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 Abstract 
 
 
As a robust system, cell can switch between different signaling programs according to 

their differentiation stages and external environments. Cancer cells hijack this plasticity 

to develop drug resistance. For example, breast cancers that are initially responsive to 

endocrine therapy often develop resistance robustly. This process is dynamically 

controlled by interactions of genes, proteins, RNAs and environmental factors at multiple 

scales. A systems biology study of this process focuses on the interactions of basic 

components, so as to uncover the molecular mechanism of drug resistance from a 

systemic and dynamical point of view. 

In Chapter 2, I focused on the experimental observations that breast cancer cells can 

switch between estrogen receptor α (ERα) regulated and growth factor receptor (GFR) 

regulated signaling pathways for survival and proliferation. A mathematical model based 

on the signaling crosstalk between ERα and GFR was constructed. The model 

successfully explains several intriguing experimental findings related to bimodal 

distributions of GFR proteins in breast cancer cells, which had been lacking reasonable 

justifications for almost two decades. The model also explains how transient 

overexpression of ERα promotes resistance of breast cancer cells to estrogen withdrawal. 
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Understanding the non-genetic heterogeneity associated with this survival-signaling 

switch can shed light on the design of more efficient breast cancer therapies.  

In Chapter 3, I utilized a novel strategy to model the transitions between the endocrine 

response and resistance states in breast cancer cells. Using the experimentally observed 

estrogen sensitivity phenotypes in breast cancer (sensitive, hypersensitive, and 

supersensitive) as example, I proposed a useful framework of modeling cell state 

transitions on the energy landscape of breast cancer as a dynamical system. Grounded on 

the most possible routes of transitions on the breast cancer landscape, a state transition 

model was developed. By analyzing this model, I investigated the optimum settings of 

two intuitive strategies, sequential and intermittent treatments, to overcome endocrine 

resistance in breast cancer. The method used in this study can be generalized to study 

treatment strategies and improve treatment efficiencies in breast cancer as well as other 

types of cancer. 
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Chapter 1. Biological Background and Research Overview 
 
 
 
 
 
 

1.1 Biological Background 
 
 
 

1.1.1 Endocrine therapy in breast cancer and endocrine resistance 
 
 
Breast cancer is the most common invasive cancer in women. One in eight women will 

be diagnosed with breast cancer in their lifetime. In the United States, it was estimated 

that about 232,340 new cases of invasive breast cancer will be diagnosed in women in 

2013. Currently, there are more than 2.9 million breast cancer survivors in the United 

States [1].  

In order to detect and treat breast cancer, people have long been searching for effective 

molecular targets and biomarkers that are actively involved in breast cancer physiology. 

It was found that approximately 70% of breast cancers express estrogen receptor α (ERα) 

[2, 3]. Sustained activation of ERα by exposure to estrogen is a well-recognized driver 

for breast cancer [2-4]. In these ERα-positive breast cancer cells, evidences indicate a 

pivotal role of ERα pathway in regulating the survival and growth of breast cancer cells 

[2, 3]. Thus, interfering with ERα functions, such as manipulating hormones, has been 

widely used as endocrine therapies to treat breast cancer for more than 100 years. 

Practically, ERα functions can be inhibited in multiple ways (Fig.1.1) [2]: 1) by 

depriving cells of estrogen, e.g., by inhibiting estrogen biosynthesis with aromatase 
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inhibitors (AIs); 2) by antagonizing ERα ligand binding with selective estrogen receptor 

modulators (SERMs, e.g. tamoxifen); 3) by reducing ERα expression levels with 

selective estrogen receptor down-regulators (SERDs, e.g. faslodex). Endocrine therapies 

have been very successful in reducing breast cancer mortality, especially in the past two 

decades. Tamoxifen, as the most successful targeted cancer therapy, has reduced the 

annual breast cancer death rate by one-third since its clinical application [2]. 
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Figure 1.1 The molecular mechanisms of three major categories of endocrine 

therapies. Aromatase inhibitors (AIs) prevent the production of 17β-estradiol (E2, the 

primary estrogen present in breast tumors); SERMs category (exampled by tamoxifen) 

compete with E2 to bind ERα; SERDs category (exampled by faslodex) compete with E2 

to bind ERα, and also promote the degradation of ERα. 
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However, not all breast cancers have satisfactory response to endocrine therapies [2]. 

About 30% breast cancers are ERα-negative, and they fail to respond to any anti-

estrogens targeting ERα pathway [2]. Even in the ERα-positive category, about 35~40% 

breast cancers show intrinsic resistance to anti-estrogens [2]. Moreover, acquired 

resistance is also a major problem. Despite initial response to endocrine therapies, many 

ERα-positive breast cancers ultimately develop resistance to endocrine therapies slowly 

[2]. The molecular mechanism of endocrine resistance has been intensively studied based 

on ERα positive breast cancer cell lines that were selected for adaptation to a specific 

endocrine treatment [2, 3, 5]. For example, E2 (17β-estradiol, the primary estrogen 

present in breast tumors) independent breast cancer cell line LCC1 was developed after a 

combination of in vitro/in vivo E2 removal in MCF7 breast cancer cells [6]; faslodex 

resistant LCC9 cell line was further developed after long-term treatment of LCC1 with 

faslodex [7]. Substantial studies were performed to uncover the molecular basis for 

diverse endocrine responsiveness of these different cell lines. Experimental evidence 

suggests quite different expression/activation patterns of a few key molecules/processes 

were observed in MCF7, LCC1 and LCC9 cell lines [8-10]. Another interesting example 

is the long-term E2 deprived (LTED) MCF-7 cell line [11-13]. Both E2-hypersensitivity 

and E2-supersensitivity (or E2-independence) have been observed in the process of long-

term E2 deprivation in MCF-7 cells. Diverse ERα activation modes were reported to 

associate with these different E2 sensitivities [14]. In all, there have been many gene 

candidates/events postulated as key players in eliciting acquired endocrine resistance in 

breast cancer cells, both in vitro and in vivo [2, 3, 5].  
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Notwithstanding our increasing knowledge on the roles of individual key genes in de-

sensitizing the anti-tumor effects of endocrine treatments, little is known about how these 

gene candidates are mechanistically activated and further fixed during the development 

of acquired endocrine resistance. Traditionally, it was thought that mutations are the 

reason for the dysregulation of these genes in endocrine resistant breast cancers. For 

example, gene copy number variations in a lot of key genes, such as ERα and HER2, 

have been widely reported in endocrine resistant breast cancer cells [15-17]. Recently, 

growing evidence indicate that adaptive endocrine responses such as the compensatory 

activation of growth factor receptor (GFR) pathway and the reprograming of ERα 

activation modes also play pivotal roles in developing endocrine resistance [14, 18]. 

Understanding the molecular mechanism and the signaling pathway that are utilized by 

breast cancer cells to adapt to endocrine treatment will be critical for designing new 

strategies to prevent, delay and reverse endocrine resistance in breast cancer.  

1.1.2 Adaptive endocrine response: Growth factor receptor pathway activation 
 
 
The GFR pathway comprises the majority of the key players identified in breast cancer 

cells that have acquired endocrine resistance [2, 3, 5, 14, 19-21]. Increased epidermal 

growth factor receptor (EGFR) signaling is reported as a common feature in established 

cell lines that have become resistant to antiestrogen treatment [22-27]. MCF7-derived sub 

cell lines that have gained resistance to E2-deprivation, tamoxifen or faslodex in vitro 

clearly demonstrate EGFR and/or HER2 signaling dominance, accompanied by elevated 

activation of ERK1/2 MAP kinase and PI3K/AKT [25, 27, 28]. Obviously, these kinases 

are able to maintain cell survival and growth despite compromised ERα signaling 
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pathway. It is important to understand how these components in the GFR pathway are 

compensatorily activated in breast cancer cells under endocrine treatment. As mentioned 

above, gene mutations and Darwinian selection are able to contribute. This is evidenced 

by the fact that the HER2 gene is amplified in 30% of resistant breast cancers [29]. 

However, it is also well known that there exist bidirectional crosstalk links between ERα 

and GFR pathways [30-32], implying that adaptive responses can also occur without 

mutations. 

Recent studies have shown activation of the GFR pathway activation in response to 

endocrine treatment [33], supporting the scenario of cellular adaptation rather than 

genetic selection. Evidences show that estrogen can suppress the expression and activity 

of HER2 and EGFR, two major members in the epidermal growth factor receptor family, 

in a number of different ERα-positive cell lines such as ZR-75-1, T47D and MCF7 [34-

36]. A 409 bp region located in the first intron of the HER2 gene mediates the inhibition 

of HER2 expression by estrogen [37]. ERα is necessary for estrogen to mediate HER2 

repression and anti-estrogens such as faslodex can reverse this process [34, 38]. Further 

mutational analysis on ERα revealed that the AF2 domain in ERα is required for estrogen 

mediated HER2 repression [39]. Since the AF2 domain in ERα is necessary for estrogen 

binding, it is suggested that the repression of HER2 expression is mediated by the E2 

liganded ERα, which acts as a gene repressor upon binding with the promoter region of 

HER2 gene. Newman et al proposed a similar model, whereby E2-liganded ERα can 

compete with HER2 enhancer for binding p160 co-activators, thus resulting in inhibition 

of HER2 expression [39]. Similar mechanisms have also been studied in estrogen 

mediated EGFR repression [40].  
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Thus, anti-estrogens can effectively de-repress the estrogen-mediated inhibition of HER2 

and EGFR expression, resulting in compensatory expression and activation of these 

GFRs. In experiments, increase in HER2 and EGFR expression occurs within 1 week 

after tamoxifen treatment [41]. And tamoxifen somehow induced the breast cancer cells 

to ‘switch’ to HER2 and EGFR signaling to maintain downstream activity of MAPK and 

AKT, supporting cell survival and resistance to tamoxifen [41]. Co-treatment of these 

cells with both tamoxifen and gefitinib will effectively block the compensatory activation 

of GFR pathway, resulting in improved endocrine responsiveness and delayed endocrine 

resistance [41]. Comparable results have also been reported in studies using both faslodex 

and gefitinib [25, 41, 42]. Currently, co-targeting of the GFR pathway in addition to 

endocrine therapy is under active evaluation as a promising therapeutic strategy to cure 

breast cancer [18, 43]. 

Intriguingly, however, not all growth factors are equally utilized to develop endocrine 

resistance in breast cancer cells. It is established that insulin-like growth factor type 1 

receptor (IGF-1R) has positive cooperation with ERα [44]. As such, it has been 

recognized that anti-estrogens can sometimes release the inhibition of ERα on GFR 

pathway to elicit compensatory responses, and sometimes abolish the positive 

cooperation between ERα and GFR (e.g., IGF-1R) to exert its anti-proliferation effects. 

In addition, the GFR pathway is involved in an auto-regulation loop by activating ERα in 

an estrogen-independent manner [20, 45]. It becomes clear that how ERα is activated 

determines whether ERα has positive or negative correlation with the GFR pathway. 

Thus, exploring the different activation modes of ERα associated with the GFR pathway 

is of great important to understand the mechanism of acquired endocrine resistance. 
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1.1.3 Adaptive endocrine response: Estrogen receptor pathway reprogramming 
 
 
Variation in status of ERα is an important adaptive response in anti-estrogen treated 

breast cancer cells. Endocrine treatment can change ERα status significantly. For 

example, loss of ERα expression (without mutations of the ERα gene) is quite common 

in long-term faslodex treated, or GFR overexpressed breast cancer cells [20, 46]. And this 

process is fully reversible [20, 47], suggesting that the ‘on-off’ switch of ERα expression 

is regulated at the epigenetic level but not genetic level. Adding more complexity to the 

adaptive response to endocrine treatment, ERα has three different activation modes under 

different conditions (Fig.1.2). These three activation modes of ERα include: 

1) Ligand-dependent genomic activation (LDGA). Estrogen-liganded ERα can activate 

target gene expression either through direct binding of ERα dimers to estrogen response 

elements (EREs) in DNA, or with the help of other transcription factors (AP1 or SP1) to 

bind indirectly to serum response elements (SREs), so as to activate transcription [2, 3]. 

Notice that, ERα under this activation mode inhibits the expression and activity of HER2 

and EGFR [37, 40]. 

2) Ligand-independent genomic activation (LIGA). Even without estrogen binding, ERα 

can be phosphorylated and activated by certain kinases (ERK, AKT, p90RSK, IKK, S6K 

etc.) at multiple sites (Ser118/104/106/167 etc.), thus promoting target gene transcription 

in a ligand-independent way [48]. It has been reported that Cyclin D and XBP1 binding 

can also facilitate the LIGA of ERα [49, 50]. It is noted that ERα under LIGA mode has 

positive interaction with the GFR pathway. An auto-regulation loop established by ERα 

(LIGA) and the GFR pathway has been reported to play key roles in tamoxifen resistant 
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breast cancer cells [20, 45]. 

3) Ligand-dependent non-genomic activation (LDNA). ERα or ERα variants localized in 

the cell membrane or cytoplasm can cooperate with a few membrane or cytoplasmic 

proteins (e.g., PELP1, GPCR, HPIP, Shc, MNAR, p130Cas, AR, Integrins, IGF1R, 

HER2, EGFR) to recruit non-receptor tyrosine kinase SRC, which can activate 

downstream PI3K/AKT and MAPK kinase cascades, resulting in activation of 

transcription factors (NFκB, Fos, Jun, NcoA, Myc, CREB, Elk1, STAT1/3, etc.) [51, 52].  
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Figure 1.2 Different activation modes of ERα and growth factor receptor pathway 

in breast cancer cells. a. Ligand-dependent genomic activation (LDGA): E2 liganded 

ERα activates target genes; b and c. Ligand-independent genomic activation (LIGA): 

PI3K/AKT and MAP Kinases activated by receptor tyrosine kinases (GFRs) or non-

receptor tyrosine kinase (SRC) further phosphorylate and activate ERα in ligand 

independent way; d and e. Ligand-dependent non-genomic activation (LDNA): Non-

genomic (membrane and cytoplasmic) ERα can facilitate kinase activation mediated by 

non-receptor tyrosine kinase SRC, and activation of the downstream transcription factors 

(TFs); f. Growth factor receptor pathway. Note that all three ERα activation modes 

contribute to the expression of pro-growth, pro-proliferation and pro-survival genes. 

Subtle functional differences of these ERα activation modes are not considered in this 

figure. Abbreviations in this figure: E2 (Estrogen); ER (Estrogen receptor α); ERE 

(Estrogen Response Elements); SRE (Serum Response Elements); PgR (Progesterone 

Receptor); Chap (Chaperones), MNE (modulator of non-genomic estrogen receptors); 



	   11 

GFs (Growth factors) RTK (Receptor Tyrosine Kinases); TRE (TF Response Elements). 

These three ERα activation modes have been well recognized and widely discussed in the 

literature [2, 3, 5, 53]. Note that downstream events regulated by ERα under different 

activation modes should also be distinct. The physiology of breast cancer cells with ERα 

activated in different modes is also decided by varying context-dependent factors (the 

balance of co-activators/co-repressors, the competition of ERα with other transcription 

factors and posttranslational modifications of ERα). It has been observed that changes in 

ERα activation modes in breast cancer cells are associated with varying endocrine 

responsiveness [14]. Increased ERα phosphorylation (LIGA) and membrane ERα 

expression (LDNA) are common features in breast cancer with acquired endocrine 

resistance. And the predominance of LIGA/LDNA rather than LDGA mode of ERα is 

suggested as the molecular basis for the observed estrogen hypersensitivity and 

independence in LTED breast cancer cell lines, when compared to estrogen-sensitive 

MCF7 cells [14]. However, how ERα activation modes are regulated and associated with 

responsiveness to endocrine treatment is still poorly understood, and thus requires further 

investigation. Preliminary data from our experimental collaborators indicate that in 

MCF7 cells ERα can be activated by phosphorylation at Ser167 within hours in response 

to E2 withdrawal (Fig.1.4). At the same time, increase expression of HER2 and EGFR 

are also observed. Further studies are urgently required to understand the molecular 

mechanism of ERα activation mode reprogramming under endocrine treatment 

conditions.  
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Figure 1.3 Increased expression of EGFR, HER2 and activation of 

AKT, ERα after E2 withdrawal in MCF7 cells. pER 167 refers to ERα 

phosphorylated on Ser 167. Data are used with permission of Rong Hu et 

al., unpublished. 
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1.2 Research Motivation 
 
 
GFR pathway activation and ERα reprogramming are common compensatory events in 

ERα positive breast cancers under endocrine treatment. What are the physiological 

consequences of these adaptive endocrine responses? Most ERα positive breast cancers 

depend on the ERα pathway for survival and proliferation. And they are responsive to 

endocrine treatment. The initial anti-proliferation responses include the induction of 

apoptosis and cell cycle arrest [54]. However, GFR pathway activation and/or ERα 

reprogramming elicited by endocrine treatment can limit the anti-proliferative effects of 

endocrine treatment by providing ‘escape’ pathways. For example, according to Pratt et 

al.’s observation [55], an increase of NFκB activation induced by E2 depletion is usually 

not sufficient to prevent apoptosis in most MCF7 cells. Nonetheless, a sub-population of 

cells with high compensatory NFκB activity can escape apoptosis, even though they are 

cell-cycle compromised. These living but ‘slow’ cells can act as ‘seed cells’ to further 

accumulate intricate genetic or epigenetic modifications to resume fast proliferation and 

ultimately gain endocrine resistance. Thus, investigating how cells initially make 

decisions between ‘anti-proliferative’ and ‘escape’ pathways, and why ‘escape’ pathways 

are enhanced/fixed in cell lines with acquired endocrine resistance (such as in LCC1, 

LCC9 etc.), will be of great value to develop new strategies to delay, prevent and 

overcome endocrine resistance in the future.  

Systems biology is a hybrid approach that utilizes computational techniques to interpret 

experimental data and make predictions [56, 57]. It focuses on the interactions of basic 

components in the cellular signaling transactions, so as to provide a systemic and 
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dynamical view of the molecular mechanism underlying cell physiology. Mathematical 

modeling is an integral part of systems biology. It provides a unique way to understand 

complex cellular behaviors, such as adaptation, switch and oscillation, in simple 

mathematical terms [58]. Successful examples in the past decades include mathematical 

models of the cell cycle, apoptosis and DNA damage responses [59-65]. In addition to 

explaining dynamical and complex cellular behaviors that are difficult to be understood 

by intuition alone, these models also exhibit strong predictive power to guide further 

experimental design. In terms of breast cancer modeling, a roadmap has been proposed to 

build quantitative and mathematical models of the basic modules (such as apoptosis, 

autophagy and cell cycle machinery) that will ultimately be combined together to 

determine susceptibility or resistance of breast cancer cells to endocrine therapy (Fig.1.4) 

[54]. 
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Figure 1.4 Schematic diagram of the signaling circuits and decision modules and 

their interactions in breast cancer cells. Following modules are included: Growth 

factor receptor pathway (GFR signaling Module), estrogen receptor pathway (ER 

signaling Module), unfolded protein response pathway (UPR Module), Autophagy 

Module, Apoptosis Module and Cell cycle Module. The triangle and square in the middle 

refers to intermediates that connect different modules at gene regulation level.  For 

detailed discussion on these modules please refer to [54]. 
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The motivation of this study is to use a systems biology strategy to specifically 

understand the mechanism of breast cancer endocrine response and resistance, focusing 

on the role of adaptive endocrine responses in developing endocrine resistance in breast 

cancer. The core of this study is the crosstalk mechanisms between the ERα and GFR 

pathways. Understanding the crosstalk as a dynamic system requires help from analytic 

tools, such as mathematical modeling. At this stage, detailed knowledge of the ERα-GFR 

crosstalk is still not yet available. So our first step is to apply systems biology strategy to 

study the roles of ERα-GFR crosstalk in terms of simplified models. Improved 

knowledge with more mechanistic details will help to refine the model in the future. 

 

1.3 Research Overview 
 
 
 
In Chapter 2, we proposed a model of the ERα to GFR survival-signaling switch in 

human breast cancer cells. It is widely accepted that breast cancer cells can shift between 

ERα and GFR signaling pathways for survival and proliferation under different 

conditions [18, 43]. Understanding this survival-signaling switch can shed light on drug 

resistance mechanisms and the design of more efficient breast cancer therapies.  

The motivation led us to propose a mathematical model of the crosstalk between ERα 

and GFR pathways to study how this survival-signaling switch is organized and 

regulated. Ordinary differential equations were built to describe the dynamical behaviors 

of the ERα-GFR crosstalk. Compared to a similar model that was built by us previously 

[54], this model used a formalism that allows us to capture complex dependencies in a 
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simpler manner for simulation and analysis. In addition, epigenetic factors are considered 

to allow GFR pathway to exhibit slow activation. 

Our model successfully explains the following experimental observations in GFR-

transfected MCF7 cells [66, 67]: (1) there are three different distribution patterns of GFR 

in different sub-clones, (2) the bimodal GFR distribution pattern can be reversibly 

manipulated by the addition and withdrawal of estrogen, and (3) the asymmetry in the 

time it takes to switch from low to high GFR expression versus switching from high to 

low expression. Moreover, the model explains experiments showing that the GFR 

distribution cannot be changed by estrogen manipulation in normal MCF7 cells, and 

showing that transient ERα overexpression can up-regulate GFR expression and promote 

estrogen-independent growth in MCF7 cells [68]. The model improves our understanding 

of non-genetic heterogeneity and acquired endocrine resistance in breast cancer. This 

paper has been published in FEBS Letters in 2013 [69].  

In Chapter 3, we utilize a novel strategy to model the transitions between endocrine 

therapy response and resistance in breast cancer cells. In the clinic, there are two common 

strategies used to overcome acquired endocrine resistance in breast cancer: 1) sequential 

treatment with different endocrine drugs [70], and 2) intermittent treatment by giving the 

patient a ‘drug holiday’ between endocrine treatments [71, 72]. It remains unclear why 

these two strategies are effective and how to optimize these two strategies.  

In order to provide a theoretical tool to understand these questions, we present a 

mathematical model that captures the transitions among the three different experimentally 

observed estrogen sensitivity phenotypes in breast cancer (sensitive, hypersensitive, and 
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supersensitive) [14]. The model is again based on the signaling crosstalk between ERα 

and GFR pathways. We build a useful framework to understand the global properties of 

cell state transitions on the energy landscape of the breast cancer cell as a dynamical 

system. Grounded on the most probable routes of transitions on the breast cancer 

landscape, a state transition model was developed and evaluated. 

As the results of this study, we show that population selection plays a crucial role in 

promoting acquired resistance in breast cancer. In addition, the simplified state transition 

model was computed from our biologically based model to investigate the population-

scale effects of both sequential and intermittent treatment protocols and to enable the 

optimization of protocol parameters. The approach used in this study can be generalized 

to investigate treatment strategies and improve treatment efficiencies in breast cancer as 

well as other types of cancer. This study has been prepared for submission. 
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2.1 Abstract 
 
 
 
Breast cancer cells develop resistance to endocrine therapies by shifting between estrogen 

receptor (ER)-regulated and growth factor receptor (GFR)-regulated survival signaling 

pathways. To study this switch, we propose a mathematical model of crosstalk between 

these pathways. The model explains why MCF7 sub-clones transfected with HER2 or 

EGFR show three GFR-distribution patterns, and why the bimodal distribution pattern 

can be reversibly modulated by estrogen. The model illustrates how transient 

overexpression of ER activates GFR signaling and promotes estrogen-independent 
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growth. Understanding this survival-signaling switch can help in the design of future 

therapies to overcome resistance in breast cancer. 

Keywords: Mathematical modeling; estrogen receptor signaling; growth factor receptor 

signaling; breast cancer; endocrine resistance 
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Highlights 

• We model a switch between estrogen receptor and growth factor receptor pathways. 

• The model explains three patterns of HER2 or EGFR expression in MCF7 sub-clones. 

• The model shows how estrogen modulates growth factor receptor expression patterns. 

• The model suggests a novel switch mechanism for acquired resistance in breast 

cancer. 

2.2 Introduction 
 
 
Mammalian cells can switch between different signaling pathways to achieve distinct 

physiological goals in response to environmental stimuli, as exemplified by immune cell 

differentiation [1]. This plasticity is important for normal cells to differentiate properly 

and to survive in stressful environments. In cancer cells, this plasticity often results in 

drug resistance including acquired resistance to anti-estrogenic drugs.   

The estrogen receptor (ER) and growth factor receptor (GFR) pathways are major drivers 

of survival and proliferation in 85% of breast tumors [2, 3]. In clinical practice, 

expression of ERα (the most prevalent of two ER genes) and HER2 (a major GFR and 

member of the EGFR superfamily) are validated biomarkers used to determine treatment 

strategies for individual patients [4]. Approximately 70% of breast cancers express ERα 

[5], and various endocrine therapies have been developed to interfere with ER action [5]. 

Antagonizing GFR pathways (e.g., using trastuzumab) in HER2+ breast cancer also 

improves disease-free and overall survival for breast cancer patients [6]. However, the 
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ultimate efficacy of therapies targeting individual pathways is not satisfactory. For 

example, tamoxifen successfully reduces by one-third the annual death rate from breast 

cancer, but one-third of tamoxifen-treated women develop recurrent disease within 15 

years [5]. Resistance to anti-estrogens or GFR pathway antagonists also develops in 

human breast cancer cell lines [7-9]. 

We have used mathematical modeling guided by experimental observations to explore 

the mechanism underlying acquired resistance to endocrine therapies as driven by the 

ER-GFR switch. Acquired resistance could arise by activation of a compensatory escape 

pathway when the normal driver pathway is inhibited [3], the so-called ‘hybrid-car’ 

model of breast cancer [10]. Since breast cancer cells can switch reversibly and robustly 

between ER and GFR pathways for proliferation and survival [3, 10], blocking either the 

ER or GFR pathway will usually result in activation of the other, allowing some cells to 

survive and eventually resume proliferation. Evidence for a close regulatory relationship 

between ER and GFR signaling includes the reciprocal expression of ER and GFR in 

most breast cancers [11], and activation of GFR pathway components (HER2, EGFR, 

MAPK, PI3K, AKT, mTOR, NFκB etc.) as compensatory responses to anti-estrogens [5, 

12-14]. Interestingly, these compensatory processes are reversible after withdrawing the 

endocrine treatment [15]. Moreover, recent evidence indicates that ER negative (ER−) 

breast cancer cells may develop resistance to GFR pathway antagonists by restoring the 

ER pathway and hence becoming responsive to anti-estrogens [16, 17].  

ER and GFR are sometimes positively associated in breast cancers [18, 19]. Whether ER 

and GFR are negatively or positively correlated depends on how ER is activated. ER can 

be activated either by binding to 17β-estradiol (E2, the primary estrogen present in breast 
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tumors) to form an active E2:ER complex, or by phosphorylation (ER-P) by various 

kinases (e.g. ERK and AKT) at multiple sites [5, 20, 21]. E2:ER has an inhibitory effect 

on GFR. E2 withdrawal can release the inhibition of ER on GFR expression and NFκB 

activity [22-26], consistent with the fact that E2:ER binds the promoter region of GFR 

genes (e.g., HER2 and EGFR) and acts as a repressor [27, 28]. However, E2-independent 

ER-P is positively associated with GFR, and it can up-regulate certain ligands (e.g., 

TGFα, EGF and amphiregulin) of the GFR signaling network, which in turn activate the 

kinases that phosphorylate more ER [29-31]. This auto-activation loop has been 

implicated in tamoxifen-resistance [31, 32]. NFκB, a major integrator of the GFR 

signaling network, is involved with E2:ER in a mutual-inhibition feedback loop [24, 33]. 

NFκB also controls the expression of a broad spectrum of genes regulating important 

cellular behaviors including cell differentiation [34, 35]. In particular, NFκB activates the 

transcription factor TWIST and represses the expression of E-cadherin, which in turn 

enhances the epithelial-mesenchymal transition (EMT) in breast cancer [36]. EMT is 

associated with a de-differentiation process whereby epithelial-like breast cancer cells 

increase their ‘stemness’ and undergo a phenotypic transition from HER2− to HER2+ 

[37]. EMT in breast cancer cells is likely due to genome-scale epigenetic reprogramming, 

including the promoter activity of HER2 [38]. Epigenetic changes such as methylation or 

acetylation can occur during differentiation or de-differentiation and are often reversible 

[36-38]. 

While the crosstalk between ER and GFR pathways in breast cancer, especially in MCF7 

cells, has been widely studied [5, 13, 20, 22, 31, 39, 40], a comprehensive, dynamic view 

of ER-GFR crosstalk is still lacking. Previously, we proposed a simplified model that 
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could account for the effects of E2 withdrawal on the bimodal distribution of GFR 

(HER2 or EGFR) in MCF7 cells [41]. However, this model combined all components of 

the GFR pathway into one variable and required an unreasonably slow rate constant to fit 

the experimental data. A more realistic model would allow the GFR pathway to exhibit 

both rapid (e.g., post-translational modifications of GFR proteins) and slow modifications 

(e.g., epigenetic modifications of GFR promoters). Moreover, a recent report indicates 

that transient ER overexpression can robustly activate E2-independent growth of MCF7 

cells [42], suggesting further modifications to achieve a more realistic model. 

Here we present a new model to explore the mathematical characteristics of the ER-GFR 

switch that is a central determinant of breast cancer cell fate in response to endocrine 

therapies. The model explains many aspects of the available experimental data 

(Supplementary Documents, Figs. 2.7-2.10), for example: (1) in sub-clones of MCF7 

cells transfected with GFR (HER2 or EGFR), there are three different distribution 

patterns of GFR [43, 44], (2) for sub-clones with a bimodal distribution of GFR, the 

distribution can be reversibly manipulated by varying E2 levels [43, 44], (3) whereas E2 

withdrawal in GFR-transfected MCF7 cells switches on GFR expression within weeks, 

E2 addition takes months to switch off expression [43, 44], (4) E2 withdrawal can up-

regulate GFR expression within 5 weeks in GFR-transfected MCF7 cells, but fails to do 

so in wild type MCF7 cells [43, 44], and (5) transient ER overexpression in MCF7 cells 

can switch on the GFR pathway and promote E2-independent growth [42]. The model 

provides a new tool to understand and evaluate these intriguing experimental 

observations, and it may help in finding new strategies to overcome anti-estrogen 

resistance in breast cancer. 
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2.3 Materials and Methods 
 
 
We postulate a highly condensed model of the interaction between ER and GFR (Fig. 

2.1A and Supplementary Documents). The protein level of GFR is down-regulated by 

E2:ER complex [27, 28]. After E2 withdrawal, GFR is released from inhibition and its 

downstream kinases phosphorylate ER to an E2-independent form, ER-P [5, 20, 21]. ER-

P can activate and stabilize the GFR pathway, creating a positive feedback loop [29-31]. 

In addition, GFR further activates transcription factors such as NFκB, promoting a series 

of epigenetic changes contributing to increased GFR expression and establishing another 

positive feedback loop [34, 35]. For simplicity, we combine the epigenetic factors 

contributing to GFR expression into the quantity ‘EPI’. ‘E2ER’ and ‘ERP’ are used to 

represent E2:ER and ER-P. The wiring diagram in Fig. 1A was translated into ordinary 

differential equations (ODEs) by a formalism that allows us to capture complex 

dependencies in a simple manner [45] for simulation and analysis. We used the program 

XPP-AUT, available freely at http://www.math.pitt.edu/~bard/xpp/xpp.html, to simulate 

the model and to draw bifurcation diagrams. The ensemble stochastic simulations were 

performed with Matlab Version 7.9.0. A detailed version of materials and methods is 

provided in the supplementary document in 2.8. 
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Figure 2.1 A model of the crosstalk between ER and GFR pathways exhibits 

bistable switching properties. (A) Influence diagram of the model. E2, estrogen level; 

ERT, total ERα level; E2ER, estrogen-dependent E2:ER complex; ERP, phosphorylated 

ER; GFR, growth factor receptor; EPI, epigenetic components in GFR pathway; 

GFRover, number of extra GFR gene copies. (B) Nullclines of the system at different E2 

levels. s, stable steady state; u, unstable steady state. (C) Bifurcation diagram of GFR, 

with E2 as the bifurcation parameter. The curves trace the steady state level of GFR as a 

function of E2 level. For a given value of E2, a cell may express a low or high value of 

GFR (upper and lower solid lines; the middle dashed line indicates a branch of unstable 

steady states). 
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2.4 Results 
 
 

2.4.1 Bifurcation analysis of the survival-signaling switch 
 
 
The nullclines of our system of equations (EQ.2.S1-S2 in Section 2.8) are plotted in Fig. 

2.1B. The intersections of these two curves correspond to steady states of the model. The 

number of steady states is controlled by the E2 level. When E2 = 1, there is one stable 

steady state corresponding to low GFR and low EPI (GFR−/EPI−). When E2 is reduced 

below 0.65, there are three steady states, two of which are stable and a third which is 

unstable. The stable steady states have GFR and EPI levels that are either both low 

(GFR−/EPI−) or both high (GFR+/EPI+). Figure 2.1C illustrates how the steady states of 

the system change with the E2 level. The system has three steady states in the range of 0 

< E2 < 0.65 and only one stable steady state when E2 > 0.65. However, E2 is not the 

only parameter that influences the system’s bistability. GFRover, which represents the 

influence of additional GFR genes transfected into MCF7 cells, can also be used as a 

bifurcation parameter. Figure 2.2A shows that when E2 is held constant at E2 = 1 the 

system is bistable only when 3.2 < GFRover < 12.8. We will show how this bistable 

survival-signaling switch can explain the results of several important experiments that are 

difficult to understand without a model.  
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Figure 2.2 Three distribution patterns of GFR are exhibited in GFR-transfected 

MCF7. (A) Signal–response curve for GFR as a function of GFRover. The steady-state 

value of GFR is plotted as a function of GFRover (from 0 to 14). For intermediate values 

of GFRover, a cell may express either a low or high level of GFR (upper and lower solid 

lines; the middle dashed line indicates a branch of unstable steady states). (B) Different 

HER2 distribution patterns in HER2-overexpressed MCF7 sub-clones. Sub-clones MB5, 

MB7 and MB4 represent three typical distribution patterns of HER2 observed in 

experiment. Experimental data are adapted from [43]. (C) Distribution of GFR in 500 

cells that are stochastically simulated at different values of GFRover (2, 8, and 14) for 

four months by starting from random initial conditions. GFR level = 10GFR in these 

histograms. 
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2.4.2 Three distribution patterns of GFR 
 
 
Liu et al. transfected HER2 cDNA into MCF7 cells and created multiple stable sub-

clones, which were further screened for HER2 protein expression levels using flow 

cytometry. Interestingly, three HER2 distribution patterns were observed in the sub-

clones they selected [43]: (1) a single peak of cells with elevated HER2 protein (MB4 in 

Fig. 2.2B), (2) a single peak of cells with low HER2 protein, identical to control MCF7 

cells (MB5 in Fig. 2.2B), and (3) a bimodal (two-peaked) distribution of HER2 (MB7 in 

Fig. 2.2B). Southern blotting was used to confirm that, within a sub-clone, all cells had 

the same number of integrated HER2 copies; hence, the bimodal distribution did not 

result from varying genetic conditions. Similar results in MCF7 cells transfected with 

EGFR have been reported [44], but a satisfactory explanation for these observations is 

lacking. 

The major difference between these sub-clones could be that during transfection different 

numbers of HER2 or EGFR genes were integrated into the individual cells that formed 

the sub-clones. In our model, we use GFRover to denote the amount of transfected GFR 

and have shown that the system is bistable only when GFRover is within a specific range 

(Fig. 2.2A). When very few GFR gene copies are integrated into the cell (e.g., GFRover 

= 2), the system has only one stable steady state at low GFR expression, while integration 

of a high number of copies (e.g., GFRover = 14) results in only one stable steady state at 

high GFR expression. However, integration of an intermediate number of copies (e.g., 

GFRover = 8) creates a system with two stable steady states (either high or low GFR 

expression). To model distribution patterns of GFR in a population of cells, we 



	   39 

performed 500 stochastic simulations (see Fig. 2.2C), starting from random initial 

conditions, of four month duration for each of three different cases (GFRover = 2, 8 and 

14). The results of these simulations clearly replicate the experimental observations. 

When GFRover = 2, there is only one peak of cells at a low GFR level, corresponding to 

MB5 in Fig. 2.2B. When GFRover = 14, there is only one peak of cells at a high GFR 

level, corresponding to MB4 in Fig. 2.2B. And when GFRover = 8, two peaks of cells 

(bimodal distribution) coexist, corresponding to MB7 in Fig. 2.2B. (We note that the 

number of GFR gene copies actually transfected in the experiments is unknown and so 

the values used here for GFRover are arbitrary and can be rescaled if copy number data 

becomes available.) 

 

2.4.3 GFR bimodal distribution manipulated by E2 
 
 
By using a sub-clone of MCF7 cells with a bimodal HER2 distribution, Liu et al. further 

showed the sensitivity of HER2 expression to culture conditions [43]. Growing the cells 

for 5 weeks in charcoal-stripped fetal calf serum (CCS), which is depleted of E2, resulted 

in a single peak of cells expressing high levels of HER2. Similarly, Miller et al. reported 

that MCF7 cells transfected with EGFR and cultured in CCS create a population 

consisting predominantly of cells with high EGFR levels [44]. However, wild type MCF7 

cells cultured in CCS for one year still show a population consisting predominantly of 

cells with low EGFR levels [44].  
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Figure 2.3 E2 withdrawal turns on GFR in GFR-transfected but not in normal 

MCF7 cells.  (A, B) Bifurcation diagrams of GFR with E2 as bifurcation parameter in 

normal MCF7 cells (GFRover = 0) and in GFR-transfected MCF7 cells (GFRover = 5). 

(C, D) Temporal evolutions of GFR distribution under E2-withdrawal conditions for 

normal MCF7 cells (GFRover = 0) and for GFR-transfected MCF7 cells (GFRover = 5). 

In each case, 500 cells were simulated over the course of five weeks. GFR level = 10GFR 

in these histograms. 
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Figure 2.3 provides an explanation for these results. In normal MCF7 cells cultured with 

E2, the cells are on the lower branch (low GFR) of Fig. 2.3A. When E2 is depleted, the 

cells will stay on this branch unless stochastic variations are strong enough to 

occasionally push a cell to the upper branch (high GFR, Fig. 2.3A). Note that there is a 

significant barrier separating the lower steady state from the unstable steady state (middle 

branch). We simulated a population of 500 MCF7 cells starting from low GFR in the E2-

withdrawal condition for five weeks. No cell jumped to the high-GFR state, and there 

was no change in the GFR distribution pattern at the population level (Fig. 2.3C). 

However, when GFR is transfected into MCF7 cells (GFRover = 5), the barrier at E2 = 0 

disappears (Fig. 2.3B) and the system only has one stable steady state at high GFR. Thus, 

when starting from the low-GFR initial condition, all cells will move to the high-GFR 

state. A simulation of 500 GFR-transfected MCF7 cells for five weeks produced a change 

in the GFR distribution pattern similar to that reported by Liu et al. and Miller et al. (Fig. 

2.3D). 

Experiments also show that the distribution pattern of GFR can be reversibly controlled 

by E2 [43, 44]. Growing the MB8 sub-clone MCF7 cells (with bimodal HER2 

distribution) in CCS for five weeks resulted in a single peak at high HER2 (Fig. 2.4, top 

left). Continuing to grow these cells in fetal calf serum (FCS), which contains E2, 

gradually leads to the rise of a peak at low HER2 (Fig. 2.4, left panel) [43]. Similar 

dynamics have also been reported in MCF7 cells with EGFR overexpression [44]. 

Southern blots confirmed that there was no variation in transfected HER2 gene copy 

number during E2 manipulation; Northern blots showed that HER2 mRNA expression is 
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consistent with the protein level [43]. These data imply that genetic mutations are not the 

cause of HER2 heterogeneity in these MCF7 cells.  

The bifurcation diagram in Fig. 2.3B provides an explanation for these experimental 

results. Consider a population of GFR-transfected MCF7 cells depleted of E2 (E2 = 0) 

and having high GFR expression. If E2 is now provided to the cells (E2 = 1), they will 

stay in the high-GFR state, but the barrier to transitioning to the low-GFR state will be 

diminished. Given adequate time, stochastic variations may induce some cells to 

transition to the low-GFR branch. We simulated a population of 5000 cells under these 

conditions, and the GFR distributions from the model compared well with the 

experimental observations (Fig. 2.4, right panel). Note that after E2 withdrawal, GFR-

transfected MCF7 cells can switch on GFR within weeks, but cells need months to turn 

off GFR after E2 addition. Our simulation also replicates this asymmetry in response time 

(Figs. 2.3 and 2.4).  
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Figure 2.4 GFR bimodal distribution is reversibly controlled by different E2 levels. 

Left panel, experimental data adapted from [43]. The MB8 sub-clone of GFR-transfected 

MCF7 cells showing a bimodal HER2 distribution was treated with a series of E2 

conditions: CCS, without E2, for 5 weeks; FCS, with E2, for 5 weeks, 3 months and 4 

months. Right panel, model simulations, showing the distribution of GFR level in 5000 

GFR-transfected MCF7 cells (GFRover = 5) under the same conditions as the 

experiments. GFR level = 10GFR in these histograms. 
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2.4.4 Role of ER overexpression 
 
 
A recent study observed that ER overexpression in MCF7 cells activates the ER-

regulated genes pS2 and PR in the absence of E2 [42]. Prolonged culturing of these cells 

leads to proliferation in E2-depleted conditions. However, this proliferation can still be 

inhibited by faslodex (a pure ER antagonist), indicating the role of E2-independent ER-P 

activation in maintaining cell proliferation. By contrast, long term culturing of wild type 

MCF7 cells in the absence of E2 failed to cause resumed cell growth. More interesting, 

the overexpression of ER by adenovirus gene transfection in their study was only 

transient, as evidenced by the complete loss of co-transfected GFP protein after culturing 

the cells for 12 weeks. 
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Figure 2.5 ER overexpression increases the probability of a survival-signaling 

switch. (A) Bifurcation diagram of GFR with E2 as bifurcation parameter at different ER 

levels (ERT = 1, 2 and 3). (B) Transient ER overexpression opens a time window for 

transitions frm low to high GFR levels. Left panel, normal MCF7 cells show no 

transitions in stochastic simulations of 10000 cells (20 cells are plotted for illustration). 

Right panel, 80 transitions are observed within a short time window during transient ER 

overexpression in MCF7 cells (20 cells and one example of a transition are plotted for 

illustration). The pulse of ER overexpression is simulated by Eq. (1) in the manuscript. 

Red line, trace of a deterministic simulation; blue lines, traces of 20 stochastic 

simulations; the horizontal dotted line shows the threshold we set to score transitions 

(EPI = 0.5). 
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To understand these experimental results using our model, we first evaluated the role of 

ER overexpression. Figure 2.5A shows bifurcation diagrams of GFR level, with E2 as the 

bifurcation parameter, at different ER levels (ERT = 1, 2 and 3). This figure shows that 

increasing ER levels decrease the barrier for cells to switch from the GFR−/ERP−/EPI− 

state to the GFR+/ERP+/EPI+ state when E2 is deprived. Consequently, a transient 

increase of ER will also result in a transient decrease of the barrier, opening a temporary 

window to an increased probability of state transitions under noise. To demonstrate this 

outcome, we stochastically simulated a population of 10,000 cells and evaluated how 

transient ER overexpression influences the frequency of transitions in E2-depleted MCF7 

cells. No transition was observed during one month of E2 depletion in normal MCF7 

cells (ERT = 1, Fig. 2.5B, left panel). However, in MCF7 cells with transiently over-

expressed ER there were 80 transitions during a similar time window (Fig. 2.5B, right 

panel). Cells that transition will have high levels of GFR, EPI, and ER, implying the 

capability of E2-independent cell growth. The number of transitions is influenced by the 

strength of the ERT pulse, which was simulated with the following equation: 

          (2.1) 

where ER0 = 1, ERover = 1.8, T1/2 = 0.25 month, t starts from the time of ER 

overexpression. 

ERT = ER0 + ERover ⋅e
− t⋅ln2

T1/2
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Figure 2.6 A population growth model shows the effects of transient ER 

overexpression. (A) Schematic representation of the population growth model. kp1, kp2 = 

(specific birth rate – specific death rate) for cell populations N1 and N2, respectively. kt = 

rate at which low-GFR cells switch to high-GFR cells. (B) Transition probability of 

MCF7 cells that transiently overexpress ER according to the survival-signaling switch 

model described in Fig. 2.5. Black bars, percentages of cells having transitions in given 

time intervals (1000 min); Red line, fitted curve showing how kt varies with time in ER-

overexpressed MCF7 cells. (C) Experimental data (red diamonds) and simulation results 
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(grey line) for the dynamics of total cell number in normal MCF7 cells after E2 depletion. 

(D) Experimental data (red triangles) and simulation results (grey line) for the dynamics 

of total cell number in transient ER-overexpressed MCF7 cells after E2 depletion. The 

pulse of ER overexpression is simulated by Eq. (2.1). Experimental data are adapted from 

[42]. 
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To capture the experimental proliferation data in E2-depleted conditions, we created a 

simple population growth model (Fig. 2.6A) given by the equations: 

          (2.2) 

          (2.3) 

In these equations, N1 denotes the number of low-GFR, E2-dependent MCF7 cells and N2 

denotes the number of high-GFR, E2-independent MCF7 cells. The two cell types have 

different proliferation rates (kp1, kp2), and there is a transition rate, kt, which describes how 

fast a low-GFR cell can switch to a high-GFR cell under E2-depleted conditions. Notice 

that kt = 0 in normal MCF7 cells, since no transition is observed in Fig. 2.5B. 

Furthermore, kt is not a constant in MCF7 cells with transient ER overexpression. To 

determine the dynamics of kt we stochastically simulated a population of 6×106 cells with 

transiently overexpressed ER. The percentage of cells having transitions within 

independent time intervals is plotted in Fig. 2.6B (black bars), and the histogram was fit 

by a function of the form: 

        (2.4)
 

where fitting parameters a, b, c, d and h are all positive values. The red curve in Fig. 2.6B 

is the result of the fit and describes how kt varies with time in MCF7 cells with the 

transient ER overexpression we consider. Using a standard curve fitting method (Matlab 

dN1

dt
= kp1 ⋅N1 − kt ⋅N1

dN2

dt
= kt ⋅N1 + kp2 ⋅N2

kt (t) =
1

1+ e−a⋅(t−b)
⋅ 1
1+ ec⋅(t−d )

⋅h
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Version 7.9.0, Curve Fitting Toolbox), we determined the best fitting parameter values to 

be a = 3.322×10−3, b = 6×103, c = 4.802×10−4, d = 1.587×104 and h = 7.029×10−8. 

Choosing the parameters ERover = 1.8, kp1 = −3×10−5, and kp2 = 2×10−5, our simulation 

results for total cell number (N1 + N2) in Fig. 2.6 C-D match the experimental results (red 

diamonds and triangles) for both the normal and ER-overexpressed cells. Thus, by 

combining models at two different scales (molecular and population), we provide a 

plausible explanation for how transient ER overexpression can promote E2-independent 

growth in MCF7 breast cancer cells. 

 
 

2.5 Discussion 
 
 
Breast cancer is the most common invasive cancer in women. Endocrine therapy, as the 

most successful targeted cancer therapy, has been very effective in reducing breast cancer 

mortality. However, resistance often develops and the recurrence rate of breast cancer 

after targeted therapies remains unacceptably high. The molecular mechanisms of 

acquired endocrine resistance have been intensively studied both in vivo and in breast 

cancer cell lines, such as ER+ MCF7 cells. Many genes have been postulated as key 

players in acquired endocrine resistance [5, 20, 22, 39], but despite knowledge of their 

roles in cell survival and growth, little is known about how the ‘escape’ paths are 

mechanistically activated, dynamically regulated, and epigenetically maintained during 

the development of endocrine resistance. Understanding the molecular mechanisms used 
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by breast cancer cells to acquire resistance to endocrine treatment is critical for designing 

new therapies for breast cancer.  

Emergence of resistance is closely associated with cellular heterogeneity. It has been 

widely recognized that breast cancer cells, including the well-studied MCF7 cells, are 

inherently heterogeneous. Distinct cell phenotypes in the same MCF7 cell population can 

be observed. Upon treatment, individual MCF7 cells can have diverse responses: while 

some cells die through apoptosis, others remain alive [23]. MCF7 cells also exhibit 

heterogeneous expression of a few key proteins. For example, although the MCF7 cell 

line is generally classified as ER+, a minority of these cells express low levels of ER 

[46]. The bimodal experimental data considered in the present work also supports the 

heterogeneity of cancer cells [43, 44].  

What is the source of this heterogeneity? A population comprised of cancer cells with 

distinct phenotypes is usually attributed to mutations resulting from the genomic 

instability of cancer cells. However, this emphasis on genetic causes for heterogeneity 

has been challenged, as summarized by Huang et al. [47]. Recent studies indicate that 

viability within a population of cancer cells can also result from noisy gene expression 

and the fact that gene networks have multiple stable states, providing a non-genetic 

source of heterogeneity [47]. The presence of cancer stem cells (CSCs) in breast cancer 

strongly supports a non-genetic basis for tumor heterogeneity. There should be no genetic 

difference between CSCs and differentiated ‘bulk’ cells unless they acquire new 

mutations. CSCs, unlike bulk cells, are usually ER− and dependent on the GFR pathway 

to survive [48, 49]. For example, evidence shows that NFκB inhibitors can preferentially 

inhibit CSCs in MCF7 cells, but not MCF7 bulk cells [50]. Moreover, CSCs have the 
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potential to develop into bulk cells, and vice versa. These reversible transitions between 

stem cells and bulk cells are implicated in the well-documented cellular mesenchymal-

epithelial transition and epithelial-mesenchymal transition. During either of these 

transitions, cells are reported to have an increased or decreased ‘stemness’ associated 

with changes in expression of specific stem cell surface markers [37].  

In this work, a mathematical model based on a bistable switch with an epigenetic 

component successfully explains five intriguing experimental observations in MCF7 cells 

[42-44] (Fig. 2.7-10). (1) The bifurcation analysis in Fig. 2.2A shows that GFR-

transfected MCF-7 cells have three distinct possibilities for GFR expression (low, both 

low and high, and high) depending on the number of GFR copies that were transfected, 

explaining why different experimental subclones exhibited these three different GFR 

profiles. (2) For a subclone with a bimodal GFR expression, the model analysis in Fig. 

2.3B shows that E2 deprivation will force the cells into a high GFR state, as the low GFR 

state disappears, and re-adding E2 will return the cells to the bimodal state, in accord 

with experiment, Fig. 2.4. (3) Figure 2.3B also shows why the transition of a bimodal 

subclone to a high GFR state upon E2 deprivation is fast, as there is only one stable state 

and no barrier to cross to get there, while reversing the transition by re-adding E2 is slow, 

as cells must transition across a barrier to regain the low GFR state. (4) For non-

transfected MCF-7 cells, the model analysis in Fig. 2.3A shows that E2 deprivation will 

not result in a high GFR state, since there is a large barrier preventing state switching, 

even though such deprivation does result in a high GFR state for the bimodal subclones, 

Fig. 2.3B, as they have no barrier to cross. (5) The analysis in Fig. 2.5 shows that 

transient ER overexpression lowers the barrier to the high GFR state during a small time 
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window and allows a few E2-deprived MCF-7 cells to cross the barrier. This explains 

why a population of E2 deprived MCF-7 cells will die out, but a similar population with a 

transient ER overexpression will eventually regrow, Fig. 2.6. 

 It should be emphasized that the model we present here, because it is an abstract and 

simplified version of reality, has some limitations. While a bistable switch is not 

unexpected, due to the presence of positive feedback loops in the ER-GFR crosstalk 

network, further experiments are required to confirm the exact mechanism. In particular, 

we emphasize epigenetic regulation of GFR promoters (EPI) in our current model, 

creating an epigenetic switch by assuming that EPI controls and is being controlled by 

GFR. The reality could be more complicated, since cell differentiation and de-

differentiation processes are closely linked with both ER and GFR pathways. 

MicroRNAs, epigenetic regulation, and inter-cellular communications are implicated in 

differentiation/de-differentiation processes [1, 37, 51]; however, much is unknown at 

present. Moreover, cell-signaling networks may have as many steady states as there are 

physiological states, each steady state being represented in a subpopulation of cells 

within a cell culture or tissue. The low-GFR, E2-dependent and the high-GFR, E2-

independent states are just two examples of many states that are possible.  

Notwithstanding these limitations, the model of a survival-signaling switch presented 

here helps to understand certain dynamic behaviors of breast cancer cells that are difficult 

to comprehend by intuitive reasoning alone. Refining this model by obtaining data from 

primary breast cancers, as opposed to cell lines, will increase its clinical relevance and 

could aid in the search for new strategies to overcome breast cancer resistance.  
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2.8.1 Schematic illustrations of the experimental observations 
 
 

 

Figure 2.7 Three different distribution patterns of GFR in sub-clones of MCF7 cells 

transfected with GFR (HER2 or EGFR) [1, 2]. 
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Figure 2.8 E2 reversibly modifies the bimodal distribution of GFR in a GFR-

transfected MCF7 subclone [1, 2]. E2 withdrawal switches on GFR expression within 

weeks, whereas E2 addition takes months to switch off GFR expression [1, 2]. 
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Figure 2.9 E2 withdrawal can up-regulate GFR expression within 5 weeks in GFR-

transfected MCF7 cells, but fails to do so in wild type MCF7 cells [1, 2]. 
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Figure 2.10 Transient ER overexpression in MCF7 cells can switch on the GFR 

pathway and promote E2-independent growth [3]. 
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2.8.2 Full Materials and Methods  
 

2.8.2.1 Model Implementation 
 
 
We postulate a highly condensed model of the interaction between ER and GFR (Fig. 

2.1A in manuscript). The protein level of GFR is down-regulated by E2:ER complex. 

After E2 withdrawal, GFR expression is released from inhibition, and its downstream 

kinases activate E2-independent ER-P. ER-P can activate and stabilize the GFR pathway, 

creating a positive feedback loop. In addition, GFR further activates transcription factors 

such as NFκB, promoting a series of epigenetic changes contributing to increased GFR 

expression and establishing another positive feedback loop. For simplicity, we combine 

the epigenetic factors contributing to GFR expression into the quantity ‘EPI’. ‘E2ER’ and 

‘ERP’ are used to represent E2:ER and ER-P.  

The wiring diagram in Fig. 2.1A was translated into ordinary differential equations 

(ODEs) to enable simulation and analysis. In these equations, the levels of GFR, EPI, 

E2ER and ERP are represented by italicized variables: GFR, EPI, E2ER and ERP. The 

rates of change for E2ER and ERP are considered fast compared to the rates for GFR and 

EPI, so for simplicity only GFR and EPI are described by differential equations. E2ER 

and ERP are assumed to be proportional to ERT, a parameter we use to vary the total 

level of ER in the cell. Note that E2-binding and phosphorylation of ER are not 

necessarily mutually exclusive. Moreover, we assume that GFR and EPI have a 

dynamical range of about 10-fold, so on a log10 scale they vary between 0 and 1. Since 

our model is phenomenological in nature, we do not use standard reaction rate equations. 
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Rather, we apply a formalism that allows us to capture complex dependencies in a simple 

manner [4]. The model equations are: 

        (2.S1) 

        (2.S2) 

              (2.S3) 

           (2.S4) 

where 

          (2.S5) 

         (2.S6) 

   (2.S7) 

         (2.S8) 

         (2.S9) 

The parameters γEPI and γGFR determine the rate at which EPI and GFR approach their 

steady state values. H(W) is a sigmoidal function. Wi is the net activation or inhibition of 

species i (i = EPI, GFR, E2ER and ERP), and ωi determines whether species i is ‘on’ or 

‘off’ when there is no other factor regulating i. 𝜔!,!   indicates the influence of species or 

stimulus j (j = EPI, GFR, E2ER, ERP, GFRover, E2) on species i. A description of the 

dEPI
dt

= γ EPI ⋅ H WEPI( )− EPI( )

dGFR
dt

= γ GFR ⋅ H WGFR( )−GFR( )

E2ER = H WE2ER( ) ⋅ERT

ERP = H WERP( ) ⋅ERT

H W( ) = 1
1+ e−W

WEPI =ωEPI +ωEPI,GFR ⋅GFR

WGFR =ωGFR +ωGFR,EPI ⋅EPI +ωGFR,E2ER ⋅E2ER +ωGFR,ERP ⋅ERP +ωGFR,GFRover ⋅GFRover

WE2ER =ωE2ER +ωE2ER,E2 ⋅E2

WERP =ωERP +ωERP,GFR ⋅GFR
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variables used in our model is given in Table 2.1. The parameter values, listed in Table 

2.2, were obtained by manually choosing values to fit the experimental observations. 

Initially, the parameters for the deterministic part of the model where chosen to obtain a 

bifurcation diagram as a function of GFRover that exhibited three distinct patterns of 

expression and simultaneously a bifurcation diagram as a function of E2 that allowed 

GFRs to switch on when E2 was withdrawn.  Then the noise parameters where chosen to 

capture the experimentally observed timing of the on and off transitions of GFR. The 

noise and deterministic parameters are not independent and so ultimately all the 

parameters were adjusted in concert to match the experiments.  Since we are modeling 

this system at a high level of abstraction, none of our parameters are directly related to 

measurable physical rate constants of the system, but rather are phenomenological 

parameters that match the phenotypic performance of the system. We used the program 

XPP-AUT, available freely at http://www.math.pitt.edu/~bard/xpp/xpp.html, to simulate 

the model and draw bifurcation diagrams. 
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Table 2.1 Model variables and their descriptions. 

Variables Range Description 
EPI [0,1] Epigenetic factors contributing to GFR expression 
GFR [0,1] GFR expression level 
E2ER [0, ERT] E2-dependent E2:ER activity 
ERP [0, ERT] E2-independent ER-P activity 

 

Table 2.2 Model parameters, descriptions, and numerical values.  

Parameters Description Value 
γEPI Rate of EPI reaching its steady state 3×10−4 min-1 
γGFR Rate of GFR reaching its steady state 5×10−2 min-1 
ωEPI Basal inhibition of EPI −1.92 
ωGFR Basal inhibition of GFR −4 
ωE2ER Basal inhibition of E2ER −2.1 
ωERP Basal inhibition of ERP −1.5 
ωEPI,GFR EPI activation by GFR 6 
ωGFR,EPI GFR activation by EPI 5 
ωGFR,E2ER GFR inhibition by E2ER −2 
ωGFR,ERP GFR activation by ERP 1.85 
ωGFR,GFRover GFR activation by GFRover 0.15 
ωE2ER,E2 E2ER activation by E2 3 
ωERP,GFR GFR activation by ERP 3 
E2 E2 level  1 (normal); 0 (E2-depleted) 
ERT Total ER level  1 (normal); >1 (ER-overexpressed) 
GFRover Excess GFR in transfected cells 0 (normal); >0 (GFR-transfected) 
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2.8.2.2 Stochastic simulation 
 
To account for stochastic effects in the model, noise terms are added to the differential 

equations for EPI and GFR, while the algebraic equations are left unchanged, for 

simplicity. The Langevin equation for variables i (i = EPI or GFR) takes the form:  

         (2.S10) 

where si defines the steady state level of i and Fi(t) is a Gaussian white noise process. The 

equilibrium second moment of the variable i, <(si−i)2>eq = θi, is related to γi and the 

second moment of the noise by a fluctuation-dissipation theorem [5, 6]: 

       (2.S11) 

We choose a suitable value for θi and rewrite Eq. 2.S10 as: 

        (2.S12) 

where ζi(t) is a temporally uncorrelated, statistically independent, Gaussian white noise 

process formally defined by  with .  

The Langevin equations are integrated and propagated by the explicit method: 

      (2.S13) 

where the ηi(t) are independent normal random variables. We used θEPI = 0.0008 and θGFR 

= 0.01 to fit the experimental data. The stochastic simulations were performed in Matlab 

Version 7.9.0. 

  
di
dt

= γ i ⋅ si − i( ) + Fi(t)

  
< Fi(t)Fi(t ') >eq= 2 ⋅γ i ⋅θ i ⋅δ (t − t ')

  
di
dt

= γ i ⋅ si − i( ) + 2 ⋅γ i ⋅θ i ⋅ζ i(t)

  
ζ i(t) ≡ lim

dt→0
N (0,1 dt) <ζ i (t)ζ i (t ') >= δ (t − t ')

  i(t + Δt) = i(t)+ γ i ⋅ si − i( ) ⋅ Δt + 2 ⋅γ i ⋅θ i ⋅ Δt ⋅ηi(t)
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3.1 Abstract 
 
 

Endocrine therapy, targeting the estrogen receptor pathway, is the most common adjuvant 

treatment for estrogen receptor-positive breast cancer. Unfortunately, breast cancers 

frequently develop resistance to these therapies. Two intuitive strategies have been 

employed to fight acquired endocrine resistance: sequential treatment, in which second-
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line endocrine drugs are used to gain additional responses, and intermittent treatment, in 

which a ‘drug holiday’ is imposed between endocrine treatments. To gain a more 

rigorous understanding of the molecular mechanisms underlying these strategies, we 

present a mathematical model that captures the transitions among three different, 

experimentally observed, estrogen-sensitivity phenotypes in breast cancer (sensitive, 

hypersensitive, and supersensitive). To provide a global view of the transitions between 

these phenotypes, we compute the potential landscape associated with the model. We 

show how this breast cancer landscape can be reshaped by population selection, which is 

a crucial force in promoting acquired resistance. In addition, a simplified state-transition 

model was computed from our molecular signaling-based model to investigate the 

population-scale effects of both sequential and intermittent treatment protocols for breast 

cancer and to enable the optimization of protocol parameters. The approach used in this 

study can be generalized to investigate treatment strategies and to improve treatment 

efficiencies for other types of cancer as well. 

 

Keywords: Breast Cancer, Endocrine Resistance, Potential Landscape, Sequential 

Treatment, and Intermittent Treatment. 

 

Running title: Modeling the breast cancer landscape 
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3.2 Introduction 
 

Breast cancer remains one of the most common cancers in women. Approximately 70% 

of breast cancers express estrogen receptor-α (ERα), which is a major driver of survival 

and proliferation in breast cancer cells [1]. Endocrine therapies, targeting the ERα 

pathway, have become routine and effective treatments for breast cancer [2]. Three types 

of endocrine therapy are commonly used: 1) aromatase inhibitors (AIs), to deprive cells 

of estrogen (E2), the ligand of ERα, by reducing E2 biosynthesis, (2) selective estrogen 

receptor modulators (SERMs, e.g., tamoxifen), to inhibit ERα binding with E2, and (3) 

selective estrogen receptor down-regulators (SERDs, e.g., faslodex), to reduce ERα 

expression. Despite their success in reducing the annual death rate from breast cancer by 

one-third over the past decades, resistance to endocrine therapies often develops, creating 

a fundamental problem in breast cancer treatment [2]. 

Pre-clinical and clinical observations suggest that breast cancer with acquired resistance 

may respond to second-line or third-line endocrine treatment (Fig. 3.1A). For example, 

growth of breast cancer with acquired resistance to tamoxifen can be inhibited by AIs, 

which provide a more pronounced deprivation of E2 [3]. An AI-resistant patient can still 

benefit from faslodex, which destabilizes ERα [3]. However, AIs or faslodex are not 

more effective than tamoxifen as a first-line therapy. And AI-resistant breast cancers are 

usually cross-resistant to tamoxifen, whereas faslodex-resistant breast cancers are cross-

resistant to both AIs and tamoxifen [3]. Thus, consecutive treatment with different anti-

estrogens has been widely studied in clinical trials in order to maximize the response 

window for breast cancer patients [4]. The development of resistance to endocrine 
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therapy has long been recognized as a progressive, step-wise phenomenon where cancer 

cells can gradually shift from an estrogen-dependent, responsive phenotype to a less-

responsive phenotype, and ultimately to an estrogen-independent phenotype [3].  

Giving breast cancer patients a ‘drug holiday’ is a well-accepted strategy to deal with 

acquired endocrine resistance [5-7] (Fig. 3.1A). Breast cancers that have become resistant 

to tamoxifen may give a second or third response when re-challenged by the drug [5]. 

Similarly, faslodex withdrawal is reported to partially reverse acquired faslodex-resistant 

phenotype in breast cancer [6]. The duration of treatment and the interval between 

treatments appear to be critical parameters for the effectiveness of intermittent treatment. 

However, a rigorous understanding of how breast cancer patients can benefit from 

intermittent treatment is still lacking, preventing us from optimizing treatment strategies. 

Optimization of sequential treatment faces a similar problem [8]. 
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Figure 3.1 Breast cancer shifts between endocrine responsive and resistant states. 

(A) Schematic summary of the consequences of single, sequential, and intermittent 

endocrine treatments in breast cancer. Yellow denotes responsive, red resistant, and gray 

the treatment-withdrawn states. (B) Schematic illustration of the transitions between 

different E2 sensitivity phenotypes in breast cancer. Left, E2-sensitive state; middle, E2-

hypersensitive state; right, E2-supersensitive state. Blue cells in the middle panel indicate 

a low proliferation index, while red cells indicate a high proliferation index. The bottom 

panel shows the dose-response curves of the proliferation index to E2 levels (from 

TRACE to LOW to HIGH) for the corresponding E2 sensitivity states. The transitions are 

reversible when the conditions on the arrows are applied. (C) The three activation modes 



	   76 

of ERα and their crosstalk with GFR signaling. Barbed arrows, activation; blunt arrows, 

inhibition. (D) Wiring diagram based on panel C. E2ER, E2-liganded ERα; ERM, 

membrane ERα; ERP, phosphorylated ERα; GFR, growth factor receptors. (E) The 

levels of ERM, GFR and ERP for the three different E2 sensitivity states, as summarized 

in [3, 9]. 
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The aim of this study is to build a mathematical model to account for the different 

estrogen- responsiveness phenotypes observed in breast cancer cells and to use this model 

to explore the transitions between endocrine responsiveness to endocrine resistance under 

sequential and intermittent treatment. It is widely reported that there are three phenotypes 

(states) of breast cancer cells related to E2 sensitivity [3, 9] (Fig. 3.1B). Both clinical 

observations [10] and cell line studies [11] suggest that breast cancer cells, which are E2 

sensitive initially (Fig. 3.1B, left), can adapt to E2 deprivation by entering an E2 

hypersensitive state, for which the non-physiologically low concentration of E2 

remaining after E2 withdrawal is sufficient to support cell proliferation (Fig. 3.1B, 

middle). Prolonged and profound E2 deprivation can lead to an E2-independent (or E2-

supersensitive) state [3, 9] (Fig. 3.1B, right). Not all cells make the state transitions 

necessary for proliferation. Rather, the progression described above represents somatic 

evolution, whereby cells that switch to the hypersensitive or supersensitive states outgrow 

their disadvantaged peers. The diversity of cell phenotypes that is necessary for somatic 

evolution can be caused by genomic and/or non-genomic heterogeneity [12]. The 

dominant role of non-genomic heterogeneity assumed in our study is supported by 

experiments that demonstrate the reversibility of hypersensitive and supersensitive 

phenotypes in breast cancer cells during two years of E2 manipulation [13]. From a 

dynamical perspective, these experiments suggest the existence of at least three stable 

steady states, corresponding to the different E2-sensitivity states, and the tendency of the 

cell-fate control system to flip from one steady state to another and back again. 

In physics, an intuitively appealing way to visualize the dynamics of a system is to view 

the system as a particle moving on a surface defined by a ‘potential energy’. In two 
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dimensions, this surface can be plotted as a landscape where the particle moves downhill 

and falls into basins. When the landscape contains multiple basins of attraction, there are 

multiple stable states where the particle can remain indefinitely. If the system is subject 

to random external forces, it is possible for the system to be kicked from one basin of 

attraction to another. Inspired by this idea, C. Waddington proposed in the 1940s to 

describe cell fate decisions by the dynamics of a control system on an ‘epigenetic 

landscape’ [14]. The basins of attraction were (in Waddington’s view) stable cell fates, 

and the paths that cells take across the landscape corresponded to the differentiation 

events of cells in a developing organism. In recent years, the ability to compute a 

potential landscape from an underlying mathematical model has been used to visualize a 

variety of cell fate decisions [15-21]. While the imagery of Waddington’s landscape has 

been used to discuss the fate of cancer cells during the development of resistance to 

therapy [17, 20], little has been done to quantitatively map this landscape from a 

mathematical model of the underlying signaling network of cancer cells.  

In this study we first construct a cellular-level model, based on experimental evidence, 

that accounts for the three E2 sensitivity states observed in breast cancer cells. By 

computing the potential landscape associated with this model, which we refer to as the 

breast cancer landscape, we provide a visual picture of how breast cancer cells change 

phenotypes in response to variations in protein expression (noise) and varying 

environmental conditions (therapy). We also evaluate the effects of population selection 

in reshaping the breast cancer landscape. In addition, we use the minimum action path 

(MAP) between basins (attractors) on the breast cancer landscape to estimate the 

transition probabilities in a simple state-transition model [18, 22]. Based on this state-
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transition model, we investigate the population dynamics of breast cancer cells under 

both sequential and intermittent treatment. In accord with clinical evidence, the model 

shows that a proper treatment sequence is important to achieve maximum response and 

avoid cross-resistance. The quantitative model also allows us to search for an optimal 

protocol for intermittent treatment to overcome endocrine resistance. Thus, our study 

provides a novel and useful exploration of breast cancer treatment strategies grounded in 

a cellular-level, biologically-based mathematical model. 

 

3.3 Materials and Methods 
 
 

3.3.1 Three ERα Activation modes and crosstalk with GFR 

 

The ERα pathway in breast cancer cells has three distinct branches [2, 23, 24], see Fig. 

3.1C: (1) the E2 branch, where ERα bound to E2 becomes an active transcription factor 

of genes supporting cell survival and proliferation, (2) the phosphorylation branch, where 

ERα becomes an active transcription factor subsequent to phosphorylation at multiple 

sites (including Ser118, 104, 106, and 167) in its AF1 domain, and (3) the membrane 

branch, where membrane-bound ERα mediates the activation of the MAPK and 

PI3K/AKT pathways (the ‘non-genomic’ role of ERα). These three branches of the ERα 

pathway, encompassing both the genomic and non-genomic roles of ERα, crosstalk with 

each other and with the growth factor receptor signaling network (GFR in Fig. 3.1D) [25, 

26]. We consider the following four crosstalk mechanisms: (1) E2-liganded ERα (E2ER 

in Fig. 3.1D) inhibits expression of both GFR [27, 28] and membrane ERα [29] (ERM in 
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Fig. 3.1D); (2) both GFR and ERM activate downstream kinases that phosphorylate ERα 

[2, 23] (ERP in Fig. 3.1D); (3) ERM has positive interactions with GFR signaling at 

different levels [2, 23]; (4) both ERM and GFR are involved in positive feedback loops at 

the signaling and/or epigenetic levels [9, 29-31]. Although detailed mechanisms are still 

lacking, experimental data indicate that the different E2 sensitivities in breast cancer cells 

are determined by the balance of the three ERα signaling branches (E2ER, ERP, and 

ERM) and GFR signaling [3, 9]. 

 

3.3.2 Model Implementation 

 

Our mathematical model of the influence diagram in Fig. 3.1D uses stochastic differential 

equations (SDEs) to capture both the deterministic effects of species’ interactions in a 

signaling network and the random effects of intrinsic and extrinsic sources of noise [32-

35]. Let Xi be the name of the ith species in our interaction diagram (ERE2, ERM, and 

GFR). (Although ERP is an output of the network in Fig. 3.1D, its activity does not 

feedback on production or destruction of the other species in the model, so ERP is not a 

dynamical variable in our model.) Letting [Xi] = activity of Xi and xi = log10[Xi], we write 

the SDEs for our model as 

 !!!
!"
= 𝐹! + 𝜁!(𝑡),  i = 1, 2, 3;        (1) 

where   

𝐹! = 𝛾! ∙ 𝐻 𝑊! − 𝑥! ,      𝐻 𝑊! = 1 1+ 𝑒!!! ,      and   𝑊! = 𝜔! + 𝜔!" ∙ 𝑥!!
!!!     (2) 
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We assume that all concentrations in our model have a dynamical range of about 10-fold, 

so, on a log10 scale, the xi’s vary between 0 and 1. The parameters γi determine the rates 

at which the variables xi approach their time-varying ‘target’ values, xi = H(Wi). Note that 

H(Wi) is a sigmoidal function that varies between 0 and 1, with a value of ½ when Wi = 0. 

Wi is the net activation or inhibition on species Xi, and the leading term, ωi, determines 

whether Xi is activated or inhibited when there are no regulatory signals impinging on Xi 

from any species in the network. In the summation, ωij is the strength of the interaction 

from Xj to Xi (ωij > 0 for activation and < 0 for inhibition). ζi(t) is a temporally 

uncorrelated, statistically independent Gaussian white noise process with 

𝜁! 𝑡 𝜁! 𝑡′ = 2 ∙ 𝐷! ∙ 𝛿 𝑡 − 𝑡′         (3) 

where Di characterizes the magnitude of the random fluctuations on each species.  

The details of our model are provided in Supplementary Tables. Table 3.1 defines the 

variables of our model, Table 3.2 lists the precise equations of the model, and Table 3.3 

records the parameter values we used for our simulations. In deriving the model 

equations, we applied a quasi-equilibrium approximation to ERE2, because the binding 

of E2 to ER occurs on a much faster time scale than variations in ERM and GFR, which 

have epigenetic regulations. Hence, only ERM and GFR are described by SDEs. We also 

assumed that ERM and GFR are subject to similar random fluctuations, so D1 = D2 = D in 

Eq. (3). We used Matlab (Version 7.9.0) to perform simulations.  

Since our modeling is done at a phenomenological level, none of our parameters are 

directly related to measurable physical rate constants of the system; rather, they are 



	   82 

assigned to match the phenotypic properties of the ERα-GFR control system. Initially, 

the parameters for the deterministic part of the model were chosen to ensure that the 

system has attractors corresponding to E2-sensitive, E2-hypersensitive and E2-

supersensitive states. Then, for the stochastic simulations, we chose the noise parameter, 

D = 0.005, to ensure that the system’s landscape changes in a manner similar to 

experimental observations (Fig. 3.2A). To model selection pressures, we chose the shape 

of the Proliferation Index curves for cells in each state (Fig. 3.2C) to capture qualitatively 

the experimentally observed properties of E2-sensitive, -hypersensitive, and -

supersensitive cells. 

 

3.3.3 Mapping the Breast Cancer Landscape 

 

A dynamical system whose state moves in the direction of the negative gradient of a 

potential function can be conveniently visualized by plotting the potential energy 

landscape and viewing the system state as a particle that moves downhill on this 

landscape, coming to rest at a local minimum. While open biological systems, such as the 

one we consider here, are not governed by the gradient of a potential function, the ideas 

in [16-19, 36] can be used to compute a potential landscape useful for visualization. The 

basins of this landscape are regions of high probability for finding the system, and the 

hills are regions that the system rarely visits.  

We write the governing equations (1) of our breast cancer model in vector form as 

 !x
!"
= 𝐅 𝐱 + ζ(𝑡) ,        (4) 
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where x =
𝑥!
𝑥! , with similar definitions of F and ζ. Let P(x,t) be the probability 

distribution function for state x and time t, i.e., P(x,t)dx1dx2 = probability of finding the 

system in the small area (x1, x1+dx1)×(x2, x2+dx2) at time t. The equation governing P(x,t) 

is  

    !"(x,t)
!"

= −𝛁 ∙ 𝐉 𝐱, 𝑡         (5) 

where 𝛁 ∙ 𝐉 = !!!
!!!

+ !!!
!!!

  and  

   J x, t = F x P x, t − D∇P(x, t)        (6) 

is the probability flux for our system. 

Let us wait long enough for the probability density function, and hence the flux, to reach 

a steady state, and then solve Eq. (6) for F(x) in terms of Pss(x) and Jss(x): 

 𝐅 𝐱 = −𝐷𝛁𝑈 𝐱 + 𝐉!!(𝐱)
!!!(𝒙)

       (7) 

where U(x) = −ln(Pss(x)). Thus, F can be expressed as the gradient of a potential function 

U(x) plus a flux field. Although the system’s dynamics is not governed solely by the 

gradient of U(x) but includes as well a ‘spiraling’ motion due to the flux field [15], the 

generalized potential U = −ln(Pss) still provides a useful visualization of the dynamics of 

the system, and we refer to U(x) as the breast cancer landscape in this study. Because of 

the way U is related to Pss(x), basins of U correspond to high probability states and hills 

to low probability states. For details of solving the diffusion equations, refer to 

Supplementary Text 1.  
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3.3.4 Cell State Transition Model 

 

In the small noise case, the system spends most of its time fluctuating around one of its m 

steady states (m = 4 in this study) with occasional transitions between states. Hence, it is 

inefficient to track the states of cells in a large population by simulating each cell 

individually. To study state switching within large population of cells, we transform the 

cellular-level, multiple steady-state model into a Markov state-transition model by using 

the cellular model to compute the Markov state transition rates. To this end, we divided 

the two-dimensional state space of the cellular-level model into four blocks, representing 

the four discrete phenotypes, which we refer to as ‘states’ R1, R2, R3 and R4 in Fig. 3.2A 

and Fig. 3.3B. Similar to [37, 38], we describe a population of cells by a state vector, v, 

of length m = 4. The ith entry of the vector is the number of cells in state Ri, and the total 

number of cells in the population at time t is 𝑁 𝑡 = 𝑣!(𝑡)!
!!! . The state vector evolves 

according to the equation !𝐯
!"
= 𝐀 ∙ 𝐯 where A is an m×m transition rate matrix. The off-

diagonal elements of A, Aij = kij, are the transition rates from state j to state i, and the 

diagonal elements are 𝐴!! = 𝑢! − 𝑘!"!!! , where ui is the proliferation rate of cells in 

state i. Thus, starting from a vector reflecting the initial populations of R1, …, R4 at time 

0, we can easily compute the temporal evolution of the population (For details see 

Supplementary Text 2). The average Proliferation Index (PI) of the population at each 

time step is then calculated by 𝑃𝐼 𝑡 = ! !!∆! !! !
∆!∙! !

. PI is the specific reproduction rate 

of the population: PI > 0 signifies an expanding population, and PI < 0 signifies a 

diminishing population. 
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3.3.5 Minimum Action Path 

 

To estimate the transition rates kij among the different states in the dynamical system, 

which we need for the population-level model, we followed the approach in [18, 22, 39] 

based on applying the Wentzell-Freidlin theory [40] to Eq. (4) for the ‘small noise’ case. 

The key idea of this theory is that the most probable transition path from state j at time 0 

to state i at time T, 𝛗!"
∗ 𝑡   for 𝑡 ∈ [0,𝑇], minimizes the action functional (Eq. 8) over all 

possible paths: 

𝑆! 𝛗!" = !
!

𝛗!" − F(𝛗!")
!d𝑡!

!        (8)  

This optimal path is referred to as the minimum action path (MAP). We are interested in 

MAPs between fixed-point attractors (stable steady states) in the system. The MAPs 

connecting each pair of attractors were computed numerically by applying the minimum 

action method used in [22, 39]. For T large enough to allow a transition from state j to 

state i, 𝑆! 𝛗!"
∗  becomes independent of T, which is what we desire. In our case, T = 40 is 

a reasonable choice: large enough but not too large (see Fig. 3.7 in the Supplementary 

Material).  

The MAP 𝛗!"
∗  is useful for our purposes because we find that kij, the transition rate from 

state j to state i, is related to 𝑆! 𝛗!"
∗  by the empirical equation  

 𝑘!" = 𝛽 ∙ exp −𝛼 ∙ 𝑆! 𝛗!"
∗ !       (9) 
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where the parameters α, β and n are estimated by fitting Eq. (9) to the results of direct 

Monte Carlo simulations of the dynamic model, where the Langevin Eq. (4) is integrated 

by the explicit method: 

𝑥! 𝑡 + Δ𝑡 =   𝑥! 𝑡 +   𝛾! ∙ 𝐻 𝑊! − 𝑥! 𝑡 ∙ Δ𝑡 + 2 ∙ 𝐷! ∙ Δ𝑡 ∙ 𝜂! 𝑡    (10) 

Here the ηi are independent, normal, random deviates with mean 0 and variance 1. 

 

3.4 Results 
 
 

3.4.1 The breast cancer landscape 
 

Both clinical observations and cell line studies suggest that breast cancer cells can shift 

between three different E2 sensitivity states [3, 9] (Fig. 3.1B): E2-sensitive, E2-

hypersensitive and E2-supersensitive (independent). In E2-sensitive cells, E2-liganded 

ERα (E2ER) is the major driver of pro-survival and pro-proliferation signaling, whereas 

ERα in the cell membrane (ERM), phosphorylated ERα (ERP), and GFRs are kept at low 

levels of activity. As summarized in [3, 9], E2-hypersensitive cells are closely associated 

with elevated ERα in the cell membrane (ERM), where ERα plays a non-genomic role to 

mediate the activation of the MAPK and PI3K/AKT pathways. GFRs, such as IGF1R and 

HER2, are not necessarily overexpressed in E2- hypersensitive cells. A possible 

explanation for hypersensitivity is that ERα, phosphorylated by kinases in the 

upregulated pathway, may have increased affinity for E2. In E2-supersensitive cells, 

however, increased IGF1R and HER2 signaling play pivotal roles in activating MAPK 
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and PI3K/AKT, resulting in further phosphorylation of ERα (ERP) and E2-independent 

growth of breast cancer cells. These observations are summarized in Fig. 3.1E. The 

activity levels of ERM and GFR determine the E2-sensitivity state of our model. Thus, of 

the four states in Fig. 3.2A, R1 corresponds to E2-senstivity (GFR low, ERM low), R2 

corresponds to E2-hypersensitivity (GFR low, ERM high), and R3 and R4 corresponds to 

E2-supersensitivity (GFR high, ERM high or low). 

The breast cancer landscape computed from our model is plotted in Fig. 3.2C for three 

different E2 conditions ([E2] = 102, 100 and 10-2) corresponding to HIGH, LOW and 

TRACE amounts of E2. Varying the level of E2 reshapes the landscape and can induce 

cells to transition from one state to another. When E2 level is HIGH, the potential 

landscape has only one dominant basin at state block R1, where both ERM and GFR are 

low (Fig. 3.2C, left), indicating an E2-sensitive state. Most cells will stay in this state. 

Reducing E2 to LOW level (Fig. 3.2C, middle) reshapes the landscape, deepening the 

basin at R2 and causing some cells to shift from the E2-sensitive state to the E2-

hypersensitive state. Further decreasing E2 to TRACE amounts creates a dominant basin 

at R4, the E2-supersensitive state (Fig. 3.2C, right), and the E2-sensitive basin at R1 

becomes very shallow. Both E2-hypersensitive and E2-supersensitive cells will coexist in 

this condition, with a preference for the supersensitive state.  
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Figure 3.2 E2 levels and selection pressure manipulate the breast cancer landscape. 

(A) The state space of the system is divided into four blocks (R1-R4). Cells within the 

same block are assumed to have the same dose-response curve of proliferation index (PI) 

to E2 level (B). The breast cancer landscapes at different E2 levels ([E2] = 102, 100 and 

10-2, corresponding to HIGH, LOW and TRACE levels of E2 in Fig. 3.1B) are computed 

using , either without (C) or with (D) selection pressure. The elevation 

decreases from red to blue. White balls are put in the basins with lowest U in each plot. 

The selection pressures used in (D) are described in (B). In (C) cells in all states are 

assumed to have the same proliferation index (PI = 0 for all [E2]), thus cells are not under 

U = − lnPss



	   89 

selection pressure. PI > 0 means cell growth overwhelms cell death; PI = 0 means a 

balance of cell growth and death; PI < 0 means cell death overwhelms cell growth. ERM, 

activity of membrane ERα; GFR, activity of growth factor receptors. 
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In addition to cell state transitions (cellular adaptation) in response to a changing E2 

environment, breast cancer cells are also under selection pressure due to the different 

proliferation rates that apply to each cell state in a given E2 environment. To model this 

selection pressure, the state space of the model was divided into four blocks (R1, R2, R3 

and R4 as before), with each block assigned a specific proliferation index (PI) as a 

function of E2 (Fig. 3.2B). Allowing cells in each block to proliferate at their assigned 

rates given the specified E2 concentration results in the landscapes in Fig. 3.2C (see 

Supplementary Text 1 for calculation details). Selection pressure deepens some basins 

and destroys others (Fig. 3.2D). In particular, for LOW values of E2, selection pressure 

causes the dominant basin to shift from the E2-sensitive state (R1) to the E2-

hypersensitive state (R2).  

Thus, our model is able to explain the different cell states observed experimentally in 

response to E2 manipulations. The breast cancer landscape we have computed here 

provides a useful visualization of the global behaviors of the breast cancer system with 

three different E2 sensitivity states. 

  

3.4.2 A state transition model 
 
 

Cell state transitions require the system to cross a barrier to move from one basin to 

another.  The transitions are driven by intrinsic and extrinsic noise, with lower barriers 

corresponding to more probable transitions. The most probable routes for transitions 

among the four states on the breast cancer landscape were computed by finding the paths 
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that minimize the action (a measure of the difficulty of moving from one point to another, 

see methods) over all possible paths that start and end at the desired points. An example 

of minimum action paths (MAPs) on the breast cancer landscape is shown in Fig. 3.3A. 

Interestingly, the route taken from basin 1 to basin 2 is not the same as that from 2 to 1, 

as seen by the non-overlapping yellow and red curves in Fig. 3.3A. This divergence of 

MAPs is a consequence of the non-gradient component of the flow field, Eq. (7) [15, 16, 

41]. 

The action along the MAP between two steady states in Fig. 3.3A can be used to estimate 

the transition probability between the two steady states [18]. To accomplish this, we 

again divide state space into four blocks (R1-R4 in Fig. 3.3B) corresponding to the four 

cancer-cell phenotypes. Each block has at most one attractor. For various E2 levels, the 

transition rates between pairs of state space blocks were computed by Monte Carlo 

simulations of the stochastic model (Fig. 3.8). In Fig. 3.3C we plot these transition rates 

as functions of the action of the MAP between the corresponding fixed points. As 

expected, the points all lie close to a single curve described by Eq. (9), with α = 80.48, β 

= 0.07197, and n = 0.9805. Thus, for different values of E2 and any pair of fixed points 

we can compute the action and then use Eq. (9) to compute the transition probability, 

without recourse to additional Monte Carlo simulations. The comparisons between 

transition rates estimated from actions and from direct Monte Carlo simulations at 

different E2 levels are shown in Fig. 3.4D and E. Because the transition rates out of R3 

are very much greater than the transition rates into R3 (k13 >> k31, k23 >> k32, k43 >> k34), 

the third block is rarely populated and can be safely neglected. The transition rates 
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between R1 and R4 are much smaller than their transition rates with R2 (k41 << k21, k14 << 

k24); hence, direct transitions between R1 and R4 can also be safely neglected.   
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Figure 3.3 Minimum action paths (MAPs) characterize state transitions on the 

breast cancer landscape. (A) The breast cancer landscape  as a function of 

ERM (membrane ERα) and GFR (growth factor receptors), for [E2] = 10-1 and no 

selection pressure. White balls are put in basins. The red and yellow lines are the 

estimated MAPs connecting different basins. The arrows indicate the directions of the 

transitions. Notice that the red and yellow lines do not overlap. (B) The ERM-GFR phase 

plane (left panel, [E2] = 10-1 for illustration) is divided into four blocks (marked by 

different colors). Each block represents a state variable in the state transition model (R1-

R4, right panel; green arrows represent reversible transitions). In each block there is at 

most one fixed-point attractor. The fixed-point attractors (ρ1-ρ4, light green dots) and 

first-order saddles (dark green dots) are located by finding the intersection points of the 

nullclines for ERM and GFR. The ERM nullcline (red curve) is the locus of points for 

which ERM = H(WERM), and the GFR nullcline (green curve) is the locus of points for 

which GFR = H(WGFR). (C) Points represent transition rates, computed by direct Monte 

Carlo (MC) simulation, for transitions between states R1 and R2 (blue) and between states 

R2 and R4 (red). 𝑆 𝜑!"∗  is the value of the action along the MAP between the relevant 

fixed points in the states, evaluated for T = 40. The dashed line is the best fit of Eq. (9) to 

the data (α = 80.48, β = 0.07197, and n = 0.9805). (D) and (E) compare the transition 

rates estimated by Eq. (9) with the transition rates computed by direct Monte Carlo 

simulations, as functions of E2. 

  

U = − lnPss
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Given the estimated transition rates, we built a deterministic model of phenotype 

transitions and simulated the growth of cancer cell populations under different E2 

conditions. Figure 3.4A shows the steady-state proportion of each phenotype as a 

function of E2 level for the case of no selection pressure (PI = 0 for each phenotype). 

This distribution of phenotypes is consistent with the landscape plot in Fig. 3.2C. Notice 

that when E2 is LOW ([E2] = 1), although there is a small population of E2-

hypersensitive cells (green curve), the majority of cells are still in the E2-sensitive state 

(blue curve). However, adding the effect of population selection significantly changes the 

story (Fig. 3.4B). As in Fig. 3.2D, the selective advantage of E2-hypersensitive cells in 

the LOW E2 environment substantially increases the proportion of E2-hypersensitive 

cells. The proportion of E2-supersensitive cells under TRACE E2 conditions ([E2] = 10-2) 

is greatly enriched (Fig. 3.4B, right). Corresponding steady state probability distributions, 

Pss(x1,x2), in the state space of the cellular-level model are shown in Fig. 3.4C and D. 

Simulating the phenotype transition model at the population level provides an enormous 

reduction in computation compared to Monte Carlo simulations of the cellular level 

model and allows us to easily study the consequences of both sequential and intermittent 

treatments of breast cancer under a variety of conditions. 
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Figure 3.4 The state transition model approximates the dynamical behavior of the 

breast cancer landscape. (A-B) Right panels: the steady state proportions of cells in 

three of the E2 sensitivity states as a function of E2 level in the state-transition model 
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(solid lines) and cellular model (discrete makers) either without selection pressure (A) or 

with selection pressure (B). Left panels show the corresponding dose-response curves of 

proliferation index (PI) to E2 levels for cells in each state. Cyan, E2-sensitive state (R1); 

green, E2-hypersensitive state (R2); blue, E2-supersensitive state (R4). The other E2-

supersensitive state (R3) is not populated to any appreciable extent. (C-D) The 

corresponding steady state probability distributions (Pss) in the state space of the cellular 

level model are plotted as heat maps for [E2] = 10-2, 100 and 102, for the case without 

selection (C) and with selection (D). ERM, activity of membrane ERα; GFR, activity of 

growth factor receptors. 
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3.4.3 Sequential treatment of breast cancer 
 
 

The role of sequential E2 deprivation in breast cancer cells has been reported in both 

clinical and pre-clinical settings [3, 9, 10]. For example, in pre-menopausal women, E2-

dependent breast cancers often regress after surgical removal of ovaries, which lowers 

circulating E2 from 200 to 15 pg/ml. After an initial stage of regression, breast cancer 

often regrows. AIs, as second-line therapies, can induce additional tumor regression by 

further decreasing E2 to 5 pg/ml [10].  
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Figure 3.5 Sequential and intermittent treatments provide additional response 

windows to endocrine therapy. In sequential treatments, different E2 withdrawal 

sequences are used to mimic different endocrine treatment regimens: (A) reducing E2 

from HIGH, to LOW, to TRACE level; (B) changing E2 from HIGH, to TRACE, to 

LOW level; In intermittent treatments: (C) two identical endocrine treatments are applied 
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with a break in between; or (D) two different endocrine therapies are applied with a break 

in between; as shown in the upper panels. T, time (arbitrary units). The resulting changes 

in proportions of cells in different E2 sensitivity states are shown in the middle panels. 

Cyan, E2-sensitive state (R1); green, E2-hypersensitive state (R2); blue, E2-supersensitive 

state (R4). The lower panels indicate how the average proliferation index (PI) of the cell 

population changes during the course of the treatment. Yellow, responsive state; red, 

resistant state; green, cross-resistant state. The dotted horizontal line indicates no growth 

(PI = 0). 
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Creation of an additional ‘response window’ using a second-line endocrine therapy can 

be captured by our state transition model (Fig. 3.5A). Decreasing E2 in a step-wise 

fashion (Fig. 3.5A, top) results in sequential transitions of the cell population from the 

E2-sensitive to the E2-hypersensitive to the E2-supersensitive state (Fig. 3.5A, middle). 

At each transition, cells in the previously favored state begin to die off while some make 

the transition to the newly favored state and begin growing. Plotting the average 

population proliferation index (PI) versus time clearly shows the two response windows 

of negative average growth (Yellow regions, Fig. 3.5A, bottom). Notably, if the E2 steps 

are applied in the reverse order (Fig. 3.5B), the simulation shows no second response 

window, in accord with the phenomena of cross-resistance to endocrine therapies in 

breast cancer. For example, it is reported that using AIs or faslodex as a first-line therapy 

is not more effective than using tamoxifen, even though AIs and faslodex result in less 

E2ER than tamoxifen [3]. And AI-resistant breast cancers are usually cross-resistant to 

tamoxifen, whereas faslodex-resistant breast cancers are cross-resistant to both AIs and 

tamoxifen [3]. In Fig. 3.5B, the green region represents the cross-resistance of cells to 

endocrine treatment associated with LOW E2 (e.g., tamoxifen) when the cells have been 

pretreated with (and gained resistance to) endocrine treatment associated with TRACE 

levels of E2 (e.g., AIs). Thus, using AIs or faslodex as a first-line therapy in these 

patients is not recommended, since it can eliminate the opportunity for an additional drug 

response window. 
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3.4.4 Intermittent treatment of breast cancer 

Similarly, intermittent E2 treatment to reverse acquired resistance and provide a second 

response window is simulated in Fig. 3.5C. Shifting between two different endocrine 

therapies can also produce a similar result (Fig. 3.5D). These simulation results provide a 

quantitative explanation for observations (widely reported in both pre-clinical and clinical 

observations [5-7]) that intermittent treatment is often better than continuous treatment to 

kill cancers. For example, re-challenging tamoxifen resistant breast cancer after a ‘drug 

holiday’ or a switch to a different type of therapy (such as chemotherapy), may give 

patients a second or even third response to tamoxifen [5].  

Regarding intermittent treatment of cancer, people have long noticed that the response is 

sensitive to the duration of treatment and the interval between treatments. The state 

transition model can serve as a quantitative tool to find the optimum values for treatment 

duration, Ttreat, and treatment breaks, Tbreak. Figure 3.6A shows the results for Ttreat = 3000 

and Tbreak = 2000, where cell population growth is reduced—but not stopped—by 

intermittent treatment. By contrast, intermittent treatment with Ttreat = 1000 and Tbreak = 

2000 (Fig. 3.6B) causes the total cell population to stop growing, thereby controlling—

although not eliminating—the cancer. Comparing these two cases, we note that shorter 

treatment durations may be more beneficial than longer treatments, which is the 

experience of breast cancer oncologists [42].  
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Figure 3.6 Different regimens of intermittent treatment show different prognoses. 

The endocrine treatment consists of periodically switching E2 level from HIGH to LOW 

and back to HIGH, with Ttreat = duration at HIGH E2 level and Tbreak = duration at LOW 

E2 level (time in arbitrary units). As indicated in the top panels, two intermittent 
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treatment regimens are simulated: (A) Ttreat = 3000, Tbreak =2000; and (B) Ttreat = 1000, Tbreak 

=2000. Both treatments change the proportion of cells in different E2 sensitivity states 

(second panels). Cyan, E2-sensitive state (R1); green, E2-hypersensitive state (R2); blue, 

E2-supersensitive state (R4). The average proliferation index (PI) of the cell population is 

shown in the third panel. Yellow, responsive state; red, resistant state. The dotted 

horizontal line indicates no growth (PI = 0). The total number of cells N(t), is plotted in 

the fourth panel at logarithmic scale. The grey interval is used for the calculations in part 

C. (C) We plot, as a function of Ttreat and Tbreak, the average value of cell number log!"𝑁  

over the interval T∈[2×104, 3×104]. The black and white dots indicate the cases in parts 

(A) and (B), respectively. Since we start from a population of 1000 breast cancer cells, 

any combination of Ttreat and Tbreak that puts the system within the dotted white contour 

line, log10N = 3, will suppress cancer growth. 
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Using the model to explore the effects of the two key treatment parameters on the 

expansion of the cancer cell population, we plot in Fig. 3.6C the total number of cells 

after treatment as a function of Ttreat and Tbreak. Since the simulation starts with 103 cells, 

any parameter values within the 103-contour (superimposed on Fig. 3.6C) will cause 

cancer progression to be arrested or reversed. These results point out the usefulness of a 

population-level, state-transition model grounded on a cellular-level, mechanistic model 

for optimizing cancer treatment protocols. 

 

3.5 Discussion 
 
 
As a heterogeneous population of cells, cancer can adaptively change in response to a 

varying environment. This plasticity can lead to acquired resistance and drug failure, a 

fundamental problem in cancer treatment. One widely accepted explanation for cancer 

plasticity is that cancer cells with advantageous mutations due to genome instability can 

be selected and enriched in a Darwinian type evolutionary process [43]. However, 

mutations are rare, random and irreversible, which makes this explanation unsuitable for 

the reversible resistance often observed in experiments and clinical observations. An 

appealing alternative explanation is the cancer stem cell model, which uses principles of 

developmental and stem cell biology to justify multiple cell states and phenotypes as non-

genomic sources for Darwinian selection [12]. Growing evidence of non-genomic 

heterogeneity has been reported recently in different cancer types, including breast cancer 

[37]. This creates a need to investigate the mechanisms of phenotype transitions in cancer 
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cells, and to relate transitions at the cellular level with selection at the population level, in 

order to determine the efficacy of cancer treatments in the ongoing selection war.  

Considering the three phenotypes of E2 sensitivity in breast cancer cells as an example of 

this sort of non-genomic heterogeneity, we modeled the crosstalk among the three major 

ERα signaling modes (E2ER, ERM, ERP) and the GFR pathway for cell survival and 

proliferation. The model, though simplistic, provides a qualitative match to the 

progressive, step-wise phenomenon of shifting E2 sensitivities and changing endocrine 

responsiveness in breast cancer cells under E2 manipulation. 

However, the tremendous complexity of cancer must be kept in mind. In addition to the 

crosstalk mechanisms proposed in this study, there might be other currently-unknown 

links that have played key roles in making breast cancer cells to bifurcate into different 

states. Nevertheless, our model provides a plausible motif that could explain the 

underlying mechanism of observed experimental phenomenon. It would be appealing to 

expand this motif to a more realistic model when sufficient knowledge at molecular level 

is available.  In addition, Cancer cells may have as many steady states as there are 

physiological states, including a spectrum of cell phenotypes from different 

differentiation stages [44]: cancer stem cells (CSCs), intermediate progenitor cells, and 

fully differentiated ‘bulk’ cells. Such physiological phenotypes and the transitions 

between them have been widely reported in breast cancer. The epithelial-mesenchymal 

plasticity of breast cancer also creates a broad spectrum of phenotypes, whereby 

epithelial primary cancers become mesenchymal-like and re-epithelialize into a solid 

tumor at secondary, metastatic sites [45]. In addition, the traditional classification of 
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breast cancers into simple, fixed categories (e.g., luminal A, luminal B, HER2+ and 

basal-like) has neglected the heterogeneous and dynamic properties in cancer. Phenotypic 

transitions among stem-like, basal and luminal subpopulations within a given breast 

cancer cell population have been reported in experiments [37]. Unfortunately, current 

knowledge of the underlying molecular mechanisms for these phenotypic transitions is 

very limited. Nevertheless, the sources of non-genomic heterogeneity in breast cancer 

cells are now under extensive study and will ultimately enable the creation of enhanced 

models with more (meta)-stable steady states corresponding to the various physiological 

states of breast cancer cells. 

Mathematical modeling is useful to help understand the emergent behaviors of cancer 

physiology at different levels [46-51]. Numerous mathematical models address the 

mechanisms by which cancer cells develop resistance to treatment. Despite that most 

models attribute the source of Darwinian selection to rare mutations [52, 53], some have 

taken non-genetic heterogeneity into account by modeling spontaneous transitions 

between CSCs and ‘bulk’ cells at the population level [54, 55]. In this study, we adopted 

a multi-scale modeling strategy by first creating a biologically plausible, cell-level model 

of phenotypic transitions in breast cancer, and then deriving a state transition model from 

the cell-level model; thereby simplifying modeling of breast cancer behavior at the 

population level in response to endocrine therapies. This strategy enables a systematic 

understanding of how adaptations of breast cancer to a varying environment cooperate at 

both cellular and population levels to create resistance to endocrine therapies. Our 

modeling results indicate that selection pressure can change the shape of the breast cancer 

landscape (Fig. 3.2C and D) substantially and introduce new equilibrium state 
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distribution of the state-transition model (Fig. 3.4A and B). The transition approximation 

we propose provides a useful bridge between the molecular mechanisms of cellular 

phenotypic transitions and the phenomenological parameters that have been widely used 

to describe these transitions in population-based models.  

We applied the state transition model to understand the effects of sequential and 

intermittent treatment that have proven to beneficial for breast cancer as well as other 

types of cancer [3, 5-7, 9, 56-58]. Many studies have focused on the benefits of these 

strategies in reducing side effects. Here we mainly focused on another major advantage, 

the potential of these strategies to reduce or reverse acquired resistance during treatment. 

The model provided a quantitative tool to understand and investigate the optimized 

endocrine treatment sequences and parameters. Based on the model predictions on the 

existences of an optimal sequence in sequential treatment and an optimal region of 

parameters in intermittent treatment, experiments can be designed to validate and find 

these optimal treatment strategies. While much remains to be done to make our models 

more comprehensive and realistic, the approach used in this study provides a potential 

path to investigate treatment strategies and improve treatment efficacy in breast and other 

cancers. 
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Table 3.1 Model variables.  

 
Variable Description Range Receptor 

Level/Activity x1 ( or GFR) Growth Factor 
Receptor 

[0, 1] GFR = 10!! 

x2 (or ERM) Membrane-associated 
ERα 

[0, 1] [ERM] = 10!! 

x3 (or E2ER) E2-liganded ERα [0, 1] [E2ER] = 10!! 

 
 
 

Table 3.2 Model Equations.  
 

     (1) 

     (2) 

            (3) 
        (4) 

   (5) 

   (6) 

       (7)  
        

  

dGFR
dt

= γ GFR ⋅ H WGFR( )−GFR( ) +ζGFR (t)
dERM
dt

= γ ERM ⋅ H WERM( )− ERM( ) +ζERM(t)

E2ER = H WE2ER( )

H W( ) = 1
1+ e−W

WGFR =ωGFR +ωGFR,E2ER ⋅E2ER +ωGFR,GFR ⋅GFR +ωGFR,ERM ⋅ERM

WERM =ωERM +ωERM,E2ER ⋅E2ER +ωERM,ERM ⋅ERM +ωERM,GFR ⋅GFR

WE2ER =ωE2ER +ωE2ER,E2 ⋅E2



	   117 

Table 3.3 Model Parameter Values. 
 

Parameter Description Value 
γGFR Rate of GFR reaching its steady 

state 
1 

γERM Rate of ERM reaching its steady 
state 

1 
ωGFR Basal inhibition of GFR −2.56 
ωGFR,E2ER GFR inhibition by E2ER −1.6 
ωGFR,GFR GFR self-activation 6.8 
ωGFR,ERM GFR activation by ERM 0.4 
ωEPM Basal inhibition of ERM −3.04 
ωEPM,E2ER ERM inhibition by E2ER −1.6 
ωERM,ERM ERM self-activation 6.64 
ωERM,GFR ERM activation by GFR 0.4 
ωE2ER Basal activation of E2ER 5 
ωE2ER,E2 E2ER activation by E2 0.5 

E2 E2 level on log10 scale, E2 = 
log10[E2] 

2 (HIGH) 
0 (LOW) 
−2 (TRACE) 
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3.8.1 Solving the Fokker-Plank diffusion equation 
 
 

3.8.1.1 Without population selection pressure 
 
 
The noise terms in Eqs. (1) and (2) of Suppl. Table S2 create stochastic fluctuations in 

our two-dimensional state space (x1 = ERM; x2 = GFR). Let P(x1,x2,t) be the probability 

density for finding the system at state (x1,x2) at time t. Then P(x1,x2,t) is governed by the 

Fokker-Planck equation [1]:
 
 

!"(!!,!!,!)
!"

+ 𝛁 ∙ 𝐉(𝑥!, 𝑥!, 𝑡) = 0       (1.1) 

where J(x1,x2,t) is the probability flux at state (x1,x2) at time t, given by 

 
𝐉 = 𝑃 ∙ 𝐅− 𝐷 ∙ 𝛁𝑃,         (1.2) 

and the gradient operator is 𝛁 = 𝒙!
!
!!!

+ 𝒙!
!
!!!

 . 

We used VCell software (V5.1, available at http://www.nrcam.uchc.edu/index.html) to 

solve the diffusion equation S1.1 using a finite difference method. The solution grid was 

a square region, −0.2 ≤ x1 ≤ 1.2 and −0.2 ≤ x2 ≤ 1.2. To conserve probability, Neumann 

(reflecting) boundary conditions were applied. We used 51 grid points in each dimension 

for all simulations. A time step of dt = 1 was chosen to avoid numeric instability. The 

model was simulated until t = 20000 to approach steady states. For example, when [E2] = 

10-2, the maximum difference of probability on any grids at t = 20000 and t=18000 is 

1.17×10-9; the total probability on the boundary grids is 1.81×10-3; the maximum 

probability on the boundary grids is 9.06×10-5; the maximum difference of probability on 

any grids by using dt = 1 and dt = 0.1 is 2.39×10-9.  
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3.8.1.2 With population selection pressure 
 
 
To study the effect of selection pressure on the distribution of cells in a population that 

may be expanding or shrinking, we rewrite Eq. (1.1) in terms of cell density Y(x1,x2,t), 

where Y(x1,x2,t)dx1 dx2 = number of cells found in the small rectangle [x1, x1+ dx1]×[x2, x2+ 

dx2] in state space at time t. By 

definition,   Y x!, x!, t dx!dx! = N(t) =   total  number  of  cells  at  time  t. 

In terms of Y(x1,x2,t), the Fokker-Planck equation becomes 

!"(!!,!!,!)
!"

+ 𝛁 ∙ 𝐉(𝑥!, 𝑥!, 𝑡) = 𝑠(𝑥!, 𝑥!;𝐸2) ∙ 𝑌(𝑥!, 𝑥!, 𝑡)   (1.3)
 

where J(x1,x2,t) is the flux of cells at state (x1,x2) at time t due to drift and noise terms, and 

s(x1,x2) is the proliferation index of cells in state (x1,x2). The proliferation index, as a 

function of E2 level, depends on the functional block where the system point is located 

(see Fig. 3.2B in the main text). To simulate the case of no selection pressure, we set 

s(x1,x2) = 0 for all points in state space, and in this case P = N0Y , where N0 = N(0) = 

constant total number of cells in the population. In places where s(x1,x2) > 0, cells have a 

selective advantage, and in places where s(x1,x2) < 0, they are at a disadvantage. Applying 

these modifications to the model built in VCell, we ran new simulations. The total 

population can grow larger or smaller than N0, since cells can proliferate or die. In this 

case, to compute the potential landscape, U(x) = −lnPss(x), we calculated Pss = P(x,t→∞) 

by normalizing the steady state density Yss by the total population: . 

 

 

 

Pss = Yss / Yss∑
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3.8.2 Calculating the transition matrix of the state transition model 
 
 

To convert the cellular-level dynamical system with multiple steady states into a state-

transition model for convenient simulations of population of cells, we divided the two-

dimensional state space of the cellular-level model into four blocks, representing four 

discrete ‘states’, or phenotypes (R1, R2, R3 and R4, as in Fig. 3.3B). Denoting by v the 

column vector of the number of cells in each of the four discrete states, we can write the 

state transition model as a vector ODE  

       
 (2.1) 

where the state transition matrix is given by 

 

Here kij denotes the proportion of cells that transit from state j to state i per unit time. The 

kij’s were calculated by the “minimum action path” method in the next section. Here, ui 

indicates the proliferation rate of cells in state i. Similar to s(x1,x2) in Suppl. Text 1, we 

assume that ui is equal to the proliferation index PIi in each state block (i = 1,…,4, see Fig. 

3.2B in the main text).  For the case of no population selection pressure, ui = 0 for all i. 

We solve Eq. (2.1) by the explicit Euler method:  

     (2.2) 

 

dv
dt

= A ⋅v

A =

u1 − k21 + k31 + k41( ) k12 k13 k14
k21 u2 − k12 + k32 + k42( ) k23 k24
k31 k32 u3 − k13 + k23 + k43( ) k34
k41 k42 k43 u4 − k14 + k24 + k34( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

v t+Δt ≈ v t +A ⋅ Δt ⋅v t = (I+A ⋅ Δt) ⋅v t = B ⋅v t
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So the state transition matrix B is defined by: 

 

In practice, we chose a small Δt = 0.1 to calculate B, and then update vt according to Eq. 

(2.2). 

  

B =

1

Δt
+ u1 − k21 + k31 + k41( ) k12 k13 k14

k21
1

Δt
+ u1 − k12 + k32 + k42( ) k23 k24

k31 k32
1

Δt
+ u1 − k13 + k23 + k1,434( ) k34

k41 k42 k43
1

Δt
+ u1 − k14 + k24 + k34( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⋅ Δt
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3.8.3 Calculating the Minimum Action Path 
 
 
Consider a random process X(t) in Rn defined by the following stochastic differential 

equation with a small positive parameter ε: 

 𝐗 = 𝐅 𝐗 +    𝜀  𝐖        (3.1) 

Here W(t) a Wiener process in Rn and F(X) is the vector form of the right hand side of 

Eqs. 1 and 2 in Table S2, without the noise terms. Wentzell–Freidlin theory [2] gives an 

estimate of the probability distribution of solutions X(t) over a given time interval [0,T]: 

for any small parameter  and a smooth path φ(t) over [0,T], 

𝑃 𝜌 𝐗 𝑡 ,𝛗 𝑡 < 𝛿   ≈ 𝑒𝑥𝑝 − !
!
∙ 𝑆! 𝛗 𝑡    (3.2)

 

where ρ is the distance between X(t) and  φ(t)  in the continuous state space. The action 

functional S over a given path 𝛗 𝑡    𝑡 ∈    0,𝑇  is defined as:  

 𝑆! 𝛗 𝑡 = !
!

𝛗 𝑡 − 𝐅(𝛗 𝑡 ) !d𝑡!
!     (3.3) 

By minimizing the action functional ST[φij] between any two states (state j at t = 0 and 

state i at t = T), we can compute the minimum action path (MAP), φij
*, between these two 

states. The MAP becomes independent of T for T large enough, but not too large; we 

found that T = 40 is a convenient value. See Fig. 3.7. The probability that the system 

moves by another path is exponentially smaller in ε, i.e., the MAP is the most probable or 

‘characteristic’ path connecting these two states over the time interval [0,T]. Following 

the methods in [3, 4], we found numerical solutions of φ* between different fixed-point 

attractors in the breast cancer landscape, with T = 40. These MAPs are plotted on the 

breast cancer landscape to indicate the most probable transition routes (Fig. 3.3A).  

δ
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In this study, our aim is to use the biologically-based, multi-attractor model at the cellular 

level to create a state-transition model for efficient simulation of cell population 

dynamics. The two-dimensional state space of the cellular-level model was divided into 

four blocks, representing four discrete ‘states’, or phenotypes (Fig. 3.3B). To estimate kij, 

the transition probability from state j to i, we calculate the MAP going from the fixed-

point attractor in state j to the fixed point attractor in state i in time T = 40. (If there is no 

fixed-point attractor located in a state block, e.g., when E2 is too large or small, we use a 

‘characteristic’ point for this state block as follows: (0, 0) for R1, (1, 0) for R2, (1, 0) for 

R3, (1, 1) for R4. We then estimate kij from the phenomenological relation 

  𝑘!" = 𝛽 ∙ exp −𝛼 ∙ 𝑆! 𝛗!"
∗ !     (3.4) 

The parameters α, β and n in Eq. (3.4) are estimated from full Monte-Carlo simulations 

of a few representative transitions (Fig. 3.8 and Fig. 3.3C). In this study, for T = 40 and D 

= 0.005, the best-fit values are α = 80.48, β = 0.07197, and n = 0.9805. 
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Figure 3.7 An appropriate T was chosen to calculate the minimum action. The 

minimum action of state transitions between different pairs of attractors (ρ1 and ρ2, ρ2 and 

ρ4) at different E2 levels were computed and plotted versus T within the range of [10-3, 

103]. Vertical dotted lines indicate T = 40, which is a reasonable choice in our 

calculation. Notice that the minimum action decreases initially when T is small; and 

when T is too large the minimum action will be unstable because of numerical errors. We 

used the method in [3,4] to compute the minimum actions. 
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Figure 3.8  Transition rates are estimated from Monte Carlo simulation. The rate of 

transitions between different pairs of state blocks (R1 and R1, R2 and R4) at different E2 

levels were computed from Monte Carlo simulation. In the upper equation: N0, total 

number of cells simulated (N0 = 10000); N, number of remaining cells without transition; 

k, the transition rate. In the lower panels: Blue solid line, proportion of remaining cells 
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without transition versus time based on the Monte Carlo simulation; Red dotted line, 

linear fit of the red curve according to the upper equation in the region of  𝑡 ∈ [5,50]. 
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