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Abstract 

Terrain surface measurement is an important tool in vehicle design work as well 

as pavement classification and health monitoring.  Non-deformable terrains are the 

primary excitation to vehicles traveling over it, and therefore it is important to be able to 

quantify these terrain surfaces. Knowledge of the terrain can be used in combination with 

vehicle models in order to predict force loads the vehicles would experience while 

driving over the terrain surface.  This is useful in vehicle design, as it can speed the 

design process through the use of simulation as opposed to prototype construction and 

durability testing.  Additionally, accurate terrain maps can be used by highway engineers 

and maintenance personnel to identify deterioration in road surface conditions for 

immediate correction.  Repeated measurements of terrain surfaces over an extended 

length of time can also allow for long term pavement health monitoring. 

Many systems have been designed to measure terrain surfaces, most of them 

historically single line profiles, with more modern equipment capable of capturing three 

dimensional measurements of the terrain surface.  These more modern systems are often 

constructed using a combination of various sensors which allow the system to measure 

the relative height of the terrain with respect to the terrain measurement system.  

Additionally, these terrain measurement systems are also equipped with sensors which 

allow the system to be located in some global coordinate space, as well as the angular 

attitude of that system to be estimated.  Since all sensors return estimated values, with 

some uncertainty, the combination of a group of sensors serves to also combine their 

uncertainties, resulting in a system which is less precise than any of its individual 

components.  In order to predict the precision of the system, the individual probability 

densities of the components must be quantified, in some cases transformed, and finally 
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combined in order to predict the system precision.  This thesis provides a proof-of-

concept as to how such an evaluation of final precision can be performed. 
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1. Introduction 

This thesis is focused on the development of techniques for the determination of 

precision of inertial terrain measurement systems.  An inertial terrain measurement 

system is a collection of synchronized instruments and signal processing algorithms that 

estimate the specific terrain elevations within a field of horizontal locations in a global or 

local coordinate space.  The systems that have been developed over the course of this 

work have been capable of providing millimeter precision in measurement of the terrain 

surface vertically across a four-meter wide road surface.  Longitudinal spacing is 

dependent on the speed of the host vehicle. 

These sensor data are fused to give an estimate of the heights and horizontal 

locations of each measurement in the form of an XYZ point cloud.  This point cloud 

consists of irregularly spaced data, which can then be interpolated in order to form 

regularly spaced grids or rendered for visual representations of the road surface. 

In the formation of this system, many different components are brought together 

with the intention of measuring road surfaces quickly and accurately.  The accuracy of 

this system depends on the accuracy of the components, the rigidity of the mounting 

structure, and the timing and synchronization of the system. 

 

 

1.1 Motivation 

The knowledge of road texture and surface condition has uses in many different 

areas of vehicle and road surface research.  Determining road wear and deterioration has 

value to both maintenance crews as well as research groups with regards to pavement 

surfaces [1].  The knowledge of terrain shape and characteristics can be of great benefit to 

vehicle designers, as terrain serves as the primary input to any land vehicle.   Therefore it 

is beneficial for multiple parties to have some system in place to measure and record 

these terrain data.   
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Historically, different methods have been used to measure terrain surfaces, but 

they have been time consuming and very reliant on human effort.  For this reason, high-

speed terrain measurement systems have gained popularity.  These measurement systems 

are capable of measuring terrain at, or near, highway speeds.  For these data to have any 

real meaning, these systems must be able to acquire these data at a fine sampling interval 

with both a high accuracy and a high precision.  These strict requirements placed on the 

measurement hardware often limit the available sensor choices.  In addition, for a profiler 

to indeed be high-speed, the host platform to which the sensors are attached must be 

capable of achieving these high speeds. Automobiles of varying sorts are often used as 

these host platforms.   

It should be clear that these high-speed profilers are dynamic systems and 

undergo forced input from terrain, the primary excitation to the vehicle, during the 

measurement process.  This excitation causes the vehicle to vibrate and move in ways 

that could distort the true measurement of the terrain.  Therefore, the contributions of the 

body motion of the vehicle must be removed in order for the data measured by the 

sensors to be of any value.   

Taking all of these considerations into account, a terrain measurement system 

must be assembled in which a set of sensors is capable of acquiring measurements of the 

elevation of the local terrain, locating these data relative to some origin, and determining 

the attitude of the vehicle in order to estimate the absolute location of the individually 

measured terrain data points.  Depending on the terrain being measured, certain 

assumptions may be made for the sake of equipment and computational costs, but these 

assumptions may reduce the integrity of the measurements, and most certainly will 

reduce the robustness of the system.   Therefore, all excitation to the system must be 

accounted for in the final measured terrain data in order to create a robust terrain 

measurement system.  

1.2 Problem Statement 

An Inertial Terrain Measurement System is a collection of sensors that is capable 

of both measuring the terrain surface (usually optically) with respect to the host platform, 

determining the attitude of the host platform, and locating the terrain surface in an inertial 
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reference frame.  The special position and attitude of the complete system are measured 

by an Inertial Navigation System (INS).  Often this INS will be coupled with a Global 

Navigation Satellite System receiver (more often referred to as Global Positioning 

System) to allow for position correction. Very few commercial terrain measurement 

system solutions exist that take full advantage of the robustness of the INS/GNSS 

combination. Many manufacturers have implemented some portions of either the INS or 

the GNSS into their measurement systems. Those that have done so have often made 

assumptions concerning limited levels of excitation from the terrain.  Additionally, some 

systems are designed to measure terrain for a specific application which may not require 

a true representation of terrain surface. Examples of this are systems which analyze road 

surfaces for cracks.  These cracks are localized events which are still detectable even if 

the influence of low frequency body motion is present in the data.   

This leaves a void in the commercial market for systems that are capable of both 

measuring terrain surfaces, and properly sensing responses to inertial forces on the 

measurement platform.  Examples of such systems have, however, been designed and 

built in academic environments.  It is important when designing such systems to be able 

to correctly predict the precision of the final assembled system.  This determination 

requires the analysis of the specifications of all of the individual components, as well as 

their mounting fixtures and interactions.  The errors compound as a result of the 

uncertainties in the degrees of freedom of the system, so the errors introduced by the 

individual components all contribute the final accuracy of the terrain measurement 

system.   

The usefulness of data gathered by these terrain measurement systems is directly 

related to the intended use of these data.  For instance, the precision and accuracy 

requirements for a system capable of measuring a road’s International Roughness Index 

(IRI) are much less rigorous than the requirements for a system capable of accurately 

measuring the microtexture of the road surface for friction analysis.  Simply taking the 

former system and upgrading one or two of the components will most likely not produce 

a robust system capable of measuring surface microtexture.  The contribution of all of the 

system components must be carefully taken into consideration. A robust terrain 

measurement system can be achieved by understanding that the overall accuracy of the 
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system is dependent upon all of the components, and by selecting the correct combination 

of sensors and mounting hardware. 

1.3 Thesis Statement and Scope of Work 

Thesis statement: The precision of a terrain measurement system can be 

determined by knowing the capabilities of its instruments, the structural properties of its 

mounting system, and their interactions.   

The objective of this work is to describe the techniques and components used in 

the design and development of a terrain measurement system and to explore the 

properties of the individual components and how they contribute to the overall system 

accuracy and precision.  A proof-of-concept of this thesis is presented primarily from the 

Vehicle Terrain Performance Lab (VTPL) work on building multiple terrain profiler 

systems.  The iterations of this previous work will be used to illustrate the realization of 

these design objectives in this thesis.  The scope of this work will be restricted to the 

examining the errors introduced by the individual sensor components, both measurement 

and locational, and the mounting frame.  The final result of this work will be a guide in 

how to determine the component specifications necessary to build an inertial 

measurement profiler to meet accuracy and precision requirements. 

1.4 Main Contributions 

The main focus of this research is to explore the contributions of various sources 

of error contributed by hardware to final measurements collected by the measurement 

system.  This will come from an examination of which hardware specifications affect the 

accuracy of the measurements, and which do not significantly contribute. 

1) An extensive overview of hardware components and their sources of error 

a. Correct laser selection for the application 

b. GPS and INS selection. 

c. Structural compliance of the mounting structure. 

2) The best precision attainable by a system can be determined by the knowledge 

of the interaction in the components. 
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1.5 Thesis Outline 

 This work will be organized in the following manner.  The first chapter 

contains an overview of the purpose of terrain measurement as well as how this thesis fits 

into the work already completed on terrain measurement systems. The aim of this thesis 

is to show a proof-of-concept on how to determine the precision of a terrain profiler 

system.  The second chapter contains a review of the background literature on the topics 

of terrain measurements systems, and error contributions that individual components 

contribute to the system.  It will cover both the origins of terrain measurement, and also 

specifically inertial terrain measurement systems.  Chapter three contains a review of the 

hardware components commonly found on an inertial terrain measurement system, and 

also discusses common sources of error from each piece of equipment.  Each of these 

pieces of equipment that are included in a terrain measurement system has the pontential 

to introduce error into the system, and this error must be able to be identified and 

quantified.  In chapter five, the error contributions to the system will be discussed in 

depth as well as how they can be quantified in order to estimate their effect on the 

precision of the system.  Furthermore, in this chapter the effects of these error 

contributions on accuracy will be explored.  Finally, in chapter six, a summary of the 

research and final conclusions will be given.  This thesis is focused on the development 

of techniques for the determination of accuracy of inertial terrain measurement systems.  

The contributions of error from both GPS and inertial sensors shall be explored in 

reference to the effects on total system precision. 
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2. Background 

2.1 Terrain Profilers 

Terrain profiling can be traced back to surveying techniques, as the basic concept 

of terrain profiling is one of mapping terrain elevations at known locations.  Since the 

activities of surveyors include the measurement of terrain heights with respect to some 

reference location, the basic concept is the same.  In the case of the rod and level, an 

reference location and height is determined.  From this reference location and height, a 

rod and level are used to measure the height difference between the reference point and 

an adjacent point.  The distance between reference point and the adjacent point is 

measured, traditionally using a “chain”, but more modernly using a laser.   

The modern methods rely on the same underlying principals as the basic 

requirements for a terrain measurement system as the rod and level used by surveyors.  A 

terrain measurement system must be have a reference elevation, currently by inertial 

sensors, and longitudinal reference point, provided by GNSS location.  The system must 

then be able to determine the height of the measured terrain relative to the reference 

height of the system.  The system must also be able to measure longitudinal difference 

between the current system location and the longitudinal reference location.  This 

assumption is based on the premise that the terrain being measured lies at consecutive 

points along a straight line.  [1] 

The Face Dipstick is another surface measurement tool.  Though, it is an 

advancement over the rod and level technique, it is still quite slow.  The Dipstick relies 

on the operator to pivot the devise down a straight pathway.  Resting on two “feet”, the 

device determines elevation change by evaluating the angles of the feet relative to one 

another.  At each pivot, the device calculates the elevation difference between its front 

and rear feet.  The sample spacing between points is consistent at 305mm; however, this 

sample spacing is far longer than modern systems. 
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Figure 2-1: Diagram of Face Dipstick 

 

Other slow speed methods of terrain measurement arose as early as the 1900’s.  

Examples of these can be seen in the use of the straight edge, the rolling straightedge, and 

more interestingly, the profilograph. The straightedge uses the measurements in height 

difference between the straightedge laid across the ground, and the surface of the road.  

The rolling straightedge incorporates wheels on each end of the straightedge as well as a 

measuring wheel in its center.[1, 2] 

The profilograph consists of a long rigid support structure.  Attached to this 

support structure at each end are a set of averaging wheels.  These wheels help to prevent 

the orientation of the main profilograph from being excessively influenced by high 

frequency terrain surface noise.  In the center of the profilograph structure, a “profile” 

wheel is mounted.  This profile wheel measures the change in the terrain surface height 

relative to the profilograph frame. As well as measuring the relative height change, this 

profiling wheel also measures the distance traveled.  This acts as the equivalent to both 

the distance measurement chain, and the rod and level equivalent of the classic surveyor’s 

tools.   As the unit is moved along the road surface, the elevation measurement is 
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recorded to a strip chart.  This gives a continuous road surface measurement, unlike the 

discrete measurements ascertained from the straightedge and rolling straightedge. [1, 2] 

2.2 Early High Speed Terrain profilers 

Since the measurement of terrain elevations using more traditional methods is a 

slow and cumbersome process, higher speed systems were developed to take advantage 

of modern sensors and equipment.  These systems still collected measurements in 2-

dimensionmal signals, where the elevation measured is either a function of time or 

longitudinal distance traveled.  These vehicle dependent systems used instruments to 

determine terrain surface characteristics from the vehicle responses.  This method of 

profiling, however, requires known vehicle parameters, which are subject to change over 

time.  Therefore, such a system is only correct while the vehicle parameters remain 

constant.  These vehicle parameters include spring stiffness and damping for each wheel 

of the vehicle.  Over time, with stresses on the components, changes to environmental 

variables, or overextension of suspension components, these vehicle parameters change.  

Additionally, these vehicle parameters are only specific to one vehicle.  They cannot be 

said to apply to different types of vehicles, or even other vehicles of the same type.  One 

such example of this approach is the Mays Ride Meter.  This system measures the travel 

of the rear differential relative to vehicle body in terms of the distance traveled by the 

vehicle. 

The host vehicle must be constantly calibrated to keep measurements accurate and 

reproducible for these vehicle dependent terrain measurement systems.  Additionally, 

while dynamic systems are well known, tire modeling is a very difficult problem in and 

of itself, and super-accurate tire models are not commonplace. These both make it quite 

difficult to determine the true terrain input to the vehicle. 

2.3 Inertial Terrain Measurement Systems 

Inertial terrain measurement systems were the next step in step in terrain 

measurement system development.   These systems utilize sensors capable of measuring 

accelerations and angular rates on the sensor system.  These inertial movements are then 

used to determine the position of the measurement system in space.  The earliest forms of 
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inertial profilers utilized double integrated accelerometer signals in order to establish the 

vertical motion of the sprung mass of the vehicle body.  These inertial profilometers do 

not use the motion of the body itself to measure the terrain surface. Instead, additional 

sensors are used to measure the change in elevation of the road surface relative to the 

vertical motion of the vehicle.  

Early examples of this system include the GMR Profilometer developed by 

General Motors Research.  This system was equipped with both a road-following wheel 

and an accelerometer.  The inertial reference, provided by a double-integrated 

accelerometer signal, is used to establish a baseline vertical motion of the vehicle.  The 

motion of the road-following wheel relative to this baseline is the representation of the 

surface profile.  By having an inertial baseline from which the road-following wheel is 

measured, the vehicle’s motion does not unduly influence the measurement of the terrain 

surface [3]. Many of the early inertial profiler designs utilized contact wheels to measure 

road surfaces.  The design of the GMR profiler has been used as a platform for many 

other inertial profilers [4-6]. 

2.4 Non-contact Surface Measurement 

As new sensor technologies progressed, new ways of measuring the relative 

distance between the terrain profiler and the terrain surface began to be employed.  These 

sensor technologies were primarily optical in nature.  In 1987, a laser based measurement 

system was introduced by the Australian Road Research Board (ARRB).  It was based on 

the inertial platform used in the GMR profiler. [4] This system, in addition to several 

contact sensors, utilized three point lasers to measure the displacement of the vehicle at 

the left and right wheel paths, as well as at the center of the vehicle.  Due to the reduced 

size of the point of measurement in comparison with a tire contact patch, these laser-

based systems are able to measure surface characteristics on a much finer scale than 

previously available due to the geometric filtering properties of the road following wheel.  

This advance opened up new areas in the realm of high-fidelity terrain profile 

measurement.   

Infrared sensors were also incorporated into a similar system simultaneously 

developed by the University of Michigan Transportation Research Institute (UMTRI), 
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based on the GMR platform.   This particular platform utilized three point lasers for left 

and right wheel paths, and a center laser.  A pair of infrared sensors was used to measure 

the rutting depth of the road.[5]   

More recently, a high speed profilometer, using accelerometers to provide an 

inertial reference height, inclinometers to measure the vehicle’s attitude, and a GNSS 

system to provide the vehicle’s location in space was developed for the measurement of 

off-road surfaces. This combined navigation system was then coupled with high speed 

point lasers to create a high speed, high precision, non-contact profilometer. [7, 8] 

2.5 High Fidelity 3-Dimensional Terrain Mapping 

Each of the previously defined terrain profilers measures a 2-dimensional terrain 

profile where the result is terrain height in terms of distance traveled.  With new 

developments in technology, high-speed highly accurate scanning lasers became 

available [9, 10].  These lasers are capable of scanning many points along a line 

perpendicular to the direction of travel.   

 

Figure 2-3: VTPL Vehicle Terrain Measurement System 

 

In 2006, the Vehicle Terrain Performance Laboratory at Virginia Tech (VTPL), 

coupled a scanning laser with an inertial measurement system. [11, 12] This system, 

known as the Vehicle Terrain Measurement System (VTMS), is capable of detecting both 

Figure 2-2: Vehicle Terrain Measurement System 
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the angular attitude of the host vehicle platform, as well as the location in global space.  

By using a high-speed scanning laser, this system is capable of capturing the data 

necessary to generate high fidelity 3-dimensional representations of the road.  Other 

similar systems have also been developed, which utilize various combinations of GPS, 

and accelerometers to establish the position and vertical movement of the vehicle.  [13] 

 

Figure 2-4: Rock road 3-D surface as captured by VTPL Terrain Measurement 

System 

One of the results of using scanning lasers to measure road surfaces is that the 

resulting data is not regularly spaced in all directions.  This is very different from the 2-D 

profilers previously discussed.  Since the applications of the previous profilers were only 

concerned with a single point along the direction of travel, there was no way to 

compensate for measurement drift in the lateral direction along the road surface.  

Additionally, especially in the case of time-based systems such as the VTPL 

profilometer, the points are not regularly spaced in the direction of travel.[14, 15]  They 

are instead equally spaced in time.  The result is the data must be resampled in order to 

have them be equally spaced in the horizontal plane.   

While this method may be computationally expensive in terms of initial collection 

to final data profile, it provides a much more complete picture of the road surface.  This 

is especially useful when dealing with more complex road surfaces, where there is a large 

amount of surface cracking, or a very rough surface like rock or gravel.  With systems 
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capable of delivering one millimeter of precision, it is possible to explore both small 

localized events as well as terrain features that will impact the ride of the vehicle. 

2.6 Contribution of error to terrain measurement results 

The measurement of 3-D terrain surfaces using optical systems as described in 

section 2.5 has many paths for system error introduction.  The combination of multiple 

components, each contributing error, compounds the problem.  Work has been done to 

show how laser measurement systems, all mounted on a common platform, can deliver 

varying degrees of precision in terrain measurements. [16]  However, this work assumes 

that the position and attitude of the platform can be determined with enough precision 

that the combined system can still deliver the expected precision.   

The platform consists of both a nearly-rigid mounting structure and 

instrumentation capable of locating a system in both time and space, as well as providing 

its angular attitude. Effects of designs where structural deformation is significant can 

result in introduction of unmeasured sensor movement which will cause errors in the 

surface measurement.  [17]  Therefore, mounting frames which exhibit only very small 

amounts of deformation under load are preferable.   

2.6.1 GNSS and INS error contributions 

The GNSS/INS systems are also sources of error, as their accuracy and precision 

can vary greatly by model.  GNSS systems can suffer from errors contributed by 

atmospheric interference, as well as interference from localized conditions.  In order to 

mitigate errors caused by atmospheric interference, specifically the ionosphere, two 

different carrier frequencies are used to transmit data from the satellites. [18] These 

carrier frequencies are called L1 and L2, where the frequency of L1 is 1575.42 MHz, 

while the frequency of L2 is 1227.60 MHz.  By using two frequencies to transmit the 

data, the receivers are able to remove atmospheric delay caused by the signal’s 

transmission through the ionosphere.  Additionally, GNSS positions can suffer from more 

localized errors which cannot be removed using only the dual carrier atmospheric 

corrections.  To increase the precision of the system, Differential GPS techniques can be 

applied.  Using the knowledge that localized errors affect multiple GNSS units in the 
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same region, it is possible to identify and remove these localized errors using 

measurements taken from a local fixed base GNSS receiver.  

Inertial Navigation Systems, can also be coupled with GNSS systems to improve 

GNSS precision, as well as provide location information in the case of lost GNSS 

coverage.  Additionally, the INS is capable of providing its angular attitude at any point 

in time.  However, the measurements of this system are prone to exhibit drift over time.  

Work has been done to quantify and correct this drift, specifically in reference to terrain 

and digital elevation mapping. [19-21]  It is important to consider the capabilities of the 

INS system, as even after application of drift correction techniques, as the resulting data 

can still exhibit drift.  This resulting drift causes incorrect measurements of position and 

attitude of the unit, and when coupled with GNSS can reduce the precision of the system.  

Sin the case of the work performed by Chemistruck, drift from inertial sensors could be 

corrected, but only through the use of repetitive collections of the same road sections.  

These road sections must also contain identifiable anchor points which could be selected 

in each set of data.  While effective, this type of scenario is not practical in the real world 

of terrain measurement. 
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3. Components of a 3D Terrain Measurement System 

Terrain measurement systems are made up of many components.  These 

components are complex devices, some more so than others.  Whenever systems are 

coupled, an understanding of the operation of those systems will serve to allow the 

system user/designer to identify potential sources of error which may cause for imprecise 

measurements of the terrain surface.  In this section the reader will find a description of 

many common components found in inertial terrain measurement systems, as well as 

common sources of error from those components.   

3.1 Scanning Lasers 

There are several methods of measuring terrain surfaces through non-contact 

means.  The one most commonly used is some type of laser distance measurement 

system.  Other systems include stereovision[22] and ultrasonic distance sensors. [23]  

Laser distance measurement systems are the most popular due to their accurate nature, 

and their ability to operate in a variety of lighting conditions.  Additionally, the terrain 

profiling community has been able to draw from research in the aerial LIDAR field, as 

inertial based laser terrain measurement systems share many of the same system design 

elements of the aerial LIDAR units. 

There are two styles of laser used for terrain measurement. These are the Time-of-

Flight systems, and the Optical Triangulation style systems.  They each have advantages 

and disadvantages, which should be considered when selecting them for use in a terrain 

measurement system. 

3.1.1 Time-of-Flight Laser systems 

These systems are the most versatile in field of laser distance measurement.  They 

are used in many areas which require knowledge of surfaces relative to a central point.  

Additional examples of users of this technology include aerial LIDAR units and 

autonomous vehicles[24, 25].  These systems offer a great deal of flexibility in terms of 
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range, when compared to the optical triangulation systems.  This makes them much more 

suitable for long range measurement. 

There are two primary ways in which this system works.  The first is the “pulse 

echo” method.  In much the same way a SONAR or RADAR system operates, a pulse of 

light is emitted from a laser.  The system then measures the time difference between the 

pulse emission and the corresponding measured reflection. [26] By knowing the speed of 

light in air and also the total travel time of the pulse, it is possible to determine the range 

between the LIDAR unit and the target.  This distance can be calculated using the 

equation: 

        

where R is the range to the target, v is the speed of the light in air, and t is the measured 

elapsed time of the pulse flight.   

Laser
Emitted beam
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rg

etReflected Beam

Range  

Figure 3-1: Time-of-flight Laser pulse based system 

Additionally there is a second type of time-of-flight laser system[26].  This 

system uses a continuous laser beam as opposed to the pulsed laser.  This continuous 

laser beam has a modulated pulse, of much lower frequency, superimposed onto the laser 

signal.  The distance is measured by using the phase difference between the modulated 

pules in the emitted laser signal and the modulated pulse in the reflected signal.  By 

superimposing a pulse of known frequency on to a carrier beam (laser beam), it is 

possible to determine the distance traveled by the beam by observing the phase difference 

between the emitted beam and the reflected.  This can be seen in Figure 3-3.  The 
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distance relative to the integer multiple of the sine wave can be determined.  The range to 

target can be calculated using the equation: 

             

where M is the number of integer wavelengths, λ is the wavelength of the 

superimposed signal, and Δλ is the fractional part of the wavelength,            , 

where Φ is the phase angle. 
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Figure 3-2: Phase comparison ranging 
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Figure 3-3: Finding the phase angle in phase comparison ranging 

Errors in both the horizontal and vertical measurements can be attributed to 

several different sources. Timing error due to poor internal clock measurement is can be a 

cause of error with the distance measurement, especially on pulse based time-of-flight 
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systems. Additionally, errors can be introduced by poorly calibrated mirror angle 

encoders.  These encoders are responsible for determining the angle of the reflective 

mirror used in scanning action.  Therefore any error in this angular measurement directly 

translates to error in both the horizontal position measurement and the vertical height 

measurement.  Additionally, torsion on the scanner mirror and internal system latency 

can also contribute error to the measurements.  [27] 

3.1.2 Optical Triangulation Laser 

The other popular style of laser is the Optical Triangulation Laser.  This laser uses 

a continuous beam projected onto the target.  A CCD (charge-coupled device) then 

records an image of the beam.  Using the knowledge of the orientation of the CCD 

relative to the laser, it is then possible to calculate the heights by observing how the laser 

beam moves relative to a known baseline.  As the height of the target surface rises or 

falls, the laser beam, as observed by the camera, moved up and down in the camera 

frame.  These lasers are capable of measuring only a single point, or also measuring the 

heights of many points across a wide projected laser beam.  The arrangement of the 

components in an optical triangulation laser can be seen in Figure 3-4.  Additionally a 

simulated laser projection onto a textured surface as observed by the camera in an optical 

triangulation laser can be seen in Figure 3-5. 
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Figure 3-4: Arrangement of components in optical triangulation laser 
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Figure 3-5: Laser projection on terrain surface from perspective of laser camera 

Lasers that project a wide beam are capable of measuring thousands of points 

simultaneously.  This, combined with the fact that this style of laser requires no moving 

parts, allow the optical triangulation laser configuration to collect samples at a very high 

rate.[28] The use of all solid state components allows them to be smaller and lighter than 

similar LIDAR units and typically very robust.  However, due to the offset nature of the 

camera from the laser source, this style of laser is susceptible to occlusion.  Some 

commercial examples of this are the INO LCMS sensors which are capable of sampling 

at more than 22 million data points per second, with millimeter precision.[29]  However, 

the range must be limited when acquiring data at this high rate.  The geometric and 

optical constraints imposed upon this type of system dictate that an increased range either 

requires better optics or an increased spacing between the laser and the camera. This 

becomes impractical at long ranges, but is perfectly satisfactory for applications of terrain 

measurement.     

Sources of error in the optical triangulation based systems include temperature 

based errors, which can change the geometry of the laser.  This includes the lenses, the 

housing, and even the CCD sensor itself.[28]   Additional measurement errors can arise 

from detection of high intensity points within the CCD search window.   

 

3.2 Navigation Systems 

The measurements of the changing terrain surface are made by the laser. 

However, these measurements must be made relative to a known baseline.  This known 

baseline is provided by an inertial reference, as originally developed by General Motors 
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Research. [3] The original GMR profiler used a double integrated accelerometer to 

measure the vertical motion of the vehicle through time.  Coupling this with a Distance 

Measurement Instrument (DMI), it is possible to know the vehicle’s position along a 2-D 

distance of travel.  While potentially sufficient for measuring predetermined courses, it 

provides no knowledge about the horizontal position of the vehicle at a moment in time; 

it only provides the total distance traveled.  This is usually sufficient if the goal is to 

create a single profile of the road, however if 3-D terrain measurement is desired, the 

vehicle’s roll, pitch, as well as spatial location are all relevant.  This requires the use of 

several different sensors to provide spatial location information as well as angular attitude 

of the vehicle. 

3.2.1 Accelerometers and Gyros  

Accelerometers are instruments that are capable of measuring accelerations in one 

or more directions. There are several methods of performing this measurement. However 

most of these methods rely on the measurement of the movement of a proof mass.  There 

are three main types of accelerometers.  These types are the mechanical open-loop 

pendulous accelerometer, the mechanical force-feedback pendulous accelerometer, and 

the vibrating beam accelerometer.  Accelerometers operate by measuring forces on a 

proof mass, and then determining the present accelerations acting on the sensor.  There 

are several different configurations of accelerometers.  However, the most basic of these 

configurations relies on a mass attached to the end of a pendulum arm.  This pendulum 

arm is then attached to a pair of springs.  As the accelerometer is excited along its 

sensitive axis, the deflection of the pendulum arm is measured.  Movement along the 

sensitive axis of the accelerometer occurs as greater accelerations are applied to the 

pendulum.  It should be clear that accelerometers are exposed to excitation conditions in 

which more than the sensitive axis is excited, and there is a transverse sensitivity to 

accelerometers when the proof mass experiences accelerations along more than one axis.  

This causes the measured accelerations to contain more error as the accelerometer is 

subject to more force.  [18, 30, 31]  
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Figure 3-6: Open loop accelerometer 

Other accelerometer designs move to correct for this design problem in the basic 

accelerometer design.  The mechanical force-feedback pendulous accelerometer utilizes a 

“torquer” comprised of an electromagnet, which is capable of moving the pendulum arm 

of the accelerometer.  This torquer is controlled by a closed-loop feedback controller.  

The concept behind this design is that if the pendulum to which the proof mass is 

connected can maintain a perpendicular position to the sensitivity axis, it is possible to 

minimize the effect of off-axis excitations.  The closed-loop feedback system forces the 

hinged beam to which the proof mass is to be perpendicular to the sensitive axis.  By 

maintain this physical orientation, all accelerations which act on the mass that are not 

along the sensitive axis are resisted by the hinged beam. 
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Figure 3-7: Closed loop accelerometer 

 

Finally, a vibrating beam accelerometer uses a proof mass mounted on a 

pendulum arm, where the proof mass is supported by a pair of vibrating beams along the 

accelerometer’s sensitive axis.  The vibrating beams are excited at their natural 

frequency.  As the proof mass compresses or stretches the vibrating beams, the natural 

frequency of the beams changes.  By measuring the change of the natural frequency, the 

force experienced by the proof mass can be determined, and thus the acceleration 



 

 21 

concluded.  Unlike the pendulous accelerometer types, the vibrating beam 

accelerometers, the vibrating beams themselves actually work to constrain the proof mass 

so that it is only affected by accelerations along the axis of sensitivity. 

Errors can be introduced into accelerometer data through a variety of known 

sources.  Error associated with the pickoff calibration can cause bias errors in the 

acceleration measurements.  This pickoff error occurs when the pickoff zero point is not 

properly set, or of the pickoff measurements are non-linear.  Errors can also be associated 

with the rotation of the pendulum about its hinge.  This rotation can cause the proof mass 

not be completely supported along the non-sensitive axes of the accelerometer, thus 

causing the accelerometer to read accelerations along more than one axis.  These are 

often called cross-coupling errors.  Scale-factor errors, which are errors that effect that 

actually scaling of the measurements, can be introduced to the system as a result of 

temperature change.  This temperature change affects the component parts by causing 

them to expand or contract.  In the case of the vibrating beam accelerometer, this 

expansion and contraction alters the natural frequency of the vibrating beams, and affects 

the measurement of accelerations.   

In addition to measuring accelerations along three independent axes, it is also 

crucial to measure angular rotation about the same three axes.  The instrument that is 

used to measure this angular rotation is called a gyroscope, or “gyro”.  The basic 

principal behind a mechanical gyroscope is to use the conservation of angular momentum 

to keep a spinning disc parallel to the sensitive axis of rotation.  This rotating disc is 

mounted on a gimbal in a housing which is then mounted to the vehicle.  As the gyro 

housing rotates about the sensitive axis of the gyro, the spinning disc is allowed to 

maintain its original orientation due to the gimbal.  The movement of the gimbal relative 

to a pickoff sensor allows the gyro to measure the angles of rotation relative to the 

spinning disc.[18, 30, 31] 
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Figure 3-8: Diagram of Mechanical gyro 

However, this very basic single axis gyro still suffers from a very fundamental 

flaw when expanded to multiple axes.  If the angular measurements are made in body-

centered coordinates with the housing as the coordinate frame, cross-coupling errors 

begin to occur as the coordinate system in the frame of the spinning disc begins to 

diverge from the coordinate system of the gyro housing.  To mitigate this source of cross-

coupling error, a torquer, like that implemented in the force-feedback pendulous 

accelerometer, is used to force the coordinate system of the spinning disc and the 

coordinate system of the gyroscope housing to be coincident.  By measuring the amount 

of torque necessary to keep the two coordinate systems coincident, it is possible to 

determine the instantaneous angular rate of the gyro.   

In addition to the common mechanical solutions, there are also several gyro 

designs which make use of optical components.  The most common of these optical 

designs are the Inferometric Fiber-Optic Gyro(IFOG) as well as the Ring-Laser Gyro 

(RGL).  Both of these sensors utilize the Sagnac Effect to measure rotational motion.[30]  

As shown in Figure 3-9, optical rotation sensors passing a split light in a loop in two 

opposing directions, shown as red (clockwise) and blue) counter-clockwise) arrows in the 

figure..  After the light passes around the loop, it is then recombined, and the intensity of 

the light is measured to determine phase shifts in the two paths of light.  As the gyro is 

subjected to rotations about its sensitive axis, the light in one direction travels further 
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than the light in the other direction as seen in Figure 3-9.  The phase cancelation of the 

recombined light beams is then used to measure the rate of rotation. 

  

ω ω = 0

 

Figure 3-9: Sagnac Effect. Left:  Light passing in both directions around a loop 

arrives back at the origin at the origin simultaniously.  Right: Light traveling around a 

loop subject to rotation arrives faster going in one direction than another. 

   The Inferometric Fiber-Optic Gyroscope utilizes a coil of fiber-optic fiber as the 

conductive light pathway.  The light source is phase-modulated so that phase changes in 

the light can be observed when the two light paths are recombined.  As the gyro is rotated 

about its sensitive axis, the light traveling through the fiber experiences the Sagnac effect.  

These types of units primarily use lasers as their light source due to the laser beam’s 

coherence. The optical sensing coils usually contain between 100m and 1000m of fiber.  

Since the operating premise behind this style of gyro is quite simple, most of the 

variations in the IFOGs come in the form of different approaches to the phase and 

frequency shifters.[30] 

In addition to these optical and mechanical gyros, there is also another group of 

gyroscopes that fall into the Micro-Electrical Mechanical Systems (MEMS) category.  

These systems are sensors utilize measure forces on very small mechanical systems.  

These systems are primarily oscillatory in nature.  That is there are no rotating parts, as in 

the mechanical gyros described previously.  The primary method of detecting rotation in 
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these gyroscopes in through the measurement of the Coriolis force generated by the 

vibrating resonators.  However, these sensor designs are implemented on thin silicon 

wafers. Current MEMS sensor designs are not capable of delivering the same 

performance as their optical counterparts, but some of these sensors are still capable of 

delivering performance with less than 1 degree of drift per hour. 

3.3 Inertial Measurement Units 

An Inertial Measurement Unit (IMU) is a combination of many inertial sensors to 

form a single system capable of measuring many inertial forces.  In addition to just being 

a physical housing for multiple inertial sensors, the IMU also provides a common power 

source, a processor capable of controlling the closed-loop inertial sensors, unit 

conversion, error compensation, a communications bus, and a central clock signal for all 

of the connected sensors.  The final outputs are measurements along all of the sensitive 

axes, sampled nearly simultaneously, converted to the appropriate units, and corrected for 

any predetermined errors.  [18] 

Error correction is performed by the IMU to reduce the effects of constant errors 

in inertial measurements.  These errors can be related to constant bias and temperature, 

among other things.  It is possible to determine these calibration constants in a laboratory 

testing environment, however it is often more cost efficient for the manufacturer to apply 

the same set of calibration constants to a large batch of inertial sensors, thus giving a 

good approximation of the calibration constants, but not having constants tailored to the 

specific sensor configuration.  This reduces the purchase cost of the sensor, but leads to 

errors in the final data that could be corrected with a more thorough knowledge of the 

individual sensor.   

An additional function of the IMU is to correct for what is called “size effect.”  

An IMU is a collection of sensors attempting to report on the translation and rotation of a 

particular point through space.  Knowing the movements about a single point in space is 

useful because it gives an origin point from which all other sensors can be referenced.   

However, it is impossible for all of the individual inertial sensors contained within the 

IMU to physically occupy the point in space about which all this translation and rotation 

is said to occur.  Therefore it is required that the IMU determine the actual translation and 
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rotation of the IMU through space using the measured inertial forces and the known 

location and orientation of the sensors within the system.[18, 31] 

The individual sensors contained within the IMU all contribute various error.  

This error can be defined in terms of bias error, scale-factor error, cross-coupling error, 

and random noise error.  The bias error contains three parts: a constant bias, a turn-on 

bias and a temperature bias.  The constant bias error can be accounted for with laboratory 

calibration.  The turn-on error is constant throughout a particular run, however they vary 

between runs.  This turn-on error can be accounted for using an alignment algorithm.  In 

addition to of these bias errors, there can also be errors due to temperature change.  These 

errors can be corrected by the IMU by using a temperature sensor and a calibrated lookup 

table determined through laboratory temperature variation calibration. 

In addition to the bias error, there are also errors that arise from scaling factors.  

These scaling factor errors are a divergence of the output values form the input rates.  As 

a receiver moves along the earth’s surface it is receiving locations in terms of longitudes 

and latitudes.  In order to translate this into a local Cartesian system, the longitudes and 

latitudes must be projected onto a flat plane by using a scaling factor.  Local positions 

can be represented in this Cartesian system without being projected due to the small 

influence of the earth’s curvature.  However, as distances further and further away are 

referenced, they must be scaled and projected in order that the horizontal separation is 

preserved.  [31] 

Another form of error that is separate from the bias and scaling factor errors is 

cross-coupling error.  This is an error that results from the sensitive axis of the inertial 

sensors not being perfectly aligned with the body frame axes of the IMU.  This can also 

mean that the sensitive axes of the inertial sensors are not perfectly orthogonal to one 

another, thus allowing one inertial sensor to measure forces that are not occurring along 

its prescribed sensitive axis.  In addition, the sensitive axis of two inertial sensors, which 

lie along the same body-centered axis, may not be perpendicular to one another.  This 

would result in the accelerometer measuring accelerations along some axis A, while the 

gyro in the same plane is measuring rotations around some axis B, where A and B are not 

parallel.  This will result in cross-coupled error, where the measurements made about a 
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specific axis are not actually solely the forces experienced about that axis.  This can be 

accounted for through individual unit laboratory calibration. 

Although bias, scaling factor, and cross-coupling error can all be mitigated 

through calibration or alignment; the output measurements of the inertial sensors that 

compose the IMU all contain random error.  This random error reduces the precision with 

which the angular attitude of the IMU unit can be determined.  Since the random error is 

normally distributed, it is possible to determine the probability distribution of the position 

and attitude of the IMU through random variable transformation[32].  This will be 

discussed further in Chapter 5.  

3.4 Global Navigation Satellite Systems (GNSS) 

In addition to the use of an Inertial Navigation System, a Global Navigation 

Satellite System (GNSS) receiver system can be used to determine a location on the 

surface of the earth in terms of latitude, longitude, and elevation.   More colloquially 

referred to as Global Positioning System (GPS), this references only one of the several 

satellite navigation systems.  These satellite systems utilize a constellation of satellites 

traveling along different orbital patterns around Earth.  Each of these satellites transmits 

radio signals to receivers located on the ground.  By determining the amount of time a 

given signal takes to reach the receiver from a satellite, the position of the receiver unit 

can be determined.[18, 33, 34] 

 

Figure 3-10: Example of GPS satellite orbitals around Earth 
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There are several different satellite navigation services.  The most famous of these 

navigation services is the Global Positioning System.  This system is operated by the 

United States Government, and is accessible by both civilian and military users. The 

Russian GLONASS (Translated name: Global Navigation Satellite System) is the 

Russian equivalent to the GPS service, and serves many of the same purposes.  Both GPS 

and GLONASS are fully operational and service both military and civilian users. Some 

receiver units are equipped to be able to use both GPS and GLONASS satellites to 

determine position.  Differences between the two systems include the usage of different 

reference frames for the transmission of ephemeris data for satellite position.  These two 

systems also operate fundamentally differently in terms of their ranging signal 

transmission.  GPS satellites transmit individual satellite identification codes on the same 

frequency, whereas the GLONASS satellites all transmit the same identification codes on 

different frequencies.  Both system designs have advantages and disadvantages.  Both the 

GPS system and the GLONASS system have both civilian and military services which 

are capable of offering encrypted channels for anti-jamming and anti-spoofing protection.  

Additionally, there are several other satellite navigation systems that are currently under 

development and deployment.  These systems are the European Galileo system, and the 

Chinese Compass system.  Both of these systems are currently under deployment.  There 

are also many localized GNSS services, however they are not useful in the scope of this 

thesis. [34] 

Each satellite contains several atomic clocks to ensure that the internal time for 

each satellite is synchronized with the times of all of the other satellites. These satellites 

transmit many different signals, one of which being the time.  By broadcasting the time 

of transmission, the receiver can then determine the length of time that the signal took to 

travel from the satellite to the receiver unit.  The total distance can be calculated using 

Equation 3-1 

   (                        )  

 

Equation 3-1 

where t is time in seconds, c is the speed of light, and     is the range between a particular 

satellite and the receiver unit. 
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Figure 3-11: GNSS satellite transmitting ranging signal to receiver unit 

In order for a collection of these individual ranges to be useful, there must be 

some way with which to determine their intersection.  If there were no error in the 

signals, this would just involve finding the intersection between the calculate ranges 

using the known position of each satellite.  However, since there are errors present, the 

ranges are just an estimate of the current distance between the receiver unit and the 

satellite, also known as a pseudo-range.    These pseudo-ranges contribute error to the 

measurements distance by not allowing there to be a single intersection point between all 

of the ranges.[33, 34] 

In addition to the ranges calculated by the receiver, these ranges are useless 

without a knowledge of individual satellite locations.  This satellite location is obtained 

from the satellites, themselves, using ephemeris data.  This ephemeris data describes the 

orbit of the satellites, from which the location of each satellite can be determined.  These 

satellite locations become the base from which each range must be measured.  By 

knowing the point at which each of the ranges originate, an attempt to find the 

intersection of the ranges can made. 

There are many ways in which error can be introduced into the position 

measurements.  These include timing mismatches, incorrect ephemeral data, signal 

interference, and tracking error.  Timing mismatch occurs when the receiver clock is not 

synchronized with the satellite clocks.  Since the clocks onboard the satellites are very 

expensive and sophisticated, it is very little wonder that a solid state clock in a 

comparatively low-cost GNSS receiver will not be perfectly in sync with the satellites.  

This incorrect clock time causes errors when calculating the range data. If the receiver 
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time is incorrect, the calculated range will also be incorrect.  This will affect the range 

calculated between the receiver and all satellites.  The effect of this error in calculated 

time can be seen in Equation 3-2. 

 

                       

 

Equation 3-2 

Errors in ephemeral data also cause problems when attempting to determine the 

location of a satellite receiver.  Since the intersection of the ranges is only useful if the 

satellite location is known, any error in the satellite location directly contributes to errors 

in the intersection of the ranges.  Incorrect ephemeral data for one satellite, only affects 

the intersection of one satellite range, however.  Incorrect satellite orbit position in any 

direction will cause errors in the measurement, but the largest contribution from 

ephemeral errors to the final position estimation is error in the radial component of the 

satellite’s location.[33] 

Other error contributions to GNSS positions come from propagation problems.  

There are two types of propagation problems. The first is atmospheric interference.  

These problems arise as the radio signals transmitted from the navigation satellites pass 

through the ionosphere and troposphere.  Just like signals from other forms of radio 

communication, the GNSS radio signals are refracted through interactions with free 

electrons and gasses as shown in Figure 3-12.  This refraction causes the wave to slow, 

and thus bend.  Most of the error associated with the gas interactions in the troposphere is 

a constant time delay and is constant across all frequencies. The error associated with 

ionosphere, on the other hand, varies with different levels of ionization in the atmosphere.  

By transmitting data on two different frequencies, the receiver unit is able to compensate 

for both group and phase delays in the navigation signals.  Additionally multipath errors, 

arising from the reception of many “copies” of the same signal reflected off of different 

objects can cause errors.  These multipath errors can be identified it the delay is 

significant, however, if the delay is small, the reception of multiple signals 

simultaneously can cause errors when performing autocorrelations on the signals.  These 

autocorrelation operations are used to identify predetermined identification signals sent 

by the satellites. Therefore, if these signals are obscured, signal identification may be 
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difficult.  Multipath modeling may be used to describe multipath ranging errors and 

remove them from the pseudo-range estimate. 
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Figure 3-12: GNSS ranging signal is refracted as it passed through the Ionosphere 

 

 

Finally, ranging errors can be introduced through tracking errors.  These tracking 

errors are the result of radio frequency interference.  This interference, which can be both 

intentional and unintentional, results when the receiver is unable to distinguish when the 

true ranging signal is arriving from the satellite.  This can be a result of unintentional 

radio interference from other transmission sources, a result of poor signal due to 

reception conditions, or as a result of intentional radio interference as a result of a 

jamming or spoofing signal. These cause the receiver to have a difficulty acquiring and 

tracking the signal.  The GNSS receiver acquires the satellite ranging signal using known 

identifier codes.  A cross correlation is performed between the known identification code 

and the received signal.  This should provide a spike when the incoming signal and the 

known identification code contain the same information, however if the quality of the 

signal is degraded as a result of signal interference, this spike will not be so narrow, and 

will thus make it more difficult to distinguish the true location of the signal arrival time.  

This will add error to the ranging data as measured by the receiver.[33, 34] 
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As can be seen, there are many different errors that can be contributed to the 

position error as determined by the GNSS receiver. Using the central limit theorem, these 

measured positions can be modeled as a Gaussian distribution. [33]  This does not 

necessarily mean that these positions are accurate, just that the measured position has a 

particular distribution. 

3.5 Mounting Frame Error Contributions 

The frame to which all of this equipment is to be mounted can play an important 

role in error contribution.  Like the sensors, the frame also has an inherent statistical error 

distribution, which it contributes to the final precision of the measurements.  However, 

any beliefs about relative sensor position must also account for assumptions about frame 

strength and compliance.  If rigid body rotations and translations are to be applied to the 

system as a whole, assumptions must be able to be made about the rigidity of the 

structure to which the components are mounted.  These deflections in the frame will not 

be coupled with those of any other sensor. 

When designing the frame, the frame must not only be strong enough to support 

the weight of the components under load without failing, but also stiff enough to support 

the weight of the components under load without significant deformation.  The mounting 

frame should be designed with the relative location of sensors and their angular 

orientation in mind so that the effects of the frame deflections can be minimized.   

In the case of a sensor mounted at the end of a cantilever beam, the sensors may 

make measurements that have some level of precision, however, the structure must be 

stiff enough to preserve this sensor precision, otherwise the data collected from the 

sensors may be unusable.  This level of movement, and the corresponding stiffness 

requirements, is relative to the nature of the measurements being made.  The contribution 

of the frame compliance is modeled as a transformation of the random variables that 

represent the error of the sensors.  Thus, the movement of the frame exacerbates any 

system errors that are already present in the system due to the sensors.  
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4. Contributions to System Error 

The goal of this chapter of this thesis is to provide a proof-of-concept for showing 

error propagation in a terrain measurement system.  Data from each of the sensors that 

comprise the terrain measurement system contains a certain amount of systematic error.  

As the data from the sensors and systems are combined, the errors accumulate.  However, 

the sum of all of the errors cannot be taken as the total error in the system.  Since the 

errors stem from stochastic processes, they can be defined as random variables with 

specific distributions.  By determining the distributions of the individual random 

variables, it will be possible, through random variable transformation and the summation 

of random variables, to determine the propagation of the error both through the physical 

system as well as the data.   

In the end, the ultimate concern is the error in the measured location of each data 

point.  Accuracy, in terms of absolute location, is not nearly as important as precision 

when measuring road surfaces.  Relative location between two data points is more 

important where either of those data points lies on the surface of the earth.  In terms of 

final positions of the data, bias error will not be of much concern.  It is the width of the 

final distribution that is of more concern, as that will determine the precision of the 

terrain measurement system.   

Real sample data from the sensors mounted on the Vehicle Terrain Measurement 

System (VTMS) was collected in order to provide accurate and realistic distributions for 

this proof-of-concept.  These distributions are compared with those described in the 

specifications to see if the specifications for the specific sensors are reasonable.  These 

data were collected with the sensors stationary so movement of the sensor, which would 

be difficult to estimate accurately, would not be convolved with the sensor error, itself. 
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4.1 Data collection 

4.1.1 GNSS data collection 

To collect GNSS data, the measurements must be taken in full view of the sky in 

order to maximize satellite coverage.  Both error of GNSS and Differential GNSS 

measurements are evaluated in this thesis.  The Novatel SPAN IV receiver is capable of 

both dual frequency reception (L1 and L2) as well as tracking of GPS and GLONASS 

satellites.  Both a stationary receiver unit and a rover receiver unit were used for this test.  

During the collection, both the base station and the rover receiver unit were operated 

simultaneously in order that the data collected could be used for both GNSS and DGNSS 

comparisons.   

Data collected from the rover was collected while the rover was stationary,  In 

this way the error of the DGNSS is determined without the introduction of additional 

errors, which would be convolved with the DGNSS measurements, as a direct result of 

vehicle motion.   This GPS data was also, like the IMU data, collected with the NovAtel 

CDU software.  Since the terrain measurement task is not a real time operation, it is 

possible to post process the GNSS and IMU data in order to give improved accuracy.  By 

post processing, it is possible to find the position and attitude solution in both a forward 

and reverse direction (in terms of time), and from that, correct for position errors based 

on these two solutions.  This is not the case in terms of Real Time Kinematic (RTK) 

corrections. However, RTK is not utilized by this system, and therefore is not relevant in 

in terms of this system, and therefore will not be examined here. 

The rover unit was set up at various distances from the base station unit for 

Differential GNSS operation.  The unit was allowed to run for 30 minutes, and the 

changes to the standard deviation were observed.  The standard deviation was calculated 

for the attitude angles and positions of the rover as determined by the Differential GNSS 

solution.  The standard deviation was calculated using the formula seen in Equation 4-2.   

  √
 

 
∑       
 

    

 

 

Equation 4-1 
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Figure 4-1: Variation in sigma over time for position 

The each location moved incrementally farther away from the base station.  

Location 1 was 0 km away, Location 2 was 2.3 km away, Location 3 was 4.1 km away, 

and Location4 was 10 km away. It can be seen that there is significant degradation in the 

position estimation as the rover unit moves far away from the base station.  In addition to 

supplying precise position information, the coupled GNSS/INS systems provide precise 

attitude estimations as well, as can be seen in Figure 4-2.  It can be seen that there seems 

to be no relation between distance from the base station and the standard deviation of 

attitude.   
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Figure 4-2: Variation in sigma over time for attitude 

4.1.2 Equipment Frame 

A frame to support the equipment was designed in Autodesk Inventor, and then 

simulated loads were applied to the frame in order to determine reasonable deflections of 

the frame under equipment load. The frame was designed to support five LMI Gocator 

2380 distance measurement lasers along the upper beam.  The lasers mounted to the 

frame will have a total measureable width of 3.2 meters at design height.  The equipment 

rack also supports the IMU and the GPS receiver. Lever arms between the various 
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sensors in the terrain measurement system are a result of their mounting locations on the 

frame.  The frame design used in this proof-of-concept can be seen in Figure 4-3. 

 

 

Figure 4-3: 3D CAD model of terrain measurement system equipent frame 

 

A Finite Element Analysis was performed on the frame using Inventor.  

Appropriate loads were placed to simulate the presence of the Gocator lasers.  Since the 

primary ride frequency of the sprung mass portion of the average passenger vehicle is 

between 1 and 1.5 Hz, and the first natural frequency of this frame design is 22.17 Hz; 

the first eight natural frequencies can be seen in Table 4-1.. Most of the energy will be 

applied to the system at a frequency significantly lower than the first natural frequency of 

the system.  Therefore, deflected shape of the frame under this loading condition (i.e., at 

an excitation frequency significantly less than the first natural frequency of the system) 

will closely approximate the quasi-static shape, rather than a linear combination of the 

dynamic mode shapes.  To check this assumption, a frequency analysis was performed on 

the frame in order to ensure that the frame did not deform more than our static 

assumption at resonant frequency.  Since this frame will be mounted on a passenger 
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vehicle, it is necessary to remember that the accelerations at the modal frequencies of the 

frame will not be transmitted through the suspension system of the vehicle with the same 

magnitude which they were received from the terrain surface.  To determine the 

magnitude of the acceleration with which to perform the frequency analysis, a Response 

Gain curve for a standard quarter car model is shown in Figure 2-1.  The standard quarter 

car model gives a set of parameters that are intended to model the suspension response of 

one wheel of an average passenger car. This represents the acceleration gains between the 

terrain and the sprung mass of the vehicle.[35] 

 

Figure 4-4: Quarter car response to road inputs 
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F1 31.72 Hz 

F2 49.76 Hz 

F3 64.20 Hz 

F4 84.49 Hz 

F5 96.26 Hz 

Table 4-1: Table of natural frequencies of equipment frame 

 

By providing a reasonable maximum acceleration from the ground which 

correspond to the maximum assumed static load, in this case 2.5 g’s of vertical 

acceleration from the terrain surface, it is possible to see if the deflection of the frame 

will be more than that of the static deflection of the frame.  Note that the static deflection 

was tested at 5g’s as experienced by the frame, while the dynamic was tested with only 

2.5 g’s acceleration from the road surface.  This is because; at the primary ride frequency 

there is a gain of almost 2. The results from the Frequency Response simulation show a 

maximum deflection of 0.003 mm.  The deflection of the frame can be seen in Figure 4-5.  

Since the modal deflection is significantly less than the static deflection, the assumption 

regarding the use of static frame deflection holds. 
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Figure 4-5: Frame deflection from excitation at first natural frequency 

 

Using the probe tool in Inventor, the displacements of the beams, and thereby the 

angles of the deflection can be calculated.  As shown in Figure 4-13, the angle is 

calculated using more local differences in height.  Hypotenuse length of 150 mm has 

been chosen.  This hypotenuse can be described as the length along the frame from the 

point of interest as can be seen in Figure 4-7.  Since the excitation of the frame takes 

place at frequencies much lower than the dynamics frequencies of the system, the loading 

is quasi-static and can be described as multiples of the weight.  That is, if the static 

weight is 100 pounds, the simulated quasi-static load will be 500 pounds to simulate a 5g 

load.  The 5g load was chosen as it is on the upper limit as it is well beyond normal loads 

experienced by the sprung mass of a passenger vehicle. 
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Figure 4-6: Static deflection of beams under 5g loading front view (units in mm) 

 

  

Node

Hypotenuse length 150 
mm

 

Figure 4-7: Explanation of hypotenuse calculation for angular deflection 
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 θx (degrees) θy (degrees) Z- deflection (mm) 

Laser 1 .0020 .0060 0.05737 

Laser 2 .0034 .0023 0.03397 

Laser 3 .0003 .00009 0.02165 

Laser 4 .0034 .0023 0.03397 

Laser 5 .0020 .0060 0.05737 

Table 4-2: Laser deflection and rotation from frame deformation 

Based on the very minor deflections that are seen on this frame, it should be 

assumed that the overall effect to the precision of the vertical measurement will be 

minimal, however it is still important to show the process.  

 

The offsets from the IMU to the lasers can be seen in Table 4-3. 

 Laser 1 Laser 2 Laser 3 Laser 4 Laser 5 

Δx(mm) 1076 464 0 -464 -1076 

Δy(mm) 421 421 421 421 421 

Δz(mm) 452 452 452 452 452 

 

Table 4-3: Laser offsets in IMU space 

4.2 Contribution of the lasers 

The distance measurement lasers employed in the terrain measurement system are 

also capable of contributing error to the system.  The type and quality of the sensor used 

will determine what kind of statistical properties the laser has.  If high precision laser 

measurements are needed, it goes without saying that a highly precise laser with a small 

precision distribution is needed.  For the purposes of this thesis, it will be assumed that 

the measurements of the lasers used in this terrain measurement system are normally 

distributed.  According to the Gocator precision specification document, errors are a 

result of electrical noise. It will be assumed that this noise is white Gaussian.  The  z 
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precision on the LMI lasers is reported at 95% confidence, or 2σ.[36, 37]  The same is 

true of the x precision.    If it is assumed that the measurements of the laser are normally 

distributed about a zero mean, then the root mean squared value and the standard 

deviation are equal.  Therefore the error measurement of the laser can be described as a 

random variable with a standard deviation equal to the root mean squared value of the 

lasers precision, with a mean of zero.  The reported precision of the LMI Gocator 2380 

lasers can be seen here:   

 

 

 

 

 

 

 Standard Deviation 

x direction σx = .550 mm 

z direction σz  = .237 mm 

Table 4-4: Precision of Gocator Laser 

The normal distribution probability density function will be represented by the 

function 
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Equation 4-2 

 

In the case of the distribution of the laser precision, the individual probability density 

functions can be represented as  
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Equation 4-3 
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A plot of these probability density functions for the x and z precision distributions 

for the LMI Gocator 3680 laser can be seen here: 

 

Figure 4-8: P.D.F. of laser precision 

 

4.3 Frame Considerations 

In order to be able to carry out its purpose, a terrain measurement system must 

have all of its sensors attached to a frame.  The stiffness of such a frame is key in limiting 

the frame’s contribution to error in the system.  The flexure of the frame under load will 

cause any assumptions of a rigid frame to become false.  These rigid body assumptions 

are important, and greatly simplify the calculations of sensor orientation.  If a rigid body 

assumption cannot be made about the frame, then one must acknowledge that the flexure 

of a frame under load will introduce error into the measurement.  Then, one must decide 

whether it is possible to measure such flexure, or if the precision desired for the 
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measurement application can still be obtained even by taking into account this 

deformation.   

In the proof of concept for this thesis, a frame designed to hold two LMI Selcom 

1130 optical triangulation lasers, one at each end, and five additional LMI Gocator lasers 

along the front of the structure, will be examined.  This frame was designed in Autodesk 

Inventor.  The frame was then loaded with the appropriate forces to simulate the 

assembled frame under load.  Appropriate loads were determined using the masses of the 

sensors and standard passenger car parameters.  The primary ride frequency of a standard 

passenger car is between 1 and 1.5 Hz. The lowest natural frequency of the equipment 

frame is significantly higher than the primary input frequency from the vehicle.  As a 

result of this, it will be possible to simulate the deformations of the frame using only 

static analysis methods.   

While the vertical deflection of the frame is important, the rotational deformation 

of the beam must also be taken into account.  This rotational deformation will cause the 

laser to pitch and roll, resulting in error in both the vertical as well as the horizontal 

position of the laser.  The angle of the laser at its most severe position cannot be 

determined by measuring from the center of the frame to the deformed end of the frame, 

and then finding the angle of deflection.  This would indicate that the frame deformation 

is linear across the length of the beam.  This is not the case.  Angles of deformation more 

localized to the end of the frame must be used in order determine the true impact of frame 

flexure on the accuracy of laser measurements as seen in Figure 4-9.  It can be seen here 

that the angular rotation, θ, is an angle defined by the local flexure at the end of the 

frame.  This is due to fact that the flexure will be more severe at the end of the lever arm 

of the frame, thus imparting a more severe angular rotation to the laser, with respect to 

the angular difference from the x-axis.  This more severe rotation will cause the 

horizontal and vertical positions of the laser to be affected more significantly than if a 

similar angular measurement were taken using the opposite end of the frame lever arm as 

a reference point.  However, since the random variable θ is dependent on the vertical 

displacement, the random variable can itself be written in terms of vertical displacement. 



 

 45 

LaserV
er

ti
ca

l d
is

p
la

ce
m

en
t

θx

Equipment Frame

x

z

 

Figure 4-9: Illustration of random variables associated with equipment frame 

 

The deformation of the frame can be analyzed through the use of various Finite 

Element Analysis tools in order to gain some insight into how the frame will deform. By 

estimating this displacement, it is possible to determine the influence on this deformation 

on the measurements taken by the laser.  Assumptions are made as to the statistical 

distribution of the rotational flexure and vertical displacement.  It is assumed that these 

quantities can be described as normally distributed with their fourth standard deviation at 

the outer bounds of these displacements and rotations.  This will allow for the 

contribution of these factors into the final error of the system to be calculated by defining 

these as random variables.  Load cases that are considered to be the maximum loading 

that the frame will reasonably experience (in this case, five times the static loading) are 

assumed to occur very infrequently.  The infrequency of this maximum loading is 

captured by equating it to a 4-sigma occurrence.   

  Let θx, θy and V be normally distributed random variables where θx and θy are the 

local angles of flexure of the frame around the mounting point of the laser, and V is the 

vertical displacement of the laser.   The relationship between the angles θx, θy and the 

corresponding changes in horizontal precision can be illustrated in Figure 4-10 and 

mathematically described below. 
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Figure 4-10: Equipment frame deformation has effect on horizontal laser 

measurement precision (Front View) 

The random variables θx_frame, θy_frame and Vframe are normally distributed and 

independent.  These rotations will act about the laser coordinate system.  Their 

probability density functions can be described as such: 
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Equation 4-4 

 

While the vertical displacement, V, directly corresponds to the error in the z-

direction, the x and y direction precision errors are functions of the variables θx_frame, 

θy_frame.  In order to determine the distributions of the x and y axis errors, a transformation 
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of random variables must be performed.  The relationship can be described using the 

angles, θx_frame and θy_frame., and height from the ground, d. 

 

                        

                        

         

 

Equation 4-5 

 

Then they are rearranged to be 
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4-6 

 

When substituted back into their respective probability density functions, the 

resulting P.D.F’s are  

 Equation 4-7 
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It is also worth looking into the case where the laser is not mounted 

perpendicularly to the IMU coordinate system.  Let there be three coordinate frames α,β, 
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and γ, which represent the laser frame, the frame at the tip of the deflecting beam, and 

the IMU frame.  Rotation matrices will be used to transform between the different 

coordinate frames. These will be directional cosine matrices and will be denoted by the 

C.  The laser measurements will be represented in the laser coordinate frame by the 

vector  ̅  .  The transformation between the laser coordinate frame and the beam tip 

coordinate frame can be seen in Equation 4-7.  Because the origins of these two axes lie 

at the same point, no translation is necessary.   

 ̅    
 
 ̅   Equation 4-8 

In order to transform the beam tip coordinate frame( ) into the IMU coordinate frame, 

the vector  ̅  will need to be both rotated and translated.  The translation between the 

IMU frame and the beam tip frame can be seen in Equation 4-9.  The vector  ̅ is the 

offsets of the center of the beam tip coordinate frame from that of the IMU.   

 ̅    
 
 ̅    ̅̅ ̅ 

 

Equation 4-9 

 

However, it must be remembered that the angles between the IMU are randomly 

distributed.  Thus, this is not simply a matter of plugging in the angular variables.  

Multiplying through, the resulting position vector for the laser measurement can be 

seen in the appendix in Equation 5-10.  However, due to the cosines present in the 

resulting matrix with regards to the randomly distributed variables for the flexure(     , 

the results are not linear, and thus cannot be represented using a linear transformation.  

This is not a valid method to be used for transforming the random variables with respect 

to frame flexure.  Therefore, for the purposes of this thesis, the previously defined  

sensor arrangement will be used. 

4.4 Contribution of the GNSS and IMU to final position 

The horizontal position error of the GNSS can be best described using a bivariate 

normal distribution since the northing and easting errors are correlated[38].  This error 

comes from a variety of sources, but the position is ultimately calculated by triangulating 
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distances from navigation satellites traveling along known orbital paths.  The satellites do 

not travel in direct north or direct east paths over the individual user location, thus the 

errors in the determined satellite distance or relative position have an impact on both the 

northing and easting of the final determined receiver position, as well as the vertical 

position.  By using a multivariate normal distribution instead of just the bivariate 

distribution, the correlation between errors in the x, y, and z locations can all be 

represented for the measured GNSS position.  These distributions can be found by using 

sampled GPS data taken over an extended time period from a stationary unit.  The 

function for the P.D.F. of multiple dependent normally distributed random variables can 

be seen here: 
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Equation 4-10 

where x is a vector of random variables of length k. 
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Equation 4-11 

The vector   is a vector of the expected values of each dimension.  It is also of length k. 
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Equation 4-12 

Finally,   is defined as the covariance matrix.  This matrix is of dimensions    .  It 

contains the standard deviations of the individual dimensions,   , and the covariance 

coefficient  .  The covariance coefficient   is calculated                . The matrix 

definition can be seen here: 
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Equation 4-13 
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The GNSS and IMU positions both contribute error in the x, y, and z directions.  

This can be through the uncertainty in position directly introduced through the GNSS 

position, as well as the uncertainty in angle introduced through the INS measurements.   

These errors then propagate to the sensor measurements through the lever arm of the 

frame.  Small errors in angle can quickly become significant errors when applied to 

measurements from sensors mounted to a large equipment frame.  The angular errors are 

assumed to be normally distributed about a zero mean.  The measurements taken by the 

sensors in the IMU are assumed to be independent of one another, although some 

transverse sensitivity may occur.  In order to obtain the position and attitude of the IMU, 

the accelerations and angular rates are processed using a Kalman filter.  This process uses 

angular rate measurements and accelerations and returns positions and attitudes which are 

dependent on one another.[18] 

 Because the lasers are not located directly on top of the center of the rotating 

coordinate system (most likely the IMU), there will be lever arm offsets to take into 

consideration.  These will be denoted as dx, dy, and dz.  The measurement height of the 

laser will also influence the effect that the IMU error has on the final measurement 

precision.  This measurement height, h, is the distance from the x-y plane of the IMU 

system to the measured surface (i.e. the road or ground).  The effects of IMU angular 

uncertainty on x, y, and z axis measurements can be seen in figures Figure 4-11, Figure 

4-12, and Figure 4-13. 
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Figure 4-11: Diagram of heading rotation effects on laser precision 
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Figure 4-12: Diagram of heading pitch effects on laser precision 
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Figure 4-13: Diagram of roll rotation effects on laser precision 

Since the errors in the angle of rotation have been assumed to be dependent 

multivariate normal distributions their probability distribution functions can be 

represented in Equation 4-14:  
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Equation 

4-14 

However, these distributions are only for the angles, and not for the final error in the x, y, 

and z, measurements.  To find these distributions, a transformation of random variables 

will be performed.  The relationship between the random variable and the dependent 

variable must be established.  In the case of roll and pitch, as the equipment frame rotates 

about the axis of rotation, the lever arm projection onto the x or y axis will become 

shorter.  An illustration of this can be seen for the case of variation in the y position as a 

result of uncertainties in the pitch angle in Figure 4-14 . 
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Figure 4-14: Illustration of change in y as a result of uncertainties in pitch angle 

This can be incorporated into the transformation of random variables using the 

relationship between the random variable θ and the dependent variable y.  This 

relationship can be seen in the equations below in  Equation 4-15, Equation 4-16, and 

Equation 4-17. 
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Roll:  

                                     

                    

Equation 4-15 

Pitch:  

            (      )           (      )  

                      

Equation 4-16 

Heading:  

                         

                         

Equation 4-17 

 

 

Since the angles of uncertainty will be very small, these equations will be simplified by 

using the small angle assumption.  In the case of the xroll and ypitch, the angular uncertainty 

will be so small that the contribution horizontal location will be negligible, and will thus 

be ignored.  The resulting equations can be seen in Equation 4-18, Equation 4-19, and 

Equation 4-20. 

Roll:  

              

              

 

Equation 4-18 

Pitch: 

                

                

 

Equation 4-19 

 

Heading: 

                    

                    

Equation 4-20 
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Since the angles output by the IMU are dependent upon one another, it is necessary to 

take into account these dependencies.  These can be represented in the covariance matrix 

as illustrated in Equation 4-13.  The distribution represented in Equation 4-14 is still only 

a representation of the angular distributions.  Using affine transforms it is possible to find 

the values of a transformed covariance matrix and expected value vector.  The Affine 

transform is defined in Equation 4-21 and Equation 4-22.[39] 
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Equation 4-21 
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Equation 4-22 

and  ̅ is normally distributed. 

The variance and expected values of  ̅ can be found using the B matrix as seen in 
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Equation 4-23 

 

 

 

Therefore, the Affine transformation matrix, B, can be defined as seen here : 

                       

                          

                      

 

Equation 4-24 

 Rewriting Equation 4-24 in matrix form: 

[

    

    

    

]  [

    

    

     
] [

     

      

        

] 

 

Equation 4-25 

Therefore 
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   [
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Equation 4-26 

Now the transformed expected values and the covariances of the IMU from 

multivariate normally distributed angles to multivariate normally distributed horizontal 

and vertical positions.  This transformation can be seen here using the formulas from 

Equation 4-24: 
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Equation 4-27 

 

These probability distributions can be used to show that degradation of precision 

that comes from uncertainty in IMU measurements.  The final multivariate probability 

distribution function can be represented in Equation 4-28. 
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Equation 4-28 

It is important to note here, that like in the previous section, there is the possibility 

that the lasers will not be mounted perpendicular to the IMU coordinate frame.  However, 

the arbitrary case for this correction results in a system with cannot be used for linear 

transforms, and thus is not suitable to the application as defined in this thesis. 

4.5 Combination of random variables 

In previous sections the individual error distributions for each component in the 

system have been shown.  These separate error contributions from the lasers, equipment 

frame, Inertial Measurement Unit, and the GNSS receiver, must finally be combined in 
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order to find the total precision of the system.  Estimates of the variance, covariance, and 

the expected values for each of these distributions will be needed.  In order to calculate 

the variance, the expected values for both x and x
2
 will have to be found using Equation 

4-29. 
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Equation 4-29 

 

These expected values can then be used to find the variance, as shown in Equation 

4-30 .  With both the variance and the expected value, the combination of normal random 

variables can be performed.   
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Equation 4-30 

 

The error contribution of the GNSS position and IMU angles are represented as a 

multivariate normal distribution.  This representation utilizes a covariance matrix where 

the off diagonal matrix elements represent the covariance between one dimension and 

another dimension.  The diagonal elements are the variance of the dimension of that 

particular row/column.  In the interest of simplifying the final combination of variables, 

all of the components will be represented in this form.  In the cases where the three axes 

x, y, and z, are assumed to be independent of one another, the covariance between those 

two will be zero because the correlation coefficient,  , is zero.  In this particular case, the 

covariance matrix will consist of the variance of each of the dimensions along the 

diagonal, and zeros on the off-diagonal.  It is assumed that the error distributions of the 

various components (i.e. laser, frame, INS, GNSS) are independent of one another.  This 

does not mean that all of the member dimensions of the covariance matrix are 

independent, but that two covariance matrices that are to be combined are independent of 
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one another.  In the single dimensional case, the combination of independent normally 

distributed random variables can be described using the formulas in Equation 4-31. 

 

    
     

     
  

             

 

Equation 4-31 

 

 

This same method of combination can be used to combine multivariate normal 

distributions, assuming that they are independent of one another as seen in Equation 

4-32[40]. 

 

            

             

 

 

Equation 4-32 

 

To combine the random variables, the elements of the   matrices and the   vectors must 

be estimated.  Again, covariance matrices containing independent dimensions will have 

off-diagonal elements with a value of zero.  If a particular contribution has no distribution 

along a certain dimension (say in the case of the laser), than the variance of that 

dimension will also have a value of zero.  The covariance matrices and the expected 

value matrices of the various equipment components will now be shown. 

4.5.1 Laser contribution 

The expected values of the normal distributions associated with the laser sensors are 

calculated as shown in Equation 4-33.   
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Equation 4-33 

Then, using Equation 4-30, the variance and the expected value of the distributions in 

both the x and z direction can be calculated using the values computed in Equation 4-33. 
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Equation 4-34 

 

 

With the variance and the expected values found, the expected value vector and 

the covariance matrix can be constructed.  Because the dimensions are independent, the 

correlation coefficient is presumed to be zero for all off-diagonal elements, and one for 

all diagonal elements. 
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Equation 4-35 
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However, this makes the assumption that the x axis and the z axes of the laser 

directly correspond to those of the IMU.  This is likely not to always be the case.  

Therefore, it will be necessary to rotate the laser distribution to reflect this angular 

difference between the IMU and the Laser coordinate systems.  To perform this rotation, 

a Directional Cosine Matrix will be established.  This Directional Cosine Matrix will then 

be used to transform the random covariance matrix associated with       .  The 

directional cosine matrix can be defined where α is the laser coordinate frame and β is 

the IMU coordinate frame.  The angles between the different axes of the coordinate 

frames can be expressed in the manor of θβx,αy ,which is the angle between the  y 

coordinate axis of the laser and the x coordinate axis of the IMU.   This can be seen in 

Equation 4-36. 
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Equation 4-36 

 

The final representation of the laser distribution can be described by  

 

Equation 4-37. 
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Equation 4-37 
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4.5.2 Equipment Frame 

With the equipment frame, each dimension is assumed to be independent and normally 

distributed. 
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Equation 4-38 

 

4.5.3 Inertial Measurement Unit contribution 

The uncertainty in the angular measurements of the IMU affects more than one 

dimension (x, y, and z) for each attitude angle.  Assumptions have been made that these 

uncertainties in the      ,       , and          angles are normally distributed and 

dependent on one another being represented by a multivariate normal distribution. The 

quantities      
 and  ̅    

 were obtained from experimental data. From Equation 4-26 

and Equation 4-27, the contribution can be shown to be: 
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Equation 4-39 
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4.5.4 Global Navigational Satellite System contribution 

The errors contributed by the GNSS position solution, unlike the other errors, are 

not assumed to be independent of one another.  The distribution is a multivariate normal 

distribution, and is described further in Section 4.4.  Since the covariance matrix,  , also 

contains the correlation coefficients, it can still be combined with the other independent   

matrices in order to determine the final precision of the system.  The correlation 

coefficient, ρ, is an additional variable not used previously.  It must be determined 

through experimental procedure.  The resulting normally distributed multivariate 

distribution can be seen in Equation 4-40. 
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Equation 4-40 

 

4.5.5 Final precision 

The final precision of the terrain measurement system can be found by combining 

the random variables,  , of the GNSS, IMU, equipment frame, and laser.  The 

combination will result in a dependent multivariate normal distribution.  The  
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4.6 Results 

Equation 4-41 

 

When these expected values and covariance matrices are used to form a normal 

distribution, the total precision of the system can be seen.  Because the distribution is 

multivariate, each of the dimensions is dependent upon each of the other dimensions.  

This precision is a function of time, as the longer the amount of time being considered, 

the less precise the system will become until it hits its outer limits as constrained by the 

GNSS system.   A plot of this precision as a function of time for the four different 

locations that were tested can be seen in Figure 4-15.  It should be noted that Location 4 

is outside of the effective range of the Differential GNSS correction, and therefore 

displays significantly more horizontal and vertical error.  However, since the short term 

precision of the terrain profiler is more important than the long term precision, the 

standard deviation of a short elapsed time should be examined instead of that of a long 

collection period.  Because of Location 4 lying outside of the effective range of the 

differential GNSS corrections, it will be omitted.  In Figure 4-16, it can be seen that the 

2σ (95% confidence) over a 25 second time range was significantly more precise than the 

long term precision as shown by Figure 4-15. 

The precision measurement that is of interest in this investigation is sample-to-

sample precision.  If one sample is collected at time 0, how much deviation can be 

expected from the measurements over some set amount of time?  To determine this, a 

deviation calculation based on the standard deviation calculation is introduced here.  In 

order to give some meaningful measure of precision related to a reference point, the 

expected value will not be used in the traditional standard deviation calculation, but in its 

place, the initial reference point value will be used.  This gives the meaning of the result 

as some deviation from an initial value instead of the divergence from some ever-

changing mean value. The equation for the calculation of precision can be seen in 

Equation 4-42 .  This method is of primary importance for the INS and GNSS data, due 

to their tendencies to drift over time.  This drift causes the expected value in the standard 

deviation calculation to change over time, but this precision measurement is not subject 
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to the same susceptibility to expected value drift over time.  Plots of the combined system 

precision over time can be seen in Figure 4-15 and Figure 4-16.  It is important to note, 

that even at time 0, the precision is not 0.  This arises because the system as a whole 

contains sensors which are not time dependent in their distributions, and thus even at time 

0 exhibit some uncertainty. 
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Equation 4-42 
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Figure 4-15: Precision of horizontal and vertical combined measurements over 

extended time period.  
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Figure 4-16: Precision as a function of time for a short period of time 
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The Probability Density Function of the error is a multivariate normal distribution 

and therefore cannot simply be represented in separate dimensions.  This can be seen in 

the bivariate representation of the horizontal measurement error over a 30 second 

timespan as shown in Figure 4-17.  Additionally, the contribution of the laser, frame, and 

IMU angular measurements are all insignificant in comparison to the contribution of the 

GNSS position system.    

 

Figure 4-17: Location 1 and Location 3 measurement error over 30 second 

timespan 

If additional time is allowed to elapse, the precision of the system decays.  The 

decay in the horizontal precision can be seen in Figure 4-18 and Figure 4-19.  These 

figures show the horizontal error at 5 minutes and 30 minutes for both Location 1 and 

Location 3.  The error can be seen to have expanded significantly between the two times.   
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Figure 4-18: Horizontal measurement error after 5 minutes 
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Figure 4-19: Horizontal measurement error after 30 minutes 

While the results shown so far have only been in the horizontal plane, it is also 

important to remember that the vertical distribution is just as important.  If a system can 

be located precisely in the horizontal plane but not in the vertical direction, such a system 

will not give good results as a terrain profiler.  Bivariate distributions between the x- axis 

and the z axis, as well as the y-axis and the z-axis are shown in Figure 4-20.  These are 

the probability distributions utilizing the GNSS distributions from a 30-minute collection 

period.  However, like the horizontal plane, the system is much more precise when one is 

concerned with only short time durations.  This can be seen in Figure 4-21, which 

contains a pair of bivariate PDF over a 30 second duration 
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Figure 4-20: Bivariate PDFs of x and y dimensions with the vertical z-dimension 

over 30 minute time frame (Location 1)  
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Figure 4-21: Bivariate PDFs of x and y dimensions with the vertical z-dimension 

over 30 second time frame (Location 3) 

The results of proof-of-concept indicate that the total precision of the terrain 

measurement system in time frames less than 60 seconds can be seen in Table 4-5.  This 

table contains the 95% confidence values for the error in the individual directions, based 

on the precision.  This 95% value is twice the precision value.   

 x-precision y-precision z-precision 

1 second 1.1mm 0.22 mm 0.48 mm 

5 seconds 1.1mm 0.58 mm 0.50 mm 

30 seconds 1.5mm 2.10 mm 0.55 mm 

60 seconds 1.78 mm 2.95mm 0.60 mm 

Table 4-5: Precision of profiler in 3 principal directions 
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more influential in the change in the precision than another component.  In order to make 

smart decisions about profiler precision improvement, it is necessary to understand what 

the contribution of each component is at a given time.   By determining which 

components contribute the most to measurement uncertainty, it is possible to determine 

which components should be upgraded in order to improve the precision.  Pie charts of 

the contribution in both the vertical and the horizontal directions by the different 

components can be seen in Figure 4-22, Figure 4-23, and Figure 4-24.  These figures are 

meant to give more of a visual representation of the breakdown of error contribution than 

actual numerical values, however they can be useful in determining the primary 

contributors to system error. 

 

 

Figure 4-22: Component Error Contributions at 5 seconds 
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Figure 4-23: Component error contributions at 25 seconds 

 

Figure 4-24: Component error contributions at 60 seconds 
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5. Conclusion 

The primary goal of this research work was to provide a method for determining and 

verifying the precision of a terrain measurement system.  The major contributions of this 

work are: 

1) Provide an  extensive overview of hardware components commonly used in 

terrain measurement systems and their sources of error 

a. Cover different variations on the common hardware components 

b. Discuss common sources of error from each component 

2) Provide a proof-of-concept for determining total system precision based on the 

precision of the individual components. 

a. Show different considerations which must be taken into account 

b. Demonstrate method for determining system precision 

c. Discuss implications of results. 

 

Being able to precisely measure terrain is important for many fields, whether it be 

pavement health monitoring, off road test course roughness evaluation, or gathering 

samples of roads to be used for inputs for vehicle testing.  Each of these tasks place 

different requirements on the equipment tasked.  Some tasks require maintenance of a 

tight precision over an extended period of time, while for others need very tight 

immediate precision, but long precision might not be quite as important.   

When selecting the components necessary to build a terrain measurement system, 

it is necessary that each component that is added to the system will in some way 

contribute to the error in the measurements taken by that system.  The error, or 

uncertainty, in these measurements, can be described through probability distributions.  

These distributions can be combined to determine the total uncertainty in the systems 

measurements. With this uncertainty known, the precision with which a terrain surface 

can be measured can be quoted. The precision of the system can be seen in Table 4-5.  

Within 30 seconds of a measured point, the proof-of-concept system can be said to have 

sub-millimeter precision in the vertical, and 1.5 millimeter precision in the horizontal.  It 
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is important to be able to predict this precision before the construction of a terrain 

measurement system to ensure that the components selected will be able to deliver the 

desire and necessary performance.  In many terrain measurement scenarios, high 

precision is necessary to maintain surface continuity between adjacent points.  While any 

component could drastically decrease the precision, it can be seen here that with quality 

components the single greatest contributor to decreased precision was the IMU when 

evaluating performance. Therefore, in order to increase horizontal precision increasing 

the unit precision of the IMU would have the most effect.  

Many of the sources of error have been accounted for in this thesis, but there are 

still small sources of error which remain unmodeled.  These error sources include 

temperature based errors which can cause the geometry of the internal laser components, 

as well as the mounting frame itself, to change slightly.  However these errors will be 

very insignificant at normal operating temperatures and will also occur very slowly, and 

can thereby be safely ignored for the purposes of this thesis. It is believed that the all of 

the major contributions to the sources of error in a terrain profilometer were addressed in 

this thesis.  In addition, the contributions of bending and IMU drift on lasers which are 

not perpendicular is an area which could be explored for contribution to total system 

error. 
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Appendix 

The values used to find the precision are given in this appendix.  The explanation 

of how the values were obtained is also explained. 

 

Laser: 

The values associated with the laser are the vertical and horizontal precision of 

the laser.  Since the lasers, as specified, only measure in the x-direction and the z-

direction, there is only uncertainty in those two planes.  It is assumed that there is no 

uncertainty in the y-direction.  It is also assumed that the measurements in x and z are 

independent of one another.  This independence will result in a correlation of 0 between 

the x and z directions.  The covariance matrix for the laser can be seen in Equation 5-1.  

The distributions are assumed to be zero mean.  The standard deviations of the Gocator 

lasers were already shown in Table 4-4. 
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Equation 5-1 
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Frame 

 The values associated with the distribution of the frame flexure are a result of the finite 

element analysis described in Section 4.4.  These distributions are assumed to be 

independent of one another and normally distributed.  The covariance matrix describing 

the relationship between the x, y, and z dimensions, will have zeros on the off diagonal 

locations. The covariance matrices used for this calculation can be seen in Equation 5-2, 
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Equation 5-3, and Equation 5-4.  There are 3 different covariance matrices due to 3 

different laser positions relative to the IMU.  Due to symmetry, lasers 1 and 5, as well as 

lasers 2 and 4 all share the same covariance matrices. Offsets for these lasers are 

specified in Table 4-2. 
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Equation 5-2 
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Equation 5-3 
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Equation 5-4 
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INS: 

The covariance matrix determined for the IMU was calculated from data collected using 

the DGNSS/INS coupled system. The outputs from this system were not considered to be 
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independent, and therefore the off diagonal elements of the covariance matrix are non-

zero.  The covariance matrix changes over the course of time.  Additionally, the affine 

transformations must be applied to the angular distributions in order to find the error 

contribution in the x, y, and z directions.  The affine transformations were previously 

described in Section 4.4.  These transformation matrices are dependent to the laser in 

question.  The three affine transformation matrices can be seen here in Equation 5-5. 
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Equation 5-5 

After applying the affine transformation to the covariance matrix of the INS, the resulting 

covariance matrices for Location 3 can be seen in Equation 5-6. 
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Equation 5-6 

GNSS: 

Like the INS values, the GNSS values were determined by finding the covariance matrix 

of the positions of the GNSS system.  The resulting GNSS matrix for Location 3 can be 

seen here, in Equation 5-7. 
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Equation 5-7 
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System combined: 

The combined system measurement error is calculated as described in Section 4.5.5.  The 

final values for the covariance matrices of Location 3 can be seen in  

 

 

Equation 5-8.  There are three different matrices to correspond to the three different laser 

positions. 
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Equation 5-8 
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5.1.1 IMU data 

In an attempt to show the precision of an Inertial Navigation System, a static test 

was performed by placing the IMU on a vibrationally isolated surface so that the sensor 

could remain perfectly still for the entirety of the test.  The IMU was allowed to run 

continuously for 18 hours.  The IMU returns Δv’s in the x, y, and z planes, and Δθ’s 

about the x, y, and z axes.  This notation is deceiving, however; the Δθ’s are not the 

angular velocities (or the changes in attitude) and the  Δv’s are not actually measured 

changes in velocity (or measured accelerations).  These measurements must be multiplied 

by the appropriate scaling factors to place them in units and in magnitudes that actually 

have meaning.  These scaling factors are also returned by the IMU.   

In this experiment, a NovAtel SPAN GNSS system was used, with the paired 

Honeywell HG 1700 IMU.  This is a tactical grade IMU which is rated at 1 degree of 

drift per hour.  In order to collect the raw IMU data, the NovAtel provided CDU software 

was used.  This software logs all of the raw IMU and GPS measurements to a binary file.  

In order to be able to access the raw IMU files, the single raw binary file must be 

converted to a standard format (.imr) which is described in the NovAtel Inertial Explorer 

user’s manual.  [41]  From this format, MATLAB code was written to load the binary 

.imr file into memory so that these raw data could be manipulated.  In the process of the 

loading of the .imr file, the Δθ’s and the Δv’s are multiplied by the correct scaling factor 

in order to convert them to usable units.  The software package, Waypoint Inertial 

Explorer was used to perform all post processing on the GNSS and IMU data.   

As the interest of this proof-of-concept is in system precision, the change in 

standard deviation over a short period of time is much more important than standard 

deviation over an extended period of time.  Samples were taken of position and attitude 

data in 30 second intervals every two hours.  These samples show the rate of increase of 

the standard deviation grows as time passes from the start of the collection.  Plots of this 

can be seen in Figure 5-1 and Figure 5-2.  It can be seen that while the standard deviation 

of the attitudes over a 30-second would possibly provide reasonable precision,  the 

horizontal and vertical position standard deviations are unreasonable.  This is partially 

due to the nature of the error caused by numerical integration.  Additionally, there 

appears to be some error caused by the attached GNSS receiver as it attempts to supply 
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position update information.  However, there is no GNSS position to supply and thus 

errors appear to be introduced on a periodic interval. 

 

Figure 5-1: Standard deviations of position sampled over time 
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Figure 5-2: Standard deviations of attitudes sampled over time  

 

The IMU data collected, when post processed, proved to be unusable for task of 

terrain profiling.  The position data, even over short time periods, were useless for 

locating the unit in space with any acceptable precision. This can clearly be seen in the 

preceding figures Figure 5-1 and Figure 5-2. The correlation between the angles of roll, 

pitch, and heading can also be seen in the correlation coefficient matrix, Equation 5-9 
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  [
              

               
              

] 
Equation 5-9 

 

An example of the errors caused by the GNSS receiver can be seen here in .  This 

figure shows the difference position values over a very short time interval.  The position 

jumps every half second can be presumed to correspond to the GNSS position updates 

that are also expected every half second. 

 

 

Figure 5-3: Differenced INS position data 
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Expansion of off-axis laser mounting: 
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Equation 

5-10 
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