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I. IlJTRODUCTION 

The eas turbine has undergone ver; rapid develo;:n!lent 

since Frank Whittle's first patent in 1930, which applied 

the gas turbine as a power plant for aircraft propulsion. 

Its simplicity, potentialities for high efficiency, relia-

bility, and corr.pa.ctnees contribute to its adoption and fast 

advance, Its hibh power output and low weight per horse-
(32) power suit it very 1.rell for aircraft. 

The gas turbine, however, in spite of all the above 

mentioned advantages could not until the present tii:n.e replace 

completely the reciprocating engine, mainly due to the fo.ct 

that the reciprocating eneine has a hieher efficiency than the 

gas turbine. Sinple calculations show that the efficiency 

of the gas tur~ine cannot be bettered by a reciprocating engine, 

provided the sane co£bustion temperature is ascu..~ed. From a 

practical point of view, however, the reciprocating engine can 

operate at higher ter,1peratures than the gas turbine for netal-

lurgical reasons. The cycle temperature of the gas turbine 

is limited by the destructive effects of hir-h tenperatures 
. (30) on turbine blades, nozzles, ancl. conbusb.on chambers. 

Today 1 s turbo-jet enc in es are opera tine a. t to:u.pora. tures of 

around 2000 deg1~ees Ra."1kinee (6) (32 ) It has been .shown by 

Oscar W. Schey( 32 ) that by increasing the turbine inlet 

tenperature fron 2000 degrees Rnnki!le to .3500 degrees RankL'1e, 
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the poucr output is increased alr:1ost J-1/2 tm.es. This very 

high rise in power is accor.lpanied by very high rise in turbine 

efficiency; relatively much more important for over-all 

efficiency than the co~pressor efficiency. In a compressor-

turbine unit having an over-all efficiency of 76%, a rise of 

the gas temperature at the turbine inlet frorr 1482 degrees 

Rankine to 1662 degrees Rankine raises the c:cle efficiency 

from 18% to 23%, representine an improver:1ent of 28%. 

The increase of turbine cycle temperature is hampered 

;r_ainly by high-temperature failure of the turbine blades. The 

blades are subjected to enorr.:ious centrifugal forces, to bend-

ing, to thermal, and to vibrational stresses, caused by the 

impact of hot gases. In the turbines designed for aircraft, 

the centrifugal stress at the root of a blade can reach 24,000 

psi, bending stress nay be as high as 6000 psi~ll) and the vib-

ratory stresses in the range of 2100 psi. <24) The higher the 

working ter1perature of the blades, the less stress thoy can 

resist and the shorter their life. The future development of 

the turbo-jet eneine depends largely upon the possibility of 

building blades which will withsta.'1d higher temper~.tures than 

are in use at present, and still preserve adequate strength. 

The contemporary research on elovntion of gas turbine 

temperature progresses in two ways. The first way is neta.1-

lurgical research; the second is the artificial cooling of 

gas turbine. 



The latest few years brought very fast progress in 

netallurgica.l improvement of turbine blades. The newly 

developed alloys can resist about 2000 degrees Ra."lkine, but 

they will not preserve for a long time the necessary strength. 

The blades have to be replaced every 50 to 150 hours. (2b) 

The alloys from which they are made are strategic and expen-

sive materials, very difficult to fabricate. The cost of a 

blade ITay run as high as $50. and the periodical replacement 

of 40 blades per an average turbo-jet unit involves consid-

erable expense. 

On the other hand, the cooled blades can withstand higher 

temperatures than the alloy-steel blades, even though r:la.de 

only from ~ild steel. The cooled blades are light, cheap, and 

sufficiently strong to resist tho stresses induced in them. 

Of course, they also have some disadvantages, as, for example, 

the difficulty in mounting the::::i on the disc, the loss in power 

due to the recirculation of the cooling medium, the additional 

drag on the airplane caused by the radiator of the circulating 

cooling tledimu, and many others which will probably arise in 

design and practice. The research on cooling of blades is 

still very young but very promising. The proposed uethods of 

cooling can be roughly divided into faro groups: air cooling 

and liquid coolin~. Research has shown that the liquid coolin~ 

allows the use of higher c:-cle tempor~ tures than air cooling. ( 32 ) ( 30 ) 
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Realizing the importance of cooling turbine blades, the 

National Advisory ComIT'~ttee for Aeronautics is conducting an 

extensive research on water-cooled blades. 

In this paper, an attenpt will be ma.de to investigate 

analytically thermo~iphon cooling of gas turbines. 
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SYMBOLS 

Ae ci·oss-sectional area of the equivrlent pipe, (sq ft) 

A~ cross-sectional · ren of the equivalent piFe, (sq ft) 

cp srecific hec.t ['.t constant pressure, Dtu/(lb)( F) 

C inteP,ration constants 

De equivalent pipe d!m eter, (ft) 

D \, dia!'lotcr of "cold" wntcr core, (ft) 

D0 inside diameter of blade cooline pessa0 e, (ft) 

H heit:;ht of the coolin" pass1?.ge, (ft) 

h3 coefficient of hoot tro.nsfer between ens r.nd blade, 

Etu/(hr)(sq ft)( F) 

h~ coefficient of heat transfer betveen blad~ passage wall 

and w~ter, Btu/(br )(so ft)( F) 

k thor'l!l~l cond-ctivity, Btu/(hr)(sq ft)( F/ft) 

K constant defined by 

m0 perir:J.otcr of the blade heating surface, (ft) 

N nu..~bcr of blades 

a. heat flow to the water, Btu/hr 
II 

q,.,, heo.t picked up by water, Btu/hr 

Q
0 

voltLme rate of flou for annulus of hot water 

Q. vollt"'11.e rate of flow for core of "cold" water 
w 

?"! pressure (lb/sq ft) 
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p~ pressure in the core of "cold" water, (lb/sq ft) 

Pc pressure at the center of the hollow shaft, (lb/sq ft) 

p . pressure at the tip of the blade at the core of 
~t 

11 cold" water, (lb/sq ft) 

ApL pressure drop due to viscous action in the core of 

11 cold" water 

p0 pressure in the annulus of hot water 

p
0 

pressure at the tip of the blade at the annulus of 
t 

hot water, (lb/sq ft) 

~ p0 pressure drop due to viscous action in the an1 ulus 

of hot water 

r radial cylindrical coordinate, (ft) 

r 11 hydraulic radius, (ft) 

rr radius of the root of the blade, (ft) 

rt radius of the end of the cooling passage, (ft) 

r~ mean radius, (ft) 

, R~ radius of cross-sectional area of 11 coldn water core, (ft) 

R
0 

radius of the cooling passage, (ft) 

t temperature, (°F) 

tr temperature of the laminar film at the distance y 

from the wall 

temperature at the boundary .of the laminar fih:, (°F) 

average temperature through the turbulent re~1on of 

/ 
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effective gas temperature, (°F) 

average temperature of the. blade, (°F) 

average temperature of the hot water annulus at the 

tip of the blade, (° F) 

t 0 average temperature of the hot vater annulus leaving 
c 

the blade, (°F) 

u~ component of the velocity vector, (ft/soc) 

u.,.. the Prandtl "friction velocity", (ft/sec) 

u0 the velocity at y =I', i.e. 1 at the interface between 

laminar film a..11d region of turbulent flow, (ft/sec) 

uy vcloci ty of the laminar film e.t the distance y from 

the wall 

ui avernge velocity of the core of "cold11 water 

u 0 average velocity of the annulus of hot water 

U average bulk velocity flow, (ft/sec) 

W weight rate of flow, (lb/sec) 

Wr total weight rate of flow, (lb/sec) 

w specific weight, (lb/cu ft) 

wy specific Height of the water at the distance y from 

the wall, (lb/cu ft) 

w0 specific weight of water at the boundary of the film, 

(lb/cu ft) 

w~ average specific \leight in core of "coldn water, (lb/cu ft) 

w0 average specific weight in annulus of hot water, (lb/cu ft) 

w...,, average specific weight in the film, (lb/cu ft) 
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• 

v specific volu.:ue of Hater, {cu ft/lb) 

v
0 

specific volume of water at 32 °F, (cu ft/lb) 

x~ vector co: .. poncnts of body force per unit volume 

(:l coefficient of volume expa.J1s..; on, (1/ F) 

B average coefficient of vollllne expansion, (1/ F) 
C-tt<J 

S boundary layer thickness, (ft) 

¢ tine, (sec) 

tL dynamic viscosity, slugs/(ft sec) 

fai: average viscosity in the core of ncold" water, 

slugs/(ft sec) 

/"-o average viscosity in the annulus of hot water, 

slugs/(ft sec) 

,, "-w average viscosity in the film, slugs/(ft sec) 

V- kinernatic viscosity (sq ft/sec) 

-vz average kiner;a.tic viscosity in the core of "cold" 

water, (sq ft/sec) 

avero.ge kinematic viscosity in the annulus of hot 

water, (sq ft/sec) 

f density, (slugs/cu ft) 

average density in the core of "cold" water, (slugs/cu ft) 

fo average density in the annulus of hot water, (slugs/cu ft) 

't;; shearing stress between the blade wall and wator, 

(lb/sq ft) 

anr,ular velocity (radians/sec) 
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y+ lA.* 't 
~ho friction distance parameter, where y = v 

is <listance from the passage wall 

+ IA. the velocity paraneter u = IL-I'" 

Nu = ~ Nusselt nw·ber 
t( 

Pr = ~ Prandtl number K 

Re = ovw Reynolds number -./'4. 
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II. 1UlALl"TICAL TIIVF..STIGATION 

1. Object and History of Investigation 

The idea of cooling the rotor bleces by ~eans of circu-

le ting water was conceivec in Ger:na.ny during the war. Lin1J. ted 

in design by lack of high-temperature withstanding ~..aterials, 

Germans were searching for the solution of this proble1:i. in 

artii'icial cooling of the blades. They built several air-

cooled turbo-jet units, and one stationary water-cooled gas-

turbine, uhose perforr...aance was extremely good. The water-

cooling of the blades allowed Dr. E. Schnidt of LFA Braun-

schwei~, who was the constructor of the unj_t, to operate the 

turbine without difficulty with a gas teEperature of 2652 

degrees Ra.nkine ontoring tho turbine. This is nearly 600 

degrees higher than the present maxir'mn ter pera ture (approxi-

rnately 2000 degrees Rankine). Furthermore, this result was 

obtained with ordinery mild steel blades having no special high-

temperature resistant properties. (32 ) (36 ) 

Schr;ddt's design for the cooling system was very ingenious. 

11 The blades wore integral with the drum and 
drilled with several blind holes as indicated 
in the diagra.'ns (Fir•. 1 and Fi • 2). The 
cooled water fed to the interior of the drum 
(through the hollow shaft) is, in operation, 
flung radially outwards to the blades, the 
hottest region. As the water in the holes 
becomes heated it becomes less dense and thus 
a pressure differential is created. A core of 
cold water from the drum flows out to the tip 
of the blade, displacing the hot water in con-
tact with the wall of the hole. 11 (36) 
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0 

___ J_ 

Figure 2o - S&ction of the blade and drun. 
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These convective currents are very stronc due to a very large 

force field associated with the centrifugal force caused by 

rotor rotation (12,000 rpm). 

"Schmidt has constructed and tested a single-
stage 1000 kw unit. A four-stage unit is also 
under te::;t in his laboratory. The M.A.N. 
Company (one of the largest German firms 
ma.kim; rotating machinery) had accepted a con-
tract for, and were constructing a la.rge 
stationary gas turbine poirer plant w'nich 
was to deliver approximately 10,000 kw shaft 
power. They had fil!aranteed an overall thermal 
efficiency for this unit of 35% and expected 
to reach considerably higher values." ••• 

"It might be pointed out that Schmidt's 
developnent should be equally useful for 
aircraft gas turbines whetber)used for 
shaft or pure jet power." {19 

Talcing into account that the hiehest ove:r-all thermal 

efficiency obtainable today of a stationary gas turbine power 

plant is around 24% (14) (without regeneration) and that of an 

internal combustion engine is around 3S%}l8) Dr. Schmidt's 

development is very promising. Unfortunately, it is almost 

impossible to locate in references any theoretical approach 

to Dr. Schmidt's design. What is the rate of heat transfer 

in a blade cooled by the method described above? What should 

be the rate of water flow to keep the blades at the desired 

temperature? In this paper analytically an approximate answer 

to these questions will be giveno 
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The theoretical investigation will be carried out for 

the hollow turbine rotor and constant cross section blades 

with radially drilled hole, whose dimensions are given in 

Fig. 2. Water is pumped through the hollow shaft, fills up 

the rotor and blades, and can drain out through the other 

end of the shaft. Let us assu.~e that the desired blade tem-

perature is 1060 degrees Rankine and determine what the maxi-

mum permissible effective gas tenperature is, using the pro-

posed type of cooling. 

D1-mensions of a turbine wheel, hot gas· flow, coefficient 

of heat transfer between gas and blade a.re identical with 

those selected by NACA investigators for the analysis of rotor 

and blade temperatures in watoi-cooled gas turbine.(32) {6) (30) 
(42) (23) (8) 

Such a selection will enable us to compare the 

two methods of cooling: Dr. Schrddt's and those proposed by 

NACA research memoranda. 

The type of cooling investigated by NACA, Fie. 3, (32) 

consists of circular passages in the blades and disc, through 

which water is fqrced to flow under the. imposed head of a 

pump. The turbine is assumed to have a gas flow of 55 lb/sec, 

water flow of 6042 lb/sec of average temperature of 660 degrees 

Rankine, and computed coefficient of heat transfer between gas 

and blade 217 Btu/{hr) (sq ft) (oF). (23) 
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Figure 3. - Water-cooling systen invcstieated by NACA. 
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2. Plan of Investigation 

When the density of the water adjacent to the wall 

decreases due to heating, then it is irinediately pushed out 

from the blade by cooler water of higher density. This re-

placement is continuous and so fast that turbulent flow 

results, as it will be shown later. The flow can be divided 

roug!1ly into two zones (see Fig. 4): (1) an inside core of 

11 cold11 wter cominr in to the tip of the blade, and (2) an 

outside annulus of hot water carrying the heat out. 

In order to find the amount of heat carried out, at 

first the approxinate cross sectional nrea of hot water 

annulus flowing to the drum and the equivalent pipe diameter 

corresponding to it will be computed. Then the velocity of 

flow and coefficient of heat transfer in the equivalent hy-

pothetical pipe will be determined. After the coefficient 

of heat transfer between blade wall and water is knoWT>, the 

maximum pe~issible effective gas temperature will be pre-

dicted. 

1 
) 

( 
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3. Methods of Investigation 

Tho flow in the annulus of the cooling passage is turbu-

lent (Re= 56,600), as it vill be shown later (see deriva-

tions). This fact complicates to a large extent the analytical 

investigations, since solution in precise mathenatioal form of 

the turbulent heat conducting· flow dOBs not exist. Our present 

knowledge concerning the turbulent motion is still in lam.en-

table state and to analyse it, we have to use the semiempirica.l 

method. 

11 ••• :.he study of turbulent motion has not, as yet 
led to a clear mathematical formulation of the 
fundrunental laws for tho mean motion. The problem 
of transition from 1aminar to turbulent motion 
has been discussed mathematically by several 
authors by means of lineari:zied equations without 
reaching a satisfactorJ agree~ent with experimento 
The adequate treatment of the nonlinear equations 
is bound to contribute essentially to the solution 
of this important problem. 6 (41) 

This statement was expressed by von Kal'I!la.n, founder of 

one of the widely used theories of turbulent flow. The 

mathematical treatrnent of turbulent heat conducting flow is 

based on experimental determination of corstants defining the 

magnitude of turbulent stress and the solution of differential 

equations of heat conducting fluid motion. The general problem 

involves nine variables: I fl. 3 u , u , u , p, t, f , k, c,?, 

(assuminc steady motion), and nine partial differential 

equations, four from fluid mechanics and five from thermo 
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dynamics. Little progress has been raade in the solution of 

this extrenely difficult problem unless the physical setup 

of the problem allows the neglecting of so~e terms in the 

differential equations and the reduction of the nwnber of 

variables. But the results, even then, after the solution 

is obtained, do not always agree with the experiment. It is 

doubtful 'Whether the original assUFlptions concerning the 
(22) (12) concept of turbulent stress are correct. Several 

experiments, especially those on heated jets, showed the dis-

crepancy between theory and practice. (3) (ll) {l2) (22 ) 

The constants defining the magnitude of the turbulent 

stress in the investigated problem are unkno~m. It is neces-

sary, therefore, to base the analysis on one of the well-known 

semiempirical methods of heat conducting turbulent flow, for 

which the empirical constants are already experimentally deter-

mined. One of such theories, which proved itself fairly sat-

isfactory, is the analogy between fluid friction and heat 

transfer applied to the flow in pipes. The initial concept 

of the analogy was founded by Reynolds, (4o) then it was im-

proved by Taylor, (4o) Prandtl, (40) and von Karman,(40) whose 

theory was supported by experimental data of Nikuradze.(2) 

In order to apply Prandtl 1 s analogy and its expression 

for heat transfer number to the investigated problem, the pipe 

diameter equivalent to the cross-sectional area of hot Yater 

annulus should be found. 
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It will be assumed that the "cold" water enters the blade 
. 0 

at a temperature of 165 F and flows to the tip of the blade 

in adiabatic conditions (t = const,f= const,~= const), pre-

serving through the whole region of flow the constant cross-

sectional area. Then returning from the tip and flowing around 

the wall, it picks up the heat, expands, a.nd leaves the blade 

a.t a temperature of 215 ° F. After the coefficient of heat 

transfer has been computed, the correctnes9 of the assUIDed 

water leaving temperature will be checked by the following 

equation: 

The next and the most important assumption is connected 

with the determination of the cross-sectional area (to be more 

exact, the radius of this area, since it is circular) of the 

"cold" water flowing to the tip of the blade. Since the flow 

is turbulent, the resultant differential equations of motion 

cannot be solved by ~erely roathema.tical approach, as it was 

fl.].ready previously nentionel. In view of the lack of any exper-

iment, the ways of approx.il::ate solution should be searche1 in 

available theoretical tools, assuning, for exru':lple, instead of 

turbulent, viscous flow. Also in this case the solution is 

rostricted, and this time by purely mathematical difficultieso 
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"As yet no general methods are kno'W11 for solving 
the Navier-Stoke's equations, and solutions which 
hold without restrictions for all values of 
viscosity have been fou~d Qnly for a small ntlll}-
ber of special cases." l29J 

writes Prandtl. The theoretical determination, therefore, of 

the cross-sectional area of the "cold" water is essentially 

limited to one of the known solutions of the Navier-Stoke 1s 

equations, which should be so selected as to fit approximately 

into the physical setup of the analysed problem, and still 

yield the reasonable answer. 

Selecting the axis of reference for t.~e cooling passage, 

as shotm in Fig. 4 (which implies u2 = u3 
== O), assuming lami-

nar viscous steady flow, ta.king the average density and vis-

cosity of the flow, the general continuity equation 

= 0 

reduces to 

f J1i = 0 J x .. 

Qt" 

dU. I 
"" 0 

)x' 
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/ 
McAde1ms 

Figure 5. - Heat transfer l'llUinbers for pipes by various 

equations and by experimental data of Eagle 

and Ferguson. (?) 
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Combining this e-xpression with the general Navier-Stoke's 

equation· 

and simplifying it according to assumptions, the following 

equations are obtained: 

= - k + xi. 

= 

:Jx:z. 

_lg_+ 
d )( 3 

x3 

The solutions of these equations for both regions of flow, 

give the velocity distribution. Computing the discharges and 

equating theK, the radius of cross-sectional area of cold water 

can be found. Nov, the determination of the equivalent pipe 

diameter does not present any difficulty, and the analysis 

concerning the heat flux through the pipe can be carried out. 

For Pr = 0.928 and Re = 56,600, which are valid for the 

physical problem under jnvestigation (see the derivation), 
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the ratio Nu a.s predicted by HcAda"lls 1 , Eagle 'n and 
Rex Pr 

Ferguson's, Prnndtl 1s and von Karmans 1 equations are alr.lost 

identical. (?) Fig. 5 shows the ratio of Nu numbers 
Re x Pr 

for pipes by various equations and by experimental data. of 
. (?) 

Eagle and Ferguoon. Prandtl's formulation of heat trans-

fer number will be selected for this paper, since it is 

simpler in its mathematical treatment than von Karma.n's. 

The weak point of Prandtl 1 s expression 
3 

N . o4 x (Re)4 f?· 
u = I +(U£){R- -1) 

for Nu is the term !!r , the ratio of the velocity at the 
u 

interface between la'!l.innr fil1n and turbulent region, to the 

average velocity of flow. (lS) It is usually difficult, to 

deterraine. The velooity, u1 , will be found by setting the 

force balance on an infinitely srlB.11 element of water, similar 

to the derivation used by Colburn and Hougen in reference (9) (10). 

The average velocity of flow U will be determine~ from von 

Karma.n's - Nikura.dze's equation for the universal velocity 

distribution for the turbulent flow. Once the values of u0 
and U arc kl:1own, the further solution of the investigated prob-

lem does not represent any difficulty. 
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4. As slL"llptions 

1) The diameter of the cooline passage in the blade is 

D0 == .25 inch 

2) The length of the coolinr· passage is 4 inches 

3) Blade has constant crosssection 

4) Perimeter of blade heating surface is m.- = .2.5417 ft 

5) The surface of the cooling passage is smooth 

6) The investigated turbine has N = 55 blades 

7) The radius of the end of the cooling passage li. = 10 inches 

8) The nu.~ber of revolutions per minute of the investigated 

turbine is 9000 

9) Hot gas flow is 55 lb/sec 

10) Average blade temperature is tb= 600 °F 

11) The flow of water in tho blade is larninar steady, and the 

fluid is viscous, incompressible 

12) No re.dial heat flow a.long the metal takes place 

13) No slip along the wall of the coo1ing passage is present 

14) The average temperatui•e or water enterinc the blade is 

165 °F 

15} About 10.~ of the value of coefficient of heat transfer 

between gas and blade was attributed to radiation 

16) Coefficient of heat transfer between hot gas and blade is 

217 Btu/(hr) (sq ft) (°F); the value computed by NACA 

investigators 
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5. Computations of the Physical Properties of Water 

under Investigation 

1) Water cooing into the blade, physical properties: 

a) Average temperature, to = 165 ° F (by assumption) 
t 

60.9 lb/cu ft(l4) b) Average specific weight, w· = I. 

c) Average density, f:.. = 1.892 (slugs/cu ft) 

d) .426 x 10 
-:.-

(sq ft/sec) Average kinematic Viscosity, '{" = 

2) Water flowing fro~ the tip of the blade to the drum, 

physical properties: 

a) Average temperature at the tip of the blade, 

t = 165 °F Ot 

b) Average temperature of water leaving the blade, 

t = 215 °F Oc 

c) Average temperature of the flow, 

d) 

e) 

f) 

g) 

to.+ tljlc: = 190 ° F 
2 

Average spec if ic weight Wo = 60.35 lb/cu ft 

Average density, fo = 1.872 slugs/cu ft 

Average viscosity, fao = -5"" 
.679 x 10 (slugs/ft sec) 

-5 
(sq ft/sec) Average kfoema tic viscosity Vo = .3628 x 10 
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h) Average specific weight of water leaving the blade, 

= 59. 755 lb/cu ft 

i) Pressure at the tip of the blade, 

;i. = ~ (10) x 
32.2 144 x 2 

( 900~0 x 2 II ) z_ x _l,__ + Pc 
U4 

Where po is the ·pressure supplied by the pump, po is relatively 

very small as compared lrl.th the second term of the above equa-

tion and can be neglected. Therefore 

pt = 4050 lb/aq in 



28 

j) Pressure at the root of the blade, 

·Using tho previously derived expression for the pressure and 

changing only the lilnits of integration, it is obtained 

fr - fc.. 

,z, 
2.2..12 x (6)' 000 x 2 il) -1.. = pr _ po 
32.2 144 x 2 x 60 x 144 

Pr = J,431 lb/sq in 

k) Average pressure, 

Pt + Pr = 2740 lb/sq in 
2 

3) Physical properties of water in the lai"!linar film 

a) Temperature of the blade surface in contact with water, 

tb = 6009F 

b) Average temperature of the film, 

= 395 °F 
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c) Average specific weieht 

d) Average vis cos i t;r, 

e) Average coefficient of expansion, 

:: V - Vo 
V0 ( t - 32) 

= 53.845 lb/cu ft 

= .335 lb/(hr)(ft) 
(3) 

v at .;9; ° F and 2740 lb/sq in = .015872 cu ft/lb 

v0 at 32 ° F and 2740 lb/sq in = .01829 cu ft/lb 

Values for v and v0 are approximate and are taken from 

reference (21). 

= .01829 - ,015872 
.015872 (395 - 32) 

= .000418 l OF 
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f) Average thermal conductivity, k = .384 Btu/(ft)(hr)(°F) 

g) Average specific heat, cp = 1.0647 Btu/(lb)(°F) 

4) !lean Radius 

r = Ti> + Tc ,.,., 2 

rm = 8 inch 

I 
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6. Computation of Hypothetical Radius of Cold 

Water Flowing into the Blades 

Let us start from general Na.vier - Stoke's and continuity 

equations of flotion for viscous flow: 

Using the previously stated assu.~ptions, equations (1) 

and (2) reduce to 

o=-AA + x3 () x3 
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If body force is the centrifugal force per unit vol1rr.l9, 

and axis x' = x rotates with the pipe, and 
z. :5 = u, then X = O; X = 0 and equation (la) reduces to 

'In cylindrical coordinates 

(1 e) 

(4) 

Yhere r is radial cylindrical coordil"l..atee 

The left side of equation (le) ls a function of x, the 

risht side is a function of r; therefore, right and left side 

a.re equal to constant. 

~ - f W2.J\ 
dx c 
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Applying equation of motion (le) to the core of cold 

water flowing to the tip of blade (Fig. 4) we obtain 

Equations (3) and (4) are ordinary differential equations 

and can be directly integratedo 

Integrating equation (4a) twice we get 

If at r = 0, u <'.- is finite, therefore C 2 = 0. Furthermore 

if r = R· I.. u. = 0 (no slip) 
\. 
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The discharge is given by 

!?· 
~ 

(6) Q. ;r11ru,dr 
~ 

0 R· 

~ -z11cJ, l. ). R· - r- oh~ ~ 

4;«.: 
0 

4 

(6CL) Q. Tl Ri. C - -.. 8JAt I 

Constant C
1 

can be evaluated from the equation (3). 

Integrating, 

~.: - o. c..,/x = C, d l( { I. 

Applying the boundnry conditions 

c = 
I 

2. 2. 

f1t - Pc -tl-75 
rt 

X= 0 Pi,= Pc 
Pi. == p,;t 

I 
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Substituting the value of constant C into equation (6a) 

we get the expression for discharge 

Applying equation of motion (le) to the annulus of hot 

water flouing out frorr. the blade (Fig. 5), we obtain 

(l a) _de_o - /J v./x = fa-o _d_ fr -~i_~) 
cJ cl x ro r d r \ i cJ t"" J 

Equations (J) and (4) are ordinary differential equations 

fa-o A ( dt.tJ - c 
i- di- r di- I - i• 

and can be directly integrated. Integrating equation (4b) 

t'Wice we get 

.. 



Applying the boundary cond:!.tions 
u... =a 

~ 

u =- 0 
0 

(
r ) I c l-R2. 2. R: -Rt (/ Ro J ..;c u = - - - t- ;- .m -

, o 4)A-o 11 o ,er, l?~ r 
. Ro 

The discharge is given by 
Ro 

( 6c) Qo ~ /2Tfi-U.o de 

== - .2TIC,, i-- [Ri -r- 2. + 
.-1~" 0 

R. 
;, 

• 
Constant C

11 
can be evaluated from the equation (3c). 

Integrating 
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2. 2. 

(,)x c c" P -o-= x+ 
1 o ro:z 11 

For the boundary conditions 

z 2.. 
n GJ "i 
'Ot - Pc - Po ;;- ::;- ell 

c.ll":i 
LlPo -fb T c" = 

X = 0 Po= Pc 
x ""' rt Po =- Pot 

Substituting the value of constant C,, into equation (6d) 

we get the expression for discharge 

(6f} 

From the continuity equ tion 

and therefore 
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Where Ll ~· ~ .6fo and should be evaluated from the experi-
l. 1. 

ment. Divid:1ng equation (7) by (70 ~rt we obtain 

(7a.) 
,. 

The 
.dfl: .6. Po _e_.: i terms --~2. and --c:::;rq .. are very small and ~ s 
fo~ f'c::o-

/.81/l 
.2 

equal to .2 The c--:pressions, therefore -;;:jOI/ • (.872 . 

• 

[dp, f•J '°'J [;. ~:"', ~ I J ~r.2 -
-

f'o-t f o 
2 ;, 

and can be .taken as equal, yielding the f ollow:ing form of 

equation (7a) 
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i 
Dividing by R ve get 

0 

4 
ll.; R i. -v:- R4 
t 0 

transf o:rming 

( 7c) 

this . is a transcendental equation with the unknown R~ 

Let 

~ 4 x := v: 
L 

l 
Let y ~ x and ~ = \.\ , the eq ua. tion ( 7 c ) , therefore, 

v:: 
takes the fino.1 form 
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where 

Constant K should be evaluated, taking the kinelllatic 

viscosities at the average temperature of flow 

it 

K-=.85 

-s 
• .3628 >< 10 

=----. 426 x l0-5" 

Inserting the value of K into equation (7d) and solving 

(7c) 

Assuming that equation (7c) is equal to arbitrary number 

p , and investigating graphically the values of '( for which 

, it is obtained 
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when y = , 32 

and 
2-

y == x 

x =: G 
x = • 5"6 5 

x Re 
""'" Ro 

R. :::: '<o X I. 

Ri: =.07075 11 

R
0 

~ • I 2 5 '' (by assunption) 

D. = .1415 II 
... 

p ,,. .25" 
0 



42 

7. Computation of Equivalent Pipe Diameter 

The equivalent dia_moter for annular space based on the 

perimeter of the outside surface throueh which heat flows is 

given by <25 ) 

Substituting into expression (9) the corresponding 

values for D~ and D0 from (8) we get 

(. 2s/--(.1415)2. 
. 25 

])e = .17 11 
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- Plane 

Turbul.ent region 

0 

Figure 6. - Velocity distribution near the wall of equivalent 

pipe. 

y 
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S. Computation of Film Th!.ckneas, Velocity at the Intei-

faee Between the Laminar Film and Turbulent .. low and 

Average Velocity of Flow 

Let us consider hot blade we.11 in :L:ll'1ediate contact 

i.rith water, Fig. 6. We will denote the film thickness by 

aesUI!'l.ine absence of buffer layer, and will select a plane 

in the filr1 at distance y, parallel to the infinites!tmal 

suri'ace element of the blade we.11 for which we will carry the analysis. 
* Tl1e up\.lard force on unit area of the plane is given by 

Equation (10) is based on the principle of bouyancy 

applied to region between plane and bounde.r'J of the film, 

assu.."'ling that the denai ty gradient linear in the fi • 

The frictional force is given by 

(II) 

* base on reference (9)(10) 
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Equating equations (10) and (11) 

If fo.IJ is average value of coefficient of expansion 

and w,,. is average specific weight, then appro:d . .mately 

dw 
-= 
dt 

Intogra ting between limits WY and ""I 

.::--!? w ro.v w cit 

but the term (-t-y -t 0 ) can be also deternrl.ned from Fourier 1 s Law 
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9 (per unit area.) 

integrating between lilili ts f and f, 

Substit ting equation (16) into (14a)., 

Applying Fourier's La.w for steady flow of heat to whole 
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thickness of lB-F-inar bOlmdo.ry we get 

(per unit area.) 

Integrating 

9 dy 

( 17 0.) 

Combining equations (12), (14b), and (17a.), we obtnin 

Integratine equation (18) with the limit Uy = O when y-=- O 

and solving for velocity u 6 , 
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r u, 

(18a) Jd~y c.>2·i-"' { [- 'I) i f cl Y 
':: fau Ww (tb -i,) 2)-< 

0 
() 

In order to determine u 0 the proper value for [ 

should be inserted into equation (lSa). 

Following von Ka.rman 1s definition, the friction distance 

parameter is determined by 

and for the lruaina.r film boundary 

N = conshinf 

It has been verified by Nikuradze e}...})eriments that if 

buffer zone is neglecte~, then (2 ) 



therefore 

(t9) 
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N~ 11.6 

say 

N=ll.5 

~ u., f ,. IJ, 5 
v 

but in the laminar region 

+ + y == u 

where 

N"' 11.5 

Combining (19) and (20) we get 

(21) 

(.a la) 

-- J 3 2 v 

S- 132 v-
u.s-
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Substituting the expression for the film thickness 

(21a) into (18c) we obtain for the velocity u.0 J 

Inserting into equation (18d.) the numerical values 

for the physical properties of the film, we get 

Filn thickness can be determined from equation (lSe) 
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and {21) 
/ 

Combining (22) with (2lb), ve obtain 

Inserting into equation (22a) the numerical values 

for the physical properties of the film, we get 

I r [792.5x{.335}zx\2. ]
3 

=- • oo04t8 x (53. 845)2/gooox:<li x60) 2 x8 

f =. OOOOZ87 ft 

According to von Karman (2) the universal velocity 

distribution is given by 
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f; Yu.'* s. s + .z. s 1ri v 

u. = u (U is average velocity of the flov) 

(2) 
then the equation (23) changes to 

I . 4 3 + 2 . 5 .Cn to u~ 
-v 

Let us evaluate at first U'* 

R., 
u* = 17 

Combining (23a) wit."1 (24a) and taking into account that 



we obtain the expression for the average velocity of flow 

l- .De x. 688) . u = 6 8 8 I. 4 3 -t- 2. 5 ln ,< v 

Substituting the corresponding numerical values 

u :;; 6 8 8 [1 . ~ 3 + 2. 5 e,, . _. -17
-x_. -6-~-8--] 

• .2)(12 >'. 000001?..('J 

U = /4. 6 ft/sec 

U 52500 ft/hr 



( 
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9. Computation of Coefficient of Heat Transfer 

Between Water and Blade Yall 

Prandtl's equation for heat transfer between pipe wall 

and water, based on mathematical analysis involving the 

analogy of fluid friction to heat transfer is given by the 

following equation (?) 

.2 

(z Li) NIA = 
. o LJ (Re).ti (Pi..) 
I + ( ~t )(Pr -I) 

in which Prandtl number, Pr is evaluated at the average te.m-

perature of the film, and Reynolds number, Re at the average 

temperature of turbulent flow. 

Re = ::De x u x Wo 

_,,#o 

Re ~ 
.17x52500 x60.35 

12 x. 79 
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Re= 56600 

P = Cpµw 
r- I< 

j.0647X.335 
~ '"--~-t .384 

H- = . 92 8 

Substituting the numerical values into equation (24) 

ve get 

] 
• 75 Nu _ . 04 [s66 oo " . 92 a 

- I + [ 28 6 o o 1( 92 8 _ 11 
525 0 0 1 . J 

Nu = ILll.6 

but 
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h. = ~ x Nu 
l Jle 

h. = .384 )(fZ 
~ . 17 x I ..q I. 6 
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10. Tenperature of Untor Leaving the Blade 

(Check of Theoretical Assumption) 

Amount of heat transferred throue:h the blade is given by 

\7 L'.l ( ) 33s:o x n x ·,2 x Ii x Goo- i9o 

On the other hand heat picked up by flowing water is 

given by 
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in which t 0 is the assumed value for the ten1perature leaving 
(, 

the blade and 'rl is given by 

2 
(.17} 

1./ = 60 35 xT\ x -- x 52500 
VV ' 144 x4 

(.28a) 

Substituting (2$a) to (27) and combining the equation 

(27) with (26a), we obtain 
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11. Computation of the Maximum Allow-able Gas Effective 

Temperature 

Assu.mi.fl.g that the blade has two drilled cooling 

passages, one of .25 ineh and one smaller equivalent in 

the cooling effect to half of this of .25 inch, then the 

effective gas temperature is given by the following equation 

where 

Substituting into equation (30) the numerical values 
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and the rate of flow is one and one-half tir:es this given 

by equation (2.:.la) 

'W = 1.s x 1ss 

If the turbine has 55 blades, (6 ) then the flow of 

coolant is 

\I 55.x74Z.5 
WT 

(310.) 

WT == I}. 3 5 ·1 b /.sec 
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III. DISCUSSION OF RESULTS 

1. Correctness of obtained values 

The correctness of the original assumptions rray be a 

source of possi.ble errors in determining the value of heat 

flux through the blade. 

The very high values for the rate of heat transfer to 

the cooling liquid, obtained in the present investigation, 

seem to be questionable. Godsey and Young state that the 

rate of heat transfer between the water and the turbine 

blade contact surface is approximately 2000 Btu/(sq ft) (hr) (°F) 

under the accelerated thermosiphon action due to centrifugal 

forces. (l?) Unfortunately, they do not mention anythine 

ubout tho sources of this statement. It is unknovm whether 

their result is based on analytical or experimental investi-

gations. Also unknown are the dimensions and revolutions of 

the turbine for which the found rate of heat transfer is 

supposed to be valid. Shepherd describing the type of cooling 

similiar to -that analysed in this paper, writes: 

"Liquid cooling was tested in Germany in one 
remarkable application which deserves special 
attention, since it is based on the utilisa-
tjon of a unique physical principle. The 
basis of the idea is the tremendous heat trans-
r ission of a fill~ of vapour liquid at its 
critical pressure and temperature. Experi-
~ent shows that for water this is of tb~ Qrder 
of twenty t:iJnes that of solid co per."\ 5J 
(20 x 226 = 4520) 



62 

Sirdlarly to Godsey and Youn,.,, Shepherd does not submit 

any numerical values concerning the dimensions and revo-

lutions of the tested turbine. Since the coefficient of 

heat transfer between the cooline passage and the water is 

a function of centrifugal acceleration a.11d of many other 

variables, it is impossi le to co~pare the obtaine• results 

with those cited by Godsey-Young and Shepherd. Takin , 

however, into consideration their resul tr, the ol tained 

value for coefficient of heat tre.nsfer in this paper seems 

to be reasonable. 

The first orieinal assumption that the flow in the 

cooling passage is laminar instes.d of turbulent, could a ffect 

to a certain degree the value of coefficient of heat transfer, 

h,; the deviation from the actual valuo of h, can be evalu-

ated exclusively on the basis of e~::perimental results. 

Another source of erroneous results w.ay lie in the fact 

of neelectine in the analysis the entrance and the end condi-

tions of the cooling passage. 

It was assumed that the flow is fully esta1)lished in 

the whole length of the coolinc passage. This is actually 

contrary to fact. 



"Just as in the case of laminar flow, there 
is a region of transition behind the entrnnce 
of the tube in which the final velocity dis-
tribution is formed. ExperiI.~ents by Kirsten 
and Nikura.dse show that the length of tube in 
which this occurs is materially shorter than in 
the case of laminar flov, and, ~oreover, is 
less dependent on the Reynold's number. Kirsten 
states that the transition takes place in a 
length of a.bout 100 to 200 radii while 
Nikuradse's experiments show the final dis-
tribution at about 50 to 80 radii distance 
from the cntrance.n(28) 

The end condition of the cooling passage will ccuse some 

additional turbulence, which will affect the rate of heat 

transfer. In this case again, without experiment, it is 

difficult to determine the actual values. 

The method of computation of the equivalent pipe die.meter 

may also lead to erroneous results. There are t-wo methods of 

evaluating the hydraulic radius. One is based on the peri-

meter of the surface through which the heat flows; the second 

on the total wetted surface. The opinion as to which ethod 

to use is divided. Some authors recol'$lend the first one,(?) (J?) 
(25) 

others the second one. 

Other factors which could cause the difference between 

the computed and the actual results are as follova: 

a) Assumption of' the constant cross-section of the 

inner flow. 

b) Application of von Karnan's - Nikuradse's universal 

velocity distribution curve for non isothermal condi-

tions of the flow. 
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c> f!eglccting of the effect of high pressure (2740 psi) 

on the physical properties of the water. Only in the 

computstions of the coefficient of volume expansion 

f , the allowance has been made for the pressure. It 

is bclievec1, however, that the effect of 2740 psi on 

the physical properties of water is negligible. From 

all of them, the viscosity and thermal conductivity 

are the most 11 sensitivc" to high pressures, but for 

2740 psi the change in viscosity is very sruall(S) and 

it can be neglected. The change in thermal conductivity 

due to high pressure is not yet well known, and it 

could not be located in the references. 

Use of average values instead of variables. All 

average values ~ere determined by taking tho mean 

ari tlunetic values. 
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2. Co!:1p::irison of the Two Methods of Cooling 

The comparison of ti:-10 methods of cooline, the one pro-

posed in this paper and the other by NACA (see the "Object 

and History of Imrostiga.tion" and Fig. 3), and the advantages 

of each can be most effectively shown in tabulated form. 

Table I represents the sumna.rized results of both types of 

cooling. 

The use of cooled blades allows their manufacture from 

ordinary steels, which have much higher thermal conductivity 

than the high-resisting temperature alloys. If in the investi-

gated type of cooling, the radja.l heat flow along the metal 

would be taken into account, then the effective gas tempera-

ture would probably be close to .3000 ° F, instead of 2510 ° F 

(as computed). 

The pumping type of cooling (investigated by HACA) with 

the two coolinP, passages permits the rise of effective gas 

tereperature to 3000 ° F, while in thcrr1osiphon system almost 

the sm1e result can be obtained with only one cooling passage 

e.nd one sr.m.ller equivalent to half of it in the cooline effect. 

The weak point of thcr~osiphon cooling is the large rate 

of water flow. This flow, however, is provided without any 

expenditure of power (power needed to sup;ily the c..iru.m with 

the water is negligible), w· ile pUIBping type of coolirir re-

ouires al·out 2.3% of fuel horsepower. 
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Investicatea type of cooling Then osiphon Puru.ping 

water Yater 

Length of tte coolin~ pcssage 4" 4" 

Diameter of tho coolin<· passage .25" .25" 

Nunber o~ cooline pascaces 1.5 2 

''umber of blades 55 55 

Il'unber of rpm 9000 

Radius of t~c end of coolin~ pass. 10" 10.5" 

Peri.J::cter of bla.dc-1:.o..,tinc surface 3.05" 3. 05" 

Coolant flow in lb/nee llo35 6.1.;2 

Gas flow in lb/soc 55 55 
·~~~~~~~~~~~-~~~~~~~~~~~~~~~~-

C oef f ic i en t of heat trlms:er 
between hot gas and blade in 
Btu/{hr)(sa ~t)( F) 

217 217 

Average tcr.1pera.ture of the bl~de 

3850 2370 
Coefficient of heat transfer 
between cooling passa!e and blade 
in Btu/(hr)(sq ..... r ...... t ...... ) ..... ( ..... F..-1-----------------

Effective ea.s tcHpernture 25lcfF · 300d'F 

Loss of power Clue to c!rculation 
f' ]. , •• ct ff lh o_ coo .111~ .o iur: , m ,, o. . ue p. 2.3 

no radicl radial he2t 
Re!:iarl:s hec.t flov flow along 

c.lon~ ~:etal. ______ ..,;.;..e:::.ta=l=----

Ta~le I. Co1 ~arisen of the two lfethods of Cooling 
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3 • Sumn.ary 

In this paper an analysis of the internal water-cooling 

of a t;as turbine was carrier1 out. The density differences 

due to heating of the water in the blade and drrm, co bined 

with the ver;/ large force field associated with the centri-

fugal force caused by the rotation of water, sets up strong 

convection currents, which resulted in a very efficient heat 

transfer. 

Ueing the Havier-Stoke's and the continuity equations, 

applying Prandtl 1s analogy between heat transfer and fluid 

friction and von Ks.man's - Nikuradse 1 :3 universal velocity 

distribution equation, the coefficient of heat transfer was 

derived and the !!18...~im.tl.f.: gas effective te~perature pre,icted. 

For the conditions used in this investigation the fol-

lowing enumerated results can be stated: 

1) The computed coefficient of heat transf~r between 

cooling passage wall and water is 3S50 Btu/(hr )(sq ft)(°F). 

2) The rate of coolant flow is 11.35 lb/sec. 

3) The effective gas temperature is 2510 ° F, assuming 

no radial heat flow alone the metal parts. 

4) The average blade temperature is 600 ° F. 

5) The blade has one cooling passage 4" long and .25" 

in dia...~etcr, and one equivalent in half to it in the cooling 

effect. 
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