
On the uniqueness of solution of magnetostatic vector‐potential problems by three‐
dimensional finite‐element methods
O. A. Mohammed, W. A. Davis, B. D. Popovic, T. W. Nehl, and N. A. Demerdash 
 
Citation: Journal of Applied Physics 53, 8402 (1982); doi: 10.1063/1.330373 
View online: http://dx.doi.org/10.1063/1.330373 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jap/53/11?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
Modified scalar potential solution for three-dimensional magnetostatic problems 
J. Appl. Phys. 83, 6347 (1998); 10.1063/1.367731 
 
Force calculations with three‐dimensional scalar potential based finite‐element programs (abstract) 
J. Appl. Phys. 67, 5833 (1990); 10.1063/1.345979 
 
Three‐dimensional nonlinear analysis of a permanent magnet machine by a hybrid finite‐element method 
J. Appl. Phys. 57, 3866 (1985); 10.1063/1.334897 
 
Three‐dimensional finite element solution of anisotropic complex potential problems 
J. Appl. Phys. 53, 8408 (1982); 10.1063/1.330375 
 
Vector potential formulation for three‐dimensional magnetostatics 
J. Appl. Phys. 53, 8399 (1982); 10.1063/1.330372 
 
 

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

128.173.126.47 On: Mon, 04 May 2015 17:35:59

http://scitation.aip.org/content/aip/journal/jap?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1683370892/x01/AIP-PT/MIT_JAPArticleDL_042915/MIT_LL_1640x440_banner.jpg/6c527a6a713149424c326b414477302f?x
http://scitation.aip.org/search?value1=O.+A.+Mohammed&option1=author
http://scitation.aip.org/search?value1=W.+A.+Davis&option1=author
http://scitation.aip.org/search?value1=B.+D.+Popovic&option1=author
http://scitation.aip.org/search?value1=T.+W.+Nehl&option1=author
http://scitation.aip.org/search?value1=N.+A.+Demerdash&option1=author
http://scitation.aip.org/content/aip/journal/jap?ver=pdfcov
http://dx.doi.org/10.1063/1.330373
http://scitation.aip.org/content/aip/journal/jap/53/11?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/83/11/10.1063/1.367731?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/67/9/10.1063/1.345979?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/57/8/10.1063/1.334897?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/53/11/10.1063/1.330375?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jap/53/11/10.1063/1.330372?ver=pdfcov


On the uniqueness of solution of magnetostatic vector
potential problems by three-dimensional finite-element 
methods 

O. A. Mohammed, W. A. Davis, B. D. Popovic, T. W. Nehl, and N. A. Demerdash 

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061 

In this paper, particular attention is paid to the impact of finite-element approximation on uniqueness and to 
approximations implicit in finite element formulations from the uniqueness requirements standpoint. It is also 
shown that the flux density is unique without qualifications. The theoretical and numerical uniqueness of the 
magnetic vector potential in three-dimensional problems is also given. This analysis is restricted to linear, 
isotropic media with Dirichlet Boundary conditions. As an interesting consequence of this analysis it is shown 
that, under usual conditions adopted in obtaining three-dimensional finite-element solutions, it is not 
necessary to specify div A in order that A be uniquely defined. 

PACS numbers: 41.10.Dg 

INTRODUCTION 

Although for a relatively long time the magnetic 
vector-potential has been used for obtaining numerical 
solutions of magnetostatic problems, it seems that the 
question of uniqueness of the vector-potential itself 
has not been treated in detail, particularly in con
junction with three··dimensional finite-element solu
tions. (This~ of course~ is due to the fact that in 
the end curl A, and not A itself, is needed.) Interest 
in questions of validity and uniqueness of numerical 
3-D finite element (FE) solutions to magnetostatic 
problems has been intensified as a result of the pre
sentation.and publication of two papers, References 
[1] and [2], and their accompanying discussions. 

This paper addresses the questions of validity and 
uniqueness of such 3-D FE solutions. For simplicity, 
we shall restrict consideration to linear, isotropic 
media with Dirichlet boundary conditions. Both the 
curl and divergence nature of the magnetic vector 
potential (mvp) shall be considered. 

STATEMENT OF THE PROBLEM 

In this work, one is interested in obtaining a 
solution to the magnetostatic form of Maxwell's 
equations given by 

v X H = J (la) 

(lb) 

vB = H (lc) 

where v is the reluctivity of the medium. 
It is well known that B may be expressed as [3] 

(2) 

where A is the magnetic vector potential (mvp). The 
mvp is a solution to 

v X (vV X A) = J, (3) 

It is assumed here that A is the exact solution which 
.satisfies the given boundary conditions. The object 
of ~he following section is to consider the uniqueness 
of A obtained in the solution of (3). 

THE UNIQUENESS OF THE CURL (V X A = B) 

If Al and A2 are both solutions to (3) with 

6A = Al - A2, then it follows that 

V X v (V X cA) = o. (4) 

To define the uni9ueness statement, we first consider 
the integral of vlV X aA12. One obtains the following 
through integration by parts: 

Jv IV X -1 2 OA dv = J loA . V X v (V X oA) ]dv 

V V 

+ 1s loA X v (V X A)] ds (5) 

where S is the given Dirichlet boundary at which 
n X A = O. Based on this boundary condition, the sur
integral in (5) vanishes. This integral would also 
vanish for the Neumann condition. Hence, upon substi
tuting (4) into (5) one obtains 

IvlV X oAI 2
dv = 0 (6) 

V 

which, for ~ositive v, requires that 

V X oA = 0 (7) 

and by the Helmholtz theorem [4] 

oA = v0. (8) 

Thus, we see that specifying tangential A on the 
boundary surface requires A to be unique to within the 
gradient of a potential. 

The same results may be obtained for the finite 
element solution to (3). We begin with the following 
energy functional which was previously used in refer
ences [1] and [2]: 

p(U) = J[(U-A)' VX (vX (D-A)] dv (9) 

V 

where U is the ~pproximate solution of (3). 
Expanding U as 

(10) 
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with N approximation functions Ui , we may write the 
first variation of p as follows: 

~ f [Vi' V X (vV X (V - A» 
3c i 

V 

+ (V - A) V X (vV X V.)] 
1 

dv o. (11) 

Integrating (11) by parts yields 

f [2Vi . (V X (vV X V) - J)]dv 

V f [(V - A) X (vV X U
i

) 

s 
(12) 

which gives the Euler equation 

V X (vV X Ii) = J. (13) 

For computational purposes, it is convenient to 
rewrite (12) with Dirichlet conditions as 

2 f[VV X Vi . V X V - Vi . J]dv = 0 (14) 

V 
for i = 1,2, ••• ,N. For linear approximation functions, 
the curls in (14) are piece~ise co~stants requiring 
on~ simple integrals. If Al and A2 are two solutions 
to U in the numerical problem, then based on (10) and 
(14) it is ea'sily shown that 

f [vlV X (AI - A2)1 2
]dV 

V 

o (15) 

and thus A must also be unique to within '10 for the 
numerical problem. HoweverL since the curl of '10 is 
zero, the solution for V X A, that is the flux density 
S, is unique with no qualifications. 

THE DIVERGENCE OF THE VECTOR POTENTIAL 

In obtaining B as the curl of A as in the pre
vious section, the divergence of A is not required and 
the solution for B has been shown above to be unique. 
However, in the nu~erical aspect of solving (14) this 
non-uniqueness of A by '10 will cEeate a singular 
numerical process for obtaining A which must be solved 
by constraining the PEoblem i~ some way. One method 
would be to add (V • U - V • A)2 to the functional 
integrand and specify the gauge V • A as suggested by 
Van Bladel [5] to satisfy the sufficiency requirements 
of the Helmholtz equation. A second method_would be 
to solve the resultant matrix equation for A by 
pseudoinverse methods [6]. A third method ,.,-hich has 
been used successfully in references [1] and [2] is to 
specify n • A (or (n • V)(n • A» at the boundary sur
face. It has been found that this last technique 
gives good results for piecewise linear, continuous 
approximation functions. It is the purpose of this 
section to show that this uniqueness may be predicted 
a priori and thus a specific gauge need not be im
posed. 

A simplistic view of this uniqueness may be ob
tained in a numerical form by counting the number of 
unknowns and equations (independence assumed). For 
the finite-element formulation we obtain three 
equations and three unknowns at each interior node. 
To complete the problem, we require boundary 
conditions on all three components of the mvp at 
boundary nodes. This is consistent with the 
additional constraint suggested above. 

Let us consider Al and A to be s~lutions of (12) 
with Dirichlet boundary condi~ions on A (not just 
n X A). We wish to show that the difference, '10, 
between Al and A2 must vanish in V for piecewise 
linear, continuous basffi (using tetrahedral elements). 
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Let us consider an element at the boundary surface. 
Since '10 is linear and must vanish at the boundary, 
one can write 

(16) 

where fil is the boundary surface normal and r 
the surface. Taking the curl of '10 we obtainS 

is on 

(17) 

which must be identically zero. Thus CI must be para
llel to nl and we may write (16) as 

(18) 

If we describe '10 in an adjacent boundary element with 
r constrained to the adjacent edge, then 

s 

(J 9) 

If these elements fall along an edge such that 

(20) 

then c l and C z must be zero since '10 must be continuous 
at the adjoinlng faces. Hence, these two tetrahedrons 
may be deleted from V to determine '10. This result 
may be generalized to elements with adjacent edges, but 
non-adjacent faces. Since for a closed, finite volume 
there must always be two such tetrahedrons, all tetra
hedrons may be deleted to obtain '10 = O. Thus the 
V • A in the solution is unique (though we have not 
determined the value). This result may be extended 
to the problem with Neumann boundary conditions. 

NUMERICAL COMPARISONS 

The air-cored coil described in reference [2] has 
been solved using the discritization grids given in 
that reference. The solution is obtained here with 
the boundary conditions A = 0 on the outermost surface 
(same as in reference [2]), and also with the condition 
on the normal component of A replaced by setting the 
normal derivative to zero (Neumann condition). Table 
(1) shows these results for arbitrarily chosen tetra
hedral elements in the given volume. The results for 
the curl and the divergence of the vector potential 
are also shown for both of the above cases in that 
table. As can be easily noticed, the values (single 
precision on an IBM 370) of the curl of the vector 
potential A are the same in ~oth cases, hence the curl 
is unique. However, there is no fixed pattern for the 
divergence of A, and the value of the divergence of A 
is inconsequential to the flux densities as expected. 

Table (1) Values of Curl (lines/sq. inch) and 
Divergence of the Vector Potential 
at Arbitrary Points 

f
PC'! Dirichlet Boundaries I Neumann Boundaries'-' 

I iB:-I-B;["Bz-T'r~Yi. --B~"('-\'l-'-B~ P':'X' 
1-----"----- .-,-, -- " j.. I , i-.-!l ___ ,~~~4.L 0.02055.' 2.7' 64.3 0.0;2058. 6.5 

! 2\ 40 . 4 i - 7. 7 40. 5 57. 5 I 2161. • -0. 7 ' 
>--t---- . -i j.., I 
! Y 22.01 -2.1 -2.8 22.5 -2.6i -64 •. -15.1 

; i .\ __ .1. 

i 4: 69.31, 1.3; 68.9i -7.5'-190., -2.2 

I'--r~~~n 17.8 -13.4 2.51 17.7 -50. 1.0! 

I 6 220.0\22.5,-274.(-22.7,220.2' 22.4;-271. -2.3i 

~~~.:.~U9. 71 -4~:f -0.9;, 48.9
1 

18.31_-:-44 • -7.0i 

~_~2.~~i548.5~-166'i -4.4; 87.6;547.9:-165., -~2:5: 

! 9; -1_?'::l~_~6_:1L~?-, L_85~7+-:-~~~:,4_~_2~:~+~~~._,..?~ .. 81 
ll~, _, 89,~L95.3!~~13.,;, 2',7; 89.6J 95.1 1-,114. 9.1j 
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CONCLUSION 

A theoretical proof of uniqueness for a three 
dimensional finite element magnetostatic field solution 
has been given for a class of 3-D problems. It has 
been shown that the flux density solution is unique 
with no qualifications. The theoretical and numerical 
uniqueness of the magnetic vector potential for linear 
finite-elements have also been derived, where the 
derivation has been restricted to linear, isotropic 
media with Dirichlet boundary conditions. The 
consequence of this analysis is that under usual con
ditions assumed in obtaining a three-dimensional 
finite-element solution, it is not_necessary to 
explicitly, specify the gauge V • A i~ order to 
uniquely define the vector potential A. 
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