , 1, … ,

∞,∞, 0|	 , 1, … ,

max
, , ∗ ,

1
2

2 2 ∗ ∗ 	 . 3.5  

The GLR chart will signal at sample  if 	 , , 	 , where  is the control 

limit that is chosen to give a specified in-control performance. It is noted from Willsky 

and Jones (1976) and Lai (2001) that the maximization of  usually is taken over 

. The parameter is used to ease the computation burden and its 

choice depends on both desired in-control ATS and the minimal parameter change that 

needs to be detected. The other parameter  is the minimum delay due to the number 

of observations needed to effectively estimate the parameters monitored by the GLR 

chart and should be taken to be at least the number of parameters being monitored.  For 
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example, taking 3 results in a minimum of 3 observations being used to estimate 

parameters. The issues of the choices of  and  will be further addressed in the 

following section. Once the chart has signaled, the estimates of  and ∗  obtained in 

calculating , , 	 can be used as diagnostic aids to help identifying the special cause 

that triggered the signal.  

It is worth pointing it out that the GLR approach for monitoring a drift discussed 

in the recent literature (see, for example, Runger and Testik (2003) and Zou et al. 

(2009)) assumed that the change point ∗	is always an integer value, i.e., the drift always 

starts at a sampling time point and ∗ coincides with . Then given a change-point , 

only the MLE of  needs be computed in their GLR charts. In addition, the GLR-L chart 

defined in Zou et al. (2009) is a one-sided control chart for detecting drifts in only one 

direction.  Our GLR-D chart is more general in that it allows for the possibility that the 

drift starts somewhere in the interval between samples, and it is a two-sided chart that 

can detect drifts in either direction. Also, our GLR-D chart incorporates the constraint 

 that improves parameter estimation.  

 

3.3 Performance Metrics 

In this chapter, we use the SSATS to compare the charts’ performance, which is 

consistent with Reynolds and Lou (2010). Similarly as in that paper, the SSATS is 

actually simulated assuming that the drift in  starts in the time interval between samples 

400 and	 1 401, and that the distribution of ∗ is uniform on 400, 401 . To 

compare the performance of different control charts, we have the control limits of all 

control charts adjusted so that each of them has the same in-control ATS of 

approximately 1481.6. Then we compare their SSATS values at various drift rates. At a 

given drift rate, the control chart with the smallest SSATS value is the best. Note that 

Runger and Testik (2003) used the SSATS as the performance metric with ∗	set to be 

50, while Zou et al. (2009) used the initial-state ATS as the performance metric.   

The evaluation of the ATS and SSATS values were done using simulation with 

1,000,000 iterations and the standard error of the simulation results is less than 0.1% of 
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the true ATS. Thus the simulation error can be neglected. For the out-of-control drifting 

process, similar to Reynolds and Lou (2010), we consider a relatively wide range of drift 

rates, 0.0025 1.0. Any simulation run with a signal within the first 400 in-control 

observations was treated as a false alarm and discarded. 

 

3.4 The Window Size of the GLR-D Chart 

It is shown in Lai (1998) that as → ∞, the GLR chart is asymptotically 

optimal if ~ O(log(in-control ATS)/IKL), where IKL is the Kullback-Leibler 

information number corresponding to the smallest magnitude of the parameter change 

that is of interest for parameter being monitored. The practical choice of  has also 

been discussed in Reynolds and Lou (2010), Reynolds et al. (2012), and Wang and 

Reynolds (2012). It was found that, to give the same in-control ATS, the control limit 

 has to increase when the  increases. Even though a small  leads to slightly 

better performance for the detection of very large parameter changes, a large window 

should be used to achieve much better overall performance. With modern computing 

technology, the practitioner may be able to use the GLR chart with	 ∞ in practical 

applications. However when evaluating the properties of this chart and finding the 

control limit by Monte Carlo simulation, the computational burden is high and thus an 

appropriate  was used in our simulations.  

According to Lai (1998), asymptotically the choice of  should be based on 

both log(in-control ATS) and IKL. For values of the in-control ATS commonly used in 

SPC applications the choice of  should depend primarily on the minimum magnitude 

of the parameter change to be detected. In our evaluation of the GLR-D chart, the 

minimum drift rate is 0.0025, and with  set to give an in-control ATS of 

1481.6, the SSATS for 0.0025 is roughly 150. With our investigations of 	from 

25  through 12,000 , we selected 400  and found from validation runs that the 

performance of the GLR-D chart with 400 is very close to the performance of the 

GLR chart with 12,000. It is noted that Runger and Testik (2003) used 30 

while Zou et al. (2009) used 100	 in their performance comparison studies. 
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Furthermore, Zou et al. (2009) specified the in-control ATS to be 1730 and the minimum 

drift rate investigated is 0.0005 where the initial-state ATS is reported to be 368 in 

their paper. Based on our studies, the choice of 100 may be not large enough to 

achieve good performance for detecting drifts with  as small as 0. 0005. 

The parameter  usually is chosen to be at least the number of the parameters 

monitored by the GLR chart to avoid difficulties with parameter estimation (see, for 

example, Lai (1995) and Lai (2001)). Therefore Runger and Testik (2003) and Zou et al. 

(2009) used 1 since there is only drift rate  to be estimated from the observations 

given their assumptions about the possible change-points.  In our GLR-D chart, we 

initially tried the minimum value, i.e. 2 since after each observation, both  and 

∗  need to be estimated. From our investigation, it appears that using only two 

observations would cause very large estimation error for the drift rate, which inflates the 

GLR chart statistic significantly, and a careful choice of  should be considered for the 

GLR-D chart. Generally, if small parameter changes are of primary interest, a relatively 

large  should be used, which consequently will hurt performance of the GLR chart for 

large parameter changes. In our investigations the maximum drift rate considered is 

1.00, and the chart usually signals after 3 or 4 observations.  Then 4 achieves 

the overall best performance for the GLR-D chart over the drift rate from 0.0025 

through 1.00.  Although we do not report the results here, we found that 4 

still works well for very large drift rates ( 1.0 .  Very large drift rates would be 

very similar in effect to a shift, and we do comparisons for the case of a shift later in the 

paper. We note that the user should be careful with the diagnostic aids after the signal if 

a very large estimated drift rate is reported by the GLR-D chart, since the estimates of  

and ∗ are highly biased in this case.   

 

3.5 The Control Limit of the GLR-D Chart 

In this section, we show how to find values of  corresponding to in-control 

ATS values ranging from 25  up to 10,000 . Although there have been previous 

investigations of the GLR chart for drift detection, there has been no easy way for 
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practitioners to find the control limit. Here we provide a simple method to find  for 

the GLR-D chart.  Figure 3.1 plots 		with the in-control ATS on the  scale and 

we can see the approximate linear relationship between them. To provide a convenient 

means for the practitioners to find , we fit a 4th order polynomial equation relating 

 to the log in-control ATS:     

				 	 1.709425	 	2.3928832 ∗ 	 	0.1856674 ∗ 	 	0.0543797 ∗ 	

		0.0046106 ∗ 		 

where (desired in-control ATS). 

FIGURE 3.1. Plot of  versus In-control ATS (log10 scale) 

 

It is noted that even though the above equation is based on simulation results 

using the window size 400, it is still valid for use when the desired in-control 

ATS is large and when  is much larger than 400. For example, for the in-control ATS 

to be 10,000 , the control limit  can be computed from the above equation as 



 

 25

8.5357. From a validation run with this control limit applied to the GLR chart with 

10,000, which takes very large amount of simulation time, the in-control ATS is 

9,915. This value is very close to the specified value. Therefore the practitioner can 

safely apply the above equation to get the control limit for their GLR chart with any 

400.  

 

3.6 The GLR-S Chart, the CUSUM Chart and the CUSCORE Chart 

For comparison purpose, we introduce other control charts briefly including the 

GLR chart design for detection of sustained shifts of process mean (GLR-S chart), the 

traditional CUSUM chart and the CUSCORE chart designed for the linear drift.  

3.6.1 The GLR-S Chart 

A natural comparison is between the GLR drift chart and the GLR shift chart. 

Both of them are designed for the detection of the changes in the normal process mean. 

However since they focus on the different change patterns, it is of interest to compare 

their performances under the situation that the change pattern is either specified correctly 

or incorrectly. Reynolds and Lou (2010) discussed the GLR shift chart in very details 

and compare this chart to various other control charts when the process mean changes in 

the forms of both sustained shifts and drifts from the in-control value. Here we only 

restate this chart very briefly and the details can be referred from their paper. It is 

supposed still that the sample of size 1 is taken with the unit of time 1.0. After 

sample  is taken with the data as , … , , the control chart statistic as the log 

likelihood-ratio statistic for determining whether there has in fact been a sustained mean 

shift is  

max
2

̂ , , , 

where ̂ , , ∑  is the maximum likelihood estimator of the possible 

sustained shift . Also with the window size  used, the modification of  is  
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, max
, 2

̂ , , . 

Then a signal is given at sample  if , , where the control limit  is 

chosen to give specified in-control ATS. Note when the chart signals, both change-point 

estimate ̂ and shift size estimate ̂  would be provided immediately. 

3.6.2 The CUSUM Chart 

The CUSUM chart statistic is defined as 0,

, and 0, where  can be treated 

as the increment of the CUSUM chart due to the latest observation. Then the chart would 

signal if . Usually,  is expressed as . Then  corresponds the 

standardized shifted value of particular interest for such CUSUM chart designed to 

detect. Also typically, two CUSUM chart with  and  respectively are used together 

for the detection of both increase and decrease of process mean from the in-control value 

. Then to detect the different sizes of shifts, the values of  for the CUSUM charts are 

either 0.25 or 0.50 evaluated in this paper.  

3.6.3 The CUSCORE Chart 

CUSCORE charts have been introduced to detect other types of specific process 

changes besides sustained shifts in . See, Box and Ramírez (1992) and Box et al. 

(2009). When the fault signature of the process change is treated as a linear drift, it can 

be considered as a CUSUM-like chart designed specifically for a linear drift. Its chart 

statistic is defined as  

	 , , ; 0 ,		 

where 0 and 

                                              , , 		 	
0															

, 
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represents a linear drift starting from observation , and  is the reference value chosen 

to be 0.5 , , . Note that for this chart to be applied,  has to be specified by 

the user, which is the specific drift rate that the CUSCORE chart is designed to detect. In 

our comparisons, we select two typical choices of  values, 0.01 and 0.2. Since  is 

unknown to the user, it is initially set to be 0. Each time the CUSCORE statistic  

is reset to 0,  would also be reset to the current time . A signal is triggered when 

.	 A combination of two CUSCORE charts with  and   can be used for the 

detection of both the upward and downward linear drifts.   

 

3.7 The SSATS Comparisons under Sustained Shifts and Linear 

Drifts 

Now we compare the performance of the GLR-D chart and above-mentioned 

existing charts under the two types of change patterns in . Interested readers can refer 

to Table 5 through Table 8 of Reynolds and Lou (2010) for more comparison results 

with Shewhart-2CUSUM combinations and ACUSU-C Charts. 

The SSATS values are listed in Table 3.1 for the case in which the out-of-control 

process corresponds to a linear drift.  By carefully inspecting the two columns labeled 

[1] and [2], we find that the GLR-D chart has uniformly better performance than the 

GLR-S chart, although this advantage is relative small (less than 5%). Comparing the 

GLR-D chart to the other charts, we see that generally the CUSUM and CUSCORE 

charts tuned to detect small changes are better than the GLR-D chart for the drift rates 

from 0.0025 to 0.0300, whereas the GLR-D chart is better for larger drift 

rates. When the CUSUM and CUSCORE charts are tuned to detect large changes, the 

CUSUM chart with 2.0 is better than the GLR-D chart only for 1.0, and the 

CUSCORE chart with 0.2  is worse than the GLR-D chart at all drift rates 

investigated.  

Zou et al. (2009) did an asymptotic comparison between the one-sided GLD-S 

chart, the GLR-L chart, and some other charts. Asymptotically, as the control limit 

→ ∞, they showed that in terms of the initial-state ATS, the GLR-L chart has the best 

out-of-control performance in detecting a linear drift of any size among the five control 
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charts they compared. However, in their numerical simulations, the GEWMA chart is 

slightly better than the GLR-L chart when 0.05.  Their simulations were based on 

only 10,000 runs, so some of their observed differences could be due to simulation error.   

The next comparison is for the case in which the out-of-control process follows 

the pattern of a sustained shift in	 . The results are listed in Table 3.2 where 

/  is the standardized size of the shift. We see from Table 2 that generally we can 

tune the CUSUM or CUSCORE charts so that they are better than the GLR charts (either 

GLR-D or GLR-S chart) at some particular shifts, but then their performance is worse at 

other shifts. Comparing the two GLR charts, we see that GLR-S chart outperforms the 

GLR-D chart at 0.25 and for 3.00 through 7.00. The fact that the GLR-D 

chart does not perform as well for large shifts could be due to the restriction that there 

must be at least four assumed out-of-control observations available for the estimation of 

the drift rate  and the change-point ∗ . However it is worth pointing out that this 

difference is quite small. It is also interesting to see that for other shift sizes, say, from 

.50 through 2.00, the GLR-D chart has a smaller SSATS than the GLR-S chart.  

TABLE 3.1. SSATS Values for Linear Drifts in the Process Mean 

  GLR-D GLR-S   CUSUM CUSUM CUSCORE CUSCORE

 — —   — — 0.01 0.2 

 — —   0.5 2.0 — — 

β [1] [2]   [3] [4] [5] [6] 
0.0000 1481.52 1481.56 1481.6 1481.6 1481.52 1481.62 

0.0025 150.91 152.56   140.05 218.63 141.27 195.93 
0.0050 98.10 99.36 90.56 135.19 92.53 122.17 
0.0075 76.06 77.13 70.42 101.11 72.89 92.06 
0.0100 63.37 64.38 59.05 82.13 61.84 75.13 
0.0200 40.78 41.55 38.96 49.45 42.68 45.89 
0.0300 31.45 32.11 30.71 36.73 34.92 34.40 
0.0500 22.67 23.18 22.90 25.31 27.45 23.95 
0.1000 14.51 14.91 15.53 15.39 20.17 14.79 
0.2000 9.30 9.58 10.62 9.51 15.03 9.42 
0.3000 7.17 7.39 8.53 7.24 12.71 7.43 
0.5000 5.18 5.34 6.50 5.19 10.32 5.65 
1.0000 3.39 3.43   4.51 3.36 7.81 4.02 

h 6.4732 7.3288   5.3514 6.4109 2.7220 4.8660 
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TABLE 3.2. SSATS Values for Sustained Shifts in the Process Mean 

  GLR-D GLR-S   CUSUM CUSUM CUSCORE CUSCORE

 — —   — — 0.01 0.2 

 — —   0.5 2.0 — — 

 [1] [2]   [3] [4] [5] [6] 
0.00 1481.52 1481.56 1481.6 1481.6 1481.52 1481.62 
0.25 152.17 151.71   133.25 581.27 134.03 418.13 
0.50 43.12 43.76 35.52 145.18 40.42 95.88 
0.75 20.52 21.02 19.01 44.71 25.91 32.36 
1.00 12.13 12.49 12.81 18.33 20.53 15.05 
1.50 5.84 6.00 7.69 6.14 15.46 6.32 
2.00 3.54 3.55 5.47 3.34 12.84 4.37 
3.00 1.89 1.67 3.45 1.66 9.95 3.06 
4.00 1.31 0.95 2.52 1.06 8.32 2.49 
5.00 0.98 0.62 1.99 0.69 7.24 2.04 
6.00 0.71 0.51 1.58 0.53 6.46 1.84 
7.00 0.56 0.50   1.40 0.50 5.87 1.75 

h 6.4732 7.3288   5.3514 6.4109 2.7220 4.8660 
 

3.8 Diagnostic Aids Comparison between the GLR-D Chart and the 

GLR-S Chart 

Since GLR charts simultaneously provides diagnostic aids after a signal, it is of 

interest to compare the performances of the different GLR charts not only based on how 

quickly they signal but also on the performance of the estimates of the change-point and 

changed process parameters. Also because these two charts would report different types 

of changed parameter estimates after the signal, in this section we only compare them in 

terms of the change-point estimate ∗. This type of comparison of the two GLR charts 

has apparently not been done before.  

To assess the accuracy of the estimators, we define the bias of the change-point 

estimate as ∗ ∗ ∗ .  To evaluate the variance properties of the change-

point estimators, the  of ̂, defined as ∗ ∗ ∗ , is also used. Note 

that by definition the GLR-S chart provides only ̂, the integer valued estimate of the 

sample index after which the shift occurs (see Reynolds and Lou (2010)).  To make fair 
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comparisons with the GLR-D chart, which estimates the shift point ∗ within a sampling 

interval, we use the change-point estimator as ∗ ̂ 0.5 for the GLR-S chart.     

Table 3.3 gives the ∗  and ∗  of the two charts for the drift case. 

The SSATS values are also given for easy reference. When there is a slow drift, it is 

difficult to estimate ∗ because the separation of the out-of-control observations from the 

in-control observations is problematical. With large drift rates, the charts would usually 

signal with only a few observations and therefore the estimate of the change-point is 

more precise with smaller bias and variance. Except for the drift rate of .0025, the 

bias values of the GLR-D chart are always less than half of the values for GLR-S chart. 

All the MSE values of the GLR-S chart are more than 110% of the values of the GLR-D 

chart, and for small drift rates, the factor is larger than 120%. Thus we conclude that the 

GLR-D chart provides a better estimate of ∗ than the GLR-S chart when there is indeed 

a linear drift.      

Table 3.4 gives the bias and MSE values for the sustained shift case. Now the 

GLR-S chart is generally better than the GLR-D chart in terms of both bias and MSE. 

The bias for the GLR-D chart is negative except for 0.25 whereas the bias for GLR-

S chart is positive most of the time and its magnitude is generally smaller. However it is 

interesting to see that at 0.25, the GLR-D chart has a much smaller positive bias 

than the GLR-S chart, but the MSE is still large for the GLR-D chart. Therefore we 

conclude that the GLR-S chart provides better diagnostic aids for detecting sustained 

shifts since it outperforms the GLR-D chart for most shift sizes in terms of bias and 

MSE.  

In summary, the GLR chart with the correct out-of-control model specification is 

better in terms of the diagnostic aids; we suggest that practitioners should use the GLR-

D chart if it is expected that special causes will produce a drift in  and use the GLR-S 

chart if sustained shifts are expected.  
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TABLE 3.3. SSATS and Bias, and MSE of ∗ for the GLR-D and  

GLR-S Charts for Linear Drifts in  

  GLR-D GLR-S   GLR-D GLR-S GLR-D GLR-S 
β [1] [2]   [3] [4] [5] 6] 
  SSATS BIAS MSE 

0.0025 150.91 152.56   46.00 81.42 8723.0 10861.4 
0.0050 98.10 99.36 23.83 48.55 3829.4 4557.3 
0.0075 76.06 77.13 15.82 35.91 2425.3 2791.7 
0.0100 63.37 64.38 11.66 29.01 1774.7 2004.2 
0.0200 40.78 41.55 5.43 17.28 857.5 924.7 
0.0300 31.45 32.11 3.28 12.78 572.2 603.5 
0.0500 22.67 23.18 1.57 8.74 343.6 361.0 
0.1000 14.51 14.91 0.35 5.23 179.6 187.1 
0.2000 9.30 9.58 -0.14 3.15 91.5 100.3 
0.3000 7.17 7.39 -0.29 2.37 63.9 68.8 
0.5000 5.18 5.34 -0.37 1.69 40.2 43.5 
1.0000 3.39 3.43   -0.36 1.09 19.7 24.4 

 

TABLE 3.4. SSATS and Bias, and MSE of ∗ for the GLR-D and GLR-S Charts for 

Sustained Shifts in  

  GLR-D GLR-S   GLR-D GLR-S GLR-D GLR-S 
 [1] [2]   [3] [4] [5] [6] 
  SSATS BIAS MSE 

0.25 152.17 151.71   5.65 43.63 11861.7 10534.9 
0.50 43.12 43.76 -15.20 2.64 1783.2 1040.9 
0.75 20.52 21.02 -10.05 -0.40 623.3 378.8 
1.00 12.13 12.49 -6.90 -0.78 289.3 188.5 
1.50 5.84 6.00 -3.98 -0.70 102.9 76.7 
2.00 3.54 3.55 -2.65 -0.51 47.9 37.9 
3.00 1.89 1.67 -1.48 -0.26 14.5 13.1 
4.00 1.31 0.95 -0.94 -0.13 5.1 5.3 
5.00 0.98 0.62 -0.58 -0.06 1.7 1.1 
6.00 0.71 0.51 -0.30 -0.02 0.5 0.4 
7.00 0.56 0.50   -0.14 -0.01 0.4 0.1 
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3.9 Example Plots of the GLR-D Chart 

Now we illustrate an application of the GLR-D chart with a simulated data 

example. First 100 in-control observations were simulated from a normal distribution 

with mean 0.0  and standard deviation 1.0 . Assume that a special cause 

occurred at time	 ∗ 100.5 between the 100  and 101  sampling points, and resulted 

in a linear drift with rate 0.05. Then 40 out-of-control observations were generated 

with means 0.05 100.5  for 101,… ,140 and 1.0. 

Figure 3.2 is a plot of the GLR-D statistic , , , the estimated change-point 

∗	and the estimated drift rate  over time. For the first 100 in-control samples, the 

GLR-D statistic and the estimated drift rate just exhibit random variation while the 

estimated change-point tends to increase with value of the current time , which 

indicates that the , ,  is usually calculated based on relatively recent samples. After 

the drift starts in the process, the GLR-D statistic has an increasing trend while ∗ and  

start to converge. Eventually the GLR chart signals at time 124 with , , 7.5411. 

At the time of signal, the estimated change-point ∗ is 102.00, which is close to the true 

value 100.5, and 0.063, which is  slightly larger than the true drift rate 0.05.   

In this particular example, the diagnostic aids are satisfactory with both the 

change-point and drift rate estimates reasonably close to the true values. However it is 

noted that the user should be careful especially when the chart signals with a small drift 

rate reported. For a small drift rate, as shown in Table 4, ∗ has large bias and MSE, and 

 also has a large amount of uncertainty, given it is conditional on the change-point 

estimator.  

It can also be found in these plots that before the change point, ∗ and  show a 

lot of variation because they are based on the pure random noise in the in-control 

observations. And  varies so much that the scale in the plot of 	has to be truncated in 

order to get a better visual picture after the change point. The plots of the estimates 

might be misleading for users who have only limited understanding of the GLR chart, 

therefore we recommend that these plot should be suppressed until a signal is triggered.  
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FIGURE 3.2. The Plotting Example of the GLR-D chart 

 

3.10 Conclusions and Discussion 

We have shown that the GLR-D chart is very effective for detecting a wide range 

of drift rates when monitoring a normal process mean subject to linear drifts. It has much 

better overall performance than the traditional control charts and slightly better 

performance than the GLR-S chart for detecting a wide range of drift rates. Thus, we 

recommend that the GLR-D chart be used when drifts in  are expected. The GLR-D 

chart also has very good performance for shifts in . So its performance will still be very 

good if the actual process change is a shift instead of the expected drift.  

The GLR-D chart is very simple for practitioner to use as there is only the control 

limit that needs to be specified. A polynomial model fitted between the in-control ATS 

on the  scale and the control limit  allows the user to easily obtain  for a 

desired in-control ATS. The GLR-D chart also has the advantage that it provides 

estimates of the change-point and the out-of-control drift rate parameter. This could be 

of significant help to the practitioner in diagnosing the process after a signal is given.  
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Chapter 4. The Monitoring of Linear Profiles 

with a GLR Chart 

 

4.1 Introduction 

In many situations, statistical process control methods are used to monitor a 

functional relationship between one response variable and one or more explanatory 

variables, which is referred to as profile monitoring (See Woodall et al. (2004), Woodall 

(2007) and Noorossana et al. (2011)). Among various possible profile models, the linear 

regression model, called the linear profile, is the simplest one for both model fitting and 

monitoring. It has been widely studied and various control charts for linear profile 

monitoring have been proposed (see, for example, Kang and Albin (2000), Kim et al. 

(2003), Zou et al. (2007), Saghaei et al. (2009), Li and Wang (2010), Mahmoud et al. 

(2010) and Eyvazian et al. (2011)).  In most of these papers, it is assumed that the linear 

regression coefficients and the variance of the random error have been precisely 

estimated in Phase I, and the major concern in Phase II is to monitor the linear profile for 

quick detection of any changes in the process parameters. In the monitoring process, 

once a signal of a process change is triggered, diagnostic issues arise naturally since the 

practitioner would be interested in locating the possible change point, identifying which 

parameters have changed, and estimating the shift sizes of the changed model 

parameters. 

Most of the work on linear profile monitoring is for the case in which the profile 

can be adequately represented by a simple linear regression model (see, for example, 

Kang and Albin (2000), Kim et al. (2003), Gupta et al. (2006), Zhang et al. (2009), 

Saghaei et al. (2009), Mahmoud et al. (2010) and Li and Wang (2010) ). More general 

multiple linear regression models are considered by Zou et al. (2007), Kazemzadeh et al. 

(2008), Mahmoud (2008), Kazemzadeh et al. (2009), Noorossana et al. (2010) and 

Eyvazian et al. (2011). Besides the linear regression profiles, nonlinear and mixed model 
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profiles have also been studied (see the reviews by Woodall et al. (2004) and Woodall 

(2007)). 

 Another approach to monitoring linear profiles is to integrate the Phase I 

estimation of profile parameters and Phase II monitoring of these values. This method 

was studied in Zou et al. (2006). In their paper, it is assumed that the first few samples 

are used as in-control observations to get the initial estimates of the simple linear profile 

parameters (the number of samples used is usually much smaller than what would 

normally be used in Phase I). Then a change-point model based on sequential likelihood 

ratio tests is applied in the following samples to detect possible sustained changes in the 

profile parameters. Also, to improve the performance of their method, the authors 

introduced EWMA-like smoothing parameters to adjust chart statistics. The advantage of 

this method is that the practitioner can start the process monitoring without any prior 

knowledge of the in-control parameters. The disadvantage is that there is no Phase I 

period to determine whether the process is stable and to obtain precise estimates of the 

in-control parameters. From our point of view, if the practitioner has some target values 

for the process parameters, or has precisely estimated parameters from Phase I, then it 

would be reasonable to use these values in Phase II monitoring. Here, we consider only 

the Phase II monitoring problem, and assume that the in-control values of the process 

parameters being monitored in Phase II are known precisely from Phase I sampling. 

In this paper, the profile is represented by a multiple linear regression model. 

Once the in-control regression parameter vector 	and variance component  are 

known or precisely estimated in Phase I, the linear profile model monitored in Phase II 

at time  is 

                                         ,                                                       (4.1) 

where ~MVN ,  and 1, 2, …. It is assumed that the fixed sample size at each 

time  is	  and the number of regression parameters is	 	 . Then  and  are 

1 vectors, the design matrix	  has dimension ,  is 1 vector, and  is the 

 identity matrix. The error term vectors are assumed to be independently 

identically distributed (i.i.d.) as normal random vectors with mean vector zero and 

variance-covariance structure .  
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In almost all of the existing papers, the values of  are assumed to be fixed over 

time for both Phase I and Phase II. This simplifies the design and application of control 

charts when the statistics depend on the  values. However this restriction may be 

unrealistic and the ideal control chart should be invariant to choices of the . This 

invariance property will be established for our proposed GLR chart. 

The simplest case of in-control model (4.1) is the straight line (simple linear) 

regression model with the intercept and the slope as regression coefficients and process 

variance . For monitoring the simple linear profile, existing control charts are usually 

based on a set of three univariate EWMA or CUSUM charts designed for the intercept, 

slope and variance component separately (see, for example, Kim et al. (2003), Zhang et 

al. (2009) and Mahmoud et al. (2010) for the EWMA chart approach and Saghaei et al. 

(2009) for the CUSUM chart approach). For the general multiple linear regression 

profile, some multivariate alternatives such as the T2 chart and the MEWMA chart have 

been proposed (see, for example, Zou et al. (2007) and Eyvazian et al. (2011)  for the 

MEWMA chart). Generally the multivariate charts are better than the abovementioned 

sets of univariate charts when there are simultaneous shifts in multiple model 

parameters. 

The objective of this paper is to evaluate a GLR control chart for monitoring 

linear profiles and to show that the GLR chart provides a very appealing option for the 

detection of a wide range of shifts and different types of changes in model parameters. 

Performance comparisons to established methods show that the GLR chart is comparable 

for a few specific shift sizes and better for all others. The GLR chart also has the 

advantage that it is very easy to use because there is only one design parameter (the 

control limit) that needs to be specified by the user and its design is invariant to the 

choice of design matrix . Moreover, it is invariant to the values of in-control 

parameters. 

In the next section, the GLR control chart is developed. Then we address the in-

control invariance property of the GLR chart, which allows for flexibility in 

applications. In the following section, design issues for the GLR chart are discussed. 

Next, the performance of the GLR chart is compared to that of EWMA charts proposed 
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by Zhang et al. (2009) and Mahmoud et al. (2010), and the MEWMA chart proposed by 

Zou et al. (2007). We also investigate the case that linear profiles may have within 

profile autocorrelated errors. Finally, a real data example of the GLR chart application is 

given and diagnostic aids after a signal are discussed. The paper concludes with a 

summary discussion. 

 

4.2 The GLR Control Chart for Monitoring the Linear Profile 

Without loss of generality, we assume that independent samples of linear profile 

data ( , ) are taken with a fixed sampling interval of length 1. After sample  is 

obtained, we have data ( , , 1,… , , and consider a possible sustained change in 

either the regression coefficient vector  from  to	  and/or in the variance  from 

 to , which occurs at some time ∗	between the samples at time  and	 1. Note 

that in the following expressions we use the shorthand notation ‖ ‖  to represent ′ , 

i.e., ‖ ‖  would be used instead of the classical expression	

  in the derivation of the GLR chart. The likelihood function at time  is 

, , | , , 1, … ,

2 ∙ ∙ ∙
1
2

‖ ‖

∙
1
2

‖ ‖ . 

Under the hypothesis that there have been no shift in either  or , the 

likelihood function at time  is 

∞, , | , , 1, … , 2 ∙ ∙ ∑ ‖ ‖ . 

If there have been shifts in  and/or  between time  and	 1, the maximum 

likelihood estimator (MLE) of   is     

                                           , , , , ,                                 4.2  

where ,  is the  stacked matrix of matrices	 , , … , , i. e., 
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, ⋮ , 

and ,  is the 1 stacked vector of , , … , , i. e., 

, ⋮ . 

Also a mean squared estimator (MSE) of   is taken as  

                       , , , 	.																																													 4.3  

Here we do not use the MLE of  since it is biased and the bias is worse when the 

estimator is based on a relatively small sample size, i.e. when n and  are small. 

From simulation studies, which are not shown here, the performance of the GLR chart 

using the MSE is uniformly better than the GLR chart using the MLE. 

To consider only the detection of an increase in the variance (for process 

deterioration only), we impose a lower bound  on the variance estimator, i.e., the 

estimator of the variance applied in the likelihood function under the hypothesis that 

there has been a change in the process is 

                                         , , .                                          4.4  

Therefore the log likelihood-ratio test statistic for determining whether there has in fact 

been a change is  

, , , , 1, … ,

∞, , | , , 1, … ,
 

 					 ∑ ∑ ‖ ‖ 			 . 4.5  

Note that in the equation (4.5), we have replaced the MLE with the restricted MSE due 

to the aforementioned reasons. With such maximization of the likelihood ratio test 

statistic, the estimator ̂ 	 of the change point can be expressed as  
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 ̂ 	 ∑ ∑ ‖ ‖ .			 4.6  

To calculate  in Equation (4.5), we need to track all past observations and find 

the maximum value over 0  at each sampling point . This could be a 

considerable computational burden when  is large, so a window of the past  samples 

(see, Willsky and Jones (1976) and Reynolds and Lou (2010)) can be used to ease this 

computational burden. Thus, we let 

,
, 2

1
2

1
2

‖ ‖ 			 . 4.7  

A signal is given at sample  if , , where  is the control limit 

that is chosen to give specified in-control performance. Once the chart has signaled, the 

estimates , , ̂  are reported by Equations 4.2 , 4.4  and 4.6 . These estimates 

should be useful to practitioners in diagnosing the cause of the process change. 

 

4.3 Invariance Properties of the GLR Chart 

To find an appropriate control limit for a desired in-control performance, almost 

all currently existing charts require that the chart be designed and applied based on fixed 

 values in both Phase I and Phase II. We will show that the design of the GLR chart is 

invariant to the choice of  and the in-control values of . Furthermore, after 

standardization of the regression model, it can be invariant to the value of .        

For a linear profile monitoring problems, given a certain	 , the log likelihood-

ratio statistic is 

,
∑ ‖ ‖ 								if				 , 	

, ∑ ‖ ‖ 																												if				 ,

. (4.8  

When the process is in-control, it follows that , , where 

, ~MVN , . Then for the in-control situation, we have  
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,
∑ , 															if				 , 	

, ∑ , 																																		if				 ,

.     4.9  

From the above equation we see that the in-control distribution of  depends only 

on ,  and ∑ , . The latter is just the sum of squares of white noise terms. 

For the former, it follows that , ~ , which is 

invariant to the choice of any full rank matrix , . Thus the in-control distribution of 

 is invariant to the choice of any full rank matrix  at each sampling point, i.e.,  

can be changed over time when the process is in-control. Consequently the control limit 

of the GLR chart is invariant to the choice of ’s. Furthermore, it is also invariant to the 

in-control parameter vector  and the control limit depends only on the sample size , 

the rank of the design matrix  (the number of regressors), the in-control performance 

specified by the user, and the chance causes of variation through . This allows for 

flexibility in chart design since we can always standardize the in-control regression 

model to have 1.  

In summary, with the in-control regression model standardized such that 1, 

the design of the GLR chart only depends on 1) the rank 	of the design matrix, i.e., the 

number of regressors; 2) the sample size 	at each sampling point; and 3) the in-control 

performance specified by the user. This invariance property is a very appealing feature 

that other charts do not possess. 

  

4.4 Performance Metrics 

In this chapter, we just show the results of the initial-state ATS to compare the 

charts’ performance, which is consistent with Kim et al. (2003), Zou et al. (2007) and 

Zhang et al. (2009).  It is noted that the results of relative performance comparisons 

based on the SSATS values are identical for both performance measures, although we do 

not show the steady-state results in this paper. 
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 The evaluations of the ATS values were done using simulations with 360,000 

runs. Here we choose the control limit  such that the in-control ATS is 200, which 

allows for comparisons with the control charts proposed in most recent papers, where an 

in-control ATS of 200 was also used. Note that with 360,000 iterations, the standard 

error of the simulation results is less than 0.17% of the true ATS and the simulation error 

can be neglected.  

 

4.5 The Control Limit of the GLR Chart 

To design the GLR chart for monitoring a linear profile, as mentioned before we 

use a window of size to alleviate the computational burden. As indicated by 

Basseville and Benveniste (1983), the performance of the GLR approach is sensitive to 

the choice of . It is shown in Lai (1998) that as → ∞ , the GLR chart is 

asymptotically optimal if ~O(log(in-control ATS)/IKL), where IKL is the Kullback-

Leibler information number corresponding to the smallest magnitude of the parameter 

change that is of interest. This can provide a reference for the practitioner to select an 

appropriate window size for GLR chart design when the in-control ATS is large. We use 

the window size 	 400 in this paper, twice the in-control ATS value of 200. Thus 

most calculations of the GLR statistics would be based on all past observations and 

performance is close to that of the GLR chart without window settings as given in 

Equation 4.5 . Here we should mention that if a relatively large in-control ATS is 

specified, this window size needs to be adjusted to achieve the best performance.  

With the appropriate choice of window size or even without using a window, the 

next design issue is to find an appropriate control limit for the desired in-control ATS. 

For the GLR chart, usually there is an approximately linear relationship between the 

control limit  and the logarithm of the in-control ATS (see, for example, Reynolds 

and Lou (2010)). This relationship can help to simplify the design. 

In this section, we show how to find values of  corresponding to in-control 

ATS values ranging from 25 up to 1000 for several  and  combinations. Here we 

provide a simple method to find  for the GLR chart. Figure 4.1 plots 		against 
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the in-control ATS on the log  scale for 4 and 2, exhibiting an approximate 

linear relationship. To provide a convenient means to find , we fit six 4th order 

polynomial equations relating  to the log10 in-control ATS for 2, 3, and 4 and 

3, 4, and 5 as:     

0.256512 2.8341749 ∗ 0.2438594 ∗ 0.0896598 ∗ 0.0088734 ∗ 		if	 2, 3						 10

0.110556 2.5714895 ∗ 0.4721935 ∗ 0.1700692 ∗ 0.0188991 ∗ 		if	 2, 4							 11

0.106711 2.8098727 ∗ 0.2754828 ∗ 0.1015540 ∗ 0.0104937 ∗ 		if	 2, 5							 12

0.143101 4.0497835 ∗ 0.3505544 ∗ 0.0680685 ∗ 0.0078820 ∗ 			if	 3, 4							 13

			0.143579 3.5271530 ∗ 0.0824475 ∗ 0.0787514 ∗ 0.0093265 ∗ 			if	 3, 5							 14

			0.479577 4.1357251 ∗ 0.1215440 ∗ 0.0399427 ∗ 0.0067470 ∗ 			if	 4, 5							 15

 

where log (desired in-control ATS). 

FIGURE 4.1. Plot of  versus In-control ATS (log10 scale) ( , ) 
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From equation (4.11), for the in-control ATS of 200 ( 2.3010) for 4 and 

2, the control limit is computed as 6.7644. Even though the above equation is based 

on simulation results using the window size 	 400, it is nonetheless valid for use 

when   is much larger than 400. For example, for the in-control ATS to be 1000 

( 4, 2), the control limit  can be computed from (4.11) as 8.7926. From a 

validation run with this control limit applied to the GLR chart with 	 1000, which 

takes a large amount of simulation time, the in-control ATS is 990. This value is very 

close to the specified value. This demonstrates that the practitioner can safely apply the 

above equations to get control limits for GLR charts with any 400 as long as the 

ATS value is within	 25, 1000 . 

 

4.6 Charts used in the Performance Comparisons 

In this section, we describe some control charts, the use of combinations of 

EWMA charts, the ELR chart, and the MEWMA chart, that have been proposed by 

different authors. For performance comparison purposes, we assume the same Phase I 

simple linear profile model as that of Kang and Albin (2000), Kim et al. (2003), Zou et 

al. (2007) and Zhang et al. (2009). For the simple linear profile, the  observation at 

time  is denoted by 

                              ,								 1, 2, … , , 															 4.16  

where the ′s are i.i.d. normal random variables with mean 0 and variance σ . Here the 

equivalent expressions in Equation	 4.1  have 
1
⋮ ⋮
1

 and . Kim et 

al. (2003) suggested using the centered simple linear regression model instead of model 

4.16  in order to have independent estimates of the slope and the intercept and thereby 

improve the performance of each individual regression coefficient chart. Then model 

4.16  is reformulated as 

∗ ,								 1, 2, … , ,                 4.17  
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where ̅ , , ∗ ̅, and ̅ ∑ . The equivalent 

expression in the Equation 4.1  would be based on 
1 ∗

⋮ ⋮
1 ∗

 and .  

In the literature the in-control model parameters in model 4.16  are assumed to 

be 3, 2	and 1 with 1 1 1 1
2 4 6 8

. When expressed as model 

4.17 , the parameters are 13, 2and 1	with 1 1 1 1
3 1 1 3

. 

Note that due to its invariance properties, the design and the in-control performance of 

the GLR chart is invariant to whichever model (model (4.16) or model (4.17)) is used for 

profile monitoring. 

4.6.1 The MMW3 Chart 

For simple linear profile monitoring, one approach is to use a combination of 

three separate control charts for the intercept, the slope, and the variance.  For model 

(4.17), the estimators of ,  and  using only the observations at sampling point  

are 

,						 ,				and  ∑ ∗ , 

where ∑ , ̅ ∑ , ∑ ̅  and ∑

̅ . 

Mahmoud et al. (2010) suggested using the standardized updating values of both 

the intercept and the slope in an EWMA approach. Their proposed EWMA statistics for 

monitoring  and  are  

/√
1 1 , 

/
1 1 , 

and the EWMA chart for monitoring an increase in the variance is 

1 1 , , 
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where 0 1 is the smoothing parameter, 0 0, 	 0 0	and 

0 . The chart signals if | | , | | , or 

, where ,  and  are the control limits. This EWMA chart 

combination is here referred to as MMW . In our simulation studies, the control limits 

are chosen so that each chart has the same in-control ATS of about 584 and the 

combination of all three EWMA charts has an overall in-control ATS of roughly 200. 

Also the control limits for both the slope and the intercept charts are the same regardless 

of the values of , ,  and  since the EWMA updates for  and  follow the 

standard normal distributions when the process is in-control. Note that the EWMA chart 

combination proposed by Kim et al. (2003) is equivalent to the chart proposed by 

Mahmoud et al. (2010), but the latter is easier to design. Therefore we only consider the 

chart by Mahmoud et al. (2010) in this paper.     

4.6.2 The ELR Chart 

Zhang et al. (2009) proposed a likelihood-ratio-based EWMA control chart for 

model (4.17). Their likelihood ratio statistic based only on sample  is 

, 

where ∑ ∗  and ∑ ∗ . They 

proposed using EWMA estimators instead of the MLE for , ,  in the above 

formulas. Consequently four EWMA statistics were introduced as   

1 1 , 

1 1 , 

∗ 1 1 , 

1 1 , 

where 0 , 0 , 0 1, 0

	, and ∗ ∑ ∙ ∗ .  The final charting 

statistic is 

. 
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This chart would signal if , and is called the ELR chart. 

4.6.3 The MEWMA Chart 

The last option considered in this article is the MEWMA chart used in Zou et al. 

(2007) for monitoring the multiple linear profile model (1). At sample , they defined 

, 

∙ ; , 

where , ,  is the inverse of the 

standard normal cumulative distribution function, and . ;  is the chi-square 

distribution function with degrees of freedom . Then the EWMA statistic is 

1 ,				 1, 2, …, 

where , . The MEWMA chart would signal if 

, where 
0 1

  is the in-control covariance matrix of . 

 

4.7 Performance Comparisons 

It should be noted that all the aforementioned monitoring options are EWMA-

based control charts which require specification of a value for the smoothing 

parameter	 . In our comparisons,  is set to be 0.2, which is the typical choice in the 

literature. In general, a small value of  leads to quick detection of small shifts and a 

large value of  makes the chart more sensitive to large shifts. To obtain good overall 

performance for a wide range of shifts, one can use a combination of multiple EWMA 

control charts simultaneously with different  values. However this makes the design of 

control charts even more complicated, especially for a set of univariate EWMA charts 

such as the MMW  and ELR chart. 

In order to be directly comparable to results from Kim et al. (2003), Zou et al. 

(2007) and Zhang et al. (2009), initial state ATS values for five different types of shifts 
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are reported in this article. They are shifts in the intercept and slope in model (4.16), 

increases in the error variance in either model (4.16) or (4.17), shifts of the slope in 

model (4.17), and simultaneous shifts in both intercept and slope in model (4.17). It is 

noted that in Table 4.1 through Table 4.4, the columns labeled [3] and [4] are taken from 

Zhang et al. (2009) for the ELR and MEWMA charts. Zhang et al. (2009) did not 

provide the control limits for their ELR and MEWMA charts, so the control limits of 

these two charts are omitted here. As the ELR chart and the MEWMA chart are designed 

to detect both increases and decreases in variance, the comparisons between the GLR 

chart and these two charts may not be completely fair. However modifying our GLR 

chart so that decreases in variance can be detected is not straightforward. For example, 

based on our simulation results, we find that the GLR chart using the unrestricted MSE 

estimator of variance (to detect both increases and decreases in variance) is better than 

the ELR and the MEWMA chart when the variance decreases, but its performance for 

detecting increases in variance is significantly compromised. Since the detection of 

process deterioration should be of primary interest to the practitioner, we do not extend 

the design of the GLR chart to detect decreases in variance in this article. 

Table 4.1 gives initial-state ATS values for shifts from  to  in model 

16 . For purposes of easier visual inspection, cells in these tables are shaded according 

to the ratios of their ATS values to the minimum ATS for each shift size	 , i.e.,   

(see Figure 4.2). The shading indicates that cells with lighter shades correspond to better 

performance relative to others. The overall comparison shows that the GLR chart has 

much better performance than other charts for almost every shift size. Only for the shift 

sizes from 0.5 to 0.8 is the GLR chart slightly worse than the MMW3 chart. The GLR 

chart is uniformly better than the ELR and MEWMA charts.   

 

FIGURE 4.2. Shade Coding Used for Comparing the ATS values 

[1, 1.05) [1.05, 1.1) [1.1, 1.15) [1.15, 1.2) [1.2, 1.25) [1.25, +∞) 
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TABLE 4.1. The ATS Values for Control Charts under Shifts from  to . 

GLR MMW3 ELR MEWMA 

δ [1]  [2] [3] [4] 

0 200 200 200 200 

0.1 110.0 133.7 131.9 131.5 

0.2 47.2 59.8 61.2 59.9 

0.3 25.5 28.5 30.8 29.6 

0.4 16.0 16.3 18.2 17.2 

0.5 11.1 10.8 12.2 11.5 

0.6 8.3 8.0 9.0 8.5 

0.8 5.2 5.1 5.8 5.8 

1.0 3.6 3.8 4.2 4.1 

1.5 2.0 2.4 2.4 2.6 

2.0 1.3 1.9 1.6 2.0 

hGLR= 6.7644 - - - 

hI= - 1.0066 - - 

hS= - 1.0066 - - 

hE= - 0.5848 - - 

 

Table 4.2 considers shifts in  in model 4.16  in units of . The GLR chart 

has uniformly better performance than all of the other control charts. The other charts 

only have performance close to the GLR chart for shifts of size 0.1 through 0.15, which 

would be the shift size that these EWMA charts with smoothing parameter .2 are 

tuned to detect. 

 

 

 

 

 

 

 



 

 49

TABLE 4.2. The ATS Values for Control Charts under Shifts from  to . 

  GLR MMW3 ELR MEWMA 

δ [1]  [2] [3] [4] 

0 200 200 200 200 

0.0250 78.4 102.6 99.4 99.0 

0.0375 45.4 60.1 58.0 57.4 

0.0500 29.4 36.9 36.1 35.0 

0.0625 20.7 24.3 24.2 23.1 

0.0750 15.3 17.2 17.3 16.4 

0.1000 9.6 10.3 10.5 9.8 

0.1250 6.7 7.2 7.3 6.9 

0.1500 5.0 5.5 5.5 5.3 

0.2000 3.1 3.8 3.7 3.7 

0.2500 2.3 2.9 2.7 2.9 

 

Table 4.3 compares the performance of our proposed GLR chart with other charts 

for the detection of increases in . For this type of shift, our GLR chart does a much 

better job than the others. Only the ELR chart has performance that is close to the GLR 

chart, while for the others the ratio of the ATS to that of the GLR chart is larger than 

1.25 for almost all shift sizes. One possible reason for this is that the likelihood ratio 

statistic in the GLR chart is based on , which makes it more sensitive to increases in 

. It could also be due in part to the fact that the ELR and the MEWMA charts are two-

sided charts with respect to detecting shifts in variance while the GLR chart is one-sided 

chart. 
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TABLE 4.3. The ATS Values for Control Charts under Shifts from  to . 

δ GLR MMW3 ELR MEWMA 

  [1]  [2] [3] [4] 

1 200 200 200 200 

1.10 57.8 72.8 73.3 76.2 

1.15 35.5 48.3 44.0 48.7 

1.20 24.2 33.8 28.6 33.2 

1.25 17.8 25.0 20.0 24.1 

1.30 13.6 19.4 14.9 18.4 

1.40 9.0 12.8 9.5 12.1 

1.60 5.1 7.3 5.3 7.0 

1.80 3.5 5.1 3.7 4.9 

2.20 2.2 3.3 2.3 3.1 

2.60 1.7 2.5 1.7 2.3 

3.00 1.4 2.1 1.5 1.9 

 

Table 4.4 considers shifts in the slope parameter from  to  in model 

(4.17), which is equivalent to shifts of both  to  and  to ̅

5  in model (4.16). In this case, a shift in the intercept of model (4.17) also results in 

shifts in the opposite direction of the two parameters in model (4.16). Since the MMW3 

charts treat  and  independently, they outperform the MEWMA and ELR charts. 

However, the GLR chart still has better overall performance than the MMW3 chart. It is 

only slightly worse than this chart for certain moderate shift sizes from 0.2 through 0.3, 

but much better for the other shift sizes. 
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TABLE 4.4. The ATS Values for Control Charts under Shifts from  to . 

δ GLR MMW3 ELR MEWMA 

  [1]  [2] [3] [4] 

0.000 200 200 200 200 

0.050 98.4 122.9 120.6 120.5 

0.075 60.3 78.0 77.8 77.3 

0.100 40.1 49.5 51.2 50.0 

0.150 21.3 23.0 25.0 24.0 

0.200 13.4 13.3 14.9 14.0 

0.250 9.3 8.9 10.1 9.5 

0.300 6.9 6.7 7.6 7.1 

0.400 4.3 4.4 4.9 4.7 

0.500 3.1 3.3 3.6 3.6 

0.700 1.9 2.3 2.2 2.5 

0.900 1.3 1.9 1.6 2.0 

 

Table 4.5 gives the ATS values when there are simultaneous shifts in both the 

intercept and slope under model (4.17). Again, our proposed GLR chart generally 

outperforms all the other existing options, with at least comparable performance for 

certain types of shifts, and better performance for all other shifts. 
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δ2

0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.225 0.250

GLR 0.05 138.0 89.1 56.9 38.7 27.7 21.0 16.4 13.3 10.9 9.2

MMW3 158.6 114.7 75.0 48.4 32.3 22.9 17.0 13.2 10.7 8.9

ELR 154.8 111.3 73.9 49.0 33.9 24.5 18.6 14.7 12.0 10.0

MEWMA 155.8 111.0 72.9 48.0 32.8 23.5 17.7 13.9 11.3 9.5

0.10 95.9 69.9 48.8 34.9 25.9 20.0 15.8 12.8 10.7 9.0

122.4 95.2 66.3 44.9 31.0 22.2 16.7 13.1 10.6 8.9

118.3 89.7 62.8 43.7 31.3 23.1 17.9 14.2 11.7 9.8

118.0 89.2 62.1 42.8 30.2 22.2 16.9 13.5 11.0 9.3

0.15 64.3 52.1 39.7 30.2 23.4 18.4 14.9 12.3 10.3 8.8

85.3 71.3 54.5 39.7 28.7 21.2 16.2 12.8 10.5 8.8

83.0 67.5 50.6 37.3 27.9 21.1 16.7 13.6 11.3 9.6

82.2 66.3 49.5 36.1 26.7 20.2 15.8 12.8 10.6 9.0

0.20 44.7 38.6 31.7 25.5 20.5 16.7 13.8 11.5 9.8 8.4

57.8 51.5 42.7 33.4 25.7 19.7 15.5 12.4 10.3 8.7

δ1 57.0 49.2 39.3 30.7 24.0 18.9 15.3 12.2 9.6 9.0

56.4 48.0 38.2 29.6 22.9 18.1 14.5 12.0 10.4 8.8

0.25 32.6 29.4 25.3 21.3 17.8 14.9 12.6 10.7 9.2 8.0

39.5 36.8 32.5 27.3 22.1 17.9 14.5 11.9 10.0 8.5

39.7 36.2 30.6 25.1 20.4 16.8 13.9 11.7 10.0 8.7

39.5 35.0 29.4 24.0 19.5 15.9 13.2 11.2 9.6 8.3

0.30 24.8 22.9 20.5 17.9 15.4 13.2 11.4 9.9 8.6 7.6

28.2 27.0 24.8 22.0 18.8 15.9 13.4 11.3 9.6 8.3

29.6 27.2 24.1 20.5 17.3 14.7 12.6 10.7 9.4 8.2

28.7 26.2 22.9 19.6 16.5 13.9 11.8 10.2 8.8 7.8

0.35 19.5 18.4 16.8 15.1 13.4 11.7 10.3 9.1 8.0 7.1

21.0 20.4 19.3 17.8 15.9 13.9 12.1 10.5 9.1 8.0

22.5 21.2 19.2 16.9 14.8 12.9 11.2 9.9 8.7 7.7

21.7 20.2 18.3 16.1 14.0 12.2 10.6 9.3 8.2 7.3

0.40 15.8 15.1 14.0 12.8 11.6 10.4 9.2 8.3 7.4 6.6

16.2 16.0 15.4 14.5 13.4 12.2 10.9 9.7 8.6 7.6

17.8 16.9 15.7 14.2 12.7 11.4 10.1 9.0 8.1 7.2

17.0 16.1 14.9 13.5 12.0 10.7 9.5 8.5 7.6 6.9

0.45 13.1 12.6 11.9 11.0 10.1 9.2 8.3 7.6 6.8 6.2

13.1 12.9 12.6 12.1 11.4 10.6 9.8 8.9 8.0 7.3

14.5 13.9 13.1 12.1 11.1 10.0 9.1 8.2 7.5 6.8

13.7 13.2 12.4 11.4 10.5 9.5 8.6 7.8 7.1 6.5

0.50 11.0 10.7 10.2 9.6 8.9 8.2 7.5 6.9 6.3 5.7

10.8 10.7 10.5 10.3 9.9 9.4 8.8 8.1 7.5 6.9

12.1 11.7 11.2 10.3 9.7 8.9 8.2 7.5 6.9 6.3

11.4 11.1 10.5 9.9 9.2 8.5 7.8 7.2 6.6 6.1

TABLE 4.5. The ATS Values for Control Charts under Combinations of Intercept 

and Slope Shifts in Model (4.17) (Shifts from  to  and/or from  to 

). 
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As shown above, the GLR chart is generally better than current existing charts. 

This superiority can be attributed to the fact that the GLR chart makes more efficient use 

of the data than the EWMA-type charts. Recall that all of these EWMA-type charts 

estimate the regression coefficients and the variance first from each individual profile 

and then assign different weights to them. Because the control chart statistic pools the 

weighted information from all current and past profiles, data before the change-point is 

still used in the computations. This usage of the data can be highly inefficient, especially 

when  (weight for the current profile data) is relatively small and the shift size of a 

model parameter is large. Comparing the GLR chart to the MMW3 chart and the 

MEWMA chart, from Table 1 through Table 5, clearly indicates that for large shifts in 

model parameters, 0.2 leads to much worse performance for these charts.  

 

4.8 Directional-Invariance of the GLR Chart 

The simulation results clearly demonstrate that the GLR chart is preferred to 

competing charts based on performance considerations. Next we illustrate an out-of-

control directional-invariance property of the GLR chart. This property is important in 

Phase II monitoring when the practitioner has knowledge of likely changes in the 

regression coefficients, and wants to find an appropriate design matrix for fast detection 

of these changes.   

When the process is out-of-control, from Equation (4.8) we see that the GLR 

statistic depends on  ,  and ‖ ‖ . The distribution of ,  does not 

depend on the design matrix . For the term ‖ ‖ , we have 

‖ ‖
~ , , where the noncentrality parameter 

‖ ‖
 depends on the 

choice of  through ′ . It can be shown for two different full column rank design 

matrices  and , the noncentrality parameter values are equal regardless of the shift 

if and only if there exists an orthogonal matrix  such that  (see proof in the 

Appendix). For example, for 2, 1 1 1 1
3 1 1 3

 would have the same out-
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of-control performance as 
1 1 1 1
√5 √5 √5 √5

 since they are related by the 

orthogonal matrix 

.3708 . 7139 . 0667 5903
. 2000 .4375 . 6569 . 5805
. 3236 . 4981 . 6509 .4727
. 8472 . 2255 .3745 . 3019

 

such that . Thus the in-control performance of the GLR chart is invariant to 

the choice of the design matrix (as shown in Equation (4.9)), while the out-of-control 

performance is invariant to any orthogonal transformation of the design matrix.  

Because the distributions of the estimators of  and are unchanged by 

orthogonal transformation of either  or , any control chart statistics based on them 

should likewise not be influenced. The invariance property says that for the same  and 

, the out-of-control performance does not depend on the direction of change in the 

process mean  so long as its magnitude  remains the same (in which case the 

noncentrality  also remains the same). Consider model (4.17) investigated in the 

previous section with in-control parameters 13, 2  and 1  with 

1 1 1 1
3 1 1 3

. For a shift in the slope parameter alone from  to 

0.3 , the noncentrality parameter  is 0.9. When there are simultaneous shifts in both 

the intercept and the slope, say from  to 0.5  and from  to 0.2 , 

the noncentrality parameter  is also 0.9 .  Looking at Table 4 and Table 5 for the 

corresponding shift types and sizes, as expected, we find the same ATS value of 6.9 

reported for the GLR chart. However the other three control charts have different ATS 

values, indicating they are not directionally invariant to the mean shift .  

 Now suppose that a certain shift ∆  is of interest to the practitioner. 

For example, assume that a quadratic model  is 

employed for the linear profile, and the initial design matrix is 

1 3 9		
1 0 0
1 0 0
1 3 9

, 
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where  values are taken from 3, 3 . This design matrix (found with JMP 9) is I-

optimal and D-optimal within the given range and so minimizes the average prediction 

variance over the design space, as well as the confidence ellipsoid volume for . These 

properties are highly desired during Phase I, where it is important to obtain parameter 

estimates that are as precise as possible. If it is suspected that a particular shift in the 

quadratic term, say, ∆ 0.0 0.0 0.2 ′ is likely to happen within some 

specific time interval during Phase II monitoring, the resulting noncentrality parameter 

from the initial design matrix is 3.24 and the ATS is 2.7 (for an in-control ATS of 

200). A better signal rate for this shift can be found by changing the design matrix to 

1 3 9
1 3 9
1 0 0
1 3 9

, 

(if it is practically applicable) at the Phase II sampling points. Though the I-optimality is 

now lost, with this  the noncentrality parameter value for the targeted shift is increased 

to 4.86 and the ATS value is reduced by more than 25% to 2.0. From this simple 

example, we see that non-orthogonal transformations of the design matrix can be very 

useful, allowing the practitioner to dynamically adjust the design matrix for a process 

with a time varying shift tendency in the regression coefficients.  

In summary, the GLR chart offers flexibility in the choice of the design matrix to 

protect sensitively against certain shifts, while other charts may not. Note that for in-

control performance, the MMW3 method also has the invariance property of the GLR 

chart. However, this only holds for simple linear profile monitoring, and the in-control 

model has to be expressed as model (4.17) such that the covariance of the estimators for 

the slope and the intercept is zero. For multiple linear regression profiles, the 

standardization method will usually fail to account for the correlations between pairs of 

the regression coefficient estimators unless the design matrix is orthogonal, and thus the 

MMWp-type chart can be inefficient for the detection of simultaneous shifts in multiple 

regression parameters.  

 



 

 56

4.9 Computational Issues 

The recursive fitting of  linear regression models can be time consuming, even 

with modern computational technology. It can be especially burdensome to find the 

control limit with a large in-control ATS. For example, to find the control limit for an in-

control ATS of 400 with 360,000  simulations, we have to fit roughly 28	 billion 

regression models. In this section, we discuss some efficient ways to perform the 

regression analysis, focusing on recursive updating of our primary target, the regression 

coefficients. 

When the design matrix  is constant over time, there exists a simple updating 

formula. Due to the invariance property of the GLR chart, this updating formula can be 

applied directly to find the control limit. For some Phase II applications, if the same 

design matrix is used over time, this formula can also be applied.   

We suppose that  profiles with the same design matrix  have already been 

fit, resulting in the estimated regression coefficient vector , , i.e., ,  is based on the 

profiles from the 1  through the  profile. When we add the  profile, the 

updated estimator ,  can be obtained recursively as 

, , . 

Since the design matrix is constant, we can simply keep  in memory and the 

only matrix operation needed to obtain the updated coefficient vector is to post-multiply 

this matrix with the new profile vector	  .  

For general situations with varying design matrices, there still exists a recursive 

fitting formula (see Escobar and Moser (1993)), but it doesn’t offer much advantage in 

computational efficiency. Suppose that the current regression fit is based on a design 

matrix  and the current estimate of the regression coefficient vector  is . With 

some new observations added (Stacking  with another design matrix ), the new 

estimate of  can be updated from the previous estimate  to ,  as 

, ′ ′ . 
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Because we still need find the inverse of ′ , there is no significant 

advantage of this approach. Similar results can be seen in Björck (1996) and Sengupta 

and Jammalamadaka (2003). 

It is quite popular to solve linear least squares problems by QR factorization 

rather than solving the normal equations. Instead of taking the inverse of ,	QR 

factorization of  provides an  orthogonal matrix  and an	  upper triangular 

matrix  such that . It follows that  can be computed by solving the triangular 

system ′ . Some techniques for updating the QR factorization as new 

observations are added have been developed and implemented as routines (see, for 

example, Miller (1992), Gunter and Van De Geijn (2005), Hammarling and Lucas 

(2008) and Baboulin et al. (2009)). Although we use the AS 274 Fortran routine 

developed by Miller (1992) in our simulations, there may exist more efficient routines. 

 

4.10 Monitoring Linear Profile in the Presence of Within-Profile 

Autocorrelation 

In all the previous sections, we have assumed that the observations are 

independent. However, measurements are sometimes correlated within a profile. For 

example, correlation can be due to measurements being collected at very small spatial or 

physical intervals resulting in spatial dependence. This is referred to as within-profile 

autocorrelation (WPA) in the literature (see Jensen and Birch (2011)). By allowing 

various variance-covariance structures within a profile, this class of models can be 

thought of as an extension of multiple linear regression. The model for the profile vector 

 measured at time  is 

,                                               4.18  

where ~MVN ,  and 1, 2, …. The dispersion matrix  is a positive definite 

matrix accounting for the WPA structure and called the WPA matrix.  

If the WPA structure is completely overlooked and  is used for Phase I 

estimation, then the ordinary least squares (OLS) estimator of  and the MSE of  
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will be mistakenly used. Even though the OLS estimator of  is still unbiased, its 

variance could be inflated significantly (see Rencher and Schaalje (2008)). It is shown in 

Sengupta and Jammalamadaka (2003) that, for the (OLS) estimator of , 

misspecification of the dispersion matrix  does not affect the estimator if and only if 

the design matrix  is such that  is symmetric where  is the projection matrix 

′ ′. As for , Kariya (1980) provided a general structure of  such that 

the MSE of  is identical to the generalized least squares estimator derived from a 

correctly specified  matrix. Otherwise, the MSE of  can be subject to large bias. For 

example, for the simple linear profile with an AR(1) WPA, Soleimani et al. (2009) has 

shown a serious underestimation of  using the MSE estimator based on simulation 

studies. Clearly, ignorance of the WPA matrix may cause highly inaccurate estimation of 

in-control parameters, but we do not investigate its effects in this paper. The following 

discussion is based on the assumption that the WPA structure has been correctly 

identified by the practitioner. 

If the WPA structure is identified in Phase I and the matrix  is correctly 

identified, then a simple transformation of the profile data can make the observations 

within the profile uncorrelated. Since  is positive definite, there exists an  

nonsingular matrix  such that ′ , which can be found by Cholesky 

decomposition. Multiplying  by , we obtain 

, for which cov . After this transformation, the in-control linear 

model is  

        ,                                                 4.19 	

where , , and ~MVN , .  

If the WPA matrix  is assumed to be unaltered in Phase II when the process 

goes out of control, generally the control charts designed for linear profile monitoring 

(without WPA) can be applied directly to the transformed profile data and the 

comparison results shown in the previous section still apply. However, for the simple 

linear profile monitoring (with WPA),  will not necessarily contain a column of ones, 

and simply centering the -values by subtracting the average of the  values would not 
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make the estimators of the intercept and the slope independent. Therefore, some control 

charts based on uncorrelated estimators of the intercept and the slope, such as the 

MMW3 and the ELR charts, cannot be easily established as usual.  

If an assignable cause results in changes in , the above transformation based on 

 would not necessarily eliminate the WPA when the process is out-of-control. 

Assuming that the WPA matrix changes from  to , then it follows that 

~MVN , σ  with ′. The chart performance will then 

be based on the specific in-control and out-of-control WPA matrices  and . 

Currently, there are very few papers addressing this possible change in the WPA 

structure. If changes in  are expected, more work will be needed to develop a new 

control chart for this situation.  

4.10.1 An Illustration Example of Linear Profile with AR(1) WPA 

In this section we use an  example similar to what was investigated by Soleimani 

et al. (2009)  to do the illustrations. The in-control model is associated with AR(1) WPA, 

which is specified as 

13 2 , 

, 																				 1

, 								 2, 3, 4 

Where  is AR(1) autocorrelation coefficient, the ’s 2, 3, 4.  are i.i.d. normal 

random variables with mean zero and variance one, the fixed x-values are equal to 

3, 1, 1	3, and ,
0
2
. The variance-covariance matrix  of   is 

0
2

1 0
2

0
3

1 0
2

0
2 1

0
3

0
2 1

, 

where the WPA matrix  
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1
1 0

2

1 0
2

0
3

1 0
2

0
2 1

0
3

0
2 1

 

and 1. Then using the Cholesky decomposition to solve for , we have 

 

1 0 0 0
1 0 0

0 1 0
0 0 1

. 

Therefore the transformed in-control model can be expressed as  

, 

with  

1 3 1
1 3 1
1 1
1 3

, 

13
2
, and ~MVN , . Note that since 

′
0

0
, 

the estimators of the intercept 	and the slope  are uncorrelated and the EWMA3, the 

MMW3, and the ELR charts can still be established.  

If  is unchangeable in Phase II monitoring, it is clear that the GLR chart will 

still outperform other charts as shown in Section 4.7. Here we investigate the case that 

 may change from  to . In particular, for the out-of-control process, assume that 

only  changes from  to  and accordingly, the WPA matrix changes from  to  

1
2

1 1
2

1
3

1 1
2

1
2 1

1
3

1
2 1

. 
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It follows that ~MVN ,  with ′ . 

Recall that the GLR chart statistic defined in equation (4.8) depends on ,  and 

∑ . Consider the observations from the current profile only ( ). If 

the process is in-control, , 1 with , , and  

1 with . Define ′ ′. Then for the out-of-control 

process, it follows that ,  with 

, 2 , and  with 

2 . Therefore, if it happens that trace

 and trace , according to equation (4.8), the average value of the GLR chart 

statistic will be less than that of in-control case. Then it is expected that the out-of-

control performance of the GLR chart will be bad for this situation, with the ATS even 

larger than the in-control ATS. For example, given 1 1 1 1
3 1 1 3

, assume 

that the in-control WPA structure is AR(1) with autocorrelation coefficient 0.9. If  

changes from 0.9 to 0.5 when the process is out-of-control, it can be calculated that 

trace 2.9194 2  and trace 3.8933 n 4. From  

simulation results, with the in-control ATS of 200, the ATS value for 0.5 is about 

600, which is consistent with our expectation. 

The above case is a simple illustration in which only the correlation changes. 

However in applications, it is likely that a change in correlation will be accompanied by 

some other changes. In this case, it may be that the other changes would be sufficient to 

produce a signal in the GLR chart.  

In summary, if there is the possibility that the profile is subject to WPA, the 

practitioner should be very careful in both Phase I estimation and Phase II monitoring. 

Furthermore, if it is assumed that   is a function of a parameter vector , the control 

chart should be designed to detect changes in  specifically. In the current literature, 

there are very few papers to address this issue and our further research could develop  a 
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GLR approach for this situation. Given that the WPA structure has been correctly 

identified, the GLR chart derived in this paper can be safely applied if the WPA matrix 

remains unchanged when the process goes out-of-control in Phase II monitoring.  

 

4.11 A Real Data Example of the GLR Chart 

In applications the practitioner is usually interested not only in the quick 

detection of special causes, but also in the diagnosis of the change pattern and the 

identification of which parameters have changed. After the GLR chart signals, the 

estimated change-point and model parameters are given as in Equations (4.2), (4.4) and 

(4.6). We now present a real data example to illustrate the plots of the GLR chart with 

useful diagnostic statistics. 

This example was first introduced by Gupta et al. (2006) and revisited by Zhang 

et al. (2009) and Li and Wang (2010). The data is for monitoring linear calibration 

profiles of an optical imaging system. The assumed in-control linear profile is 

0.2817 0.9767 , with a residual standard deviation of 0.06826 . After 

standardization as represented by model (4.17), the in-control linear profile has model 

parameters 65.8443, 14.3085,	and ~ 0, 1 . The standardized data set 

is shown in Table 4.6. Interested readers can refer to Gupta et al. (2006) for the original 

data set. With the in-control ATS of 1000 , the control limit for the GLR chart is 

8.7387 (from equation (4.10)). The values of chart statistic, estimated change-

point, and estimated ,  and  values are also reported in Table 4.6 for reference.   

TABLE 4.6. The GLR Chart Results of the Example 

        ̂    

1 -3.5533 -1.0233 4.5767 16.408 51.128 133.460 1.8355 0 66.9982 14.4480 1.8518 

2 -3.5533 -1.0233 4.5767 14.503 51.714 130.273 0.3677 1 65.4962 14.2048 1.0000 

3 -3.5533 -1.0233 4.5767 15.328 50.689 132.142 0.5052 0 66.1823 14.3501 1.1384 

4 -3.5533 -1.0233 4.5767 11.134 54.937 136.244 21.9564 3 67.4378 15.2447 15.0916

5 -3.5533 -1.0233 4.5767 14.064 51.714 132.581 20.2298 3 66.7785 14.8999 6.5775 

6 -3.5533 -1.0233 4.5767 15.089 51.508 132.142 17.8252 3 66.6010 14.7325 4.6705 
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Figure 4.3 shows the plots of the GLR statistic  and the estimated change-

point against the sample number of the profiles. Clearly, the process is out-of-control 

from the fourth profile, where the chart statistic is over the control limit with 

21.9564. The estimated change-point of 3 indicates there is an abrupt change occurring 

at the fourth profile. 

After the signal, the practitioner usually would like to identify the out-of-control 

profile parameters. In Figure 4.4, three plots of the estimated ,  and  values are 

presented. Note that since the estimated change-point is 3 and the chart signals at 4th 

profile sample, the estimated ,  and  values are all based on the 4th profile only. 

For this example, at the signal time 4,  is 67.4387 and  is 15.2447. Both of 

these values are quite close to the in-control values. For further statistical inference, 95% 

confidence intervals (C. I.s) for	B  and B  are shown in Figure 3. These confidence 

intervals are obtained from the data after the estimated change-point, using the standard 

regression intervals for the slope and intercept individually. However, we should point 

out that this is a naïve approach, because we do not have a random sample of 

observations from the shifted process. The change-point itself is estimated with possible 

error, so the observations after the estimated change-point may include in-control 

observations. Moreover, we would typically calculate these intervals conditional on a 

signal. Both factors can introduce bias in our estimators and confidence intervals.   
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FIGURE 4.3. Example Plots for the GLR chart 

 

The 95% confidence intervals in Figure 4.4 are quite wide and contain the in-

control values. We can conclude that there is no significant evidence that a shift has 

occurred in either the intercept  or the slope . The variance component σ  is 

reported without a confidence interval since the C.I. for this interval is usually very 

wide, providing little valuable information can be derived from it. From the plot, the 

estimated value of  is 15.0916, which is much larger than the in-control value of  

1. This indicates a significant variance increase in the fourth profile. This also 

explains the quite wide confidence intervals derived for both  and  at time 4, 

there being attributed to the very large estimated error variance. Another interesting 

finding from the plots is that the change in linear profiles is more likely a transient than a 

sustained shift in variance since both estimated values of  and widths of confidence 

intervals for  and  decrease significantly after sample 4.  

Note that with in-control ATS of 200, Gupta et al. (2006) concluded that the 

signal is due to the changes in both the slope and the variance, while the ELR chart 
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identified that the signal is due to an increase in the variance. Li and Wang (2010) 

reported that the change was caused by a slope shift, as does the MMW3 chart. Since the 

estimated variance is 15.0916 for the 4th profile, while the in-control value is 1, we 

believe that the change is highly likely due to increased variance. With such a large 

variance, it’s possible that there are undetected changes in  as well. That other charts 

reported other changed parameter(s) may be due to the choice of smoothing parameter 

0.2, which assigns considerable weight to past profile data.  
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FIGURE 4.4. The Diagnostic Aids Plots with the GLR chart 
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4.12 Conclusions and Discussion 

We have shown that the GLR chart is very effective for detecting a wide range of 

shift sizes of different types in linear profile monitoring. Its overall performance is better 

than all the other options for the cases we considered. Unlike the other charts, there are 

no chart design parameters, other than the one control limit that need to be specified. The 

chart is invariant to the choice of design matrix and values of in-control parameters, 

which greatly simplifies the design, especially for multiple linear regression models with 

a large number of regressors. The control limit can be found by Monte Carlo 

simulations. Although such simulations are more computationally intensive relative to 

other control charts, an approximately linear relationship between the control limit of the 

GLR chart and the logarithm of the in-control ATS provides an easy-to-use option for 

the practitioner. The GLR chart also has the advantage that it provides default estimates 

of the change-point and the out-of-control profile parameters. This can be of significant 

help to the practitioner in diagnosing the process after a signal is given.  

 

4.13 Appendix: Proof for directional-invariance property 

When the process is out-of-control, for two full rank design matrices  and , the 

noncentrality parameter ′  are equal if and only if there exists an orthogonal matrix  

such that  .  

Proof:  

Suppose there are two  matrix  and , both have rank . The 

noncentrality parameters are 
‖ ‖

 and 
‖ ‖

. To have , 

we need ‖ ‖ ‖ ‖ , which is easily reduced to ′ ′ . 

Then we show this condition holds if and only if there exists an orthogonal matrix  

such that  .  

To prove the sufficiency, suppose that there exists an orthogonal matrix  such 

that , then ′ ′ ′ ′ .  
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To prove the necessity, suppose ′ ′  holds. Since ′  is positive 

definite, we can find a symmetric  matrix  such that ′ , i.e., 

′ . Let  and , then 

′ ′  

and  

′ ′ ′ , 

where  is a  identity matrix. This says that the columns of  form an 

orthonormal set, as well as the columns of . Thus there exists  orthogonal 

matrices  and  such that 

0
 and 

0
, 

which implies  

′

0
′  i.e. ′ 	 , 

where  is an  orthogonal matrix. Therefore , which implies 

.  
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Chapter 5. An Individuals GLR Control Chart 

for Monitoring Linear Profiles 

5.1 Introduction 

All of the control charts for profile monitoring referenced and developed in the 

last chapter are based on the assumption that the sample size  at each sampling point is 

large enough that a profile can be fitted based on this sample. Except for the GLR chart, 

most of these control charts are then based on control chart statistics constructed from 

the estimated values of the regression coefficients and the variance. If the number of 

regression coefficients of a linear profile is , then we must have a sample of size 

1  at each sampling point. In many applications this requirement may be a 

significant disadvantage because it may not be convenient or even feasible to take a 

sample this large. Montgomery (2012) indicates that for many situations, the sample size 

used for process monitoring has to be 1  and lists five major reasons for this, 

including a low production rate and no basis for rational subgrouping.   

For example, in the chemical production of an endohedral metallofullerene 

(EMF) Sc N@C , it is often observed that the production process is quite prone to 

contaminants. In particular, other types of trimetallic nitride template (TNT) clusters like 

Y N  and Lu N  can be encapsulated in the same icosahedral Ih-C80 cage. Thus it is 

important to detect these impurities as soon as possible, and nuclear magnetic resonance 

(NMR) spectroscopy can be used to help identify the impurities. Generally there is a 

linear relationship between the logarithm of the rotational correlation time  measured 

by dielectric spectroscopy, and the reciprocal of temperature 	 in kelvin by the 

Arrhenius equation of , where  is the intercept term,  is 

Boltzmann’s constant and  is the activation energy. Fu et al. (2011) has shown that the 

 values are specific to different TNT EMFs and can be used to distinguish among 

them. Therefore by varying the independent variable  to achieve a corresponding 

response , the slope  can be estimated for process monitoring. However, for 
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each temperature, it will practically take about five hours (including temperature 

stabilization, shimming, and acquiring the signal) to acquire an individual  value. Thus, 

we can only get one observation every five hours.  If we want to fit a regression model 

based on a sample of 4, then one option would be to wait until we have collected 4 

observations over an 20-hour period and treat these 4 observations as a sample of 4.  

However, this may not be the best option in this case (for example, it violates the 

rational subgroups concept which says that sampling should be done so that it is unlikely 

that a change in the process occurs within a sample).   

A better option in this situation would be to use a control chart that can monitor 

profiles when the sample size is 1.  The purpose of this chapter is to develop a GLR 

chart specifically for the problem of profile monitoring when the sample size is 1.  

With the GLR chart the profile will be estimated using all data in samples taken since 

the estimated time of the process change (called the change-point), so it does not matter 

whether these samples are of size 1 or of size 1. All that is required is that there 

be enough samples since the change-point so that there is enough data to estimate the 

profile. Note that   

This chapter is organized as follows. We first define the GLR chart based on 

samples of 1 (which we refer to as the individual observation GLR (IOGLR) chart). 

Then we discuss how to design the IOGLR chart. It has been shown in last chapter that 

the GLR chart based on 1 is better than other existing control charts for profile 

monitoring based on 1, so the performance comparisons in this paper are just 

between two types of GLR charts. In particular, for the case of 2 we compare the 

IOGLR control chart based on taking samples 1, with the GLR chart is based on 

taking samples of 4 observations with a sampling interval four times the sampling 

interval of the IOGLR chart. Finally, a real data example is used to further illustrate the 

difference between these two types of GLR charts. The chapter concludes with a 

summary discussion. 
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5.2 The IOGLR Control Chart for Monitoring Linear Profiles 

Suppose that the in-control regression parameter vector 	and the variance 

component  are known or precisely estimated in Phase I by a large enough sample.  

The linear profile monitored in Phase II at sampling point  is 

,                                                             (5.1) 

where  is the response at time ,  is a known 1 vector of values of the regressor 

variables that can be changed over time,  is 1 vector, and the error term  is 

assumed to be a normal random variable with mean zero and variance . Then the 

objective of process monitoring is the detection of any special cause that changes  to 

 and/or changes  to . Note here we consider detecting increases in  only, 

which indicates process deterioration, and is usually the primary interest in statistical 

process control. 

We assume that independent samples of linear profile data ( , ) are taken with 

a fixed sampling interval of length . Then after sample  is obtained we have the data 

( , , 1,… , . Consider a possible sustained change in either the regression 

coefficient vector  from  to	  and/or in the variance  from  to , which 

occurs at some time ∗	between the sample  and	 1, where . The likelihood 

function at time  is  

, , | , , 1, … ,

2 ∙ ∙ ∙
1
2

∙ 	
1
2

. 

Under the hypothesis that there have been no shift in either  or , the 

likelihood function at time  is 

∞, , | , , 1, … , 2 ∙ ∙ ∑ . 

If there have been shifts in  and/or  between time  and	 1, the maximum 

likelihood estimator (MLE) of   is     
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, , , , ,                                                     5.2  

where ,  is assumed to be the  stacked matrix of row 

vectors	 , , … , ,	with full column rank , i.e., 

, ⋮
, 

and ,  is the 1 stacked vector of observations , , … , , i. e., 

, ⋮ . 

Also a mean squared estimator (MSE) of   is taken as  

                       

, , , , , .																								 5.3  

As in Chapter 5, we use the MSE estimator instead of the MLE estimator for variance. 

Again, we are considering only the detection of increases in the variance, so a 

lower bound of  is used in the variance estimator to give 

, , .                                                             5.4  

Therefore the log likelihood-ratio test statistic for determining whether there has in fact 

been a change is      

, ,
,

, , , , 1, … ,

∞, , | , , 1, … ,
 

							
, 2

1
2

1
2

			 . 																																															 5.5  

With such maximization of the likelihood ratio test statistic, the estimator ̂ 	  of the 

change-point can be expressed as  
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̂
0, 1 2

	
2

1
2

1
2

.																																																							 5.6  

For the IOGLR chart, we use 600, which is believed to be large enough, 

since 400 or 600 is a conventional choice in most GLR control chart papers. We 

also use 1, which is the default value and is appropriate for most out-of-

control cases unless the detection of small shifts is of the primary concern of the user.  

A signal is given at sample  if , , , where  is the control limit 

that is chosen to give specified in-control performance. Once the chart has signaled, the 

estimates , , ̂  are reported by using Equations 5.2 , 5.4  and 5.6 . These 

estimates should be useful to practitioners in diagnosing the cause of the process change. 

It is noted that even with the use of a window, the recursive fitting of  linear 

regression models is still time consuming, even with modern computational technology. 

There exist some efficient methods and algorithms for fitting, and the interested reader 

can refer to last chapter for more discussion.   

 

5.3 Invariance Properties of the GLR Chart 

When the linear profile model can be fitted at each sampling point, it has been 

shown in last chapter that the GLR chart is invariant to the choice of design matrix and 

the in-control value of . Furthermore, after standardization of the regression model, it 

can be invariant to the value of . The IOGLR chart also has this property and it is even 

more helpful since the design of the IOGLR chart only depends on the number of 

regressors and the desired in-control performance. We briefly discuss this property in 

this section. 

For linear profile monitoring, given a certain	 , the log likelihood-ratio statistic is 
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,
∑ 																if				 , 	

, ∑ 																																	if				 ,

.   5.7  

Let  ε ,  so that  ε , ~ 0,  when the process is in-control. Then 

the in-control distribution of  depends only on ,  and ∑ ε , . The latter 

is the sum of squares of white noise terms. For the former, it follows that 

, ~ , which is invariant to the choice of any full column rank 

matrix , . Thus the in-control distribution of  is invariant to the choice of any  

at each sampling point, given that the design matrix ,  has full column rank. It is also 

invariant to the in-control parameter vector , and hence the control limit depends only 

on the rank of the design matrix  (the number of regressors) and the in-control 

performance specified by the user. Therefore the design of the IOGLR chart is relatively 

simple because the control limit is determined by two conditions only: the number of 

regressors and the user-specified in-control performance. Note that for the IOGLR chart, 

the practitioner should always make sure the last 1  observations (from the 

 to the  observation) will compose a full column rank 1  matrix 

so that the regression coefficient vector  as well as the variance  are estimable.  

 

5.4 Performance Metrics 

With a sampling interval of , the relationship between the average number of 

samples to signal (ANSS) and the ATS is ATS ANSS . It is also noted that ANSS 

is equivalent to the average number of observations to signal (ANOS) when the sample 

size is 1 (and in general ANSS ANOS ).  

To compare the performance, given the same in-control ATS, we do the 

evaluations of SSATS under different out-of-control situations. All of the following 

simulation results are based on 1,000,000 iterations, with the standard error of the 
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simulation results less than 0.1% of the true ATS. Thus, the simulation error can be 

neglected.  

 

5.5 The Control Limit of the Individual Observation GLR Chart 

As we have shown before, for the GLR chart, usually there is an approximately 

linear relationship between the control limit  and the logarithm of the in-control 

ANOS. In this section we will show how to find values of  corresponding to in-

control ANOS values ranging from 25  up to 10,000 for 1,… ,8.  Then in-control 

ATS values can be easily obtained by multiplying by . Figure 5.1 plots 		against 

the in-control ANOS on the log  scale for 1,… ,8. It is shown that as  increases, 

the control limit will increase. Also while the linear approximation is good for small  

values, it may not be appropriate when  is large. Therefore to provide a convenient 

means to find , we fit eight 4th order polynomial equations relating  to the log10 

in-control ANOS as:     

	 0.842604 1.7665133 ∗ 	0.6049589 ∗ 0.1429873 ∗ 0.0112835 ∗ 		if	 1					 5.8

	 1.478162 3.1713796 ∗ 0.1423210 ∗ 0.0623076 ∗ 0.0055318 ∗ 		if	 2					 5.9

	 2.207290 4.6661020 ∗ 	0.400128 ∗ 0.0424810 ∗ 0.00268340 ∗ 		if	 3			 5.10

	 3.033423 	6.0938322 ∗ 	0.8284209 ∗ 0.1010483 ∗ 0.0053811 ∗ 		if	 4			 5.11

			 4.424877 8.5592304 ∗ 1.9443903 ∗ 0.3464333 ∗ 0.0260027 ∗ 		if	 5				 5.12

				 6.064823 11.367377 ∗ 3.2645742 ∗ 0.6437113 ∗ 0.0514894 ∗ 			if	 6				 5.13

8.600053 15.649249 ∗ 5.4609355 ∗ 1.1618358 ∗ 0.0970921 ∗ 		if	 7				 5.14

12.68229 22.557398 ∗ 9.3028374 ∗ 2.1170462 ∗ 0.1844531 ∗ 		if	 8				 5.15

 

where log (desired in-control ANOS). 

It is noted that we consider the case of 1 in this paper, and this could be 

useful when the practitioner needs to consider a simple linear profile with the restriction 

that the intercept has to be zero. For example, to determine the bilirubin in blood plasma 

samples, the Lambert–Beer law can be applied, which relates the absorbance  of light 

to the concentration  according to , where  is molar absorption coefficient 
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and  is the path length of the light. In this linear profile, whenever the molar 

concentration  is zero, the absorbance  will also be zero. 

           FIGURE 5.1. Plot of  versus In-control ANOS (log10 scale)  

 

 

5.6 Results of Comparison between IOGLR and CSGLR charts 

The IOGLR chart is designed specifically for the situation in which individual 

observations must be taken from the process. A similar sampling strategy was proposed 

in cause-selecting control charts, which is applied to monitor a manufacturing system 

where the output quality is affected by the preceding stages (See Wade and Woodall 

(1993)). Since such charts are designed to monitor the mean of the output quality 

variable only (not the regression coefficient vector), they are not competitors to which 

the IOGLR chart can be compared.  

There are no other existing control charts for profile monitoring that are available 

for this situation, so there is no true competitor to which the IOGLR chart can be 
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compared.  However, in some situations there might be a choice between taking samples 

of 1 using a short sampling interval and taking samples of 1 using a longer 

sampling interval.  For this type of situation we will compare the IOGLR chart based on 

taking samples of 1 using a short sampling interval to the GLR chart based on 

taking samples of 1 using a longer sampling interval.  In particular, we consider the 

GLR chart based on concentrated sampling (which we will refer to as the CSGLR chart), 

where concentrated sampling means that samples of 1	observations will be taken at 

essentially the same time point.   

There also exists another scenario in which individual observations are taken 

over the time interval between plotting points and then artificially grouped into samples 

of 1 for purposes of calculating the control statistic and plotting a point on the 

control chart.  This type of sampling scenario is called dispersed sampling. Interested 

reader can refer to Reynolds and Stoumbos (2004) for more discussion of these 

concepts.  

Chapter 4 has compared the performance of the CSGLR chart to that of other 

existing control charts when all charts use concentrated sampling with 4 

observations are taken at each time point and the in-control ANSS is 200.  In this paper 

we set the in-control ATS to be approximately 800 for both types of GLR control charts, 

in which the IOGLR chart takes one observation at a time 1  with a time interval 

of 1.0, while the CSGLR chart takes a sample of 4 with a time interval of 

4.0. The SSATS is used for comparison when the process is out-of-control, which is 

actually simulated assuming that the changes in either  and/or  start in the time 

interval between time 400  and 	 4 404 , and that the distribution of ∗  is 

uniform on 400, 404 . For the out-of-control process, any simulation run with a signal 

before time ∗ was treated as a false alarm and discarded. 

To compare the performance between the IOGLR chart and the CSGLR chart, 

we consider the same simple linear regression model used in Chapter 4 and most 

existing papers (see, for example, Zhang et al. (2009), Li and Wang (2010), Mahmoud et 

al. (2010)). In these papers, a simple linear model can be fitted at each sampling point 

with 4	observations and is expressed as 



 

 78

                                .								                                                  5.16  

For simple linear profile monitoring, it is recommended by Kim et al. (2003) that the 

profile model should be centered such that the estimators of the slope and the intercept 

are independent. Thus fixed  values of 3, 1, 1, 3  are applied in these papers at each 

sampling point. The in-control values of the intercept, slope and variance are set to be 

13, 2	and 1, respectively. To allow for a fair comparison with the 

IOGLR chart, we use the same data sequence of  values for both GLR charts, thus the 

difference between them will be due to the sampling schemes and different assumptions 

about the possible change-point.  For the IOGLR chart this means that the first sample of 

1 has 3, the second sample has 1, and third has 1, the fourth has 

3, and then the sequence repeats. Note that with the IOGLR chart it is assumed that 

the process change can occur between any two individual observations, but with the 

CSGLR chart it is assumed that the process change will occur between two samples of 

4 and not within one of these samples.    

Tables 5.1 through 5.4 give SSATS values for four types of shifts in  and . 

More specifically, they are shifts in the intercept and slope, increases in the error 

variance, and simultaneous shifts in both slope and variance. The control limit for the 

IOGLR chart is computed from equation 5.9  as 7.7966 for the in-control ATS 

of 800, while for the CSGLR chart, the control limit is 6.7644 taken from Chapter 4 for 

the in-control ANSS of 200 (and ATS of 800). It is noted that the control limit for the 

CSGLR chart is smaller than the control limit of the IOGLR chart.  The reason is that 

CSGLR chart disregards the possibility of changes within the sample, and this means 

that the CSGLR statistic is maximized over a subset of the possible change-points used 

in the IOGLR chart.  Thus, the CSGLR statistic is usually smaller than the IOGLR 

statistic.  

 

TABLE 5.1. The SSATS Values for Control Charts under Shifts from  to 

 

 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 1.5 2.0 3.0
IOGLR 800.0 464.2 190.5 99.9 61.4 41.7 30.3 18.3 12.3 6.0 3.6 1.8
CSGLR 800.0 413.1 173.6 93.2 58.5 40.7 30.2 19.0 13.3 7.2 4.8 3.5
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TABLE 5.2. The SSATS Values for Control Charts under Shifts from  to 

 

 0.0 0.050 0.075 0.100 0.150 0.200 0.250 0.300 0.400 0.500 0.700 0.900
IOGLR 800.0 419.5 250.6 162.6 83.9 51.4 34.9 25.3 15.2 10.2 5.6 3.5
CSGLR 800.0 368.6 223.7 147.4 77.9 48.8 33.9 25.2 15.9 11.2 6.7 4.8

 

TABLE 5.3. The SSATS Values for Control Charts under Variance Increases from 

 to  

  0.0 1.05 1.10 1.15 1.20 1.25 1.30 1.40 1.60 1.80 2.20 2.60 3.00
IOGLR 800.0 396.8 215.6 130.7 87.4 62.8 47.7 30.6 16.4 10.7 6.1 4.2 3.2
CSGLR 800.0 398.6 216.0 132.2 89.7 65.5 50.4 33.3 18.8 12.9 8.0 6.1 5.1

 

From Table 5.1 and Table 5.2, we see that for shifts in either of the regression 

coefficients, the IOGLR chart is better than the CSGLR chart when the shift size is large, 

while worse than the CSGLR chart when the shift size is relatively small. This finding is 

not surprising since generally when the shift is small, a control chart needs to pool more 

observations to detect the change. The CSGLR chart is based on samples of 4 and 

this allows for reduced error in estimates of the change-point and the shifted parameters, 

and a more stable CSGLR statistic. With a smaller control limit, the CSGLR chart can 

trigger a signal faster than the IOGLR chart. However, when the shift is large it takes 

only a few observations to detect the shift, so taking samples of 4 with a sampling 

interval of 4.0  is a disadvantage compared to taking samples of 1  with a 

sampling interval of  1.0. 

It is a bit surprising to find from Table 5.3 that the IOGLR chart is uniformly 

better than the CSGLR chart when the change in the process is an increase in  even 

with the shift size as small as 1.05. Thus if a variance increase is suspected, the IOGLR 

chart is highly preferred to the CSGLR chart.  

The last out-of-control scenario investigated in this paper is a simultaneous shift 

in the slope and an increase in the variance, which is considered in Table 5.4. Generally, 

it is observed that when the shift size is large in either  or , the IOGLR chart has 

better performance. It is also observed that, when the increase in variance is larger than 
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0.4 , the IOGLR chart is better than the CSGLR chart regardless of the changes in . 

Furthermore the CSGLR chart is better than the IOGLR chart only when the shift in  

is very small (  less than 0.075). Although the results are not shown here, this finding 

extends to the case of monitoring multiple linear profiles.   
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TABLE 5.4. The SSATS Values for IO and CS (italic entry) GLR charts under 

Combinations of Slope Shifts and Variance Increases (Shifts from  to 

 and/or from  to ). 

                              

0.050 0.075 0.100 0.150 0.200 0.250 0.300 0.400 0.500 0.700 0.900
 1.10 168.5 112.0 78.9 58.7 45.3 29.6 16.2 10.6 6.1 4.2 3.2

165.2 112.4 80.8 60.8 47.8 32.2 18.6 12.8 8.0 6.1 5.1
  

1.15 133.0 95.4 70.5 53.9 42.6 28.5 15.9 10.5 6.0 4.2 3.2
  129.3 95.3 71.9 56.0 44.9 31.0 18.2 12.7 8.0 6.0 5.1
  

1.20 103.5 79.3 61.6 48.7 39.3 27.2 15.5 10.3 6.0 4.2 3.2
  99.8 78.9 62.5 50.3 41.3 29.5 17.9 12.5 7.9 6.0 5.1
  

1.25 64.3 54.3 45.6 38.3 32.4 23.8 14.5 9.9 5.9 4.1 3.2
  62.2 54.0 46.3 39.7 34.2 26.0 16.8 12.0 7.8 6.0 5.0
  

1.30 43.0 38.3 33.9 29.8 26.2 20.5 13.3 9.4 5.7 4.1 3.1
  42.3 38.4 34.7 31.1 27.9 22.4 15.5 11.5 7.6 5.9 5.0
  

 1.40 30.6 28.2 25.7 23.4 21.2 17.4 12.1 8.9 5.5 4.0 3.1
  30.6 28.7 26.6 24.6 22.7 19.2 14.1 10.9 7.4 5.8 5.0
  

1.60 22.9 21.5 20.1 18.6 17.3 14.8 10.8 8.2 5.3 3.9 3.1
  23.3 22.3 21.2 19.9 18.7 16.4 12.7 10.2 7.2 5.7 5.0
  

1.80 14.3 13.7 13.1 12.5 11.9 10.8 8.7 7.0 4.9 3.7 3.0
  15.2 14.8 14.4 13.9 13.4 12.4 10.4 8.8 6.8 5.6 4.9
  

2.20 9.8 9.5 9.3 9.0 8.7 8.1 6.9 6.0 4.4 3.5 2.9
  10.9 10.7 10.6 10.3 10.1 9.6 8.6 7.7 6.2 5.3 4.7
  

2.60 5.5 5.4 5.3 5.3 5.2 5.0 4.6 4.3 3.6 3.0 2.6
  6.7 6.7 6.7 6.6 6.6 6.5 6.2 5.9 5.3 4.8 4.5
  

3.00 3.5 3.5 3.5 3.5 3.4 3.4 3.3 3.2 2.9 2.6 2.3
     4.8 4.8 4.8 4.9 4.9 4.9 4.9 4.8 4.6 4.4 4.2
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In summary, we can conclude that the IOGLR chart based on samples of 1 

generally has better performance than the CSGLR chart that is based on larger less-

frequent samples. The IOGLR chart has better performance if there are large shifts in the 

regression coefficients or if there is an increase in the variance. The CSGLR chart is 

better if the only process change is a small shift in the regression coefficients.  

Furthermore, if small shifts in regressors are the major concern of the user, then the 

IOGLR chart can be modified by using an appropriate  value to reduce the estimation 

error of the parameters being monitored and to consequently improve the ability to 

detect small shifts. 

Chapter 4 has discussed the directional-invariance property of the GLR chart and 

has shown that this property can help the user dynamically adjust the design matrix for a 

process with a time varying shift tendency in the regression coefficients. By sampling 

one observation at a time, the user can have more flexibility to choose different  

vectors, which allows more control over the detection process.  

 

5.7 A Real Data Example 

In Chapter 4, we used a real data example to illustrate the plots of the CSGLR 

chart with 3 for simple linear profile monitoring. The major purpose in this chapter 

was to show how the GLR chart can help the practitioner do the diagnosis of the change 

pattern after the signal. In this section, we would like to use the same data set to illustrate 

several major differences between the IOGLR and CSGLR charts. 

This real data example was initially introduced by Croarkin and Varner (1982) 

and is for monitoring linear calibration profiles of an optical imaging system. The 

standardized in-control linear profile is 65.8443 14.3085 , with a 

residual standard deviation of 1. During Phase II monitoring three observations 

were taken per day and used to estimate a profile. The data recorded for Phase II covered 

six days. The three observations taken in a day may have been taken every 8 hours over 

the 24-hour period of the day, so applying the CSGLR chart with 3 in this situation 
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would actually correspond to dispersed sampling, rather than concentrated sampling, but 

the application of the CSGLR chart would be the same in both cases.       

For the CSGLR chart with 3 , we used 8.7387  to give an in-

control ANSS of 1000 which corresponds to an in-control ATS of 24000 hours with a 

time interval 24 hours between plotting points.   

Instead of applying a CSGLR chart with 3	 for monitoring, it may be 

preferable to apply the IOGLR chart based on 1  and 8 hours.  In order to make 

a fair comparison with the CSGLR chart, we used Equation (5.9) to find the control limit 

9.4591 to give an in-control ANOS of 3000 (which corresponds to an in-

control ATS of 24000 hours) for the IOGLR chart. We used 3, and this means that 

monitoring will start from the third observation, and after each observation is obtained 

the estimated change-point will be at least four observations back from the current one.  

Table 5.5 gives the values of the observations, chart statistics, estimated change-

points, and estimated ,  and  values for both GLR charts. From Table 5.5, these 

two chart statistics differ whenever they report a different value of different ̂ . This 

clearly illustrates that the major difference between these two charts is due to the 

assumptions about potential change-points.  

Figure 5.2 shows the plots of the GLR statistic , ,  and the estimated 

change-point. From both Table 5.5 and Figure 5.2, we see that the IOGLR chart signals 

at observation 11, and reports the corresponding change-point to be 8, and thus that an 

assignable cause may have occurred between observations 8 and 9. It follows that the 

out-of-control observations at the time of the signal are observations 9, 10 and 11. As for 

the CSGLR chart, it signals right after the 4  sample of 3, i.e., the signal time is at 

observation 12, and this is one observation later than the IOGLR chart. Also, the 

estimated change-point is the 3  sample, and the out-of-control observations at the time 

of the signal are 10, 11 and 12. 
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TABLE 5.5. The GLR Chart Results of the Example 

		 Data	 IOGLR	 , CSGLR	 , 	

Obs	 	 	 , , 	 ̂ 	 , ̂ 	 	

1	 ‐3.5533	 16.408	 ‐ ‐	 ‐	 ‐ ‐ ‐ ‐ ‐	 ‐	 ‐

2	 ‐1.0233	 51.128	 ‐ ‐	 ‐	 ‐ ‐ ‐ ‐ ‐	 ‐	 ‐

3	 4.5767	 133.460	 1.8355	 0.0	 66.9982 14.4480 1.8518 1.8355 0.0 66.9982	 14.4480	 1.8518

4	 ‐3.5533	 14.503	 2.3464	 1.0	 66.3632 14.6435 1.0000 ‐ ‐ ‐	 ‐	 ‐

5	 ‐1.0233	 51.714	 2.5120	 2.0	 66.5585 14.6262 1.0000 ‐ ‐ ‐	 ‐	 ‐

6	 4.5767	 130.273	 0.3677	 3.0	 65.4962 14.2048 1.0000 0.3677 3.0 65.4962	 14.2048	 1.0000

7	 ‐3.5533	 15.328	 0.6220	 4.0	 65.7712 14.1202 1.0000 ‐ ‐ ‐	 ‐	 ‐

8	 ‐1.0233	 50.689	 0.6903	 5.0	 65.4295 14.1505 1.0000 ‐ ‐ ‐	 ‐	 ‐

9	 4.5767	 132.142	 0.5722	 1.0	 66.0062 14.4043 1.0069 0.5052 0.0 66.1823	 14.3501	 1.1384

10	 ‐3.5533	 11.134	 6.1970	 7.0	 64.6545 14.8280 2.2930 ‐ ‐ ‐	 ‐	 ‐

11	 ‐1.0233	 54.937	 9.5140	 8.0	 66.0705 14.7025 24.0407 ‐ ‐ ‐	 ‐	 ‐

12	 4.5767	 136.244	 21.9564	 9.0	 67.4378 15.2447 15.0916 21.9564 9.0 67.4378	 15.2447	 15.0916

13	 ‐3.5533	 14.064	 21.8767	 9.0	 67.5939 15.1967 7.7320 ‐ ‐ ‐	 ‐	 ‐

14	 ‐1.0233	 51.714	 21.4845	 9.0	 67.5288 15.1975 5.1836 ‐ ‐ ‐	 ‐	 ‐

15	 4.5767	 132.581	 20.2298	 9.0	 66.7785 14.8999 6.5775 20.2298 9.0 66.7785	 14.8999	 6.5775

16	 ‐3.5533	 15.089	 19.4210	 9.0	 66.9335 14.8522 5.4952 ‐ ‐ ‐	 ‐	 ‐

17	 ‐1.0233	 51.508	 18.8385	 9.0	 66.9058 14.8534 4.5868 ‐ ‐ ‐	 ‐	 ‐

18	 4.5767	 132.142	 17.8252	 9.0	 66.6010 14.7325 4.6705 17.8252 9.0 66.6010	 14.7325	 4.6705

 

FIGURE 5.2. Example Plots for the IOGLR chart 
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Figure 5.3 plots the estimated ,  and  values for the IOGLR chart. From 

the variance plot, the estimated value of  is 24.0407 at the signal time, which is based 

on observations 9, 10 and 11. It is noted that at time 9, and 10, the estimated values of 

 are 1.0069 and 2.2930 respectively. Thus it is highly likely that the signal is just due 

to the observations 10 and 11 only. The reported change-point ̂ 8	by the IOGLR 

chart is due to the  window restriction. From this particular example, we would like to 

point it out that if the IOGLR chart reports the change-point adjacent to the observation 

within the  window after the signal, the user should be careful in using it. Also, since 

in this example the observations are continuously obtained after the signal, we find that 

the estimated change-point stabilizes at observation 9, thus the out-of-control 

observations should start from observation 10 and the signal at time 11 is in fact 

triggered by the last two observations. From the plots of the estimated  and  

values, we see that both values are quite close to the in-control values and within 95% 

confidence intervals. Therefore it is possible that the out-of-control signal is due to a 

significant increase in variance only.  

In this example, we clearly see that using dispersed sampling with 3 leads to 

a delay of the signal after the occurrence of an assignable cause.  
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FIGURE 5.3. The Diagnostic Aids Plots with the IOGLR chart 
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5.8 Conclusions and Discussion 

In this chapter, we investigate the design and detection performance of the GLR 

chart for profile monitoring based on individual observations at each sampling time. The 

IOGLR chart differs from other existing control charts for profile monitoring by not 

requiring that we be able to fit an independent profile model at each sampling point. An 

advantage of using the IOGLR chart is that when the process is in-control, the GLR 

chart statistic only depends on the number of regressors. For the users’ convenience, we 

have supplied polynomial regression fittings between the control limit and the logarithm 

of in-control ATS values when the number of regressors is from 1 through 8. Then the 

user can easily use these equations to get the control limit for their specific linear profile 

monitoring problem.  

Since Chapter 4 has shown that a GLR chart is generally much better than other 

control charts for profile monitoring, in this chapter, we compare the performance of 

GLR charts based on two different sampling schemes and find that the IOGLR chart 

should be used whenever there is a possibility of the variance increasing or the size of 

the potential shift in the regression coefficients is relatively large. Another general 

advantage of using GLR-type control charts is that they provide default estimates of the 

change-point and the out-of-control profile parameters. This can be of significant help to 

the practitioner in diagnosing the process after a signal is given. 
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Chapter 6. Conclusions and Discussions 

6.1 Summary and Conclusions from Work in the Dissertation  

In this dissertation, by investigating two specific types of statistical process 

monitoring (SPC) problems, i.e., monitoring the normal process mean subject to linear 

drifts and linear profiles, we have demonstrated the superiority of the GLR algorithms 

over some existing algorithms for their effectiveness in detecting a wide range of shift 

sizes and providing diagnostic information immediately after the signal. Besides, the 

GLR algorithm generally requires minimal knowledge of the out-of-control parameters 

from the user and usually only the desired in-control performance needs be specified. 

This easy-to-use property is very appealing to the practitioner, given that usually 

knowledge of the out-of-control process is at a low level of the confidence. 

 In terms of the design of the GLR chart, from Chapter 3 through Chapter 5, we 

see there are two major issues that have to be considered by the user. First, two types of 

window limits needed be specified. The moving window  is applied to ease the 

computation burden especially when millions of simulations are performed to find an 

accurate control limit for a given in-control performance as well as to do comparisons 

with other detection schemes. With this moving window restriction, only the most recent 

 samples will be evaluated for possible change-point detection. However, even we 

have to use it for computational convenience in this dissertation, it is worth pointing out 

that when the GLR algorithm is applied for real process monitoring, the practitioner may 

be able to use the GLR chart without the  window. Otherwise  should be chosen 

such that the GLR chart with  window has very close performance to the GLR chart 

without it.  

The second type of window limit, , is applied to get the estimate of the out-of-

control parameter  with an appropriate estimation error. The default value for  is 

	 , i.e., the number of  parameters monitored by the control chart. This choice 

usually works well when we would like to detect a wide range of shift sizes and gives 

the best performance in detecting large shifts. But when detecting relatively small shifts 

is of primary interest or it is found that a large standard error is associated with the 
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parameter estimators, this default choice can lead to significant inflation of the GLR 

chart statistic, and consequently a large control limit and worse detection performance 

when the out-of-control shift size is small. As shown in Chapter 3, when we design the 

GLR-D chart,  has to be tuned carefully such that the GLR-D chart can be 

comparable to the GLR-S chart. Thus we suggest that the user may not always use the 

default  value for their SPC problem, particularly if large estimation error is expected 

or small shift sizes are suspected to occur frequently. 

Secondly, for the design of the GLR algorithm, it is very crucial to find an 

accurate control limit that will achieve the specified in-control ATS. Usually there is an 

approximate linear functional relationship between the logarithm of in-control 

performance and the control limit. However the fitting of this regression line would 

involve many simulations to get the control limits for different in-control performances. 

The convenient way to obtain the regression line is to use a vector/array of a sequence of 

control limit values, denoted by a vector , for the simulation process. Then for one 

simulation, it is equivalent to running multiple GLR charts with different control limits 

simultaneously. In particular, the first time that a GLR chart with a specific control limit 

 is smaller than the chart statistic  will be the run length for this chart for this 

simulation run. The simulation will be continued until all charts have triggered a signal. 

Thus, usually one millions runs of Monte Carlo simulations would be adequate to fit the 

regression line between the logarithm of the in-control performance and the control limit. 
 

6.2 Possible Extensions to Variable Sampling Interval GLR Chart 

Current work in this dissertation clearly shows the advantage of the GLR 

algorithm over other competitive options based on using a fixed sampling interval (FSI) 

sampling plan. To enhance the performance of the GLR chart even more, variable 

sampling interval (VSI) feature can be added to the GLR chart. Control charts with VSI 

features are of much interest recently with the development of modern sampling 

techniques, where the sampling rate can vary as a function of the sample statistics. The 

advantage to using a VSI chart over a FSI chart is the enhancement of the efficiency in 

detecting shifts in process parameters. Usually with the VSI feature, a shorter sampling 
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interval is applied when there is an indication of a possible shift in model parameters, 

while a relative long sampling interval is used when there is no such indication.    

Most work on developing VSI control charts has been done for monitoring the 

mean and/or variance from independent normal processes (see, for example, Reynolds 

and Stoumbos (2001b), Zhang and Wu (2007), Luo et al. (2009), and Reynolds and Cho 

(2011)). Also this feature is applied for the detection of non-normal or dependent 

process parameter shifts in Reynolds and Arnold (1996), Lin and Chou (2005) and Yang 

and Chen (2011). Relatively little work has been done for monitoring linear profiles 

using control charts with VSI features. Zou et al. (2007) considered VSI MEWMA 

charts for monitoring multiple linear profiles. Zhang et al. (2009) and Li and Wang 

(2010) proposed VSI ELR charts and VSI EWMA charts for monitoring simple linear 

profiles.  

The optimal choice of the sampling intervals was first investigated by Reynolds 

and Arnold (1989) and Reynolds (1989). Stoumbos et al. (2001) further distinguished 

the optimal choice of VSI in terms of two measures (the SSATS and the zero-state 

ATS). They found that there were fundamental differences between these two measures 

when using VSI features. Also past work on VSI control charts by Runger and 

Montgomery (1993), Reynolds (1995), and Stoumbos et al. (2001) has shown that using 

only two possible values for the sampling intervals is sufficient. Let 0  be the 

two possible sampling intervals applied in VSI control charts. Reynolds and Arnold 

(2001) suggested that the short interval  should be chosen as small as possible for 

quick detection of out-of-control parameter shifts. Thus, the choice of  usually 

depends on the technical limit on how soon the next sample can be taken after the 

current sample is taken. The long sampling interval  is chosen based on an acceptable 

sampling rate and ability to detect process changes. Assuming that the average sampling 

interval is 1.0 time units, the commonly used values in the literature are 0.1 and 0.25 for 

 and 1.25, 1.5, and 1.9 for . Then for the VSI GLR chart, the short sampling interval 

	will be used if  , ,  and the long sampling interval 	will be 

applied if , , , where  is the control limit (the same as for the FSI GLR 

chart) and   is the warning limit that a higher sampling rate will be used when the 
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chart statistic passes over it. It is noted that for the evaluation of the performance of VSI 

control charts, the out-of-control comparisons should be based on the SSATS values, 

given that all of the charts have the same in-control average sampling rate and the same 

false-alarm rate.  

 

6.3 Possible Approaches to Updating Phase I Parameter Estimators 

Most control charts are Phase-II charts in the sense that they are designed based 

on a known value of  either specified as the target value or estimated from Phase I 

samples. It has been shown that the estimation error in Phase I could have very 

pronounced effects, which leads to more variability associated with the ATS values 

compared to the parameter-known situation. The effects of parameter estimation have 

already been evaluated for different types of control charts. Jensen et al. (2006) 

presented a nice review on this issue and pointed it out that there exists a gap between 

the evaluations of such estimation effects and a practical recommendation of an 

appropriate Phase-I sample size for the user. Usually the conclusion from the literature is 

quite general: larger is better. This is truly a difficult question for most control charts 

since the recommendation of an appropriate Phase-I sample size would depend on many 

factors such as the desired in-control ATS, the type of parameter monitored, the prior 

knowledge of , and tuning parameters applied in the control chart. Also, the criteria 

used to evaluate the impact of parameter estimation are often arguable.  

For the GLR approach, we can consider an alternative way to get around this 

issue by continuously updating the estimates of the in-control parameter . For 

example, to detect changes on  in a normal process, the GLR-S chart proposed by 

Reynolds and Lou (2010) is constructed based on the estimated values of the in-control 

normal mean and variance ,  from Phase I. If the sample size of Phase-I is small, 

in Phase-II we can adapt the GLR chart to update these two in-control values. Hawkins 

et al. (2003) proposed a control chart based on the change-point model for normal 

process mean detection. With the first few samples (which can be treated as “Phase-I” 

samples) used as in-control observations to get an initial estimate of , , their chart 
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would update the estimate of ,  based on sequential likelihood ratio tests. 

However due to the large bias and variation associated with the change-point estimator 

̂ ,	especially for small change sizes, this naive updating can be dangerous because it may 

incorporate out-of-control samples in the estimation of the in-control parameters. 

Validated from our simulations, we find that this method achieves a slightly better 

performance in terms of SSATS than the revised GLR-S chart by Reynolds and Lou 

(2010), which adapts to the different sample size in Phase I but never updates the in-

control parameters, only when the Phase-I sample is quite small (less than 50). But it has 

a very poor detection capability if the process is out-of-control in the early stages of the 

monitoring scheme (in terms of initial ATS). Thus preventing the possible contamination 

from out-of-control samples is very crucial to the design of our adaptive GLR chart. We 

consider one possible updating rule to cure this problem which restricts the updating 

process to use only the samples up to sample , so that the most recent  

samples are reserved as a pool to prevent the possible contamination of the in-control 

parameter estimates by out-of-control observations.  

Note that the above updating idea could be applied to any control chart when the 

Phase I sample is small, however it would be reasonable to first investigate it in terms of 

the GLR chart design.  
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