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A simplified method of calculating thermal diffuse scattering (TDS) for materials at or above their 
Debye characteristic temperature is presented, This method is based upon the properties of the 
lattice Green’s function and eliminates the need of solving the equations of lattice dynamics. This 
simplifies the calculation procedure. The general scheme of evaluating the diffuse scattering for 
polycrystalline materials with a texture is discussed. A sample calculation of the TDS from a 
polycrystalline material with a fiber texture is given using the simplified procedure just presented. 

I. INTRODUCTION 

X-ray diffuse scattering is an important technique for 
investigating local atomic arrangements and defects in crys- 
tals. Previous quantitative analyses are all based upon single 
crystals or ideally random power samples. In reality, most 
polycrystalline materials have a certain degree of texture or 
preferred orientation due to sample preparation. Therefore, it 
is still necessary to develop a quantitative theory to access 
the importance of texture on the diffuse scattering from these 
materials. One important kind of diffuse scattering that exists 
in all materials is the thermal diffuse scattering (TDS). In 
short range order studies TDS must be subtracted, as a cor- 
rection, from the total diffuse scattering before other forms 
of scattering can be analyzed. Traditionally, TDS is calcu- 
lated from the eigenvalues and eigenvectors of the equations 
of lattice dynamics,’ which are cumbersome to compute. In 
this paper, a simplified method of calculating the TDS is 
described, based on interatomic force constants~ and the lat- 
tice Green’s function. This procedure recognizes the proper- 
ties of the lattice Green’s function and eliminates the need of 
solving the many equations of lattice dynamics. It can be 
applied to single crystals at or above the Debye characteristic 
temperature with only one kind of atom. It can also be used 
approximately for a random mixture of different kinds of 
atoms using average parameters. As in Debye’s theory, the 
material is treated as a pure element with average parameters 
such as an average mass distributed at each lattice point. A 
calculation of the TDS in a polycrystalline copper beryllium 
solution having a fiber texture is given using these proce- 
dures. Our approach is compared with a random powder cal- 
culation using additional simplifying assumptions.’ A more 
general treatment for other kinds of diffuse scattering, using 
the inverse pole density function,3 is also discussed. 

II. TDS FROM LATTICE GREEN’S FUNCTION 

Based upon the harmonic approximation, the motion of 
atoms in a crystal is described by a set of normal modes of 
vibration. The thermal motion of atoms influences the x-ray 
diffraction pattern in two ways: (i) Bragg reflections are at- 

tenuated; and (ii) this loss of intensity produces diffuse scat- 
tering that strongly depends upon the position of the diffrac- 
tion vector relative to the Bragg positions. 

In Born-von Karman theory, the interatomic force act- 
ing on an atom is given by 

F’=x i D’i(r,)d, 
m j=l 

(1) 

where D’j(rm) is the interatomic force constant, representing 
the force component in the direction i (=1,2,3) on this atom 
caused by a unit motion in the j direction of another atom 
that is r, away. The summation over m goes over all possible 
atomic positions in the crystal. Force constants are typically 
obtained experimentally from neutron scattering. The eigen- 
frequency wR, and eigenvectors egj for a normal mode des- 
ignated by wave vector g and polarization j (j = 1,2,3) can 
be obtained from the following eigenequations: 

i fi”“(~)e~j=m,o~je~j, u= 1,2,3, (2) 
u=l 

where b’“(g) is defined by 

6,““(g) = -c LF(r,Jcos 2rg-r,, u,u = 1,2,3, (3) 
m 

and m, is the mass of the atoms. The allowed values of g 
depend on the boundary conditions of the crystal and are 
confined to the tist Brillioun zone. An explicit form of 
?‘(g) can be found, for example, in the book by Warren’ 
for a FCC crystal using force constants up to the third nearest 
neighbors. 

The diffracted intensity for a crystal, in electron units, 
with thermal motion having only one kind of atom at or 
above the Debye characteristic temperature is given by’ 
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I=Nf”c c e2~i$‘(r,-5) 
m n 

X[l-cos 2mg.(r,-r,)] , 
I 

(4) 

where the summations extend over all possible wave vectors 
and all atomic positions m and n. The quantity k is Boltz- 
man’s constant, T is the absolute temperature, N is the total 
number of atoms in the crystal, f is the atomic scattering 
factor, Sk is the diffraction vector given by 

s-so 
Sh=T > C% 

where s and so are unit vectors in the directions of the dif- 
fracted and incident beams, respectively, and h is the wave- 
length of the radiation. 

Traditionally, the TDS is calculated from Eq. (4) by 
solving Eq. (2) to obtain the eigen-frequencies, wgj, and 
eigenvectors, egi . Because this approach requires consider- 
able computing resources, a simplified procedure is pre- 
sented utilizing the properties of the lattice Green’s function 
and thereby eliminates the need of solving the eigen- 
equations. It can be shown that llm,o$ is the eigenvalue of 
C?“(g), the inverse matrix of fiU”(g), with the same eigen- 
vectors, i.e., 

3 
C GUU(g)e~j=~ eij, u= 1,2,3. G-3 
Cl=1 mPgj 

And furthermore, the three polarization vectors egl, e,,, and 
eg3 form an orthonormal set of vectors for every g. Because 

( egl eg2 1 1 1 
e@ 

egl e82 2 2 2 
eg3 

ed e82 3 3 3 
e83 1 

is a coordinate transformation matrix from an orthonormal 
set of vectors to another, and for every g, it must satisfy4 

: (Ij g; $;) ($I g; zj;)=(; ; ;), 
(7) 

or simply 

3 

C eijeij= 6u”, u,v=1,2,3, 
j=l 

03) 

where 8“’ is 1 when u =V and 0 when u #v. The function 
C?‘(g) is called the lattice Green’s function in Fourier space 
and is defined by 

3 

c @ ‘(g)6”“(g)= P”, u,w= 1,2,3. (9) 
CJ=l 

From the properties of the Green’s function and its eigen- 
vectors, the summation over j in Eq. (4) can be evaluated as 
follows: 

3 

c @  
j-1 

;$v;’ -2 ;: ;: SI~sE-2 

j=l u=l v=l 

3 3 3 3 

=C C C C S”,iPk(g)e~jS~e~j 
j=l u=l v=l k=l 

3 3 

= c c SpPyg)S”, , 
u=l v=l 

giving 

~=Nf”c c e27risA’(rm-rn) 
m n 

X exp 
( 

-!gz;:~ Spyg)Sf: 
g u=l v=l 

X[l-cos 2rg.(r,--r,)] . 
1 

m 

The Green’s function in real space is related to GU” through 

GUV(r)=i 2 G;““(g)cos 2m-g-r, u,v=1,2;3. ‘(11) 
E 

Substituting Eq. (11) into Eq. (10) gives 

j=Nf22 c e2~$,‘(rm-rn) 
m n 

3 3 

X exp -4r”kTx c S;S;[G”“(0) 
u=l v=l 

(12) 

Letting 

3 3 

2M=4dkT~ c S”,S;G““(O), 
u=l u=l 

Eq. (12) can be rewritten as 
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The last exponential function is commonly expanded into a 
power series with the first term giving the Bragg peak attenu- 
ated by e-2M, while the second term yields the first order 
TDS, 

Zl=Nf2e-2M47f2kT~ 5 S~~S”,I~~“(S,). 
u=l v=l 

(15) 

Subsequent terms of this series give second, third,..., order 
TDS, and involve multiple convolutions by summation of 
C?“(g). Normally their contribution to the total TDS is sig- 
nificantly smaller than that from the first order TDS. The 
Green’s function is found to peak sharply at the Bragg points 
in reciprocal space so that it can be approximated by a Dirac 
&function at the zone center beyond the first order. This is 
equivalent to the method suggested by Warren1 to take into 
account higher order TDS. This effectively assumes that the 
shape of the higher order TDS has the same shape as the first 
order which is a good approximation if 2M is small. With 
this approximation, the total TDS for a single crystal is given 
by 

3 3 

u=l v=l 

(16) 
which requires the Green’s function and not the eigenvalues 
and eigenvectors of it. This expression, strictly speaking, can 
be applied to materials with only one kind of atom. If the 
material under investigation is a random solid solution of 
more than one kind of atom, and the interatomic force con- 
stants are obtained by fitting a model of “average” atoms, 
with this set of force constants and an average atomic scat- 
tering factor. 

III. TDS FOR POLYCRYSTALLINE MATERIALS WITH 
TEXTURE 

In an actual diffraction experiment with polycrystalline 
materials, the diffraction vector determined by the instru- 
ment, Sk, is localized to a small volume in reciprocal space 
for each diffraction angle, and the reciprocal lattices of the 
crystallites in the sample take on all possible orientations. 
Each crystallite has a set of reciprocal axes (b,, b2, and b3) 
with position in reciprocal space given by 

S;=hlbl+h2b3+h3b3. (17) +B,,P~(cos fi)sin m$], (19) 

The rotation of each crystallite and therefore its reciprocal where PF(cos a) is the normalized associated Legendre 
axes is relatable to the texture found in the sample. This polynomial.6 If the series is truncated to a finite number of 
causes the same Sh to be decomposed into different terms related to the finite sharpness of the texture distribu- 
(hl,h2,h3), all located on the surface of a sphere, for each tion, the coefficients A,, and B,, can be determined from 
crystallite. For brevity, S;( is used in the following discus- the values of R(R, $) at a finite number of reciprocal space 
sions. The measured TDS from such a polycrystalline sample points corresponding to the Bragg reflections, with the direc- 
is therefore the average of Zrus(S;) over all orientations tion of the diffraction vector, S,, coinciding with the direc- 
weighted by the volume fraction of the sample that scattered tion for which the inverse pole density function is being 
at a position in reciprocal space located by the condition constructed. The value of R(fi,$) at these points can be 
Sk = SL . Thus S; takes on all orientations while keeping the calculated from the ratio of the experimental to the theoreti- 
magnitude constant. cal integrated intensities for an ideal powder.5 After the co- 

In the case of an ideally random polycrystalline sample, 
all the mVciprocal lattice directions oriented in the direction of 
S,, have the same probability. The TDS for such a sample is 
just the integral of ZTDs(Si() over the surface of a sphere, 
divided by the total solid angle 4~. However, in a polycrys- 
talline material with a texture, the relative volume fractions 
of crystallites that have their reciprocal space direction SL 
oriented in a particular sample direction (defined by S,) is 
given by the inverse pole density function (or inverse pole 
figure), R( S;), of that sample direction.3 This can deviate 
greatly from the random case. The measured TDS from a 
polycrystalline material with a texture can be expressed as 

P Z,,(!$,) =Nf2( 1 - ewzM)4a2kT 
I orieZ&ns ’ 

3 3 

XR(S;) c c S:US~GUv(S:)d~s;, (18) 
u=l v-l 

in electron units, where dQs; is the differential solid angle of 
s; . 

Experimentally, the inverse pole density function has 
been traditionally derived from the measurement of several 
complete pole figures which are used to obtain the orienta- 
tion distribution function. This in turn is integrated to obtain 
the inverse pole density function.3 He, Rao, and Houska’ 
recently developed a simplified method to obtain the orien- 
tation distribution function for a polycrystalline material with 
a true fiber texture or a fiber texture artificially produced by 
spinning a sample having a more complex texture. This sim- 
plified method applied to a cubic system can be more gener- 
ally applied to obtain the inverse pole density function for 
any texture in any crystal system. For the special case of a 
fiber texture, the inverse pole density function for the fiber 
axis is equal to the orientation distribution function.3 In this 
method, each crystallographic direction, SL, is characterized 
by a set of spherical polar angles (a,$). The inverse pole 
density function is expanded in terms of spherical harmonics 
according to 

R(i-2, @) = 2 A,,,P,O(cos i--L) 
n=O 

+2x c [A,,i';(cos CZ)cos m$ 
n=l m=O 
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FIG. 1. TDS from polycrystalline materials with and without texture. 
The plotted normalized intensity I’ is defined as &/Nf2(1 -eWzM) 
X 16?i?kT(sin S/Ail. The attenuation factor 2M is evaluated to be 
O.O0523T(sin oh)‘, where 2’ is in K and A is in A. 

efficients are determined, the values of the inverse pole den- 
sity function for all other orientations of S; can be evaluated 
from Eq. (19). If the texture is not too severe, Eq. (19) may 
be truncated to a small number of terms and only a few 
number of Bragg peaks are required. 

Figure 1 shows the calculated total TDS [normali?ed by 
Nf’( l-eezM)16rr2kT(sin S/Q21 for a fiber texture ob- 
tained from a copper 11.6 at. o/o beryllium alloy. The sample 
was water quenched after annealing at 780 “C for 15 min. 
The direction of the instrumental diffraction vector coincides 
with the fiber axis of the texture so the orientation distribu- 
tion function given by He et aL5 may be used in place of the 
inverse pole density function. Interatomic force constants 
were determined from neutron scattering experiments by 
Koo et al7 Only the coefficients up to the third nearest 
neighbors are used. TDS for an ideally random polycrystal- 
line material but with all other conditions identical is also 
computed and plotted in Fig. 1 for a comparison. The latter 
curve is essentially the same as the result obtained by 
Warren2 who used an approximate method that assumed a 
linear dispersion relation between o and lgl. An examination 
of the maxima and minima in Fig. 2 shows a preferred ori- 
entation in the (111) and (100) directions and is nonpreferred 
in the (110) direction. As a result, the TDS for the sample 
with texture has higher values near the (111) and (200) Bragg 
reflections and smaller values near the (220) reflection when 
compared with the scattering from an ideal powder sample. 

IV. OTHER DIFFUSE SCAlTERlNG FROM 
POLYCRYSTALLINE MATERIALS WITH TEXTURE 

The discussion at the beginning of the last section ap- 
plies not only to the TDS, but also to other forms of diffuse 
scattering such as short range order scattering. In general, if 

FIG. 2. Orientation distribution function of the texture used to calculate 
TDS (see Ref. 5). The base plane shows the two dimensional contours of the 
function. A plane at w=l would represent an ideal random powder. 

the diffuse scattering for a single crystal is I’($,), the dif- 
fuse scattering from the same material in polycrystalline 
form with a texture is given by 

zPw= &, r & R(S~)Zs‘(S$m,~ , cm 
J orientations -r “’ 

R 

where R(S;) is the inverse pole density function, of the tex- 
ture, for the sample direction that coincides with the diffrac- 
tion vector, Sk. If the single crystal diffuse scattering de- 
pends strongly on the direction of the diffraction vector with 
a fixed magnitude, like the TDS which peaks sharply in the 
region close to the Bragg reflections, the intensity from the 
polycrystalline sample with a texture will differ considerably 
from an ideally random powder. This is shown in Fig. 1 in 
regions close to the Bragg reflections. On the contrary, if the 
diffuse scattering is not a strong function of scattering direc- 
tion like short range order scattering, the resulting intensity 
from materials with a texture will be similar to that from an 
ideal powder. Of course, this must be treated with some cau- 
tion. If the texture of the material is very strong, even a small 
variation of the scattering with respect to the diffraction di- 
rection can lead to a very different diffraction pattern com- 
pared with the ideally random one. The example can be con- 
sidered as having an intermediate texture. 

V. CONCLUSION 

In this paper, a simplified method for calculating the 
TDS from single crystals using interatomic force constants is 
described. This method is based upon the lattice Green’s 
function and does not require the extensive computing re- 
quired to solve the eigen-equations from lattice dynamics. 
Only the expressions of the lattice dynamics matrix and its 
inverse, the Green’s function, are needed. The treatment 
should only be applied with sample temperatures that are 
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comparable or higher than the Debye characteristic tempera- 
ture so that equipartition of the thermal energy for the indi- 
vidual normal modes is applicable. 

The diffuse scattering from polycrystalline materials 
with a texture can be calculated from the diffuse intensities 
from single crystals and the inverse pole density function. A 
TDS calculation for a copper beryllium solid solution with 
an intermediate fiber texture has shown a significant differ- 
ence when compared with that from an ideal powder. In gen- 
eral, the difference between the diffuse scattering from a tex- 
tured sample and those from an ideal powder depends upon 
both the severeness of the texture and the directional depen- 
dency of the diffuse scattering. The discrepancy will nor- 
mally become more evident when the texture is strong and 
when the directional dependency of the scattering is high. 
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