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Strongly correlated electron ground .. state energy approximations for 
Anderson .. llke models 

Jay D. Mancini and Charles D. Potter 
Department of Physics, Fordham University, Bronx, New York 10458 

Samuel P. Bowen 
Physics Department, Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061 

We report preliminary results of convergence properties for nonperturbative resolvent 
approximations to Anderson-like models of magnetic ions in metals. Our study is initially 
focused on the spin-! Anderson model for magnetic impurities, but the methods studied can 
include mUltiplet and crystal-field effects which are needed for more accurate descriptions of 
real systems. We will compare the nonperturbative Lanczos method (tridiagonalization) and 
similar truncation schemes to exact ground-state energies for the impurity model and assess 
the efficacy of these nonperturbative approaches to understanding the Anderson lattice, heavy 
fermions, and other strongly interacting electronic systems. 

Mancini and Mattis I examined a variational method for 
evaluating the ground state of the Wolf Hamiltonian by ana
lytically evaluating the matrix elements of the Hamiltonian 
for an orthonomal basis set of states generated from the tri
diagonalization of the Hamiltonian matrix given an initial 
state. The initial state that was used in the case of the Wolf 
Hamiltonian was simply the filled Fermi sea, The remaining 
states in the orthonormal sequence were sums of aU particle 
excitations and more complicated composite many-particle 
states. This selection of states is in contrast to more tradi
tional variational treatments, such as that by Varma and 
Yafet,2 in the context of the Anderson magnetic impurity 
model where the orthonormal variational states were chosen 
to be the individual particle-hole excitations. With such indi
vidual excitation states the resulting Hamiltonian matrix is 
essentially infinite in dimension, and the ground-state eigen
value must be estimated by solving a transcendental equa
tion. The primary difficulty with this traditional method is 
that it is difficult to construct a sequence of approximations 
that systematicaily improves on the ground-state energies 
obtained by using only the simplest particle-hole excitations. 
The matrix truncation scheme of Mancini and Mattis com
bines the different particle-hole excitations into composite 
states and thus results in a sequence of finite dimensional 
matrices. This sequence is guaranteed to converge as the size 
of the matrix increases though the rate of convergence may 
be slow. The nature of the sequence of states is expected to be 
the factor that most strongly effects the rate of convergence. 

The most surprising result of the Mattis and Mancini 
study was the quick convergence of the ground-state eigen
values and the corresponding estimate that this sequence 
gave for the ground state of the system. 

A further benefit arising from the analytic tridiagonali
zation is that explicit expressions for the matrix elements 
were obtained whose analytic structure as functions of mod
el parameters could be studied. Since these matrix trunca
tions schemes are nonperturbative the examination of these 
explicit expressions enabled discussion of the range of valid
ity of perturbations expansions. The major disadvantage is 

the complexity ofthe matrix elements as the size of the trun
cation dimension is increased. A large amount of algebraic 
manipUlation is required whenever a somewhat complex ini
tial variational state is chosen and the size of the truncation is 
to exceed 5 X 5. 

An alternative to the analytic tridiagonaIization which 
has the promise of yielding tractable higher-order trunca
tions is to relax the requirement that the matrix be tridia
gonal, but to continue to explore the use of composite vari
ational states in the matrix expansion. This approach would 
begin with some state such as the filled Fermi sea and gener
ate an orthonormal sequence of composite states by con
structing the matrix of the Hamiltonian and choosing states 
by a criterion that different states need represent different 
physical processes and be as simple as possible. Such an ap
proach gives rise to a very tractable sequence of states and 
has the possibility oHarge truncations for a modest effort. If 
the convergence is found to be relatively fast, this may be a 
way of getting numerical estimates of ground-state energies 
ofsystems of interest such as the lattice Anderson model and 
other systems of strongly correlated electrons. This nontri
diagonal approach does not allow an anallytic study of Ram
iltonian parameters, but these questions may be studied nu
merically. 

One of the motivations of this preliminary study is to 
reexamine the surprisingly fast convergence of Mattis and 
Mancini for another Hamiltonian with exact eigenvalues. 
The results reported here arise from application to the inpur
tty spin-i Anderson model and will be extended to the lattice 
model elsewhere. 

For this paper we compare a 3 X 3 tridiagonaHzation 
and an 18 X 18 non tridiagonal truncation with each other 
and with various exact results for the Anderson impurity 
model. The Anderson H is written as follows: 

H = L tksnks + 2: f:jsNs + UN+N_ 
ks s 

(1) 
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FIG. 1, The lowest eigenvalue E /1TtJ. of each truncation N is plotted against 
1/ N for N = 3,18, The squares show the nontridiagonalized approximanst. 
The circle on the y axis shows the variational energy of Gunnarson and 
SchOnhammer, 

where nks = CLCks and Ns = f'!fs, and where ct, and!; are 
creation operators for the conduction-electron and localized 
f-electron orbitals, respectively. The conduction-electron 
energies are €ks' Eft represent the atomic orbital energies of 
thef electrons, U is the Coulomb matrix element between the 
localized orbitals, and V is the hybridization matrix element 
between the conduction electrons and the localized orbitals. 
We write the ket iF) to represent the filled Fermi sea multi
plied by the no-electron state of the localized orbitals. This 
product state is the beginning state for both of the sequences 
that will be studied here and for even numbers of conduction 
electrons lies in the same subspace that we expect for the 
singlet ground state of this Hamiltonian. For the purposes of 
this study we use a constant density of conduction electron 
states with a bandwidth w and assume that the hybridization 
Vis independent of the wave vector k. Operating on iF) with 
H yields the following first row for the H matrix: 

H IF) = EoIF} + ~ IfYCks IF) , 
[Ff ks . 

(2) 

where Eo is the energy of the half-fiUed conduction band. In 
the truncation approximations studied here we take the sec
ond term in Eq. (2) as our next orthogonal vector and pro
ceed to construct the next rows of the H matrix by acting on 
it withE. 

The Varma-Yafet and Gunnarson-Schonhammer ap
proach chooses each k-dependent statefYck., IF) as an inde
pendent vector state and finds as an approximate ground
state eigenvalue equation for the case when cfs is below the 
conduction-band bottom. The variational ground state is of 
the form 

1 V !¢,)a:IF)+-I, fIcks!F). (3) .IN k {Ef - Eks - E} 

A semiquantitative connection between this variational 
state and our truncation sequence may be made by noting 
that for large cfs the denominator can be expanded in a pow
er series in Eks/Efs. In the orthonormal sequence of states 
generated in this method the terms of this expansion in mo
ments of the conduction band will be found. Thus the ortho
normal sequence of vectors will recover parts of Eq. (3) as 
well as more complicated many-electron states such as con
duction-electron-hole states, two-electron-two-hoie states, 
etc. It is this connection between the usual variational states 
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FIG. 2. The deviation of the lowest eigenValue from its U = 0 value is plot
ted against U for the symmetric Anderson model. The solid line represents a 
Bethe anzatz calculation (ReO) and circles represent a 3X3 truncation 
X 's a 8 X 8, crosses a 12 X 12, and squares an 18 X 18 truncation. Both axi~ 
are normalized to 1J"tJ.. 

and the inclusion of more complicated basis states that gives 
us hope for this truncation method. 

The analytic tridiagonalization method and the nontri
diagonal methods agree when the appropriate truncations 
are compared. The nontridiagonal matrices were carried out 
to 18 X 18 truncations including both spin states with an ex
ternal magnetic field and those results will be compared with 
the Bethe anzatz results below. This level oftruncation was 
not difficult to derive since the matrix is quite sparse. 

The first question which must be examined is the rate of 
convergence. Figure 1 shows the dependence of the lowest 
eigenvalue as function of the reciprocal of the matrix dimen
sion. The sman squares represent the nontridiagonal ap
proximants and the circle on the vertical axis represents the 
variational solution of Varma and Yafet or Gunnarson and 
Schonhammerfor this large value of U /1Tl~,;:::::3.5. As can be 
seen, the sequence is tending to converge as expected, though 
the steps in the sequence as the truncation dimension in
creases is somewhat surprising. The steps seem to be de
creasing as N increases. The agreement is quite good. 

To make contact with the Bethe anzatz we compare the 
U dependence of the ground-state energy with the Kawa
kami and OkijP calculation of the Wiegmann solution for 
the spino} model, It is important to realize that as U is varied 
€js = - O.SU, preserving the symmetric Anderson model. 
The comparison of the deviation of the normalized ground
state energy from its U = 0 value as a function of U I1rl1 is 
shown in Fig. 2. Both axes of this figure are normalized to 
1TA where A = JrV 2/w. The solid line is the Kawakami and 
Okiji solution and the symbols show the result of various 
truncations. The circles represent the simplest 3 X 3 or 2 X 2 
(tridiagonalized) truncation. The X's represent the 8 X 8, 
the crosses represent the 12X 12, and the squares represent 
the 18 X 18 truncation. 

In summary, matrix truncations of the Hamiltonian us
ing composite states that contain sums over the conduction
electron excitations seem to represent a convergent sequence 
with moderately fast convergence. It would seem that some
what larger truncations than those considered here could 
yield ground-state estimates that might be useful for the 
study of more complex model Hamiltonians. This promising 
preliminary study is not enough to decide whether the con-
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vergence rate for this type of basis state is fast enough to 
merit its widespread use in the study of heavy-fermion and 
other strongly correlated systems. However, it appears 
worthwhile to pursue these questions in detail elsewhere. 
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