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Based on the thin-shell Donnell theory, a model to represent the action of discrete induced strain 
actuator patches symmetrically bonded to the surface of a circular cylindrical shell has been 
developed. The model provides estimates of the bending curvatures due to the out-of-phase 
actuation and the in-plane strains due to the in-phase actuation of the bonded actuator patches. The 
magnitudes of the induced curvature and the in-plane strain are found to be identical to those of 
plates; however, due to the strain-displacement relations in cylindrical coordinates, the in-plane and 
out-of-plane displacements are coupled. Expressions for the equivalent forces and moments that 
represent the action of the actuator patches have been developed. Due to the curvature of the shell, 
the representation of the in-phase actuation with an equivalent in-plane line force applied along the 
edge of the actuator results in the application of erroneous rigid-body transverse forces. To avoid 
these rigid body forces, a method to represent the in-phase actuation with a system of 
self-equilibrating forces is proposed. The action of the actuator is then represented by an equivalent 
in-plane force and a transverse distributed pressure applied in the region of the actuator patch. Finite 
element verification of the proposed model is presented. The displacements due to the actual 
actuator actuation are compared with the proposed model, and very good agreement is found. 

PACS numbers: 43.40.Ey, 43.40.Tm 

INTRODUCTION 

In recent years there has been a great surge of interest in 
research on shape, vibration, and acoustic control of struc- 
tures with induced strain actuators like piezoelectric materi- 
als and shape memory alloys. What distinguishes induced 
strain actuators from conventional hydraulic and electrical 
actuators, and makes them especially attractive for smart 
structures, is their ability to change their dimensions and 
properties without utilizing any moving parts. These actuator 
materials contract and expand just like the muscles in the 
human body. When integrated into a structure (either through 
embedding or through surface-bonding), they apply localized 
strains and directly influence the extensional and bending 
responses of the structural elements. Because of the absence 
of mechanical parts they can be easily integrated into the 
base structure. Integration within the structure ensures an 
overall force equilibrium between the forcing actuator and 
the deforming structure, thus precluding any rigid body 
forces and torques. 

Induced strain actuators, like piezoelectric materials 
when bonded to the surface of a structure, generate a set of 
forces which are concentrated close to the edges of the ac- 
tuator. Therefore, their action is often represented by line 
moments or forces applied along the periphery of the actua- 
tor. This representation simplifies analysis because the struc- 
ture does not have to be discretized (to represent the nonuni- 
form structural properties in the regions of the patches) and 
global structural equations can be solved with the actuator 
forces appearing as discretely applied external forces. This 
analysis method, although approximate (approximate be- 
cause the actuator mass and stiffness are not represented and 
actuator forces derived from static and stress-free boundary 
conditions are used), gives reasonably accurate results for 

small and thin patches of actuators. Also, for the case of 
straight structural members like beams and plates, it does not 
pose any problems such as the equivalent actuator forces 
producing rigid-body motion. For shell-t•pe structures, how- 
ever, due to their curvature, this simple representation is not 
appropriate for the case of in-phase actuation. In-phase ac- 
tuation refers to the case when the two actuators bonded to 

the top and bottom surface of the shell are activated to pro- 
duce strains in the same direction. Because the circumferen- 

tial forces used to represent the action of the actuator are not 
colinear they produce rigid-body transverse forces on the 
shell. Thus certain special modifications must be made to 
such a representation scheme to accommodate the special 
characteristics of the shell structures. The modification pro- 
posed and verified in this paper is the application of a uni- 
form transverse pressure across the footprint of the actuator. 

To date, a number of models to represent the action of 
actuators on beams and plates have been proposed. •-5 For 
shells, the only models that have been developed are based 
on layered shell theory, i.e., the analytical model assumes 
that the induced strain actuator material comprises a total, 
distinct layer of the shell. 6'7 In the work that has been re- 
ported on vibration and acoustic control of shells using pi- 
ezoelectric actuators, plate models are often adapted to 
shells. 8'9 At first sight, this adaptation seems perfectly rea- 
sonable because the shell is thin and r/h is large. This does, 
however, pose a problem for the representation of in-phase 
actuation forces because the actuator forces are no longer 
colinear as in the case of beams and plates, and as stated 
earlier, this results in a rigid-body force being applied to the 
shell (see Fig. 1). If this is not recognized, then the action of 
in-phase actuation of even a small actuator patch will result 
in an erroneous response and can lead to a totally wrong 
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FIG. 1. Nonequilibrium of discrete tangential forces in shell structures. 

solution. In a recent model for curved piezoelectric actuators, 
Sonti and Jones •ø also recognized this fact and showed the 
necessity of including a uniform transverse pressure, in ad- 
dition to the axial and tangential forces, to correctly repre- 
sent the action of in-phase actuation. 

A model has been developed to compute the equivalent 
forces and moments applied by a pair of symmetrically 
bonded actuator Pairs, and is described here. This is followed 
by a discussion of the special considerations for shell-type 
structures. The development of the model is similar to the 
work of Crawley and Lazarus • for plates, and relies on clas- 
sical lamination t •heory (CLT). 

I. MODEL FORMULATION 

A model describing the interaction between surface- 
bonded actuators and a circular cylindrical shell has been 
developed based on Donnell's theory. For completeness a 
short derivation of the accompanying equations of motion is 
also presented. Consider a thin circular cylindrical shell, as 
shown in Fig. 2. We start with the following Donnell's as- 
sumptions (1 + z/R = 1, r-;R) for the kinematics of defor- 
mation: 

0wø (1) u(x'O'z)=uø(x'O)-z Ox' 

v(x, O,z) = vø(x, 0) -z 
Ow ø 

R 090' (2) 

FIG. 2. Thin circular cylindrical shell coordinate system. 

w(x,O,z)=wø(x,O). (3) 

In the above, z is the local thickness coordinate, measured 
from the middle surface of the shell. The superscript zero 
denotes displacements of the cylindrical panel's middle sur- 
face. The pertinent strain-displacement relations in cylindri- 
cal coordinates are as follows: 

Ou Ou ø 02w ø 

eX: •xx : e•ø + Z gx , %ø: Ox , gx: Ox 2 , (4) 
0p w 0p ø w ø 

02W 0 

gO = -- R2 002' 

(5) 

and 

Ov Ou Ov ø Ou ø 

7xø=•xx 4 R 00 = 7xø+Zgxø' 7•ø='•--ff + R 00' 

KxO -• -2 
02W 0 

OxR O0' 

(6) 

The resultant force-strain relations for a layered composite 
laminate are given by • 

where 

{NA}= f [0]{A}dz, 

(7) 

(8) 

{M^}= f [O]{A}z dz (9) 
are the equivalent of thermal forces in CLT. Note that A is 
the free induced strain developed in the actuator in response 
to an applied voltage (Ax=Ed3x = Vd3x/ta). The three gov- 
erning equilibrium equations are: 

ONx ONxo 
•+ -m//=0 (10) Ox R O0 ' 

3Nxo ONo 
•+ -mb=O, (11) 

and 

02Mx 02Mxo 02Mo No 
Ox 2 +20x R 0-•• + R200 ----•- -•--mff,=q, (12) 

with boundary conditions at x= +_.L/2 and 0=+_/3/2. For an 
unconstrained symmetric panel with no externally applied 
forces or moments, i.e., N, M = 0, Eq. (7) reduces to 

(13) 

For a symmetric shell (B =0), the above equations are un- 
coupled, and 

{eø}=[A]-•{NA}, (14) 
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{K•-- [O]- I{MA}. (15) 
To obtain simplified expressions for the induced curvature, 
We assume that the shell is isotropic and has the same Pois- 
Son's ratio as the actuator. For such a case, the [A ] and [D ] 
matrices reduce to: 

E,t,+2E•t• 1 v 0 
[A]= (1- p2) P 1 0 , (16) 

o o 

E,ts 3 2 E• [D]= 12(1-v 2) +5(1-v 2) 
t S 

•+ta 

1 v 0 

x 0 . 07) 

o o 

Rewriting in a more convenient way, 

Eata(2 + O) 
1 v 0 

v 1 0 , 

0 0 (l-v)/2 

12 8] 6+•+T+ • 

(1- v 2) 

2 
ts Eata 

[D]=12(l_v 2) 

X v 1 . 

0 0 (l-v)/2 

(18) 

(19) 

With these assumptions, the following expression for the in- 
duced bending strains due to the out-of-phase actuation is 
Obtained from Eq. (15) (ts=shell thickness, t,•=actuator 
thickness): 

, 

gx } 6(l+l/r)(2/ts) { 1} g0 = 1 A, (20) 
gxO 6 + O+ 8/T 2+ 12/T 0 

where 

Est• ts 

½=Eata T= -- (21) ' t. ' 

and for in-phase actuation, the following expression for in- 
duced middle-surface strains is obtained from Eq. (14): 

exO/ i 
e}}= 2 1 A. (22) 
ex00 j 2•½ 0 

The above expressions for the middle-surface strains for the 
case of in-phase actuation and the bending strains for the 
case of out-of-phase actuation are the same as those obtained 
for plates; however, the circumferential strain is now coupled 
with the out-of-plane displacement [Eq. (5)]. 

To solve a plate or a shell problem, an expression for a 
set of equivalent forces is often developed. These forces, 
when applied along the edges of the footprint of the actuator, 
on the structure result in the same degree of bending strains 
and in-plane middle-surface strains as those obtained from 

FIG. 3. Adequat} equivalent loading to maintain equilibrium. 

Eqs. (20) and (22}. The equivalent forces and moments are 
obtained by substituting the bending strains and the in-plane 
strains from Eqs. (20) and (22) into Eq. (7), with N^ and M^ 
set to zero. For out-of-phase actuation, the equivalent mo- 
ments are found to be: 

Mo Ests (1 + l/T) 1 A, (23) 
Mx ø -1- v 6 + ½+ 8/T 2+12/T 0 

eq 

and for in-phase actuation, the following expression for the 
equivalent axial and tangential force is obtained: 

Nx } Est s 2 { ! } No =•• ' A (24) 
Nxo 1-v 2+½ ' 

eq 

The tangential force obtained from the above equation, when 
applied to the shell along the two circumferential edges of 
the .actuator will not be colinear, due to the curvature of the 
shell, and will have an erroneous component resulting in a 
rigid body mode. This situation has already been illustrated 
in Fig. 1. This occurs due to the simplifying assumptions in 
the above formulation. In actuality, a set of self-equilibrating 
stresses are developed between the shell and the bonded ac- 
tuator, and there is no rigid body force developed. 

To remedy this situation, we have proposed the applica- 
tion of an equilibrating uniform radial pressure applied 
across the footprint of the actuator. The magnitude of the 
uniform pressure is obtained from simple statics and is equal 
to -No/R (Fig. 3). This set of forces, i.e., an equivalent 
tangential force given by Eq. (24) and a uniform radial pres- 
sure, now Provide a convenient means of representing the 
action of surface-bonded actuaiors that are actuated in-phase. 
To verify whether this set of forces results in approximately 
the same displacement field as a true actuator bonded to a 
cylindrical shell (a comparison with a finite element model) a 
description of which follows, is made. 

II. FINITE ELEMENT MODELING AND VERIFICATION 

Two finite element mo•lels have been constructed to 
verify the equivalent loading scheme. A 6-in.-radius, 0.032- 
in.-thick, and 1-in.-deep ring with p!ezoelectric actuators 1/6 
of the ring thickness and covering an arc 10 ø lon• (/3) hav e 
been used. Making use of symmetry, only the top half needs 
to be modeled. The first model, shown in Fig. 4(a), consists 
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4•. Be•mn fini• el•m•t mode/ 

4b. Plane stress finite ½lcrmnt model 

FIG. 4. Finite element models used to verify the theoretical model. 

of beam elements. First, the actuation is simulated by speci- 
fying a coefficient of thermal expansion for the elements in 
the actuator region and then applying a known temperature 
to the model. Second, an equivalent self-equilibrating load, 
i.e., pressure and tangential force, corresponding to the tem- 
perature, is applied [Eqs. (23) and (24)]. The radial and tan- 
gential displacements obtained from the above analysis are 
identical and therefore not shown. It must be noted that the 

pressure loading must be transformed to nodal forces only 
(lumped loading). The lumped loading is often better for flat 
elements representing a curved surface. 12 The second finite 

element model uses plane stress elements in the actuator re- 
gion to include the actuator's stiffness and uses beam ele- 
ments for the rest of the shell [Fig. 4(b)]. A rigid element 
connecting the five nodes at the end of the plane stress ele- 
ment region is introduced. A constraint equation is then used 
to ensure the continuity in the rotations between the beam 
and plane stress elements. Again, thermal expansion is used 
to simulate the static action of the actuators on the shell. 

The radial and tangential displacements are shown in 
Fig. 5. Discrepancies between the equivalent loading model 
and the plane stress finite element model exist since no as- 
sumptions about the actuator stiffness or about the equivalent 
loading are made in the latter model. The differences are 
however greater in the actuator region due to the added struc- 
tural stiffness of the actuators. Even though displacement 
differences are present, the plane stress finite element model 
validates the derived model since it gives results of the same 
order of magnitude with similar deformed shapes as opposed 
to when only point tangential forces (without a transverse 
pressure) are used. The deformed shape of the analytical 
model and the plane stress finite element model are shown in 
Fig. 6. Also shown in Fig. 5 are the displacements of the 
same ring if only discrete tangential forces are applied (with- 
out transverse pressure). This model using only tangential 
forces does not satisfy the ring's self-equilibrium. Major dis- 
placement discrepancies between the proposed equivalent 
loading model and the case using only tangential forces are 
observed both in shape and magnitude. Using the tangential 
forces alone over predicts the displacements by a factor of up 
to 1000, as seen on the right vertical axis of Fig. 5 (note that 
the scales of the two vertical axis are different). Also, a re- 
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FIG. 5. Comparison of the displacements predicted by the proposed self-equilibrating equivalent forces, the plane stress finite element model, and the 
tangential force alone (no pressure). 
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FIG. 6. Deformed shape of the ring using the self-equilibrium loading and the plane stress elements. 

action force in the x direction at the clamped boundary is 
present if uniform pressure is not applied. This reaction force 
should not be present since the actual ring with bonded ac- 
tuators is in self-equilibrium. Adequate equivalent loading 
did not show any reaction force in the x direction at the 
clamped boundary. 

From the finite plane stress element model shown in Fig. 
4(b), it is possible to justify the use of a uniform radial pres- 
sure on the actuator footprint to maintain the self-equilibrium 
of the ring. Figure 7 shows the radial stress distribution 
through the thickness of the actuator and the ring. This stress 
distribution is virtually constant over the whole actuator re- 
gion, except at the ends of the actuator, which validates the 
use of a uniform radial pressure in the analytical model. With 
the actuators removed, an equilibrating radial pressure ap- 
plied on both sides of the shell is necessary to produce the 
same stress distribution on the shell surface (z/h= 1, -1) 
shown in Fig. 7. Because the interest is in global shell defor- 
mations, the equilibrating pressure can be applied on one 
side only or on the shell midplane, since it will produce the 
same shell response. 

III. CONCLUSIONS 

In this paper, a model to represent the action of discrete 
induced strain actuator patches bonded to the surface of a 
circular cylindrical shell is developed based on Donnell's 
theory. Expressions to represent the actuator forces and mo- 
ments have been developed for shells and are found to be the 
same as those obtained for plates. However, this equivalent 
set of forces and moments produces a rigid body mode re- 
sulting from the no-colinearity of the tangential forces due to 
the shell curvature. To avoid this rigid body mode, uniform 
pressure is applied in the region of the actuator patch. This 
solution method is verified using finite element modeling and 
showed very good agreement. 
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