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(ABSTRACT)

High Mach number, low-Reynolds number (high-altitude) reentry flowfield

predictions are an important problem area in computational

aerothermodynamics. Available numerical tools for handling such flows

are very few and significantly limited in their applicability. A new
E

implicit fully-iterative Parabolized Navier-Stokes (PNS) scheme is de-

veloped to accurately predict such low-Reynolds number flows. In this

new approach the differential equations governing the conservation of

mass, momentum and energy, and the algebraic equation of state for a

perfect gas are solved simultaneously in a coupled manner. The idea is

presented that by treating the governing equations in this manner (rather

than eliminating the pressure terms in the governing equations by using

appropriate differentiated forms of the equation of state) it may be

possible to have an unconditionally time-like numerical scheme. The

stability of a simplified version of this new PNS scheme is also studied,

and it is demonstrated that these simplified equations are uncondi-

tionally time-like in the subsonic as well as the supersonic flow regions.

A pseudo-time integration approach is used in addition to a new



second-order accurate fully-implicit smoothing, to improve the efficiency

of the solution algorithm.

The new PNS scheme is used to predict the flowfield around a seven-deg

sphere-cone vehicle under high- and low-Reynolds number conditions. Two

test case, Case A and Case B, are chosen such that Case A has a large

freestream Reynolds number (2.92x105), whereas Case B has a freestream

Reynolds number of l.72¤l03, which is smaller than the usual limit of

applicability of the non-iterative PNS schemes (Re~l04 or larger). Com-

parisons are made with other available numerical schemes, and the results

substantiate the stability, accuracy and efficiency claims of the new

Parabolized Navier—Stokes scheme.



ACKNOWLEDGEMENTS

The author wishes to thank his faculty advisor and Chairman of his Advi-

sory Committee, Dr. Clark H. Lewis, for his kind guidance, encouragement

and invaluable suggestions, which were instrumental in the conceptual and

technical development of this research.

The author wishes to thank Dr. J. A. Schetz, Dr. B. Grossman, Dr. A.

K. Jakubowski and Dr. W. L. Neu for their suggestions and review of the

dissertation. Also, the author is grateful to his parents and his family

for their faith in him, and for their patience and understanding.

Finally, the author humbly dedicates this work to his parents, friends

and teachers.

Acknowledgements iv



TABLE OF CONTENTS

CHAPTER I. INTRODUCTION .................. 1

1.1. Problem Identification ................... 1

1.2. Relationship with Previous PNS Treatments ......... 5

1.3. Outline ..........................16

CHAPTER II. MATHEMATICAL FORMULATION ..........19

2.1. Coordinate System .....................19

2.2. Parabolized Navier-Stokes Equations ............21

2.3. A Model Marching Problem of a Mixed Type ..........25

2.3.1. Formulation I .....................28

2.3.2. Formulation II ....................30

CHAPTER III. NUMERICAL FORMULATION ...........36

3.1. Expansion Around the Previous Iteration ..........36

3.2. Differencing Scheme ....................38

3.3. Pseudo Time Formulation ..................40

3.4. Boundary Conditions ....................45

3.4.1. Initial Conditions ..................45

3.4.2. Wall Boundary Conditions ...............46

3.4.3. Outer Boundary Conditions ..............47

3.5. Calculation of the Body-Normal Derivatives at the Wall . . . 49

CHAPTER IV. HIGHER-ORDER SMOOTHING TERMS .......51

Table of Contents v



4.1. A New Second-Order Accurate Fully-Implicit Smoothing ....51

CHAPTER V. SIMPLIFIED ANALYSIS FOR DEPARTURE AND

STREAMWISE-STABILITY ....................56

5.1. Assumptions and Simplifications ..............56

5.2. Inviscid Limit .......................61

5.3. Viscous Limit .......................63

5.4. Relationship with the Sublayer Approximation ........65

CHAPTER VI. RESULTS AND DISCUSSION ...........66

6.1. Test Cases .........................66

6.2. Solution Accuracy and Code Comparisons ...........67

6.2.1. Case A Calculations .................67

6.2.2. Case B Calculations .................69

6.3. Effects of Grid Distribution ................72

6.4. Convergence Rates and Iteration History ..........75

6.5. Overall Computing Times ..................77

CHAPTER VII. CONCLUSIONS .................79

Appendix A. AXISYMMETRIC/2-D PNS EQUATIONS ........81

Appendix B. ANALYSIS OF THE MODEL MARCHING PROBLEM . . 92

B.1. The Model Mixed-Type Problem ................92

B.2. Formulation I .......................93

B.3. Formulation II .......................98

Table of Contents vi



Appendix C. EXPRESSIONS FOR THE JACOBIAN MATRICES . . 109

Appendix D. ON THE EIGENVALUES OF THE SIMPLIFIED PNS

EQUATIONS ......................... 113

REFERENCES ......................... 122

Vita .............................. 161

Table of Contents vii



LIST OF ILLUSTRATIONS

Figure 1. Coordinate system .................. 129

Figure 2. Transformation from the physical to the computational
space ........................ 130

Figure 3. Vehicle geometry .................. 131

Figure 4. Axial distribution of wall pressures for Case A . . . 132

Figure 5. Axial distribution of skin friction for Case A . . . 133

Figure 6. Axial distribution of wall heat-transfer rates for Case
A .......................... 134

Figure 7. Bow shock shape for Case A ............. 135

Figure 8. Step-size distributions used for Case A calculations 136

Figure 9. Axial distribution of wall pressures for Case B . . . 137

Figure 10. Axial distribution of skin friction for Case B . . . 138

Figure 11. Axial distribution of wall heat-transfer rates for Case
B .......................... 139

Figure 12. Bow shock shape for Case B ............. 140

Figure 13. Step-size distributions used for Case B calculations 141

Figure 14. Comparison of PNSPG and AFWAL PNS pressure profile for
Case B at X/RN=2.1 ................. 142

Figure 15. Effects of grid distribution on wall pressures for Case
A .......................... 143

Figure 16. Effects of grid distribution on skin friction for Case A 144

Figure 17. Effects of grid distribution on wall heat-transfer rates
for Case A ..................... 145

Figure 18. Effects of grid distribution on bow shock shape for Case
A .......................... 146

Figure 19. Effects of grid distribution on pressure profile at
X/RN=200 for Case A ................. 147

Figure 20. Effects of grid distribution on temperature profile at
X/RN=200 for Case A ................. 148

List of Illustrations Viii



Figure 21. Effects of grid distribution on u-Velocity profile at
X/RN=200 for Case A ................. 149

Figure 22. Effects of grid distribution on wall pressures for Case
B .......................... 150

Figure 23. Effects of grid distribution on skin friction for Case B 151

Figure 24. Effects of grid distribution on wall heat-transfer rates
for Case B ..................... 152

Figure 25. Effects of grid distribution on bow shock shape for Case
B .......................... 153

Figure 26. Effects of grid distribution on pressure profile at
X/RN=200 for Case B ................. 154

Figure 27. Effects of grid distribution on temperature profile at
X/RN=200 for Case B ................. 155

Figure 28. Effects of grid distribution on u-Velocity profile at
X/RN=200 for Case B ................. 156

Figure 29. Error-reduction histories for Case A at X/RN=10 . . . 157

Figure 30. Error-reduction histories for Case B at X/RN=10 . . . 158

Figure 31. Computing-time histories for Case A at X/RN=10 . . . 159

Figure 32. Computing-time histories for Case B at X/RN=l0 . . . 160

List of Illustrations ix



LIST OF TABLES

Table 1. Freestream Conditions ............... 124

Table 2. Convergence Rates at X/RN=l0. Location for Various
Grid Distributions ................. 125

Table 3. Computing Times Studies for the Solution at X/RN=10.
Location ...................... 126 i

Table 4. Comparisons of Total Computing Times for Case A . . 127

Table 5. Comparisons of Total Computing Times for Case B . . 128

LIST OF TABLES x



NOMENCLATURE

a =speed of sound

CFS =streamwise skin-friction coefficient

DX =axial step size

e =total energy per unit volume

J =determinant of the transformation Jacobian

k =thermal conductivity

M =Mach number

m =slope of the 1og(¢n) curve

n =iteration number

P,p =static pressure

Pr =Prandtl number

PWALL =wa1l pressure

PINF =freestream static pressure, pw

QW =wal1 heat-transfer rate, Btu/ftz/sec.

Re =Reynolds number, (p*V Rn )/u*

RN,Rn =nose radius

T =static temperature

t =time

U,u =x-component of Velocity

UINF =freestream Velocity, Vu

V =total Velocity

w =z-component of Velocity

NOMENCLATURE xi



X,x =coordinate along body axis

ZB =z-location of the body surface

ZSHK =z-location of the bow shock

z =axis-normal coordinate

B =convergence rate, exp(-m)

E =M¤/Ren

8 =ha1f cone-angle

E =marching or streamwise coordinate

C =coordinate measured from the body to the outer bow
shock, either axis-normal or body—norma1

p =static density

I =average computing time per grid point

¢ =maximum local percentage change in the flowfield
variables from one itertaion to the next iteration

•
=vector dot product

superscript

* =vector quantity

~ =matrix quantity

n =index for iteration

j =index in E direction

* =dimensional quantity

subscript

, =represents partial derivative

2 =index in C direction

¤ =freestream quantity ·

w =wall quantity

NOMENCLATURE xii



CHAPTER I. INTRODUCTION

Over the past several years, significant interest has been generated

in applying Parabolized Navier-Stokes (PNS) schemes to study various

aerodynamic and aerothermodynamic problems. Various researchers have

used the PNS schemes to study supersonic/hypersonic external flows around

realistic reentry configurations (Refs. 1~15). However, these studies

have been typically limited to low-to-moderate reentry altitudes. Recent

developments in Aeroassisted Orbital Transfer Vehicle (AOTV) and decoy

technologies have focussed significant interest on the high-altitude

(low-density and low Reynolds number) flows around complex multiconic and

lifting reentry configurations under large angles of attack. The PNS

schemes are elliptic in the crossflow direction and can treat the large

crossflow separated regions that might occur under such flow conditions.

Although under such altitude conditions the flowfield is more accurately

that of finite-rate chemically reacting air, a stable high-altitude

perfect-gas scheme is the basic stepping stone for such an effort.

1.]. PRCNLENIIDEBVTIFHZATWOFI

High altitude reentry flows are characterized by low Reynolds numbers.

The case of decoy-type reentry geometries is even more severe, as the nose

radii for such geometries are typically much smaller than the AOTV-type

geometries, and the characteristic Reynolds numbers (based on nose ra-

dius) are even smaller. The typical Reynolds numbers for these conditions
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are well below the accepted lower bounds of the conventional (iterative

or non—iterative) PNS schemes. Presently, the most widely used PNS scheme

is the implicit non—iterative PNS scheme of Schiff and Steger.l For this

scheme, Schiff and Stegerl indicated that the results were valid for

freestream Reynolds numbers (Rex) greater than 104; however, the basis

for such an argument was not discussed. Thus, the author is led to be-

lieve that the aforementioned observation was largely based on numerical

experiments. Over the past few years, the author has been extensively

involved in the study and prediction of low·Reynolds number flows. Se-

veral numerical tests were conducted with various numerical schemes over

a wide range of reentry conditions, and experience with. the implicit

non-iterative PNS schemes has shown that the low·Reynolds number limit

suggested by Schiff and Stegerl serves as a good rule of thumb.

In order to answer the question "Why do the implicit non—iterative PNS

schemes fail under low-Reynolds number conditions?,'° the problem was

split into various possible causes; namely, the Approximate Factorization

scheme, the near-wall solution, the effects of implicit and explicit

smoothing, and the sublayer approximation. Each of these possible sources

of instability was studied separately and in great detail. In order to

get away from the problems caused by the use of the Approximate

Factorization scheme, it was decided to focus attention on axisymmetric

flows, and we developed an equivalent axisymmetric version of the implicit

non-iterative AFWAL PNS scheme.2 Although the·subsequent solutions were

slightly more stable, the instability under low-Reynolds number condi-

tions remained. This led to the belief that although the Approximate
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Factorization errors do contribute to the solution instability, they are

not the main cause of it.

Next, the near-wall solution and the impact of smoothing and damping

parameters was examined. In. this near-wall region the velocities in

general are very small. Under high-Reynolds number conditions this

low-Velocity region is very thin and typically spans over a couple of grid

points. Under laminar low-Reynolds number conditions, however, this re-

gion of low velocities may spread over a significant.portion of the shock

layer. The magnitudes of these velocities are significant because they

directly impact the condition number of the solution matrices. Further-

more, the smaller the magnitude of these velocities the larger is theA
impact of the smoothing and damping terms on the form and accuracy of the

solution matrices. On the other hand, the smaller the local velocities,

the more are the solution oscillations caused by the use of

central-differencing operators and, thus, require more smoothing to be

added. Based on these arguments, the author believes that, while the

inaccuracies in the solution procedure and the use of arbitrary smoothing

parameters might not be the sole cause of instabilities, they certainly

contribute significantly to the overall solution instability of a

non-iterative PNS scheme under low-Reynolds number conditions.

After Studying the behavior of such non-iterative PNS schemes under

high-altitude (low Reynolds number) conditions; the author also believes

that the use of "sublayer approximations" (such as the sublayer approach

of Schiff and Stegerl and the approach of Vigneron et al.3) under
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low-Reynolds number conditions may be another possible source of inaccu-

racies. All PNS schemes based on such sublayer approximations (and re-

ported in the open literature) have been studied only under high-Reynolds

number conditions where the subsonic sublayer region is typically' very

small in relation to the shock-layer thickness (of the order of 0.5%).

However, under low-Reynolds number flows this subsonic sublayer region

may become as large as 5% of the shock-layer region and may contain as

much as 50% of the total grid points. Furthermore, the fact that the

solution errors and oscillations can grow in the near-wall region, indi-

cates that use of the conventional sublayer approximations is inadequate

under low-Reynolds number conditions.

As a result of these studies, it is concluded that there are some se-

rious deficiencies in the conventional non-iterative PNS schemes, espe-

cially when they are used under low-Reynolds number conditions. The

problems are so basic that in order to resolve them one has to step beyond

the limits of a simple non-iterative algorithm. Thus, with these ideas

in the background, it was decided to look into the development of a new

PNS solution scheme which will not only retain the main attractive aspect

of the non-iterative PNS schemes (namely; efficient and fast solution),

but will also be more stable and accurate.

This study deals with the mathematical development and numerical dem-

onstration of a new implicit fully-iterative PNS solution scheme for the

prediction of axisymmetric reentry-type flowfields. These numerical re-

sults suggest that the new iterative PNS scheme is not only superior to
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the conventional non-iterative PNS schemes, but it is also stable in the

imbedded subsonic regions and, thus, does not require any sublayer ap-

proximation. Furthermore, the scheme typically shows a cubic convergence

rate, and the computing times for a full iterative solution are only

fractionally larger than the corresponding computing times of a

non-iterative PNS solution.

1.2. RELATIONSHIP WITH PREVIOUS PNS TREATMENTS

Over the past several years a number of parabolized Navier-Stokes (PNS)

schemes have been developed to study the problem of hypersonic reentry

flows. These PNS schemes can be broadly classified as (a) non—iterative

PNS schemes and (b) iterative PNS schemes. Examples of non-iterative PNS

schemes are the scheme of Schiff and Steger,l the AFWAL PNS scheme2’4 and

the scheme of Vigneron et
al.3

Examples of iterative PNS schemes are the

schemes of Lubard and Helliwell,5 Helliwell et al.,6 and Lin and Rubin.9

While the schemes of Refs. l-6 solve the steady state equations, the

scheme of Lin and Rubing solves the unsteady equations by integrating them

in the time direction until a steady state is reached. Actually, all

iterative schemes may be viewed as integrating in some pseudo-time di-

rection. Thus, we see that of the iterative PNS examples cited earlier,

the schemes of Lubard and Helliwell,5 and Helliwell et al.6
are

pseudo—unsteady formulations, whereas the scheme of Lin and Rubing is an

actual unsteady formulation.

CHAPTER I. INTRODUCTION 5



All the aforementioned PNS schemes (Refs. 1-6 and 9) are conditionally

time-like (hyperbolic/parabolic) in the streamwise marching direction.

In the literature this problem of conditionally time-like character in

the streamwise direction is also referred to as the problem of departure

solutions. This departure behavior is in fact related to the streamwise

stability of the solution scheme. In the available literature there are

two ways in which the problem of departure (streamwise stability) has been

analyzed; i.e, either from the point of view of the governing differential

equations (Refs. 1-4) or from the point of view of the differenced form

of these governing differential equations (Refs. 5,6 and 9).

The works of Schiff and Stegerl and Vigneron et
al.3

are good examples

of how to analyze the problem of departure (streamwise stability) by

looking at the governing differential equations. They approach the

problem by considering the fact that the solution scheme will be a valid

marching scheme (stable in the streamwise direction) only if the governing

differential equations are time-like (hyperbolic/parabolic) in the

marching direction. In case the governing equations become locally el-

liptic, the use of a marching approach becomes invalid and any attempt

to march through such locally elliptic regions will encounter numerical

difficulties; in short, the problem of departure will occur. Although

based on a simplified versions of the governing PNS equations, both Schiff

and Stegerl and Vigneron et al.3 have shown that the character of the

governing equations can be directly linked to the eigenvalues of the

system of differential equations being considered. Their analyses (Refs.

1 and 3) indicated that the eigenvalues of the system become complex in
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the subsonic sublayer region, indicating that the governing equations

become elliptic in the subsonic sublayer region and a marching-like sol-

ution scheme becomes ill-posed. The supersonic outer flow region did not

pose any problem because the eigevalues of the system in this region re-

mained real. Thus, the governing equations were truely time-like

(hyperbolic/ parabolic) in the outer supersonic region and, consequently,

a marching-type solution scheme was well-posed.

On the other hand, Lubard and Helliwells and Helliwell et al.6 looked

at the problem of departure (streamwise stability) by looking at the

differenced form of the governing equations. Actually the analysis of

Lubard and Helliwell5 was also used as the basis for the stability con-

straints used in Ref. 6. In this approach a Fourier-type analysis is used

to look at the growth of oscillations in the streamwise directions. The

result of their analysis also indicated that the eigenvalues of the am-

plification matrix had magnitudes greater than 1 in the subsonic sublayer

region, unless the marching step size was kept greater than a certain

minimum value.

The work of Rubin and Lin8 and Lin and Rubing also confirms that a

minimum step-size requirement is necessary to prevent departure. The

earlier reported work of Lin and Rubin7 had suggested that any time re-

laxation (unsteady formulation) could be used to prevent departure com-

pletely. However, analytic and numerical stability analyses were

subsequently performed by Rubin and Lin8 and Lin and Rubing, and they

corrected the claim made in Ref. 7 by noting the existence of a minimum
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step-size constraint if the solution was not globally iterated (i.e.,

attempted as a "single-sweep"). The results of these analyses indicated

that for the time—relaxed (unsteady) PNS scheme of Rubin and his associ-

ates (Refs. 7-9) Axmi¤~0(ym), where ym is the extent of the sublayer re-

gion. This constraint was obtained analytically from a linear Von Neumann

stability analysis of a simplified and incompressible form of the PNS

equations (Ref. 9), and was qualitatively confirmed by numerical tests.

In order to get rid of the problem of departure, various researchers

have devised different approaches. Most notable of these are the sublayer

approximation used by Schiff and Steger,l the approach of Vigneron et

al.,3 and the step-size control methods of Lubard and Helliwells and Lin

and Rubin.9 The departure analyses of Schiff and Stegerl and Vigneron et

al.3 were based on looking at the character of the governing equations

and the corresponding eigenvalues of the system in the viscous and

inviscid limits. In the case of Schiff-Steger approachl the sublayer

pressure was assumed to be known and a constant. By doing so it was ob-

served that the resulting governing equations became time-like even in

the sublayer region and the problem of departure was, thus, resolved.

Vigneron et al.,3 on the other hand, assumed that in the subsonic sublayer

region only a fraction of the streamwise pressure derivative (p’£) was

to be included; i.e.,

py; = wp); (1-1)
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With such an assumption the governing equations also became time-like in

the subsonic sublayer region, as long as

2 2 2w < Ku /[a +(X-l)u ] (1.2)

In the case of Lubard and Helliwell,5 it was observed that if the

streamwise pressure derivative (p E) was estimated explicitly (i.e., it

was estimated from the previous marching steps), convergent (stable in

the iteration direction) and departure-free (streamwise stable) marching

solutions were possible if:

Ax . < Ax < Ax (1.3)min max

where the lower bound was the constraint for a departure-free solution

and the upper bound was the constraint for the iteration convergence.

The approach of Lin and Rubin,9 for suppressing departure solutions,

resembles that of Lubard and Helliwells in suggesting a minimum step-size

constraint if p g term was backward differenced; i.e.,

Ax >
Axmin ~ O(ym) (1.4)

Rubin and Lin8 and Lin and Rubing also suggested that if p g was forward

differenced, departure could be prevented. Such a forward—differenced

approach requires the use of a global relaxation procedure (global iter-
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ations). However, the present study concentrates on "single-sweep" PNS

procedures only, and not on globally iterated PNS methods.

In the aforementioned "single-sweep" PNS schemes we can see that the

possibility of departure solutions (streamwise instabilities) exists, and

the constraints developed to prevent departure involve a special treat-

ment of either the sublayer pressure or of its streamwise derivative.

This is where the present PNS approach starts to differ from the classical

treatments. If we look into the aforementioned schemes for preventing

solution departure, and the mathematical reasoning used to arrive at each

one of them (Refs. 1, 3 and 5), we see that (in a way) they pre-suppose

that the streamwise pressure derivative is the culprit and something needs

to be done with respect to it. In each of these cases the reasoning is

based on the original suggestion by Rubin and Lin8 of an "elliptic pres-

sure effect" in the streamwise direction. This suggestion by Rubin and

Lin was based on a consideration of interacting boundary-layer theory and,

also, assumed an incompressible flow (Ref. 8, pp. 24). At least in the

case of Vigneron et al.3 and Lubard and Helliwells this pre-supposition

about the treatment of p,€ term is obvious. Consider the case of Vigneron

et al.3 and their eigenvalue analysis for analyzing the time-like char-

acter (streamwise stability) of the governing differential equations.

The factor 'w° was by choice placed in front of the streamwise pressure

derivative term (p,£), and conveniently appeared in the eigenvalues in

the form:

ci ~ {Xu2 - w[u2 + (X-1)a2]}0'5 (1.4)
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The criterion for the time-like character required these eigenvalues to

be always real, and this led to the constraint on 'w° as given in the Eq.

(1.2). Now, it should be noted that the p’£ term is not the only con-

tributing factor to the quantity whose square root is involved in Eq.

(1.4). Thus, from a purely mathematical point of view, it may be possible

to have the factor °w° re-appear in the square root even if it was chosen

as a multiplier for some term other than the streamwise pressure deriva-

tive. Consequently, some equivalent constraint on °w° may still be ob-

tained to make the eigenvalues real, without neglecting part of the

streamwise derivative.

Similarly, in the work of Lubard and Helliwell (Ref. 5, pp. 55-61) it

was seen that if p’g term in the u-momentum equation and the energy

equation was evaluated explicitly, certain contributions to the amplifi—

cation matrix were removed and the corresponding eigenvalues were S 1 as

long as Axmin<Ax<Axmax. The approach of Schiff and Stegerl to prevent
departure is different only in the sense that it specifies the sublayer

pressure directly rather than specifying its streamwise derivative (p,;).

Nevertheless, even in this case it is done so because certain problematic

contributions to the eigenvalues of the differential system get removed,

and the eigenvalues become always real. This in turn implies that the

governing differential equations become always time-like.

Thus as can be seen form the above discussion, in all of the afore-

mentioned "single—sweep" PNS treatments the problem of departure

(streamwise instability) is removed by actually performing mathematical
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manipulations (eliminating or changing certain terms) such that either

the eigenvalues of the differential system (Refs. 1 and 3) or the

eigenvalues of the amplification matrix (Ref. 5) have acceptable values.

Now we pose a question --— "Is it be possible to do a mathematical ma-

nipulation of the governing PNS equations such that an acceptable

time-like character of the governing equations can be obtained without

having to neglect certain terms in part or in full ?" This question is

the focal point of the new PNS scheme being proposed. In this new PNS

scheme the following idea is presented:

If we consider pressure as an additional unknown guantity and solve

the algebraic equation of state simultaneously (in a coupled manner) wiph

the differential equations governing the conservation of mass, momentum

and energy, it appears to be possible to have an appropriate time—like

marching scheme without having to either specify a constant sublayer

pressure (Schiff-Steger approach), or to neglect a part of the streamwise

pressure derivative (approach of Vigneron et al.), or to estimate the

streamwise pressure derivative explicitly (Lubard-Helliwell approach).

The present PNS approach differs from the previous PNS treatments

mainly in the treatment of pressure terms. In almost all previous PNS

treatments, typically, the pressure-derivative terms in the momentum

equations are re-written in terms of the solution unknowns (typically,

p, u, w and e) by using an appropriate differentiated form of the equation

of state. In other words, pressure is considered as a "derived" quantity,

and not as an additional unknown variable.

cHA1>r2R 1 . 1NTR01>UcT10N 12



The conceptual development of the proposed PNS scheme uses the formu-

lation of Schiff and Stegerl as the starting point. In the case of

Schiff-Steger scheme, the formulation requires the jacobians (in other

words, the derivatives) of the pressure with respect to the unknown

flowfield variables (p, pu, pw and e). Based on a "frozen coefficient"

analysis (which is like a local linearization) of a simplified form of

the governing equations, it was noted by Schiff and Stegerl that the de-

rivatives of pressure bring the contribution of speed of sound in the

eigenvalues of the resulting system of equations. This speed-of-sound

contribution causes the condition that some of the eigenvalues of the

system, which dictate the character of the governing equations, are of

the form:

ci ~
(u2-a2)0°5

(1.5)

where 'u° is the streamwise velocity and °a' is the speed of sound. Thus,

Schiff and Steger concluded that as long as u>a (i.e., supersonic flow)

all eigenvalues were real and the resulting system was time-like and,

consequently, the solution could be marched in the streamwise direction.

However, when u<a (i.e., subsonic flow) the eigenvalues became complex

and the resulting system showed an elliptic character and, thus, the

solution could not be marched.

In order to eliminate this problem of complex eigenvalues, Schiff and

Steger recognized (as can be seen in Ref. 1) that if they could some how

get rid of this speed-of-sound contribution to the eigenvalues (at least
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in the subsonic sublayer region), they would have a system which will be

always time-like, and could be marched in the subsonic sublayer region

as well as in the outer supersonic region. In order to do so they assumed

that the pressure in the sublayer is specified as a constant, and as in

their words ". . is not a function of g (the local vector of unknowns),

L_;2 (Ref. 1, pp. 4). In doing so, it is indirectly assumed that the

sublayer pressure (ps) is an additional unknown quantity. In the liter-

ature, sometimes, the terminology of °splitting the sublayer pressure°

is also used to imply the same concept.

With such an assumption about the sublayer pressure, the derivatives

of pressure (in the sublayer region) with respect to the remaining unknown

variables (p, pu, pw and e) become zero; i.e.,

For u > a:

p = (¥—l>[@—pCu2+v2>/21 (1-6)
and

p’e = (K-1) (1.7)

p,P ='(X"l)(¤2+W2)/2 (l-8)

p’pu=-(X—1)u (1.9)

For u < a:

p = ps = sonic pressure = constant (1.11)

and

p,e = p’p = p)pu = p,pw = 0, p,pS = 1 (1.12)
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Thus, the contribution of the speed—of-sound to the eigenvalues in the

subsonic region is removed (see Ref. 1, pp. 4). Now Schiff and Steger

were faced with the problem of how to go from basically four unknowns (p,

pu, pw and e) in the supersonic region to five unknowns in the subsonic

region (p, pu, pw, e and ps). This problem was resolved through an ap-

proximation in which the value of ps was estimated by extrapolation from

the previous steps, and this overall treatment was called the "sublayer

approximation." It becomes clear from this discussion that the sublayer

approximation is at the expense of satisfying the.equation of state, in

other words the equation of state in the sublayer region is replaced with

the condition p=pS, and the solution of the conservation equations in the

sublayer region is not constrained to satisy the equation of state. Once

this sublayer solution has been obtained, the updated sublayer pressures

are recomputed from this solution using the equation of state. However,

this application of the equation of state occurs after the solution has

already been obtained, so that although the derived pressures may satisfy

the equation of state, the solution of the remaining unknown variables

(p, pu, pw and e) may not. ·

Now, the idea behind the treatment of pressure terms in the present

scheme is conceptually an extension of the Schiff-Steger approach. That

is to say, rather than just considering pressure as an additional unknown

in the subsonic sublayer region, we consider it as an additional unknown

all across the shock—layer (i.e., in the subsonic as well as the outer

supersonic region). That is to say we retain the pressure terms in the

conservation equations the way they are (i.e., we do not replace them with
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appropriate differentiated forms of the equation of state), and include

the algebraic equation of state as an additional equation to be solved

simultaneously. Thus, the dimensions of the system of equations to be

solved increases from five to six. However, from a simplified version

of these PNS equations, we see that in doing so we are able to remove the

contribution of the speed-of-sound from the eigenvalues of the system in

much the same way as the sublayer approximation does, but without having

to impose the constant sublayer pressure condition. Since we are not

constrained to impose the p=pS condition anymore, we are able to retain

the equation of state even in the sublayer region. In this way, instead

of approximating the sublayer pressure by extrapolation from the previous

marching steps (the Schiff-Steger approach), we are able to solve for

these pressure values in a coupled manner by using the equation of state. I

Thus, in general terms, it may be said for the present approach that

it is an improvement on the Schiff-Steger approach, whereby we are able

to calculate the sublayer pressure directly from the perfect—gas equation

of state instead of approximating it by extrapolation from the previous

marching steps.

1.3. OUTLINE

Chapter II of this dissertation deals with the description of the co-

ordinate system chosen and, also, a summarized derivation of the governing

PNS equations. These PNS equations are derived in detail in Appendix A.

A simple and hypothetical problem consisting of three independent vari-
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ables is also presented. The idea behind this model problem is to only

suggest that for situtations where we have differential equations coupled

through an algebraic relation, there may be cases where the time-like or

elliptic character of the final solution may depend upon the way these

equations are formulated. It is suggested that this model problem may

provide some insight into the reason why the classical PNS treatments are

conditionally time·like and the present scheme seems to be uncondi-

tionally time-like.

Chapter III deals with the numerical formulation and the

finite-difference approximations of the governing PNS equations, used to

reduce them to a block-tridiagonal system of equations. It is explained

how a pseudo-unsteady approach can be used to improve the computing ef- "

ficiency of the resulting iterative solution. The boundary conditions

used to solve the final block-tridiagonal system are explained, and it

is shown how the body-normal derivatives at the wall can be accurately

calculated.

Chapter IV of this dissertation deals with a new smoothing and damping

approach, which is used in the present scheme to damp solution oscil—

lations generally associated with the use of central-differenced opera-

tors. It is demonstrated that this smoothing approach is mathematically

consistent and second-order accurate.

Chapter V deals with a simplified analysis of the governing PNS

equations. This analysis attempts to study the marching—like character
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of the simplified PNS equations, and follows partly the approach used by

Schiff and Steger in the study of their non-iterative PNS scheme (Ref.

1). It is suggested that (within the limitations of the assumptions and

simplifications) the "simplified PNS equations" show an unconditionally

time-like character.

Chapter VI of this dissertation provides some demonstrative numerical

results based on the present scheme. A seven deg sphere-cone (with a nose

radius of 0.041667 ft) is chosen as the test vehicle, and the flow over

this vehicle is studied under 80 kft and 200 kft flight altitudes, and

for a freestream Mach number of 25. The results of these cases suggest

that the present scheme behaves more accurately under high-altitude (high

Mach number and low Reynolds number) conditions, where the non—iterative

AFWAL PNS scheme (Refs. 2 and 4) seems to encounter stability problems.

Finally, the general conclusions of the present study and their pos-

sible implications are presented in Chapter VII. Appendix A provides a

detailed description of the governing PNS equations of Chapter II. Ap-

pendix B deals with the detailed analysis of the model problem presented

in Chapter II. The expressions and details of the linearization processes

used in Chapter III are given in Appendix C, and the details of the

eigenvalue analysis used in Chapter IV for the "simplified PNS equations"

are given in Appendix D.
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CHAPTER II. MATHEMATICAL FORMULATION

2.]. COORDINATE SYSTEM

The present PNS scheme can be used for two-dimensional as well as

axisymmetric perfect-gas flows. The coordinate system used is a general

curvilinear coordinate system (E,;) shown in Fig. 1. Also, a body—fixed

orthogonal (Cartesian) coordinate system is chosen such that the origin

of the Cartesian coordinate system is at the tip of the blunt nose and

the x—axis is aligned with the axis of the body. The z—axis is chosen

as pointing downwards such that the windward surface of vehicle is on the

positive z-axis side (see Fig. 1). The E coordinate is along the body

and is also the marching direction. The C coordinate stretches from the

body to the outer bow shock and can be either body—normal or axis—normal.

In general, it is assumed that the (x,z) space is uniquely transformable

to the (§,§) space through relations of the form:

E = €(x,z)

C = C(x,z) (2-1)

The uniqueness property is automatically satisfied as long as coordinate

lines of the same family do not cross, and this is important so that the

inverse transform of Eq. (2.1) is definable. Suppose we denote the

marching step at which we seek the solution as °j+l° and the previous step

as °j°, then the transformation of Eq. (2.1) is chosen such that the
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physical (x,z) grid between °j' and 'j+1' steps transforms to a rectangle

in the computational (E,C) plane. The body surface corresponds to the

;=0 curve, whereas the outer bow shock corresponds to C=LMAX curve (LMAX

being the number of grid points in the ; direction). Also, £=0 at the

j-th step and §=l at the j+l step. Thus, at each marching step, every

grid cell in the x-z space between the j and the j+l step is transformed

into a unit square in the E-C plane with A£=A;=l.0 (see Fig. 2).

The transformation given by Eq. (2.1) is in general difficult to ob-

tain. However, if we assume for the present that the (x,z) grid at the

j+l step is known (subsequent sections will discuss this in more detail),

then the metric derivatives for the inverse transform

x = x(€,C)

z = z(€,C) (2-2)

can be easily obtained numerically. At each grid point, this information

about the inverse-transform metrics is used to determine the transforma-

tion Jacobians (J) and the metric derivatives (E’x, §,z, ;’x and ;,Z) for

the transformation given by Eq. (2.1).
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2.2. PARABOLIZED NAVIER-STOKES EQUATIONS

The full Navier-Stokes equations governing three-dimensional

compressible flows can be written in a nondimensional form as (see Ap-

pendix A):

V 1 V 1 V 1 V 1 V 1 V 1 V 1

Ip¤2+pI +I pvu I +I pwu I =¤(Igl2I +Ig22I +Ig32I >+I 0 I
I puv I Ipv2+pI I pwv I Iglßl Is23I Ig33I I 0 I

2I ww I I pvw I Ipw +pI Iglal Igzal Iggal I 0 I
Ipuöl Ipv‘PI IV>w‘PI |gl5I Ig25| |g35I I 0 I
IOI IOI IOI IOI IOI IOI I¥p·pT|
L 1,2 L 1,}, L 1,2 L 1_x L 1,y L 1,2 L 1

Or

->
—>

-> -> -} —>
->

P (2.3)

—>

where the various components of the aforementioned viscous vectors (Gl,
·+ —!

2G2 and G3) have been derived in Appendix A, and §=[T/(X-l)+V /2]. The

aforementioned Navier—Stokes equations have been closed by using the

equation of state, which is the last equation of the above vectorial

equation. For a perfect gas this equation of state is given as:

Xp = pT (2.4)
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Unlike the conventional PNS approaches, we choose our unknowns to be the

density (p), the density-Velocity products (pu and pw), the

density-temperature product (pT) and the pressure (p). The reason for

choosing °pT' as the independent variable (instead of the total energy

per unit volume, 'e°) is that when one considers the eventual extension

of the present scheme to real-gas flows, the temperature °T° (or equiv-

alently pT) is a more convenient variable. Thus our vector of unkowns

is:

V 1

IPI

Ipul

q=|pwI _ (2-5)

IPTI

Ipl
L 1

Following the approach of Peyret and Viviand,16 it can be shown (see

Appendix A) that Eq. (2.3) can be transformed into the following vectorial

equation in the general curvilinear coordinate system (5,;), i.e.,

FJ = 6SJ + (1/J)P (2.6)ij „~€j

where °J° is the determinant of the transformation Jacobian, and
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-> ·)

F.= 1J . E. 2.7J—)
-)

S.= 1J . G. 2.8J (/)€-bxil ( )

In the above equations the indicies °i° and 'j° represent 1,2 and 3, il

is E, Z2 is C, E3 is the circumferential coordinate measured from the

windward plane of symmetry, xl is x, x2 is y and x3 is z.

It has been shown in Appendix A that for axisymmetric or 2-D flows the

crossflow convective derivatives can be analytically obtained. If we

consider only the windward pitch-plane, we obtain

V 'I

I
I 0 I

I 0 I

I 0 I
->

F = (l/J) I-•<p/z I (2-9)3!€3

I 0 I

I 0 I
L .1

where n=0 for 2-D flows and ¤=l for axisymmetric flows.

Furthermore, for axisymmetric/2-D flows the crossflow diffusion ef-

fects are zero; i.e.,

-)
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->

Thus, if we define H as

—>
->

—>

H = P - F3,gg (2.11)

we obtain the axisymmetric/2-D Navier-Stokes equations in a general

curvilinear coordinate system as:

-) -> —>
-> —>

F + F = S + S + H 2.11

It should be noted that the third row of the above vectorial equation [Eq.

(2.11)] consists of all zero terms and, thus, will be dropped. In other

words, the vectors appearing in Eq. (2.11) are re-defined such that third

row is removed, and all other terms are simplified using v=0.

Equation (2.11) is elliptic in both E and § directions. If we neglect

the viscous diffusion and dissipation effects in the E direction and as-

sume that the solution can be marched in the E direction (the validity

of this marching assumption will be discussed later), Eq. (2.11) reduces

to the parabolized Navier—Stokes (PNS) equations. The complete set of

these PNS equations for axisymmetric and two-dimensional perfect-gas

flows can be written in a vectorial form as:
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V 1 V 1 I' 1 V 1

I pUl/J I I PUZ/J I I O I I O I
=¤(I S2 I )+I O I

I S3 I I•<p/JZI

I ¤<PUl/J I I POUZ/J I I S3 I I O I
I O I I O I IO I |¥p·s>T|
L J3; L J); L J’; L J

or

···)
—·> —>

->

F + F = S + H 2.12
l); 2);

E

)C

( )

where U1 and U2 are the contravariant velocity components defined in Ap-

->
pendix A, and the form and derivation of the viscous vector (S) is also

given in Appendix A.

2.3. A MODEL MARCHING PROBLEM OF A MIXED TYPE

The system of equations represented by Eq. (2.12) is not a pure dif-

ferential system, it consists of five partial differential equations

coupled through a sixth equation which is a purely algebraic relation.

In the present treatment this set of governing equations is referred to

as a °mixed-type system'. The term °mixed-type' is not to be confused

with the character of the differential equations in the system (i.e.,

hyperbolic, parabolic, elliptic, etc.). In terms of character classi-
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fication, a system whose differential equations change character will be

explicitly called out as a 'mixed-character system'.

The most important view point to be presented in this section is that

the character classification of a mixed type system is significantly

different from the classical character classification of purely differ-

ential systems. In other words a purely differential system has a fixed

character; i.e., it is either elliptic or time-like. By °time-like' we

mean that a differential system is either hyperbolic or parabolic or mixed

hyperbolic-parabolic. However, as long as the differential system is

time-like, the numerical solution can be marched in the time-like direc-

tion. On the other hand, if the differential system is elliptic in

character, marching-like numerical solutions are invalid.

The case of mixed-type systems is, however, quite different. For such

mixed-type systems the overall character of the system may depend upon

the way in which the problem is formulated. That is to say, it may be

possible to have a mixed-type system as elliptic or conditionally elliptic

if one formulates the problem in one way, and have it unconditionally

marching-like if one formulates the problem in another way. This idea

is new and has given rise to a fair amount of controversy. Nonetheless,

it may be analytically demonstrated on a model mixed-type system.

Consider the following system involving 3 unknowns, ¢l, ¢2 and ¢3;

i.e.,
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°1.x ‘ °’z.y = °
- + 2 + = 0 2.13¢2,X ¢l,Y ¢2„Y ¢3„Y ( )

2 -a ¢l — ¢3 — 0

with initial condition specified at x = 0 and boundary conditions speci-

fied at y=0 and at y=1. Suppose we consider the following initial and

boundary conditions:

¢ (0 Y) = a2¢ (0 Y)3
’

1
’

¢l(0,Y) = ¢2(0,Y) = Y (2-14)

¢ (X O) = a2¢ (X 0)3 ß 1 l

,0 = ,0 = 1 2.15) ) ( )

and

¢ (X 1) = a2¢ (X 1)3 )
1 )

¢l(x,1) = l + x (2.16) ·

¢2(X.1) = 1 — (a2+l)X

The solution to Eq. (2.13) for these boundary conditions [Eqs. (2.14),

(2.15) and (2.16)] is (see Appendix B):

¢l(x.Y) = Y + X
¢2(X.Y) = Y — (a2+1)X (2.17)

2¢3(X,Y) = a (Y+X)
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It is suggested that the above model problem appears to bear some

resemblence with the inviscid limit of the governing PNS equations. The

model problem involves only first-order derivatives in the two spatial

coordinate directions to simulate the convective derivatives of the

inviscid limit of the PNS equations. The third equation of this model

problem is an algeraic relation, and is used to simulate the role of the

algebraic equation of state in the PNS equations. Just like the equation

of state in the governing PNS equations, the algebraic relation of the

model problem appears not only as a relation to be satisfied within the

solution domain, but it also appears in the initial conditions and the

boundary conditions. The variable ¢3 of the model problem plays a similar

role as played by pressure in the governing PNS equations. Now consider

the following two different formulations of the model problem.

2.3.1. Formulation I

In this approach we can substitute the third equation of Eq. (2.13)

into the second equation and obtain

¢l,><
_

¢2.y = 0
2

- = 0 2.18

Or we may simply write

-)
~

->

A = O 2.19
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where

V w
·}

¢ = I ¢l I
I ¢2 I (2.20)
I. 1

and the eigenvalues of A are

U xl = 1 + (2-a2)0'5

x2 = 1 — (2—a2)0'5 (2.21)

It is also shown in Appendix B that we can write Eq. (2.19) as

$1,x +
$1$l,y = 0

¢2UX + x2«p2Uy = 0 (2.22)

where

$1 = $1 + $2
¢2 =—X1¢l—X2¢2 (2-23)

Thus, we see that Eq. (2.22), and equivalently Eq. (2.18), is

time-like if X1 and X2 are real (a2S2). When X1 and X2 are not real
(a2>2), Eqs. (2.18) and (2.22) are elliptic in nature. In other words,

a marching-like solution of Eq. (2.18) will be valid only if a2S2. Fur-
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thermore, Appendix B shows that for a2S2 the analytic solution to Eq.

(2.18) can be found, and it is the same as given by Eq. (2.17).

2.3.2. Formulation II

From the earlier discussion on Formulation I of the model problem we

see that the variable °a' of the model problem is like the speed of sound

in the governing PNS equations. That is to say, like the classical PNS

schemes where the speed of sound appears in the eigenvalues through the

pressure terms and the accompanying equation of state (Refs. 1 and 3),

in the model problem the variable °a° appears in the eigenvalues through

the variable ¢$ and the corresponding algebraic realtion. Now, for this

model problem, if we can devise another formulation such that the variable

°a° no longer contributes to the eigenvalues of the system, it may provide

us with a key to attempt a similar treatment of the governing PNS

equations. It appears that such a re-formulation of the model problem

may be mathematically possible, and will be called Formulation II.

In the aforementioned Formulation I, the overall mixed-type system was

reduced to a pure differential system. In Formulation II we will attempt

to solve directly the actual mixed—type system [Eq. (2.13)], and look at

the character of the resulting system. At first glance it does not seem

likely to be able to do that. However, it may be possible to do such an

analysis if one looks at Eq. (2.13) as the limiting case of a

small-perturbation problem. Such an approach might be valid as long as
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the small-perturbation problem being considered allows us to take this

limit without any singular behavior.

For this purpose, consider the following problem (were 2 2 0)

¢l,x - ¢2,y = 0

¢2,x 0
2 _

E¢3,x “ a °1 ¢6

with

¢l<0,y) = y

¢2(0,y) = y C2 25)
2¢3C0,y> = 6 y

¢ Cx,0) = 11,Y
,0 = 1 (2.26))

¢¢3 x(x,0) = 62¢l(x,0) — ¢3(x,0)

and

¢l(x,1> = 1 + x

¢2(x,l) = 1 - (a2+1)x (2.27)

2¢3,x(x,1) = a2¢l(x,1) - ¢3(x,l)
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Thus, the small perturbation problem being presented has the correct

initial conditions, and the boundary conditions at y=O and y=l are con-

sistent with the governing equations [Eq. (2.24)].

The complete solution of this problem is given in Appendix B. However,

briefly speaking, Eq. (2.24) can be written as:

l

->
~ + ~

-b

¢,x + A•¢’y - (1/s)B•¢ = 0 (2.28)

The eigenvalues of A are

X1 = 1 + /2

X2 = 1 - /2
X3 = 0 (2.29)

It is shown in Appendix B that we can write Eq. (2.28) as

0
X1 (f/8) = O

¢3’x - (X1-X2)(f/s) = O (2.30)

where

f = [a2(¢ +¢ ) + (az-1)¢ 1/(X ->.) (2.31)1 2 3 1 2

and
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$1 = $1 + $2 + $3

$3 = $3 (2.32)

Since X1 and X2 are real [see Eq. (2.29)], we can see that Eq. (2.30)

is unconditionally time-like, and a marching—type numerical solution of

Eq. (2.30) will be unconditionally valid.

In order to answer the question, "How does the small perturbation

problem of Eq. (2.24) relate to the original problem of Eq. (2.13)?", we

can see that under the limiting condition

· 6 + 0+ (2.33)

Eq. (2.24) reduces to Eq. (2.13), and the boundary conditions given by

Eqs. (2.26) and (2.27) reduce to the actual boundary conditions given by

Eqs. (2.15) and (2.16). The initial conditions are the same anyway.

A question arises --- "Is it valid to take the limit of Eq. (2.30)?",

or in other words "Does Eq. (2.30) behave singularly because of the 1/:

factor?" To answer to this question, the third equation of this system

[Eq. (2.30)] shows that for all :

f/: (2.34)
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In other words, Eq. (2.34) indicates that °f/2° is always defined, if $3 X”
S

is defined for 220.

The demonstration that $3 X
is bounded for 220 [i.e., Eq. (2.30) is

S

not singular when 2 + 0+], comes from the actual analytic solution of Eq.

(2.30). It is shown in Appendix B that the analytic solution to Eqs.

(2.30) and (2.32) is:

¢l(X,y) = y + X
2

¢2(x,y) = y - (a +l)x

¢3(X,y) = aZ(y+X) - azcil-eXp(-X/=)] (2-35)

where _ Q

2 2 0 (2.36)

It should be noted that we are marching in the x direction, so that

our x is always positive and increasing. Thus, we see that with 2 * 0+,

Eq. (2.34) does not appear to be singular [or, equivalently Eq. (2.30)

does not appear to be singular] and, furthermore, this solution seems to

be even valid for 2 = 0 (see Appendix B). Also, we see that with 2 + 0+,

the solution to our hypothetical small perturbation problem appears to

correctly approach the solution to our actual model problem; i.e.,
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¢l(X,y) = Y + X

¢2(X,y) = y — (a2+l)X
¢3(X,y) ‘* a2(y+X) (2-37)

The aforementioned mathematical exercise is only used to present the

conclusion -—- There may exist a class of °mixed-type'

system-of-eguations where it may; be possible to have a conditionally

time—like behavior if one formulates the problem in one way, and it may

also be possible to have the same problem as unconditionally time-like

if one formulates the problem in a slightly different manner.

The model problem [Eq. (2.13)] presented herein, bears some similarity

to the governing PNS equations [Eq. (2.12)]. The classical treatments

of these PNS equations (Refs. 1-9) appear to correspond to the Formulation

I presented earlier, which was conditionally time-like. The present

scheme, however, seems to follow the approach of Formulation II, which

had an unconditionally time-like character.
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CHAPTER III. NUMERICAL FORMULATION

3.1. EXPANSION AROUND THE PREVIOUS ITERATION

The previous chapter discussed the derivation of PNS equations for

axisymmetric and two—dimensional flows. It was shown that these PNS

equations can be written in the following vectorial form:

-7 -7 -7 -7

F +F = S +H 3.11,; 2,; 8,: ( )
In. the present approach, at each marching step the solution to Eq.

E
(3.1) is sought in an iterative manner. Let us denote the iteration level

by the index °n°, so that the iteration at which we seek the solution is

represented by the superscript °n+l° and the previous iteration (the

solution to which is known) is represented by the superscript °n°. Thus,

for the j+l marching step the governing PNS equations at the n+l iteration

level are written as:

I ·+1 +1 I ·+1 +1 I ·+1 +1 +1pJ·“+pJ·“=sJ·“+11J·“ 3.21Dg 2)C E )C ( )

If we assume that the solution at the n+l level is close to the solution

at the n—th iteration, we can use a first—order Taylor series expansion

around the previous iteration to write

—> -7
~ -7

F
j+l,n+l

= F
j+l,n

+ A
j+l,n•Aqn+l

1 1 1
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j+,¤ „ j+,¤ j+,¤ ¤+1
4 1 +1 4 1 " 1 4
F2 F2 + A2 •Aq

·! ->
~

—) •

S j+1,n+1 = S j+l,n + M j+l,n_Aqn+1 (3.3)

—>
+

~
-)

H j+l,n+1
= H

j+l,n
+ A

j+1,n•Aqn+1
O

where

4+1 4*+1 +1 4*+1Aqn =<1J ’n ·qJ ’n
(3-4)

The matrices A0, Al, A2, and M are called the jacobian matrices (not

to be confused with the transformation Jacobian. matrix), and the ex-

pressions for these matrices are given in Appendix C. It should be noted

that in evaluating the jacobian matrices and doing the Taylor series ex-

pansion around n-th iteration, we only consider the flowfield variables

as the unknowns and assume that we know the grid at the n+l step. This

becomes possible if we use (as in the present case) some independent ap-

proach to predict the shock location (and thus the grid) at the j+l

marching step. This shock propagation will be discussed separately in a

later section, along with the other boundary conditions.

Thus, we see that by expanding the solution around the n-th iteration

and using a two-point streamwise differencing (explained in detail in the

following section), the governing PNS equations at the n+l iteration can

be written as:
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~ ~ ->
~ ~ ->'+1 + '(Al/A€_A0)j ,n•Aqn 1 +[{A-

1,: 2,: ,:
+'+1

n=gJ ’
(2.5)

3.2. DIFFERENCING SCHEME

Equation (3.5) is a vectorial equation involving derivatives in the E

and C coordinate directions. As we neglected the viscous diffusion in
—)

the marching direction, the viscous vector S only involves the derivates

in the C direction. Since the problem is elliptic in the C direction,

we use central-difference operators for all C derivatives.

The streamwise differencing, however, needs some explanation. It has

been noted in the case of conventional non-iterative PNS schemes (Ref.

1,2 and 4) that a simple two-point backward differencing is

non-conservative as it results in truncation errors of order
j+1 j 2 . . .O[(q —q ) ]. Thus, in order to cancel this truncation error the

non-iterative PNS schemes of Refs. 1, 2, 3 and 4 use special three—point

operators. They use the solution at the j and j-1 marching steps to es-

timate this truncation error as:
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-> _+1 —» _+1 -> _
J

= J _ JF1,£ [F1 F1 ]/Ai + O(A§)

~
·} ·P 2”

°+], ++1
= [AlJ'AqJ + 0(^qJ )]AE + 0(A£)

~ . *. * . * . ~ . *.

"1 +1+1"1-1 +1 + 1= [A •Aq -A
•Aq

]/AE + F (3.6)1 1 1,§

where

->_+1 ->_+l ->_

Aqj = qJ - qJ (3 7)
and

-»_ -»_ -»_
1Aqj = qj · qJ (3 8)

In contrast to the conventional non-iterative PNS schemes, for the resentP
scheme the two·point backward differencing formula (at the n+l iteration)

* 2
involves truncation errors of order 0(Aqn+l ), i.e.,

+ ”+
+

+
'+ +

+ °F1 EJ l·“ 1 = [FIJ 1·“
l—r1J]/Ag + O(A§)

s
~

—> -> —» —>

= [A1J+l’n•AqH+l+O(Aqu+1)2+FlJ+l°n'F1J]/Ä£+O(AE)
·

~ -> -> -»

where

+ +1 +*+1 +1 +*+1Aqn = qJ *“
- qJ ·“

(3.10)

->
Thus, in the limit of convergence (Aq¤+l

* 0) the two-point streamwise

differencing of the present PNS scheme becomes conservative.
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The fact that the present PNS scheme allows us to use a simple

two—point backward differencing, may not only be important from a storage

point of view but it may also give the present scheme some improved ca-

pability for treating strong compression discontinuities. Experience

with classical non-iterative PNS schemes suggests that these schemes en-

counter severe numerical difficulties when trying to step across regions

of sudden geometry changes (such as strong compression corners). This

is may be because across such discontinuities (a) a simple second-order

Taylor series expansion around the previous step is not accurate, and (b)

the streamwise differencing of Eq. (3.6) is no longer conservative. For

these reasons (and may be more), when marching across a strong compression

corner with a non-iterative PNS scheme, typically, significant solution

oscillations are observed, and in many cases the non-iterative schemes

just fail to step across. This problem seems to become more pronounced

under high-altitude (low-density) reentry conditions where even small

body-slope changes have a strong impact on the solution.

3.3. PSEUDO TIME FORMULATION

The solution of Eq. (3.5) involves the use of central-difference op-

erators in the ; direction. Typically, such central-difference operators

cause solution oscillations and additional higher-order smoothing terms

need to be added to Eq. (3.5). For the present scheme, a new second-order

accurate fully implicit smoothing has been developed. This new smoothing

approach will be discussed in detail in the following chapter. Never-

theless, briefly speaking, the form of these higher-order terms is chosen
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to be such that Eq. (3.5) is transformed into another equation in terms
—)

of an intermediate solution QJ+1’H+1
as:

~ ~ .+1 —>
~ ~ .+ ->(A /A;—A >J ·"·AQ“

+ 1(A -¤M1J l*“•AQ“”'l1
1 0 2 ,1;-> —> .+1 -)

1=_F 1+F 1 _S1_H1+¤[ 1,E 2,C E ,c 1
+'+l

n=gJ * (3.11)

As can be seen, this equation is identical in form to the original
·> ->

equation [Eq. (3.5)], with q being replaced by Q. The actual solution
-)

q is explicitly related to this intermediate solution (to be shown in

Chapter IV) by:

+ —> —>
2q = Q + wQ AC /4 (3.12),CC

where w=0 for no smoothing effects and w=l if smoothing effects need to

be included.

As a result of the above discussion we see that by using a two-point

backward differencing for the Z derivatives, central-difference approxi—

mations for the C derivatives, including second-order accurate smoothing,

and expanding the solution around the n—th iteration, the difference

equations corresponding to the solution for the n+l iteration at the j+l

marching step can be written in terms of an intermediate solution vector
-} .Q_]+l,n+l as:
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_ 2
j+1,n

+
j+l,n

+
j+l,n *j+l,n— -[Fl,g +F2,C —cS,C -H ]ß (3.13)

It should be noted that the the right—hand side of the above vectorial

equation is the governing differential equation written at the n-th it-

eration for the j+1 marching step. We can simply write this

block—tridiagonal system as:

So we see that as we converge to the final result, the right-hand side

of Eq. (3.14) approaches zero. Under this limiting case there is one

unique solution to the above problem which is AQ=0 as long as BH
is a

non-singular matrix. This iteration can be viewed as marching in some

fictitious time (pseudo—time) direction, so that the overall iterative

solution is like solving a fictitious unsteady (pseudo-unsteady) problem.

The steady-state solution of this pseudo-unsteady problem is the same as

the converged solution to our actual iterative problem. Once we accept

this pseudo-unsteady interpretation of an iterative procedure, we can

take a step further and realize that slight changes in the solution al-

gorithm, such that they do not affect the final steady state, are com-

pletely valid and acceptable. This is because it is not the physics of

the pseudo-unsteady problem that we are interested in, rather it is only

the final steady-state solution which has any meaning for us. Or, in

CHAPTER III. NUMERICAL FORMULATION 42



terms of the real iterative solution, we can modify the convergence path

as long as we do not affect the final converged solution. This idea is

the backbone of all pseudo-unsteady approaches which in most cases result

in more efficient solution procedures.

Of course, the important assumption behind such a pseudo-unsteady

scheme is that the modified transient problems also have a final steady

state. (This is usually true, as long as the original solution scheme

is convergent and, also, that the modified pseudo-unsteady problem only

involves small perturbations on the original scheme.) Thus, by using the

pseudo-unsteady concepts we see that as long as gn is non-singular, the

accuracy of the matrices An, gn and On
really does not make any dif-

ference in the limit of convergence. Slight changes in these matrices

would only change the nature of the pseudo-unsteady problem, which is of

no concern to us except that it affects the convergence rates. As men-

tioned earlier, experience with the use of such pseudo-unsteady schemes

shows that as long as we can come up with constant coefficient matrices

A, and O such that they closely resemble An, gn
and On at all

iteration levels, the convergence characterictics of such iterative sol-

utions are typically very good.

The present scheme has the advantage that usually the A, and O

matrices at the first iteration are a good approximation to An+l, gn+l

and On+1,
respectively. Consequently, A, E and O are evaluated only

once for the first iteration and kept unchanged for the remaining iter-
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ations. Thus, without affecting the steady-state solution, we can write

the block-tridiagonal system of Eq. (3.14) as:

~ + '+ + ~ + '+ + ~ + ‘ + 'A_AQß-lg 1,n

1,nwhere

Ä = Än=1

E = §¤=1
and

E = Gn=1

From Eq. (3.15) we see that we need to invert the matrices only once and

store their inverted forms. After this first iteration, all that is re-

quired for obtaining the solution AQ£j+l’n+l
is a simple

back-substitution using gj+l’H
vector and the stored inverted forms of

matrices A, B and C. Since solving for AQZj+1’n+l
in this manner

requires simple vector multiplications, it is exceptionally fast as com-

pared to the time taken for the first iteration. Usually, the time taken

for each iteration after the first iteration is only 10-15% of the time

taken for the first iteration. This order of reduction in computing time

occurs on a serial machine (such as IBM 3081); however, it is conceivable

that on a vector processor this reduction in time will be even more.

After having obtained the intermediate solution Qj+1’H+l,
the actual

solution qj+l’n+l
can. be obtained very easily by using Eq. (3-12)-
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Equation (3.12) is an explicit expression for Aqj+l’n+l,
and can be

processed with a negligible amount of additional computing time and ef-

fort.

34. BOUNDARY‘CONDVHONS

The problem represented by Eq. (3.1) is a split·boundary-value prob-

lem, i.e., the equations are hyperbolic-parabolic in the Ä direction and

elliptic in the § direction. Thus, in order to solve the problem com-

pletely we need initial conditions to be specified at the start of the

marching procedure, and boundary conditions to be specified at the wall

and at the outer bow shock.

3.4.1. Initial Conditions

For the present PNS scheme, the initial conditions to start the

marching procedure are obtained from a Viscous Shock-Layer (VSL) blunt

body solution. The quality of such VSL solutions has been discussed in

great detail in Refs. 12-15. Briefly speaking, studies have shown that

the quality of VSL blunt-body solutions is comparable to a corresponding

thin-layer Navier-Stokes (TLNS) solution. However, the computing times

required for a VSL solution are only a small fraction of the computing

times required for the TLNS solutions. Furthermore, the storage re-

quirements of a VSL code are a lot less than the TLNS codes, so that for

the same blunt-body region the VSL solution can be obtained with a lot

more grid points than the TLNS solutions with the same memory allocation.
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In the afterbody region the PNS equations represent a more accurate

scheme than ‘the VSL schemes. Furthermore, due to their parabolized

(marching) nature the PNS schemes are still a lot less expensive and a

lot less time consuming than the thin-layer Navier-Stokes schemes. The

PNS equations are a higher-order set of equations than the Viscous

shock-layer equations, and unlike VSL solution schemes do not require a

prior knowledge of the outer bow shock location. Also, the need to

globally iterate the solution (like in the VSL schemes) is also elimi-

nated. Although the VSL solutions in the blunt-body region are Very at-

tractive due to their efficiency, accuracy and unconditional stability,

in the afterbody region the PNS equations are more accurate, comparable

in computing effort, and also have a greater capability for treating

cahnges in body slope and curvature. For the present scheme, the VSL

blunt-body solution was interpolated to obtain the starting solution at

the initial data plane (IDP) for the PNS solution. Typically, we choose

this starting location to be approximately 2 nose-radii downstream of the

stagnation point.

3.4.2. Wall Boundary Conditions

For the present PNS scheme, the boundary conditions at the wall consist

of five independent relations representing the nature of the gas and the

physical conditions at the wall. These conditions are:

(1) Equation of state for a perfect gas (Xp=pT)

(2) No—slip condition for °u° Velocity component (pu=O)
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(3) No slip condition for °w' velocity component (pw=0)

(4) Specified wall temperature (p=Kp/Tw)

and

(5) Zero pressure derivative in the C direction (p,C=0)

The first four boundary conditions are easy to visualize as they represent

the actual physical conditions at the wall. The fifth boundary condition

on the pressure derivative comes from a boundary-layer—type analysis

performed at the wall. The above set of boundary conditions are

well-posed and form a linearly independent set.

3.4.3. Outer Boundary Conditions

4
The boundary conditions at the outer bow shock are more involved than

the boundary conditions at the wall. As was mentioned earlier, the sol-

ution scheme described in the previous sections involves the assumption

that we not only know the location of the outer bow shock at the j+l step,

but that we also know the conditions behind the shock. In order to make

such a prediction, before we actually solve for the solution at the new

marching step, a shock propagation approach very similar to the one used

by Chaussee et
ala

was used. In their approach they use a combination

of inviscid compressible flow equations to predict p’€ value behind the

shock at the j-th marching station. Using this pressure derivative and

a simple Euler integration, they predict the pressure behind the shock

at the j+l marching step, and the remaining conditions behind the shock

are determined from the Rankine-Hugoniot shock-crossing relations. The

shock location at the j+l step is then predicted using the conditions
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behind the shock at the j+l step and the fact that the shock is a

C=constant curve. This procedure of Ref. 4 is deficient because, in

predicting the pressure behind the shock, it does not account for a var-

iable marching step size. Furthermore, in the aforementioned procedure

there is no interaction between the shock location and the solution at

the j+1 marching step. An additional criterion for checking the quality

of a solution is the global conservation of mass. Typically, the use of

Chaussee et al.°s (Ref. 4) shock propagation results in errors of the

order of 2% in the global conservation of mass, which are not good for a

fully-conservative scheme (iterative as well as non-iterative).

The mass flow out of the j+l plane is a lot more sensitive to the shock

location at the j+l step than any other shock quantity. Using this as

the basis, the shock propagation problem is split into (a) the prediction

of behind-the-shock conditions from a knowledge of the solution at the

j-th step, and (b) an iterative prediction of the shock standoff distance

from a knowledge of the solution (for the n-th iteration) at the j+l step

and the use of the global conservation-of—mass criterion. As an initial

guess for the shock location at the j+1 step, the approach of Chaussee

et al.2is used with an iterative correction applied at each subsequent

iteration to satisfy the global conservation of mass to within a specified

limit. Typically, the tolerance limit for this is specified to be less

than 0.1% of the freestream mass flow. Furthermore, such a correction

can be made without disrupting the pseudo-time integration scheme dis-

cussed earlier. That is to say, the grid changes resulting from a cor-

rection on the shock standoff distance are small and have little impact
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on the metric derivatives and the corresponding Jacobians (J). Thus,

during the iterations, the corrected grid is used only in calculating the
+ ·„ „

right·hand-side Vector (g2J+l’n) of Eq. (3.10), and the matrices A, B

and C are not changed. This is possible because in doing so we only

slightly change the nature of the pseudo—transient problem and not the

— final steady state. The final steady-state solution still corresponds
+ -)

to AQßJ+l’n+l*0 and g£J+l’n*0,
so that when we reach the final

steady-state (i.e., the solution converges) we automatically satisfy the
-)

correct difference equations given by
gJ+1’u=0.

In this way, without

retarding the solution convergence, we are able to correctly account for

the grid changes due to a change in the shock standoff distance.

3.5. CALCULATION OF THE BODY-NORMAL DERIVATIVES AT THE

WALL

The wall heat-transfer and skin-friction calculations require a know-

ledge of the body-normal derivatives of temperature and the streamwise

component of Velocity. Although the coordinate system used may not be

body-normal, one can analytically obtain expressions for the body-normal

derivatives in terms of the '§' and °;° derivatives.

If we represent the body-normal direction by I], then at the wall the

body-normal derivative of any general quantity (Y) can be written as:

CHAPTER III. NUMERICAL FORMULATION 49



+ (3.16)

where Bb is the local body slope (angle). In the present calculations,

three-point forward-differenced approximations have been used for the {

derivatives at the wall, and the E derivatives at the wall have been es-

timated using two-point backward-differenced approximations.

CHAPTER III. NUMERICAL FORMULATION 50



CHAPTER IV. HIGHER-ORDER SMOOTHING TERMS

4.]. A NEW SECOND-ORDER ACCURATE FULLY-IMPLICIT SMOOTHING

As noted in the previous chapter, the governing equations [Eq. (3.1)]

are elliptic in the C direction so that we used central-differenced ap-

proximations for all C derivatives. However, as was also noted by Schiff

and Steger,l the use of central-differenced schemes is typically associ-

ated with solution oscillations. This oscillatory behavior becomes more

pronounced if the local velocities are small, so that the diagonal terms

of the jacobian matrices become relatively small also. In order to damp

these solution oscillations, it is necessary to add some additional

higher-order diffusive terms to the governing PNS equations. In the

course of this study it was noted that it is not only important that these

additional diffusive terms be small, but even more importantly they should

be consistently treated on the implicit and explicit sides (left-hand and

right-hand sides) of Eq. (3.5). lf we choose the form of these diffusion ·

terms to be the same as the ones used in the non-iterative PNS schemes

of Refs. 1, 2 and 4, we end up with a block—petadiagonal system of

equations to solve. In case of the non—iterative PNS schemes, this

problem is circumvented by dropping the order of the implicit diffusion

terms such that a block—tridiagonal system is retained. If we were to

proceed along the same lines also, we would end up with an inconsistent

treatment of these diffusive terms on the left-hand side and the

right—hand side of the difference equations. Experience shows that this
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inconsistency has a tremendous negative effect on the convergence char-

acteristics of the present iterative scheme, and in most cases it causes

the iterations to finally diverge.

The search for an appropriate form of the higher-order diffusion·like

terms which would permit a simple yet a fully-consistent and

fully-implicit treatment, was very tedious and involved. However,

briefly speaking, the use of central-difference formulas for C deriva-

tives makes the solution of Eq. (3.1) second-order accurate, that is to

say the leading truncation error is 0(Ac2). Thus, if we were to add

O(AC2) diffusion—like terms to the right-hand side of Eq. (3.1), we would

not affect the formal second-order accuracy of the difference scheme in

the C direction. The governing equations can thus be written as:

* '+1
a

'+1 +
'+1

+'+l + +'+1
2HJ + w[£(qJ )](AC) (4.1)

where w is O for no smoothing, and 1 otherwise.

The proper choice of smoothing terms (E) was actually based on a trial

and error procedure. To start with, an explicit relation relating the

smoothed (q) and unsmoothed (Q) variables was chosen such that it in-

cluded some second-order diffusive effects. A back-tracking approach was

used to obtain the corresponding smoothing terms that needed to be added

to the governing equations to produce the desired result. Once these

smoothing terms in the governing equations were obtained, the order of

each of these terms was analyzed and lower order terms were eliminated.
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Then, the governing equations with the modified smoothing terms were an-

alyzed to see the impact of these changes on the final relationship be-

tween the smoothed and unsmoothed variables. After several iterations

of this trial and error procedure, the author was able to find a proper

choice of these smoothing terms such that not only a second-order accuracy

was retained but a simple and explicit transformation between the un-

smoothed and smoothed variables was also retained.

—>

By choosing the form of the vector i to be

->
—>

~
—>

~
-)

= 1 4 A + A •f(q) ( / )[ 2 q CC) C
~

+
~

-P

-
M•

- A •
4.2°( °‘,c«;),c 0 q,ccJ ( J

one can re—write Eq. (4.1) as:

—P ~ -> 2 .+1 —}
~ —)

2
_+l

- J F — A 4 J[Fl+A1•( wq,CCAC /4)] +[ 2+A2°( wq,CC C / )],C” ” + 2 *+1= a[S+M•(-wq,CCAc ],CJ
-> ~

—>
. ->

' 2
+ [H+A0•(-mq CCA;2/4)]J+l+FlJ+0(A£,A§ ) (4.3)

—)·+1
Now, let us define a new intermediate quantity QJ as:

+*+ +*+1 +
2QJ 1 = qj · wq CCAC /4 (4-4)

So that

+· ·>. -¥
20J+l · qJ+l = —wq CCAC2/4 = 0(Ac ) (4·$)
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and

2 4(Q3 — QJ ) = 0(Ac ) (4.6)

Using Eqs. (4.5) and (4.6) it can be shown that to a second·order accuracy

we can also write Eq. (4.4) as:

+.+1 +.+1 + 2qJ = QJ + wQ {CAC /4 (4.5)

+ +.+

Now consider the 'Taylor series expansion of vector F1(QJ 1) around
+.+1
qJ , i.e.,

+ +.+1 +
+-+1 + .+1 +.+1 +.+1

F (QJ > = F (qJ > + [F IJ ·(QJ -qJ >1 1 1,qI *+1 2+ F J • J — J + ....[ Lqq] (Q Q )
+ +,+1 ~ + 2 4 V

= Fl(qJ )+Al•(-wq CCAC /4)+0(AC ) (4-6)

TTIIIS, to S€COI1d"OId€1' BCCUIHCY WG CHI). Wfité the above GXPISSSZIOII 3S

I ” + 2J = J
-Fl(Q ) F1(q )+Al°( wQ,CCAC /4) (4-7)

+ -> +

Similar expansions can be obtained for F2, S and H, so that to

second-order accuracy in AC we can rewrite Eq. (4.3) in terms of an
+

intermediate solution QJ+l as:

+ +.+1 + +.+1 + +.+1
J J = JFl(Q )+[F2(Q )]’C 8[$(Q )]’C

+ +·+ +
· 2+ H(QJ 1)+FlJ + 0(A£,AC ) (4-8)
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The actual solution that we seek at the j+1 step is related to this

intermediate solution by Eq. (4.5). If we use Z to denote the grid points

in the C direction (i.e., Z=1,2,3... LMAX), we can further express qj+l

in terms of the intermediate solution
Qj+l

as:

* . + .

cw)

Thus, we see that in order to introduce a second-order accurate

fully-implicit smoothing, we solve a block-tridiagonal system of

equations (Eq. 4.8) which is identical in form to the differenced form

of the original PNS equations [Eq. (3.1)]. However, this solution is just

an intermediate solution (Qj+l), and the final smoothed solution (qj+l)

can be explicitly obtained by using Eq. (4.9). It should be noted that

computationally this procedure is no more involved than the original

(unsmoothed) differenced form of the PNS equations. Furthermore, another

important feature of the present second-order smoothing is that the ad-

ditional diffusive terms are proportional to AC2,
so that the magnitude

of the aforementioned smoothing automatically decreases with a decreasing

C grid size, while still successfully damping out the numerical solution

oscillations. Also, despite its final simple form, the present smoothing

approach is more accurate and performs considerably better than the con-

ventional smoothing approaches of Refs. 1, 2, 3 and 4.
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CHAPTER V. SIMPLIFIED ANALYSIS FOR DEPARTURE AND

STREAMWISE-STABILITY

5.]. ASSUMPTIONS AND SIMPLIFICATIONS

Usually, the actual stability analysis of a nonlinear set of partial

differential equations (such as the PNS equations being studied) can be

prohibitively difficult and in many cases impossible with the present

mathematical tools. The final Validation and justification for a numer-

ical scheme (which is as complicated as the present PNS scheme) is almost

always based on actual numerical testing under Various flowfield condi-

tions. However, in many cases a simplified stability analysis can provide

a reasonably good understanding of the general stability characteristics

of the scheme, point out the Various elements (if any) which contribute

to the stability or instability of the scheme, provide an understanding

of the impact of various approaches directed towards making an unstable

scheme conditionally or unconditionally stable, etc. In short, even a

simplified analysis (if possible to do) can be of great value in under-

standing the behavior of a complicated numerical scheme.

It was pointed out in Chapter I that mathematically there are two ways

in which the problem of departure or streamwise stability of the PNS

equations has been looked at. In one approach (to be referred to as Ap-

proach I) the streamwise stability of the differenced form of the gov-
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erning equations is considered. Fourier- or Von—Neumann-type methods are

V then used to look at the amplification of disturbances in the streamwise

direction. Examples of this approach are the work of Lubard and

Helliwells and Rubin and Lin.8 In the other approach (to be referred to

as Approach II) an attempt is made to directly study the time-like char-

acter of the governing equations with respect to the direction of marching

(streamwise direction). The idea is to see if the governing equations

become elliptic at any location in the flow domain, and thus make the

marching scheme il1—posed. Examples of this approach are the work of

Schiff and Stegerl and Vigneron et al.3

Initially, an attempt was also made to use Approach I for the departure

analysis of the present PNS scheme. This resulted in a 6x6 amplification

matrix whose eigenvalues were to be studied. In the case of Lubard and

Helliwell,5 certain terms related to the streamwise pressure derivative

were neglected, and the resulting system was relatively easy to analyze.

Since in the present PNS scheme the idea is to retain all terms, such

simplifications could not be made, and the resulting 6-th order equation

was impossible to analyze for possible closed—form expressions describing

the eigenvalues. Indeed a numerical solution of this eigenvalue problem

could have been possible. However, this idea was not pursued because the

main objective of the stability analysis was to obtain (if possible) some

sort of a c1osed—form representation of the eigenvalues to see if the

speed-of—sound contributions to these eigenvalues were indeed eliminated.

Thus, Approach I was abandoned and Approach II was looked into. Fur-
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thermore, the conceptual development of the present scheme used the for-

mulation of Schiff and Stegerl as the starting point. Since Schiff and

Stegerl had also used Approach II for the analysis of their scheme, the

idea of looking at departure by considering the character of the governing

equations became even more attractive.

In order to simplify the required mathematics, let us restrict our-

selves to

(a) two-dimensional flows, and

(b) an evenly spaced square grid such that E =; =l and E =; =O,x ,z ,z ,x

Furthermore, we choose to approximate the equation of state for a

perfect gas by

Xp - pT + 9(p +p ) = 0 (5.1),E ,6

where the coefficient '8' is chosen such that 8=0 and for all practical

purposes

9p +9p +Xp—pT = Xp-pT,£ ,6

It should be noted that the use of this coefficient 6 is for the sole

purpose of the following stability analysis, and not for the actual sol-

ution scheme. In other words, the actual solution corresponds to the use
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of 9=0. The reason for introducing this coefficient '6° is that it makes

the streamwise jacobian matrix nonsingular, so that one can perform cer-

tain matrix operations to simplify the stability analysis. Furthermore,

there are no mathematical tools available to directly look at the char-

acter of 'mixed—type' systems. The available mathematical tools are

strictly for purely differential systems. Thus, by introducing the co-

efficient °9° in. Eq. (5.1) we are able to transform our °mixed-type'

problem into a purely differential form, which can then be analyzed. It

is hoped that the choice of °small enough B' will not adversly affect the

resulting conclusions. This is indeed a heuristic approach, and the only

possible justification (if any) comes from the model mixed-type problem

discussed in Section 2.3. The use of °9' in Eq. (5.1) appears to corre-

spond to the use of the 's' term in Formulation II of the model problem

(Section 2.3.2). For this model problem it was demonstrated that the

choice of s+0+ did not appear to produce any singularity in the final

solution.

With the equation of state given by Eq. (5.1), and after neglecting

the viscous terms containing the contributions of w and w,C, we can write

the simplified PNS equations as:

T
+1

+
+1

+
+1 +h“

(5.2)

The forms of these vectors are given in Appendix D.
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By expanding Eq. (5.2) around the n-th iteration we obtain

~ -> ~
-)

~ ·* ~
-)“•4 +"•4

-
“4 —“4(a1 Ä; (az Ä; Elm ° Ä; ao°

·) ·) -) -}
_ _ I1 I1- I1- Ilh ] (5.3)

where

4 = Aqn (5.;+)

and ag, ag and mn
are the jacobian matrices.

If we assume that a?, ag and mn
do not change with E and L ( a

frozen coefficient analysis), we can write (see Appendix D):

4; = aä ($.5)
ag = ag (5.6)

and

~ ·+ ~
-)

sm“•d =
bf•d

C (5.7)

With the aforementioned assumptions, Eq. (5.3) reduces to:

~
·)

~
·}

~
+ -) —)

·f f f• _al•d g+a2•d C—b d,CC+c(d,E,C) — 0 (5-8)
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Although the above equation is a significantly simplified version of the

original PNS equations, it is still difficult to study directly. As a

further simplification, we choose to separately look at the viscous and

inviscid limits of Eq. (5.8). We also note that as a minimum criterion

of streamwise stability (which in this case, and for the class of PNS

schemes based on the Schiff-Steger formulation, implies a marching-like

character of the governing equations), the "simplified PNS equations"

being studied have to be streamwise stable (i.e., marching-like in the

streamwise direction) in the viscous as well as the inviscid limits. In

the following sections we look into the streamwise stability

(marching-like character) of the viscous and the inviscid limits of Eq.

(5.8).

5.2. INVISCID LIMIT

The inviscid limit of Eq. (5.8) can be written as:

~
->

~
—}

->
af•d

+
af•d

+ c = 0 (5.9)1 9; 2 lc

This first—order system can be more simply studied if one could invert
~ ~ -1
ai (i.e., if ai existed). This is where the coefficient 6 comes

into the picture. For 6=0, ai is singular, and we have to study Eq.

(5.9) as it is. Since one can not simultaneously diagonalize ai and

ag, studying Eq. (5.9) would become an extremely difficult (if not an

impossible) task. By choosing 9 as a very small number (of the order of
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10-20
or smaller) we can make sure that the numerical solution remains

essentially unchanged from the B=0 case. However, with 6¢0, ai becomes

non-singular and can be inverted. Thus, Eq. (47) can now be written as:

—}
~-l~ ·) ~-1-}
f f f _

d); + [al a2]•d,C + al c — 0 (5.10)

or

·*
~

·) —)

d + N
•d

+ C = 0 .1,£ 1 ,c (5 1)

The aforementioned equation is now in a form which can be easily

studied. For Eq. (5.11) to be stable, the E direction should be a valid

marching direction. In other words, Eq. (5.11) has to be hyperbolic or

marching-like always. This condition is satisfied if the eigenvalues of

N1 are all real. If for simplicity we assume that w << 11, then an

eigenvalue analysis gives the eigenvalues of N1 as (see Appendix D):

Xi = (l,w/u,w/u,w/u,w/u) (5.12)

Thus, we see that all the eigenvalues of N1 are unconditionally real.

That is to say, the "simplified PNS equations" being studied are uncon-

ditionally marching-like in the inviscid limit, and represent a stable

marching scheme in the subsonic as well as the supersonic flow regions.
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It is of interest to consider the case where (like conventional

non·iterative PNS schemes) we do not uncouple the pressure terms. In such

a case the form of af is similar to the one studied by Schiff and

Steger.1 The only difference is that we have pT as the independent vari-

able rather than °e°. The af matrix for such a case is nonsingular and,

thus, can be inverted. However, the eigenvalues of N1 for such a case

(where we do not uncouple the pressure) turn out to be complex in the

subsonic flow regions, and the marching scheme becomes unstable (not

marching-like; i.e., elliptic) unless methods such as the sublayer ap-

proximations of Ref. l or Ref. 3 are used.

5.3. VISCOUS LIMIT

In the viscous limit, Eq. (5.8) simplifies to

~f -) ~f -> -)
•d = b •d

- 5.13al ,-E ,66 ° ( )

where the first-order convective derivatives in the C direction are much.

smaller than the viscous terms and have been neglected. If we use once

again the fact that with 9¢O, ai is nonsingular and can be inverted,

we can re-write Eq. (5.13) as:

u
+ ~ -l-· '* ~ -1

”’
f f fd = b d +

•
(5.14,€ [al ]° ,66 al ° )

or
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d); = + C (5.15)

In this form, the stability analysis becomes much simpler. The cri-

terion of a stable marching scheme requires that Eq. (5.15) should be

parabolic. The parabolic character depends upon the eigenvalues of N2,

which should be real. Furthermore, in order to have positive diffusion
”

effects in the E direction, these eigenvalues should also be positive.

Thus, for the viscous limiting case to be stable, the eigenvalues of N2

should be real and positive. An eigenvalue analysis of N2 shows that

the eigenvalues are (see Appendix D):

ci = (0,0,su/Prpu,4su/3pu,€u/Pu) (5.16)

Thus, the eigenvalues ci are always real; however, they are positive only

if u > 0. That is to say, as long as no flow reversal occurs in the

streamwise direction, the viscous limit of the "simplified PNS equations"

is also unconditionally marching-like. Since flow reversal means axial

separation, the aforementioned streamwise stability requirement actually

tells us that a "single-sweep" solution of these "simplified PNS

equations" can not be marched through regions of axial flow separation.

Of course, this conclusion comes as go surprise and has been a well ac-

cepted fact in fluid mechanics for a long time. It may be of value to

note that the viscous terms do not include any pressure terms and, thus,

for the present scheme as well as the previous PNS schemes the viscous

terms do not provide any speed-of-sound contribution to the eigenvalues
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of the viscous limit. The speed-of-sound contributions to these

eigenvalues for the viscous limit can come only from the jacobian matrix

corresponding to the streamwise convective terms. For the classical PNS

schemes (Ref. l and 3), this speed-of-sound contribution is the one which

causes the problem of negative eigenvalues in the subsonic sublayer re-

gion. For the present PNS scheme, although the speed of sound does appear

in the streamwise jacobian matrix (aä), it does not contribute to the

eigenvalues in the viscous limit.

5.4. RELATIONSHIP WITH THE SUBLAYER APPROXIMATION

If we look into the sublayer approximation of Schiff and Steger,l we

can identify that the object of their approach is, in a way, similar to

the present approach. The main difference is that their approach splits

the pressure terms only in the subsonic sublayer region and estimates the

sonic pressure by extrapolating it from the previous marching steps. In

the present scheme, the pressure is split over the entire shock layer,

and is solved for in a coupled manner rather than just extrapolating it

from the previous step. Thus, the present scheme not only seems to ac-

complish what the sublayer approximation tries to do, but also tends to

maintain the accuracy of the solution without introducing any approxi-

mations resulting from extrapolating sublayer pressure.
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CHAPTER VI. RESULTS AND DISCUSSION

6.]. TEST CASES

In order to substantiate the various ideas and claims made in the

previous sections, the new implicit fully-iterative PNS scheme has been

used to study the flow over a seven-deg sphere-cone reentry vehicle under

two different flight altitude conditions. The nose radius for this

sphere-cone test vehicle is 0.041667 ft and the vehicle is 200 nose radii

long (see Fig. 3). Flight altitudes of 80 kft and 200 kft are considered,

and the freestream Mach number is kept constant at 25. In the subsequent

discussion, the 80 kft condition is called Case A and the 200 kft case

condition is called Case B. The freestream conditions for these two cases

are shown in Table l, and the flow is considered to be fully laminar in

both cases. Case A is chosen because the freestream Reynolds number for

this case is quite large (2.92¤105). On the other hand, the freestream

Reynolds number for the Case B conditions is 1.72¤103, which is much

smaller than the usual limits of the non-iterative PNS schemes.

The wall temperature (Tw) for all cases is kept constant at 2000 °R.

The ratio of wall temperature to the freestream total temperature is 0.040

for Case A and 0.035 for Case B. Thus, for these cases we expect to see

a strong cold—wall effect, resulting in large temperature gradients and

a temperature peak in the near—wall region. The cold-wall effect and the

low-Reynolds number at the 200 kft altitude makes Case B an especially
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tough set of conditions. The following sections discuss in detail the

various results obtained for the Case A and Case B conditions.

6.2. SOLUTION ACCURACY AND CODE COMPARISONS

6.2.1. Case A Calculations

As mentioned earlier, Case A corresponds to a large Reynolds number

flow so that we expect the non-iterative AFWAL PNS scheme to perform

reasonably well under these conditions. Figures 4-7 show a comparison

of the flowfield predictions for the Case A conditons using (a) the

Viscous Shock-Layer (VSLPG) scheme of Ref. 17, (b) the axisymmetric ver-

sion of the non-iterative AFWAL PNS code, (c) the present PNSPG scheme,

and (d) the inviscid NOL3D scheme of Ref. 18. The VSLPG results are ob-

tained using 101 body-normal grid points, the AFWAL PNS calculations use

50 axis-normal grid points and the PNSPG results are for 150 axis-normal

grid points. Figure 4 shows the axial distribution of the wall pressure

for Case A. These results show excellent agreement between the two PNS

calculations and the inviscid predictions. The over-expansion and re-

compression predicted by the PNS schemes agrees very well with the

inviscid calculations. The VSLPG calculations shown in this comparison

are for the zeroth iteration and suggest that the solution needs to be

globally iterated in the over expansion-recompression region. Except for

this over expansion-recompression region, the wall pressures predicted

by the VSLPG scheme are also in very good agreement with the other codes.
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The skin-friction distributions for this case are shown in Fig. 5.

These results show that there are slight differences in the skin-friction

predictions. The AFWAL PNS results agree well with the PNSPG results only

in the forebody region. In the afterbody region the AFWAL PNS results

are significantly in error. Especially, towards the body end, the skin

friction starts to show a peculiar and non-physical drop. The PNSPG re-

sults and the VSLPG results, on the other hand, are very smoothly behaved.

The VSLPG skin-friction results are slightly higher than the PNSPG results

in the afterbody region, especially in the overexpansion and recom-

pression region. However, these differences are small and globally it-

erating the VSLPG was not considered necessary.

Figure 6 shows the corresponding predictions of the wall heat-transfer

rates. Due to the cold-wall effect, we expect the greatest differences

(if any) to occur in the wall heat-transfer rates. These results show

that the agreement between the three viscous schemes is very good in the

forebody region; however, in the afterbody region, the VSLPG and AFWAL

PNS results are approximately 10% higher than the PNSPG results. Due to

the fact that VSLPG results need to be globally iterated, and also because

the PNSPG results are for a much finer grid, it is our opinion that the

PNSPG results are more accurate and dependable.

Figure 7 shows the shock shape locations predicted by the inviscid

NOL3D code and the two PNS schemes which use similar (but different) shock

propagation approaches. The results show that for the Case A conditions

(80 kft altitude) the flow is inviscid dominated, and the viscous as well
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as the inviscid shock shapes are in excellent agreement. This result is

completely consistent with the fact that the PNSPG wall pressures are also

in complete agreement with the corresponding inviscid predictions.

The axial step-size distributions used for these Case A calculations

are shown in Fig. 8. It should be noted that the VSLPG and the PNSPG

schemes use automated step-size control procedures. The marching step

size for the VSLPG scheme is controlled mainly by solution convergence

constraints. The PNSPG scheme, however, uses constraints based on grid

changes, shock-propagation accuracy and, also, solution convergence

rates. The input step-size distribution for the AFWAL PNS scheme was

chosen to closely resemble the step-size distribution of the PNSPG scheme.

6.2.2. Case B Calculations

The results of the Case B calculations are given in Figs. 9-12. At

this altitude (200 kft), we expect noticeable viscous-induced effects on

the flowfield as well as some of the wall-measurable quantities.

Figure 9 shows the wall-pressure distributions predicted for this case

by the the VSLPG scheme and the present PNSPG scheme. The VSLPG and PNSPG

calculations use the same grids as were used for the Case A calculations

mentioned earlier (101 grid points for VSLPG and 150 grid points for

PNSPG). These figures include the results of the zeroth VSL iteration

(using the inviscid shock shape) and also the results of the first global

iteration. This global iteration is necessary because the flow shows
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significant viscous—induced effects, especially in the afterbody

over-expansion and recompression region. Figure 9 also includes the

inviscid surface pressures predicted by the NOL3D code, and shows that

the inviscid calculations underpredict the wall pressures in the over

expansion-recompression region by as much as 15-20%.

The zeroth iteration of VSLPG has very good agreement with the PNSPG

results in the nose-dominated region as well as the afterbody region.

However, the pressure recovery predicted by VSLPG in the afterbody re-

compression region is much slower and causes the wall pressures to be

underpredicted by as much as 8%. Typically, in order to improve the ac-

curacy of the VSLPG scheme for such viscous dominated flows, we need to

globally iterate the solution by using the shock shape predicted by the»

zeroth VSLPG iteration. However, in this case the PNSPG results directly

provide us with a good estimate of the viscous shock shape location. We

use this information to (a) check the quality of the PNSPG solution and

(b) cut down on the effort involved in repeated VSLPG global iterations.

If the PNSPG results are really good, the VSLPG results based on the PNSPG

shock shape should not require any further global iterations. The VSLPG

results for this first iteration are also shown in Fig. 9, and are in very

good agreement with the PNSPG results, clearly reflecting upon the accu-

racy of the PNSPG scheme.

Figures 10 and 11 show the skin—friction distributions and the wall

heat-transfer rates predicted by the PNSPG and the VSLPG schemes. It can

be seen that, in the over-expansion and recompression region, the
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skin-friction and wall heat·transfer predictions of the zeroth VSLPG it-

eration are as much as 25% in error. However, the results of the first

VSLPG iteration (using the PNSPG shock) are in excellent agreement with

the PNSPG results. The reasons for these differences become even clearer

when we consider Fig. 12, which compares the inviscid NOL3D shock shape

with the predictions of the PNSPG scheme and also the shock shape pre-

dicted by the first VSLPG global iteration. (Interested readers are re-

ferred to Ref. 17 for the details of the VSLPG shock prediction scheme.)

These results show that the viscous shock layer is approximately 10%

thicker than the corresponding inviscid shock. Especially, in the

expansion-recompression region (around 60-70 nose radii down the body

length), the viscous shock slope is considerably larger and is the main

cause for the thicker viscous shock in the afterbody region. Also, it

should be noted that the shock predicted by the VSLPG scheme after the

first global iteration is in excellent agreement with the original PNSPG

predictions. These results clearly indicate that the PNSPG results are

accurate and dependable even under these low-Reynolds number conditions.

Also, by eliminating the need for global iterations, the present scheme

becomes considerably more convenient to use in the afterbody region than

the Viscous Shock-Layer schemes. The step-size distributions used for

these Case B calculations are shown in Fig. 13.

It is to be noted that the above results for Case B conditions do not

include the non-iterative AFWAL—PNS results. This is because, as ex-

pected, the non-iterative AFWAL PNS scheme completely failed under the

high Mach number, low-Reynolds number conditions. Many attempts were made
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with various axial step sizes; however, in the best case the non-iterative

procedure marched just one step before it failed. Figure 14 shows the

pressure profile across the shock layer at this marching step. The cor-

responding pressure profile from the PNSPG scheme is also shown in this

figure.

These (Fig. 14) results show that the predictions of the non-iterative

PNS scheme are, in general, good in the region near the outer bow shock;

however, the solution clearly shows the onset of instabilities in the

near-wall region. Furthermore, it should be noted that at the start of

the sublayer region the solution oscillates suddenly and most severely.

The PNSPG results, on the other hand, are very well behaved and smooth.

The differences at the shock between the PNSPG results and the AFWAL PNS

results (as seen in Fig. 14) are due to the differences in the

shock-propagation schemes. It is worth noting that at this axial location

the subsonic sublayer region is approximately 4% of the shock-layer

thickness and contains approximately 50% of the grid points for the PNSPG

as well as the AFWAL PNS schemes.

6.3. EFFECTS OF GRID DISTRIBUTION

When trying to solve problems where large gradients exist, it is im-

portant to have enough grid points to properly simulate these changes.

Every differenced equation has an inherent truncation error which is

solely dependent upon the grid spacing. This is especially true for

central-differenced schemes where additional smoothing terms are added
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to damp out solution oscillations. Thus, apart from numerical stability,

an important criterion for a correct numerical scheme is that it should

be consistent. In other words, any grid refinement on the scheme should

result in increased accuracy and, furthermore, the effects of grid re-

finement should have a convergent trend. In order to study the effects

of grid stretching and grid refinement, we studied Cases A and B with the

PNSPG scheme using a sequence of 50, 100 and 150 grid points in the C

direction. The grid stretching function used was the same as the one used

in the AFWAL PNS scheme. These 50-, 100- and 150-point grids were gen-

erated such that the first point off the wall was located at a distance

of 5¤10-3%, 1xlO_3% and l¤l0-4%, respectively, of the local shock standoff

distance.

Figures 15-17 show the effects of grid distribution on the

surface-measurable quantities for Case A conditions. The shock location

is compared in Fig. 18, and Figs. 19-21 show comparisons of the pressure,

temperature and velocity profiles across the shock layer at the body end.

The wall pressures, as shown in Fig. 15, are the least affected by the

grid refinement, because the afterbody pressure distributions do not have

large gradients in the C direction (see Fig. 19). Figures 16 and 17 show

that the skin-friction distributions and the surface heating rates in the

afterbody region are, however, significantly affected by the C grid-size

distribution. The reason is clearly shown in Figs. 20 and 21, which show

the shock-layer temperature and u-velocity profiles at the body end. It

can be seen that because of the cold-wall effect, there are large tem-

perature gradients very near the wall, and the 50—point grid is not enough
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to accurately resolve the temperature peak. Similarly, the velocity

profile is also smoothed out near the wall with the 50-point grid. With

finer grids, the modeling of these regions with large gradients improves

significantly. It should also be noted that with increasing grid resol-

ution the aforementioned results become less and less grid dependent and

the solutions tend to approach a distinct final distribution.

Similar results for the Case B conditions are shown in Figs. 22-28.

Figures 22-24 show the axial distributions of the surface-measurable

quantities, Fig. 25 shows the shock shape locations, and Figs. 26-28 show

the shock-layer profiles for pressure, temperature and u-velocity at the

body end. In this case the differences between the results for the 50-,

100- and 150- point grids are much smaller than the Case A results. For

Case B, the regions of large temperature and velocity gradients (see Fig.

27 and 28) are farther away from the wall. This behavior is consistent

with the fact that at this altitude (200 kft) the flow is essentially

viscous dominated and there is a thick viscous region near the wall.

These results for Cases A and B show that the present PNSPG scheme is

not only stable but that it is also consistent in a mathematical sense.

Thus, grid refinements (for improved accuracy) are possible and the re-

sults tend to approach a grid-independent solution. These results also

emphasize the point that for all schemes using a fixed number of grid

points to resolve the shock-layer profiles, proper grid resolution and

refinement is very important for accurate results. Typically, grids which

are accurate in the forebody region may cause significant errors in the
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afterbody region where the shock layer is much thicker. This is espe-

cially important when using marching—type schemes for long bodies, be-

cause such schemes carry along with them any solution error, and it is

very possible to obtain smooth results which are in fact significantly

in error! It is important to point this out because the only way to re-

solve this problem is to use a more refined grid and get some idea about

the effects of the grid distribution on the solution accuracy. The con-

ventional non-iterative PNS schemes, in general, do not allow for an ar-

bitrary grid refinement process because of the possibilty of departure

solutions and instabilities. With the present PNSPG scheme; however,

it is possible to use highly stretched and refined grids, so that one can

always check the accuracy and grid-dependence of the solution by going

to a finer grid.

6.4. CONVERGENCE RATES AND ITERATION HISTORY

The convergence characteristics of the present fully-iterative PNS

scheme are also very good. If we define our maximum local percentage

error at the n-th iteration
(¢n)

as:

n n n n
= - 6.1¤1» l00><[(q q )/q Umax ( )

Then it is possible to correlate very accurately the convergence charac-

teristics of the present scheme by the logarithmic correlation

lOg(¢n) = mn + constant (6·2)
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With a logarithmic curve as above, it is possible to define the conver-

gence rate B as:

B = ¢I1/611+1 = <—=xp(·m) (6-3)

where °m° is the slope of the logarithmic curve. Thus, the convergence

rate ß is a true representation of the factor by which the errors decrease

from one iteration to the next.

For the Case A and Case B conditions, in order to show the convergence

rates, we can plot the f(n)=1og(¢n) curves for the three grid distrib-

utions (50-, 100- and 150-point grids) at X/RN=l0 location. These cor-

relations are shown in Figs. 29 and 30, and Table 2 includes a tabulation

of the estimated slope (m) of these curves. The corresponding

convergence-rate (B) estimates are also given in Table 2, and the results

show that the convergence rates increase with increasing grid points.

Thus, from these results we see that, on the average, the present scheme

shows at least a cubic convergence rate. The numerical values indicated

in Table 2 are typical of the present scheme, even under other conditions

that we have tried.

Typical computing·time histories for the various Case A and Case B

results at X/RN = 10 are shown in Figs. 31 and 32. Comparisons of these

time histories are given in Table 3. These results show that, in general,

the computing times for each iteration after the first are 10-15% of the

first iteration. This percentage reduction in time is the largest for
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the 150-point grids (90% time reduction), followed by the 100-point grids

(88% time reduction), and the 50-point grids have the smallest reduction

(85% time reduction). In other words, the present solution becomes rel-

atively more efficient as the number of grid points increase. Table 3

shows that computing times for the first iteration also show a similar

trend. Thus, in an overall sense, when the number of grid points in-

creases by a factor of 'K°, the computing time for each iteration in-

creases by less than the factor °¤'.

6.5. OVERALL COMPUTING TIMES

Tables 4 and 5 show the computing time comparisons for the full-body

calculations with the present PNSPG scheme, the Viscous Shock-Layer cal-

culations and the AFWAL PNS calculations. Table 4 is for the Case A

calculations, whereas Table 5 is for the Case B calculations. Apart from

the actual computing times °t ', these tables also include the average

computing times per grid point
(tü)

required by each of these schemes.

Since different schemes involve a different number of axial steps as well

a different number of grid points across the shock layer, probably r* is

a better representation of the computing efficiency of a scheme. Tables

4 and 5 show that, on the average, the present fully-iterative PNS scheme

requires 12% more computing effort at each grid point than the VSL scheme.

However, it should be noted that convergence criteria used for the present

PNSPG calculations were very small
(¢n < 10-6) as compared to the con-

vergence criteria used in the VSL calculations (wn
< 0.3). This is in

addition to the fact that under low-Reynolds number conditions, the VSL
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solutions typically need to be globally iterated (as we have seen for the

present Case B calculations). Thus, in terms of the real time and effort,

the present PNS scheme becomes a lot more efficient than the viscous

shock-layer approach.

Furthermore, despite the very low convergence criteria and the

ful1y—iterative nature of the present PNS scheme, the scheme is only 30%

slower than the non-iterative PNS scheme. However, with reasonable con-
vergence criteria our estimates indicate that this time penalty can be

easily reduced to a value of 15% or less. Of course, this is apart from

the fact that the present PNS scheme is capable of accurately treating

conditions which are beyond the limitations of the non-iterative PNS

schemes.
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CHAPTER VII. CONCLUSIONS

A new fast and accurate implicit fully—iterative Parabolized

Navier-Stokes scheme has been developed to predict the axisymmetric

reentry-type flows under low- to high-Reynolds number conditions. The

new PNS scheme appears to be unconditionally stable in the subsonic as

well as the supersonic flow regions and, thus, does not require any sub-

layer approximation. This new PNS scheme is based on the idea that if

we consider pressure as an additional unknown quantity and solve for the

algebraic equation of state simultaneously with the differential

equations governing the conservation of mass, momentum and energy, it

appears to be possible to unconditionaly march the solution of these PNS

equations in the streamwise direction. The new iterative approach in-

volves a fast and efficient pseudo-time integration scheme. With this

new approach, the computing times for the fully iterated solutions are

only 30% larger than the conventional non-iterative PNS approaches. These

computing times of the new scheme can be easily improved upon by choosing

more realistic convergence criteria.

A new second-order accurate fully—implicit smoothing approach has been

developed to help damp the solution oscillations caused by the

central-differenced operators. Due to the apparent stability and

time-like behavior of the involved marching scheme, and the use of the

new smoothing approach, the new PNS scheme can be used to accurately

predict the low-Reynolds number reentry flowfields which are beyond the
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capabilities of the existing iterative or non-iterative PNS schemes.

Furthermore, even under high-Reynolds number conditions, the new PNS

scheme is more robust and the solutions are more accurate.

Apart from being stable, the new PNS scheme is also consistent and does

not have the problem of departure solutions and associated instabilities.

Due to this consistency and accuracy, it is possible to use highly refined

grids near the wall and obtain grid-independent solutions. This scheme

has been used to study the reentry flow around a seven-deg sphere-cone

vehicle under low- and high-Reynolds number conditions. Two test cases,

Case A and Case B, were chosen. Case A was chosen because its freestream

Reynolds number was large (2.92xlO5), whereas Case B was chosen because

its freestream Reynolds number (l.72¤l03) was much smaller than the usu-

ally accepted limit of applicability of the non-iterative PNS schemes.

Furthermore, the results of Case B indicated that (as expected) the

non-iterative AFWAL PNS scheme completely failed under these low Reynolds

number conditions. On the other hand, the results of the present scheme

were smooth, well-behaved and accurate.

In short, a new iterative ("single-sweep") PNS scheme has been devel-

oped which appears to be accurate, efficient and streamwise stable (de-

parture free). The results substantiate the accuracy and stability claims

of the scheme. The new fully-iterative PNS scheme also shows great

promise for extension to study three-dimensional reentry flows under

large angles of attack and with large cross—flow separated regions.
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APPENDIX A. AXISYMMETRIC/2-D PNS EQUATIONS

The motion of viscous compressible fluids is described by the well

known full Navier-Stokes (NS) equations (Ref. 19). If we assume (a)

Newtonian fluid, (b) Stokes' Hypothesis, and (c) no body forces, we can

write the three-dimensional NS equations as:

+ + = 0 A.1( )
+ + = 61 CA—2)

(puv),X + (pv2+p)’y + (pwv),z = a2 (A.3)

+ + = 63 (A-4)
(puÖ),x + + (pwÖ),z = aa (A.5)

where

Ö = T/(K—l) + 0.sv2 (A.6)

->
—>

al = [2uu,x-(Zu/3)V•V],x++

[u(u,z+w,x)]’Z (A.7)

—)
->

az+
(A-8)

—>
->

63 =
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and

—) -§ + —P
~ °

aa = V•(kVT) +
V•(V•t)

(A.10)

In here t is the stress tensor for a Newtonian fluid, and is defined as

(Ref. 15):

tijJ
1 k

where ul=u, u2=v, u3=w, xl=x, x2=y and x3=z.

Equation (A.l) corresponds to the conservation of mass; and Eqs.

(A.2-A.4) correspond to the conservation of momentum in the x, y and z

directions, respectively. Equation (A.5) corresponds to the conservation

of energy, and these equations [Eqs. (A.l)-(A.5)] are closed through the

use of equation-of—state for a perfect gas; i.e.,

Xp = pT (A.l2)

The above equations have been written in a non-dimensional form, and

the non-dimensionalization scheme used is:
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ui = ui/aPT

=
Tx/Tww

(A 13))
1% 1% 1% 2P = P /(P _a _

>

u = uw/ul

k : k1':/k1':„

xi = xi /Rn

Equations (A.l)-(A.5) and Eq. (A.l2) can. be combined together and

written in the following vectorial form:

—) —) —P —>
·¥ —) -)

P (A.14)

Using indicial notation we can write Eq.(A.l4) as:

-> -> —>

= P (A.l5)
1

Or

—> -)

K. = P (A.16)1,x.
1

Now consider the general coordinate transformation

= .l7Ei
€i(xj) (A )
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where the orientation of our general curvilinear coordinate system is such

that {l={ is measured along the body, {2=§ is measured from the body to

the outer bow shock, and {3 is the crossflow direction. Thus, derivatives

in the transformed space are related to the derivatives in the physical

space by

( ) = x. ( ) (A.18)

)giIf°J° represents the determinant of-the Transformation-Jacobian for Eq.

(A.17); i.e.,

J = D¤=t[(El,€2,·E3)/(xl,><2,x3)] (A-19)

we can write Eq. (A.16) as

-) ->

1 J . K. = 1 J P A.20
J

Equation (A.20) can be further expanded as ‘

—> —f —)

1 J . K. - K. 1 J , = 1 J P A.21[( / 1],% l[( / (/) ( )

Viviand (Ref. 20) has shown that the Jacobian satisfies the identity

= · A.Z2

where 'd' is an arbitrary quantity. Equation (A.22) can be used to obtain
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J =J . A.,xi 23)

At the same time the chain rule of differentiation gives

1 1 J

Thus, we can see that by combining Eqs. (A.23) and (A.24) we can obtain

yet another identity

. - 1 J . J = 0 A.25ij ( )

The chain rule of differentiation also gives

1 J , = 1 J . - 1 J . J A.26[(

(/Thus,from Eqs. (A.25) and (A.26) we obtain

- 1J . =0 A.27[(1
J

Substituting Eq. (A.27) in Eq. (A.2l), we see that the NS equations in a

general curvilinear coordinate system can be written as

—> —>

1 J . K. = 1 J P A.28
J

If we use the notation ·
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+ +F. = 1 J . E. .J ( / )€J
Xi 1 (A 29)

+ +
S. = 1 J . G.J (A 30)

l

we can write the NS equations in a general curvilinear coordinate system

as:

+ + + _

1 1

where

I‘
1

I püi I

I I

I pvUi+€i,yp I
+
Fi = (1/J) I pwUi+Zi’Zp I (A.32)

I {T/(X-l)+O.SV2}pUi I

I 0 I
L J

and

J

Now, let us consider the case of axisymmetric/2-D flows. For such

flows it can be shown that

Appendix A. AXISYMMETRIC/2-D PNS EQUATIONS 86



U3 = O (A.34)

0=-

C A.37

where r is tha axis-normal distance from the body axis, ¤=0 for 2-D flows

and ¤=l for axisymmetric flows, and ¢ is the circumferential angle meas-

ured from the windward plane of symmetry. If we consider only the

windward pitch—plane (¢=0), we obtain

V 1

I 0 I

I 0 I »
·-)

F = Cl/J) I—•<p/Z I (A.36)33g3

I 0 I

I 0 I
L J

where r=z in the windward pitch—plane.

Furthermore, for axisymmetric/2-D flows the crossflow diffusion ef-

fects are zero; i.e.,

->

= · A.39SMS O )
->

Thus, if we define H as
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-> —) —P

H = P - F .3,;3 (A 40)

we obtain the axisymmetric/2-D Navier-Stokes equations in a general

curvilinear coordinate system as:

-) + —> —) —}

F + F = S + S + H A.411,; 2,; °( 1,; 2,C) ( )

It should be noted that the third row of the above vectorial equation

[Eq. (A.4l)] consists of all zero terms and, thus, will be droped. In

other words, the vectors appearing in Eq. (A.41) are re—defined such that

third row is removed, and all other terms retain their form.

Now, in order to parabolize Eq. (A.41) we neglect all streamwise dif-

fusion effects. With this assumption, the axisymmetric/2-D parabolized

Navier-Stokes (PNS) equations in a general curvilinear coordinate system

become

-) -} —·)
·>

= S + H A.42F1.;”’F2,;

°,;where
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I' 'I

I pUl I
I I

+
Fl = (1/J) I pwUl+§,Zp | (A.&3)

| {T/(K-l)+0.SV2}pUl |

I 0 I
L .1

I' 'I

I PUZ I

+
F2 = (1/J) I I (A 44)

2| {T/(X-1)+0.5V }pU2 I

I 0 I
L J

I' 'I
I

I 0 I

SI

I
I +mZZww Cl}!

I 0 I
L J
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and

I' 7

IOI

IOI
·)

H = | mp/Jz | (A.46)

IOI

I ¥P·pT I
L J

In the above equations m=0 for two-dimensional flows and m=1 for

axisymmetric flows. Also, in the above equations

mxx=C,xC,x

mxz=C,xC,z

mzz=C,zC,z

m =m +m A.470 xx zz

and

V = ( u2+w2 )0'5
(A.48)

U1 and U2 are the contravariant Velocity components in the Z and ( coor-

dinate directions, respectively. These contravariant Velocity components

are defined as:
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APPENDIX B. ANALYSIS OF THE MODEL MARCHING PROBLEM

B.1. THE MODEL MIXED-TYPE PROBLEM

Consider the following model °mixed-type' problem

**1,,. ‘ 1*2,,, =
°

¢2,x
_

¢1,y + 2¢2,y + ¢3„y = 0 (BJ)
2 -a ¢1 — ¢3 — 0

with the initial conditions

¢1(0,y) = ¢2(0,y) = y (B-2)

and the boundary conditions

= = 1 (B-3)
¢l(x,1)= 1 + x (BA)

¢2(x,1)= 1 - (a2+l)x (B.5)

The solution to this model problem, for these initial and boundary

conditions, consists of bilinear functions; i.e.,
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¢l(x,y) = Y + x
2¢2(x,y) = y - (6 +l)>< (B-6)

2¢3(x,y> = 6 (y+x)

B.2. FORMULATIONI

The approach used in Formulation I is that ¢3 is eliminated from Eq.

(B.1) so that Eq. (B.1) reduces to a 2-by—2 system, rather than its ori-

ginal 3-by-3 form; i.e.,

0

Z -¢2,x + (a 0 (B.7)

Thus,

I' W V 'I V I V 1

2I ¢2,x I I (6 1) ZI I ¢2,y I I O I (B·8)
L J L J L J L J

Or

-+
~

->
•

= 0 B.9¢,X + A ¢,y ( )

The eigenvalues of A are given by
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1* 1

| X 1 | = 0
‘

|-(6 -1) X—2 |

L 1

which reduces to

X2
- 2X + (ä2'1) = 0 (B.10)

and gives the eigenvalues of A as:

xl = 1 + (2-a2)°‘5
X2 = 1 - (2—a2)°‘5 (B.l1)

Suppose we define 6 matrix P as:

1* 1

P = | 1 1 [

1-xl -x2 | (B.12)

1. 1

The inverse of P is:
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V 1

P-l=(|-X -1 I)/(X ·X )‘ 1 1 2
| X2 1 | (B.13)

L J

It can be verified that

I' 'I

P •A•P= | X1 0 |

| 0 X2 | (B.14)

L J

Now consider a new set of variables $1 and $2 such that

V
“I

V
‘I

V 'I

|¢lI=|1 1I|¢lI

|¢2| |·>—l-X2||¢2|
L J L J L J

Or

-> „—>

Thus, we see that using Eq. (B.15) we can write Eq. (B.9) as:

P + A P = 0
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Or ‘

—> ~ 1 ~ ~—>
+ P- •A•P

= 0 B. 6¢’x ¢>,y ( 1)

From Eqs. (B.l4) and (B.l6) we see that Eq. (B.9) trnasforms to

F 'I V 'I V "I V 1

I¢l’xI+|Xl

|¤|
L J L J L J L J

Or

O

0 (B.l8)

Now, Eq. (B.l7) is. hyperbolic if X1 is real and non-zero, it is

parabolic if X1=0, and it is elliptic if X1 is complex. Similarly, Eq.

(B.l8) is hyperbolic if X2 is real and non-zero, it is parabolic if X2=0,

and it is elliptic if X2 is complex. Both hyperbolic and parabolic

partial-differential equations qualify as 'time-like°

partial-differential equations, and their numerical solutions can be

'marched ° away from the initial conditions. The el lipt ic

partial-differential equations, however, can not be °marched° because

such a marching solution does not allow for the inclusion of upstream

influence and, thus, violates the nature of such partial-differential
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equations. Furthermore, for a system of partial-differential equations

to qualify as a 'time—like system' each one of the equations in that

system has to be either hyperbolic or parabolic. If even one of the

equations is not time-like, the system can not be solved with a

marching-type numerical scheme. Thus, we see that according to this

formulation the 2-by-2 system representd by Eq. (B.7) is conditionally

time-like. In other words, if we attempt the solution to Eq. (B.l) by

solving Eq. (B.7), we can use a marching-type numerical scheme only if
az S 2.

For the case when a2
S 2, we see that the general solution to Eqs.

(B.l7) and (B.l8) is

¢l(x,y) = al(y-Xlx) + a2 (B.l9)

¢2(x,y) = bl(y-Xzx) + bz (B.20)

where al, az, bl and b2 are constants. Using Eqs. (B.l9), (B.20) and

(B.l5), we see that

¢1(x,y) = (al+bl)y - (alX1+blX2)x + (a2+b2) (B.2l)

- 2 2 -¢2(x,y) — (a1Xl+blX2)y + (alkl
+blX2 )x (a2Xl+b2X2) (B-Z2)

Or, simply speaking

¢1(x,y) = Aly + Azx + A3

= B.23¢2(x,y) Bly + Bzx + B3 ( )
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where Al, A2, A3, Bl, B2 and B3 are constants. Thus, from Eq. (B.23),

we see that Formulation I does indeed give the correct bilinear solution

for ¢l and ¢2

B.3. FORMULATION II

Consider the following small perturbation problem, which consists of a

small perturbation on the original model problem of Eq.

0

"’2,x ' ¢1.y + ¢2„Y + ‘°3,y =
°

(B‘2")
- 2 _a ¢1 ¢s

where

s 2 0 (B.25)

The initial conditions for this perturbation problem are the same as the

initial conditions for our actual model problem [Eq. (B.2)]; i.e.,

¢1(0,Y) = Y
¢2(0,Y> = Y (B·26)

_ 2¢3(0,Y> — a Y

The boundary conditions for Eq. (B.24) are
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= 1
,0 = 1 _(B 27)

and

¢1(x,l) = 1 + x

¢2(x,1) = 1 - (a2+1)x (B.28)

2= a ¢l(x,l) - ¢3(x,1)

The small perturbation problem of Eq. (B.24) can also be written as the

following 3-by-3 system

V 1 V 1 V 1 V 1 V 1

|000II¢lI

I ¢2’x I + I·1 2 1 I I ¢2,y I =(1/¤)| 0 0 0 I I 412 I (B-29)
2Ia 0·1II¢3I

L 1 L 1 L 1 L 1 L 1

Or

—)
~

—b
~

->

The eigenvalues of A are given by ·

Appendix B. ANALYSIS OF THE MODEL MARCHING PROBLEM 99



V 1

| 1 1 O |

| l 1-2 -1 | = 0 4

l 0 0 1 |

L 1

Or

21(1 - 21 - 1) = 0 (12.31)

Thus, the eigenvalues are:

11 = 1 + /2
12 =1— /2 (1;.62)

13 = 0

Suppose we define a matrix P such that

V 1

P = | 1 1 1 l (B.33)

|-11 -12 0 |

|0 0 ll

L 1

where the inverse of P is

Appendix B. ANALYSIS OF THE MODEL MARCHING PROBLEM 100



V 1

P —(| X2 1 X2 |)/(X1 X2) (B.34)

I X1 1 -Xl |

I 0 0 (Xl·>—2) I
L J

It can be confirmed that

I' 1

P-1°A°P = | X1 O 0 | (B.35)

| 0 X2 O I

| 0 0 0 |

L J

Now, if we define a new set of variables dal, daz and dag such that

F 1 V 1 F 1

I ¢l I I 1 1 1 I I dal I
I ¢2 I = I-11 -X2 0 I I ¢a2 I (13.66)
I ¢3 I I 0 0 1 I I ¢a3 I
L J L J L J

Or

—)
~

+

I

¢ = P°¢ (B.37) ‘
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Substituting Eqs. (B.37) and (B.35) in Eq. (B.30) we get

I' 1 F 1 I’ 1

IX2 OOII¢1’yI
„

1
„ „ -»

+ 0 X 0 = -I I 2 I (1/S)P •B•1>•¢
(1;.66;

I¢3,xIIOL
J L J L J

If we use the notatien

+ 2 2f(¢) = [a (¤I»1+¢2) + (a ·1)¢3]/(Xl·X2) (B-39)

we can varify that

V 1„-1 „ „ -> ->
P

•B•P•=b
= | X2 |f(¢¤) (B.40)

I —Xl I

L J

Thus, using Eqs. (B.39) and (B.40) we can write Eq. (B.38) as:

—>

X2 f(¢)/E = O (B.4l)
-»

X1 f(¤P)/S = O (B.42)
+

¢3,x —(Xl-X2)f(¤b)/E = 0 (B-43)
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Since kl and X2 are real for this case, we see that Eqs. (B.4l) and (B.42)

are always hyperbolic and Eq. (B.43) is always parabolic. Thus, we see

that Eqs. (B.41-B.43) are always time-like and can. be unconditionally

marched in the increasing x direction. Equations (B.4l—B.43) include
->

terms of the form 'f(¢)/s', and the question arises -—- "Is the solution

to Eqs. (B.4l-B.43) singular for s *
0+

?". It will be shown in the
-> -)

following discussion that °f(¢)/s = ¢
X/(X1-X2)° is bounded for all °s

+ 0+'; and, consequently, Eqs. (B.4l-B.43) do not appear to be singular.

This argument may be substantiated by looking at the analytic solution

of Eqs. (B.41-B.43).

The analytic solution of Eqs. (B.4l-B.43) can be obtained by re—writing

these equations as:

0

0 (B.45)
2 2 _a (¢l+w2) (1 a N3 — 0 (B-46)

Equations (B.44) and (B.45) can be written as:

-
— =- = = B.47[¢l constant cl ( )

- =- = = B.48[¢2 constant cz ( )

This implies that
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¢l(x,y) = —¤ly/kl + glCx)

(B 49)

Also,

$1 - X2$3 = clx + dly + el

$2 + Xl$3 = c2x + dzy + ez (B.50)

where dl, d2, el and ez are constants, and gl(x) and g2(x) are arbitrary

functions of °x'.

From Eq. (B.50) we can see that

$1 + $2 =-$3 + (cl+c2)x + (dl+d2)y + (el+e2) (B.51)

Substituting Eq. (B.51) in Eq. (B.28), we get the following

non-homogeneous partial differential equation for $3; i.e.,

$$3
X + $3 = a2[(c1+c2)x + (dl+d2)y + (61+62)] (B.52)

The homogeneous solution of Eq. (B.52) is

h ..¢3 (x,y) — Aty) @xp<—x/6) (B 53)

where A(y) is some arbitrary function of y.
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The right-hand side of Eq. (B.52) is of a bilinear form, so that we

look for a particular solution of the form:

$3p(x,y) = blx + bzy + bg (B.54)

Substituting Eq. (B.54) into Eq. (B.S2) we can find

_ 2bl — a (cl+c2)
_ 2b2 — a (dl+d2)

b3 = a2[(el+e2) — z(cl+c2)] (B.55)

Thus, our general solution for $3 becomes

=b(xy)=¢hCxv)+¢P(xy)
3

)
3

)
3

)

= A(y) exp(-x/E) + a2[(cl+c2)x

+ (dl+d2)y + (el+e2) - s(cl+c2)] (B.56)

Using the transformation of Eq. (B.37) we can write

—> ~l•>
$=P •¢ (B-57)

We can transform the initial and boundary conditions of this small per-

turbation problem and obtain the following initial and boundary condi-

tions on $1, $2 and $3; i.e., ·
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2¢3<0,y> = a Y (B.60)

$2,y(x,0) = [-Xl$3,y + (1+Xl)]/(X1—X2) (B.62)

-
_ _ 2 _ _ _$l(x,1) — { [X2 (a +1)]x 1 X2 + X2$3}/(X1

X2) (B.63)

-
_ 2 _ _$2(x,1) — { [X1 (a +1)]x + 1 + X1

Xl$3}/(X1
X2) (B.64)

The boundary conditions on $3 are automatically satisfied as they are the

same as the governing equation.

Using these initial and boundary conditions, we can evaluate cl, cz,

dl, d2, el, ez and A(y) as:

c =-(X -a2-1)/(X -X ) (B 65)1 2 1 2 '

-
_ 2_ _

cz — (X1 a 1)/(X1 X2) (B.66)

dl =-(1+X2)/(X1-X2) (B.67)

dz = (1+Xl)/(X1-X2) (B 68)

el = 0 (B.69)

ez = O (B.70)

and

A(y) = az: = constant (B.71)

Thus, the solution becomes
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¢3(x,y) = a2(x+y) - a2:[l-exp(~x/:)] (B.72)

¢l(x,y) = clx + dly — k2¢3(x,y)/(X1-X2) (B 73)
¢2(x„y> = czx + dzy · %l¢3(x,y)/(\l—k2) (B-74)

Using the transformation of Eq. (B.37), along with Eqs. (B.72—B.74),

we get the analytic solution to our small perturbation problem as:

¢l(x,y) = y + x (B.75)

2¢2(x,y) = y · (a +1)x (B 76)
¢3(x,y> = a2(x+y) — ¤2¤[l·exp(·x/¤)] (B 77)

where : 2 0.

From Eq. (B.75) it is clear that for the right—hand limit of :; i.e.,

s + 0+ (0.76)

we get

, + 2£1m(x*0 ) a :[1-exp(-x/:)] * 0 (B.79)

Thus, we see that the solution to our small perturbation problem does

not appear to be singular for :20, and the small perturbation problem and

its solution seem to correctly approaches the solution to our model

marching problem in the limit :+0+.
Furthermore, the solution to the
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aforementioned small perturbation problem also appears to be valid for
V

s=0, because in this case

1-exp(-x/s) + 0 for s=0 (B.80)

and, consequently,

a2s[1-exp(—x/6)] = 0 for s=O (B.81)

It should be noted that for the aforementioned small-perturbation

problem

-> —>
2f(¢)/S = ¢,x/(kl—k2) = a [1—@xp(—x/¤)]/(11-kZ) (B 82)

Thus, using Eqs. (B.80) and (B.82) we see that

+
->

£im(s+O ) f(¢)/s * az/(X1-X2) (B.83)

->

In other words °f(¢)/:° is bounded [has a limiting value of az/(X1-X2)]

as s '* 0+, which was the result stated earlier to suggest that the

small-perturbation problem of Eqs. (B.41-B.43) does not appear to be

singular for s 2 O.
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APPENDIX C. EXPRESSIONS FOR THE JACOBIAN MATRICES

The parabolized Navier—Stokes (PNS) equations for axisymmetric/2-D

flows in a general curvilinear coordinate system, at the j+l marching step

and at the n+l iteration level, can be written in the following vectorial

form:

° *+1 +1 H *+1 +1 ° *+1 +1 +*+1 +1FJ*“+FJ*“=sJ*“+HJ*“ c.11,6 2,6 E ,6 ( )

Using a. first-order Taylor series expansion around the previous iter-

ation, we can write

H *+1 +1 H *+1 ” *+1 9 +1J »H Z J 1H J »H, HFl F1 + Al Aq
° *+1 +1 + ·+1 ” *+1 H +1J >H Z J ¤H J 1H HF2 F2 + A2 °Aq
—) ‘ —>

~
—¥

S j+l,n+l = S j+l,n + M j+l,n•Aqn+l (C 2)
-) -)

~
—}

H j+1,n+l
= H

j+l,n
+

A0j+l,n•Aqn+1

U
where

—}

-}·Aqn+l
=

qJ+l,n+l _ qg 1,n
(GIB)

The matrices A0, Al, A2, and M are called the jacobian matrices, and

have the following form:
J
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V 'I

I 0 £’x E,z 0 0 I

Al 0 C,x I

0 $,2 I
U1 0 I

I 0 0 0 0 0 I

L J

I' 1

I 0 ;,x 4;,2 0 0 I

A2 0 C,x I (C.6)

I -wU2 C ’xw C 0 C ,2 I

U2 0 I

I 0 0 0 0 O I

L J

I" ‘I

I 0 0 0 O 0 0 I

M = (u/J) I mzl m22 mz3 0 0 0 I (C.7)

I m3l m32 m33 0 0 0 I

I mu1 muz mus mau O 0 I

I 0 0 0 0 0 0 I

L J
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V 1

| O 0 0 O 0 0 0 |

A0 = | 0 0 0 O 0 0 0 | (C.8)

| 0 0 0 0 0 0 -m/Jz |

| 0 0 0 0 0 0 0 |

| 0 0 0 0 0 -1 K |

L J

where

Qmzz = (1/3)[(3m0+mxx)(1/P) C] (C-11)

mz3mglm32

= (1/3)[mxZ(l/p) C] (C.14)
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M4l

(0.16)

M42 (C 17)

M43 (C 18)

M44 (C 19)

Mxx

mxzmzzand

mo = mxx + mzz (C.23)

Also, K=0 for 2—D flows and ¤=l for axisymmetric flows.
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APPENDIX D. ON THE EIGENVALUES OF THE SIMPLIFIED PNS

EQUATIONS

If we assume

(a) two-dimensional flow

(b) an evenly spaced square grid such that £ x=; Z=1 a and E Z=; x=0

(c) equation-of-state approximated as

Xp - pT + B(p +p ) = 0 (D.l),E ,6

where the coefficient '6' is chosen such that 9=O for all practical

purposes; i.e.,

Sp +6p +Xp-pT = Xp-pT
lg DC

(c) w’C << u’C and w << u
we can write the simplified parabolized Navier-Stokes (PNS) equations as:

9
+1

T
+1

T
+1

D
+1n n n n= h D.2fl.; + fz.:

°S,cwhere
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V 1

I pv I
2I pv +p I

->

fl = Ipwv I (11.3)

I {T/(X-l)+0.5V2}pu I

I 9p I

V 1

I pw I

I puw I
->

f —
I

2+
2

— pw p I (0.4)

I {T/(X-1)+0.5V2}pw I

I 9p I
L 1

V 1

I 0 I

I “,c I
—>

S = v I 4w C/3 I (11.5)

I { T C/Pr(X-1) I

| + uu’C } I _

I 0 I
L _I '

and
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I' "I

I 0 I

I 0 I—>

h = I 0 I (D.6)

I 0 I

I ¥p·pT I
L J

-> ->
Using a Taylor-Series expansion we can expand fl and fz around the

previous iteration as:

-> +1
—> „ —>

I'1{1 = {ln + a?•Aq (1).7)
-> +1 -» „ ->

I1 2 I1 I1.fz fz + az Aq . (D.8)

where

I' 7

I O l O O O I
~n 2al = I -u 2u O 0 1 I (D.9)

I -uw w u 0 O I

I—§1u §2+u2
(X-l)uw u 0 I

I 0 O O 0 9 I

L J

and
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V ‘I

I 0 0 l 0 0 |
~n
az = | -uw w u 0 0 | (D.10)

l
-w2

0 Zw 0 1 |

|-Ö w (X-1)uw Ö +w2
w 0 |l 2

| 0 0 O 0 G |

L J

In the above expressions

_ 2Öl — T + (X—l)V (D.ll)

2 2Ö2 = T + (K-l)(V /2+u ) (D.l2)

->
In order to obtain a similar expression for the viscous vector (s),

consider the following derivative expressions

¤u,C = Cu/p)(p¤),C · (u2/p)p,C (D-14)

and

T,C = (1/p)(pT),C · (T/p)p,C (D 15)

Thus, using Eqs. (D.13-D.l5) and Eq. (D.5), we·can write

—> „ ->

Sn+lAppendixD. ON THE EIGENVALUES OF THE SIMPLIFIED PNS EQUATIONS 116



Linearizing Eq. (D.l6) around the previous iteration gives

-> +1 -> ~ —> .
sn = sn + m¤•d C (1).17)

where

V 1

| 0 0 0 0 0 |

mn = (u/p) I -u 1 0 0 0 I (D.16)

|-4w/3 0 4/3 0 0 |

| al u(X-1) 0 1/Pr 0 |

| 0 0 0 0 0 |

L 1

6 = 11q“ (1).19)

and

_ 2al —-[T/Pr + (X-l)u ] (D.20)

If we represent

b“
= mn (1).21)

we can write Eq. (D.2) as
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~
*7

~
-7

~ -> -b

@1 X6 @z° X6
‘ ° ,6),6 ( · 2)“•11 +

“a — bnd +R=0 mz

Using a frozen coefficient approach, we assume that the jacobian matrices

a?, ag and bn
do not change with Z and C; i.e.,

Nn _ ~f
al — al (D.23)
Nn „ ~f
az - az (D.2h)

and

b“=bf (11.26)

With this frozen coefficient assumption Eq. (D.l8) reduces to:

~f—) ~f+ ~f—> -)—)
d +

•d
-b d +R d, , = 0 D.26al' Ä az ’C ° Ä; ( EC) ( )

Thus

-> „-]_~ -r „-]_~ -> ~-]_—>
f f f f f _d,g + al al •b al •R — 0

Or

—>
~

+ ~-P —>

d + N •d
- N d + C = 0 D.27,6 1 ,6 2,66 ‘ )

Here, the inverse of aä is defined as:
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I' 1

I 2/u l/u2
0 0 1/9u2

I„f-1
al = I 1 O O 0 0 I (D.28)

I w/u -w/u2
1/u 0 w/Guz

I

I Öl/u -Ö3/u2
-(X—l)w/u 1/u Ö3/9u2 I

I O O 0 0 l/9 I

L J

where

2Ö3 = T + (X-1)u (D.29)

Also, with the approximation that w << u, the expressions for N1 become

V 'I

| w/u -w/u2
1/u 0 1/u2

I

N1 = I 0 0 l O 0 I (D.30)

I O -w2/u2 2w/u 0 l/u I

2 2
I 0 wT/u T/u w/u Ö3/u I

I 0 0 0 0 1 I

L J

and
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V 1
l

| l/u -1/u2 0 0 0 |

N2 = (su/p) | 0 0 0 0 0 | (D.31)

I Bl ·ß1/u 4/3u 0 0 |

| B2 -T/u2 B3 1/Pru 0 |_

| 0 O O 0 0 |

L 1

where

Bl = -w/3u (D.32)

B2 = [T(1+1/Pr) + 2(X-1)/3]/u (D.33)

and

B3 = -4(X-l)w/3u (D.34)

The eigenvalues of N1 [Eq. (D.30)] are given by »

2 2 _
(X—l)(X-w/u)[X(X—2w/u)(Ä-w/u)+(X-w/u)w /u ] — O

Or

(x-1)(1-W/u)2[x2—2)w/0+wz/02] =· 0 (0.66)

Thus
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ß
Xi = (l,w/u,w/u,w/u,w/u) (D.36)

Similiarly, the eigenvalues of N2 [Eq. (B.3l)] are given by

¤2(¤-zu/Prpu) (c-hau/3pu)(c-su/pu) = 0 (D.37)

Thus, we obtain the eigenvalues of N2 as

ci = (0,0,su/Prpu,4su/3pu,su/pu) (D.38)
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Table 1. Freestream Conditions

Case A Case B

Altitude (kft) 80.000 200.000

Mach Number 25.000 25.000

Reynolds Number 2.92E+S 1.72E+3

Pressure (lbs/ftz) 58.562 0.417

Density (slug/ft3) 8.64E-5 5.34E-7

Temperature (°R) 395.067 455.381

Velocity (ft/sec) 2.44E+4 2.62E+4
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Table 2. Convergence Rates at X/RN=10. Location for Various

Grid Distributions

Case C Grid Points m B

50 -1.00 2.7

A 100 -1.20 3.3

150 -1.30 3.7

50 -0.95 2.6
l

B 100 -1.20 3.3

150 -1.30 3.7
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Table 3. Computing Time(a) studies for the Solution at

X/RN=10. Location

(b) (c) (d)

*. 1 1 *Case C-Points t t t t
t t

(sec) (sec)

50 0.14 1.00 2.12 1.00

A 100 0.28 2.00 2.09 1.97

150 0.43 3.00 2.02 2.85

50 0.15 1.00 2.17 1.00

B 100 0.28 1.87 1.95 1.68

150 0.42 2.80 2.18 2.81

(a) On IBM 3081 with H-compiler and 0PT=2 optimization
(b) Time for the first iteration scaled with respect

to the 50-point value
(c) Total time for the marching step
(d) Total time for the marching step scaled with respect

to the 50-point value
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Table 4. Comparison of Total Computing Times(a) for Case A

(b)

*Code X/RN Grid t 1 1

From-to E C (mzs) (sec)

NOL3D 0. 500. 475 10 0:06 0.00001 0.002

VSLPG 0. 2. 33 101 0:22 0.00660 1.000

VSLPG 2. 200. 60 101 0:35” 0.00580 0.879

PNSPG 2. 200. 124 150 2:03 0.00660 1.000

AFWAL 2. 200. 123 50 0:29 0.00472 0.715

(a) On IBM 3081 with H-compiler and 0PT=2 optimization

(b) Scaled with respect to the 1* value for PNSPG code

1
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Table S. Comparison of Total Computing Times(a) for Case B

(b)

z': iv
Code X/RN Grid t I I

From-to Z C (mzs) (sec)

NOL3D 0. 500. 475 10 0:06 0.00001 0.002

VSLPG 0. 2. 33 101 0:22 0.00660 1.031

VSLPG·0 2. 200. 219 101 2:04 0.00561 0.877

VSLPG·1 2. 200. 218 101 2:02 0.00552 0.863

PNSPG 2. 200. 126 150 2:01 0.00640 1.000

(a) On IBM 3081 with H-compiler and 0PT=2 optimization

(b) Scaled with respect to the I* value for PNSPG code
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Figure 19. Effects_ of grid distribution on pressure profile at
X/RN=200 for Case A
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Figure 20. Effects of grid distribution on temperature profile at
X/RN=20O for Case A
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Figure 21. Effects of grid distribution on u-Velocity profile at
X/RN=200 for Case A

149



E
O PNSPG ( 50—points)
A PNSPG (lOO—points)
+ PNSPG (lSO·points)

ä\
ä

E
°°0.® 40.üI NAI! 1 ·- .® 1 >• .® ZIILGJx/an

E
Figure 22. Effects of grid distribution on wall pressures for Case· B
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Figure 23. Effects of grid distribution on skin friction for Case B
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Figure 24. Effects of grid distribution on wall heat—tr:ansfer ratesfor Gase B _
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Figure 25. Effects of grid distribution on bow shock shape for CaseB
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Figure 26. Effects of grid distribution on pressure profile at
X/RN=200 for Case B
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Figure 27. Effects of grid distribution on temperature profile at
X/RN=200 for Case B
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Figure 28. Effects of grid distribution on u-Velocity profileat
X/RN=20O for Case B
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Figure 29. Errcr-reductiou histories·for Case A at X/RN=lO
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Figure 30. Errovreduction histories for Case B at: X/RN=1.0 _
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Figure 31. Comput:ix1g·t:ime hiscories for Case A at X/RN=l0
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Figure 32. Computing·time hisjzories Ear Case B at: X/RN=10
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