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FIG. 4. Difference in estimated and true bearing angles given 
approximately by P/L. 

when the bearing errors are uncorrelated. However, if 
the bearing errors are highly correlated, as in the case 
of the midarray deflecting from noncollinearity, Eq. (6) 
must be modified and the relative range error is given 
approximately by 

o(•)• 2• o(•) 
ß -- (7a) 

R L e L ' 

•2• •(•) (•b) 
Le ' 

where L e iS the effective interarray separation, L sinB•. 
(L is hal/of the total array length), and (•(•) is the stan- 
dard deviation of the midarray deflection from a line 
connecting the forward and after arrays (either in abso- 
lute terms or in the amount that cannot be calibrated 

out). 

Equation (7) is consistent with results of Carter, s 
Hahn, 9 and Beam. z0 Therefore, we conclude that the ap- 
proximation, Eq. (7), is reasonable. 

IV. CONCLUSIONS 

The similarities of wavefront-curvature and triangula- 
tion techniques as methods for passively estimating the 
range to an acoustic source have been demonstrated. 

These similarities have been used to extend previous 
triangulation results to predict the range errors because 
of uncertainty in the position of array hydrophones. The 
extended triangulation results agree with previous opti- 
mum theory. 
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On errors in some papers on array processing 
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Some errors in the literature arc noted concerning the calculation of the maximum-likelihood estimator. 

PACS numbers: 43.60.Gk 

Expressions (7) and (8) in my "Processing Spatially 
Aliased Arrays "z paper are not correct. The maximum- 
likelihood estimator of bearing is 

B 

•=w• p(•,)x-"(•,)6(•,) , 
•=1 

where w=[•,r=• p(co•)X'•'(•)] '•. The asymptotic mean 
square error of • is 

3w 

mse• =•.MLa(•rsin•)a . 

The sub-bandwidths w•.•- co, =zxco must be greater than 
27•/N5. Let Acv =27•/m(N)5 where m-•o and rn/N-O as 
N-•o. For large N, 

w. • N ;fib =2-• [,4 (,•)[•- s;•(,•)c-'-(,•),• '- d•, 
where c(co) is the phase velocity and IA I •' S• z is the basic 
SNR. The broadband maximum-likelihood estimators of 

bearing and velocity in the article by Clay, Shaman, 
and Hinich are also incorrect. •' We normalized by the 
standard deviation instead of the variance. For constant 
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c and p, the ratio of the mse of our estimators to the 
mse of the maximum-likeliho5d estimators is 

3'4. 

Note that mse• is proportional to m/N and not 1/N as 
is stated by MacDonald and Schultheiss, 3 Hahn, a and 
Carter. 5 This agrees with the asymptotic variance de- 
rived by Hannan and Thompson. 6 
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Comments on "Conformal array beam patterns and 
directivity indices" [J. Acoust. Soc. Am. 63, 841-847 
078)] 

J. G. Kelly, E. J. Sullivan, and J. I. Salisbury 

Weapons Systems Department, Naval Underwater Systems Center, Newport, Rhode Island 02840 
(Received 7 August 1978; revised 6 October 1978) 

Several comments are presented in response to an article by Frank, Kesner, and Gruen which concern 
their calculation of the Directivity Index (DI) of a particular conformal array. In addition, independent 
results of calculations of the DI for a similar conformal array (elements distributed on a conical surface) 
are presented. These results include optimal (maximal DI) weighting of the array's elements, as well as 
comparison with an appropriate planar array serving as a reference. 

PACS numbers: 43.60.Cg 

INTRODUCTION 

In a recently published article, • T. J. Frank, J. W. 
Kesner, and H. M. Gruen have advanced several mis- 
leading points which require comment. There are three 
in particular which we choose to address in this letter. 
These pertain to (1) their claim that their Eqs. (2)-(4) 
constitute alternative formulations of the directivity in- 
dexes (DI) of an array; (2) their claim that the DI of a 
uniformly weighted linear array is independent of the 
"scan angle" (that is, the steering angle); and (3) their 
choice of certain planar arrays as bases for comparison 
with their conformal array. 

I. DEFINITION OF DIRECTIVITY INDEX 

Regarding the first point, it is simply not so that their 
Eqs. (2)-(4) are alternative formulations of the expres- 
sion for the DI. First of all, the DI defined by their 
Eq. (2) applies to both transmitting and receiving ar- 
rays; whereas the DI as defined by their Eqso (3) and 
(4) can be meaningfully interpreted only for the case of 
receiving array. In either case, however, the expres- 
sion given by their Eqs. (3) and (4) can be derived di- 
rectly from that given by their Eqo (2). This mathe- 
matical equivalence has been recurrently demonstrated 
in the literature on acoustic and radar antenna designf -4 
Omitting algebraic details, we reiterate the derivation 
for the more general case of arbitrarily weighted point 
elements forming a volumetric (receiving) array. 

The quantity p(O, (h), the plane wave array factor of an 
N element receiving array, is given by 

p(0, •) =(l/N) •. h,exp[- ir,• (k-k0)] , (1) 
r•=! 

where h,is the (possibly complex)weighting or shading 
coefficient applied to the nth element's output, r,is the 
position vector of the nth element output, k is the wave 
vector in the arbitrary direction (0, •b), and • is the 
wave vector in the steering direction (e0, •0)- The mag- 
nitude of both k and • is k = 2•/X where X denotes the 
wavelen•h; the spheric• coordinates (e, •) are defined in 
Fig. l(a) following the convention used in Ref. 1. 

The receive •rectivity function is defined by' 

b(o, = p(o, , (2) 

where * denotes complex conjugate. Therefore, 

b(O, •)=(1/N •) • • h•h,exp[i(r• - r,' (k-k0)]. (3) 
m=l n =1 

The DI in the direction (•o, •o) is defined s by 

DI = 10log •b(0o, •o) •-,/• b(O, •) cos0d0d , (4) 
which is, of course, the array gain specialized to the 
case of a plane wave signal and isotropic noise in the far- 
field of the array. Substituting the above expression for 
b(O, •) into Eqo (4), the DI is Oven by 

n =1 

. • • h• h.=.e•[-i•' (r= - r.] }. (5) m=l n=l 
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