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ABSTRACT 

 

This thesis provides insight into quantitative accuracy assessment of the modeling 

and simulation of power electronic converters. Verification, Validation, and Uncertainty 

quantification (VV&UQ) provides a means to quantify the disagreement between 

computational simulation results and experimental results in order to have quantitative 

comparisons instead of qualitative comparisons. Due to the broad applications of modeling 

and simulation in power electronics, VV&UQ is used to evaluate the credibility of 

modeling and simulation results. The topic of VV&UQ needs to be studied exclusively for 

power electronic converters. To carry out this work, the formal procedure for VV&UQ of 

power electronic converters is presented. The definition of the fundamental words in the 

proposed framework is also provided.  

The accuracy of the switching model of a three-phase Voltage Source Inverter 

(VSI) is quantitatively assessed following the proposed procedure. Accordingly, this thesis 

describes the hardware design and development of the switching model of the three-phase 

VSI. 
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Chapter 1 Introduction 

 

 

1.1 Research Motivation and Objectives 

Over the last fifty years, scientific computing has basically emerged as a third level 

of analysis to complement experiment and also theory.  Scientific computing is defined as 

an approximate numerical solution to the models, which are based on Partial Differential 

Equations (PDEs), Ordinary Differential Equations (ODEs), or integral equations. The 

speed of computers continues to increase at an exponential rate.  This mass of increasing 

computing power has really enabled us to start using modeling and simulation in order to 

answer questions that used to be addressed only through basic theories and experiments. 

Scientific computing is certainly empowering  new access to information, but there is also 

a large potential of misuse [1][4]. 

Today, most engineering design projects are based on modeling and simulation, 

and critical decisions are being made based on these simulation results. Therefore, 

scientific computing plays an ever-growing role in predicting the behavior of natural and 

engineered systems. However, computational results may not be accurate enough for the 

intended use, since modeling and simulation is steeped in different types of uncertainties, 

which come from different sources. On the other hand, experimental data, which is known 

as the best representative of reality, is nondeterministic and there are always uncertainties 

due to its associated measurements. There is a requisite to quantify these uncertainties and 

characterize both simulation and experimental results’ uncertainties to be able to make a 
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comparison, and in order to evaluate the predictive proficiency of models and accuracy of 

simulations. In this case the comparison is not effortless, as it seems to be, since it is being 

made between nondeterministic values [1][4][11]. 

This research establishes a framework to determine confidence in modeling and 

simulation. This confidence and credibility is developed by quantifying uncertainties due 

to assumptions and restraints during modeling and simulation, and it is for purposes such 

as verifying and validating any power electronic model for a particular intended use, 

evaluating and comparing the existing models already being used, choosing the most 

efficient model for the intended use to minimize costs, and evaluating the predictive 

capability of the model where experimental data is not available to verify and validate the 

model.  

This research attempts to answer the following questions. The first is how to assess 

the confidence in modeling and simulation quantitatively.  Assuming the model is put in a 

complex system, the second question is how to predict the total uncertainty of the whole 

complex system. Finally, the third question is how to assess the model where there is not 

any experimental data available. All aforementioned issues are addressed through 

verification, validation, and uncertainty quantification (VV&UQ). The main focus of this 

research is to study the first two questions, but the last question will also be discussed 

briefly without going into details. 

1.2 Literature Review of Verification and Validation 

During the last two decades, a constructive approach has been developed with 

regard to the concepts, terminology, and methodology of verification and validation 

(V&V). Since this development is based on practical issues, not philosophy of science, 
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each community has tried to adapt the existing terminology to so that it is more 

comprehensible to their own field of study [1][10]. So communities started to build their 

own terminologies. All definitions follow the same concept, but they have been defined in 

a way that is applicable to a specific field of study. For the same reason, each community 

has its own framework for validation and verification. This section reviews the history of 

V&V definitions and frameworks from the beginning up to the present. 

1.2.1 Operations Research Community 

The first applied technical discipline that began to work on the methodology and 

terminology of V&V was the operations research (OR) community. In OR activities, 

models could be extraordinarily complex. These complex models commonly involved a 

strong coupling of complex physical processes, human behavior, and computer-controlled 

systems. For such complex systems and processes, fundamental conceptual issues 

immediately arose with regard to assessing accuracy of the model and the resulting 

simulations. A key milestone in the early work by the OR community was the publication 

of the first definitions of V&V by the Society for Computer Simulation (SCS) in 1979 

[1][17].  

Based on their published definitions, verification is substantiation that a 

computerized model represents a conceptual model within specified limits of accuracy, and 

validation is substantiation that a computerized model within its domain of applicability 

possesses a satisfactory range of accuracy consistent with the intended application of the 

model [1][3]. 

 An important point in verification definition is that the computerized model must 

accurately represent the model that was originally conceptualized. However, the validation 
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definition appears to be somewhat vague. The most important advantage of these 

definitions is that they both contain a critical concept: substantiation, which is evidence of 

correctness. Along with these definitions, the SCS published the first useful diagram 

depicting the role of V&V within modeling and simulation (Figure 1-1).  

Figure 1-1 identifies two types of models: the conceptual model and the 

computerized model. The conceptual model is composed of all information, mathematical 

modeling data, and mathematical equations that describe the physical system or process of 

interest. Analyzing and observing the physical system of interest produces the conceptual 

model. The computerized model is an operational computer program that implements a 

conceptual model using programming. Most V&V documents typically refer to the 

computerized model as the computer model or code.  

As shown in Figure 1-1, the OR community defined different activities, which are 

important, and still currently being used. Figure 1-1 distinctly shows that verification deals 

with the relationship between the conceptual model and the computerized model and that 

Figure 1-1: Phases of Modeling and Simulation and the Role of V&V (adapted from[3]) 
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validation deals with the relationship between the computerized model and reality. 

Although the definitions that are being used nowadays are not the same, they follow the 

same concept as the above definitions.  

The OR community clearly recognized that V&V are tools for assessing the 

accuracy of the conceptual and computerized models. For much of the OR work, the 

assessment was so difficult, if not impossible, that V&V became more associated with the 

issue of credibility, or in other words, power to elicit belief. However, in science and 

engineering, quantitative assessment of accuracy, at least for some important physical 

cases, is mandatory. But in certain situations, assessment can only be conducted using 

subscale physical models or a subset of the active physical processes and we are not able 

to have the whole system for testing. As will be seen in recent developments of the concepts 

of V&V, this issue of extrapolation of models is more directly addressed, so as to be able 

to predict the accuracy of the model for a situation without any experimental results 

available. 

1.2.2 The Institute of Electrical and Electronics Engineers (IEEE)  

During the 1970s, the importance of computer-controlled systems started to 

become widespread in commercial and public systems. In response to this interest, the 

Institute of Electrical and Electronics Engineers (IEEE) defined verification as the process 

of evaluating the products of a software development phase to provide assurance that they 

meet the requirements defined for them by the previous phase. 

This IEEE definition is quite general and it is referential; that is, the value of the 

definition is related to the definition of “requirements defined for them by the previous 

phase.” Because those requirements are not stated in the definition, the definition does not 
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contribute much to the intuitive understanding of verification or to the development of 

specific methods for verification. While the definition clearly includes a requirement for 

the consistency of products (e.g., computer programming) from one phase to another, the 

definition does not contain a specific requirement for correctness or accuracy.  

At the same time, IEEE defined validation as the process of testing a computer 

program and evaluating the results to ensure compliance with specific requirements. The 

definition of validation is also referential because of the phrase “compliance with specific 

requirements.” Because specific requirements are not defined (to make the definition as 

generally applicable as possible), the definition of validation is not particularly useful by 

itself. The substance of the meaning must be provided in the specification of additional 

information [1][10][14].  

The IEEE definitions emphasize that both verification and validation are processes; 

that is, they are ongoing activities. However, the definitions seem to provide less 

understanding and utility than the earlier definitions of the SCS. First, these definitions 

provide a distinctly different perspective toward the entire issue of V&V than what is 

needed in Computational Simulation (CS). The IEEE perspective asserts that because of 

the extreme variety of requirements for modeling and simulation, the requirements should 

be defined in a separate document for each application, not in the definitions of V&V. 

Second, the IEEE definitions are the most prevalent definitions used in engineering, and 

one must be aware of the potential confusion when other definitions are used. The IEEE 

definitions are dominant because of the worldwide influence of this organization. It should 

be noted that the computer science community, the software quality assurance community, 

and the International Organization use the IEEE definitions for Standardization (ISO). 
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In addition, and more importantly for CS, the IEEE definitions of V&V have been 

used by the American Nuclear Society (ANS). However, in 2006 the ANS formed a new 

committee to reconsider their definitions for V&V. It is expected that their new definitions 

will be much closer to those adopted by the DoD/DMSO, AIAA, and ASME [1]. 

1.2.3 U. S. Department of Defense Community 

In the early 1990’s, the U. S. Department of Defense (DoD) began to recognize the 

importance of putting into place terminology and procedures for V&V that would serve 

their very broad range of needs in Modeling and Simulation (M&S). The DoD tasked the 

Defense Modeling and Simulation Organization (DMSO) to study the terminology put into 

place by the IEEE and determine if the IEEE definitions would serve their needs. 

The DMSO obtained the expertise of researchers in the fields of OR, M&S of 

military weapon systems, operational testing of combined hardware and software systems, 

man-in-the-loop training simulators, and warfare simulation. They concluded that the IEEE 

definitions were too restricted to software V&V instead of their much broader range of 

concepts in M&S. In 1994, the DoD/DMSO published their basic concepts and definitions 

of V&V. The verification was defined as the process of determining that a model 

implementation accurately represents the developer's conceptual description of the model. 

Validation is defined as the process of determining the degree to which a model is an 

accurate representation of the real world from the perspective of the intended uses of the 

model. These are essentially the definitions that are being used today [1][10][14][18]. 

By comparing these definitions with those codified by the IEEE, it is clear there 

was a major break in conceptualization of V&V by the DoD. The DoD definitions could 

be referred to as model V&V, as opposed to the IEEE definitions of software V&V. DOD 
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definitions show V&V cares about the information from the software, and not the software 

itself. The DoD definitions are actually rather similar to those formed by the Society for 

Computer Simulation in 1979 [1]. 

As noted in the IEEE definitions, the DoD definitions also stress that both V&V 

are “process [es] of determining.” That is, they are ongoing activities that do not have a 

clearly defined completion point. Practical issues, such as budgetary constraints or intended 

uses of the model, usually determine completion or sufficiency. The definitions include the 

ongoing nature of the process because of an unavoidable fact that the accuracy of a 

computational model cannot be demonstrated for all possible conditions and applications, 

except for trivial models. Indeed, one cannot prove that complex computer codes have no 

errors. Likewise, models of physics cannot be proven correct -- they can only be disproved. 

The key feature of the DoD definitions, not mentioned in the IEEE definitions, is 

emphasis on accuracy. This feature assumes that a measure of correctness can be 

determined. In verification and validation activities, accuracy can be measured relative to 

any accepted referent. In verification, the referent could be either accepted solutions to 

simplified model problems, or expert opinion as to the reasonableness of the solution. In 

validation, the referent could be either experimentally measured data or expert opinions as 

to what is a reasonable or credible result of the model. 

It should be stressed here that the types of models that the DoD community must 

deal with are extraordinary complex. For example, the models can involve strongly coupled 

multi physics processes, powerful interaction of the system with human behavior and 

responses, and complex computer-controlled systems. For such complex systems and 

processes, fundamental conceptual issues immediately arise about how to assess the 
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accuracy of the model and the resulting simulations. For these types of situations, one must 

deal with statistical models where statistical calibration and parameter estimation are 

crucial elements in building the models. Indeed, the predictive accuracy of most of these 

models cannot be assessed in any meaningful way, except for predictive cases that are very 

near, in some sense, to the calibration database. 

1.2.4 American Institute of Aeronautics and Astronautics (AIAA)  

In 1992, the AIAA Committee on Standards for Computational Fluid Dynamics 

(AIAA COS) began a project to formulate and standardize the basic terminology and 

methodology in V&V for Computational Fluid Dynamics (CFD) simulations. The 

committee’s project culminated in the publication of the Guide for the Verification and 

Validation of Computational Fluid Dynamics Simulations, referred to herein as the “AIAA 

Guide.” The AIAA Guide defines a number of key terms, discusses fundamental concepts, 

and specifies general procedures for conducting V&V in CFD [1][3][10].  

The AIAA Guide slightly modified the DoD definition for verification, and it 

defined it as the process of determining that a model implementation accurately represents 

the developer’s conceptual description of the model and the solution to the model [3]. The 

DoD definition of verification did not make it clear that the accuracy of the numerical 

solution to the conceptual model should be included in the definition. The AIAA, however, 

was primarily interested in the accuracy of the numerical solution, a concern that is 

common to essentially all of the fields in CS. 

The fundamental strategy of verification is the identification, quantification, and 

reduction of errors in the computational model and its solution. To quantify numerical 

solution errors, a highly accurate, reliable benchmark must be available. Highly accurate 
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solutions refer to either analytical solutions or highly accurate numerical solutions. Highly 

accurate solutions, unfortunately, are only available for simplified model problems. 

Verification, thus, provides evidence (substantiation) that the conceptual (continuum 

mathematics) model is solved correctly by the discrete mathematics embodied in the 

computer code. The conceptual model does not require any relationship to the real world. 

The AIAA Guide adopted verbatim the DoD definition of validation [1].  

Verification is a mathematics and computer science issue, not a physics issue. 

Validation is a physical sciences and mathematics issue. Figure 1-2 depicts the verification 

process of comparing the numerical solution from the code in question with various types 

of highly accurate solutions. 

 

Figure 1-2: Verification Process (adapted from [3]) 

In the AIAA Guide, a significant break was made from the DoD perspective in 

terms of what types of comparisons were allowed for accuracy assessment with respect to 

“the real world.” The AIAA Guide specifically required that assessment of accuracy of 

computational simulation results were only allowed using experimental measurements. 
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The fundamental strategy of validation involves identification and quantification of the 

errors and uncertainty in the conceptual and computational models, quantification of the 

numerical errors in the computational solution, estimation of the experimental uncertainty, 

and finally, comparison between the computational results and the experimental data. That 

is, accuracy is measured in relation to experimental data, our best measure of reality. This 

strategy does not assume that the experimental measurements are more accurate than the 

computational results. The strategy only asserts that experimental measurements are the 

most faithful reflections of reality for the purposes of validation.  

 

Figure 1-3: Validation Process (adapted from [3]) 

Figure 1-3 depicts the validation process of comparing the computational results 

with experimental data from various sources. 

1.2.5 American Society of Mechanical Engineering Guide (ASME) 

The first V&V committee within the ASME Codes and Standards was formed in 

2001 and designated Performance Test Codes 60, Committee on Verification and 
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Validation in Computational Solid Mechanics. Under the leadership of the committee 

chair, Leonard Schwer, the committee thoroughly debated and struggled with the subtleties 

of the terminology and appropriate methodology to address V&V. Late in 2006, the ASME 

Guide for Verification and Validation in Computational Solid Mechanics was completed 

[1][2][18]. 

The ASME Guide slightly modified the definition of verification as formulated by 

the AIAA Guide. Based on the ASME Guide for Verification and Validation in 

Computational Solid Mechanics, verification is the process of determining that a 

computational model accurately represents the underlying mathematical model and its 

solution. Similar to AIAA COS, the ASME Guide adopted the definition of validation as 

formulated by the DoD. The ASME Guide includes many of the concepts described in the 

AIAA guide, in addition to newly published methods in V&V in order to extend the 

engineering literature in V&V. 

Earlier V&V was shown graphically as separate entities by AIAA.  However, the 

AMSE Guide constructed a comprehensive diagram showing both activities, along with 

other corresponding activities (Figure 1-4). They are going into subtler details as will be 

discussed further. The analogous activities in both the mathematical modeling and the 

physical modeling are clearly shown, along with their interactions. The conceptual model, 

the physical model, and the computational model are all shown in the Figure (1-4), as well 

as defined in the ASME Guide. The separation of the concepts and activities in each of 

these three types of models significantly improved the understanding not only of the V&V 

process, but also the Modeling and Simulation (M&S) process.  
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Figure 1-4: Verification and Validation Activities and Products [adapted from [1]] 

Two elements of verification are identified as code verification and calculation 

verification. With this separation of verification activities, a much clearer set of techniques 

could be discussed to improve coding reliability and numerical accuracy assessment of the 

computational model. 

Based on ASME 2006, an important decision point in the V&V activities is the 

answer to the questions: Is there an acceptable agreement between the computational 
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simulation (CS) results and the experimental measurements? The ASME Guide discusses 

how this decision should be made, specifically with regard to the key phrase in the 

definition of validation: “intended uses of the model”. The ASME Guide, as well as the 

DoD community, recognizes the importance, and difficulty, of specifying the domain of 

intended use of the model. Specification of accuracy requirements for responses of interest 

that are predicted by the model allows “acceptable agreement” on the question to be 

answered. Only with accuracy requirements could the decision be made whether to accept 

or revise a model [1][2].  

1.3 Thesis Organization 

In this research, the necessity of the VV&UQ is described. The main concepts 

behind these processes are studied in order to find out the necessity of the VV&UQ process. 

Fundamental terminology, which is used in the proposed formal procedure for VV&UQ, 

is discussed. The proposed VV&UQ systematic approach is developed to quantitatively 

assess the credibility and confidence in modeling and simulation.  

Chapter 2 of this thesis discusses the basic concepts and theory behind the 

verification, validation, and uncertainty quantification processes.  

Chapter 3 focuses on the VV&UQ formal procedure, which has been proposed 

specifically for power electronic converters. First, in the terminology section, clear 

definitions of the fundamental words used in whole process are given, and then the 

framework consisting of the main steps necessary to go through a complete VV&UQ are 

discussed. Those steps are planning and prioritization, modeling process, verification 

process, validation process, uncertainty quantification, and documentation of modeling and 

simulation activities. 
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Chapter 4 describes a simple example, which has been used to evaluate the 

proposed framework. In this chapter, first the switching model of a three-phase Voltage 

Source Inverter (VSI) is developed, then the design of the experimental prototype -- the 3 

kW three-phase VSI hardware -- is explained. At the end of the chapter, the proposed 

VV&UQ formal procedure is utilized in order to evaluate the accuracy of the switching 

model of the three-phase VSI. 

Finally, chapter 5 states the main conclusions of this thesis in addition to some 

proposed future work.  
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Chapter 2 Fundamental Concepts of Verification, 

Validation, and Uncertainty Quantification 

 

 

2.1 Introduction 

Conceptual models are developed based on physical laws and theories, and they are 

utilized in order to predict the system behavior or physical phenomena. These models take 

the form of PDEs, ODEs, or integral equations which are known as mathematical models. 

Therefore, mathematical tools can be utilized to solve these mathematical models. 

Complexity of the real system and physical phenomena makes it impossible to represent 

conceptual models in forms of mathematical equations while reflecting all aspects of the 

real system or phenomena. Therefore, based on the particular use of the model, 

assumptions are made in order to simplify conceptual models before presenting them in 

form of PDEs, ODEs, or integral equations. The formal definition for conceptual models 

will be presented in the next chapter. 

Moreover, it is desirable to solve the model theoretically in order to obtain results 

predicting the true values in nature, and also to use the results and compare them with the 

true value in nature in order to quantitatively assess the model. Since differential equation-

based models rarely admit exact solutions for practical problems, approximate numerical 

solutions, which are referred to as simulation, must be utilized [4]. This fact is held true for 

ordinary differential equations as well. Therefore, the quantitative comparison between 
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simulation results and the true value in nature results in assessing both modeling and 

simulation. However, we never know the true value in nature due to measurement errors.  

As mentioned above, both modeling and simulation processes are two phases that 

are used to predict a system’s behavior. Due to the limitations in each phase, these 

processes result in various types of uncertainty.  Uncertainty and error can be considered 

as the broad categories that are normally associated with loss in accuracy in modeling and 

simulation [3].These uncertainties should be identified and characterized to quantitatively 

assess the model’s predictive capability.  

The main purpose of this chapter is to describe how the verification, validation, and 

uncertainty quantification processes can be integrated into modeling and simulation 

activities. Moreover, this chapter provides a foundation for the major issues and concepts 

in verification and validation. In the following sections, the fundamental concepts of 

verification, validation and uncertainty quantification will be presented. This description 

provides insight into the identification and characterization of the uncertainties that are 

required to assess modeling and simulation. In addition, an understanding of the sources of 

uncertainty can provide guidance on how to reduce or manage uncertainty in the simulation 

in the most efficient and cost-effective manner [4]. 

2.2 Verification Fundamental Concepts  

As mentioned previously, the majority of models cannot be solved analytically due 

to their complexity.  Therefore, they should be solved numerically, which can be referred 

to as computational simulation [1][6][7]. If there were a perfect computer available with 

infinite digits of precision, speed, and memory, and also the perfect algorithm was chosen 

to implement and solve the mathematical model, then there would be no uncertainties 
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associated with the simulation results. However, the uncertainties associated with 

simulations are inevitable. Furthermore, these uncertainties need to be identified and 

characterized so as to be reduced where needed.  

Uncertainties due to simulations are categorized into two groups: (1) uncertainties 

associated with the chosen algorithm, software and coding, and (2) uncertainties due to 

numerical approximations. The first category is addressed through code verification and 

the second is addressed through solution verification. Therefore, the types of verification 

activities can be grouped into two major categories: (1) code verification, and (2) solution 

verification.  

Verification activities are focused on mathematics. The verification process is to 

investigate if the chosen set of equations (computerized model) have been solved correctly 

and accurately regardless of the equations which have been chosen in the first step. 

Therefore, in the verification process, no claim is made about the relationship between the 

simulation and real world [3]. 

In the following subsections, the fundamental concepts of code verification and 

solution verification will be presented.  Moreover, all possible sources of uncertainties will 

be introduced and discussed. 

2.2.1 Code verification 

Software is utilized for the purpose of solving mathematical models numerically 

using computational simulations. Mathematical model implementation in software should 

be carefully done. Therefore, no coding mistakes should be introduced during 

implementation. The algorithm, which is chosen to solve the model, should also be chosen 
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correctly. Obviously, in order to implement the model in the software, the equations and 

the domain where the equations need to be solved should be discretized.  

Code verification is a process designed to ensure that consistent and convergent 

numerical algorithms are used in the approximate numerical solution to the mathematical 

model [6][10][11][18].  

For a numerical scheme to be consistent, the discretized equations must approach 

the original partial differential equations in the limit as the element size (Dx, Dt, etc.) 

approaches zero. For a stable numerical scheme, the errors must not grow in a marching 

direction. These errors can be due to any number of sources, such as round-off error, 

iterative error, etc. It should be noted that typical stability analyses are only valid for linear 

equations [6][10].  

Finally, convergence addresses the issue of approaching a solution to discretized 

equations using a continuum solution to address the partial differential equations using 

limits of decreasing element size. Convergence is addressed by Lax’s equivalence theorem 

(again valid for linear equations only) which states that given a properly-posed initial value 

problem and a consistent numerical scheme, stability is the necessary and sufficient 

condition for convergence [6]. Consequently, consistency addresses the equations, while 

convergence deals with the solution itself.  

Convergence is measured by evaluating (or estimating) the discretization error. For 

verification purposes, it is convenient to define the discretization error as the difference 

between the solution to the discretized equations and the solution to the original partial 

differential equations, which will be formally defined in the next chapter. The round-off 
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and iterative convergence errors are addressed separately later in this section, and their 

contributions to the overall discretization error are negligable.  

Code verification is also used to ensure (to the degree possible) that no coding 

mistakes (i.e., bugs) are present in the software. For general software, the correct output of 

a code can often be determined a priori (ahead of time). For scientific computing software, 

the correct output of the code is not known a priori, and depends on mesh and time steps, 

iterative convergence criteria, and ,finally, digits of precision. Methods such as method of 

manufactured solution are utilized to determine the exact solution to the discrete equation 

for the purpose of code verification [1][6]. 

2.2.2 Solution Verification 

Solution verification addresses the numerical approximation errors that occur when 

solving PDEs or ODEs numerically. In other words, solution verification deals with the 

assessment of the numerical errors which always exist when partial differential equations 

(or ordinary differential equations) are solved numerically [6][10][11]. Nothing in this 

section can be done unless using a verified code [6]. It is a given that a perfect computer 

does not exist. A perfect computer could be defined as a computer with infinite memory, 

speed, and digits of precision. Therefore, as previously noted, the equation and its domain 

should be discretized. The discretized domain, which is known as mesh with specific mesh 

spacing, could be temporal or special based on the problem. The size of the mesh affects 

the accuracy of the results; as the size of the mesh approaches zero, the error due to utilizing 

discretized domain -- known as discretization error (DE) -- is reduced. Furthermore, 

computers can process only limited digits of precision, so there is a limitation known as 

digits of precision, which results in an error termed round off error. In addition, due to the 
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nonlinearity of the equations and large number of unknown parameters in equations, 

instead of direct methods, iterative methods are utilized to solve the equations. Therefore, 

another source of error -- known as iterative convergence error -- is introduced. 

As a result, there are a number of sources of uncertainty associated with numerical 

approximations, such as round-off error, iterative convergence error, and discretization 

error. Among all sources of uncertainties due to numerical approximations, discretization 

error is the largest and most difficult to calculate [6][10]. 

Our inability to quantify the difference between true value and computational 

simulation results, leading us to estimate the error. This is referred to as uncertainty. In the 

following subsections, the common sources of uncertainties due to numerical 

approximations will be discussed. 

A. Discretization error 

Discretization Error (DE) is the difference between the exact solution to discrete 

equations and the exact solution to the original differential equations [6]. This 

relationship is shown by the following equation for DE. 

      ԑℎ = 𝑓ℎ − 𝑓                                                                      (1) 

where ԑℎ is DE, 𝑓ℎ is the numerical solution on the mesh with size of “h”, and  

𝑓 is the exact solution to the original PDE or ODE.  

Discretization Error (DE) is the numerical approximation error due to the mesh 

and/or time step used in the numerical scheme. It comes from the interplay between 

numerical scheme, mesh resolution (space and time), mesh quality, and solution behavior. 

DE sources are locally generated (on the mesh), and also transported from elsewhere in the 

domain (other region of the mesh). 

As previously mentioned, discretization involves two distinct processes. The first 

is discretization of the PDEs or ODEs. Three common ways to discretize equations are 
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finite difference method, finite volume method, and finite element method. The second is 

discretizing the domain in which the equation will be solved. Structured meshes, 

unstructured meshes, and Cartesian meshes are the common methods utilized to discretize 

the domain [1][6]. 

B. Round-Off Error 

Round-off error comes from the fact that finite arithmetic has to be used on digital 

computers. Round-off error is not an important source of error except in some specific 

cases such as ill-conditioned systems, time accurate systems, and implicit systems. In time 

accurate systems, if round off error occurs in a time step, after a considerable number of 

time steps these round off errors accumulate and will be significantly large. Also, in 

implicit systems where sets of algebraic equations should be solved simultaneously on a 

computer, there are some aspects of the solution which are sensitive to the number of digits 

of precision more than in cases where explicit methods are utilized. Round-off error can be 

reduced by adding more digits of precision [1][4][5][14][17]. 

C. Iterative convergence Error 

Iterative convergence error arises due to the incomplete iterative convergence of a 

discrete system [4]. Iterative error can be generally defined as the difference between the 

current approximate iterative solution and the exact solution or reference solution. As 

mentioned previously, in scientific computing, the system of algebraic equations usually 

arises from the discretization of a mathematical model. Therefore, the exact solution given 

in the earlier definition is not the exact solution to PDE; it is the exact solution to the 

discrete equation.  
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Iterative error occurs any time an iterative method is used to solve algebraic 

equations. Scientific computing applications do not always employ iterative methods; in 

some cases direct solution methods can be used. Therefore, all scientific computing 

simulations do not necessarily have iterative errors. In order to use direct solutions 

methods, the equations should be linear with a reasonably small number of unknowns. 

Although, when explicit marching methods are used, no iterations are needed even for 

nonlinear equations. Iterative convergence methods are generally required for complex 

nonlinear systems of equations. Furthermore they are also the most efficient approach for 

large, sparse linear systems [1][6][17]. 

2.3 Validation Fundamental Concepts 

Validation is a very different phase from the verification that was discussed in the 

preceding section. As previously mentioned, verification is all about mathematics. Coding 

and algorithm mistakes, and also uncertainties due to numerical approximations are studied 

in the verification process. This section will shift the focus from mathematics toward 

physics. Instead of investigating whether the model has been solved properly, the 

validation process explores whether the correct model, as the best representative of the real 

system or phenomena with all the necessary aspects for the intended study, has been chosen 

in the first step. Generally, the model is defined as the representation of a physical system 

or process intended to enhance our ability to understand, predict, or control its behavior.  

The major activities done in the validation process are devoted to comparing the 

computational simulation results from the model with the experimental results. The 

methodology to compare these two is known as validation metrics; this will be discussed 

later in chapter 3. For the purpose of this comparison, uncertainties in the experimental 
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measurement results should be identified and quantified as should as the uncertainties and 

errors in the computational simulation results.   

In the following subsections, two different types of validation are discussed. The 

differences between the traditional and validation experiments are also studied. Finally, a 

six step guideline will be given in order to establish a validation experiment.  

2.3.1 Types of Validation  

The types of validation can be grouped into two major categories: (1) scientific 

validation, and (2) project-oriented validation [1]. Scientific validation is established to 

assess the model’s credibility, whereas the main purpose of project-oriented validation is 

to answer the project-related questions when more specific information is required 

regarding the system’s performance or physical phenomena under study. In both types of 

validation, mathematical modeling is used to explore validation conditions, determine 

initial conditions (ICs) and boundary conditions (BCs), determine particular locations for 

measurements, and estimate SRQ magnitudes, which are required to choose proper 

measurement instruments. 

A. Scientific validation 

Scientific validation involves a quantitative comparison between computations and 

experiments for the purpose of assessing a physics-based model. No context is given with 

regards to specific accuracy requirements, so adequacy is not being addressed. This is the 

most common type of validation activity published in relevant scientific literature.  

Validation experiments are set up for the purposes of scientific validation and are 

quite different from traditional experiments (the difference between traditional 

experiments and validation experiments will be presented in the following subsection). 
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There are few key points that need to be mentioned about validation experiments, which 

will be completely presented in the last subsection. Computational analysts and 

experimentalists should jointly design scientific validation. The analyst informs the 

experimentalist of required model inputs and desired system response quantities that need 

to be measured for the purpose of assessing the model. Scientific validation should be a 

blind comparison between simulation and experimental results; thus, experimentally 

measured SRQs are withheld from the analyst. Quantitative comparisons should be made 

in this type of validation. Both uncertainties in computations (uncertainties due to 

numerical approximations) and experiments should be included. More than one SRQ 

should be examined; both simple and more difficult SRQs should be assessed. Examining 

more than one SRQ from different levels is advantagageous in that if good agreement does 

not exist between computational and experimental results, then these different 

measurements provide a better idea of the disagreement’s source [1]. 

B. Project oriented validation 

Project–oriented validation is assessment of the predictive accuracy as applied to a 

specific system. Here we care more about the system and how well the system is going to 

perform. The focus is on whether or not a sufficient level of accuracy is achieved by the 

model. 

Typically, adequacy is determined by the project manager who manages all parts 

of the system or the system engineer, who integrates all the information from different 

sources. We should keep the question of adequacy in mind all the time. 

Project–oriented validation is the most common type of validation in industry and 

government labs. This kind of validation is exploring two things: the first is model accuracy 
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assessment and the second is assessment of the model’s adequacy based on the defined 

adequacy. This kind of validation keeps accuracy assessments segregated from accuracy 

requirements. 

 Project–oriented validation is focused on application domain, and validation is 

being done to explore the application domain. In this kind of validation, data relevant to 

the project under study can be used. 

2.3.2 Validation experiment and traditional experiment 

Increased reliance on modeling and simulation leads Modeling and Simulation 

(M&S) to be a larger component of experiments. Validation experiments differ 

significantly from traditional experiments.  There are three different types of traditional 

experiments. The first is phenomena exploration, where the goal is to understand a physical 

phenomenon. The second is model calibration/ updating experiment, where the model is 

available, but is not good enough due to the number of limitations; experiments are required 

to calibrate the model in order to improve the model. The third is acceptance/ qualification 

testing, where the designed system is built and tested to in order to figure out whether it is 

working in the way it is supposed to[1][2][10][18]. 

Traditional experiments focus on performing measurements in a controlled 

environment. That is, a carefully controlled environment where you try as best as you can 

to create a perfect environment in which to assess the model. Traditional experiments 

attempt to replicate the real environment the system is going to operate in and make 

statements about the physical systems. 

Validation experiments focus on performing measurements in a well-characterized 

environment. It may not be a perfect environment, but as long as those imperfections have 



 27 

been well-characterized, validation can be done. Validation experiments aim to 

characterize an imperfect environment very carefully and use those characterizations in 

modeling that attempts to assess the model relative to the data. 

A validation experiment is designed, executed, and analyzed for the purpose of 

quantitatively determining the ability of a mathematical model to simulate a well 

characterized physical process [1][2][10][14][18]. Six primary guidelines for the design 

and execution of validation experiments will be given later in this subsection. 

2.3.3 Guidelines for Validation Experiments 

There are six guidelines for validation experiments. Each of these guidelines will 

be presented in this subsection [1][9][10][13]. 

Guideline 1: The validation experiment should be jointly designed by a computational 

analyst and experimentalist. The design of the validation experiment should utilize 

information from both sides: experimentation and simulation. In the design procedure, the 

analyst informs the experimentalist of required model inputs that need to be measured and 

reported back to the analyst in order to be used in computational simulation, and also the 

desired system response quantities (SRQs), which are things that need to be measured for 

purposes of assessing the model. Experimentally measured SRQs are withheld from the 

analyst (i.e. it is a blind comparison) to avoid any unwanted calibration.  

Guideline 2: A validation experiment should be designed to capture (1) the essential 

physics of interest and measure all relevant physical modeling data, initial conditions (ICs), 

boundary conditions (BCs), and system excitation information required by the model. This 

includes information such as steady vs. unsteady, and model input data such as model 

parameters, BCs values or BC distributions; failure to do so can result in larger 
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uncertainties being attributed to the model. Since uncharacterized parameters will be used 

as free parameters in the model, this leads us to model calibration instead of validation. 

Therefore, for deterministic parameters, actual measured values should be used, and for 

uncertain parameters, the uncertainty should be characterized. 

Guideline 3: A validation experiment should strive to emphasize the inherent synergism 

that is attainable between computational and experimental approaches. Strengths of one 

approach can be used to identify and/or offset weaknesses in the other. Computation should 

be used to perform pre-test simulations of the experiment to provide preliminary estimates 

of physics involved, aid in choice of instrumentation and location of measurements, and 

aid in design of the experiment by providing sensitivities of SRQs to model inputs. 

Guideline 4: Although the experimental design should be developed cooperatively, 

independence must be maintained in obtaining the computational and experimental system 

response results. Blind test predictions are needed to maintain the goal of predictive 

capability assessment as opposed to calibration. Although measured SRQs are withheld, 

all measured inputs and their uncertainties are provided. The computational analyst must 

propagate uncertainties throughout the model and estimate numerical errors.  

Guideline 5: Experimental measurements should be made of a hierarchy of SRQs, from 

globally integrated quantities to local quantities. Integrated SRQs are often easier to 

measure or predict than derivative-based SRQs. In some instances, it is also helpful to have 

a range of complexity (geometric, physics, scales, etc.) in the validation experiments. Both 

types of SRQs -- the ones which are easy to  assess and also the ones difficult to assess -- 

should be measured. This way, if there is disagreement in the results, it is easier to 

determine where the error comes from. (Hierarchy structure is described in [1]) 
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Guideline 6: The experimental design should be constructed to analyze and estimate the 

components of random (precision) and systematic (bias) experimental uncertainties. Thus, 

experimental data contains aleatory uncertainty (due to random errors) and epistemic 

uncertainty (due to bias errors). Bias errors are often under-estimated (or neglected). 

Random errors are typically associated with the precision in measurement. And bias 

errors tend to be referred to as systematic errors. There are very good techniques to reduce 

random errors. Bias error is the most damaging error that can happen. Statistical design of 

experiments (DOE) should be used to convert correlated bias errors to random errors that 

can be analyzed using statistical methods. Finally, the last thing we want to reduce is the 

incomplete physical characterization of the experiment. We want to make sure there is not 

any aspect of the validation experiment that is ambiguous. This does not mean it has to be 

deterministic; it can be uncertain as long as that uncertainty is well characterized. As much 

validation information should be gathered as possible. 

The accurate characterization of uncertainty in the measurement is more important 

than the accuracy of the measurement. We can allow for uncertainty, but we need to be 

able characterize it very well. 

2.4 Uncertainty Quantification 

Due to the continuous emergence of modeling and simulation, many questions 

about its performance arise. Consequently, significant effort needs to be devoted to 

quantitatively assessing the model’s predictive capability.  This section will present how 

the verification and validation concepts are utilized in order to quantify the uncertainty due 

to modeling and simulation.  
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The modeling process itself introduces uncertainty due to the limitations in 

presenting the model in the form of PDEs and not being able to reflect all required aspects 

of the intended system into the model. Moreover, the impact of limited memory, and speed 

and digits of precision of the digital computers results in different types of uncertainty as 

discussed in solution verification. The true value in nature is unknown and even with 

utilizing rigorously precise measurement tools, there are still errors associated with the 

experimental measurement results; this is known as measurement error [1]. 

The difference between true value in nature and computational simulation results 

should be quantified to assess the modeling and simulation (computational simulation) 

credibility and see how accurate the computational simulation results are and whether the 

model can be trusted. The total uncertainty due to the modeling and simulation could be 

calculated using the equation below.  

𝑈𝑡𝑜𝑡𝑎𝑙 = 𝑓𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 − 𝑓𝑛𝑎𝑡𝑢𝑟𝑒                                                                (2) 

Where 𝑈𝑡𝑜𝑡𝑎𝑙 is the total uncertainty associated with modeling and simulation, 

𝑓𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛is simulation results from a typical computer, and 𝑓𝑛𝑎𝑡𝑢𝑟𝑒is the true value in 

nature. Since the true value in nature is unknown, to be able to use the above equation in 

order to estimate the total uncertainty in modeling and simulation, the above equation 

should be expanded and rewritten as follows. 

𝑈𝑡𝑜𝑡𝑎𝑙 = (𝑓𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 − 𝑓𝑝𝑒𝑟𝑓𝑒𝑐𝑡−𝑝𝑐) + (𝑓𝑝𝑒𝑟𝑓𝑒𝑐𝑡−𝑝𝑐 − 𝑓𝑚𝑜𝑑𝑒𝑙) + (𝑓𝑚𝑜𝑑𝑒𝑙 −

𝑓𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡) + (𝑓𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 − 𝑓𝑛𝑎𝑡𝑢𝑟𝑒)                                                                (3)                                           

Where 𝑓𝑚𝑜𝑑𝑒𝑙 is exact solutions to the model’s PDEs, 𝑓𝑝𝑒𝑟𝑓𝑒𝑐𝑡−𝑝𝑐is hypothetical 

simulation results from a perfect computer and, 𝑓𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡is experiment measurements 
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results. The above equation consists of four main pieces, and each of them could be 

calculated by using the information from previous processes.  

 𝑓𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 − 𝑓𝑝𝑒𝑟𝑓𝑒𝑐𝑡−𝑝𝑐 is addressed through solution verification since it is due 

to the limitation of numerical approximations. 𝑓𝑝𝑒𝑟𝑓𝑒𝑐𝑡−𝑝𝑐 − 𝑓𝑚𝑜𝑑𝑒𝑙 is addressed through 

code verification since it is due to the algorithm inconsistency and coding mistakes. 

𝑓𝑚𝑜𝑑𝑒𝑙 − 𝑓𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 is addressed through validation; it is due to the parametric uncertainty 

and model form uncertainty, which could be calculated through the validation process. 

𝑓𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 − 𝑓𝑛𝑎𝑡𝑢𝑟𝑒 is due to the measurement errors. The real SRQ in nature can not be 

measured due to limitations such as inaccurate measurement devices. 

Consequently, 𝑈𝑡𝑜𝑡𝑎𝑙 is the uncertainty due to modeling and simulation, which also 

includes the estimation of experimental measurement errors. 𝑈𝑡𝑜𝑡𝑎𝑙 is given in the 

following equation. 

𝑈𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑐𝑜𝑑𝑒 𝑣𝑒𝑟𝑖𝑓. + 𝐸𝑠𝑜𝑙𝑛.  𝑣𝑒𝑟𝑖𝑓. + 𝐸𝑀𝐹𝑈,𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 + 𝐸𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡.   (4)                                                                             

Where 𝐸𝑐𝑜𝑑𝑒 𝑣𝑒𝑟𝑖𝑓. = |𝑓𝑚𝑜𝑑𝑒𝑙 − 𝑓𝑝𝑒𝑟𝑓𝑒𝑐𝑡−𝑝𝑐| , 𝐸𝑠𝑜𝑙𝑛.  𝑣𝑒𝑟𝑖𝑓. = |𝑓𝑝𝑒𝑟𝑓𝑒𝑐𝑡−𝑝𝑐 −

𝑓𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛|, 𝐸𝑀𝐹𝑈,𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 = |𝑓𝑚𝑜𝑑𝑒𝑙 − 𝑓𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡|, and 𝐸𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡. =

|𝑓𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 − 𝑓𝑛𝑎𝑡𝑢𝑟𝑒|.                   

Obviously there is a possibility that all these different sources of errors have 

different signs, and so may have some cancelations. In the presence of cancelation, 

simulation results agree with experimental observations, and could be concluded as 

representing a perfect model. However, this conclusion is totally wrong and misleading. 

Therefore, all the possible sources of uncertainty should be identified and characterized 

separately through the VV&UQ process. Moreover, as shown in the equation, the absolute 

value of each uncertainty is being considered to avoid any error cancellation.  
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Chapter 3 Verification, Validation, and Uncertainty 

Quantification Framework Applicable to Power 

Electronics Converters 

 

 

3.1 Introduction 

Demand for model evaluation in a quantitative manner led to the recognition of 

verification and validation importance. Different communities began to formulate and 

standardize the terminology and methodology of V&V activities. Communities such as 

AIAA and ASME deal with many issues such as mesh complexity [3][13]. Mesh 

complexity is seldom dealt with in any kind of power electronics converters studies, as 

simple one dimensional temporal meshes are used in numerical analysis of the model of 

these converters. On the other hand, most of the time, commercial software is used in power 

electronics, which is not completely manageable but accurate enough for the intended 

studies [5]. Therefore, the primary focus of verification, validation and uncertainty 

quantification of power electronics converters does not include detailed discussion of 

verification activities at this step. Further problems such as correlation between different 

components, subsystems, and systems in different level of projects need detailed discussion 

in terms of modeling and validation. For the purpose of this research, the commercial code 

being used is supposed to be verified and the uncertainty due to the numerical 

approximation is assumed to be negligible [5]. However, a brief description of the 

fundamentals of verification is provided. 
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The technical meaning of the majority of the words being used in VV&UQ is 

different from their meaning in common usage. Therefore, before formulating VV&UQ 

activities in any proposed framework, a clear definition of principle words should be 

provided [1][11][24]. 

Verification, validation and uncertainty quantification includes various activities 

which should be segregated for research investigation. Moreover, a comprehensible 

framework is required so that these activities can be arranged and manageable in order to 

prevent any destructive consequences.  

In this chapter, the required terminology for VV&UQ studies will be provided, and 

then a detailed description of all the steps of the proposed VV&UQ framework applicable 

to power electronics converters will be presented. 

3.2 Fundamental Terminology 

Most of the terms that are being used in VV&UQ, have imprecise or overlapping 

meanings in common usage [1][14][17]. Therefore, clarifying relevant terminology is 

important in VV&UQ studies. Clear definition of the key words discussing the VV&UQ 

of modeling and simulation is an essential part of this procedure. This section defines the 

frequent terms used in VV&UQ framework; we need to have a clear definition of words 

such as model, verification, validation, etc. before introducing the main VV&UQ 

procedure. The terminology has been drawn from AIAA [3], SCS and ASME [13] 

guidelines.  

It is crucial to have a deep understanding of model as it applies to the VV&UQ 

process. Generally, a model is defined as the representation of a physical system or process 

intended to enhance our ability to understand, predict, or control its behavior [14][3].  
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The computerized model and the conceptual model are two different types of 

models in this process. Since most of the application models are based on physical-laws, 

they therefore take the form of mathematical equations. Subsequently, the conceptual 

model is defined as information, mathematical data, and mathematical equations describing 

the physical system or process [14]. On the other hand, the computerized model is an 

operational computer program (computer model or code) that implements the conceptual 

model [14]. 

In technical usage, verification and validation are meant to be very different from 

each other, while they are utilized interchangeably in common usage [6]. Verification is 

the process of determining that a model implementation accurately represents the 

developer’s conceptual description of the model and the solution to the model [3]. 

Validation is the process of determining the degree to which a model is an accurate 

representation of the real world from the perspective of the intended uses of the model [3]. 

The definitions are from the AIAA guide, which has proposed the most complete and clear 

definitions of these words among different societies.  

Scientific computing is a term used frequently in different VV&UQ guidelines. It 

should have a clear meaning; scientific computing is the broad application of mathematical 

modeling and simulation (M&S) to solve problems in engineering and science. The 

approximate numerical solution to the model in order to make predictions of the state of 

the system is also called simulation [4]. The numerical approximation step is necessary, 

since in most cases, if the system is highly coupled PDEs, it cannot be solved directly and 

analytically. Therefore it should be solved numerically [2][7]. 
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Prediction, validation and calibration are three different concepts, which most of 

the time, are considered to be the same thing. However, for these purposes they should be 

defined separately [11]. Prediction is use of a computational model to foretell the state of 

a physical system under conditions for which the computational model has not been 

validated. In other words, prediction is applying a model to the case where there is no data 

available [18]. Therefore, in prediction, the application domain is different from the 

validation domain [10]. 

Calibration is the process of adjusting physical modeling parameters in the 

computational model to improve agreement with experimental data. It is focused on 

improving agreement with experimental data, not quantitative assessment of the model. It 

is also called model updating or model tuning. Validation questions how accurate the 

model is in terms of prediction of the system’s behavior, while calibration is trying to 

improve the agreement between system’s behavior and computational simulation results 

[10]-[12][14][18]. 

Many authors use error and uncertainty interchangeably, though they are different. 

Therefore, error and uncertainty should be defined separately. Error is the deviation from 

true value, while uncertainty is an estimation of the error. The error can be computed only 

when the true value is known. When the true value is unknown, then the error must be 

estimated by specifying level of confidence. In other words, error estimation leads to 

uncertainty [1].  

There are different ways to categorize uncertainty. Most of the taxonomies tend to 

mix the nature of the uncertainty with how/where it occurs in scientific computing [4][1]. 
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Following the same rule, uncertainties are categorized into two main groups: (1) aleatory 

uncertainty and (2) epistemic uncertainty. 

Aleatory uncertainty (also called irreducible uncertainty, stochastic uncertainty, or 

variability) is uncertainty due to inherent variation or randomness [4]. Aleatory uncertainty 

is generally characterized by either a probability distribution function (PDF) or a 

cumulative distribution function (CDF). A CDF is simply the integral of the PDF from 

minus infinity up to the value of interest.  

Epistemic uncertainty (also called reducible uncertainty or ignorance uncertainty) 

is uncertainty that arises due to the lack of knowledge of the analyst, or team of analysts 

who are conducting the modeling and simulation [4]. If relevant knowledge is added 

(through experiments, improved numerical approximations, expert opinion, higher fidelity 

physics modeling, etc.) then the uncertainty can be reduced. If sufficient knowledge (which 

costs time and resources) is added, then the epistemic uncertainty can be eliminated. 

Epistemic uncertainty is traditionally represented as an interval without any associated 

CDF or a PDF to demonstrate likelihood or belief, as opposed to aleatory uncertainty, 

which represents the degree of belief of the analyst and the frequency of occurrence of an 

event.  

Epistemic uncertainty can be further categorized into: (1) Recognized uncertainty, 

which has been characterized in some way or ignored for practical reasons, and (2) Blind 

uncertainty, where it is not recognized that the knowledge is incomplete and that 

knowledge is relevant to modeling [1].  
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3.3 Proposed Formal VV&UQ Framework 

A fundamental disconnect often exists between simulations and practical 

applications. Whereas most simulations are deterministic in nature, when engineering 

applications are steeped in uncertainty, arising from a number of sources -- such as those 

due to the manufacturing processes, natural material variability, initial conditions, wear or 

damaged conditions of the system, and the system surroundings -- the modeling process 

itself can introduce huge uncertainties due to the assumptions made in this process as well 

as the numerical approximations employed in the simulations [4]. 

As mentioned previously in chapter 2, VV&UQ provides a mean to build 

confidence in modeling and simulation. Therefore, stated uncertainties are identified 

through the verification and validation (V&V) processes. Each of these different 

uncertainties must be characterized in order to be estimated through the V&V processes 

and then included in the UQ step in order to estimate the total uncertainty in modeling and 

simulation. The quantified uncertainty could be utilized to assess the model’s predictive 

capability. This section will present a formal procedure for the VV&UQ process, focusing 

on the validation process. Although this framework does not differ significantly from the 

previous frameworks published by other societies, it is more focused on sections which 

have more impact on the final results of the VV&UQ process in the field of power 

electronics. 
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Figure 3-1: Overview of Verification, Validation, and Uncertainty Quantification (VV&UQ) 

Process 

Figure 3-1, shows an overview of the VV&UQ process. As shown in Figure 3-1, 

the proposed framework includes: Planning and Prioritization (P&P), the modeling 

process, the verification process, the validation process, Uncertainty Quantification (UQ), 

and finally documentation of modeling and simulation activities. In the following 

subsection, the steps of this framework will be presented. 
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3.3.1 Planning and Prioritization 

Principally, the Planning and Prioritization (P&P) step is to define the ultimate goal 

of the VV&UQ process. Sometimes, the activities in this step are referred to as 

development and specification of customer requirements [1]. Typically VV&UQ is 

exploited to predict not a well-characterized system. In some cases, by specifying criteria, 

VV&UQ could be used to accept or reject the model for an intended use. However, in most 

of the cases, the purpose of the VV&UQ process is to estimate the total uncertainty 

available in scientific computing, in order to quantitatively assess the credibility of the 

modeling and simulation results. 

The other reason for having a P&P step is that there is a tradeoff between the 

accuracy of VV&UQ results and costs [1]. Customers and development teams should 

decide about the level of accuracy that they want, and the cost that they are able to afford, 

before starting VV&UQ activities. Therefore, there are few steps that they should go 

through before starting the main activities, known as P&P. For large-scale projects, 

planning and prioritization (P&P) are major activities that require a significant investment 

in time and money [1][10].  

A) Planning 

Planning for a large-scale project is the most important activity to be completed 

before prioritization of various types of efforts, and it is summarized in the following steps 

from [1]: 

Specification of the application of interest: The physical process, engineering system, or 

event of interest should be well defined.  In other words, the ultimate goal of the study 

should be defined. 
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Specification of the environments that the system could be exposed to: Environment is 

generally the external conditions or situations that the system could possibly be exposed 

to. In real-world applications, scientific computing is often used to address the 

performance, reliability, or safety of a system in a wide variety of environments. This 

would include the specification of general classes of normal, abnormal, and hostile 

environments. 

The typical environment in which the system operates is known as the normal 

environment. An abnormal environment is an accident or damaged-state environment. 

Finally, an environment in which the system is under any type of attack, or someone is 

actively trying to affect the behavior of the system, is called a hostile environment. 

Specification of the application domain for the system: The application domain, 

sometimes referred to as the operating envelope of the system, is typically specified only 

for the normal environment. It should be clear what the specific application of the system 

is and what intended use the system has been developed for. If the application domain is 

different from the validation domain (the domain where the validation has been done), then 

extrapolation should be made from the region where experimental results are available to 

the region where experimental results are not available. Therefore, this section is to figure 

out if any extrapolation should be made after estimating the model form uncertainty. It 

should be noted, this research is focused on the cases where the application domain is as 

same as the validation domain. 

Identification of important scenarios for each of the specified environments: Given an 

environment, one can also consider various scenarios that could occur within that 

environment. A scenario is a possible event to which the system in a given environment 
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could be exposed to. For a normal environment it is not difficult to establish the various 

possible scenarios that could be encountered; for an abnormal and hostile environment, it 

will be more complicated. 

Specification of the system and its surroundings: Both the system and its surrounding 

should be well-defined. The system is formally defined as a set of physical entities that 

interact and are observable, where entities are a specified quantity of matter or a volume in 

space. Also, surroundings are defined as all entities and influences that are physically or 

conceptually separate from the system. In any system, forces can be acting on it, work can 

be done on it, and there can also be an energy exchange with its surroundings. Therefore, 

in addition to having the system exist, the state of that system can be influenced by internal 

processes and by external processes. We assume that the surroundings are not influenced 

by the system and also we won’t consider human interactions as part of our systems. 

Different specifications for the system and the surroundings could be given, 

depending on the environment, scenarios of interest, and the physical phenomena one is 

interested in studying. 

 



 42 

As shown in the Figure 3-2, the system of interest includes geometry, initial 

condition of the system, and physical modeling parameters. Moreover, the surroundings 

would be boundary conditions or system excitation. 

Specification of the system response quantities (SRQs) of interest: This should include 

all SRQs for each of the environments and physical phenomena of interest. 

All above activities are common between both project-oriented and scientific 

validation; the only difference is that the project oriented validation in most cases requires 

specification of the accuracy requirements by the customer or stakeholder for each SRQ of 

interest. 

Completing these seven tasks will require a significant amount of effort from a 

diverse group of managers, customers and development teams.   

B) Prioritization 

Consider the case where the customer has no idea about the SRQs that need to be 

studied for the analysis to be accomplished. Prioritization addresses the most important 

SRQs in that environment related to the phenomena under study. In this step a table could 

be used, which addresses the most important and relevant SRQs for studying a phenomena. 

Figure 3-2: Schematic of the system and surrounding 



 43 

This table is called Phenomena Identification and Ranking Table, known as “PIRT table” 

which is frequently used in the nuclear power generation industry [14][5]. [5] An example 

of this table’s use for a power electronics converter is provided ,with detailed discussion 

on how this table is built, and how different activities are prioritized. Table 3-1 (adapted 

from [5]), is a good example of how these PIRT tables could be useful in power electronics. 

The systematic procedure of building these tables is given below.  

 

 

There are various methods that can be utilized in order to prioritize project-oriented 

computational simulation activities. Ranking is assigned depending on how important each 

SRQ is to the study of a specific physical phenomena. The final goal of the PIRT table is 

to help figure out the most relevant SRQs for studying the selected physical phenomena. 

Four physical phenomena one may be interested in studing in the field of power 

electronics have been listed in Table 3-I. This table may include other physical phenomena 

as well. It should be noted that PIRT development is best accomplished by using a team 

that has a broad base of knowledge and expertise in a number of areas. Most of the time, 

an expert’s knowledge is being used to fill out different parts of a PIRT table. 

Table 3-I: Phenomenon Identification and Ranking Table (PIRT) adapted from [5] 



 44 

It should be mentioned that simplified simulations should be used during 

discussions, and use of more complex simulations are not recommended because they 

begin to focus the discussion on existing modeling capabilities instead of what is plausible. 

After the initial PIRT is written, then the heart of the PIRT process begins [1]: the 

discussion and debate to rank different SRQs in terms of their importance on a particular 

study about a physical phenomenon. Various methods of ranking the SRQ can be used. 

The simplest, and usually the most effective, is to define three relative ranks of importance:  

high, moderate, and low which are shown with red, yellow and blue respectively. After 

some level of agreement has been reached on what level each SRQ should be placed, the 

completed PIRT table would appear similar the one showin in Table 3-I.  

3.3.2 Modeling Process 

Due to scientific computing growth, many questions arise in terms of the credibility 

and reliability of models. Typical questions are how one can build a model of the desired 

physical phenomena or system. Also, how one can trust the existing model of the reality. 

Therefore, before starting the V&V process, it is crucial to study the modeling process. 

Even after going through verification and validation, if validation or verification processes 

fail to validate or verify the model for the intended use in terms of accuracy requirements, 

the model needs to be updated. Therefore, basic knowledge about the fundamentals of the 

modeling process is necessary. 

This research focuses on models, which are based on physical laws and theories. In 

physical law or physics-based-models, information on system processes are used to 

develop the model, which results in a specific structure associated with the model. In 
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contrast, in an empirical or phenomenological model, inputs and outputs are related via a 

regression, so there is not an associated specific structure.  

The physical-based model has two advantages over the empirical model: the first is 

more reliability of the model when extrapolation is made beyond where data is available, 

and the second is well-defined structure. 

Physics based-models are always simplifications of reality. These models could 

take the form of ODEs, PDEs or integral equations. These kinds of models require initial 

and/or boundary conditions depending on what kind of problems are involved. These 

models often include auxiliary equations known as sub-models. It is highly recommended 

to use the simplest model that can achieve the goals of the analysis; this is especially 

important for nondeterministic simulations where an ensemble of simulations are needed 

and the cost of the simulation will be considerable.  

The modeling process consists of two steps. The first step is to build the conceptual 

model based on the information from the planning and prioritization step. The second step 

is to implement the conceptual model in software to build a computerized model. The 

conceptual model should be detailed enough in order to be computerized for the purpose 

of studying the uncertainties associated with the modeling process. Therefore, it should be 

able to reflect all aspects of the real system or phenomena to be studied. 

 The VV&UQ process is not a reliable process to verify and validate the model for 

the intended use or quantify the scientific computing uncertainties, unless a well-defined 

model is available. The output of the modeling process is a computerized model, which 

could be considered as the best model to start the V&V process for the intended use. It 

should be noted that even completing the modeling process prior to the V&V process does 



 46 

not guarantee that there will be no need to update the model during the process, but at least 

it guarantees that the changes needed to be done during the V&V process will be minimized 

as much as possible, resulting in minimized costs. 

This section formulates the steps that one needs to go through to be able to make a 

conceptual model from a reality. The method that has been used is based on the hierarchy 

structure concept drawn from the AIAA guide [3]. First we define the system, its 

surroundings and also the SRQ, assuming the system is a black-box. The conceptual 

modeling process is shown in Figure 3-2. Now we need to check whether there is enough 

information about the black box so uncertainties due to the modeling process can be 

identified and characterized. If yes, then the conceptual model has the minimum 

requirements to be computerized and reflects all possible uncertainties due to the modeling 

process. If not, then we need to go to the process of breaking down the black-box into the 

more detailed black-boxes (sub black-boxes). Now we need to build the simplest structure 

for those detailed black-boxes, then ask if sub black-boxes reflects enough information 

about the uncertainty of the main black-boxes to be able to computerize whole system. If 

yes, then we can computerize the conceptual model that has been built. If not, then we need 

to go back again to the process of breaking down the black-box/sub black-boxes. This loop 

continues until we have enough information about all of the black boxes in the structure of 

the system in order to computerize the whole system. 

The tables in the modeling process determine which components and features are 

most important in each system and rank the components based on their effects on the 

intended SRQ. We only use the red and yellow components as sub-black boxes to build the 

simplest structure of the main black-box (System). (The method of ranking is the same as 
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the PIRT table in the prioritization section). At the end of the process, as shown in Figure 

3-3, we have a detailed conceptual model with the simplest structure based on the 

requirements needed to computerize it. Therefore, the output of the modeling process is a 

computerized model that can be considered the best model to start the V&V process for 

intended use. 
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Figure 3-3: Overview of Modeling Process 
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3.3.3 Verification 

As mentioned previously, differential equation-based models rarely admit exact 

solutions for practical problems; approximate numerical solutions must be used [4]. There 

are number of sources of uncertainty associated with numerical approximations, including 

but not limited to round-off error, iterative error, discretization error, and coding mistakes. 

Discretization Error (DE) is the largest and most difficult one to calculate [4][6][8]. DE in 

code and solution verification is different: in code verification, the exact solution in known, 

whereas in solution verification, the exact solution is unknown [6].  

In both code verification and solution verification, discretization error is considered 

to be the only source of uncertainty due to numerical approximation; other sources are 

considered to be negligible. However, a brief introduction to the methods to estimate other 

sources of error is given in this subsection, without going into details. 

Based on the criteria defined in the P&P step, if there is any requirement that needs 

to be fulfilled in order to make the model eligible to pass the verification process, the 

requirement should be checked. If the simulation results meet the code and solution 

requirements check, then the model is verified and ready to go through the validation 

process. If not, the model needs to be updated. Model updating will be discussed further in 

the uncertainty quantification section. After model updating, again the model needs to go 

through the verification process to be verified. This loop continues until the model is 

verified based on code and verification checks requirements. 

In the following subsections, first the method to examine the code will be given in 

code verification. Then in the solution verification subsection, the methods to calculate 

different errors due to the numerical approximations will be presented. Finally, the 
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technique to convert these errors into uncertainty will be presented at the end of this section. 

This conversion technique is required in order to use the results from this section in the 

estimation of the total uncertainty.  

A) Code Verification 

Code verification requires a deep understanding of the software that is used and an 

ability to enhance the credibility of the software. Although in power electronics, usually 

commercial simulation codes such as MATLAB and SABER are used, and only limited 

code verification efforts can be conducted [5], there are still approaches that could be used 

for this purpose regardless of which software is being used. The fact is that an exact 

solution to the discrete equations is required for code verification. Therefore, for the 

purpose of this section, we assume that methods such as method of manufactured solution 

(MMS) have been used to provide the exact solution to the discrete equations [6][14][18]. 

Code could be verified by examining the SRQs and norms of the independent 

variables. There are different approaches available to verify a code, such as simple tests, 

code-to-code comparisons, discretization error quantification, convergence tests, and order 

of accuracy tests [10]. This framework focuses on the most rigorous technique, which is 

the order of accuracy tests [1][6][10][16][18].  

The order of accuracy test is the most difficult code verification test to satisfy, and 

is extremely sensitive to minor coding mistakes and algorithm deficiencies. Therefore, it 

should first be checked that there are no bugs in the code [1][6]. 

Before discussing this method, the order of accuracy should be defined. The order 

of accuracy is the rate at which the exact solution to the discrete equations approaches the 

exact solution to the PDEs with mesh refinement (assuming that the round off error and 
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iterative error are kept small enough to be neglected). It could be examined in two ways: 

Theoretically and empirically, which results in two different types of order of accuracy, 

known as formal order of accuracy and observed order of accuracy, respectively [6][8].  

The formal order of accuracy of a numerical scheme is the theoretical rate at which 

the discrete solution should approach the exact solution to the PDE. In other words, formal 

order of accuracy is what code should produce. Formal order of accuracy is defined only 

in the asymptotic sense, i.e., in the limit as mesh spacing approaches zero. When 

commercial software is used, the formal order of accuracy of any algorithm employed to 

solve the problem is provided by the software development team. 

The observed order of accuracy is the actual order of accuracy obtained on a series 

of systematically refined meshes. In other words, the observed order of accuracy is what 

code is actually generating. When the exact solution to the PDEs is known, the observed 

order of accuracy can be found from the solutions on two systematically refined meshes as 

will be shown following.   

Consider the Taylor series expansion of the discrete solution 𝑓ℎ about the exact 

solution as h converges on zero. 

𝒇𝒉 = 𝒇𝒉=𝟎 +
𝝏𝒇

𝝏𝒉
|𝒉=𝟎𝒉 +

𝝏𝒇𝟐

𝝏𝒉𝟐
|𝒉=𝟎𝒉𝟐 + ⋯                                              (5) 

For a second order method, the O (h) term is eliminated; as a result we will have the 

following equation instead of equation (5). 

𝑓ℎ = 𝑓ℎ=0 +
𝜕𝑓2

𝜕ℎ2
|ℎ=0ℎ2 + ⋯                                                                 (6) 

Generally for a pth order method equation (7) is used. 

𝑓ℎ = 𝑓ℎ=0 +
𝜕𝑓𝑝

𝜕ℎ𝑝
|ℎ=0ℎ𝑝 + ⋯                                                                 (7) 

Based on the definition of the discretization error [8], the equation (8) is derived. 
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         𝜀ℎ = 𝑓ℎ − 𝑓 = 𝑔𝑝ℎ𝑝 + 𝑂(ℎ𝑝+1)                                                             (8) 

Where p is the scheme’s observed order of accuracy, consider two discrete solutions 

on a fine and coarse mesh with grid refinement factor (the ratio of coarse to fine mesh 

spacing) of h. By neglecting Higher Order Terms (HOT), the DE equation (8) takes the 

form of equation (9). Finally, equation (10) can be used in order to calculate the observed 

order of accuracy. 

         𝜀ℎ = 𝑓ℎ − 𝑓 = 𝑔𝑝ℎ𝑝                                                                               (9) 

         �̂� =
ln (

𝑓𝑟ℎ
𝑓ℎ

)

ln (𝑟)
                                                                                              (10) 

Where �̂� is the observed order of accuracy, 𝑓𝑟ℎ is the SRQ on fine mesh, and  𝑓ℎ is 

the SRQ on coarse mesh. It should be noted that instead of SRQ, the norm of the dependent 

variable can be used in equation (10) as well.  

Observed order of accuracy tests assesses the rate at which the discretization error 

reduces with systematic mesh refinement, which is known as the observed order of 

accuracy. In order to have a verified code, the formal order of accuracy (the theoretical rate 

at which the discretization error should reduce) should match the observed order of 

accuracy (the actual rate at which the discretization error does reduce).  

Systematic mesh refinement is defined as refinement that is both uniform over the 

domain and consistent as “h” goes to zero. Uniform refinement requires the mesh to be 

refined by the same factor in all spatial directions. Consistent refinement requires that the 

mesh quality either stay the same or improve with refinement. Simply use the parameter 

“h” to denote refinement of the time step and spatial mesh. Temporal refinement can easily 

be performed by any factor. Spatial mesh refinement must be more carefully considered – 



 53 

mesh resolution can vary widely over the domain. Depending on the complexity of the 

problem, mesh quality can also vary widely for complex geometries [8].  

The observed order of accuracy can fail to match the formal order when: (1) there 

are mistakes in the computer code (2); the meshes are not sufficiently fine; (3) there is 

significant iterative or round-off error in the solutions [14]. These two errors can be 

neglected when they are at least one hundred times smaller than the calculated DE on the 

finest mesh. 

B) Solution Verification 

The previous chapter describes the sources of uncertainties. This section is to 

establish approaches to quantify uncertainties due to numerical approximations. Therefore, 

this section focuses on estimating uncertainties due to numerical approximations. The exact 

solution to the original PDEs is unknown, so it should be estimated. Therefore, the 

simulation results should be compared with an estimation of the exact solution to the 

original PDEs, which will result in calculating an estimate of numerical errors. 

It should be noted again that the numerical error estimation is not correct unless the 

code verification criteria are fulfilled. Therefore, in all activities for the solution 

verification part, it is assumed that the code verification has been done completely and that 

the code is verified. 

Solution verification addresses the uncertainties due to numerical approximations 

when equations are being solved numerically. There are four predominant sources of errors 

during the modeling and simulation process: discretization error, iterative convergence, 

round off error, and error due to computer programming mistakes. The last one has already 
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been discussed in the code verification process, and is not part of the solution verification 

process. 

As mentioned previously, the only considerable uncertainty due to numerical 

approximation is discretization error. The other numerical uncertainties are negligible in 

comparison to DE. In the following subsections, the approaches to calculate the 

discretization error will be given. Moreover, a brief introduction of the available 

approaches to estimate round-off and iterative convergence error will be presented without 

going into details. 

I) Round-off Error 

A practical approach for assessing the effects of round off error is to run the 

simulation with a desired precision, which is assumed to produce simulation results 

accurate enough for the intended application. Then the simulation is re-run with higher 

digits of precision, which are ideally infinite. Since infinite digits of precision are 

hypothetical, more digits of precision are just used and then the difference between these 

two magnitudes is the estimation of the round-off error in the computational simulation 

[6].  

Note that in both simulations, other aspects of the simulation should remain the 

same. The same mesh/time step for both simulations should be used. Iteratively converge 

each case down to machine precision (i.e., until they can no longer be reduced due to round-

off and you do not have any iterative error. All numerical errors will be as small as 

possible)[1][6].  
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This approach could be done by examining the SRQ or the norm of a dependent 

variable. Assume the simulation is accurate enough using single digits of precision; 

consequently the equation for estimating round-off error is given as below. 

𝑈𝑅𝑂 = |𝑓𝑠𝑖𝑛𝑔𝑙𝑒 − 𝑓𝑑𝑜𝑢𝑏𝑙𝑒|                                                                (11) 

Where 𝑈𝑅𝑂is uncertainty due to round-off error, 𝑓𝑠𝑖𝑛𝑔𝑙𝑒and 𝑓𝑑𝑜𝑢𝑏𝑙𝑒 are the SRQs or the 

norms of dependent variable when single and double digits of precision are used in 

simulation respectively. Therefore, the round off error is estimated by examining the SRQ 

or norm of dependent variable using more digits of precision. 

II) Iterative Convergence Error 

Not all scientific computing simulations have iterative error. Scientific computing 

applications do not always employ iterative methods; in some cases direct solution methods 

can be used. In the case of linear equations and small numbers of unknowns, direct methods 

could be used to solve equations numerically. Approaches for estimating the iterative error 

include the machine zero method and local convergence rate [1]. 

There are two types of numerical algorithms that could be used to solve equations 

numerically: explicit vs. implicit [16]. Table3-II (adapted from [1]) shows the cases in 

which the iterative convergence error should be taken into account, depending on the type 

of the algorithm utilized to solve system of equations, in addition to linearity or nonlinearity 

of the equation. 

Table 3-II: Use of iterative and direct solution methods in scientific computing (Adapted from [1]) 
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III) Discretization Error 

Among the various sources of numerical error, discretization error is generally the 

largest and usually the most difficult to estimate [8]. There are different approaches to 

estimate the DE and these approaches are classified into two different categories: recovery 

methods and residual based methods [6][8]. 

Recovery methods involves post processing of number of solutions in order to 

estimate DE. These methods are based on higher-order estimates of the exact solution to 

the PDEs. Richardson extrapolation (i.e., mesh refinement methods), order refinement 

methods, and finite element recovery methods are examples of recovery methods used for 

DE estimation. Recovery methods provide more accurate estimates of the exact solution 

by post-processing the solution. 

 Residual-based methods use additional information about the problem that is being 

solved in order to come up with error estimation. They might use information about discrete 

equations or original PDEs. Some examples of these methods are DE transport equations, 

finite element residual methods (explicit and implicit), defect correction methods, and 

adjoin methods for System Response Quantities (SRQs). 

In order to evaluate the reliability of DE estimates, the order of accuracy should be 

examined. In code verification, we assume that by using techniques such as MMS, the 

exact solution is known, as oppsed to solution verification, in which the exact solution is 

unknown. Discontinuities and singularities can affect order of accuracy, and so will affect 

the DE estimation [4][8]. This section utilizes Richardson extrapolation technique to 

estimate the DE.   
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Special attention is given to Richardson extrapolation, which can be applied as a 

post-processing step to the solution from any discretization method. Richardson 

extrapolation has been chosen to estimate the discretization error. First, a review of the 

fundamental concepts of Richardson extrapolation will be presented [6][8][10][16]. 

Richardson Extrapolation Concept: If one knows the formal rate of convergence of a 

discretization method with mesh refinement, and if discrete solutions on two systematically 

refined meshes are available, then this information is used to provide an estimate of the 

exact solution to the original PDEs. 

As previously mentioned, discretization error is formally defined as the difference 

between the exact solution to the discrete equations and the exact solution to the original 

PDEs. We can write the discretization error in some general local or global solution 

variable “f” on a mesh with spacing “h” as shown in equation (12). 

ԑ𝒉 = 𝒇𝒉 − �̃�                                                                                            (12) 

Where 𝑓ℎ is the exact solution to the discrete equations, 𝑓 is the exact solution to the 

original partial differential equations, and ԑℎ is the discretization error. We can expand the 

numerical solution 𝑓ℎ in either a Taylor series about the exact solution as shown in equation 

(13). 

𝑓ℎ = 𝑓 +
𝜕�̃�

𝜕ℎ
ℎ +

𝜕2�̃�

𝜕ℎ2

ℎ2

2
+

𝜕3�̃�

𝜕ℎ3

ℎ3

3
+ 𝑂(ℎ4)                                               (13)                 

or simply a power series in h, 

𝑓ℎ = 𝑓 + 𝑔1ℎ + 𝑔2ℎ2 + 𝑔3ℎ3 + 𝑂(ℎ4)                                                 (14)                 
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where 𝑂(ℎ4) denotes a leading error term on the order of “h” to the fourth power. Moving 

𝑓 to the left hand side allows us to write the discretization error for a mesh with spacing 

“h” as: 

ԑℎ = 𝑓ℎ − 𝑓 = 𝑔1ℎ + 𝑔2ℎ2 + 𝑔3ℎ3 + 𝑂(ℎ4)                                     (15)                 

where the g coefficient can take the form of derivatives of the exact solution to the 

mathematical model 𝑓 with respect to the mesh size h. 

In general we require numerical methods that are higher than first order accurate, 

and thus discretization methods are chosen, which cancel out selected lower order terms. 

For example, if a formally second order accurate numerical scheme is chosen, then the 

general discretization error expansion becomes: 

ԑℎ = 𝑓ℎ − 𝑓 = 𝑔2ℎ2 + 𝑔3ℎ3 + 𝑂(ℎ4)                                                (16) 

The above equation forms the basis for standard Richardson extrapolation, which is 

described next. 

Standard Richardson Extrapolation: The standard Richardson extrapolation procedure 

as originally formulated by Richardson applies exclusively to cases where the numerical 

scheme is formally second order accurate and mesh is systematically refined (or coarsened) 

by a factor of two. Consider a second order accurate scheme that is used to produce 

numerical solutions on two meshes: a fine mesh with spacing “h” and a coarse mesh with 

spacing “2h”. Since the scheme is second order accurate, the 𝑔1 coefficient in equation (16) 

is zero and the discretization error equation can be written as equation (17). 

𝑓ℎ = 𝑓 + 𝑔2ℎ2 + 𝑔3ℎ3 + 𝑂(ℎ4)                                                         (17) 

Applying this equation on two mesh levels “h” and “2h” results in equations (18) and (19). 

𝑓ℎ = 𝑓 + 𝑔2ℎ2 + 𝑔3ℎ3 + 𝑂(ℎ4)                                                         (18) 
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𝑓2ℎ = 𝑓 + 𝑔2(2ℎ)2 + 𝑔3(2ℎ3) + 𝑂(ℎ4)                                             (19) 

From these two equations we can eliminate one variable. We want to eliminate 𝑔2, so we 

combine the exact solution to the original partial differential equations (𝑓) with 3rd order 

and higher order error terms and form a new expression, which is called estimate of exact 

solution to the original partial differential equations (𝑓)̅. Rewriting the two above equations 

in terms of 𝑓 ̅gives us: 

𝑓ℎ = 𝑓̅ + 𝑔2ℎ2                                                                                       (20) 

𝑓2ℎ = 𝑓̅ + 𝑔2(2ℎ)2                                                                                (21) 

Eliminating 𝑓 ̅from these equations and solving for 𝑔2 yields:  

𝑔2 =
𝑓2ℎ−𝑓ℎ

3ℎ2                                                                                            (22) 

The Richardson extrapolation estimate can thus be found by inserting the above 

equation into the fine grid expansion of (2h) and solving for 𝑓 ̅which gives: 

𝑓̅ = 𝑓ℎ +
𝑓ℎ−𝑓2ℎ

3
                                                                                    (23) 

𝑓 ̅is 3rd order accurate, which means it is a 3rd order accurate estimation of 𝑓. However, the 

numerical scheme is 2nd order accurate. The above equation is the standard Richardson 

extrapolation relationship, and provides an estimate of the exact solution, which provides 

higher-order accuracy than the underlying numerical scheme estimate. It therefore 

converges to the exact solution faster than the numerical solutions themselves as the mesh 

is refined. A discretization error estimate derived from the Richardson extrapolation 

procedure is asymptotically consistent. It should be noted, the estimates from standard 

Richardson extrapolation are generally third order accurate.  

Generalized Richardson extrapolation: Richardson extrapolation can be generalized to 

pth-order accurate schemes and for two meshes systematically refined by an arbitrary 
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factor (r). Values as small as 1.1 can be used, but care must be taken to ensure that round-

off error is negligible. Refinement factor of 2 is often used. But first, consider the general 

discretization error expansion for a pth-order scheme as given in equation (24). 

ԑℎ = 𝑓ℎ − 𝑓 = 𝑔𝑝ℎ𝑝 + 𝑔𝑝+1ℎ𝑝+1 + 𝑔𝑝+2ℎ𝑝+2 + ⋯                             (24) 

Introducing the grid refinement factor as the ratio of the coarse to fine grid spacing will be 

shown as equation (25). 

𝑟 =
ℎ𝑐𝑜𝑎𝑟𝑠𝑒

ℎ𝑓𝑖𝑛𝑒
> 1                                                                                       (25) 

and the coarse grid spacing can thus be written as ℎ𝑐𝑜𝑎𝑟𝑠𝑒 = 𝑟ℎ𝑓𝑖𝑛𝑒. Choosing ℎ𝑓𝑖𝑛𝑒 = ℎ, 

the discretization error equations on the two meshes can be written as equation (26) and 

(27). 

𝑓ℎ = 𝑓̅ + 𝑔𝑝ℎ𝑝                                                                                       (26) 

𝑓𝑟ℎ = 𝑓̅ + 𝑔𝑝(𝑟ℎ)𝑝                                                                                (27) 

As before, these equations can be used to eliminate the 𝑔𝑝 coefficient and solve for 𝑓 ̅to 

result in the generalized Richardson extrapolation estimate 𝑓,̅ which is given in equation 

(28). 

𝑓̅ = 𝑓ℎ +
𝑓ℎ−𝑓𝑟ℎ

𝑟𝑝−1
                                                                                     (28) 

As the above equation clearly shows, this estimate of the exact solution is generally 

a (p+1)-order accurate estimate of the exact solution to the mathematical model (f )̃ unless 

additional error cancellation occurs in the higher-order terms. However, the numerical 

scheme is pth order accurate. 

There are five basic assumptions required for applying the Richardson 

extrapolation. Therefore, the Richardson extrapolation can be used when there is a high 
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degree of confidence that the five assumptions have indeed been met. These five 

assumptions are: 1) that both numerical solutions are in the asymptotic range, 2) that the 

meshes have uniform spacing in all coordinate directions, 3) that the coarse and fine meshes 

are systematically refined, 4) that the solutions (both numerical and exact) are smooth, and 

5) that the other sources of numerical error are small. These assumptions are now each 

discussed in detail [8].  

When only two mesh levels are available, the asymptotic nature of the solutions 

cannot be confirmed. Thus, one is limited to simply using the Richardson extrapolated 

value to estimate the discretization error in the fine grid numerical solution. 

Substituting the estimated exact solution from the generalized Richardson 

extrapolation expression (𝑓̅ = 𝑓ℎ +
𝑓ℎ−𝑓𝑟ℎ

𝑟𝑝−1
) into the definition of the discretization error on 

the fine mesh, we will have:  

ԑ̅ℎ = 𝑓ℎ − 𝑓 = 𝑓ℎ − 𝑓ℎ +
𝑓ℎ−𝑓𝑟ℎ

𝑟𝑝−1
                                                          (29) 

or simply: 

ԑ̅ℎ = −
𝑓ℎ−𝑓𝑟ℎ

𝑟𝑝−1
                                                                                       (30) 

While this provides for a consistent discretization error estimate as the mesh is 

systematically refined, there is no guarantee that the estimate will be reliable for any given 

fine mesh (h) and coarse mesh (rh) discrete solutions. Therefore, if only two discrete 

solutions are available, then this numerical error estimate should be converted into a 

numerical uncertainty. 

Converting DE error into Epistemic Uncertainty: In 1994, Roache proposed the Grid 

Convergence Index, or GCI, as a method for uniform reporting of grid refinement studies. 

The Roache’s Grid Convergence Index (GCI) is used to convert the discretization error 
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into an epistemic uncertainty [6] [8]. The GCI for the fine grid numerical solution is given 

in equation (30). 

𝐺𝐶𝐼 =
𝐹𝑠

𝑟𝑃−1
|

𝑓𝑟ℎ−𝑓ℎ

𝑓ℎ
|                                                                             (31) 

Most current implementations of the GCI omit the 𝑓ℎ in the denominator, which converts 

it into a percentage. GCI is applied to both sides of the solution on the fine grid to present 

the uncertainty as an interval about the solution on the fine grid. 

Moreover, it is important to include factor of safety in the GCI calculations. This error band 

is based on Richardson extrapolation, and we don’t know a priori whether the estimated 

exact solution is above or below the true exact solution to the continuum partial differential 

equations. Roache recommends that if three solutions are available and shown to be 

reliable, a factor of safety of 1.25 could be used. Otherwise the observed order of accuracy 

cannot be calculated and must be assumed. Therefore a factor of safety of 3 should be used 

[1]. 

The advantages of this method are that it can be applied as a post-processing step, 

independent of the type of numerical scheme (finite difference, finite volume, finite 

element), and also that it can be applied to dependent variables and any global quantities. 

On the other hand, drawbacks of this method are that it requires solutions on two 

systematically-refined mesh levels, and both numerical solutions must be asymptotic for 

the error estimates to be reliable. 

Reliability of DE Estimates [4][8]: The reliability of ALL of the DE estimators discussed 

depends on the numerical solution(s) being in the asymptotic range. The asymptotic range 

is defined as the range of “h” values where the leading term in the DE expansion dominates 

the Higher Order Terms (H.O.T). To confirm that the asymptotic range has been achieved, 



 63 

at least three numerical solutions on systematically refined meshes are needed. The 

behavior of the numerical solutions outside the asymptotic range can be extremely 

unpredictable 

The only way to establish the reliability of the DE estimates is to compute the 

observed order of accuracy. Given solutions on three meshes systematically -- refined by 

the same factor r (𝑓ℎ , 𝑓𝑟ℎ,and 𝑓𝑟2ℎ) -- the observed order of accuracy is given by:  

�̂� =
ln (

𝑓
𝑟2ℎ

−𝑓𝑟ℎ

𝑓𝑟ℎ−𝑓ℎ
)

ln (𝑟)
                                                                                    (32) 

The observed order of accuracy will only match the formal order when all three solutions 

are asymptotic. However, nonlinear discontinuities produce 1st order accuracy and linear 

discontinuities produce orders of accuracy of even smaller than one. 

3.3.4 Validation Process 

Once the computerized model is verified, the validation process starts. Validation 

involves quantitative comparison between simulations and experiments for the purpose of 

assessing a physics-based model [2]. Simulation and experimental results are both 

nondeterministic due to the sources of uncertainty, which are due to lack of knowledge or 

inherent variation, and the manufacturing process [4]. 

A) Experimental Results  

Validation experiments are conducted exclusively to prepare experimental results 

for the purpose of assessing the predictive capability of the model. Validation experiments 

differ from traditional experiments. In validation experiments, the experimental system 

should be well-characterized in order to include all sources of uncertainty in the validation 

study and also to prevent under or over estimating the parametric uncertainties. Although 
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validation should be a blind comparison between simulation and experimental results, the 

analyst should still inform the experimentalist of required model inputs and SRQs, while 

the measured SRQs should be withheld from the analyst. The experimentalist needs to give 

the analyst the input parameters and initial and boundary conditions and also an estimation 

of the uncertainty in the parameters. [1][14]  

There are always uncertainties associated with experimental results due to 

measurement errors. These uncertainties should be taken into account along with other 

uncertainties. Therefore, experimental data contains aleatory uncertainty (due to random 

error) and epistemic uncertainty (due to bias error). It is recommended to have replicated 

experimental measurements of the desired SRQs in order to be able to have an estimation 

of the measurement of uncertainty. 

Figure 3-4 shows the typical empirical CDF of SRQ. This specific CDF contains 

only four replicated experimental measurements. 

B) Simulation Results 

The SRQ from simulation results is required to be able to quantitatively assess the 

model’s accuracy. Due to the lack of knowledge about parameters (epistemic uncertainty) 

or inherent changes (Aleatory uncertainty), the model input parameters, which are the 

simulation inputs, are nondeterministic. Consequently, instead of a single deterministic 
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Figure 3-4: Typical empirical CDF from Experiment 
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simulation, it is required to do ensembles of simulations in order to characterize the 

uncertain outcome of the simulation, which is the SRQ [4].  Therefore, there is paradigm 

shift from deterministic to nondeterministic analysis in the validation section.  

In nondeterministic simulation, input uncertainties are mapped through the model, 

which means input uncertainties are propagating through the model. There are three 

primary approaches for nondeterministic simulation: traditional probabilistic methods [1], 

Bayesian inference [11][14], and Probability Bounds Analysis (PBA) [4].  

In the traditional probabilistic method, all uncertainties are characterized as a 

probability distribution. Moreover, epistemic uncertainties are either ignored or 

characterized with some simplified distributions, such as uniform probability density 

functions.  

The second approach, Bayesian inference, will treat everything as probabilistic, 

assuming prior distributions of uncertain parameters represent both frequency of 

occurrence (aleatory) uncertainties, and personal belief of likelihood (Epistemic) 

uncertainties. Then this approach will update prior distributions of uncertain parameters 

using available experimental data and the Bayes formula. The Bayes formula is a simple 

formula providing updated distributions or updated parameters of those distributions based 

on the available data. It is using experimental data to update the model, and compute new 

predictions using updated parameter distributions. This makes this process essentially 

calibration instead of validation. 

Finally, Probability bounds analysis (PBA) closely relates to two dimensional (or 

second order) Monte Carlo methods. PBA stresses that Aleatory and epistemic 

uncertainties should be kept segregated during the analysis, since these two types are 
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fundamentally different. Aleatory uncertainties are characterized as probability 

distribution. Epistemic uncertainties are characterized as interval-valued quantities.  

CDFs are used to characterize aleatory uncertainties. Intervals are used to 

characterize epistemic uncertainties. In presence of both aleatory and epistemic 

uncertainties, bounds of probability distributions known as a p-box (probability box) 

[4][23], which rigorously segregate aleatory and epistemic uncertainties, will be utilized. 

The p-box is two CDFs; a whole family of CDFs lie within this box. The shape of the CDF 

depends on Aleatory uncertainty, and the interval is a result of epistemic uncertainty. 

This research focuses on the PBA method. The following steps provide guidance 

in conducting nondeterministic simulation using the PBA approach: 

1. Uncertainty Identification: All potential sources of uncertainty in the 

prediction should be identified. All aspects of the model should be classified as 

deterministic or uncertain. Once an aspect is assumed to be deterministic, we will not be 

able to take it into account in uncertainty quantification. Therefore, all vague aspects of the 

model should be considered as nondeterministic. 

The sources of uncertainty in scientific computing generally include: (1) model 

inputs (both system and surrounding inputs) such as model input parameters, initial 

conditions, geometry, boundary condition, and system excitation (2) numerical 

approximations, and (3) model form uncertainty. The uncertainties due to numerical 

approximations are estimated through solution verification. 

2. Uncertainty Characterization: The next step is to decide whether the 

uncertainty is epistemic, aleatory, or a mixture and, based on its type, assign it a 
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mathematical structure. Numerical values of all parameters in that structure should be 

determined. 

If it is aleatory uncertainty, it is characterized by a probability distribution function 

with its associated determined parameters. If it is an epistemic uncertainty, it is 

characterized by an interval with determined upper and lower limits. If it is mixture, many 

things need to be specified: maybe the uncertaintiy is normally distributed, but the mean is 

within interval or the STD is within interval, which leads to the use of the P-box to represent 

them. 

3. Sensitivity Analysis: This step is optional, but it is highly recommended. 

Modeling and simulation aspects could be treated differently depending on the goals of the 

analysis. This means, based on the goal of the whole study, it could be determined which 

variables are more important. Subsequently, sensitivity analysis is necessary to prevent the 

curse of dimensionality, 

This is an important issue in nondeterministic simulation. The number of uncertain 

model inputs is equal to the number of dimensions of the uncertain space, which should be 

filled out by samples. As the number of uncertain model input parameters increases, or in 

other words, as the dimension of the uncertain model inputs increases, more samples are 

needed to fill the uncertain model input space. This issue is known as the curse of 

dimensionality. 

Sometimes it is too expensive to use simulations for sensitivity analysis. In order 

to figure out important variables in these cases, lower-fidelity models can be used to help 

identify sources of uncertainty.  
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This analysis reduces input parameters to the ones that affect SRQ significantly; 

the remaining parameters that have no effects on the SRQ will be ignored. 

4. Uncertainty Propagation: In general, we assume the uncertain parameters are 

independent. However, if there is a case where independence between uncertainties cannot 

be justified, then dependence itself is considered as an another epistemic uncertainty, since 

the dependence may or may not exist. Therefore, adding knowledge about dependency will 

reduce this uncertainty and can be considered an epistemic uncertainty. 

To propagate uncertainties through the model, two simulation loops need to be 

established; an inner and outer loop. One loop is to propagate the aleatory uncertainties and 

the other is to propagate epistemic uncertainty. [37] fully describes how one can decide 

which kind of uncertainty should be chosen for the outer and what kind for the inner loop. 

The Latin Hypercube Sampling (LHS) method is used to sample from both kinds of 

uncertainty. Once these two loops are built, the simulation could propagate two types of 

fully segregated uncertainty. In the end, the simulation result will be a p-box [2]. [38] 

provides a comprehensive description of the LHS method. 

It has been assumed that all uncertainties available are Aleatory. When a model 

input’s uncertainties are aleatory, sampling techniques such as Latin hypercube sampling 

technique are used to sample from model input parameters distributions and then used to 

generate a sequence of SRQs [2]. 



 69 

 Figure 3-5 shows the typical CDF of SRQ in the presence of Aleatory uncertainty 

from simulation results.  

C) Validation Metric 

The ultimate goal of the validation process is to quantitatively assess the 

mathematical model’s potential to predict a well-characterized physical process. 

‘Validation Metric’ is a term which we need to clearly understand since it is the most 

important part of the validation process. The validation metric is a methodology that is 

used to measure the disagreement between simulation and experimental results relative to 

experimental results [2]. There are different approaches being used as validation metrics. 

Independent of the method chosen as the validation metric, it should still satisfy a 

number of properties: (1) It should reflect all uncertainties and errors that occurred in the 

modeling process. (2) It should incorporate estimates of the numerical approximation 

errors. (3) It shouuld incorporate both Aleatory and Epistemic uncertainties during 

modeling and simulation. (4) It should incorporate or include an estimate of the 

measurement errors in the experimental data. (5) It should depend on the number of 

experimental replications of a given measurement quantity. (6) It should be a measure of 

Figure 3-5: Typical CDF from simulation 
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agreement, or disagreement, between computational results and experimental 

measurements. As mentioned in the project oriented validation discussion, the issue of 

adequacy requirements should remain separate from metrics.  

Once we have this interval for the error, we need to check and see whether it 

satisfies the requirements based on the information from planning and prioritization. If yes, 

the model is valid for intended use. This part is called validation checks, as shown in Figure 

3-1. If not, we need to go back to the modeling process and update our model and make 

changes to enhance the model. After that, it is necessary to go through the verification 

process again. Once we get the verified model, we can go through the validation process. 

We need to go through this process over and over until the model becomes valid for 

intended use. 

I) Area Validation Metric (AVM) 

As previously mentioned, when only aleatory uncertainties are present in the model 

inputs, then propagating these uncertainties through the model generates a CDF of the 

computational SRQs. Experimental measurements are then used to construct an empirical 

CDF of the measured SRQs. As shown in Figure 3-6, the area between these two CDFs is 

referred to as the area validation metric “d” [1][2][4].  

 

Figure 3-6: Area Validation Metric 
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Note that the area validation metric represents an epistemic uncertainty since 

additional experiments and/or model improvements can be conducted (i.e., information can 

be added) in order to reduce it. This epistemic uncertainty is commonly referred to as model 

form uncertainty. Finally “d” is applied symmetrically to both sides of the CDF from 

simulation results. This is known to be the best representative of the computational results; 

thus it tends to provide conservative estimates of the model form uncertainty [2]. The 

following equation is utilized to calculate area validation metric: 

𝑑(𝐹, 𝑆𝑛) = ∫ |𝐹(𝑆𝑅𝑄) − 𝑆𝑛(𝑆𝑅𝑄)|
∞

−∞
                                             (33)   

Where F(SRQ) is the CDF from simulation results, and 𝑆𝑛(𝑆𝑅𝑄) is the CDF from 

experimental results, which is the function of the number of the replicated measurements.  

The main advantage of this method is that AVM and SRQ have the same units, 

which leads to a quantitative comparison between simulation and experiment. The 

drawbacks of AVM is that it does not provide any information about the error. Rather, it 

provides estimation of error, which is known as uncertainty. Consequently, there is no sign 

associated with “d” and it should be applied symmetrically to both sides of the CDF from 

simulation results, which results in a wide p-box. Therefore, using the MAVM has been 

recently proposed. This has numerous advantages over AVM. This method will be 

described in the following subsection.                                          

II) Modified Area Validation Metric (MAVM) 

The modified area validation metric (MAVM) separately tracks regions between 

CDF from simulation and CDF from experiment, where the experimental values are larger 

than the simulation (d+) and also those where the experimental values are smaller than the 

simulation values (d-) as given in Figure 3-7 [2].  
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Figure 3-7: Modified Area Validation Metric 

The model form uncertainty is assumed to be the following interval: 

[𝐹(𝑥) − 𝐹𝑠𝑑−, 𝐹(𝑥) + 𝐹𝑠𝑑+]                                                          (34) 

where 𝐹𝑠  is the factor of safety. The distance between CDF and two bounds of the p-box 

differ compared to one another. The p-box from AVM is shifted to the right hand side or 

left hand side depending on how the model is predicting the system’s behavior. Therefore, 

when the model frequently overestimates the system’s behavior, the p-box is shifted to the 

left hand side. If it is underestimating the system’s behavior, the p-box is shifted to the 

right hand side. As a result, The MAVM is less conservative as compared to AVM. 

Moreover, it provides model error in addition to the model form uncertainty, which can be 

calculated using following equation: 

𝐸 = 𝑑− − 𝑑+                                                                                 (35) 

where E is the error due to the modeling process. Therefore, the corrected model CDF 

(𝐹𝐶(𝑥)) is given by: 

𝐹𝐶(𝑥) = 𝐹(𝑥) − 𝐸                                                                         (36) 

The last and most important advantage of MAVM is that it includes uncertainties 

due to the experimental measurements by using factor of safety. The equation below has 
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been adapted from [2] to calculate the desired factor of safety, which is a function of a 

number of experiments: 

𝐹𝑠(𝑁𝑒𝑥𝑝) = 𝐹1 +
1.2(𝐹0−𝐹1)

√𝑁𝑒𝑥𝑝
3                                                              (37) 

where 𝐹1 = 1.25 and𝐹0 = 4. 

The number of replicated measurement affects the factor of safety as expected. 

According to the above equation, the number of experimental replicated measurements 

should be as numerous as possible in order to reduce the factor of safety and validation 

metric’s conservativeness accordingly. 

III) Mean comparison 

For mean comparison technique simulation results, experimental results and level 

of confidence (specified in the P&P step) are required. This technique results in the 

difference between the mean value of experimental and the mean value of simulation 

results with a specified level of confidence.  

The model form error is calculated using the following equation. 

𝐸 = �̅�𝑐𝑜𝑚𝑝 − µ𝑒𝑥𝑝                                                                           (38) 

where E is the true error between computational simulation results and experimental 

results, and �̅�𝑐𝑜𝑚𝑝 is the mean value of the whole of the simulation results from the 

validation process. 

There is not enough information about the type of uncertainty of the experimental 

results and their distribution to be able to calculate their mean value. However, central limit 

theorem (CLT) in statistics is used to estimate an interval for the mean value of 

experimental results. A comprehensive description of the CLT theorem is provided in 

Appendix (A). 
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In order to calculate the mean value of the experimental results, infinite replications 

of the experimental measurements are required to characterize the uncertainty associated 

with those experimental measurements and, consequently, calculate the experimental 

results’ mean value. But only a limited number of replicated experimental measurement 

results are available.  

CLT is used to estimate the mean value of the experimental results as an interval 

for the real mean value (μexp ) of experimental results. We will use �̅�𝑒𝑥𝑝 , which is the mean 

value of conducted experimental results, as the estimation point for μexp, but how accurately 

�̅�𝑐𝑜𝑚𝑝 estimates μexp  is a question which will need to be answered using CLT. 

Utilizing the CLT theorem, an estimation of an interval for the mean value of 

experimental results can be estimated as below (equation 39). 

µ𝑒𝑥𝑝 :  �̅� ± [𝑡𝑛−1,
𝛼

2
] [

𝑠𝑒𝑥𝑝

√𝑛
]                                                         (39) 

where 𝑡𝑛−1,
𝛼

2
 is determined using t-distribution table, 𝑠𝑒𝑥𝑝is the standard deviation of the 

conducted replicated experimental measurement results. 

So based on the chosen level of confidence, we can find a range for the true error 

between simulation and experimental results, which leads to an estimation of the difference 

between simulation and experimental results as shown in equation (40).  

𝑈𝑀𝐹𝑈 = �̅�𝑐𝑜𝑚𝑝 − �̅�𝑒𝑥𝑝                                                                        (40) 

where 𝑈𝑀𝐹𝑈 is the estimated error between simulation and experimental results, and �̅�𝑐𝑜𝑚𝑝 

is the mean value of computational results,  

After doing some calculations, we can find the range for the true error between 

experimental and simulation results as shown below.  
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�̅�𝑐𝑜𝑚𝑝 − �̅�𝑒𝑥𝑝 − 𝑡𝑛−1,
𝛼

2
×

𝑠𝑒𝑥𝑝

√𝑛
< 𝐸 < �̅�𝑐𝑜𝑚𝑝 − �̅�𝑒𝑥𝑝 + 𝑡𝑛−1,

𝛼

2
×

𝑠𝑒𝑥𝑝

√𝑛
   (41) 

Finally, it can be concluded with 100(1 − 𝛼)% confidence, the true error between 

simulation and experimental results is within the following interval. 

(𝑈𝑀𝐹𝑈 − 𝑡𝑛−1,
𝛼

2
×

𝑠𝑒𝑥𝑝

√𝑛
, 𝑈𝑀𝐹𝑈 + 𝑡𝑛−1,

𝛼

2
×

𝑠𝑒𝑥𝑝

√𝑛
)                                     (42) 

The main drawback of this method is that it does not consider any other PDFs 

quantiles and is focused on the mean value. However, there are cases where the CDFs from 

validation and experiment are totally different while having the same mean. This method 

is misleading, since it neglects many important aspects of the simulation and experimental 

results that should be considered in uncertainty quantification studies [8]. 

3.3.5 Uncertainty Quantification Process 

As previously mentioned in chapter 2, the uncertainty quantification step 

incorporates information and concepts from the verification and validation processes into 

a simple framework to estimate the total uncertainty associated with modeling and 

simulation (M&S) in order to assess the predictive capability of M&S. The modeling 

process generates uncertainties due to the simplifications required for creating a conceptual 

model and implementing the governing equations into the software to create a 

mathematical model. Solving the mathematical models numerically causes uncertainty as 

well. Uncertain model input parameters are another source of uncertainty that should be 

addressed. 

Uncertainty due to numerical approximations is a source of uncertainty that can be 

calculated through solution verification, so the results from that process can be used here 

as well. Model form uncertainty can be estimated though the validation process by 
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validation metrics, and parametric uncertainty can be estimated by performing 

nondeterministic simulations. In the following section, the framework for uncertainty 

quantification will be presented. 

A) Model Input Uncertainty 

Uncertain model input parameters result in parametric uncertainty (also known as 

model input uncertainty), which is one of the main sources of uncertainty in modeling and 

simulation. This source of uncertainty should be taken into account in order to estimate 

total uncertainty in modeling and simulation. The results from the validation process are 

required for this section.  

After uncertainty identification, characterization, and propagation, and the model 

input’s uncertainty through the model with a sufficient number of samples, the CDF of the 

intended SRQ (the SRQ of interest should be specified in the P&P step) is assumed to be 

the best simulation results that fully reflect the model input’s uncertainty (𝑈𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐). 

Since this research is studying the VV&UQ process in the presence of aleatory uncertainty 

(The only uncertainty associated with model input parameters is aleatory) the simulation 

results (the entirety of the intended SRQs) will be presented by a single CDF. The shape 

of the CDF depends on the model input’s uncertainty. The typical CDF form simulation in 

the presence of aleatory uncertainty is shown in Figure 3-5. 

B) Model Form Uncertainty 

Model form uncertainty can be calculated through the validation process using 

validation metrics. This section also uses the results from the validation process; the 

calculated MAVM provides an estimation of the model form uncertainty (𝑈𝑀𝐹𝑈). In this 

section, the validation metric utilized is the MAVM, due to its benefits as compared to the 
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other discussed validation metrics (AVM and mean comparison). As previously noted, the 

calculated MAVM has the same unit as SRQ. Therefore, the calculated Fs d
+ and Fs d

- are 

applied to the right and left hand side of the CDF from simulation results respectively. As 

shown in Figure 3-8, this will generate a probability box (p-box) without any probability 

distribution function associated within the box.   

 

Figure 3-8: P-box including model form uncertainty 

As previously noted, the shape of the p-box depends on the aleatory uncertainty 

(the model input’s parameters uncertainty in this special case). However, its width 

corresponds to the model form uncertainty, which has been embodied in the p-box. 

Therefore, the other source of uncertainty due to modeling and simulation is provided to 

estimate the total uncertainty. So far, the two discussed sources of uncertainty lead to a p-

box representing the intended SRQ, including all possible sources of uncertainty associated 

with modeling and simulation.  

C) Uncertainty Due to Numerical Approximation Estimation 

Uncertainty due to numerical approximation is the source of uncertainty that is 

estimated through solution verification. Therefore, the results from that process can also 

be used here. 
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The estimated total uncertainty due to the numerical approximation (𝑈𝑁𝑢𝑚) should 

be included in the total uncertainty estimation. As shown in Figure 3-9, 𝑈𝑁𝑢𝑚 is applied 

symmetrically to both sides of the p-box from the previous step in order to widen the p-

box. 

 

Figure 3-9: Final P-box indicating uncertaitny due to the numerical approximations 

 In power electronics converters, most uncertainties due to numerical 

approximation are negligible compared to other sources of uncertainty. Therefore, they will 

not affect the final p-box and are not included in the final total uncertainty estimation. 

D) Total Uncertainty Determination 

After going through all three discussed steps, the p-box reflecting all possible 

uncertainties in modeling and simulation is shown in Figure 3-9.  

As previously mentioned, the shape of the final p-box is determined by aleatory 

uncertainty, which in this case is only due to the input parameters of the model -- known 
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as parametric uncertainty -- and its width is associated with the epistemic uncertainty 

(model form uncertainty and uncertainty due to numerical approximations). 

As shown in Figure 3-10, the epistemic uncertainty associated with modeling and 

simulation, including model form uncertainty and numerical uncertainty, can be presented 

as an interval with a specified width. 

 

Figure 3-10:Final P-box indicating epistemic uncertainty 

The aleatory uncertainty (Parametric uncertainty) is not characterized by an 

interval. However, in order to estimate the total uncertainty, the aleatory uncertainty should 

be added to the epistemic uncertainty. To be able to convert this aleatory uncertainty into  
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an interval, as shown in Figure 3-11 a level of confidence (90%) should be specified, and 

then the total uncertainty can be determined. 

E) Model Updating 

The final p-box from the uncertainty quantification section may be a large p-box. 

The main portion of total uncertainty is epistemic due to lack of knowledge. Once 

knowledge is added, it will be reduced. Model form uncertainty and uncertainty due to 

numerical approximations are both epistemic uncertainties since both can be reduced.  

Running simulations using a finer grid to reduce uncertainty due to numerical 

approximations, and changing the assumptions used in conceptual modeling in order to 

update the structure of the model, thereby reducing the model form uncertainty, are 

recommended methods for updating the model and reducing total uncertainty. 

3.3.6 Documentation 

Although it is seldom a welcomed task, documentation of the team’s work is an 

extremely important aspect of the project [1][13]. It is especially useful in other studies in 

the same field, which in this case is power electronics. Utilizing the information from 

discussions and also the main process of the aforementioned VV&UQ studies leads to 

significant reduction in costs. Generally, a report including all discussions, specifications, 

decisions and activities which have been done in the VV&UQ process is generated. This 

report should be completed in a way that captures the objectives of the processes, 

specification of the environments and scenarios, identification of the plausible phenomena, 

and ranking of the SRQs in studying a specific physical phenomena [1]. The documentation 

should include the reasoning and arguments made for important decisions, as well as why 
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certain aspects or issues were excluded from the processes. It should be noted that 

documentation should be done at the end of the process.  
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Chapter 4 An Example of VV&UQ Applied to The Model 

of  A Three-Phase Voltage Source Inverter 

 

 

4.1 Introduction 

The Voltage Source Inverter (VSI) is widely used in Uninterruptible Power Supply 

(UPS) [29], motor drive [30], and grid-tied inverters [31]. Switching model simulation 

plays an important role in the inverter design process. It is used to verify various design 

aspects of the hardware, such as switching ripple, harmonic performance, and transient 

response. The complete modeling procedure for VSI switching model was reported in [27]. 

Due to this wide variety of usage of the switching model simulation of VSI, many questions 

arise about its performance. 

As mentioned several times in previous chapters, models are utilized to predict 

system behavior. There are different types of models available to predict converter 

response quantities and evaluate different aspects of their performance. Utilizing the most 

accurate model for the intended use leads to a significant reduction in costs as far as time, 

money, and effort invested in the project.  

In the following chapter, an overview of the three-phase VSI hardware design will 

be given. Then the switching model development of the three-phase VSI will be presented. 

Finally, the three-phase VSI will be the test bed for a VV&UQ study in order to evaluate 

the accuracy of the developed switching model of the three-phase VSI in Simulink, for the 

purpose of Total Harmonic Distortion (THD) prediction. 
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4.2 Hardware Description 

The three-phase VSI consists of three groups of subsystems: the power stage, output 

filter and control algorithm. Therefore, design of this converter includes the design of the 

power stage, output filter, and also descriptions of the control algorithm. The following 

discussion begins with the design of the power stage. Next output filter design, which in 

this case is a LC filter, will be discussed. Finally, control algorithm implementation will be 

given.  

The specification of the three-phase voltage source inverter is given in Table 4-I 

and the circuit diagram is shown in Figure 4-1. 

Table 4-I: VSI Specification 

Input DC Voltage (V) 380 

Output Voltage Phase (rms V) 115 

Output Frequency (Hz) 400 

Switching Frequency (kHz) 20 

 

1-sb 1-sc 1-sa 

il1a 

il1b 

il1c 

vcavcbvcc

+

-

+

-

+

-

sa sb sc

va

vb

vc

Ca

Vdc

idc 

Cc

RLoada

RLoadb

RLoadc

vouta

voutb

voutc

+

+

+

-

-

-

La

Lb

Lc

Cb

 

Figure 4-1: Three-Phase Voltage Source Inverter (VSI) 
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4.2.1 Power Stage Design  

The working principle of three-phase voltage source inverter can be explained 

based on Figure 4-2. By using PWM control, the full bridge generates PWM voltage (with 

magnitude of dc-link voltage VDC), and then a filter in the output is used to eliminate the 

harmonics and reduce Total Harmonic Distortion (THD). Finally, sinusoidal waveform is 

generated over the load. PWM voltage is Vab-bridge; its fundamental signal is sinusoidal 

and has the same frequency as voltage over the load (Vs). 

Let M be modulation index, which is defined as:  

𝑀 =
𝑉𝑠

𝑉𝑑𝑐
                                                                                             (43) 

The value of M should less than 1. Based on the given specification, the designed 

VSI has the modulation index of 0.8.  

 

The voltage rating of the power device is set to be around two times the dc-link 

voltage. And the current rating is set to be around two times that of the dc-input current 

Figure 4-2: Principle of three-phase two-level PWM boost rectifier 
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value. Based on the VSI specification given in Table 4-I, the PM50CL1A060 power 

Module from MITSUBISHI Company is selected for use in the hardware implementation. 

This insulated package contains six IGBTs (inverters), drive, and protection IC. The 

maximum voltage and current of this power module are 600 V and 50 A respectively.  

4.2.2 Output Filter Design   

The output filter is to eliminate ripple due to switching. The resonant frequency of 

the LC filter should be smaller than half of the switching frequency in order to have a good 

performance.  The cut-off frequency of the LC filter is calculated first and then the optimal 

value of each filter component is selected.  

For the filter design, based on the VSI specification, it is assumed that the switching 

frequency has been determined and is fixed -- in this case, at  20 kHz. The inductor value 

is chosen to limit inductor current ripple. If the lowest value of inductance is chosen, the 

size and cost of the component can be reduced. However, this also means that a huge 

capacitor should be used, which increases the size of the filter. There is a tradeoff between 

the filter size and its performance. 

The optimal design should be determined in order to establish low cost and small 

filter design. In this case, a 230 µH inductor and a 35 µF capacitor are selected. As a result, 

the resonant frequency of the filter is about 1.77 kHz, which is high enough to filter 

significant amounts of undesirable components in the frequency domain . 

The inductors of the VSI are built in a lab using amcc-125 core and 12 AWG litz 

wire. The ac capacitors of the VSI are commercial products from EPCOS; the rated value 

of each phase capacitor is 35µF. 
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4.2.3 Control Algorithm   

The designed three-phase VSI is open loop. Therefore, the control board is for 

protection purposes only, to provide the gate drive signals, which turn the switches on and 

off. The tms320c28343 DSP from Texas Instruments is used to generate these PWM 

signals. The Three Phase Centered (3Φ-C) modulation scheme is selected for use and is 

coded into DSP.  

Moreover, for protection purposes, four signals are collected from the power stage 

of the VSI. They are inductor phase A current, inductor phase B current, output phase A to 

phase B voltage, and phase B to phase C voltage. The sensed signals are connected to 

filters, which are active filters built by operational amplifiers on the control board to filter 

noise. After the filter, signal conditioning circuits are built to adjust the signal within the 

range of analog to digital converter (ADC). Finally, ADCs give digitalized signals to DSP 

for control.  

The algorithm running in DSP is in main function and interruption mode. When 

DSP runs, the main function is just waiting for the pulse width modulation (PWM) unit to 

give an interrupt signal, which is given every switching period. When the interrupt signal 

is detected, the interrupt function will be run.  

Figure 4-3 shows the flow chart of the interrupt function. In the interrupt function, 

there are three steps. First, run ADC control code to get signals from ADC, and scale the 

signals’ values for control. Second, compare current and voltage values with their 

limitation for protection purposes; if any of the sensed signals hit their limits, PWM outputs 

will be shut down to VSI, if not, proceed to the next and final step. The final step is to run 
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space vector modulation (SVM). The modulator will introduce half of the switching cycle 

delay [36]. 

 

Run ADC and 

scale value
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No

Yes

 

                                                Figure 4-3: Flow chart of DSP algorithm 

4.3 Model Development 

The three-phase VSI consists of three groups of sub systems: the power stage, LC 

filter, and control system. Each subsystem, including all components should be modeled 

due to their influence on the converter’s electrical performance, both in time domain [32] 

and frequency domain [27][33][34].  

In order to model the converter correctly, the first task is to accurately measure the 
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parameters of the hardware. The components, including the power stage and ac filter 

(output filter) components, need to be measured due to their impact on the converter’s 

performance.  

4.3.1 Power Stage Modeling 

As previously mentioned, in the three-phase VSI, the power stage is an inverter 

containing six IGBTs. For the IGBT switches on the power stage, the parameters are 

extracted from its data sheet in order to consider the complexity of measurement. To model 

IGBTs, which are semiconductor devices, the device’s basic parameters -- such as forward 

voltage and on resistance -- should be modeled, due to their influence on the converter’s 

electrical performance both in time domain and frequency domain [27]. The reported 

approach in [27] models IGBT as an on resistance series with a forward voltage and switch, 

as shown in Figure 4-4. 

 For the purpose of this research, an IGBT module from Mitsubishi, 

PM50CL1A060, is being used. Parameters are extracted from the datasheet and are shown 

in Table 4-II. 

 

R Fs U Fs Switch 

Figure 4-4: Power semiconductor device model 
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Table 4-II: IGBT Specifications 

On Resistance, Ron (Ω) 0.05 

Forward Voltage drop, Vf  (V) 1 

Reverse Voltage drop, Vd (V) 0.75 

 

4.3.2 LC filter Modeling  

The output filter in this converter is an LC filter. Therefore, the inductor, capacitor, 

and their parasitics should be measured precisely. In the following subsections, first the 

inductor and its parasitic, and then the capacitor and its parasitic are measured. In each 

subsection, the model of each component will be presented. 

A) Inductor Modeling and measurement 

The ac inductors of the VSI are built in a lab, shown in Figure 4-5; they are designed 

to be 230µH each. The model used for ac inductors are inductor series with parasitic 

resistor, as shown in Figure 4-6. Measurements were carried out using impedance analyzer 

Agilent 4294A. The measurement results for three inductors are shown in Table 4-III.  

  

ac Inductors 

Figure 4-5: VSI ac inductors 
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L RL

 

Figure 4-6: Model of inductors 

 

Table 4-III: VSI ac inductor measurement results 

Phase Inductance (µH) Resistance (mΩ) 

A 230.647 96.3599 

B 237.114 102.196 

C 229.891 137.973 

 

B) Capacitor Modeling and measurement 

The ac capacitors of the VSI are commercial products from EPCOS, shown in 

Figure 4-7. The rated value of each phase capacitor is 35µF. The model used for all ac 

capacitors are capacitor series with parasitic resistor and parasitic inductor, as shown in 

Figure 4-8. Measurements were carried out also using impedance analyzer Agilent 4294A. 

The measurement results for the three capacitors are shown in Table 4-IV.  
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Figure 4-8: Model of capacitors 

 

Table 4-IV: VSI ac capacitor measurement results 

 Capacitance (µF) Resistance (mΩ) Inductance (µH) 

C1 34.983 192.649 2.462 

C2 34.366 184.749 2.532 

C3 34.443 127.797 2.625 

 

4.3.3 Control Algorithm Implementation 

It should be noted that in this chapter, the three-phase voltage source inverter 

operates in open loop mode. The sensed signals are utilized for protection purposes. 

Therefore, protection does not result in any feedback signal, as opposed to the closed-loop 

converter. The sensors do not affect the converter performance. Therefore, it is assumed 

ac Capacitors 

Figure 4-7: VSI ac capacitors 
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that the protection section of the circuit is isolated from the whole system. Consequently, 

it is not necessary to model the sensors and the signal conditioning filters on the control 

board. 

 The main purpose of the control board is to generate PWM signals, in which the 

SVM modulation scheme is implemented directly in Simulink, using “. m file” or the 

available blocks.  

4.3.4 Switching model of the three-phase VSI  

After precise measurement of all the hardware components, the model of the VSI 

can be implemented in the selected software, which is Simulink. There are different types 

of models available for convereters, such as average model, small signal model and 

switching model. In this chapter, the switching model of the VSI is studied. A snapshot of 

the switching model of the VSI, implemented in Simulink, is shown in Figure 4-9. 

In this example, Universal Bridge module in the Matlab SimPowerSystems toolbox 

is utilized to implement the three-phase inverter. The parameter of the switches consists of 

Figure 4-9: Switching model of three-phase VSI implemented in simulink 
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rise and fall time, on resistance, and reverse and forward voltage drop. All the parameters 

required are to be extracted from the datasheet. 

Dead time is set to avoid shoot through of IGBT module. Dead time introduces 

harmonic to the inductor current of the VSI [32]. Dead time is set by digital controller in 

the hardware. The same value is used in the switching model, which is 1µs in this case. 

The LC filter, which includes two main passive components with their parasitic, 

and the decoupling cap with its parasitic, can be implemented using the Series RLC Branch 

block from SimPowerSystems in simulink library. The parameters are extracted from the 

measurement results from the table . 

4.4 Verification, Validation and Uncertainty Quantification of The 

Switching Model of The Three-Phase Voltage Source Inverter 

Figure 4-10 shows the experimental setup of the three-phase voltage source 

inverter. As mentioned previously in section 4.2, this hardware is developed based on the 

Figure 4-10: Experimental setup of three-phase VSI 
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specifications in Table 4-I. The hardware prototype has been developed in the lab to 

evaluate the predictive capability of the switching model of the three-phase VSI reported 

in [21]. 

This VSI is operating under normal operating conditions. Figure 4-11 shows the 

steady-state output voltage (voltage across resistive load) waveform between phase A and 

phase B.  

 

Figure 4-11: : Steady-state output voltage between phase A and phase B from experimental results 

Figure 4-12: Switching model of a three-phase VSI in Simulink 
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On the other hand, as shown in Figure 4-12, the switching model developed in 

section 4.3 is implemented in Simulink. The switching model is running in Simulink to 

simulate the steady-state output voltage waveform between phase A and phase B, as shown 

in Figure 4-13. It should be noted that the waveform reaches its steady state at 0.001 (sec).  

Assume the target of this section is to evaluate the developed model from section 

4.3 in frequency domain in order to investigate how good the model is at predicting the 
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Figure 4-13: Steady-state output voltage between phase A and phase B from simulation results 

Figure 4-14: : Spectrum of the measured output voltage between phase A and phase B 
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THD of the output voltage. Figure 4-14 shows the spectrum of the output voltage between 

phase A and phase B, provided by experimental measurement. 

Figure 4-15 shows the spectrum of the output voltage between phase A and phase 

B, provided by modeling and simulation. 

 

Figure 4-15: Spectrum of the simulated output voltage between phase A and phase B 

This section answers how much the developed model in section 4.3 can be trusted 

in predicting the THD value by providng a number representing the disagreement between 

model prediction and system behaviour. The deviation of the experimental results from 

simulation results is due to uncertainties associated with the modeling’s simulation and 

measurement. As mentioned previously, VV&UQ provides a means to estimate these 

uncertainties.  

In the following subsections, required activities needed to complete the VV&UQ process 

of the aforementioned converter will be presented. 
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4.4.1 Planning and Prioritization 

Planning and prioritization is to set the final goal of the VV&UQ process and 

prioritize different required activities. In this section, the first planning part is described, 

and then prioritization of different activities will be presented. 

The VV&UQ process is utilized in order to estimate the total uncertainty in 

modeling and simulation using the developed switching model in Simulink, and 

quantitatively assess the predictive capability of this model. 

 The three-phase VSI is assumed to operate in normal environmental conditions, 

and the scenario of interest will be operating at normal steady state conditions. Moreover, 

in this example, the conceptual model  has been implemented in Simulink. Therefore, the 

computerized model is available for use. As a result, the modeling process is already done 

and is not required in this VV&UQ study. 

It is assumed that the model is being assessed for the case where experimental data 

is available. Therefore, the application domain is the as same as the validation domain and 

there is no need to make any extrapolation after model form uncertainty calculation[4].  

The system and surroundings are shown in Figure 4-16. The system is the three-

phase voltage source inverter, which includes the power stage, output filter, and control 

system. Surroundings are an ideal input DC voltage source and load. This passive load is 

16 Ω each phase. 
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Figure 4-16: System and Surroundings 

In this specific example, the steady state output voltage is being studied. The SRQ is 

indicated to be the THD of the output voltage. So it is not necessary to use the PIRT tables. 

Since the type of validation in this section is to be scientific, it is not necessary to specify 

accuracy criteria.  

The main focus of this research is on validation and uncertainty quantification, 

which addreses how the validation metric is developed, and the total uncertainty is 

calculated. It should be noted that Simulink is a commercial software and only limited code 

verification efforts can be conducted. Consequently, for the purpose of this research, it is 

assumed that the implemented model in Simulink is verified. It is also assumed that the 

uncertainty due to numerical approximation is negligible [5]. Therefore, in this example, 

the verification process is not covered.  

4.4.2 Validation Process 

Simulation and experimental results are required for this step. As discussed in 

section 4.3, the switching model of the three-phase VSI is developed in Simulink, as shown 

in Figure 4-12. Now that the switching model of the VSI is assumed to be verified, the 
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validation process can begin. Therefore, this model could be used to generate the required 

CDF from simulation results. As described in section 4.3, the bench test has been conducted 

to generate the CDF from the validation experimental results.  

First, all sources of uncertainty in the computational simulation should be 

identified. The main uncertainty in computational simulation is associated with the model 

inputs parameter, which is extracted from hardware measurement. Therefore, the 

parameters of the hardware, whose changes have impact on the THD value during the VSI 

operation, should be identified and characterized. 

Moreover, sensitivity analysis should be performed in order to identify the most 

effective parameters of the intended study, and to characterize them perfectly. Based on 

the sensitivity results shown in Figure 4-17, the tolerances of load and LC filter parameters 

should be examined carefully. The nominal values of the model input parameters needed 

for uncertainty propagation could be used from section 4-2-2. But their tolerances require 

further studies, as shown in the following. 

 

Figure 4-17: Sensitivity Analysis 
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the first is uncertainties due to the manufacturing process; the second is the parameters’ 

variation due to the changes in ambient temperature. The parameters of the components of 

each phase have been measured accurately. Therefore, the uncertainties due to the 

manufacturing process are excluded from the total uncertainty estimation. Thus, the only 

source of uncertainty that results in the parameters’ variation is ambient temperature. 

Ambient temperature should be monitored during validation experiments so its impact on 

the THD of the output voltage can be taken into account.  

As previously noted, validation experiments and computational simulation should 

be joint activities. Therefore, the validation exmeriment is set up in order to measure the 

required parameters and their variation to complete the characterization of the model input 

parameters, in addition to measuring the intended SRQs.  

All the required components of the hardware affecting THD have been measured 

accurately. Therefore, the experimental setup shown in Figure 4-10 is well characterized. 

Moreover, the possible changes in these parameters are monitored during the hardware 

operation in order to estimte the parameters’ tolerances.  

The components utilized in the hardware were measured precisely and are given in 

Table 4-III and 4-VI. The VSI operated six times, each time for four minutes; the voltage 

between phase A and phase B was measured every one minute. The minimum and 

maximum ambient temperature during hardware operation in the validation experiment 

were 24.5 and 35.5 respectively.  

Now that the changes in ambient temperature are available, the requried tolerances 

can be estimated based on the datasheet, expert opinion, and experiments. It should be 

noted that uncertainty due to measurement is inevitable. Therefore, in order to include the 
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uncertainty due to measurement error of the model input parameters, all tolerances are 

overestimated to account for possible uncertainties due to error in measurement tools. 

Based on the datasheet on the resistive load bank, the load and capacitor tolerances 

in the given temperature range are within 10% and 5% respectively.  

The main aspect of the inductor, which changes due to temperature variation, is the 

permeability of the inductor core. Based on the datasheet, inductor tolerance is assumed to 

be 5%. 

The tolerance for parasitic parameters is assumed to be 10% based on expert 

opinion. All uncertain parameters have been identified and fully characterized and 

presented in Table 4-V. 

Table 4-V: Model inputs parameters 

 

It should be noted that since the epistemic uncertainty of the input voltage has not 

been taken into account, the validation metric calculation is done only in the presence of 

Uncertain Parameters Mean Tolerance 

(3STD) Phase A Phase B Phase C 

Capacitor 34.9833 uF 34.3663 uF 34.4438 uF 5% 

Capacitor parasitic resistance 192.649 mΩ 184.749 mΩ 127.797 mΩ 10% 

Capacitor parasitic inductance 2.46265 uH 2.53283 uH 2.62579 uH 10% 

Inductor 230.647uH 237.114 uH 229.891 uH 5% 

Inductor parasitic resistance 96.3599 mΩ 102.196 mΩ 137.973 mΩ 10% 

Resistive Load 16.1 Ω 16.1 Ω 15.9 Ω 10% 
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aleatory uncertainty. Therefore, the same procedure for the validation process from the 

previous chapter is used to generate the CDF from simulation results.  

As the fourth step, Latin Hypercube sampling technique with enough number of 

samples (500 samples from each parameter) has been used to propagate uncertainties 

through the model. Figure 4-18 Shows the CDF from simulation results. 

 

Figure 4-18: CDF from simulation results 

On the other hand, Figure 4-19 shows the CDF from 24 replicated experimental 

measurement, as described earlier in this subsection. 

 

Figure 4-19: CDF from experiment 

The MAVM is used to measure the disagreement between simulation and 

experimental results, due to its aforementioned advantages in comparing the mean 

comparison and area validation metric. Figure 4-20 shows both the CDF from simulation 

and the CDF from experiment in one diagram . d+ and d- are calculated to be 0.012% and 

0.288% respectively. It should be noted that d+, d- and THD all have the same unit. 
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The measurement tools should be as accurate as possible to decrease the 

measurement errors in measured SRQs. Though, to include measurement errors, the factor 

of safety is used. So experimental data also contains aleatory uncertainty (due to 

measurement errors).  

Factor of safety has been calculated using equation (37) so Fs=2.58. 

Once these two quantities are computed, the model form uncertainty is assumed to be the 

following interval for the simulation CDF: 

                 [𝐹(𝑥)  − 0.288 , 𝐹(𝑥) + 0.012]                                                                   (45) 

So the model form uncertainty (UMFU) is 0.3%. 

4.4.3 Uncertainty Quantification 

As previously mentioned, this section incorporates information from previous 

sections (validation process and verification process) into a simple framework to estimate 

the total uncertainty in the modeling and simulation.  

The same proposed framework in chapter 3 is utilized in this section. As previously 

noted in section 4.4.2, the model input parameters of this VSI are not associated with any 

epistemic uncertainty. Therefore, simulation results will be charachterized by a single 

Figure 4-20: Modified area validation metric calculation 
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CDF, reflecting all model input uncertainty. First the CDF of simulation results is extracted 

from the validation process section as shown in Figure 4-18.  

The model form uncertainty also needs to be incorporated in this section. Therefore, 

in the second step, the calculated MAVM in the validation process is utilized to generate a 

p-box where its width reflects the model form uncertainty, as shown in Figure 4-21.  

Based on the assumptions made in the P&P step, the uncertainty due to numerical 

approximations is negligible and therefore does not need to be utilized in order to widen 

the p-box. Consequently, the third step is ignored. 

As the final step, an arbitrary level of confidence should be specified in order to be 

able to present the aleatory uncertainty in the final p-box using intervals. The final p-box, 

including all possible sources of uncertainty, is shown in Figure 4-22. A 90% level of 

confidence  is used to estimate the parametric uncertainty by interval as shown in Figure 

4-22.  
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The fourth step is to estimate the total uncertainty associated with the modeling and 

simulation of this specific three-phase VSI. The width of the p-box is equal to epistemic 

uncertainty associated with the modeling and simulation results, as shown in Figure 4-21, 

and is about 0.3%. Moreover, the width of the interval, which is showing aleatory 

uncertainty at a 90% level of confidence, should be added to the epistemic uncertainty. 

Based on Figure 4-22 , the total uncertainty with a 90% confidence interval is about 

0.745%. Its unit is the same as the unit of the main SRQ, which in this case is THD.  
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Figure 4-23: Final p-box indicating total uncertainty 

The p-box, including total uncertainty, is shown in Figure 4-23. A 90% confidence 

level is also determined to be able to calculate the total uncertainty; this will result in 

creating a box, which is represented with the color green. The conclusion can be made that 

according to Figure 4-24, with a 90% level of confidence, the CDF from any number of 

replicated measurements of this specific SRQ (THD of the voltage between phase A and 

phase B) will be within the indicated green box.  It should be noted that as shown in Figure 

4-24, the current CDF from experimental measurement results is within the green box.  
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The final step is to update the model if necessary. Since this example is a scientific 

validation without any accuracy requirement, the reported estimated total uncertainty 

would be the output of the whole VV&UQ process. 
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Chapter 5  Conclusion and Future Work 

 

 

5.1 Conclusions 

This thesis presents a comprehensive framework for Verification, Validation, and 

Uncertainty Quantification (VV&UQ) of power electronics converters. The fundamental 

terminology is introduced as the prerequisite of this framework. VV&UQ is an emerging 

topic in power electronics. Therefore, a detailed discussion of the fundamental concepts of 

the verification process, validation process, and uncertainty quantification process is 

provided. Following, the design of the three-phase VSI is presented. The hardware 

prototype was conducted as the test-bed for VV&UQ studies.  In chapter 4, VV&UQ is 

utilized in order to assess the accuracy of the developed switching model of the three-phase 

VSI in terms of THD prediction up to half of the switching frequency. 

5.2 Future Works 

This research provides fundamental knowledge needed to become familiar with a 

broad field of VV&UQ activities. The main motivation of this research is to quantitatively 

assess the accuracy of complicated systems’ models. The idea is to study VV&UQ in a 

hierarchical manner, from basic subsystems to the complete system, which implies 

studying the correlation between different subsystems available in a complex system. 

This research was specifically for the case where experimental data is available. 

However, accuracy assessment of the model, where experimental data is not available due 
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to the different limitations in conducting validation experiments, is still a challenging topic 

that needs more consideration. 

While the verification process was not covered in last chapter, there are still 

approaches which could be used to verify commercial codes. It is necessary to have code 

verification prior to the validation process. Therefore it is preferable not to skip this step 

and establish approches in order to verify the code and estimate the numerical uncertainties. 
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Appendix A. Central Limit Theorem 

 
Assume population that has mean of µ𝑒𝑥𝑝 and standard deviation of σ𝑒𝑥𝑝. Take all 

possible samples of size “n” from this population and calculate the mean value of each 

group of n samples, which is referred to as �̅�𝑒𝑥𝑝. The mean value of the groups of samples 

form a distribution which is referred to as sampling distribution of �̅�𝑒𝑥𝑝. Let μ
𝑢𝑒𝑥𝑝

 denote 

the mean value of the sampling distribution of �̅�𝑒𝑥𝑝and let σ𝑢𝑒𝑥𝑝
 denote the standard error 

of this sampling distribution. Then, as “n” increases, μ
𝑢𝑒𝑥𝑝

 converges 𝜇𝑒𝑥𝑝 and σ𝑢𝑒𝑥𝑝
 

converges 
σ𝑒𝑥𝑝

√𝑛
 which means the sampling distribution of �̅�𝑒𝑥𝑝approaches the normal 

distribution regardless of the distribution of the population. The following shorthand 

notation demonstrate that the sampling distribution of �̅�𝑒𝑥𝑝 has approximate normal 

distribution with mean of 𝜇𝑒𝑥𝑝 and standard deviation of  
σ𝑒𝑥𝑝

√𝑛
. 

�̅�𝑒𝑥𝑝~̇𝑁(𝜇𝑒𝑥𝑝,
σ𝑒𝑥𝑝

√𝑛
) 

The CLT guarantees good approximation to the sampling distribution for any 

population model, provided that “n” satisfies the ambiguous requirement of being “large.” 

Various rules of thumb for determining when a sample (n: sample size) is “large”: 

(1) When nothing can be said about the population of interest and there is no reason to 

suspect that it has any exceedingly unusual features, a general rule of thumb is that the CLT 

applies when 𝑛 ≥ 25. (2) Under the special case where the population model is described 

by a normal random variable, the CLT applies for any value of n. (3) If the population is 

symmetric, 𝑛 ≥ 15 is sufficient. 
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In a specific case where there is no information about σ𝑒𝑥𝑝 so CI (confidence 

interval) is derived from CLT. With this new condition the distribution of 
𝑢𝑒𝑥𝑝−𝜇𝑒𝑥𝑝

𝑠/√𝑛
  is 

called a Student’s t Distribution rather than normal distribution. (Shorthand notation: 𝑡 =

 �̅�𝑒𝑥𝑝−𝜇𝑒𝑥𝑝

𝑠/√𝑛
~𝑡𝑛−1). Where “𝑡" Is called the t-score of �̅�𝑒𝑥𝑝 with n-1 degree of freedom (df=n-

1). 

For a sample from an arbitrary population with large enough sample size if σ𝑒𝑥𝑝 is 

unknown, then 100(1–α) % confidence interval for 𝜇𝑒𝑥𝑝 is: 

𝑃𝑜𝑖𝑛𝑡 𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒 ± [𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑉𝑎𝑙𝑢𝑒][𝑆𝑡𝑎𝑛𝑑𝑎𝑟 𝐸𝑟𝑟𝑜𝑟] 

𝑃𝐸 ± [𝐶𝑉] × [𝑆𝐸] 

�̅�𝑒𝑥𝑝 ± [𝑡
𝑛−1,

𝛼
2

] [
𝑠

√𝑛
] 

[CV]×[SE] is the margin of error and determines the width of the confidence 

interval. 

Finally we have an estimation of an interval for the mean value of infinite 

experimental results from infinite number of replication of the measurements which is 

shown below. 

µ𝑒𝑥𝑝 :  �̅� ± [𝑡
𝑛−1,

𝛼
2

] [
𝑠𝑒𝑥𝑝

√𝑛
] 
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