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Abstract 

 Most engineering systems have some degree of uncertainty in their input and operating 

parameters. The interaction of these parameters leads to the uncertain nature of the system 

performance and outputs. In order to quantify this uncertainty in a computational model, it is 

necessary to include the full range of uncertainty in the model. Currently, there are two major 

technical barriers to achieving this: (1) in many situations—particularly those involving 

multiscale phenomena—the stochastic nature of input parameters is not well defined, and is 

usually approximated by limited experimental data or heuristics; (2) incorporating the full range 

of uncertainty across all uncertain input and operating parameters via conventional techniques 

often results in an inordinate number of computational scenarios to be performed, thereby 

limiting uncertainty analysis to simple or approximate computational models. 

 This first objective is addressed through combining molecular and macroscale modeling 

where the molecular modeling is used to quantify the stochastic distribution of parameters that 

are typically approximated. Specifically, an adsorption separation process is used to demonstrate 

this computational technique. In this demonstration, stochastic molecular modeling results are 

validated against a diverse range of experimental data sets. The stochastic molecular-level results 

are then shown to have a significant role on the macro-scale performance of adsorption systems. 

 The second portion of this research is focused on reducing the computational burden of 

performing an uncertainty analysis on practical engineering systems. The state of the art for 

uncertainty analysis relies on the construction of a meta-model (also known as a surrogate model 

or reduced order model) which can then be sampled stochastically at a relatively minimal 

computational burden. Unfortunately these meta-models can be very computationally expensive 

to construct, and the complexity of construction can scale exponentially with the number of 

relevant uncertain input parameters. In an effort to dramatically reduce this effort, a novel 

methodology—QUICKER (Quantifying Uncertainty In Computational Knowledge Engineering 

Rapidly)—has been developed. Instead of building a meta-model, QUICKER focuses exclusively 

on the output distributions, which are always one-dimensional. By focusing on one-dimensional 
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distributions instead of the multiple dimensions analyzed via meta-models, QUICKER is able to 

handle systems with far more uncertain inputs.
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Chapter 1: Introduction 

 This dissertation addresses several fundamental issues pertaining to the computational 

modeling of uncertainty in engineering systems, specifically as they relate to the modeling of 

multiscale phenomena in adsorption separation processes. In practice, uncertainty is inherent in 

engineering systems, but in deterministic computational models of these systems, the uncertainty 

must be explicitly included. The inclusion of uncertainty brings with it two primary challenges: 

(1) it is necessary to quantify the specific nature of the uncertainty in the system inputs or 

operating parameters, and this information is often limited or unknown; (2) it is necessary to 

account for the full range of possible uncertainty across all uncertain dimensions, but this is often 

too computationally expensive to perform for practical scenarios. In addition to addressing these 

two challenges of uncertainty quantification, (3) this dissertation also advances the state of the art 

for multiscale adsorption modeling by explicitly including the turbulent regions of fixed bed 

reactors. 

 This first challenge has been categorized as epistemic uncertainty in the uncertainty 

analysis literature. Aleatory uncertainty can be described via some stochastic distribution, but 

epistemic uncertainty—in contrast—is at least partially unknown. The majority of the literature 

on epistemic uncertainty is focused on how to utilize limited information, or combine conflicting 

information. In contrast to this conventional approach, this dissertation seeks to reduce epistemic 

uncertainty to aleatory uncertainty for the class of scenarios where the uncertainty arises from 

chemical properties. By relying on multiscale modeling, where molecular-level results drive 

macro-scale simulations, it is possible to include the uncertainty from its source. Specifically in 

this dissertation, adsorption separation processes are used to demonstrate this methodology. 

 The second challenge in uncertainty quantification is analyzing the entire range of 

possible input parameters. For many practical engineering systems, the computational models 

can take days or weeks to run, and there may be tens or hundreds of uncertain input parameters. 

For a naïve approach, relying on a full factorial analysis, the number of times that the 

computational model must be run grows exponentially with the number of uncertain input 

parameters. The conventional approach, of building a meta-model from the computational 

model, is substantially faster, but is still intractable for most practical systems. Although meta-

models do not requires the full range of samples necessary for a full factorial analysis, the number 

of samples necessary for a meta-model construction still scales very poorly with the number of 

uncertain input parameters. This dissertation presents a novel approach—QUICKER—to 

uncertainty analysis that scales far more efficiently than conventional approaches. Instead of 
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attempting to create an approximate model that has a dimensionality equal to the number of 

uncertain input parameters, QUICKER only approximates the output distribution, which is 

always one-dimensional. By solving a simpler problem, it is possible to perform an uncertainty 

analysis with far fewer sample points, and far less computational burden. 

 The third challenge, that of including the turbulent regions of adsorption reactors, must 

be addressed before the multiscale uncertainty aspect of this dissertation can be explored. The 

conventional approach to modeling adsorption reactors is to focus exclusively on the adsorbent 

region and assume plug flow. In practice, there are concerns with jetting and underutilization of 

the column, and these effects are due to the sections of the columns preceding the adsorbent 

region. In the following chapter, these effects are analyzed and column geometries optimized to 

maximize bed performance and minimize pressure drop. 

 

1.1 Basic and Applied Contributions 

 The primary fundamental contributions of this dissertation are towards improving the 

accuracy and speed of uncertainty analysis. (1) By performing a multiscale analysis an adsorption 

separation process, it has been demonstrated that epistemic uncertainty can be reduced to 

aleatory uncertainty by using molecular modeling results to drive macro scale modeling efforts. 

(2) By developing a novel means of combining and analyzing the impact of uncertain inputs (i.e. 

focusing exclusively on the one-dimensional output distribution), the computational burden for 

uncertainty analysis has been drastically reduced.  

 The secondary fundamental contribution of this dissertation was necessary to perform the 

multiscale analysis in an efficient manner. (3) The bed geometry of adsorption separation reactors 

was optimized to maximize bed utilization and minimize pressure drop. 
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Chapter 2: Analysis of Pressure Drop and Utilization of Axial and Radial 

Fixed Bed Reactors 

 Fixed bed reactors are found in a wide range of industrial applications, due to their ability to 

provide significant surface interaction between a fixed solid (e.g. an adsorbent or catalyst) and a 

working fluid. This paper investigates a range of axial- and radial-flow bed geometries on the 

resulting pressure drop across the bed, the bed utilization and throughput. Based on the studies, 

optimum bed diameter values are determined for different geometries, as a function of the mass 

flow rate.  

 

2.1 Introduction 

 Fixed bed reactors are used to increase surface interaction between a fixed solid with high 

surface area (e.g. an adsorbent or catalyst) and a working fluid. Applications of these reactors are 

diverse, including separators, chemical reactors, heat exchangers, adsorptive storage, and nuclear 

reactors [1]. Design of reactors for these applications requires a careful balance among three 

competing considerations: (1) reducing pressure drop across the reactor, and (2) increasing bed 

utilization. The three considerations are highly interdependent (e.g. an increase in flowrate will 

result in an increase in pressure drop), and the focus of this paper is on exploring the tradeoffs 

among these considerations for axial- and radial-flow fixed bed reactors. 

 The majority of fixed bed reactors in industrial applications are axial-flow reactors, where a 

working fluid flows axially through a bed of solid reactant, as shown in Figure 1. Due to their 

widespread application, there is a plethora of experimental analyses [2-8], computational studies 

[9-12], and textbooks [13-15] that are focused on axial reactors.  

 

 

 In spite of the wide range of work on axial fixed bed reactors, there is limited attention to the 

how the bed geometry—specifically the open expansions and contractions bounding the 

adsorbent region of the flow—affects interactions between pressure drop and bed utilization, and 

Figure 1: Schematic of axial-flow fixed bed reactor. 
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how the bed design can be optimized with regard to these considerations for the different 

operating conditions. Pesansky et al. [8] performed an experimental parametric study on the effect 

of various substrate designs on the pressure drop across a commercially available catalytic 

converter under specified loads. By relying on a commercial product, this experimental analysis 

inherently accounts for the effects of practical bed geometries. The other experimental works 

referenced here—representative of more typical experimental work in the field—are focused on 

isolating the effects of the adsorbent region and mitigating the effects of the bed geometry. In 

order to achieve this isolation, these experimental columns have length to diameter ratios ranging 

from 11.4 to 35.1. This emphasis on the adsorbent region is also common in the computational 

realm. Zheng et al. [12], one of the few computational analyses addressing the open regions, 

developed a computational model that incorporated pressure drop across an axial bed for laminar 

flow scenarios, but all other computational studies referenced here are focused exclusively on the 

adsorbent region. 

 In contrast to axial-flow reactors there is far less published work regarding radial-flow 

reactors, shown schematically in Figure 2, in which the gaseous flow is primarily in the radial 

direction across the porous adsorbent bed. One of the primary motivations to utilize a radial 

reactor in place of axial reactors is the potential to reduce pressure drop and improve bed 

utilization [16], and accordingly much of the published literature has been in this regard. The 

work on radial fixed bed reactors includes comparing various flow configurations [16], analyzing 

multi-layered radial beds [17, 18], and tapering the bed in an attempt to improve performance 

[19]. Of this work, only Singh [19] accounted for turbulence in the open regions of the reactor and 

reactivity of the given solid. Singh’s model assumes an isothermal flow and an idealized bed 

geometry. 

 

Figure 2: Schematic of different radial-flow fixed bed reactors. 
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 This paper builds off of the previous work on systematically examining the performance of 

fixed bed reactors. Both axial- and radial-flow reactors are analyzed considering axisymmetric, 

turbulent flow conditions that are described using the re-normalization group (RNG) turbulence 

model. The reaction kinetics, using adsorption as a representative reaction, is simulated via a 

nonadiabatic, nonisothermal, bidispersed, linear driving force reaction model. A systematic 

parametric study of multiple axial and radial fixed bed reactors is performed to understand the 

effects of the reactor geometry and mas flow rate on the pressure drop and bed utilization. Based 

on the studies, optimum bed geometry is determined in terms of the mass flow rate.  

 The paper is organized as follows: the computational model is presented in Section 2, and 

includes the details of the axial and radial modeling. Section 3 presents a validation of the 

computational model, and discusses results of the parametric analysis. Section 4 concludes the 

paper and includes a description of which flow configuration will work best in different 

situations. 

 

2.2 Computational Modeling 

 Two different flow arrangements have been analyzed: axial-flow reactors, as shown in Figure 

1, and radial-flow reactors, as illustrated in Figure 2. For each of these configurations, the reactors 

are divided into two regions: one comprising of the porous, reactive solid, and the other as the 

open inlet and outlet on either side of the porous solid. The region with the solid is modeled as a 

reactive, laminar, porous region, and the open spaces are simulated via the re-normalization 

group (RNG) turbulence model.  

 When parametrically modeling the axial reactors, the bed radius and length is varied so that 

the volume of the reactive region remains constant (e.g. in a configuration with a larger radius, 

the overall bed length will be shorter). The geometry for the open regions follows the industrial 

standard of relying on a 2:1 elliptical dished tank-head to provide a more accurate representation 

of the flow within this region, and all of the bed diameters follow standard schedule 40 pipe 

dimensions.  

 The radial flow reactors have been divided into four different flow configurations based on 

the flow path of the working fluid. Centrifugal (CF) flow is used to describe flow that moves 

outwards radially—as is shown in Figure 2a and b--and centripetal (CP) flow is used to describe 

flow that moves inward—as in Figure 2c and d. The “Z” configuration has the exit flow moving 

in the same direction as the inlet flow—as in Figure 2a and c--and the “Π” configuration has the 

exit flow moving in the same direction as the inlet flow—as in Figure 2b and d. While 

parametrically varying the geometry of the radial bed, the volume of the reactive region is held 

constant at the same volume as is used in the axial scenarios.  



6 

 

 The reactive region is modeled as a laminar, two-dimensional, nonadiabatic, nonisothermal, 

bidispered, linear driving force adsorptive system. Specifically, a mixture of propylene and 

nitrogen flowing through a bed of Zeolite 13X, where propylene is adsorbed and nitrogen passes 

through. The flow is assumed to be laminar based off of the low Reynolds number of the flow 

through the porous medium, assumed to be two-dimensional based off of axisymmetric 

geometry of the cylindrical bed, assumed to be nonadiabatic on account of external heat transfer 

from the wall of the reactor, nonisothermal because adsorption is an exothermic process [14], 

bidispersed because zeolite pellets are composed of a diffusive, non-reactive binder and 

adsorptive zeolite crystals [14], and the linear driving force assumption is used because it has 

been shown to accurately model adsorption in fixed beds while providing significant 

computational savings [15]. It is also assumed that the gases behave as ideal gases, and the solid 

and gas phases are in thermal equilibrium. The specific formulation of the model used for the 

reactive region is provided in Table 1, the initial and boundary conditions are provide in Table 2, 

and the specific parameters used in this demonstration are provided in Table 3. Within this 

region, the “active” gas is the gas that is more strongly adsorbed (e.g. propylene in this paper) 

and the carrier gas is the unadsorbed (e.g. nitrogen in this paper).  

 The active gas can exist in three distinct phases—bulk phase when it is outside of the 

adsorbent, interphase phase when it is inside the zeolite pellet but not adsorbed, and adsorbed 

phase while it is adsorbed—but the carrier gas is always in the bulk phase. Outside of any zeolite 

pellet the active gas is mixed with the carrier gas in the bulk phase, and within the bulk phase, 

the gases are modeled as flowing through a porous medium, with pressure drop modeled via the 

Ergun equation and a source term in the bulk continuity equation that represents the transport of 

the active gas from the bulk phase into the intrapellet phase. Since zeolite pellets are a composite 

of adsorptive zeolite crystals held together by an inert, structural, porous binder, the active gas 

must first diffuse through the inert binder before it can adsorb on the zeolite crystals. While 

diffusing through the inert binder to the crystals, the active gas is in the intrapellet phase. Once 

the active gas has diffused through the binder—the intrapellet phase—it then adsorbs onto the 

zeolite crystals. While in this adsorbed phase, the maximum loading of active gas on the 

adsorbent is determined by the isotherm model. It should be noted that the active gas can also 

move from the adsorbed phase to the intrapellet phase and then to the bulk phase; the rate and 

direction of movement of the active gas is determined by the linear driving force equations. 

Finally, adsorption is an exothermic reaction, and the final equation describes the energy 

transport of the reactive region. 
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Table 1: Mathematical model for a laminar, two-dimensional, nonadiabatic, nonisothermal, bidispered, 

linear driving force adsorptive system. 

Bulk Continuity of Active Gas:  

𝜕𝑦𝑏

𝜕𝑡
+
𝜕𝑣𝑟𝑦𝑏

𝜕𝑟
+
𝜕𝑣𝑧𝑦𝑏

𝜕𝑧
= 𝐷(

𝜕2𝑦𝑏

𝜕𝑧2
+
1

𝑟

𝜕

𝜕𝑟
 (𝑟

𝜕𝑦𝑏

𝜕𝑟
)) +

1−𝜀𝑏

𝜀𝑏
3
𝑘𝑓

𝑟𝑝

1
𝑟𝑝𝑘𝑓

5𝜀𝑝𝐷𝑝
+1
(𝑦𝑏 − �̅�𝑝)  

 
Ergun Equation: 
𝜕𝑃

𝜕𝑟
= 𝑣𝑟 (

150𝜇(1−𝜀𝑏)
2

4𝑟𝑝
2𝜀𝑏
3 +

1.75𝜌𝑔

𝑟𝑝

1−𝜀𝑏

𝜀𝑏
𝑣𝑟)  

 
𝜕𝑃

𝜕𝑧
= 𝑣𝑧 (

150𝜇(1−𝜀𝑏)
2

4𝑟𝑝
2𝜀𝑏
3 +

1.75𝜌𝑔

𝑟𝑝

1−𝜀𝑏

𝜀𝑏
𝑣𝑧)  

 
Linear Driving Force of Intrapellet Phase for Active Gas:  

휀𝑝
𝜕𝑦𝑝̅̅̅̅

𝜕𝑡
= 휀𝑝3

𝑘𝑓

𝑟𝑝

1
𝑟𝑝𝑘𝑓

5𝜀𝑝𝐷𝑝
+1
(𝑦𝑏 − �̅�𝑝) −

15𝐷𝑐

𝜀𝑝𝑟𝑐
2

𝜌𝑝𝑅𝑇

𝑃
 (�̅�𝑠 − �̅�)   

 
Linear Driving Force of Adsorbed Phase for Active Gas:  
𝜕�̅�

𝜕𝑡
=
15𝐷𝑐

𝜀𝑝𝑟𝑐
2 (�̅�𝑠 − �̅�)  

 
Loading Rate Correlation Isotherm Model:  

�̅�𝑠 =
𝐴𝑖𝑒𝑥𝑝(

𝐵𝑖
𝑇
)𝐶𝑖𝑒𝑥𝑝(

𝐷𝑖
𝑇
)𝑃𝑖𝑋𝑖

1+𝐶𝑖𝑒𝑥𝑝(
𝐷𝑖
𝑇
)𝑃𝑖𝑋𝑖

  

 
Constitutive relationships:  

𝜆 = 𝑘𝑔 (7 + 0.5 (
2 𝑟𝑝 𝜌𝑔𝑣𝑧 𝜀𝑏

𝜇
) (

𝐶𝑝,𝑡 𝜇

𝑘𝑔
))  

 
Energy Balance for Both Gases and Pellets: 
𝜕

𝜕𝑡
(𝑇(𝑦𝑏𝐶𝑃 + 𝑦𝑐𝐶𝑃,𝑐)) +

1−𝜀𝑏

𝜀𝑏

𝜕

𝜕𝑡
(𝑇 (𝐶𝑃�̅�𝑝 +

�̅�𝜌𝑝𝑅𝑇

𝑃
𝐶𝑃 +

𝐶𝑃,𝑠𝜌𝑝𝑅𝑇

𝑃
)) + 𝐶𝑃,𝑐 [

𝜕(𝑣𝑧𝑦𝑐𝑇)

𝜕𝑧
+
𝜕(𝑣𝑟𝑦𝑐𝑇)

𝜕𝑟
] +

𝐶𝑃 [
𝜕(𝑣𝑧𝑦𝑏𝑇)

𝜕𝑧
+
𝜕(𝑣𝑟𝑦𝑏𝑇)

𝜕𝑟
] = 𝜆

𝑅𝑇

𝑃
[
𝜕2𝑇

𝜕𝑧2
+
1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇

𝜕𝑟
)] +

1−𝜀𝑏

𝜀𝑏
(−Δ𝐻)

𝜌𝑝𝑅𝑇

𝑃

𝜕�̅�

𝜕𝑡
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Table 2: Initial conditions and boundary conditions for simulation. 

Initial conditions: 
𝑦𝑏|𝑡=0 = 0  
�̅�𝑝|𝑡=0 = 0  

𝑦𝑐|𝑡=0 = 0  
 

�̅�|𝑡=0 = 0  
𝑇|𝑡=0 = 296 𝐾  

General boundary conditions: 
𝜕𝑦𝑏

𝜕𝑟
|𝑟=0 = 0  

𝜕𝑦𝑏

𝜕𝑟
|𝑟=𝑅0 = 0  

𝜕𝑃

𝜕𝑟
|𝑟=0 = 0  

𝜕𝑇

𝜕𝑟
|𝑟=0 = 0  

𝜕𝑣𝑟

𝜕𝑟
|𝑟=0 = 0  

𝜕𝑣𝑧

𝜕𝑟
|𝑧=0 = 0  

𝜕𝑇

𝜕𝑧
|𝑧=0 = 0  

𝑦𝑏|𝑧=0 = 0.015  

𝜕𝑇

𝜕𝑟
|𝑟=𝑅0 =

ℎ

𝜆
[𝑇∞ − 𝑇|𝑟=𝑅0]   

 

Table 3: Parameters used in simulations. 

𝐴𝑖 = 1.31 mol/kg  
𝐵𝑖 = 170.7 K  
𝐶𝑖 = 6.437 10

−5 kPa−1  
𝐶𝑃,𝑠 = 920 J/kgK  
𝐷 = 0.0000064 m2/s  
𝐷𝑐 = 3.73 ∗ 10

−12 m2/s  
𝐷𝑖 = 2895.5 K  
𝐷𝑝 = 0.0000032 m

2/s  

ℎ = 20 W/m2K  
−Δ𝐻 = 52777 J/mol  

𝑘𝑓 = 0.0398 m/s  

𝑘𝑔 = 0.02 W/mK  

𝑃 = 269 kPa  
𝑟𝑝 = 0.0016 m  

𝑟𝑐 = 0.000001 m  
𝜌𝑝 = 1140 kg/m

3  

휀𝑏 = 0.395  
휀𝑝 = 0.27  

𝑉𝑏 = 0.005815 m
3  

𝜒𝑖 = 13.6  
�̇� = 0.005, 0.00728, 0.01, 0.015 kg/s  
𝑟𝑏 = 0.078, 0.102, 0.154, 0.203, 0.334, 0.477 m  

 

 In Table 1, the bulk continuity of the active gas addresses the conservation of mass of the 

active gas residing outside of the adsorbent pellets, where 𝑦𝑏 is the bulk mole fraction of active 

gas, 𝑡 is time, 𝑣𝑟 is the radial flow velocity, 𝑣𝑧 is the axial flow velocity, 𝑟 is the radial distance, 𝑧 

is the axial distance, 𝐷 is the bulk diffusivity, 𝐷𝑝 is the intrapellet diffusivity, 휀𝑏 is the bed porosity, 

휀𝑝 is the pellet porosity, 𝑘𝑓 is the mass transfer resistance, 𝑟𝑝 is the pellet radius, and �̅�𝑝 is the 

average interphase mole fraction of active gas. The bulk continuity equation includes a source 

term representing movement of the active gas between the bulk phase and intrapellet phase. Also 

in the bulk phase, the Ergun equations are used to address conservation of momentum, where 𝑃 

is the total pressure, 𝜇 is the bulk phase viscosity, and 𝜌𝑔 is the density of gas from source at 

adsorption pressure. These equations address pressure drop across a porous medium, and 

increase as the flow velocity increases or the pellet radii decrease. 
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 Within the adsorbent pellets, the two linear driving force equations describe how the active 

gas is transported between the adsorbed phase, intrapellet phase, and bulk phase. In these 

equations, 𝐷𝑐 is the diffusivity in the adsorbed phase, 𝜌𝑝 is the density of adsorbent pellets, 𝑅 is 

the universal gas constant, 𝑇 is the temperature, 𝑟𝑐 is the adsorbent crystal radius, �̅�𝑠 is the 

saturation limit of adsorbed phase concentration per pellet mass, and �̅� is the average adsorbed 

phase concentration per pellet mass. The adsorption saturation limit is a function of temperature 

and pressure, and is represented via the Loading Rate Correlation Isotherm Model, where 

𝐴𝑖 , 𝐵𝑖, 𝐶𝑖, 𝐷𝑖, and 𝑋𝑖 are all empirically determined from adsorption data. 

 Adsorption is an exothermic process, and the conservation of energy is represented via the 

energy balance equation and the constitutive relationship for heat transfer, where 𝜆 is the 

constitutive heat transfer coefficient, 𝑘𝑔 is the gas conductivity, 𝐶𝑝,𝑡 is the average specific heat of 

the bulk gas mixture, 𝐶𝑃 is the active gas heat capacity, 𝑦𝑐 is the bulk mole fraction of carrier gas, 

𝐶𝑃,𝑐 is the carrier gas heat capacity, and Δ𝐻 is the isosteric heat of adsorption. 

 Initial and boundary conditions are provided in Table 2. Initially, the entire adsorption 

column and adsorbent are void of propylene gas and the column is at 296 K. The column is filled 

with inert nitrogen. Once the simulation begins, the inlet mole fraction of propylene is 0.015. The 

column is assumed to be axisymmetric, and external heat transfer exists via natural convection. 

 The open region is simulated using the re-normalization group (RNG) k-휀 turbulence model. 

A turbulence model is used in place of a large eddy simulation or direct numerical simulation to 

save computational time. This specific turbulence model was selected via comparison with large 

eddy simulation results, and the details of this comparison will be described in Section 3. 

 

2.3 Results and Discussion 

 In the open literature on axial- and radial-flow fixed bed reactors, no computational model 

has been presented that addresses both the turbulences in the open regions of a column and the 

heat and mass transfer of the reacting region. In order to evaluate the performance of adsorption 

columns across a range of different operating parameters, it is necessary to include all of these 

effects.  

 As there is no single source in the open literature for validating fluid flow through an 

axisymmetric adsorption column while accounting for the entrance and exit effects, three 

separate validation results are presented, each focusing on different aspects of the modeling effort 

in this paper. The axisymmetric effects, which account for diffusion in addition to convection, are 

validated against an axisymmetric nonreactive experiment. Adsorption phenomena are validated 

against a quasi-one-dimensional experimental adsorption column, and turbulence effects are 

validated against multiple large eddy simulations. 
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 The two-dimensional effects of flow through a porous region were validated against 

experimental data from Fahien and Smith [20], as presented in Figure 3a. In their experiment, as 

depicted in the inset in Figure 3a, air was pumped through a porous bed of inert glass beads. A 

small pitot tube was then used to inject carbon dioxide into the center of the porous bed, and the 

concentration of carbon dioxide was measured at multiple axial and radial locations downstream. 

The reported axial distance was measured from the tip of the Pitot tube, and the concentration 

(C) has been nondimensionalized with respect to the initial carbon dioxide concentration (C0). 

Due to the combined effects of convection and diffusion, the concentration profile spreads 

increasingly outwards radially as the axial distance increases, and the simulation results shown 

by the solid lines are seen to match very closely with the experimental data (shown by markers) 

in Figure 3a.  

 

 

 The adsorption model was validated against the experimental work of Jӓrvelin [7], in which, 

a bed of Zeolite 13X pellets was initially pressurized with pure nitrogen. At time zero, a mixture 

of nitrogen and propylene was injected into the inlet of the bed. The mole fraction of propylene 

and the temperature of the exiting mixture were measured at the outlet from time zero until after 

the inlet concentration of propylene was seen at the exit. Figure 3b presents the comparison in 

terms of a nondimensionalized mole fraction relative to the inlet mole fraction. It can be seen in 

the figure that until approximately 5,500 seconds, there is no propylene exiting the columns. This 

long time lag, far longer than would be observed over an inert bed of the same dimensions, is on 

account of the fact that the propylene within the column is being adsorbed. Once the Zeolite 13X 

is saturated, the mole fraction of propylene rapidly increases to the inlet fraction. It can also be 

Figure 3: Validation of adsorption model: (a) comparison of two-dimensional flow characteristics against 

experiment and (b) comparison of breakthrough curves against experiment. 
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seen in Figure 3b that the temperature climbs during the exothermic adsorption process, and then 

falls back down to the inlet temperature shortly after the Zeolite 13X has been saturated with 

propylene and no more adsorption is taking place. The present simulation closely matches both 

the temperature and mole fractions measured by Jӓrvelin [21]. 

 Due to the lack of detailed experimental data for the turbulent flow within the open regions 

of the reactor column, multiple Large Eddy Simulations (LES) with a Smagorinsky-Lilly subgrid-

scale model were used as a benchmark. Specifically, the pressure drop between the column inlet 

and outlet for axial flow (Figure 1) along a nominally 6-inch column with a flowrate of 0.01 kg/s 

was used as a benchmark to compare various turbulence models and the LES. Due to the 

significant computational time required for an LES run, the simulations were carried out just long 

enough to reach a quasi-equilibrium, and the simulation was refined until grid convergence was 

achieved. Figure 4 compares the resultant pressure drop from using the standard k-휀, standard 

k-𝜔, realizable k-휀, and re-normalization (RNG) k-휀 turbulence models, a laminar simulation, and 

the LES. As can be seen from this figure, there is initially a very high pressure necessary to start 

the flow, which is an artifact of simulating an instantaneous initial velocity. Once the pressure 

Figure 4: Comparison of a Large Eddy Simulation with various turbulence models for axial-flow fixed bed 

reactor. 



12 

 

settles to quasi-equilibrium, it is readily seen that the RNG turbulence model provides the closest 

fit.  

 Similarly, turbulent flows in the radial-flow configurations were validated by simulating the 

pressure drop from column inlet to outlet for all four radial geometries in Figure 2 with a nominal 

6-inch diameter, and a flow rate of 0.015 kg/s for all but the CF-Z configuration; due to significant 

maldistribution in the flow path, the flow rate in the case of the CF-Z geometry was reduced to 

0.00728 kg/s. The variations of the pressure drop with flow time for the CF-Z, CF-Π, CP-Z, and 

CP- Π configurations are presented in Figure 5a, b, c, and d, respectively. In Figure 5a, the 

pressure drop across the CF-Z flow configuration is seen to be lower than that in the other 

configurations (Figure 5b, c, and d), owing to the reduced flow rate considered in this case.  

Among the other three flow configurations, the CF-Π geometry exhibits a lower pressure drop 

(Figure 5b) than either of the CP scenarios in Figure 5c or d, which will be discussed in more 

detail later in this section. Of the turbulence models considered in Figure 5a and b, the RNG and 

realizable models provide the closest values to the large eddy simulation based turbulence 

modeling. For the two CP scenarios, shown in Figure 5c and d, the RNG is shown to provide the 

closest comparison to LES, noticeably better than the realizable turbulence model. Based on these 

Figure 5: Comparison of a Large Eddy Simulation with various turbulence models for different radial-

flow fixed bed reactor. 
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results, the RNG turbulence model was used for the simulations of all the axial and radial flow 

configurations in the study. 

 The flows through the axial and radial beds are analyzed in terms of the two performance 

parameters, bed utilization and pressure drop. From a bed design point of view, the utilization is 

sought to be maximized while minimizing pressure drop. The effects of the mass flow rate as the 

operating parameter and the bed diameter as the bed geometric parameter on the bed utilization 

and the pressure drop are examined in the discussion below for axial and radial flow 

configurations. 

 The utilization (i.e. the amount of the adsorption column that is fully saturated) of the bed for 

a range of axial-flow geometries is presented qualitatively in Figure 6a and b for the adsorption 

of propylene from a mixture of propylene and nitrogen by a bed composed of Zeolite 13X. For all 

columns, the adsorbent bed extends the length of the straight section of the column, as is shown 

in Figure 1, and the mass flow rate was held at a constant 0.01 kg/s. Column geometries were 

varied to maintain a constant volume of adsorbent for the range of specified bed diameters. In 

Figure 6a, the mole fraction of propylene in the bulk phase after 20 minutes of operation is shown 

for all geometries, with the mole fraction ranging from the inlet value of fully saturated (black) to 

zero mole fraction (white). In Figure 6b, the concentration of propylene in the adsorbed phase 

after 20 minutes of operation is shown, with a saturation level of propylene shown in black, an 

Figure 6: Bed utilization for axial-flow reactors: (a) mole fraction in bulk phase and (b) saturation level in 

adsorbed phase. 
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absence of propylene in white, and gradients between these extremes shown in gray. A set time 

of 20 minutes was chosen to evaluate the bed utilization in order to provide a consistent 

benchmark for comparison: all bed geometries will eventually reach complete utilization through 

diffusion. For both parts of this figure, flow is from left to right. 

 As would be expected, the 3 inch scenario most closely approximates plug flow, and has the 

greatest utilization, but the performance starts to drop rapidly as the diameters are increased 

further. This performance drop is most vividly apparent for the 20 inch scenario, where only a 

small fraction of the adsorbent is utilized. Instead of distributing the mixture of propylene and 

nitrogen throughout the bed, the mixture travels as a jet through the center of the bed.  

 The qualitative utilization results from Figure 6 are quantified in Figure 7, taking the ratio of 

amount of adsorbent saturated over the total capacity of the adsorbent. Additionally, the 

tradeoffs between pressure drop and flow rate for the different bed geometries. As can be seen in 

Figure 7, the pressure drop and bed utilization are directly correlated, with an increase in 

utilization resulting in an increase in pressure drop: improving the bed utilization performance 

reduces the pressure drop performance, and vice versa. This tradeoff is due to the fact that a small 

bed diameter, which facilitates high utilization, increases the length of the bed and thus increases 

the distance that the fluid must travel through the porous bed. Additionally, it can be seen that 

flowrate is inversely correlated with pressure drop, where an increased flowrate—and thus 

increased system performance—also increases the pressure drop. The relationship between 

flowrate and utilization is more complicated. For small bed diameters, an increase in flowrate 

improves bed utilization because the fluid can travel a greater distance through the bed in a given 

amount of time. In contrast, for larger diameters the increased flowrate results in the fluid 

forming more of a jet through the adsorbent bed, and the outer regions of the bed are left 

underutilized. 

 In order to compare the overall system performance of different bed geometries at various 

flowrates, an overall performance metric has been developed and is presented in the equation 

below: 

  𝑃𝑀 =
�̃�

Δ�̃�
 (1) 

In this equation, 𝑃𝑀 is the overall performance metric, 𝑈 is the bed utilization, �̇� is the mass 

flowrate, Δ𝑝 is the pressure drop, and the factor of 1,000 is used to scale the result into moderate 

ranges. The results of applying this metric to the axial flow geometries can be seen in Figure 8. As 

would be expected, the smaller diameter beds perform poorly on account of the high pressure 

drop inherent in these beds and the larger diameter beds suffer from poor utilization. Overall, 

the best performance is seen for the 14 inch geometry at 0.005 kg/s, the lowest flowrate. The 

success of this scenario is due to the low pressure drop of the short column combined with the 
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decent utilization from a relatively low flowrate—creating a flow that is affected by diffusion in 

addition to convection. But for practical purposes, higher flowrates may be necessary, at which 

point the utilization of the 14 inch column drops off rapidly. For all but the lowest flowrates, the 

8 inch column provides the best overall performance, and would be recommended for the 

majority of operating conditions. 

 In contrast to axial-flow reactors, radial-flow reactors are appealing because of their potential 

to reduce pressure drop [16]. This reduction is due to the shorter distance between the high 

Figure 7: Operating parameters as a function of bed diameter for axial-flow fixed 

bed reactors. 
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pressure side of the reaction zone and the low pressure side when compared against axial bed. 

But this benefit is traded for greater flow maldistribution than typical axial scenarios, and large 

portions of the bed may remain underutilized. 

 The qualitative bed utilization for radial-flow geometries are presented in Figure 9a and b. A 

shorter range of bed diameters is analyzed in the radial flow scenarios compared to the axial 

scenarios due to geometrical limitations. As with the axial flow scenarios, Figure 9a presents the 

mole fraction of propylene in the bulk phase after 20 minutes of operation with the inlet mole 

fraction shown in black, a zero mole fraction shown in white, and gradients shown in shades of 

gray. Figure 9b presents the adsorbed concentration of propylene, with black representing a fully 

saturated adsorbent, white an empty adsorbent, and grays for the gradient between these 

extremes. For all scenarios the flow paths are described via the arrows in Figure 2. 

 

 

 Bed utilization is a concern with radial flow scenarios, primarily due to the inertia of the inlet 

fluid. As can be seen with both of the CF scenarios, where the fluid flows from the center of the 

column outwards radially to the annulus outside of the adsorbent region, the bulk of the flow 

Figure 8: Performance metric as a function of bed diameter for axial-flow fixed bed reactors. 
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and adsorption is biased towards the plate at the end of the adsorbent region. In the CP scenarios, 

the bulk of the flow is biased towards the end wall of the column. This biasing is evident in all 

four radial flow scenarios, but is least severe for the beds with the largest diameters. This 

increased utilization is similar in nature to the increased utilization seen for small diameter axial 

flow scenarios: in both cases, the fluid must travel a longer distance through the adsorbent region 

while being relatively contained from significant dispersion. In the axial scenarios, the primary 

flow direction is axial, and a small radius limits dispersion in the radial direction. In the radial 

scenario, the primary flow direction is radial, and a small axial length limits axial dispersion. 

 

 

 A summary of performance results for all radial flow scenarios is shown in Figure 10, with a-

d presenting pressure drop and e-h bed utilization. Figure 10a and e are for the CF-Z scenarios, 

10b and f for CF-Π, 10c and g for CP-Z, and 10d and h for CP-Π. As can be readily seen from this 

Figure 9: Bed utilization for radial-flow reactors: (a) mole fraction in bulk phase and (b) saturation level in 

adsorbed phase. 
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figure, the pressure drop is significantly lower than for comparable axial flow scenarios, but this 

benefit comes at the expense of a small reduction in bed utilization. 

 For the CF-Z and CF-Π radial flow scenarios, as is shown in Figure 10a and e, an increase in 

bed utilization comes with an increase in pressure drop. Additionally, there is a strong correlation 

between the flow rate and pressure drop: an increase in flowrate drives an increase in pressure 

drop. The relationship between flowrate and bed utilization is more complex, but abides by 

similar phenomena to the same relationship for axial flow scenarios: where flow maldistribution 

is particularly severe, high flowrates exacerbate the poor maldistribution, but at lower flowrates 

the fluid is able to diffuse throughout the entire adsorbent region. 

 The two CP radial flow scenarios behave in a similar manner to the CF scenarios with one 

notable exception: instead of monotonically increasing bed utilization with bed diameter for all 

flowrates, multiple simulations with lower flowrates see a drop in bed utilization at greater bed 

diameters. At these low flowrates for CP scenarios, there is fluid entering the adsorbent column 

across nearly the entire axial length of the column. And beds with smaller diameters have a larger 

inlet flow area for the adsorbent region. Therefore, at low flowrates the beds with smaller 

diameters can take advantage of the increased flow area to achieve a greater bed utilization. 

 The overall system performance of all radial flow scenarios is analyzed using Equation 1, and 

the results are shown in Figure 11, with CF-Z in a, CF-Π in b, CP-Z in c, and CP-Π in d. As is 

immediately apparent from this figure, the radial flow scenarios tend to achieve performance 

metric ratings that are an order of magnitude better than similar scenarios for axial flow 

geometries. This large disparity is due to the fact that although radial flow scenarios tend to have 

a marginally lower bed utilization, the pressure drop is frequently drastically smaller than that 

seen in axial flow scenarios. 

 As can be seen in Figure 11, the CF scenarios—in Figure 11a and b—outperformed the CP 

scenarios—in 11c and 11d—by a small margin. The disparity is due to the slightly smaller 

pressure drop for the CF scenarios, as is seen in Figure 10. Between the two CF scenarios, the CF-

Z scenario performed better for lower flowrates and the CF-Π for higher flowrates.  
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 Across all bed geometries analyzed, the 6 inch CF-Π geometry achieved the highest 

performance metric value. The success of this scenario was due to the drastic reduction in 

pressure drop achieved: at 0.015 kg/s, the pressure drop for this scenario was 49 Pa, and the 

lowest axial pressure drop at this flowrate was 594 Pa for the 14 inch scenario. But this order of 

magnitude reduction in pressure drop also results in a reduction in utilization from 0.5 for the 14 

inch axial scenario with 0.015kg/s to 0.38. In order to compensate for this relatively low 

utilization, it is recommended that the column be modified to accommodate this. This 

modification could either take the form of baffles which could drive the flow to the unused 

portions of the adsorption column, or replacing the unused adsorbent region with inert and 

inexpensive pellets. 

 

 

Figure 11: Performance metric as a function of bed diameter for radial-flow fixed bed reactors. 
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2.4 Conclusion 

 The operating performance of a fixed bed reactor is driven largely by three interdependent 

parameters: pressure drop, bed utilization, and working fluid flowrate. This paper has analyzed 

the effects of parametrically varying these parameters across an axial-flow reactor and four 

different styles of radial-flow reactors. Although axial flow reactors are more common in 

industry, there is significant potential to reduce pressure drop across fixed bed reactors—and 

thereby reduce the power consumption—by switching to radial flow reactors. This reduction in 

pressure drop is due to the shorter distance between the high pressure and low pressure side of 

the adsorption column for radial flow geometries when compared against comparable axial flow 

reactors. But this reduction in pressure drop comes at the price of a reduction in bed utilization. 

By accounting for all three driving parameters, it is possible to identify a bed geometry that is 

optimal for any given scenario. 

 Specifically, it was demonstrated that length to diameter ratio near unity provided the 

optimal axial flow geometry for a pressure vessel with elliptical dished tank heads. Beds with 

greater ratios saw unnecessary increases in pressure drop, and beds with lower ratios saw poor 

utilization. By switching from axial to radial flow reactors, it is possible to improve the overall 

performance, and the CF-Z flow configuration with the smallest possible diameter provided the 

best overall performance. 

 

2.5 Nomenclature for Chapter 2 
 

𝐴𝑖 = loading rate correlation for isotherm model coefficient [mol/kg] 

𝐵𝑖 = loading rate correlation for isotherm model coefficient, K  

𝐶𝑖 = loading rate correlation for isotherm model coefficient, kPa
−1  

𝐶𝑃 = active gas heat capacity, kJ/kg K  

𝐶𝑃,𝑐 = carrier gas heat capacity, kJ/kg K 

𝐶𝑃,𝑝 = adsorbent pellet heat capacity, kJ/kg K 

𝐶𝑃,𝑡 = average specific heat of bulk gas mixture, kJ/kg K 

𝐷 = bulk diffusivity,m2/s 

𝐷𝑐 = diffusivity in adsorbed phase,m
2/s 

𝐷𝑖 = loading rate correlation for isotherm model coefficient, K  

𝐷𝑝 = diffusivity in intrapellet phase,m
2/s 

ℎ = external heat transfer coefficent for adsorption column,W/m2 K 

Δ𝐻 = isosteric heat of adsorption, kJ/mol 

𝑘𝑓 = mass transfer resistance,m/s 

𝑘𝑔 = gas conductivity,
W

m
K 
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𝑃 = total pressure, kPa 

𝑃𝑖 = partial pressure, kPa  

�̅� = average adsorbed phase concentration per pellet mass,mol/kg 

�̅�𝑠 = saturation limit of adsorbed phase concentration per pellet mass,mol/kg 

𝑟 = radial distance,m 

𝑅 = universal gas constant, J/mol K 

𝑅0 = radius of column,m 

𝑟𝑐 = adsorbent crystal radius,m 

𝑟𝑝 = pellet radius,m 

𝑡 = time, s 

𝑇 = temperature, K 

𝑇∞ = ambient temperature outside of adsorption column, K 

𝑣𝑟 = radial flow velocity,
m

s
 

𝑣𝑧 = axial flow velocity,m/s 

𝑦𝑏 = bulk mole fraction of active gas 

𝑦𝑐 = bulk mole fraction of carrier gas 

�̅�𝑝 = average interphase mole fraction of active gas 

𝑧 = axial distance,m 

휀𝑏 = bed porosity 

휀𝑝 = pellet porosity 

𝜆 = constitutive heat transfer coefficient, kJ/m K 

𝜇 = bulk phase viscosity, Pa s 

𝜌𝑔 = density of gas from source at adsorption pressure, kPa 

𝜌𝑝 = density of pellet, kg/m
3 

χi = loading rate correlation for isotherm model coefficient  
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Chapter 3: Uncertainty Analysis of the Performance of Zeolite 

Adsorption Systems 

 Zeolites are widely used for commercial separation and catalysis, and many performance 

properties of zeolites are driven by the stochastic locations of aluminum atoms within the zeolite’s 

crystalline framework. This inherent variability in molecular-level characteristics of zeolites can 

significantly affect the macroscale behavior of adsorption systems, and quantifying these effects 

is critical for the accurate prediction of system behavior. This paper quantifies the uncertainty in 

the performance properties of the adsorption of methane and propane on Zeolite X, and then 

presents the macroscale uncertainty which results. 

 

3.1 Introduction 

 Zeolites are widely used in industry as adsorbents and catalysts due to their high surface area 

and—in cases where some silicon atoms have been substituted with aluminum atoms—the ability 

to capture cations [22, 23]. These crystals can be manufactured entirely from a lattice of silicon 

and oxygen, but it is far more common to replace a percentage of the silicon atoms with aluminum 

atoms. This replacement brings about an imbalance in charge—aluminum has one fewer valence 

electron than silicon—and necessitates the addition of a cation for each replaced silicon to balance 

the zeolite’s overall charge. The location of these cations can have a substantial impact on the 

performance properties of the zeolite, such as equilibrium adsorption; but, due to the nature of 

zeolite manufacture, there is frequently significant variability in the specific location of aluminum 

atoms. This significant impact of aluminum locations on zeolite properties, combined with the 

inherent uncertainty, has made the study of aluminum locations an active area of research. 

 Determining the location of aluminum atoms with current experimental techniques is fraught 

with challenges [24, 25]. On account of the disordered and non-periodic distribution of zeolites 

with aluminum substitutes, crystallographic diffraction methods cannot accurately locate 

aluminum atoms [26-28]. Spectroscopic techniques, such as NMR spectroscopy, have also been 

unable to identify the specific aluminum distribution for all zeolites with certainty, but they have 

been able to accurately determine the ratio of silicon [25] and aluminum as well as to validate 

Löwenstein’s rule [29], that describes limitations on the likely structure of a zeolite framework 

for the location of aluminum atoms: Löwenstein’s rule requires that no oxygen atom be bonded 

to more than one aluminum atom, thereby prohibiting Al-O-Al linkages. 

 In response to these experimental difficulties, several computational approaches have been 

explored. The simplest of these methods is to replace all silicon and aluminum atoms in the zeolite 
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structure by “averaged” atoms that bear the mean partial charges of all of the silicon and 

aluminum atoms based on the Si/Al ratio [30, 31]. A more rigorous approach is to analyze zeolites 

with very high Si/Al ratios and, therefore, a very small number of aluminum atoms, such that the 

entire range of possible aluminum arrangements can be simulated [24, 25]. But since most 

industrial applications of zeolites rely on much smaller Si/Al ratios, a more practical approach for 

handling the uncertainty in aluminum locations has been to perform deterministic simulations 

on randomly assigned aluminum atom locations, with the only constraint being that the 

aluminum locations obey Löwenstein’s rule [32, 33]. This rigorous technique has been shown to 

have success “matching” a specific batch of zeolite—where different combinations of locations 

were tested and compared against specific experimentally measured properties—but has not 

been used to predict the possible range of zeolite properties from all manufacturing batches of 

zeolite. 

 This paper—focused on one of the most commonly used commercial zeolite, Zeolite X—

builds off of the rigorous technique of randomly assigning aluminum locations that obey 

Löwenstein’s rule, as described in Refs. [32] and [33], but adds a stochastic approach to account 

for the variability in any batch of zeolite, making these results more general. Additionally, this 

paper then extends the molecular-level results for Zeolite X to the macroscale—simulating the 

separation of a methane/nitrogen mixture and a propane/nitrogen mixture through the use of a 

fixed bed scenario—and analyzes how this molecular-level uncertainty drives the overall system 

performance uncertainty. 

 The organization of this paper is as follows: the specific methodologies used, for molecular 

modeling, macro-scale modeling, and handling the uncertainty analysis, are presented in Section 

2; validation of each of these methodologies and results are presented and discussed in Section 3; 

and the paper is brought to a conclusion in Section 5. 

 

3.2 Methods 

 Zeolite X, represented by NaxAlxSi192-xO384 with Si/Al ratios between 1.0 and 1.5 [34], is one 

of the most common zeolite structure used in commercial separation and catalysis [33] and a 

representative unit cell of Zeolite X is shown in Figure 12. In this figure, oxygen atoms are shown 

as white spheres, and can be seen to be bonded to two nearby atoms; silicon is shown as light 

gray spheres, and can be seen to be bonded to four nearby atoms; aluminum is shown as black, 

and can be seen to be bonded to four nearby atoms; sodium cations are shown in dark gray, and 

can be seen to be unbonded. This figure highlights Löwenstein’s rule, where Al-O-Al bond 

patterns are never present. And the difficulty in performing an experimental spectroscopic 
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analysis to determine the location of aluminum atoms due to the lack of a regular distribution of 

aluminum atoms is apparent. Lastly, the complexity of the zeolite structure prevents a complete 

analysis of all possible aluminum atom locations, and forces the reliance on stochastic methods.  

In this study, 64 different Zeolite X structures were created and analyzed. The number of 

different scenarios was determined via validation against experimental data. These structures 

were created by starting with a zeolite comprised entirely of silicon and oxygen (Si192O354), as is 

shown schematically in Figure 13a, and then aluminum atoms were randomly substituted for 

silicon atoms in the crystalline structure. These aluminum atom substitutions were performed 

maintaining Löwenstein’s rule [32, 33] as is shown schematically in Figure 13b, and the 

substitutions were repeated until a Si/Al ratio of 1.23 was achieved. Upon completion of the 

aluminum substitutions, sodium cations were dispersed throughout the structure to balance the 

overall charge, and the equilibrium location of these cations was determined via Monte Carlo 

Figure 12: Molecular model of Zeolite 13X. 
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methods which are described later. Each of these 64 different Zeolite X structures were then used 

to simulate—also via Monte Carlo methods—the heat of adsorption and equilibrium adsorption 

across typical pressure and temperature ranges for both methane and propane.  

Once the performance properties of the 64 different Zeolite X structures were analyzed 

for methane and propane, each of the zeolite structures was utilized in a macro-scale adsorption 

column for the separation of a mixture of either nitrogen/methane or nitrogen/propane. This 

resulted in 128 different adsorption column simulations, as is shown schematically in Figure 14. 

For each of these scenarios, the exit mole fraction as a time is measured, and breakthrough curves 

are generated. Different aluminum distributions results in different adsorption properties, and 

these different adsorption properties translate into different breakthrough curves for the different 

adsorbents. These different breakthrough curves have then been compiled via an uncertainty 

analysis. 

 

Figure 13: Schematic of aluminum replacement. 
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3.2.1 Molecular Modeling 

 For all molecular simulations in this work, the united atom force field for alkanes in zeolites 

with extra-framework sodium cations developed by Calero et al. [33] was used. This force field 

approximates hydrocarbon building blocks (i.e. CH4, CH3, and CH2) as single atoms, thus greatly 

reducing the computational effort while still maintaining a high level of accuracy [35]. In 

simulating both the heats of adsorption and equilibrium adsorption isotherms, an NPT (where 

the Number of atoms, Pressure, and Temperature of the system are held constant) Gibbs 

ensemble was used for a configurational-bias Monte Carlo simulation. A Gibbs ensemble is used 

to study the interaction of two separate phases by using a separate simulation box for each phase 

[35]. In the present study, the phases are the bulk gas phase of unadsorbed alkane, and the 

adsorbed phase in a zeolite framework. A Monte Carlo simulation involves randomly relocating 

or rotating a molecule in a given system with the intention of minimizing the total system energy 

[35]. For a Gibbs ensemble, this relocation can either be constrained to a single box, such as a 

Figure 14: Diagram of stochastic simulations and resultant performance. 
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translation move, or can involve both boxes, such as moving a molecule from one box to another, 

both with the intent of pushing the system towards equilibrium [36].  

 The zeolite frameworks were modeled via fixed silicon, oxygen, and aluminum atoms, and 

mobile sodium cations [33]. Before introducing alkanes into the system, sodium cations in each 

of the 64 frameworks were allowed to achieve equilibrium through 3×107 Monte Carlo steps. 

Once the zeolite systems had reached equilibrium, alkanes were introduced in the empty box of 

the Gibbs ensemble. Heat of adsorption was simulated via 5×109 additional Monte Carlo moves 

at very low alkane concentrations, and was calculated using the following relationship [37]: 

  𝑄 = 𝑅𝑇 −
〈𝑁𝑈〉−〈𝑁〉〈𝑈〉

〈𝑁2〉−〈𝑁〉2
 (2) 

where 𝑄 is the heat of adsorption, 𝑅 is the ideal gas constant, 𝑇 is the system temperature, 𝑁 is 

the number of molecules, 𝑈 is the energy, and 〈 〉 signifies an ensemble average over the 

simulation run.  Equilibrium adsorption isotherms were determined in a similar manner, where 

5×109 additional Monte Carlo steps were taken after the zeolite cations had reached equilibrium, 

except that the pressure was controlled by changing the volume of the alkane-only Gibbs 

ensemble box. Equilibrium adsorption was simulated across the range of temperatures and 

pressures seen in typical macroscale scenarios. 

 All Monte Carlo simulations (i.e. heats of adsorption and isotherms) were solved using the 

Monte Carlo for Complex Chemical Systems (MCCCS) Towhee [38] computational software, 

developed under the auspices of the U.S. Department of Energy’s Office of Industrial 

Technologies.  

 

3.2.2 Macroscale Modeling 

 Fixed bed reactors, comprising of vessels with a stationary reactant and moving fluid, are 

commonly used in adsorption processes. In these reactors, a mixture is introduced into a column 

full of adsorbent where one component of the mixture is more strongly adsorbed. As the mixture 

flows through the column, the more strongly adsorbed component is retained and the less 

strongly adsorbed component passes through the column. The separation process continues until 

the adsorbent becomes saturated. In this paper, 64 fixed bed adsorption columns—each with a 

different Zeolite X structure and identical bed geometry—are simulated. The separation of a 

methane/nitrogen mixture and a propane/nitrogen mixture are analyzed separately. 

 The computational fluid dynamic model used in this study is described in detail in Chapter 

2. This model was chosen due to its rigorous inclusion of physical phenomena as well as its basis 

on commercially available pressure vessel geometry. Specifically, this model simulates the 
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reactive region of the fixed bed as a laminar, two-dimensional, nonadiabatic, nonisothermal, 

bidispersed, linear driving force adsorptive system, and models the open regions of the reactor 

via the re-normalization group (RNG) turbulence model. The reactive regions is treated as 

laminar due to the low Reynolds numbers seen in this porous flow, and two-dimensional due to 

the axisymmetric geometry of the adsorption column. The nonadiabatic and nonisothermal 

assumptions are necessary due to the fact that adsorption is an exothermic process. The 

bidispersed linear driving force adsorption modeling scheme accounts for the non-uniform 

composition of zeolite pellets: zeolite crystals are bound together with a porous, non-reactive 

binder. The open regions are modeled with the RNG turbulence model, as this model was shown 

in Chapter 2 to provide the best approximation of a Large Eddy Simulation of the identical 

scenario. For all simulations, an 8-inch axial flow reactor with a gas mass flowrate of 0.001 kg/s 

was used. 

 In these simulations, a mixture of methane/nitrogen or propane/nitrogen is introduced at the 

inlet of the column at time zero. Both inlet mixtures are comprised of an alkane mole fraction of 

0.015. Initially, the column has no alkane present, either within or outside of the zeolite and is full 

of inert nitrogen. The simulation is performed from time zero—when the mixture is first 

introduced into the column—until the exit mole fraction is equal to the inlet mole fraction of 

alkane. All macroscale simulations are performed with ANSYS 12.1 Fluent, relying on user-

defined functions for adsorption-related phenomena. 

 

3.3 Results and Discussion 

  Multiscale simulations, incorporating molecular-level uncertainty, have been performed in 

an effort to quantify macroscale adsorption system uncertainty. At the molecular scale, a 

stochastic approach has been taken to simulating the heat of adsorption and the equilibrium 

adsorption loading of Zeolite X for methane and propane. Using these stochastic parameters, 

macroscale computational fluid dynamics (CFD) simulations have been performed for fixed bed 

adsorption systems, and properties at the exhaust of these beds have been measured. The results 

of these measurements have then been analyzed, and the macroscale system uncertainty has been 

quantified. 

 The first of the performance properties analyzed is the heat of adsorption for methane and 

propane on Zeolite X, and the results of this analysis are shown in Figure 13a and Figure 13b 

respectively. In both figures, the cumulative density function (CDF) of experimental results [39-

58] are shown via a dashed line, and compilation of computational results, determined using 

Equation 2, are shown via a solid line. The experimental results have been collected from a diverse 
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range of sources, spanning labs across countries and experiments across decades. This range of 

experimental data is necessary to account for the wide range of crystalline structures possible in 

the zeolite manufacturing process. 

 As can be seen from Figure 15a, there is excellent agreement between the computational and 

experimental stochastic results for methane on Zeolite X. In contrast, the mean computational 

result for propane corresponds to the mean experimental, but the variance is far greater for the 

computational results. This disparity is due to the more limited experimental results available for 

propane: as would be expected from a limited sample, the variance is artificially small, and this 

is clearly demonstrated in Figure 15b. For a larger experimental sample, it would be expected that 

better agreement would be observed. This disparity between Figure 15a and Figure 15b highlight 

one of the chief benefits of a stochastic computational approach to quantifying uncertainty: it is 

time-consuming and expensive to run a sufficient number of experimental samples to capture the 

stochastic distribution of a given parameter, but relatively straightforward to do so via 

computational means. 

 Upon further consideration of Figure 15, it can be seen that the heat of adsorption of methane 

is lower than that of propane. As the heat of adsorption is closely related to the heat of 

vaporization—where an adsorbed gas has similar properties to a liquid—the heats of 

vaporization follow the same trend as the heats of vaporization: the heat of adsorption of propane 

is greater than that of methane. Additionally, it can be seen that the relative variance of the heat 

of adsorption for methane is greater. This is due to the fact that the adsorption of methane is more 

affected by the location of non-framework cations, and thus the location of aluminum atoms. At 

near-ambient temperatures and pressures—where these particular adsorption processes 

commonly take place—the van der Waals forces between propane molecules are far more 

substantial than that of methane. Therefore the intermolecular interactions of propane with other 

propane molecules play a significant role in adsorption, and the interactions between cations and 

propane molecules is not the only driving force. In contrast, the van der Waals forces between 
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methane molecules are relatively small, and nearly all of the intermolecular potential in 

methane/Zeolite X adsorption is the result of cation locations.  

 Figure 16 and Figure 17 present adsorption isotherms—the equilibrium adsorption loading 

at a constant temperature across a range of pressures. Although both methane and propane were 

simulated across a range of temperatures, the isotherm presented for methane, at 330 K, and for 

propane, at 293 K, have been chosen to correspond to the available experimental data. In both 

figures, the solid line represents the mean computational isotherm, and the dashed lines represent 

plus/minus three standard deviations. Experimental results are denoted by the markers labeled 

in each plot [43, 50, 53, 54, 59].  

 In both figures, it can be seen that adsorption loading—represented via the number of 

molecules per unit cell of adsorbent—increases with pressure, but asymptotically levels out at 

higher pressures. This increase follows intuition, similar to a pressure vessel holding a greater 

number of molecules at higher pressure, and the leveling is on account of the adsorbent becoming 

saturated. It can also be seen that the same quantity of adsorbed methane molecules requires a 

higher pressure that that for propane. This is due partially to the higher temperature, which 

decreases the equilibrium adsorption in a similar manner to how increased temperature reduces 

condensation. But temperature is not the primary source of this disparity, rather the trivial 

intermolecular forces between methane molecules compared against propane molecules drives 

Figure 15: Stochastic heat of adsorption for (a) methane and (b) propane on Zeolite 13X. 
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this difference: because of the higher intermolecular forces between propane molecules, there are 

multiple sources of attraction at each adsorption site for propane (zeolite-propane attractions and 

propane-propane attractions). Additionally, as would be expected due to the size difference of 

methane and propane molecules, a slightly higher quantity of methane molecules can be 

adsorbed at saturation. 

 For both adsorption equilibrium scenarios, the computational results include a small amount 

of over-prediction at higher pressure. This is likely due to pore-blocking, where alkane molecules 

get overcrowded in bottlenecks within the zeolite structure, and prevent the zeolite from 

becoming fully saturated. By simulating adsorption via Monte Carlo methods, the specific 

trajectory of molecules is not tracked, and pore-blocking does not hinder adsorption. For Monte 

Carlo simulations, the positions of molecules are randomly assigned with each time step, so it is 

possible for molecules to “jump” past a bottleneck. In experiments, molecules follow trajectories, 

and can be hung up at constrictions within the crystalline framework. 

Figure 16: Stochastic adsorption isotherm for methane over Zeolite 13X. 
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  The heat of adsorption and equilibrium loading both have effects on the macroscale 

performance of fixed bed zeolite systems. As the equilibrium adsorption is reduced at higher 

temperatures, the heat of adsorption—the amount of heat released upon a molecule being 

adsorbed—affects the overall amount of molecules that can be adsorbed. Variability in the 

equilibrium adsorption itself determines how much separation can actually be performed by a 

given adsorption column: a higher equilibrium adsorption results in greater adsorbent capacity 

and thus greater separation potential. 

 These effects of molecular variability on macroscale performance are presented for the 

methane/Zeolite X system in Figure 18. Breakthrough curves for all 64 methane scenarios are 

shown as solid black curves. The uncertainty in breakthrough times span hundreds of minutes, 

and could result in drastically different system throughputs depending on specifically what 

zeolite structure has been utilized. This significant uncertainty for the breakthrough curves is due 

primarily to the significant uncertainty in the equilibrium adsorption for methane. This enormous 

variability will have significant effects on the overall performance of a methane separation 

Figure 17: Stochastic adsorption isotherm for propane over Zeolite 13X. 
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system, and identifying a means of reducing this uncertainty—such as extensive testing and 

selection of zeolite batches—is desirable.  

 The impact of this uncertainty will manifest in a variety of different manners. For the leftmost 

curves in Figure 18, where the methane breaks through the fastest, the corresponding adsorption 

systems have the lowest adsorption capacity. Because of their lower capacity, they become 

saturated more rapidly, and methane breaks through in less time. On account of a lower capacity, 

it is necessary to purge these adsorption columns more frequently. The process of purging an 

adsorption column—and reducing the amount of methane adsorbed so that a fresh separation 

process can begin—requires time and energy, thereby increasing the cost of operation. Therefore, 

these columns and the specific zeolite structures could potentially be more expensive to operate 

than the columns corresponding to the rightmost curves in Figure 18. 

 But capacity is only one metric for evaluating a breakthrough curve. It is also desirable to 

have a sharp rise in exit mole fraction over a short time, with the ideal scenario comprising of a 

step change from no methane to the inlet fraction of methane. In contrast, a gradual increase in a 

breakthrough curve will result in unwanted methane exiting the column prior to the column 

Figure 18: Breakthrough curve for methane over Zeolite 13X. 
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achieving saturation. For the scenarios shown in Figure 18, the leftmost curves have a sharper 

transition than the gradual curves in the rightmost scenarios. Therefore, the rightmost curves 

could potentially provide a lower purity than the leftmost curves. 

 The performance of propane separation is markedly different than that of methane. As can be 

seen in Figure 19, the disparity between the breakthrough curves for propane on different Zeolite 

13X structures is negligible. This is to be expected, as the variance for propane equilibrium 

adsorption from Figure 17 was trivial. The source of this limited variability ultimately stems from 

the significant role that propane-propane intermolecular forces play, thereby mitigating the 

effects of the cations.  

 For both the methane and propane scenarios, the variability in adsorption isotherms played 

the most significant role in the macroscale variability of the corresponding adsorption columns. 

As both the heat of adsorption and macroscale computational analyses require a substantial 

amount of effort, particularly for generating stochastic results, it is recommended that future 

analyses focus primarily on the adsorption isotherms for determining whether macroscale 

performance variability is a concern.  

 Overall, this study illuminates the outcomes of uncertainty analysis for two similar scenarios, 

with one involving a substantial amount of uncertainty and one involving a relatively minor 

amount of uncertainty. Capturing this behavior is necessary to assure consistent and reliable 

performance of zeolite systems. 

 

3.4 Conclusions 

 Zeolites are widely used in commercial separation and catalysis, and many of the 

performance properties of these adsorbent crystals are driven by the molecular-level distribution 

of aluminum atoms. As it is not currently feasible to ascertain the locations of these atoms for 

certain zeolite configurations, it is necessary to rely on computational methods. But, due to the 

inherent variability in aluminum locations, these computational methods need to rely on 

stochastic tools in order to accurately capture the performance properties of the zeolites. 
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 This paper provides an approach to identifying molecular variability in Zeolite X, accounting 

for the effects of this variability on the adsorption of methane and propane, and propagates this 

uncertainty to the behavior of zeolites in macroscale fixed bed adsorption columns. The results 

of this study highlight the value of this uncertainty analysis: for methane, the uncertainty is 

significant and plays a role in the overall system performance, but for propane, the uncertainty is 

negligible. By highlighting scenarios where uncertainty is a dominant factor, it is possible for 

system performance to be more readily predicted and optimized. 

 

  

Figure 19: Breakthrough curve for propane over Zeolite 13X. 



37 

 

Chapter 4: QUICKER: Quantifying Uncertainty In Computational 

Knowledge Engineering Rapidly—A Rapid Methodology for 

Uncertainty Quantification 

 Most engineering systems have some degree of uncertainty in their input parameters, either 

of a stochastic nature or on account of a lack of complete information. The interaction of these 

uncertain input parameters, and the propagation of uncertainty through engineering systems, 

leads to the stochastic nature of the system performance and outputs. Quantifying the uncertainty 

in an experiment or computational simulation requires sampling over the uncertain range of 

input parameters and propagating the uncertainty through a computational model or experiment 

to quantify the stochastic output parameters. Conventional direct sampling methods for input 

uncertainty propagation, such as Monte Carlo Sampling or Latin Hypercube Sampling, require a 

large number of samples for convergence of the statistical parameters, such as mean and standard 

deviation, and can be prohibitively time-consuming. This computational tedium has been 

partially eliminated through the use of meta-models, which approximate a computational 

simulation or experiment via a response surface, but the computational time savings from these 

models often comes at the expense of accuracy. Toward addressing the challenge of input 

uncertainty propagation, this chapter presents a new sampling methodology, QUICKER: 

Quantifying Uncertainty In Computational Knowledge Engineering Rapidly, that can reduce 

sample sizes by orders of magnitude while still maintaining comparable accuracy to direct 

sampling methods. In this chapter, the QUICKER methodology is described and demonstrated 

with both analytical and computational scenarios.  

 

4.1 Introduction 

 Some degree of uncertainty is inherent in most engineering systems [60-65] due to variability 

in environment, operating, or material parameters, or due to limited knowledge or lack of 

knowledge about some of the parameters. These uncertainties can propagate through the system, 

resulting in uncertainty in the performance of a system. In order to account for the uncertainty in 

computational models, it is necessary to simulate the entire range of possible uncertain inputs, 

often through a direct sampling technique.  

 Two of the most commonly used conventional direct sampling methodologies are Monte 

Carlo sampling and Latin Hypercube sampling [66, 67]. In a Monte Carlo sampling input values 

are randomly selected from the given input distributions with the probability that each value 

occurs equally. Although this method is simple, the purely random nature of the sampling does 
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not ensure covering the full distribution. As a result, it requires a relatively large number of 

samples to ensure that the entire design space has been captured. Thus, Monte Carlo sampling 

can be very costly in terms of computational time and effort due to the relatively large number of 

samples required for convergence.  

 The limitation on the poor convergence of the mean and variance of Monte Carlo sampling, 

arising from its purely random sampling of the uncertain input distributions, can be overcome 

with a stratified approach such as Latin Hypercube sampling [67, 68]. In this method, each input’s 

statistical distribution is broken up into equiprobable intervals (strata), where the number of 

strata corresponds to the number of samples required, and then one sample point is randomly 

selected from within each interval. By virtue of the stratification of the input distribution, this 

method requires fewer samples than Monte Carlo sampling to cover the entire range of inputs 

[69]. Despite the improvement over Monte Carlo sampling, the Latin Hypercube sampling 

method still requires a relatively large number of samples for convergence of the mean and 

standard deviation of the output distribution [61, 70]. Therefore, for detailed computational 

multiphysics simulations that require days, weeks, or months to complete, both Monte Carlo and 

Latin Hypercube sampling methods are typically prohibitively expensive due to the number of 

simulations necessary to run. 

 Other, less common, direct sampling methodologies include the Halton and Hammersley 

methods, Centroidal Voronoi Tessellation sampling, and Importance and Umbrella sampling. 

The Halton and Hammersley methods rely on deterministic sequences to generate a set of points 

across a sample space that is roughly uniform, with the primary difference between the two 

methods being the specific sequence used [71]. For the Halton method, the deterministic sequence 

is defined by dividing the interval (0, 1) into fractions based on prime numbers. For example, for 

a sequence based on 2, the indices of the sequence are converted into binary—base two—to 

initially yield a sequence of 1.0, 10.0, 11.0, 100.0, 101.0…  Then, these numbers are reversed about 

the decimal point to yield 0.1, 0.01, 0.11, 0.001, 0.101…  Finally, the numbers are converted from 

base 2 back to base 10 to yield the sequence 
1

2
,
1

4
,
3

4
,
1

8
,
5

8
,
3

8
,
7

8
,
1

16
,
9

16
, …  For a sequence based on 3, 

the interval is divided via base 3, resulting in 
1

3
,
2

3
,
1

9
,
4

9
,
7

9
,
2

9
,
5

9
,
8

9
,
1

27
, …  To create a two-dimensional 

set of sampling points, the first two sequences are paired up to give (
1

2
,
1

3
) , (

1

4
,
2

3
) ,…  Hammersley 

sampling is similar, except that the first sequence is found by dividing the index of the sample 

point by the total number of sample points (e.g. for a variable with 100 samples 

1

100
,
2

100
,
3

100
,
4

100
,
5

100
, …). A Hammersley sample for additional dimensions simply uses the Halton 
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sequence, so a three-dimensional Hammersley sample, for 100 samples from each variable, would 

take the form (
1

100
,
1

2
,
1

3
) , (

2

100
,
1

4
,
2

3
) ,…  

 Voronoi Tessellation, another direct sampling method, starts with a predefined set of points 

in a given region, and then divides the region into volumes such that each volume consists of 

space that is closest to a given point. Centroidal Voronoi Tessellation is a variation on Voronoi 

Tessellation that requires each of the predefined points to be at the center of mass of the 

surrounding volume. As the name implies, Centroidal Voronoi Tessellation sampling relies on 

this concept to generate sample points [72]. Importance and Umbrella methods rely on sampling 

from a statistical distribution, other than the physically-determined distribution, that has been 

modified to put more weight on the samples of higher “importance” [73]. Although all these 

methods typically require far fewer samples than traditional Monte Carlo methods, they still 

require a significant number of samples to achieve convergence, and are still prohibitive for many 

computational simulations. 

 When direct sampling methods are too computationally intensive, another approach 

commonly used in uncertainty analysis is to create a meta-model, or surrogate, as an 

approximation of the full-scale computational simulation [74-77]. Meta-models are designed to 

be simpler, and thus faster to sample from, than the full-scale model. These models are built by 

collecting a relatively small number of samples, or “training data”, from the full-scale model, and 

then using regression analysis to fit a response surface to the results.   

 The most popular regression technique is the use of least-squares regression to fit a low-order 

polynomial function to the sampled data [74, 76]. This technique is appealing on account of its 

simplicity, but is inherently limited by the assumption that the response surface can be accurately 

modeled by a low-order polynomial. This functional form limitation is shared by all parametric 

meta-modeling techniques [77]. In response to this limitation, a wide variety of non-parametric 

meta-modeling methods have been developed that make fewer assumptions about the shape of 

the response surface, including Multivariate Adaptive Regression Splines (MARS), Artificial 

Neural Networks (ANN), Gaussian Process (GP), and Radial Basis Function (RBF). MARS relies 

on an iterative method to fit splines to different regions of the response surface, effectively 

creating localized linear response fits [78]. Although MARS has been shown to be quite accurate, 

it requires a larger number of training data points than many other non-parametric methods [77]. 

Artificial Neural Networks involve a system of networked elements that are weighted based on 

training data [79]. This regression method also requires a large amount of training data, and work 

has been done in an effort to create a hybrid combination of neural networks and polynomial 
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functions that would reduce the amount of training data [80]. A Gaussian Process is analogous to 

a Gaussian distribution, except that instead of describing random variables, it describes functions 

[81]. Gaussian Process regression assumes that a Bayesian prior can be represented via a Gaussian 

process. This technique is quite versatile, but can be very computationally expensive for large 

training datasets [74]. Radial Basis Function regression relies on a linear combination of radially 

symmetric functions. RBF regression is typically one of the most accurate regression techniques 

for small sample sizes [77]. 

 Although these meta-models have seen a great deal of success in the literature, they all have 

all two inherent limitations. The first is based on the assumption that the response surface is 

smooth [82]. In order to use a meta-model to interpolate the behavior of a system in between data 

sampled from the full-scale model, it is necessary to assume that there is a smooth transition 

between data points. For many situations, this is a valid assumption, but in scenarios involving 

phenomena such as phase changes, shock waves, buckling, etc., there will not be a smooth 

transition, and without a very large amount of training data, a meta-model will not provide a 

good approximation. The second limitation is that these methods scale poorly. Typically the 

required number of full-scale samples scales exponentially with the dimensionality of the 

problem (e.g. the number of uncertain inputs) in order to fill the entire design space [76]. This 

limits meta-models to relatively low-dimensional uncertainty analysis scenarios. 

 In response to the limitations of sampling from meta-models, Mawardi and Pitchumani 

developed a technique, known as Stochastic Analysis with Minimal Sampling (SAMS) [61]. This 

technique relies on using a very small number of training points to construct a low-order 

polynomial meta-model via least squares regression. Next, instead of sampling from the meta-

model as the previously described techniques do, the meta-model is used to determine the 

location, shape, and shift parameters for a functional form of an assumed output distribution. 

This technique mitigates some aspects of the limitations of conventional meta-model sampling, 

but it requires an additional assumption be made about the output distribution a priori. It is also 

limited by the assumption that the response surface can be represented by a low-order 

polynomial. 

 Toward overcoming the drawbacks of existing uncertainty analysis approaches, while also 

requiring far fewer samples than direct sampling methods, a methodology termed QUICKER—

Quantifying Uncertainty In Computational Knowledge Engineering Rapidly—is presented in 

this chapter to be generally applicable to both smooth and discontinuous scenarios and to scale 

as 𝑂(𝑛) where 𝑛 is the number of uncertain input parameters (e.g. the dimensionality of the 
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problem). The QUICKER methodology does not rely on a meta-model; instead, it uses the full-

scale simulation to generate the three parameters necessary for multiple superimposed modified-

lognormal distributions. By superimposing multiple distributions, it is possible to account for 

discontinuities where meta-models would require a smooth surface. By relying on the full-scale 

simulation to generate output parameters, the need to generate a complete response surface 

across multiple dimensions has been removed, and it is possible to scale the methodology to large 

numbers of uncertain input parameters.  

 In this chapter, the QUICKER methodology is applied to models with simple functional 

relationships as well as computational models of particulate multiphase systems to illustrate the 

approach on a range of models. The QUICKER methodology is compared with existing methods 

for uncertainty analysis in the literature namely, Monte Carlo and Latin Hypercube direct 

sampling methods, a Gaussian Process with a squared exponential kernel, multiquadratic Radial 

Basis Function meta-models, and SAMS. It is shown that QUICKER reduces the number of 

samples—and computational times—by over 95% when compared with Latin Hypercube direct 

sampling methods, and while maintaining accuracy even when Gaussian Process and Radial 

Basis Function meta-models and SAMS cannot accurately capture the behavior of a system. 

 The chapter is organized as follows: the steps in the QUICKER methodology are explained in 

Section 4.2; the models considered in the analysis under uncertainty are introduced in Section 4.3; 

and the results of the study are presented and discussed in Section 4.4. 

 

4.2 QUICKER Methodology 

4.2.1 Overview of QUICKER methodology and comparison with other methods 

 A comparison of conventional meta-modeling, SAMS, and the QUICKER methodology are 

shown in Figure 20. All three techniques will be applied to the same scenario, and the advantages 

of each method will be discussed. 

 The steps for a conventional meta-model uncertainty analysis for a single uncertain input and 

output are shown schematically in Figure 20a, b, and c. Figure 20a presents an uncertain input 

distribution via a normally distributed histogram, representative of how meta-models are 

typically sampled from via a Monte Carlo sampling approach. The meta-model itself is shown in 

Figure 20b, where the “+” symbols represent training data that was directly sampled from the 

full-scale simulation. Typically meta-models are built from non-intrusive direct sampling, and 

the full-scale simulation is treated as a “black box”. The dashed lines in Figure 20b are the meta-

model that has been trained to the sampled data. Note that this particular scenario would be 
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challenging to approximate with a meta-model due to the large discontinuity. Lastly, Figure 20c 

presents the results of applying the meta-model to the input distribution. 

 There are multiple means of validating a meta-model, and the three most commonly used 

methods are bootstrap, cross-validation, and holdout [83, 84]. In all three techniques, the objective 

is to use a meta-model to predict results not used in the creating of the meta-model. Bootstrapping 

and cross-validation both rely on using available data for both training and validation at different 

points in the process. Holdout validation reserves a portion of the data exclusively for validation, 

and while it is the most computationally expensive, it also provides the most accurate results [83, 

84]. 

 In Figure 20d, e, and f, the steps for the SAMS method are presented schematically. In meta-

modeling, the shape of the input distribution is not typically used to determine training data 

points, but in SAMS it is. Figure 20d presents the three specified points, the mean and plus/minus 

3 standard deviations from the mean (shown in Figure 20d as 𝑎2, 𝑎3, and 𝑎1 respectively), which 

will be used to sample from the full-scale simulation and then used to build the meta-model. As 

with the meta-model approach in Figure 20b, the full-scale simulation is sampled non-intrusively, 

Figure 20: Schematic of the foundational steps of (a, b, c) meta-modeling methods (first row), (d, e, f) 

SAMS method (second row), and (g, h, i) the QUICKER methodology (third row). 
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and thus treated as a black box. The outputs of the three sample points identified in Figure 20d 

are used to build a meta-model, and the results of running these samples through the full-scale 

simulation are presented as 𝑓(𝑎2), 𝑓(𝑎3), and 𝑓(𝑎1) for the results of the mean and plus/minus 

three standard deviations respectively. Note that this meta-model in Figure 20e is attempting to 

approximate the same scenario shown in Figure 20b, but has assumed that a meta-model could 

be accurately built with only three training points. For simpler scenarios, this would reduce the 

number of samples necessary, but for challenging scenarios, some aspects of the output 

distribution are lost. Lastly, the minimum, median, and maximum of the meta-model are used to 

determine the three parameters necessary to fully locate a given output distribution, assumed a 

priori to be lognormal in this scenario. As can be seen in Figure 20f, the second mode is not 

captured by the SAMS technique. No recommended for of validation for SAMS was provided in 

Ref. [61], but any of the three methods used for meta-models (bootstrap, cross-validation, or 

holdout) could be used to validate the meta-model used in SAMS. 

 The QUICKER methodology is a further deviation from meta-modeling methods, and builds 

off of some aspects of the SAMS methodology. As with SAMS, the first step in the QUICKER 

method is to identify specific sample points. In addition to the three points used in SAMS, two 

perturbations of the mean, 𝑎5 and 𝑎4, have been included at plus/minus 1.5 standard deviations 

in Figure 20g. By including these additional points, it is possible to explore localized system 

behavior as well as global behavior, which will allow the QUICKER method to capture both 

output modes. Once these five points are identified, they are run through the full-scale 

simulation, shown as a black box in Figure 20h. Note that no meta-model has been constructed. 

The results of running the specified input points through the full-scale model are shown in Figure 

20i as 𝑓(∙), and are used to determine parameters for three component modified-lognormal 

distributions (details of the modified-lognormal distribution will be presented in Step 5 of Section 

4.2.2). Each of these component modified-lognormal distributions, shown as dashed lines in 

Figure 20i, are then averaged into a composite output distribution, shown as a bold line in Figure 

20i.  

 The overall principle of validating the QUICKER methodology is slightly different than that 

of the meta-models methods. Because QUICKER only produces the likelihood of a given output 

value, not a response surface as a function of input values, it is necessary to use a “goodness of 

fit” test to evaluate the accuracy of the QUICKER output. Cross-validation, bootstrapping, and 

holdout validation methods will still work, but it is recommended that the Anderson-Darling 



44 

 

goodness of fit test [85] instead of metrics commonly used for meta-models, such as adjusted 𝑅2 

or Akaike’s information criterion [86]. 

 The primary difference between QUICKER other methods is the lack of a meta-model. Meta-

models are inherently an approximation of a given system, and a priori assumptions must be 

Figure 21: Schematic of the steps in the QUICKER procedure. 
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made about the nature of these models (e.g. assuming smoothness). In contrast, QUICKER makes 

assumptions about the nature of the output distribution. Both QUICKER and meta-models 

require assumptions at some point in the uncertainty analysis process, but since the meta-model 

surface is typically far more complicated than the output distribution (for instance, the output 

distribution is typically one-dimensional whereas meta-models are often multi-dimensional), it 

is often easier to generate an accurate approximation of the output distribution. 

 

4.2.2 Implementation of the QUICKER methodology 

 The primary objective of the QUICKER methodology is to determine the three defining 

parameters (location, 𝜇; shape, 𝜎; and offset, 𝜃) for each of the component distributions. The 

specific implementation of the QUICKER methodology is described in five steps as follows, and 

an example scenario is shown in Figure 21 and will be used for reference: 

 

Step 1: Select input points.  

  The first step in the QUICKER methodology, as is shown in Step 1 of Figure 21, is the 

selection of five values for each of the input parameters. These values are the mean 

(regardless of whether the input distribution is Gaussian), shown as 𝑎2 for the first 

parameter in Step 1 of Figure 21, lower and upper extremes at 𝑁 standard deviations from 

the mean, 𝑎1 and 𝑎3 respectively, and two perturbations of the mean located at 
𝑁

2
 standard 

deviations from the mean, 𝑎4 and 𝑎5. This process is repeated for each of the input 

parameters (e.g. 𝑏 and 𝑐). 

Step 2: Determine the location parameters.  

  The second step, as is shown in Figure 21, is to determine the location parameters for each 

of the component curves of the output distribution. The first location parameter, listed as 

𝜇𝐴 in Step 2 of Figure 21, is determined by running the mean value for all of the inputs 

through the full scale simulation, identified as 𝑓(𝑎2, 𝑏2, 𝑐2) in the figure. This location 

parameter will be used to define curve “A” in the final step. An orthogonal array is then 

used in lieu of a full factorial analysis to reduce the number of samples necessary, while 

still covering the design space evenly, for determining the location parameters from the 

perturbed points. The location parameters determined from the perturbed points will be 

used to define curves “B”, “C”, “D”, and “E” in the final step. 

   The example in Figure 21 employs an L4 orthogonal array [87] (where the 4 

describes the number of rows in the array) with a strength of two, meaning that every 
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two-way combination of variables is represented (e.g. 𝑎4 is paired with every 𝑏 and 𝑐 

perturbed point). If the strength is increased to three, the number of training samples 

necessary doubles, but the set of two-way interactions is a subset of the three way 

interaction samples. Therefore, a strength two analysis can easily be scaled to strength 

three. If a larger number of interactions are expected, then a different partial factorial 

analysis should be employed. 

Step 3: Determine the shape parameters.  

  Just as Step 2 required a location parameter for each of the final component curves, this 

step, shown as Step 3 in Figure 21, requires a shape parameter for each of the component 

curves. The shape parameter is defined as the average deviation of the extreme sample 

points from the location parameter. As with Step 2, an orthogonal array is used to combine 

the extreme values (as was described in Step 2, if an orthogonal array is not a satisfactory 

means of combining inputs, another partial factorial design of experiments should be 

used). The equation to define the shape parameters is given below:  

  𝜎𝑛 =
1

𝑇𝑁
∑ 𝜇𝑛 −
𝑇
𝑖=1 𝐹𝑖        (3) 

  where 𝑛 is the component curve (e.g. curves “A”, “B”, “C”, “D”, or “E” in the example in 

Figure 21), 𝑇 is the number of rows in the orthogonal array, 𝑁 is the number of standard 

deviations used in Step 1, and 𝐹𝑖 is the ith sample point from the orthogonal array of 

extremes. In the example shown in Figure 21, four additional full-scale simulations are 

necessary for this step, bring the current total number of simulations to nine.  

Step 4: Determine the shift parameters.  

 In this step, as is shown in Step 4 of Figure 21, the shift parameter is determined for each 

of the component curves based on the skew of the curves. If a curve has a positive skew, 

evidenced by a negative shape parameter, then the shift parameter is equal to the 

minimum result of all of the full-scale simulations or the result of the full-scale simulation 

with all inputs equal to zero, whichever is lower. If instead the curve has a negative skew, 

determined via a positive shape parameter, then the shift parameter is equal to the 

maximum result from all of the full-scale simulations. For the example shown in Figure 

21, this step requires at most one additional simulation, bringing the total number of 

simulations for a scenario with three uncertain input parameters to ten simulations. Table 

4 provides the number of simulations necessary for a given number of uncertain input 

parameters, assuming that an orthogonal array with a strength of two has been used. 

Step 5: Combine the component distributions. 
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 A three-parameter modified-lognormal distribution has been developed to approximate 

the output distribution. This distribution is similar to a textbook lognormal distribution 

[88], but adapted to account for an offset and the possibility of a negative skew. The 

probability density function of the modified-lognormal distribution is given by the 

following functional form: 

  𝑔𝑧(𝜇, 𝜎, 𝜃, 𝑧) =
1

𝜎

|𝜎|
(𝜃−𝑧)√2𝜋 ln(

𝜇−𝜃+√(𝜇−𝜃)2+4𝜎2

2(𝜇−𝜃)
)

exp

(

 
 
−
(𝑙𝑛(

𝜎

|𝜎|
(𝜃−𝑧))−ln(

𝜎

|𝜎|
(𝜃−𝜇)))

2

2 ln(
𝜇−𝜃+√(𝜇−𝜃)2+4𝜎2

2(𝜇−𝜃)
)

)

 
 

    (4) 

  and the cumulative density function is given by the form: 

  𝐺𝑧(𝜇, 𝜎, 𝜃, 𝑧) =
1

2
+

𝜎

2|𝜎|
erf

(

 
 
 𝑙𝑛( 𝜎

|𝜎|
(𝜃−𝑧))−ln(

𝜎

|𝜎|
(𝜃−𝜇))

√2 ln(
𝜇−𝜃+√(𝜇−𝜃)2+4𝜎2

2(𝜇−𝜃)
)

)

 
 
 

      (5) 

 in which 𝑧 is the independent variable for the modified-lognormal distribution, 𝜇 is the 

location parameter determined from Step 2, 𝜎 is the shape parameter determined from 

Step 3, and 𝜃 is the shift parameter determined from Step 4. 

  Once all of the parameters for the component distributions have been determined via 

Steps 1-4, the parameters are plugged into Eq. 1 to determine the PDF for each component 

distribution or Eq. 2 to determine the CDF. The component distributions are then 

averaged, with the “A” component distribution being weighted equal to the weight of the 

perturbed distributions. For example, in the example shown in Figure 21, the “A” 

distribution will be weighted four times as heavily as any of the other distributions. 
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Table 4: Number of simulations necessary for a given number of uncertain inputs and order of composite 

curve. 

Number of uncertain 

input parameters 

Number of 

simulations 

necessary 

2-3 10 

4-7 18 

8-11 26 

12-15 34 

16-31 66 

 

4.3 Analytical and Computational Models 

 The QUICKER methodology is demonstrated by considering two analytical models and 

two computational models. The analytical models are a third order polynomial function and a 

discontinuous function so as to highlight key aspects of the methodology, and the computational 

models include a three-dimensional circulating fluidized bed and a one-dimensional two-phase 

turbulent flow. These models are described below and are used in the next section to demonstrate 

the utility of the QUICKER methodology to quantify uncertainty in highly nonlinear 

computations with significant time reductions and minimal loss of accuracy. 

4.3.1 Analytical Models 

Analytical Model 1: One of the analytical models considered is expressed by the function 

𝑓(𝑎, 𝑏, 𝑐) = 𝑎3 + 𝑏3 + 𝑐3 + 𝑎2𝑏 + 𝑏2𝑎 + 𝑎2𝑐 + 𝑐2𝑎 + 𝑏2𝑐 + 𝑐2𝑏 with Gaussian uncertainty in with 

a mean and standard deviation for 𝑥 of 1 for both, a mean and standard deviation for 𝑏 of 2 for 

both, and a mean and standard deviation for 𝑐 of 3 and 1 respectively. This function was chosen 

to highlight the effects of a nonlinear system with multiple interactions between input 

parameters, and will be used to compare the QUICKER methodology against Gaussian Process 

and Radial Basis Function meta-models and the SAMS method. For the sake of consistency, 

QUICKER, Gaussian Process, and Radial Basis Function methods will all use the same ten 

training points: the points determined from Step 1 of Section 4.2.3. The SAMS methodology 

requires a specified number of training points: nine points for three uncertain input parameters. 

 This same function will then be used to demonstrate the QUICKER methodology with non-

Gaussian input distributions. First, uniform distributions with 𝑎 ranging from 0 to 2, 𝑏 ranging 

from 1 to 3, and 𝑐 ranging from 2 to 4 will be explored. Then, Weibull distributions with a shape 

parameter  and scale parameter for 𝑎 of 2 and 1 for respectively, a shape parameter and scale 

parameter for 𝑏 of 1.5 and 1 respectively, and shape and scale parameters of 3 and 3.5 for 𝑐 
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respectively. Last, triangle functions with a min, max, and peak for 𝑎 of 1, 2, and 1.5, a min, max, 

and peak for 𝑏 of 1, 3, and 1.5 respectively, and a min, max, and peak for 𝑐 of 2, 5, and 4.5 

respectively. These inputs have been chosen to highlight the versatility of the QUICKER 

methodology by handling non-Gaussian input distributions.  

 

Analytical Model 2: The second analytical model considered is aimed at illustrating the ability of 

the QUICKER methodology to handle discontinuities in the system, even when conventional 

meta-models cannot. This model is described by the step function 𝑓(𝑎, 𝑏, 𝑐) = 𝐻(𝑎 + 𝑏 + 𝑐 − 4) 

where 𝐻(𝑎) is the unit step function such that  𝐻(𝑎) = 0, 𝑎 < 0;𝐻(𝑎) = 1, 𝑎 ≥ 0, and with 

Gaussian uncertainty in 𝑎 with a mean and standard deviation both of 1, a mean of and standard 

deviation for 𝑏 both of 2, and a mean and standard deviation for 𝑐 of 3 and 1 respectively. As 

described in the description of the previous analytical model, QUICKER, Gaussian Process, and 

Radial Basis Function will all use the same ten training points, and SAMS will use the nine 

specified. 

 

4.3.2 Computational Models 

Computational Model 1: The first computational model considered is that of a three-dimensional 

circulating fluidized bed, in which solid particles are injected into the bottom of a cylindrical 

column with air flowing through it, as is shown in Figure 22a, with the particles and gas exiting 

at the top of the column. This isothermal simulation incorporates the gas and solids as two distinct 

phases, and includes the interactions between the phases. The governing equations for this 

process are summarized in Table 5, and the boundary conditions, initial conditions, and nominal 

parameters for this simulation are provided in Table 6. The model is solved using the Multiphase 

Flow with Interphase eXchanges (MFIX) computational software available from the National 

Energy and Technology Laboratory [89, 90].  

 This model has 3 uncertain input parameters: the particle-particle coefficient of restitution, 

the particle diameter, and the particle density. Two different representations of the uncertainty 

are considered for each of these parameters: (1) a Gaussian distribution of uncertainty on each 

parameter (denoted as CFB(G)) and (2) a uniform distribution of uncertainty on each parameter 

(denoted as CFB(U)). The standard deviation—or interval size for the uniform distributions—on 

each uncertain parameter is considered to be 10% of the nominal value subject to physical bounds 

(such as limiting the coefficient of restitution to be less than unity). Since this scenario has three 

uncertain input parameters, just as the two analytical scenarios did, it will also use ten training 
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points for QUICKER, Radial Basis Function, and Gaussian Process regression, and will use nine 

training points for SAMS. 

 The output parameter analyzed in this model is the time-averaged porosity at 4.125 m from 

the bottom of the column, sufficiently far from the inlet and outlet. The porosity is one of the 

primary output parameters in a non-reacting fluidized bed that generally has a minimal variance. 

This minimal variance allows for a demonstration of the QUICKER methodology in accurately 

quantifying uncertainty over a narrow range.   
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Table 5: Governing equations for the circulating fluidized bed. 

 

  

Circulating Fluidized Bed Governing Equations 

 Gas 

Continuity 

𝜕

𝜕𝑡
(휀𝑔𝜌𝑔) +

𝜕

𝜕𝑥𝑖
(휀𝑔𝜌𝑔𝑈𝑔𝑖) = 0  

Solid 

Continuity 

𝜕

𝜕𝑡
(휀𝑠𝜌𝑠) +

𝜕

𝜕𝑥𝑖
(휀𝑠𝜌𝑠𝑈𝑠𝑖) = 0  

Gas 

Momentum 

𝜕

𝜕𝑡
(휀𝑔𝜌𝑔𝑈𝑔𝑖) +

𝜕

𝜕𝑥𝑗
(휀𝑔𝜌𝑔𝑈𝑔𝑗𝑈𝑔𝑖) = −휀𝑔

𝜕𝑃𝑔

𝜕𝑥𝑖
+
𝜕𝜏𝑔𝑖𝑗

𝜕𝑥𝑗
+ 𝛽(𝑈𝑔𝑖 −𝑈𝑠𝑖) + 휀𝑔𝜌𝑔𝑔𝑖  

𝜏𝑔𝑖𝑗 = 𝜇𝑔 (
𝜕𝑈𝑔𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑔𝑗

𝜕𝑥𝑖
) −

2

3

𝜕𝑈𝑔𝑖

𝜕𝑥𝑖
𝛿𝑖𝑗  

Solid 

Momentum 

𝜕

𝜕𝑡
(휀𝑠𝜌𝑠𝑈𝑠𝑖) +

𝜕

𝜕𝑥𝑗
(휀𝑠𝜌𝑠𝑈𝑠𝑗𝑈𝑠𝑖) = −휀𝑔

𝜕𝑃𝑔

𝜕𝑥𝑖
+
𝜕𝜏𝑠𝑖𝑗

𝜕𝑥𝑗
− 𝛽(𝑈𝑔𝑖 − 𝑈𝑠𝑖) + 휀𝑠𝜌𝑠𝑔𝑖  

𝜏𝑠𝑖𝑗 = (−𝑃𝑠 + 𝜆
𝜕𝑈𝑠𝑖

𝜕𝑥𝑖
) 𝛿𝑖𝑗 + 𝜇𝑠 (

𝜕𝑈𝑠𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑠𝑗

𝜕𝑥𝑖
) −

2

3

𝜕𝑈𝑠𝑖

𝜕𝑥𝑖
𝛿𝑖𝑗  

Ideal Gas 

Law 

𝜌𝑔 =
𝑃𝑔𝑀

𝑅𝑇
  

Stress 

properties 

𝜇𝑠 = 1.6 [
𝜇𝑠
∗

𝑔0𝜂(2−𝜂)
(1 +

8

5
𝜂휀𝑠𝑔0) (1 +

8

5
𝜂(3𝜂 − 2)휀𝑠𝑔0) +

3

5
𝜂𝜇𝑏]  

𝜆 = 𝜂𝜇𝑏   

𝑃𝑠 = 𝜌𝑠휀𝑠(1 + 4𝜂휀𝑠𝑔0)Θ   

𝜇 =
5

96
𝜌𝑠𝑑𝑠√𝜋Θ  

𝜇𝑠
∗ =

𝜌𝑠𝜀𝑠𝑔0Θ𝜇

𝜌𝑠𝜀𝑠𝑔0Θ+
2𝛽𝜇

𝜌𝑠𝜀𝑠

  

𝜇𝑏 =
256

5𝜋
𝜇휀𝑠
2𝑔0  

 Terminal 

Velocity 

Drag 

𝑉𝑟 = 0.5(𝐴 − 0.06𝑅𝑒𝑠 + √(0.06𝑅𝑒𝑠)
2 + 0.12𝑅𝑒𝑠(2𝐵 − 𝐴) + 𝐴

2)  

𝛽 =
3𝜀𝑠𝜀𝑔𝜌𝑔

4𝑉𝑟
2𝑑𝑠

(0.63 + 4.8√
𝑉𝑟

𝑅𝑒𝑠
)
2

|�̅�𝑠 − �̅�𝑔|  

𝑅𝑒𝑠 =
𝑑𝑠|�̅�𝑠−�̅�𝑔|𝜌𝑔

𝜇𝑔
  

𝐴 = 휀𝑔
4.14  

𝐵 = {
0.8휀𝑔

1.28  𝑖𝑓  휀𝑔 ≤ 0.85

휀𝑔
2.65  𝑖𝑓  휀𝑔 > 0.85

  

Algebraic 

Granular 

Energy 

Θ = {
−𝐾1𝜀𝑠𝐷𝑠𝑖𝑖+√𝐾1

2𝐷𝑠𝑖𝑖
2 𝜀𝑠

2+4𝐾4𝜀𝑠[𝐾2𝐷𝑠𝑖𝑖
2 +2𝐾3𝐷𝑠𝑖𝑗𝐷𝑠𝑖𝑗]

2𝜀𝑠𝐾4
}

2

  

𝐾3 = {
√𝜋

3(3−𝑒𝑠)
[0.5(3𝑒𝑠 + 1) + 0.4(1 + 𝑒𝑠)(3𝑒𝑠 − 1)휀𝑠𝑔0] +

8𝜀𝑠𝑔0(1+𝑒𝑠)

5√𝜋
}  

𝐾1 = 2(1 + 𝑒𝑠)𝜌𝑠𝑔0  

𝐾2 =
4𝑑𝑠𝜌𝑠(1+𝑒𝑠)𝜀𝑠𝑔0

3√𝜋
−
2

3
𝐾3  

𝐾4 =
12(1−𝑒𝑠

2)𝜌𝑠𝑔0

𝑑𝑠√𝜋
  

 

Additional 

Equations 
𝑔0 = [1 − (

𝜀𝑠

𝜀𝑠,𝑚𝑎𝑥
)

1

3
]

−1

  
𝜂 =

1+𝑒𝑠

2
  

𝐷𝑠𝑖𝑗 =
1

2
(
𝜕𝑈𝑠𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑠𝑗

𝜕𝑥𝑖
)  
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Table 6: Boundary and initial conditions, and parameters for the circulating fluidized bed. 

Circulating Fluidized Bed Boundary and Initial Conditions and Parameters 

Geometry 𝑧0 = 9.55 m 

𝑟0 = 0.2 m 

Gas inlet: 𝑧 = 0 m 

Gas inlet: 𝑟 = [0, 0.2] m 

Solids inlet: 𝑧 = [0.3, 0.5] m 

Solids inlet: 𝑟 = 0.2 m 

Mixed exit: 𝑧 = [8.9, 9.1] m 

Mixed exit: 𝑟 = 0.2 m 

Nominal 

Properties 

𝑒𝑠 = 0.8 

𝑀 = 0.029 kg/mol 

𝜇𝑔 = 0.000018 kg/m∙s 

𝑑𝑠 = 0.00012 m 

𝜌𝑠 = 2,600 kg/m3 

 

Initial 

Conditions 

휀𝑔0 = 0.9 

𝑈𝑔𝑧0 = 4.2 m/s 

𝑈𝑔𝑟0 = 0 m/s 

𝑈𝑔𝜃0 = 0 m/s 

𝑈𝑠𝑧0 = 0 m/s 

𝑈𝑠𝑟0 = 0 m/s 

𝑈𝑠𝜃0 = 0 m/s 

Gas Inlet 휀𝑔 = 0.9 

𝑃𝑔 = 115.142 kPa 

𝑣𝑔𝑧 = 4.2 m/s 

𝑇 = 294 K 

Solids inlet 휀𝑔 = 0.4 

𝑃𝑔 = 115.142 kPa 

𝑇 =294 K 

Mixed exit 𝑃 = 115.142 kPa 

 

Computational Model 2: The second computational model is for a turbulent fluidized bed 

involving periodic flow between two walls, as is shown in Figure 22b. The governing equations 

are summarized in Table 5 and Table 7, in which turbulence in the bed is described using the 

model in Ref. [91] with the boundary conditions as in Ref. [92]. The boundary conditions, initial 

conditions, and nominal parameters for this model are provided in Table 8. Eleven uncertain 

input parameters—particle density, particle diameter, particle-particle coefficient of restitution, 

angle of internal friction, packed bed void fraction, particle-wall coefficient of restitution, angle 

of internal friction at walls, initial gas velocity, initial gas pressure, initial gas temperature, and 

initial solid velocity—are considered in the QUICKER uncertainty quantification analysis. As can 

be seen in Table 4, 11 uncertain input parameters requires 26 training data points for QUICKER, 

and the same number will be used for Radial Basis Function and Gaussian Process regression. 

SAMS methodology requires 27 points for 11 uncertain input parameters. As with the circulating 

fluidized bed, two different representations of uncertainty are considered for each of the input 

parameters: (1) a Gaussian distribution of uncertainty on each parameter (denoted as TFB(G)) 

and (2) a uniform distribution of uncertainty (denoted as TFB(U)). As in the uncertainty 

quantification involving Computational Model 1, a standard deviation of 10% of the nominal 

value was considered on each uncertain parameter, subject to its physical bounds. The output 
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parameter analyzed in the turbulent fluidized bed model is the time-averaged solid velocity, 

which, unlike the porosity in the case of the circulating fluidized bed, generally exhibits a large 

variance.  The two computational models provide evidence of the effectiveness of the QUICKER 

methodology over a range of possible output variances. 

 Uncertainty quantification based on the four models presented in this section and using the 

QUICKER methodology outlined in Section 4.2 are presented and discussed in the following 

section.  

 

 

  

Figure 22: Schematic of the geometric domain for (a) the circulating 

fluidized bed and (b) the turbulent/periodic fluidized bed. 
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Table 7: Governing equations for the turbulent/periodic fluidized bed. 

Turbulent/Periodic Fluidized Bed Governing Equations 

Gas 

Turbulenc

e 

Modeling 

휀𝑔𝜌𝑔 [
𝜕𝑘𝑔

𝜕𝑡
+ 𝑈𝑔𝑗

𝜕𝑘𝑔

𝜕𝑥𝑗
] =

𝜕

𝜕𝑥𝑖
(휀𝑔𝜇𝑔

𝑡 𝜕𝑘𝑔

𝜕𝑥𝑖
) + 휀𝑔𝜏𝑔𝑖𝑗

𝜕𝑈𝑔𝑖

𝜕𝑥𝑗
+ Π𝑘𝑔 − 휀𝑔𝜌𝑔휀𝑔

𝑡   

휀𝑔𝜌𝑔 [
𝜕𝜀𝑔
𝑡

𝜕𝑡
+ 𝑈𝑔𝑗

𝜕𝜀𝑔
𝑡

𝜕𝑥𝑗
] =

𝜕

𝜕𝑥𝑖
(휀𝑔

𝜇𝑔
𝑡

1.3

𝜕𝜀𝑔
𝑡

𝜕𝑥𝑖
) + 휀𝑔

𝜀𝑔
𝑡

𝑘𝑔
(1.44𝜏𝑔𝑖𝑗

𝜕𝑈𝑔𝑖

𝜕𝑥𝑗
+ 1.92𝜌𝑔휀𝑔

𝑡)  

𝜇𝑔
𝑡 = 0.09𝜌𝑔 [1 + (

𝜏𝐿
𝑥

𝜏𝑔
𝑡) (

𝜀𝑠

𝜀𝑠,𝑚𝑎𝑥
)
3

]

−1
 𝑘𝑔
2

𝜀𝑔
𝑡     

Π𝑘𝑔 = 𝛽(3Θ − 2𝑘𝑔)  

𝜏𝐿
𝑥 =

𝜀𝑠𝜌𝑠

𝛽
  

𝜏𝑔
𝑡 = 0.135

𝑘𝑔

𝜀𝑔
𝑡   

𝑘𝑔 =
1

2
〈𝑢𝑔𝑢𝑔〉   

Solids 

Turbulenc

e 

Modeling 

휀𝑠𝜌𝑠 [
𝜕Θ

𝜕𝑡
+ 𝑈𝑠𝑗

𝜕Θ

𝜕𝑥𝑗
] =

𝜕

𝜕𝑥𝑖
(휀𝑠𝜌𝑠𝜅𝑠

𝑡 𝜕Θ

𝜕𝑥𝑖
) + 휀𝑠𝜌𝑠𝜏𝑠𝑖𝑗

𝜕𝑈𝑠𝑖

𝜕𝑥𝑗
+Π𝑘𝑠 − 휀𝑠𝜌𝑠휀𝑠

𝑡  

𝜅𝑠
𝑡 = 0.1306𝜌𝑠𝑑𝑠(1 + 𝑒𝑠

2) (
1

𝑔0
+ 4.8휀𝑠 + 12.1184𝑔0휀𝑠

2)√Θ  

휀𝑠
𝑡 = 12(1 − 𝑒𝑠

2)휀𝑠
2𝜌𝑠𝑔0

Θ
3
2

𝑑𝑠
  Π𝑘𝑠 = 𝛽(

2𝑘𝑔

1+
𝜏𝐿
𝑥

𝜏𝑔
𝑡

− 3Θ)               Θ =
1

3
〈𝑢𝑠𝑢𝑠〉   

Stress 

properties 

If  𝜺𝒈 > 𝜺𝒈
∗ ∶  

𝜇𝑠 = [1 + (
𝜏𝑔
𝑡

𝜏𝐿
𝑥) (

𝜀𝑠

𝜀𝑠,𝑚𝑎𝑥
)
3

]

−1

[0.1045(
1

𝑔0
+ 3.2휀𝑠 + 12.1824𝑔0휀𝑠

2)𝑑𝑠𝜌𝑠√Θ]   

𝜆 =
5

3
[1 + (

𝜏𝑔
𝑡

𝜏𝐿
𝑥) (

𝜀𝑠

𝜀𝑠,𝑚𝑎𝑥
)
3

]

−1

[0.1045(12.1824𝑔0휀𝑔
2)𝑑𝑠𝜌𝑠√Θ ]  

𝑃𝑠 = 휀𝑠𝜌𝑠Θ [(1 + 4휀𝑠𝑔0) +
1

2
(1 − 𝑒𝑠

2)]   
휀𝑠
𝑡 = 12(1 − 𝑒𝑠

2)휀𝑠
2𝜌𝑠𝑔0

Θ
3
2

𝑑𝑠
  

If  𝜺𝒈 ≤ 𝜺𝒈
∗ :  

𝜆 = 0  

𝑃𝑠 = 10
20(휀𝑔

∗ − 휀𝑔)
10
 𝑘𝑃𝑎  

𝜇𝑠 =
𝑃𝑠 sin(𝜙)

2√𝐼2𝐷
  

 

𝐼2𝐷 =
1

6
[(𝐷𝑠11 − 𝐷𝑠22)

2 + (𝐷𝑠22 − 𝐷𝑠33)
2 + (𝐷𝑠33 − 𝐷𝑠11)

2] + 𝐷𝑠12
2 + 𝐷𝑠23

2 + 𝐷𝑠31
2   

Turbulence Modeling for solids is not used 

Wall 

Functions 
𝜕𝑈𝑔

𝜕𝑥
|𝑤 =

0.23𝜌𝑔𝑈𝑔𝑘𝑔

1
2

(𝜇𝑔+𝜇𝑔
𝑡 ) ln(9.81𝑥∗)

   

 𝑥∗ =
0.5477𝜌𝑔𝑘𝑔

1
2Δ𝑥

2𝜇𝑔
             휀𝑔 =

0.3286𝑘𝑔

3
2

𝜅Δ𝑦
 

production of  𝑘𝑔 = 0.3휀𝑔𝜌𝑔𝑘𝑔
𝑈𝑔

Δ𝑥

2
ln(9.81𝑥∗)

  

dissipation of  𝑘𝑔 = 휀𝑔𝜌𝑔휀𝑔
𝑡   

Blended 

Drag 𝛽 = {

3

4
𝐶𝐷

𝜌𝑔𝜀𝑔𝜀𝑠|�̅�𝑔−�̅�𝑠|

𝑑𝑠
휀𝑔
−2.65 if 휀𝑔 ≥ 0.8

150𝜀𝑠(1−𝜀𝑔)𝜇𝑔

𝜀𝑔𝑑𝑠
2 +

1.75𝜌𝑔𝜀𝑠|�̅�𝑔−�̅�𝑠|

𝑑𝑠
 if 휀𝑔 < 0.8

  

𝐶𝐷 = {

24

𝜀𝑔𝑅𝑒𝑠(1+0.15(𝜀𝑔𝑅𝑒𝑠)
0.687)

 if 휀𝑔𝑅𝑒𝑠 < 1,000

0.44  if 휀𝑔𝑅𝑒𝑠 ≥ 1,000
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Table 8: Boundary and initial conditions, and parameters for the turbulent/periodic fluidized bed. 

Turbulent/Periodic Fluidized Bed Boundary and Initial Conditions and Parameters 

Geometry 𝑥0 = 0.1 m 

𝑦0 =0.1 m 

Inlet:  𝑥 = 0 m 

Outlet: 𝑥 =0.1 m 

Periodic in y-direction 

�̇�𝑔 = 0.0006 kg/s 

Δ𝑃 = 0.08 kPa 

Nominal 

Properties 

𝜇𝑔 = 0.000018 kg∙m/s 

𝑀 = 0.029 kg/mol 

𝜌𝑠 = 2400 kg/m3 

𝑑𝑠 = 0.00012 m 

𝑒𝑠 = 0.95 

𝜙 = 30° 

𝑒𝑤 = 0.7 

휀𝑔
∗ = 0.36 

𝜙𝑤 = 11.31° 

Nominal 

Initial 

Conditions 

𝑈𝑔𝑦0 = 5 m/s 

𝑃0 = 101.325 kPa 

𝑇0 = 298 K 

𝑈𝑠𝑦0 = 4.1 m/s 

Θ0 = 0.1 m2/s2 

𝑘𝑔0 = 0.01 m2/s2 

휀𝑔0
𝑡  = 0.1 m2/s3 

Boundary 

Condition  
𝜇𝑠
𝜕𝑈𝑠
𝜕𝑥

|𝑤 = 𝑃𝑠 tan(𝜙𝑤) 𝑈2/|𝑈2| 𝜅𝑠
𝜕Θ

𝜕𝑥
|𝑤 = 𝑃𝑠√3Θ

3

8
[
7

2
(1 + 𝑒𝑤) tan

2 𝜙𝑤 − (1 − 𝑒𝑤) 

 

4.4 Results and Discussion 

 The QUICKER, Gaussian Process (GP), Radial Basis Function (RBF), and SAMS will all be 

used to predict the output distribution of both analytical and computational models. As a 

benchmark for comparison, a Monte Carlo direct sampling method will be applied to the 

analytical models, and a Latin Hypercube direct sampling will be applied to the computational 

models. Latin Hypercube sampling is used instead of Monte Carlo due to the significant 

computational cost of the computational models. In all four cases, the Monte Carlo or Latin 

Hypercube results will be assumed to be very close to the exact answer due to the rigorous 

sampling required by both methods. 

 

4.4.1 Analytical Models 

 The ability of QUICKER, Gaussian Process (GP), Radial Basis Function (RBF), and SAMS to 

predict a system with interactions between input variables is explored by considering the system 

described by a third order polynomial function (Analytical Model 1). The performance of these 

four techniques is compared against a Monte Carlo direct sampling in Figure 23, with a 

probability density function (PDF) show in Figure 23a and a cumulative density function (CDF) 

shown in Figure 23b. In both parts of the figure, the Monte Carlo results are shown by histograms 
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and the other techniques by dashed or solid lines. In order to accurately compare the curves and 

histograms, both have been normalized so that the area under each is equal to unity.  

 The accuracy of each uncertainty analysis technique is determined by calculating the root 

mean squared error (RMSE) between the Monte Carlo CDF and the predicted CDF for each 

technique. As can be seen in Figure 23b, the QUICKER and Radial Basis Function methods both 

accurately predict the Monte Carlo output distribution. The Gaussian Process estimation is 

Figure 23: Comparison of the (a) probability density function and (b) cumulative density 

function obtained by using Monte Carlo sampling, Gaussian Process and Radial Basis Function 

meta-models, the SAMS methodology, and QUICKER methodology for a system described by a 

cubic function (Analytical Model 1) 
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noticeably worse than the Radial Basis function, as was also found in Refs. [77] and [93]. SAMS is 

built on a quadratic meta-model, and was not able to accurately capture the cubic nature of the 

given scenario, but it should be noted that the SAMS method utilized one fewer training point 

than the other three methods.  

 For the scenario shown in Figure 23, all uncertain inputs followed a Gaussian distribution, 

and the QUICKER method was able to capture the system behavior. In Figure 24, the results of 

using a variety of different input distributions into a third order polynomial (Analytical Model 1) 

is presented. As with Figure 23, the Monte Carlo results are shown with a histogram, and the 

QUICKER prediction is shown with a solid line. Figure 24a, b, and c present the PDF for uniform, 

triangle, and Weibull inputs distributions. The corresponding CDF is shown below each PDF. 

The root mean squared error has been calculated for the difference between each of the Monte 

Carlo CDFs and QUICKER CDFs, and in all cases the error is small, less than 6%. Due to the 

nature of the perturbed points, 𝑎4 and 𝑎5 in Figure 20g, QUICKER is able to capture the behavior 

of minimally constrained inputs, such as the uniform distribution, as well as asymmetric inputs, 

such as the triangle and Weibull distributions.  

 In Figure 25, the QUICKER, Gaussian Process, Radial Basis Function, and SAMS were used 

to predict the performance of a system with a discontinuity (Analytical Model 2). As with Figure 

Figure 24: Comparison of the probability density function and cumulative density function obtained 

using Monte Carlo sampling and QUICKER for a system described by a cubic function using (a, d) 

uniform input distributions, (b, e) triangle input distributions, an 
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23, Figure 25 shows the Monte Carlo results via a histogram, and the four uncertainty analysis 

techniques are shown with dashed or solid lines. From the PDF shown in Figure 25a, it can be 

seen that the Monte Carlo result is split between results at 0 and results at 1. Both the Gaussian 

Figure 25: Comparison of the (a) probability density function and (b) cumulative density func-tion 

obtained using Monte Carlo sampling, Gaussian Process and Radial Basis Function meta-models, 

the SAMS method, and QUICKER methodology for a sys-tem described by a step function 

(Analytical Model 2). 
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Process meta-model and SAMS have predicted an average of these two, at a value of 

approximately 0.5. The Radial Basis function returned a result biased towards 1, where a larger 

percentage of the Monte Carlo results lie. These three conventional techniques were unable to 

capture the bimodality or the tight variance of each mode. This highlights the limited ability of 

meta-models to capture scenarios with discontinuities and SAMS’s need for a scenario to be 

approximated via a quadratic response surface.  

 In contrast, QUICKER accurately predicted the discontinuous output of Analytical Model 2. 

By relying on multiple component distributions, as is shown in Figure 20i, QUICKER was able to 

capture the bimodal nature of the step function. The QUICKER result is accurate enough that it 

is difficult to distinguish from the Monte Carlo result. Since each component of the QUICKER 

prediction was only used to capture one of the output modes, it was able to portray the minimal 

uncertainty without being significantly biased by the second mode. The accuracy of the 

QUICKER result is particularly well-shown in Figure 25b, where the QUICKER CDF closely 

tracks the Monte Carlo CDF. 

 The two analytical models served to illustrate the benefits of QUICKER with regard to the 

accuracy and flexibility of the novel methodology. But being analytical models, the computational 

time for direct sampling is small and the time savings of using QUICKER are inconsequential for 

practical purposes. In contrast, the computational times requires for the numerical modeling of 

the circulating and turbulent fluidized beds are significantly large, requiring up to 125 hours of 

CPU time on a 2.53 GHz Intel Zeon processor for direct Latin Hypercube sampling. 

 

4.4.2 Computational Models 

 Figure 26 presents the distributions of the time-averaged void fraction for a circulating 

fluidized bed with the input uncertainty corresponding to Gaussian inputs (Figure 26a and Figure 

26c) as described in Section 4.3.2. The histograms in the plots denote the distributions obtained 

using a Latin Hypercube Sampling method and the solid and dashed lines represent the output 

of the QUICKER, Gaussian Process, Radial Basis Function, and SAMS methodologies. It is seen 

from Figure 26c that both meta-models (Gaussian Process and Radial Basis Function) and 

QUICKER accurately capture the behavior of the void fraction, with the Radial Basis Function 

outdoing QUICKER and Gaussian Process by about 4 percentage points. In this scenario the 

Radial Basis Function outperforms QUICKER, but the consistent accuracy of QUICKER when 
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Radial Basis Function performs very poorly more than makes up for this small difference in 

accuracy. The SAMS methodology is less accurate.  

 An analysis of the same circulating fluidized bed model is shown with uniformly distributed 

inputs in Figure 26b and Figure 26d. As with Figure 24, where uniform, triangle, and Weibull 

distributions were analyzed with QUICKER, this figure demonstrates an ability for the QUICKER 

methodology to capture the behavior of non-Gaussian distributions. This figure also 

demonstrates a significant improvement in the performance of SAMS and a small loss of accuracy 

for the Gaussian Process. 

 The computational time for uncertainty quantification based on Latin Hypercube Sampling 

using 250 samples is approximately 125 CPU hours on a 2.53 GHz Intel Xeon processor. In 

contrast, the QUICKER and meta-model approaches required 10 samples and 5 hours of CPU 

Figure 26: Comparison of the probability density function and cumulative density function obtained 

using Latin Hypercube Sampling, Gaussian Process and Radial Basis Function meta-models, the SAMS 

method, and QUICKER methodology for the circulating fluidized be 
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time, and the SAMS method required 9 samples and 4.5 hours.  Overall, this represents time 

reductions of 96%, as indicated in Figure 26.  

 The population distributions of the time-averaged solid velocity for a turbulent fluidized bed 

with eleven uncertain input parameters are shown in Figure 27 with Gaussian inputs (Figure 27a 

and Figure 27c) and uniform inputs (Figure 27b and Figure 27d), as described in Section 4.3.2. 

The histograms in the plots represent the distributions obtained using a Latin Hypercube 

Sampling method and the solid and dashed lines represent the output of the QUICKER, Gaussian 

Process, Radial Basis Function, and SAMS methodologies. For both the Gaussian and uniform 

input scenarios, the Radial Basis Function results are too far below the range of the other results 

to show both on the same plot; and the large error shown in Figure 27c and Figure 27d reiterate 

this poor accuracy. The SAMS and Gaussian Process methods scale better, but are still not 

accurate. The Gaussian Process captures the location of the output distribution, but under 

Figure 27: Comparison of the probability density function and cumulative density function obtained 

using Latin Hypercube Sampling, Gaussian Process and Radial Basis Function meta-models, the SAMS 

method, and QUICKER methodology for the turbulent fluidized bed (TFB): (a, c) Turbulent fluidized bed 
with Gaussian input distributions and (b, d) turbulent fluidized bed with uniform input distributions. 
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predicts the variance. In contrast, the SAMS methodology over predicts both the location and 

variance.  

 The turbulent fluidized bed model shows that of the four methods used to reduce the number 

of sample points, only QUICKER was able to return an accurate prediction. This is due to the fact 

that the QUICKER methodology does not require a meta-model. It is the poor scaling of meta-

models that limit other conventional methodologies. Instead, QUICKER identifies the most 

critical sample points, and determines those directly from the full-scale model. 

 The computational time for uncertainty quantification based on Latin Hypercube Sampling 

using 500 samples is approximately 4.5 CPU hours on a 2.53 GHz Intel Xeon processor. On the 

other hand, the QUICKER and meta-model approaches required 26 samples and 0.2 hours of CPU 

time for this scenario, representing a 95% reduction in computation time. SAMS required 27 

samples, also resulting in a time savings of approximately 95%. But this time savings came at a 

significant cost in accuracy for all methods except for QUICKER. Only QUICKER was able to 

return an accurate solution for this significant time savings.  

 Overall, the QUICKER approach was shown to yield accurate uncertainty quantification at a 

fraction of the computational time needed for an efficient direct sampling based method. This 

accuracy was consistently demonstrated across a range of different types of scenarios, including 

multiple scenarios where conventional meta-modeling tools and SAMS were unable to make 

accurate predictions, like with highly nonlinear scenarios or systems involving a large number of 

uncertain inputs. 

 The studies presented in this article considered inputs that are independent of one another. 

The extension of the methodology to handle correlated inputs is of interest in some practical 

applications, which will be addressed in a future work. This current chapter is focused on input 

uncertainties that can be well-defined by a given distribution (i.e. aleatory uncertainty). Future 

work will include techniques for handling inputs where the uncertainty is driven by a lack of 

information (i.e. epistemic uncertainty). 

 

4.5 Conclusions 

 This chapter presents a novel methodology for uncertainty quantification, QUICKER, that can 

achieve comparable accuracy to direct sampling techniques, but with orders of magnitude less 

computational time and effort. This method was shown to be accurate, even in scenarios with a 

large number of uncertain input parameters or systems with significant nonlinearities, both of 

which cannot be accurately modeled via conventional meta-modeling techniques or SAMS. This 

new methodology relies on using a small number of training points to accurately determine 
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parameters for output distributions instead of building meta-models. The QUICKER 

methodology also relies on the average of multiple component distributions, thus including 

localized details of the output distribution. By requiring a small, well-defined number of sample 

points and making very few assumptions about the form of the output distribution, QUICKER is 

a faster technique for input uncertainty propagation than conventional methods, while providing 

more reliable accuracy across a wide range of problem types. 

 

4.6 Nomenclature used in Chapter 4 

𝑎   stochastic input parameter in Analytical Models 1 and 2 [—] 

𝑏   stochastic input parameter in Analytical Models 1 and 2 [—] 

𝑐   stochastic input parameter in Analytical Models 1 and 2 [—] 

𝑎𝑛   example input point from Figure 20 and Figure 21 [—] 

𝑏𝑛   example input point from Figure 20 and Figure 21 [—] 

𝑐𝑛   example input point from Figure 20 and Figure 21 [—] 

𝐶𝐷   drag coefficient [—] 

𝑑𝑠   particle diameter [m] 

𝐷𝑠   rate of strain tensor for solid phase [units] 

𝑒𝑠  particle-particle coefficient of restitution [—] 

𝑒𝑤  particle-wall coefficient of restitution [—] 

𝐹𝑖   ith sample point from orthogonal array in Step 3 [—] 

𝑔   acceleration due to gravity [m2/s] 

𝑔0   radial distribution function at contact [—] 

𝑔𝑧   PDF of modified-lognormal distribution as shown in Eq. 1 [—] 

𝐺𝑧   CDF of modified-lognormal distribution as shown in Eq. 1 [—] 

𝑘𝑔   turbulent kinetic energy of gas phase [m2/s2] 

𝐼2𝐷   second invariant of the deviator of the strain rate tensor [s-2] 

𝑁   number of standard deviations separating mean from extremes [—] 

𝑃𝑔0  initial gas pressure [kPa] 

𝑃𝑠   solids pressure [kPa] 

𝑄   baseline output for a given scenario as is used in Eqs. 1 and 4 [—] 

𝑅𝑒𝑠  Reynolds number for solids phase [—] 

𝑡   time [s] 

𝑇   number of orthogonal array experiments in Steps 2 and 3 [—] 
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𝑇0   initial gas temperature [K] 

𝑢𝑔   fluctuating gas velocity [m/s] 

𝑈𝑔   gas velocity [m/s] 

�̅�𝑔   gas velocity vector [m/s] 

𝑈𝑔𝑦0  initial y-component of gas velocity [m/s] 

𝑈𝑠   solid velocity [m/s] 

�̅�𝑠   solid velocity vector [m/s] 

〈𝑈𝑠𝑦〉  time averaged y-component of solid velocity [cm/s] 

𝑈𝑠𝑦0  initial solid velocity [m/s] 

𝑥   coordinate direction [m] 

𝑥∗   wall function parameter [—] 

Δ𝑥   width of computational cell next to wall [m] 

Δ𝑦   height of computational cell next to wall [m] 

𝑧   independent variable used in Eqs. 1 and 2 [—] 

 

Greek Symbols 

𝛽   drag coefficient [kg/(s∙m3)] 

휀𝑔
∗   packed bed void fraction [—] 

휀𝑔  gas void fraction [—] 

〈휀𝑔〉 time averaged void fraction [—] 

휀𝑔
𝑡    turbulent energy dissipation in the gas phase [m2/s3] 

휀𝑠   solid volume fraction [—] 

휀𝑠,𝑚𝑎𝑥  maximum solid volume fraction [—] 

휀𝑠
𝑡   dissipation of solid fluctuating energy due to inter-particle collisions [J/(m3∙s)] 

𝜂   function of restitution coefficient [—] 

𝜃𝑛   shift parameter determined in Step 4 [—] 

Θ   granular temperature [m2/s2] 

𝜅𝑠   conductivity of solids turbulent energy [m2/s] 

𝜅𝑠
𝑡   granular conductivity [J/(m∙K∙s)] 

𝜆   second coefficient of solids viscosity [kg/(m∙s)] 

𝜇𝑛   location parameter determined in Step 2 [—] 

𝜇𝑔   gas viscosity [kg/(m∙s)] 

𝜇𝑔
𝑡    turbulent eddy viscosity [kg/(s∙m)] 
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𝜇𝑠   solids viscosity [kg/(s∙m)] 

Π𝑘𝑔  gas phase turbulence exchange term [kg/(m∙s3)] 

Π𝑘𝑠  solid phase turbulence exchange term [kg/(m∙s3)] 

𝜌𝑔   gas density [kg/m3] 

𝜌𝑠   particle density [kg/m3] 

𝜎𝑛   shape parameter determined in Step 3 [—] 

𝜏𝑔  gas phase stress tensor [kPa] 

𝜏𝑔
𝑡    energetic turbulence eddy time scale [s] 

𝜏𝐿
𝑥   particle relaxation time scale [s] 

𝜏𝑠  solid phase stress tensor [kPa] 

𝜙  angle of internal friction [—] 

𝜙𝑤  angle of internal friction at walls [—] 
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Chapter 5: Future Work 

 Uncertainty analysis is a tool that has applications across disciplines. The tools and 

techniques presented here could easily be applied elsewhere. Future work for both uncertainty 

analysis contributions clearly includes an exploration into other adsorption scenarios as well as 

other uncertain scenarios. 

 In addition to expanding the breadth of application of the multiscale uncertainty analysis, 

there is work to be done in reducing the computational burden of the stochastic molecular-level 

modeling. For the molecular results alone from Chapter 3, months of computational time were 

necessary. And QUICKER is of limited use in reducing this effort: QUICKER will reduce the effort 

for scenarios with large numbers of uncertain inputs, but these molecular scenarios had only a 

single uncertain input. Future work should include the development of a methodology analogous 

to QUICKER, but focused on reducing the computational burden of scenarios with only a single 

uncertain input parameter. 

 For the field of uncertainty quantification, in addition to analyzing the effects of how input 

uncertainty propagates through a system, it is also of interest to determine the sensitivity of 

outputs to each input parameter. Currently, QUICKER is focused exclusively on input 

uncertainty propagation, and extending it into sensitivity analysis would greatly improve its 

usability. 
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