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On the Use of Arnoldi and Golub-Kahan Bases to Solve Nonsymmetric
Ill-Posed Inverse Problems

Matthew A. Brown

(ABSTRACT)

Iterative Krylov subspace methods have proven to be efficient tools for solving linear systems
of equations. In the context of ill-posed inverse problems, they tend to exhibit semiconver-
gence behavior making it difficult detect “inverted noise” and stop iterations before solutions
become contaminated. Regularization methods such as spectral filtering methods use the sin-
gular value decomposition (SVD) and are effective at filtering inverted noise from solutions,
but are computationally prohibitive on large problems. Hybrid methods apply regularization
techniques to the smaller “projected problem” that is inherent to iterative Krylov methods
at each iteration, thereby overcoming the semiconvergence behavior.

Commonly, the Golub-Kahan bidiagonalization is used to construct a set of orthonormal basis
vectors that span the Krylov subspaces from which solutions will be chosen, but seeking a
solution in the orthonormal basis generated by the Arnoldi process (which is fundamental
to the popular iterative method GMRES) has been of renewed interest recently. We discuss
some of the positive and negative aspects of each process and use example problems to
examine some qualities of the bases they produce. Computing optimal solutions in a given
basis gives some insight into the performance of the corresponding iterative methods and
how hybrid methods can contribute.
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Chapter 1

Introduction

1.1 Inverse Problems

This thesis focuses on two Krylov subspace methods for finding solutions of linear, ill-posed,
inverse problems. Inverse problems themselves compose a very large class of problems which
occur when there is a desire to undo a process that has resulted in a known or observed
dataset to recover the original information. For example, if f is some function and d is a
known output of the function, one might be interested to know what input, x, (if any) yields
such an output, ie.

find x such that f(x) = d.

Inverse problems are commonly discretized either due to the practicalities of the problem
(only discrete data points are available) or in pursuit of numerical solutions when a closed
form solution is unavailable or difficult to use. In the case of systems of linear equations, the
forward problem of computing b from a given matrix A and vector x leads to the general
inverse problem in consideration here:

given A and b, find x such that Ax = b. (1.1)

We take A to be a general matrix in R
n×n, x a vector in R

n, and b a vector in R
n. While

many methods for solving inverse problems may be applied to rectangular matrices, meth-
ods based on the Arnoldi process, which are of particular interest here, may not. So for the
purposes of comparison, we restrict our attention here to square matrices.

The matrix A is not assumed to be invertible, so other methods are needed to solve the
problem than matrix inversion. But even for an invertible n × n matrix A, the inverse

1
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solution given by

x̂ = A−1b

may be unavailable if A is too large to be efficiently inverted, or the inverse solution may be
otherwise undesirable as explained in the next section on ill-posed problems. This motivates
methods of solution other than matrix inversion.

Many problems are naturally represented by systems where the matrix A is symmetric.
This structure often allows for significant computational enhancements and accordingly a
host of iterative methods are designed specifically for this scenario. Notable among these
are MINRES which seeks solutions that have minimal residuals and the method of conjugate
gradients (CG).

Among the methods that can be applied to nonsymmetric systems are those based on the
Golub-Kahan iterative bidiagonalization1 process which implicitly computes relations based
on the normal equations,

ATAx = ATb,

and those such as the iterative method GMRES which are based on the Arnoldi process. The
latter typically are generalizations of MINRES to the nonsymmetric case. Both Arnoldi and
Golub-Kahan processes produce sequences of basis vectors spanning their respective Krylov
subspaces. These bases are used to construct approximations for x, and are the specific
interest of this thesis.

Compared to Golub-Kahan bidiagonalization, one advantage of the Arnoldi process is that it
does not require AT to compute the basis. This is useful in situations where the transpose is
unavailable or otherwise unfeasible to compute or store in computer memory. Additionally,
application of the normal equations results in effectively squaring the condition number of
the problem. This is a concern when considering problems which are already ill-conditioned.

In some cases, the discretization matrix A may be nonsingular in exact arithmetic, but sin-
gular in finite precision arithmetic, for example if any of its singular values, σi are smaller
than the machine precision, ǫ. These are effectively zero in finite precision and thus the
computer representation of the discretization is singular. This scenario is studied with some

1These methods are sometimes referred to as “Lanczos” methods in the literature as attribution to [34],
but here we follow the example in [29] by referring to them as Golub-Kahan [17] methods
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detail and interesting results for the iterative method GMRES in [5].

The remainder of this chapter will introduce further complexities associated with ‘ill-posed’
inverse problems. Chapter 2 provides background material on Krylov subspaces and Arnoldi
and Golub-Kahan based methods. Regularization for ill-posed problems is also discussed
as well as hybrid methods which combine regularization and Krylov subspace methods. In
Chapter 3, we investigate characteristics of the bases produced by these methods which span
either Kk(A,b) or Kk(A

TA,ATb), and how these characteristics affect the construction
of approximate solutions. Specific example problems are presented as illustrations of the
performance of various methods and lead to ideas for modification or improvement.

1.2 Ill-Posed Inverse Problems

An inverse problem may be said to be “ill-posed” if any of the three following conditions
hold:

1. the problem has no exact solution

2. the problem has multiple solutions

3. solutions do not depend continuously on the data.

In some cases, the underlying model problem may be well-posed (ie. none of the three
conditions apply) while the discrete numerical problem derived from it is ill-posed [24]. This
can happen as a result of discretization errors, measurement errors, or numerical errors
including the effects of round-off due to the use of finite-precision computations. On the
other hand, some problems are inherently ill-posed. Here we will focus on problems of the
form

b = Axexact + n (1.2)

where the matrix A is extremely ill-conditioned and n is additive noise.

What we call ‘noise’ could be attributed to the contamination of measurements from outside
sources, or it could be the result of errors like those listed above. In this work, we assume
Gaussian white noise. That is, the elements of n come from a Gaussian distribution with
zero mean and a fixed standard deviation. We will refer to the relative noise level, η, which
is defined by
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η =
‖n‖

‖bexact‖
. (1.3)

Here and in the rest of this thesis, the norm ‖ · ‖ being considered is the Euclidean norm.
A precise measurement of η is not typically available in practice. On the other hand, η can
sometimes be well approximated from the information that is available. For more details
on noise in inverse problems, see for example Hansen’s book [24]. We use Matlab’s randn
function to produce noise that follows a Gaussian distribution which may then be scaled to
simulate different noise levels.

For some problems, the addition of noise to the right hand side causes

b = bexact + n (1.4)

to lie outside the range of A. This can occur for example when A has a strong smoothing
effect and η is relatively large. Since there is no x ∈ R

n such that Ax = b, the problem
exhibits the first type of ill-posed behavior. In this case, we typically relax our search for
an exact solution and instead seek a least squares solution that minimizes the residual norm
‖b−Ax‖. It is known that the least squares solutions is given by

xLS = (ATA)−1ATb

which is the inverse solution to the normal equations for the problem. However, for problems
where A is severely ill-conditioned, computing xLS or x̂ = A−1b where A is invertible can
still produce poor solutions. Consider the inverse solution

x̂ = A−1b = A−1bexact +A−1n = xexact +A−1n.

If

‖xexact‖ ≪ ‖A−1n‖

the inverse solution is dominated by the inverted noise. That is, the inverse problem exhibits
the third type of ill-posed behavior in that it is extremely sensitive to small perturbations
in the data. This is reflected in the error bound of the exact solution

‖xexact − x̂‖
‖xexact‖

≤ cond(A)
‖n‖

‖bexact‖
(1.5)

where cond(A) is the condition number of the invertible matrix A which is determined as
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cond(A) = σmax(A)/σmin(A) (1.6)

with σmax(A) and σmin(A) respectively the largest and smallest singular values of A. The
situation for the least squares solution can be worse since

cond(ATA) ≈ cond(A)2

If A is not invertible, then the condition number is unbounded and errors in approximate
solutions may be arbitrarily large.

For ill-posed inverse problems, the least squares solution and the inverse solutions are con-
taminated by inverted noise. Regularization is a means to produce accurate reconstructions
solving a nearby well-conditioned problem. Typically regularization is accomplished by im-
posing prior knowledge or constraints on the solution. For example, common regularization
techniques seek solutions which are smoothest, have smallest total variation [1], have sparsity
in some basis [10], or have specific upper and lower bounds.

Ill-posed inverse problem occur naturally in a variety of scientific and technical systems and
have been well-studied in these contexts. General introductions to the area of ill-posed in-
verse problems can be found in [3], [19], [31], [38], and [46].

Image deblurring is a classic example of an ill-posed problem and the techniques we will
explore here have been applied successfully to image deblurring problems in [4], [8], [15],
[14], [16], and [27] among others. In this thesis, we consider smaller 1D examples of ill-posed
inverse problems from Hansen’s toolbox [23]. In the next section, we describe one such
example that will be used throughout for illustration purposes.

1.3 Example

1-D Inverse Heat Problem

In the inverse heat problem, the task is to take an observed temperature reading and deter-
mine an initial temperature state that would have resulted in the observations after some
period of time. The inverse heat problem is modeled using the Volterra integral equation of
the first kind, which have the form

∫ s

0

k(s− t)f(t)dt = g(s), 0 ≤ s ≤ 1.
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In the heat problem, the convolution kernel k is given by

k(τ) =
τ−3/2

2κ
√
π
exp

(
− 1

4κ2τ 2

)
.

The discretization of this problem by means of the midpoint rule leads to the linear system

bexact = Axexact (1.7)

where A is a nonsymmetric, Toeplitz, lower triangular matrix representing the convolution
operation, x is an initial temperature state of the system, and b is the temperature state
after some period of time.

The “forward” problem is to compute b given a known initial state x and is well posed: for
any x there is a unique b satisfying (1.7), and solutions depend continuously on the data.
However, the inverse heat problem (find x satisfying (1.7) for an observed final state b) is
ill-posed when κ < 4.

The source of the ill-posedness for this problem comes from the underlying physics. Since
an imbalance in heat distribution will dissipate over time and tend towards an equilibrium,
many initial heat distributions may result in very similar observed heat distributions espe-
cially after long periods of time. This indicates that a solution to the inverse heat problem
may not be unique or that a small perturbation in the observation may correspond with a
large change in the solution. This problem has been explored by many authors which use it
as an introduction and motivation to ill-posed inverse problems [4].

Hansen has implemented a discretization of this system in the heat test problem provided in
the Regularization Tools toolkit [23]. In this implementation, the parameter κ found in the
kernel k(τ) can by any positive real number and affects the conditioning of the system. For
example, κ = 1 is very ill-conditioned and κ = 5 is fairly well-conditioned. In the example
here, the value κ = 2 is used. This produces a square, lower triangular matrix A whose
diagonal elements aii are identical to each other and tend exponentially to zero with larger
n. This leads to extreme ill-conditioning of A even for relatively small values of n. We use
n = 100 here.

To simulate noisy data in the right hand side of the system, we compute

b = bexact + n
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Figure 1.1: Iterative methods applied to ill-posed inverse problems often exhibit semiconvergence behavior.
Here iterations of GMRES and LSQR are applied to the heat problem with a mirror image of the default
xexact and noise level η = .05. Note that residual norms decrease even while relative error norms increase.
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where n is a Gaussian white noise vector n with relative noise level η. In the example that
follows, a noise level of η = 0.05 is used.

To illustrate difficulties typical of solving ill-posed inverse problems, we apply the iterative
methods GMRES and LSQR to this inverse heat problem with added noise. These two
widely used methods are described in Chapter 2 and each produces in the kth step an
approximate solution xk. Figure (1.1) shows plots of the norm of the relative error of each
iterate, computed as

relative error =
‖xexact − xk‖

‖xexact‖
.

and also the residual norms

residual norm = ‖b−Axk‖

versus the iteration index, k, for each of the methods. The exact solution xexact is not avail-
able in practice, but is useful in test problems to analyze the behavior of solution techniques
and in methods which use known solutions to develop a set of training data. Note the base-
10 log scale on the vertical axis.

The behavior of the error norm and residual norm plots shown in Figure (1.1) is common
when standard iterative methods are applied to ill-posed inverse problems. In the error



Matthew A. Brown Chapter 1. Introduction 8

plot, we see what is called the semiconvergence of both methods. In the initial iterations
the methods show improving approximations xk, but then they begin to worsen drastically.
This is because we are initially constructing meaningful components of the true solution, but
later are converging towards A−1b which is dominated by inverted noise.

The residual norm is a readily available tool that is often used to judge convergence of an
iterative method towards the solution. GMRES and LSQR are designed to produce iterates
xk which minimize the residual. But as this example shows, solutions with smaller residuals
are not necessarily accurate solutions for ill-posed inverse problems.

Also note that the relative error plots for GMRES and LSQR are very different from each
other. These two methods share much of the same ideology in their derivation, but can have
strikingly different performance characteristics depending on the problem. These differences
are of particular interest in this thesis.



Chapter 2

Background

When finding approximate solutions to large scale discrete ill-posed inverse problems, we
want to minimize computational effort while suppressing the influence of inverted noise.
Iterative methods such as those based on Krylov subspace methods are often good at the
former while regularization techniques such as spectral filtering provide the latter.

In this chapter we give background information on a class of iterative methods called Krylov
methods. Then we discuss SVD based regularization methods including TSVD and Tikhonov
regularization. Lastly, we address hybrid methods which seek to combine iterative methods
with direct regularization in an effort to balance the two goals.

2.1 Iterative Krylov Methods

For a matrix A, vector b, and natural number k, the kth Krylov subspace, written Kk(A,b)
or when the context is clear, Kk, is defined as

Kk(A,b) = span{b,Ab,A2b, . . . ,Ak−1b}.

Part of the appeal of Krylov subspaces is that, by their formation, they are adapted to
the problem at hand [24]. Many iterative methods such as MINRES, GMRES, conjugate
gradients (CG), and methods derived from these are categorized as Krylov subspace meth-
ods since their iterates are chosen from such spaces. In particular, for minimium residual
methods, the goal is to compute a sequence of approximations to the linear least squares
problem

min
x

‖b−Ax‖ (2.1)

9
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by computing the best approximation in the Krylov subspace. That is, at each iteration k,
we seek

xk ∈ Kk(A,b) such that xk = argmin ‖b−Ax‖ (2.2)

2.1.1 Arnoldi Methods

Arnoldi methods are iterative methods that may be applied to the general inverse problem
(1.1) where A is a general matrix in R

n×n. Arnoldi methods are typically used when A is
nonsymmetric since symmetry can be exploited for a substantial reduction in computational
effort. This class of methods uses the Arnoldi iteration (one step of the algorithm is given
in Figure 2.1) to construct a set of orthonormal vectors that form a basis for Kk(A,b). The
Arnoldi iteration [2] produces these vectors iteratively in a two-phase process of extending
the basis by constructing a new vector and then orthonormalizing it against all the previous
vectors. The initial basis vector w1 ∈ R

n is taken to be the normalized residual of the initial
guess x0 ∈ R

n,

w1 =
b−Ax0

‖b−Ax0‖
.

In the absence of prior information about the problem, it is usually advised to take x0 = 0

as the initial guess. The Arnoldi algorithm can be extended to the case where x0 is not the
zero vector [45], but for simplicity we assume x0 = 0 from this point on. As a result

w1 =
b

‖b‖ . (2.3)

At the first iteration, the Krylov subspace is spanned by only the single vector w1, which is
by definition orthonormal. At each subsequent iteration, the set of vectors is extended by
multiplying the previous orthonormalized vector with A to get a new vector w̃k = Awk−1.
Then, this new vector w̃k is orthogonalized against each of the previous vectors one at a time.

This means that in the kth step, the new vector will be orthogonalized against k−1 vectors.
This growth of work in each step is often cited as a disadvantage of the Arnoldi iteration
since Golub-Kahan methods (details follow in the next section) exploit symmetry to require
a smaller and constant amount of work for their orthogonalization in each step which makes
them faster in situations where a moderately large number of iterations are performed. How-
ever, the extra work of the full Arnoldi orthogonalization can be beneficial since basis vectors
tend to lose orthogonality in finite precision arithmetic.
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Figure 2.1: One Step of the Arnoldi Process

Input : A,w1,w2, · · · ,wk

Result: wk+1

wk+1 = Awk;
for i from 1 to k do

hi,k = wT
i wk+1;

wk+1 = wk+1 − hi,kwi;

end

hk+1,k = ‖wk+1‖2;
wk+1 = wk+1/hk+1,k;

Orthogonalization within the Arnoldi method may be accomplished in various ways, but
often the modified Gram Schmidt (MGS) process is cited as the preference. The main con-
cerns in choosing an orthogonalization method are computational efficiency and numerical
stability. It is worth noting that the built-in Matlab implementation of GMRES uses House-
holder reflections for the orthogonalizations in its Arnoldi iterations as suggested in [48].
Our implementations of Arnoldi methods use MGS orthogonalization.

After the orthogonalizations are completed, the resulting vector is normalized for numerical
stability of subsequent operations. After k + 1 iterations of the Arnoldi process, we get the
following relation:

AWk = Wk+1Hk+1,k (2.4)

where Wk = [w1 · · · wk] ∈ R
n×k and H ∈ R

(k+1)×k is an upper Hessenberg matrix with

elements hij corresponding to the inner products computed during the orthonormalization
process.

GMRES is an minimum residual iterative method which uses the Arnoldi process to generate
the matrices Wk and Hk+1,k in the kth iteration to project (2.1) onto the Krylov subspace
Kk(A,b) to compute solutions xk which satisfy (2.2).

Since the vectors {wi}ki=1 form an orthonormal basis for Kk(A,b), an approximate solution
xk that satisfies (2.2) will have the form

xk = Wkyk (2.5)

where yk ∈ R
k. Further, from (2.3), we have
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b = βWk+1e1 (2.6)

where β = ‖b‖ and e1 is the first column of the identity matrix of size k + 1. Then using
(2.6) and (2.5), then (2.4), we conclude that the residual vector corresponding to the solution
at the kth iteration can be written as

rk = b−Axk

= βWk+1e1 −AWkyk

= βWk+1e1 −Wk+1Hk+1,kyk

= Wk+1(βe1 −Hk+1,kyk)

Since Wk+1 has orthonormal columns, it follows that for xk ∈ R(Wk)

‖rk‖ = ‖b−Axk‖ = ‖βe1 −Hk+1,kyk‖ (2.7)

so we can approximate the least squares problem (2.1) with the projected least squares
problem

min
x∈R(Wk)

‖rk‖ = min
y∈Rk

‖βe1 −Hk+1,ky‖ (2.8)

and choose the approximate solution (2.5), where yk is the solution to (2.8).

From a computational perspective, the projected least squares problem (2.8) is significantly
easier and faster to solve due its smaller size and the favorable structure of Hk+1,k.

In some extreme cases, cancellation errors may occur in finite precision arithmetic during
the orthogonalization steps that result in a loss of orthogonality among the computed basis
vectors, {wi}ki=1. This can be problematic if the stability or accuracy of the method depends
on the orthogonality of the basis vectors.

If loss of orthogonality is expected or observed in an Arnoldi based method for a particular
problem, then reorthogonalization of the basis vectors can help but effectively doubles the
computational work in each step. An algorithm is given for complete reorthogonalization in
Figure (2.2).
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Figure 2.2: One Step of the Arnoldi Process with Complete Reorthogonalization

Input : A,w1,w2, · · · ,wk

Result: wk+1, h1,k, · · · , hk+1,k

wk+1 = Awk;
for i from 1 to k do

hi,k = wT
i wk+1;

wk+1 = wk+1 − hi,kwi

end

for i from 1 to k do

ρ = wT
i wk+1;

wk+1 = wk+1 − ρwi;
hi,k = hi,k + ρ;

end

hk+1,k = ‖wk+1‖;
wk+1 = wk+1/hk+1,k

2.1.2 Golub-Kahan Iterative Bidiagonalization

Contrary to Arnoldi methods, Golub-Kahan based methods seek minimum norm residual
solutions in the Krylov subspace defined by

Kk(A
TA,ATb).

so that at each iteration we seek a solution to

min
x∈Kk(A

TA,ATb)
‖b−Ax‖2, k = 1, 2, ... (2.9)

The Golub-Kahan bidiagonalization process is closely related to the Lanczos method [34]

applied to real symmetric matricesATA andAAT or alternatively to

(
0 A

AT 0

)
, and follows

the conceptual ideas of the Arnoldi process described above. However, the Golub-Kahan
process takes advantage of the symmetry of ATA to reduce the work in each iteration and
the storage requirements. This reduction is accomplished through a shorter orthogonalization
step which only depends on two vectors in each iteration instead of k vectors as in Arnoldi.

Define u1 by βu1 = b, i.e. u1 = b
‖b‖

and define v1 by α1v1 = ATu1 where α1 = ‖ATu1‖.
Then for i = 1, 2, ...
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Figure 2.3: One Step of Golub-Kahan Iterative Bidiagonalization

Data: A,vk−1,uk, αk−1, βk

Result: vk,uk+1, αk, βk+1

v = ATuk − βkvk−1;
αk = ‖v‖;
vk = v/αk;
u = Avk − αkuk;
βk+1 = ‖u‖;
uk+1 = u/βk+1;

βi+1ui+1 = Avi − αiui

αi+1vi+1 = ATui+1 − βi+1vi

where βi and αi are constants such that ui and vi have unit norm for i = 1, 2, . . . , n. df An
algorithm for computing these vectors and coefficients is given in Figure (2.3).

After k iterations, the matrices Uk and Vk in R
n×k defined by

Uk = [u1 u2 · · · uk] and Vk = [v1 v2 · · · vk]

have orthonormal columns in exact arithmetic and together with the lower bidiagonal matrix

Bk+1,k =




α1

β2 α2

β3
. . .
. . . αk

βk+1




satisfy the following relations for k = 1, 2, . . . , ..., n

ATUk+1 = VkB
T
k+1,k + αk+1vk+1e

T
k+1 (2.10)

AVk = Uk+1Bk+1,k. (2.11)

We can use these relations to iteratively find solutions to the projected problem (2.9). Since
the vectors {vi}ki=1 form an orthonormal basis for Kk(A

TA,ATb) by construction, an ap-
proximate solution xk that is in this Krylov subspace will have the form
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xk = Vkfk. (2.12)

where fk ∈ R
k. Then using (2.11) and the fact that b = β1Uk+1e1 we can write the residual

corresponding to the solution at the kth iteration as

rk = b−Axk

= βUk+1e1 −AVkfk

= βUk+1e1 −Uk+1Bk+1,kfk

= Uk+1 (βe1 −Bk+1,kfk)

Then since Uk+1 has orthonormal columns

‖rk‖ = ‖b−Axk‖ = ‖βe1 −Bk+1,kfk‖,

and we can approximate the least squares problem

min
x∈Rn

‖b−Ax‖

with the projected least squares problem

min
x∈R(Vk)

‖rk‖ = min
f∈Rk

‖βe1 −Bk+1,kf‖ (2.13)

and choose the approximate solution as (2.12) where fk solves (2.13).

As with the Arnoldi process, reorthogonalization has been proposed for the Golub-Kahan
bidiagonalization process to mitigate loss of orthogonality among the computed basis vectors
for the Krylov subspace which is caused by cancellation errors. An algorithm incorporating
complete reorthogonalization is given in Figure (2.4).

When considering the use of this algorithm, it is worth noting first that the reorthogonaliza-
tion is computationally expensive and grows with each iteration as in the Arnoldi iteration
since the new vector is orthogonalized against all the previous vectors. Additionally, im-
plementing reorthogonalization in this way for the Golub-Kahan process may result in the
failure of relations (2.10) and (2.11) to hold since the matrix Bk+1,k is not updated to reflect
changes made to the vectors ui and vi.
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Figure 2.4: One Step of Golub-Kahan Iterative Bidiagonalization with Complete Reorthogonalization

Input : A,v1, · · · ,vk−1,u1, · · · ,uk, αk−1, βk

Result: vk,uk+1, αk, βk+1

v = ATuk − βkvk−1;
for j from 1 to k − 1 do

vk = vk−1 − (vT
j vk)vj ; ;

end

αk = ‖v‖;
vk = v/αk;
u = Avk − αkuk;
for j from 1 to k do

u = u− (uT
j u)uj; ;

end

βk+1 = ‖u‖;
uk+1 = u/βk+1;

The Golub-Kahan process is an attractive option because the computed matrix Bk+1,k has
a sparse, bidiagonal structure making the minimization problem (2.13) easy to solve very
quickly with small storage demand. Updating Bk+1,k to reflect the reorthogonalization of
the columns of Vk and Uk would be easy to implement (as done for reorthogonalization of
Arnoldi) but would result in Bk+1,k losing its bidiagonal structure and becoming Hessenberg
instead [35]. This greatly increases the amount of computational effort and storage needed
to solve the projected minimization problem.

It is known that the Arnoldi basis is better for some problems, while the Golub-Kahan basis
is better for others. Previous work on analyzing the comparative convergence properties of
LSQR and GMRES can be found in [5], [39], [30].

2.2 Regularization for Ill-Posed Inverse Problems

Minimum residual methods based on the Arnoldi method and Golub-Kahan method have
been applied successfully to numerous problems. But as we mentioned in the introduction,
semiconvergence often makes them difficult to use for solving ill-posed inverse problems,
particularly when the observed data are contaminated by additive noise.

In this section, we step out of the context of Krylov subspace methods and explore regu-
larization techniques that can be used to handle noise contamination in a general setting.
We return to iterative methods in the context of regularization in the following section and
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discuss hybrid methods that combine both techniques.

Here our interest is still in solving problems which have the form (1.2) and are contami-

nated by additive Gaussian white noise n with relative noise level η = ‖n‖
‖bexact‖

. We wish
to find an approximate solution as near as possible to the unknown true solution xexact.
Due to the added noise and ill-conditioning of A, we generally do not want solutions A−1b

or (ATA)−1ATb and prefer regularized solutions which have been constructed to preserve
useful components of the solution while suppressing the influence of the inverted noise.

Here we discuss two regularization methods which can be expressed in terms of the singular
value decomposition (SVD) of the matrix A. The SVD of A ∈ R

n×n is given as

A = UΣVT (2.14)

where U and VT are orthogonal matrices in R
n×n and Σ = diag(σ1, σ2, · · · , σn) is a diagonal

matrix with the n singular values σ1 ≥ σ2 ≥ . . . ≥ σn of A on the diagonal. The columns,
ui of U and vi of V are called respectively the left and right singular vectors of A. Since U

and V are orthogonal matrices, we have the useful property that

UTU = UUT = I and VTV = VVT = I.

In the case that A is non-singular, this leads to

A−1 =
(
UΣVT

)−1
= VΣ−1UT

where Σ−1 is a diagonal matrix with diagonal elements σ−1
i .

Using the SVD, the inverse solution can be written as

x̂ =

n∑

i=1

uT
i b

σi
vi. (2.15)

Even if A is not full rank, the Moore-Penrose pseudoinverse gives a similar representation
in terms of the SVD.

It is typical of ill-posed inverse problems that the singular values of A decay to and cluster
near zero with no discernable gap between consecutive values. A discretized problem is said
to satisfy the Discrete Picard Condition (DPC) if the SVD coefficients |uT

i b| on average
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Figure 2.5: Picard Plot of heat test problem. |uT

i
b| coefficients level off around η = 0.05 while singular

values decay.
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decay faster than the corresponding singular values σi [21].

The Picard plot is often used to illustrate these concepts. In Figure (2.5), we provide a Pi-
card plot for the heat example from Section 1.3. The Picard plot shows the singular values

σi, the SVD coefficients |uT
i b|, and the solution coefficients

|uT

i
b|

σi

.

This phenomenon is usually visible from the Picard plot. The SVD coefficients will be de-
creasing with the index i until they reach the relative noise level η at some k, at which point
they will level off.

This behavior can be explained by the presence of additive noise in the right hand side. If
we used bexact in the Picard plot instead, then we would observe that the coefficients |uT

i b|
decay to zero faster that the singular values and thus the solution coefficients would tend
towards zero in absolute value instead of increasing after some index k. This is because for
all i = 1, . . . , n we have the expansion

uT
i b = uT

i (bexact + n) = uT
i bexact + uT

i n

and for large i

uT
i bexact ≈ 0 and uT

i n ≈ η.

Then, since the singular values continue to decay to zero, the solution coefficients for large i
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uT
i b

σi
≈ η

σi

become very large. This results in an amplification of the contribution of singular vectors
vi that correspond to small singular values and are highly oscillatory. This effect is often
called “inverted noise”.

Hansen [24] gives an informative development of SVD based regularization beginning with
the SVE (continuous singular value expansion for which the SVD is the discrete analog).

Here we consider spectral filtering methods, where regularized solutions can be written as

xreg =

n∑

i=1

φi
uT
i b

σi
vi. (2.16)

where φi are filter factors. The filter factors φi are so named because they usually take
on values in [0, 1] with the purpose of filtering any components of the solution that are
dominated by inverted noise while allowing to pass any components which contain useful
information about the solution. Choosing a good set of filter factors determines the success
of the regularization method. Next we discuss two filtering methods: TSVD and Tikhonov.

2.2.1 TSVD

The first regularization method we will look at is the Truncated SVD regularization method
or simply TSVD. As the name suggests, it attempts to prevent inverted noise from entering
an approximate solution by filtering all components of the solution after an index k, which is
intended to be the index at which the SVD components have reached the relative noise level
η of the right hand side b. That is, we take the filter factors φi = 1 for i ≤ k and φi = 0 for
i > k and construct the regularized solution as

xTSV D =
n∑

i=1

φi
uT
i b

σi
vi =

k∑

i=1

uT
i b

σi
vi (2.17)

Another interpretation of TSVD is obtained by constructing the reduced matrix

Ak =




| |
u1 · · · uk

| |







σ1

. . .

σk







| |
v1 · · · vk

| |




T
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and consider solving

min ‖b−Akx‖

which is better conditioned since typically

cond(Ak) = σ1/σk ≪ σ1/σn = cond(A)

but requires additional constraints because Ak is rank deficient. It can be shown that (2.17)
is the exact solution to the problem

min ‖x‖ subject to ‖b−Akx‖ = min

for fixed k. The truncation parameter k should be chosen so that |uT
kb| ≈ η for i > k. There

are many parameter selection techniques which may be paired with TSVD. We will address
some of these in the next section.

2.2.2 Tikhonov Regularization

In Tikhonov regularization [41], [44], solutions have the form (2.16) where the filter factors
φi take on real values between zero and one, not just the integer values 0 and 1 as in TSVD.
This allows a weighted filtering which may be useful since for i ≈ k where k is the index
where inverted noise begins to dominate solution coefficients, vectors vi may still be able to
contribute meaningfully to the solution if the noise is appropriately damped in the solution
coefficients.

The standard-form Tikhonov regularization problem can be formulated as the linear least
squares problem

min
x∈Rn

∥∥∥∥
(
A

αI

)
x−

(
b

0

)∥∥∥∥ (2.18)

which is often written as

min
x∈Rn

‖b−Ax‖2 + α2 ‖x‖2 . (2.19)

where α ∈ R is a regularization parameter. By solving the corresponding normal equations,
the Tikhonov solution can be written as
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xα =
(
ATA+ α2I

)−1
ATb. (2.20)

Many researchers have considered using iterative methods to compute the Tikhonov solu-
tion. Here we use Tikhonov regularization as a spectral filtering approach. Using the SVD,
equation (2.20) can be written as

xα =
(
VΣ2VT + α2VVT

)−1
VΣUTb

=
(
V

(
Σ2 + α2I

)
VT

)−1
VΣUTb

= V
(
Σ2 + α2I

)−1
ΣUTb

= V
[(
Σ2 + α2I

)−1
Σ2

]
Σ−1UTb

= VΦΣ−1UTb

where Φ =
(
Σ2 + α2I

)−1
Σ2 is a diagonal matrix whose diagonal elements are given by

φi =
σ2
i

σ2
i + α2

≈





1, σi ≫ α

σ2
i

α2
, σi ≪ α

. (2.21)

This leads to the Tikhonov filtered solution which has the form (2.16) and uses the filter
factors given in (2.21).

The choice of the parameter α is crucial. When α is small, solutions will tend to be more
like the inverse or least squares solution and thus may be contaminated with inverted noise.
When α is large, solutions will be weighted to favor regularity or smoothness in x. Thus if
α is too large, solutions will be very regular but not be a good fit for the original problem.

Much study has been invested in parameter selection methods to select truncation index k
for TSVD or regularization parameter α for Tikhonov. For problems where the noise level
η is provided or can be estimated from the data, parameter selection methods such as the
Discrepancy Principle or UPRE can be used for estimating the desired parameter.

The discrepancy principle [27], [24], [37], [43] is intuitively easy to understand: if the norm
of the noise in the right hand side is known in advance, then the parameter should be chosen
so that the residual norm is approximately equal to the norm of the noise. One difficulty
with this approach is that it can be very sensitive to estimate of the noise level, so it may
be difficult to get good results. Furthermore, even with a good estimate, the discrepancy
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principle has been known to produce over-regularized solutions[24].

Another parameter selection method is the L-curve criterion [22], [26], [28]. The L-curve is
a log-log plot of the solution norm ‖xα‖ versus the residual norm ‖b − Axα‖ for a range
of values under consideration for the parameter α. This gives a visualization of balance
between the goodness of fit and the enforced regularity of solutions.

We observed heuristically that when α is small compared to the singular values of A, so-
lutions will tend toward A−1b or the least squares solution and thus will be dominated by
inverted noise while for large α, regularity is enforced over goodness-of-fit. As a result, the
L-curve graph is expected to have distinct vertical and horizontal parts representing these
phases. The idea then is to choose α in the transition area, specifically at the point of max-
imum curvature. This method can fail when the solution is very smooth.

Generalized Cross Validation (GCV) [18], [47] is another commonly used parameter selection
method which uses the statistical method of cross validation to predict elements of the solu-
tion and then choose α so that the prediction error is minimized. Other parameter slection
methods include the residual periodogram [42] and the χ2 test [36].

2.2.3 Hybrid Methods

In Chapter 1, we demonstrated the semiconvergence behavior that occurs when standard
iterative methods are applied to ill-posed inverse problems. In particular, early iterations
are able to produce approximations that correspond to decreasing reconstruction errors, but
additional iterations result in large errors due to contamination by inverted noise. Early ter-
mination of the iterative process is one approach to regularization, also known as iterative
regularization, but it is known that selecting a good stopping iteration can be very difficult.

Hybrid methods attempt to blend the best aspects of regularization techniques with itera-
tive methods for solving ill-posed inverse problems. SVD based techniques are very good at
isolating and removing inverted noise from small scale problems but are too computationally
expensive for large scale problems. Iterative Krylov methods allow the substitution of a
large problem with a smaller projected problem and often lead to good approximations in a
small number of iterations. But iterative methods exhibit semiconvergence when applied to
ill-posed inverse problems and it can be difficult to identify the transition between decreasing
and increasing error.

We consider hybrid methods, where a regularization technique is applied to the smaller pro-
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jected problem at each iteration. The intent is to fully utilize the rapid convergence of the
iterative method with relatively low computational effort and to use regularization to stabi-
lize solutions.

Following Hansen’s argument in [30], it is easy to see that Tikhonov regularization on the
projected problem at the kth iteration is equivalent to applying k iterations of the Krylov
method to the Tikhonov problem (2.19). More specifically letWk andHk+1,k be the matrices
produced by the Arnoldi process (or equivalently the matricesVk andBk+1,k from the Golub-
Kahan bidiagonalization process).

Then at the kth iteration of GMRES or LSQR applied to (2.19), we seek a solution to

min
x∈Kk

‖b−Ax‖2 + α2‖x‖2 (2.22)

which is given by xk = Wkyk where yk solves

min
y∈Rk

‖βe1 −Hk+1,ky‖2 + α2‖y‖2. (2.23)

Notice that this is just Tikhonov regularization applied to the projected problem (2.8). In
each iteration a new Tikhonov problem is solved with updated Hk+1,k and so the regulariza-
tion parameter α must be estimated in each iteration. This process ensures that the amount
of regularization is correlated with the noise level in the projected problem. By comparison,
if Tikhonov regularization is applied before employing an iterative method, then the regu-
larization parameter is fixed through the iterations.

Hybrid methods where Tikhonov regularization is applied inside Golub-Kahan based iter-
ations have been explored in [6], [7], [9], [11], [20], [32], [33], [40], and others. They have
shown to be particularly effective at stabilizing iterations near the minimum relative error
level on many test problems, and thus mitigating the semiconvergence phenomenon.

Hybrid methods where Tikhonov is applied within Arnoldi methods have been a subject
of renewed interest recently [16], [13], [12] in the context of large scale ill-posed problems
where the matrix transpose AT is unavailable or otherwise undesirable to compute or store in
memory. The idea is that by avoiding computations with the matrix transpose, large scale
problems may be solved more quickly, and that applying regularization to the projected
problem will have a regularizing effect on the resulting solutions. Further investigation of
hybrid methods in the context of seeking good solution coefficients for a given basis will be
considered in Section 3.2.



Chapter 3

Analysis of Arnoldi and Golub-Kahan

Subspaces and Solution Methods for

Ill-Posed Inverse Problems

Since Krylov subspace methods seek approximate solutions in a sequence of subspaces, it is
natural to ask how well the exact solution can be approximated in each of the subspaces,
to what extent approximations might improve in subsequent subspaces, and how well an
iterative method is able to utilize the subspace at its disposal. Further, by investigating the
choice of coefficients for a given basis we can analyze the extent to which a hybrid method
is an improvement on the underlying minimum residual method.

In this chapter we answer these questions in the context of problems for which we know
the exact solutions and give some examples to illustrate how this analysis can be useful and
what limitations it has. In Section 3.1 we investigate the quality of the basis for representing
solutions for the problem at hand, and in Section 3.2 we consider the use of the bases for
computing solutions.

3.1 On the Quality of the Basis

Suppose that an exact solution xexact ∈ R
n exists and is known for an ill-posed inverse

problem (1.2) where A is of full rank and either the Arnoldi process or the Golub-Kahan
process is applied to produce a set of orthonormal vectors {wi}ni=1

1 and thus form a basis
for Rn. Consequently xexact ∈ R(W) where

1In Section 2.1, we used wi for Arnoldi vectors and vi for Golub-Kahan vectors, but the following analysis
applies equally to any basis

24
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W = [w1 · · ·wn].

Define the vector p ∈ R
n as

p = WTxexact (3.1)

so that its components are given as

pi = wT
i xexact for i = 1, . . . , n. (3.2)

We know the scalar product for any two vectors u,v ∈ R
n, satisfies

u · v = ‖u‖‖v‖ cos θ

where θ is the angle between u and v. Then since the vectors wi each have unit norm, we
can define

p̂ =
p

‖xexact‖
=




cos θ1
cos θ2

...
cos θn




where θk is the angle between xexact and wk, and thus |p̂k| ≤ 1 for all values of k. Note that
|p̂k| close to one indicates a small angle and |p̂k| ≈ 0 indicates a basis vector that is nearly
orthogonal to xexact, so the former contribute useful information to the reconstruction of the
exact solution while the latter do not.

Computing the full set of basis vectors is undesirable in practice since the aim of the iterative
method is to produce a high quality approximate solution in as few iterations (ie. with as
little computational work) as possible. So a basis can be said to be well suited for a problem
if the |p̂i| corresponding to wi are relatively large (eg. |p̂i| > .3) in the early iterations
(i ≤ k << n) and small in the later iterations (i > k). In this scenario, xexact can be well
represented in R(Wk) and little is lost if iterations are terminated at k.

On the other hand, if |p̂i| are relatively large for i = 1, · · · , n, then all the basis vectors,
including the last ones, are important for an accurate reconstruction of xexact and early ter-
mination will yield poor reconstructions.
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Besides helping to describe the quality of the basis for a given problem, components in (3.2)
give the optimal solution for the minimizing the residual in a Krylov subspace.

Lemma 1. Suppose the matrix Wk ∈ R
n×k with k < n has orthonormal columns w1, . . . ,wk

and let xexact ∈ R
n be a given vector. Then the vector ŷ in R

k that satisfies

ŷ = arg min
y∈Rk

‖xexact −Wky‖ (3.3)

is given by y = WT
k xexact.

Proof. Under these assumptions, the least squares solution is found by solving the normal
equation

WT
kWky = WT

k xexact. (3.4)

Since Wk contains orthonormal columns,

WT
kWk = Ik (3.5)

and the desired conclusion follows.

It is clear then that any approximate solution taken from the R(Wk) (eg. GMRES or
Arnoldi-Tikhonov approximate solutions when W is determined by the Arnoldi process)
will have relative error at least as large as the relative error in the optimal solution Wkpk

where

pk = WT
k xexact.

By examining the relative errors corresponding to the optimal solutions for k = 1, . . . , n we
can judge the qualities of the bases generated by the Arnoldi or Golub-Kahan processes for
a particular problem and compare them.

To illustrate this, we return to the heat problem from the first chapter. The problem has
been set up as before. In this instance, the right-hand side b is contaminated with a noise
level of η = 10−3. The Arnoldi and Golub-Kahan processes are each used with full reorthog-
onalization to compute their respective bases and the coefficients p̂ corresponding to the
optimal solution in the Krylov subspaces are shown in the left plot of Figure 3.1.

The |p̂i| for the vectors generated by the Golub-Kahan process exhibit the general features
of a well-suited basis. The first few values of |p̂i| are large and the remaining are relatively
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Figure 3.1: heat problem, κ = 1, η = 10−3: Left - values of |p̂i| corresponding to optimal coefficients
in Arnoldi and Golub-Kahan bases. Right - error in the partial reconstructions. Golub-Kahan provides a
better basis
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Figure 3.2: heat problem, κ = 1, η = 10−3: Partial Reconstructions in Each Basis. Optimal Arnoldi
solutions are poor in early iterations and never become as accurate as early Golub-Kahan optimal solutions

0

0.5

1

k=1

A
rn

ol
di

 B
as

is

0

0.5

1

G
ol

ub
−

K
ah

an
 B

as
is

0

0.5

1

k=20

0

0.5

1

0

0.5

1

k=75

0

0.5

1

0

0.5

1

k=140

0

0.5

1



Matthew A. Brown Chapter 3. Analysis of Arnoldi and Golub-Kahan Subspaces 28

Figure 3.3: heat problem, κ = 1, η = 10−3 with alternate xexact: the left plot shows values of |p̂i| in
Arnoldi and Golub-Kahan bases and the right plot show error in the optimal reconstructions for each k.
Arnoldi provides a better basis in this example.
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small.2

By comparison, the Arnoldi basis is not well-suited to this problem. The |p̂i| associated with
its initial vectors are small and so early partial reconstructions are poor. Also, the later |p̂i|
are consistently larger than those for the Golub-Kahan process by an order of magnitude.
From this observation, we can infer that the overall quality of the reconstruction depends
more on the later basis vectors from Arnoldi.

The error plot in Figure 3.1 makes it clear that for this problem, the Golub-Kahan basis is
superior to the Arnoldi basis since the optimal approximations for xexact in the Golub-Kahan
bases have smaller relative error than those in the Arnoldi bases at any iteration k.

Figure 3.2 shows reconstructions at various iterations, along with the true solution. These
plots confirm the quality of the basis.

In our observations, this general behavior is consistent for all noise levels in this problem for

2the exceptions are the |p̂197|, . . . , |p̂200| which are large and correspond to a loss of orthogonality among
the basis vectors despite the reorthogonalization.
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a given right-hand side. Hansen and Jensen in [25] studied how noise propogates through
the Arnoldi and Golub-Kahan Krylov basis vectors in the context of image deblurring.

On the other hand, the same problem with a different xexact (and thus a different right-hand
side b) can exhibit very different results. For instance, when xexact is taken to be the reflec-
tion through a vertical line in the center of the default x from the heat problem, the Arnoldi
process yields a basis that is superior to that of Golub-Kahan. This is shown in the plots of
the |p̂i| and relative errors in Figure 3.3.

This illustrates that the quality of a Krylov subspace basis depends on both the exact
solution xexact and on the matrix A. Here we have shown two examples, one where the
Arnoldi process is better and another where the Golub-Kahan basis is better. Only a small
number of iterations are typically used in practice, and in the latter example the Arnoldi and
Golub-Kahan bases are of comparable quality for the initial iterations. In the next section
we look at how well these bases are utilized by some iterative methods.

3.2 On the Utilization of a Given Basis for Computing

Solutions

In this section, we fix a basis and investigate how well iterative minimum residual and hybrid
methods utilize the given basis. In Lemma 1 we established the optimal solutions in the kth
Krylov subspace of the approximation as

x
(opt)
k = WkW

T
k xexact = arg min

x∈Kk

‖xexact − x‖.

For a given basis we can immediately conclude that the relative error of an approximate
solution produced by a minimum residual method or a Tikhonov regularized hybrid approx-
imation in the same basis must be a least as large.

By comparing the relative errors of the optimal solutions, minimum residual method so-
lutions, and hybrid method solutions, we can evaluate how well these methods are using
the given basis and in what manner hybrid methods might yield improved solutions. Note
for comparison that the approximate solutions of our iterative methods, x

(MR)
k , and hybrid

methods, x
(T ik)
k satisfy
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x
(MR)
k = arg min

x∈Kk

‖b−Ax‖

x
(T ik)
k = arg min

x∈Kk

‖b−Ax‖2 + α2‖x‖2.

Since each method uses a different criteria to determine solutions, we can expect to have
varied results depending on the problem. Since Arnoldi and Golub-Kahan based methods
find solutions in different bases, we can expect to get different results when each is applied
to a particular problem. These variances are readily observed and we give some examples
and include information about optimal solutions in the basis for comparison.

As the primary interest of this thesis, all examples are nonsymmetric and severely ill-
conditioned. Full reorthogonalization of the basis vectors is performed during both the
Arnoldi and Golub-Kahan processes in each of the examples so that the results reflect as
much as possible their implementation in exact arithmetic. Tikhonov regularization is used
in the hybrid methods where the regularization parameter α is chosen to minimize the error
between the Tikhonov solution and the true solution. A parameter selection method with
less optimal results would normally be used in practice, but the purpose here is to illustrate
the limitations in the optimal scenario.

Example 3.2.1: Inverse Laplace Transformation

The i laplace test problem from [23] gives a discretization of the inverse Laplace trans-
formation by means of Gauss-Laguerre quadrature. Four corresponding solutions and right-
hand sides are provided in the software. We use the second with size n = 200 and add 0.1%
Gaussian white noise to the right-hand side.

Figure (3.4) shows the magnitudes of the optimal coefficients for the construction of xexact

in the Arnoldi and Golub-Kahan bases. Observe that in the Arnoldi basis, early magnitudes
are relatively large but then decay quickly and remain small. As explained in the previous
section, this indicates that the Arnoldi basis is good for this problem. This assessment is
reflected in the plot of relative errors in the same figure.

In contrast, the magnitudes of the Golub-Kahan coefficients remain relatively large (> 0.05)
for all values of k.

Figure (3.5) shows plots of the relative errors and residuals for both Arnoldi and Golub-
Kahan bases. We compare results for the kth approximate solutions generated as optimal
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Figure 3.4: Example 3.2.1 - i laplace test problem #2, with noise level η = 10−3: Arnoldi basis allows
good reconstruction of xexact but Golub-Kahan basis does not.
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in each Krylov basis, the corresponding iterative minimum residual method (ie. GMRES or
LSQR), and the solutions obtained when Tikhonov regularization applied to the projected
problem (ie. Arnoldi Tikhonov (ATik) and Golub-Kahan Tikhonov (GKTik)).

Regardless of the basis, the relative errors for the iterative minimum residual and hybrid
methods are bounded below by the relative error curve for the optimal solutions. For the
Arnoldi basis, both the GMRES error curve and the Arnoldi-Tikhonov curve generally fol-
low the trend of the basis in the initial iterations. Thus these approximations make good
use of the basis. Applying Tikhonov regularization to the projected problem in the Arnoldi
basis (ATik) improves the GMRES solution briefly, then increases to a higher relative error
and unfortunately stabilizes at this level for the remaining iterations. This illustrates the
importance of well-considered stopping criteria for ATik methods.

While the Golub-Kahan basis is not very good, the error plots for LSQR and Golub-Kahan-
Tikhonov show that these methods perform was as good they can for the first ten iterations.
This doesn’t carry much weight since the optimal error remains high in early iterations, but
it is more than can be said of GMRES diverges sharply after iteration seven. Additionally,
the Tikhonov regularized Golub-Kahan solutions stabilize close to the optimal error level for
the basis even when LSQR solutions diverge. This manner of stabilization is not guaranteed,
but seems to be common in Tikhonov regularized Golub-Kahan solutions and can be a useful
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Figure 3.5: Example 3.2.1 - i laplace test problem #2, with noise level η = 0.1%. Left, top & (bottom):
relative error norms & (residual norms) for basis optimal, GMRES, and AT solutions. Arnoldi methods
fail to make good use of the basis but regularization helps. Right, top & (bottom): relative error norms
& (residual norms) for Golub-Kahan basis optimal, LSQR, and GKT solutions. The Golub-Kahan basis is
unsuited for this problem and restricts LSQR and GKT performance.

5 10 15 20

10
−2

10
0

iteration k

re
l. 

er
r.

Arnoldi relative error norms

 

 

5 10 15 20
10

−2

10
0

Arnoldi residual norms

iteration k

|| 
b 

−
 A

x k ||

5 10 15 20

10
−2

10
0

iteration k

re
l. 

er
r.

Golub−Kahan relative error norms

 

 

LSQR
GKTik
basis optimal

5 10 15 20
10

−2

10
0

Golub−Kahan residual norms

iteration k

|| 
b 

−
 A

x k ||

GMRES
ATik
basis optimal



Matthew A. Brown Chapter 3. Analysis of Arnoldi and Golub-Kahan Subspaces 33

Figure 3.6: Example 3.2.2 - baart test problem, with noise level η = 10−3: Arnoldi basis allows good
reconstruction of xexact but Golub-Kahan basis does not.
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advantage [33].

Plots of residual norms are included in Figure (3.5) to reiterate the marked difference in the
trends of the residual norms and relative error norm for ill-posed inverse problems.

Example 3.2.2: baart Problem

The baart problem is another nonsymmetric problem included in [23] which has been used as
an example of a problem for which methods based on the Arnoldi process result in better so-
lutions than Golub-Kahan. We use it with relative noise level η = 10−3 and problem size 200.

Figure 3.6 shows the magnitudes of the coefficients of the exact solution in both the Arnoldi
and Golub-Kahan bases and the relative errors of these optimal solutions in the bases. The
Arnoldi basis very rapidly allows accurate reconstructions. Apparently (as has been noted
in [30]) the initial basis vectors produced by the Arnoldi process are very well suited for
the problem. The Golub-Kahan basis does not do so well and we can see that the optimal
solutions in any Golub-Kahan basis will not have relative error less than 0.01.

Figure (3.7) shows the relative error norm and residual norm curves for the optimal solu-
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Figure 3.7: Example 3.2.2 - baart test problem with noise level η = 10−3. Left, top & (bottom): relative
error norms and (residual norms) for basis optimal solutions, GMRES solutions, and Arnoldi-Tikhonov
solutions. Right, top & (bottom): relative error norms and (residual norms) for basis optimal solutions,
LSQR solutions, and Golub-Kahan-Tikhonov solutions.
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tions in the bases, the iterative minimum residual method solutions, and the hybrid method
solutions. GMRES arrives at its best solution in the fourth iteration and the error sharply
increases afterward. Tikhonov regularization stabilizes this behavior. By comparison with
the optimal solution errors, we can see that GMRES and AT utilize the Arnoldi basis well
in those initial iterations, but never achieves the extraordinarily low error that is possible in
the Arnoldi basis.

In the Golub-Kahan basis, we see that LSQR and the corresponding regularized solutions
are near optimal in the basis until the point at which LSQR begins to semiconverge. The
regularized solutions remain stable at the point of lowest error on the LSQR curve. This
is exactly the behavior we desire when employing hybrid methods to solve ill-posed inverse
problems.

3.3 Discussion and Summary of Results

Our examples show how the optimal coefficients of a basis and the relative error curve of
optimal solutions in the basis can be used to help interpret the results of applying iterative
and hybrid methods to some test problems. Plots such as those presented in section 3.1 can
provide at-a-glance insight into the suitability of a basis for reproducing a solution and also
allows comparisons between bases.

The examples show that an Arnoldi basis is better for some problems while a Golub-Kahan
basis is better for others, and they also showed how a different exact solution can have a
strong influence on the basis quality. But we also found that basis quality does not fully
answer the question of how well iterative methods using the bases will perform.

When applied to nonsymmetric ill-posed problems, methods based on the Golub-Kahan pro-
cess (LSQR and GKTik) seem to produce solutions which are very close to optimal until
the semiconvergence. When this occurs, hybrid regularization stabilizes solutions. On the
other hand, methods based on the Arnoldi process (GMRES and ATik) often seem to have
difficulty fully utilizing the basis for more than the first few iterations. The baart problem
shows that there are scenarios where hybrid regularization stabilizes solutions, while the
i laplace problem shows that ATik solutions may not stabilize.

It should also be mentioned that using the Arnoldi basis provides an advantage by not
requiring the matrix transpose and can require less computational work in early iterations by
avoiding the matrix-vector product with AT , particularly when compared to a Golub-Kahan
implementation with reorthogonalization. So neither Arnoldi nor Golub-Kahan processes
can be completely discarded in favor of the other.



Chapter 4

Conclusion

Ill-posed inverse problems are difficult to solve, and regularization is needed to compute ac-
curate solutions. Iterative methods such as LSQR and GMRES seek solutions in a particular
Krylov subspace which is spanned by a set of orthonormal basis vectors. In this thesis, we
investigate the use of the Arnoldi and Golub-Kahan process to construct these bases when
seeking solutions to nonsymmetric ill-posed inverse problems.

For a given problem, we investigate the quality of the basis by looking at scaled optimal
solution coefficients in the given basis and relative errors of reconstructions. Although such
an analysis is not feasible in practice, it provides insight into which basis is better for a par-
ticular problem. Then, for a given basis, we investigate its use for computing solutions. We
show that hybrid methods can better utilize the basis by computing nearly optimal solution
coefficients and can thus overcome the semi-convergence behavior that is typical of minimum
residual methods such as LSQR and to a lesser extent GMRES when applied to ill-posed
inverse problems.

This work provides a way to separately judge the quality of a basis and the use of that
basis by an iterative method. This may be useful to future work in several areas. In
particular, it may be used to help analyze methods which propose to augment an Arnoldi or
Golub-Kahan basis with vectors intended to aid in the reconstructing problematic features
of exact solutions such as discontinuities. When additive noise is present in observations,
we would like to know the manner in which noise is propagated among the basis vectors,
when it might be damped, and whether certain bases provide better damping [29]. ‘Hybrid’
Tikhonov regularization works particularly well with Golub-Kahan based methods and a
similarly strong pairing with Arnoldi methods would help make them more appealing to use
in general.
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