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An array of sensorsis receivingradiation from a sourceof interest. The sourceand the array are in a oneor two-dimensionalwaveguide.The maximum-likelihoodestimatorsof the coordinatesof the sourceare
analysedunder the assumptions
that the noisefield is Gaussian.The Cramer-Rao lower boundis of the
order

of the number

of modes which

define the source excitation

function.

The

results show that

the

accuracy of the maximum likelihood estimator of source depth using a vertical array in a infinite
horizontal waveguide(such as the ocean) is limited by the number of modes detectedby the array,
regardlessof the array size.
PACS numbers:43.60.Cg, 43.20.Ks, 43.20.Bi

INTRODUCTION

physics of the system. For example, the results establish that a vertical array in an infinite horizontal

Arrays of interconnected receivers are used to improve the signal-to-noise
ratio of coherent radiation

waveguide (such as the ocean) need only have M sensors

from a source located in the same waveguide as the array. In most examples, the phases of the received signals are adjusted by digital or analog methods in order
to concentrate the received energy in a narrow beam
with respect to the coordinate system of the array.
This procedure (called beamforming) is used to estimate the direction of a point source which is radiating
coherent energy at a single frequency or in a band of
frequencies. Beamforming is widely used for processing arrays in radio astronomy, underwater acoustics,
phased array radars, seisinology, and atmospheric
physics. The statistical properties of beamforming has

modes

been studiedby Levin,• Clay, Hinich, and Shaman,•' and
Green, Kelley, and Levin. a
Beamforming
likelihood

is an essential element of the maximum

estimator

of source

direction

if the received

radiation is a plane or cylindrical wave. Beamforming
will result in a biased or very imprecise estimate of
direction if the received wave fronts are significantly
effected by reflections

from the boundaries of the wave-

guide, or are convoluted by refraction and dispersion
in the medium of propagation (see Clay4). Such is the
case when the problem is estimating the depth of a
source in an infinite stratified horizontal waveguide.

Clays reviews signal processing theory for such a waveguide using both horizontal and vertical arrays, and
relates the statistical models to physical oceanography.
The maximum

likelihood

estimator

of source

direction

using a horizontal array is given by Capon et al., 6 and
Hinich and Shaman. ? The maximum likelihood estimator

of source depth using a vertical array is given by
Hinich. 8,9

This paper considers the problem of estimating the
coordinates

waveguide

of a source

in a one-or

two-dimensional

when the source excites a finite number of

eigenfunctions of the wave operator. The boundary conditions cause a fundamental limitation of the precision
the estimator irrespective of the number of receivers
used in the array.
This limitation is due to the limited

dimensionality of the model which is induced by the
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in order to estimate the depth of a source if only M
are

received.

In contrast

to the noise model

I

used in Ref. 8, this paper develops the noise field as a
function of the waveguide parameters.
I. NORMAL
EQUATION

MODE

The steady-state

SOLUTION

OF THE

WAVE

solution of wave equation for an in-

finite horizontal waveguide is a special case of the general solution of the inhomogeneous Sturm-Louiville

partial differential operator on the space œ2(S)of square
integrahie functions on x e $, a smoothly closed and

boundedsubsetof Euclideanspace(Chap.5, VladimirovXø).
For expository purposes we first limit attention to one

spacedimension,and set S= [0, 1]. For x in the unit
interval [0, 1], let f(x) denotethe twice continuously
differentiable solution to the inhomogeneous Sturm-

Liouville problem Lf= s (x -Xo) , where the operator is
defined by

Lf=-•-•-xP•f+•,

(1)

s(x-Xo) is the intensityof a sourceat positionxoeS, p
is a given continuously differentiable positive function

ofxe $, q is non-negativeand continuousin [0, 1], and/
satisfies the following boundaryconditionsgiven c•
>• 0, i= 1, ...,

4:

c•f(O)-C2•xf(O)=O,
caf(1)+c4•-xf(1)=O. (2)
For steady-state processes f(x) is the solution to a
general wave equation (or a diffusion equation) with the
given boundary conditions with normalized space units.
The time component in the solution is separable from
the space component.

The Sturm-Liouville

operator L is self-adjoint, its

eigenvalues7• •<Y2•<ßßß are discrete andnon-negative,
and its eigenfunctions4>x,4>2,--- are complete in œ2(S).
As an example, consider the simplest model of the
ocean as an acoustic waveguide, the homogeneous compressible fluid waveguide with a rigid bottom and a free

0001-4966/79/080480-04500.80 ¸ 1979Acoustical
Society
of America

480

Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP: 128.173.126.47 On: Mon, 11 May 2015 15:14:27

surface.

by expressions (6) and (7). 'The finiteness of the wave-

In the absence of gravity effects, the eigen-

functions
forthis waveguideare qbm=4•-cos•,•,andthe
eigenvaluesare •,m= (rn+ 1/2)•,rn = 1, 2,...,

where the

units have been normalized so that the depth of the
guide is one unit.

Returning to the general one-dimensional Waveguide,

assume that •,x> 0 (L is nonsingular). Then

f(x)=

guide shapes the structure

Let x•,...

,x,

of the noise field.

denote the positions of the receivers

in the array,

and as before let x o• $ denote the position

of the source

of interest.

For an infinite

horizontal

waveguide, x ois the depth of the source (see Ref. 9). The

coordinates (Xo•,Xo2)of xo are the unknownparameters
which are to be estimated from a sample of the signals
received by the array. If the guide is a long fiord with
parallel walls, Xo• is the source depth and Xo2is the dis-

(s,

where

rance

of the source

from

one wall.

Suppose that the signal has phase coherent energy in
a narrow band about frequency fo. Let y(x•) denote the
output from the ith receiver in the array which has been
filtered in a narrow band aboutfo. If the signal has energy in many frequency bands, the results in this paper
apply to each narrowband component of the re.ceived

(s,
is the inner product between s and qb
m. Moreover the
eigenfunctionsare orthonormal, i.e., (•bm,•bm)=1 and
(•,,,, •m')=0 for m =frn'. WhenL is the wave operator,
the qb• are called the normal modes.

signal.

Supposethat the source excites only the first M eigenfunctions, i.e.,

the source function is a linear combina-

tion of the modes qbx,..., •.

The source function then

can be written

By the linearity

of the wave operator,

y(x i) =/(x, IXo)+ • (x,),
where ((x,) is the filtered signal received at x, from the

M

s(x-Xo)=

(4)

•=1

ensemble of noise sources in S. Assuming that the

phases of the noise field in the narrow band around fo
are incoherent,

the signal-to-noise

ratio is increased

where 0•, ..., 0u are unknown weights which are twice
continuously differentiable functions of the source posi-

by filtering the received signal in the fo band.

tion Xo. For any s e œ2(S), the function can be approximated to any preassigned tolerance by choosing M suf-

modes, where N•>M.

ficiently large, but the high modes may be so attenutated
at the array that they provide negligible signal information. By the orthog0nality of the eigenfunctions, it follows from (3) and (4) that

Assume

that each noise

that ((x•)is

•,...,

source

excites

at most N

It then follows from (4) and (5)

a linear combination of the modes

qb•. Let (• replace 0min the linear comtJination

relating • (x) to the qb•(x).
In order to simplify the stochastic structure

f(XlXo)
= • 0•(Xo)T7,•½•(x).

(5)

•=1

N

Thusthereceivedsignalalsolies onthe •,...,
linear

(8)

•u

manifold.

where • •,...,

Expressions (4) and (5)alsoholdforatwo-dimensional
waveguide such as an ocean canyon or a fiord, and a
source which excites only the first M normal modes.
The eigenfunctions qb• satisfy the boundary conditions

variables

(• are uncorrelated

with zero

a(x)f(x)
+f{(x)
O•n
n=O,

smooth)boundaryof the waveguideand a,/• >•0 are continuous on the boundary with a + f{ > O. Moreover the
operator

L = - div(pv) + q,

(7)

where V is the gradient operator and div is the diver-

gence. Estimating the source position xo involves a linear statistical model whose structure is determined by
the physics of the waveguide. The eigenfunctions of the
operator

II.

L constitute

a

natural

basis for the statis-

model.

A STATISTICAL

MODEL

Assume that the source and the receiving array are in a
closed one-or two-dimensional waveguide as modeled
481
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of the noise

observed

(9)

matrix whose (i, rnth) element is

qb•(x•), r• is the NxN diagonal matrix with elements
•,•, and •2• is the Nx N diagonal matrix with elements

2 (rn = 1

. N).

The matrix

is

matrix

xn is the nX n matrix

r,

(6) where (I, is the nxN

where n is the external normal vector to the (piecewise

Gaussian random
E• m
2 = corn.
2 Thus

mean and variances

the variance-covariance

at n locations x•,...,

= r7/

tical

of the

noise field • (x), assume that

•

is positive

semidefinite

with rank at

most N if n >•N. As can be seen from expression (8),
there are only N independent realizations from the
stochastic noise process during the sampling period
regardless of the number of sensors in the array. I
will now show that the actual degrees-of-freedom with
respect to the source parameter is M.

Setting the number of sensors n =N, suppose that the
sensor locations are chosen so that •, is nonsingular.
Thus,

z;

.

The Fisher

information

,
is the positive definite 2x2

MelvinJ. Hinich' Position
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matrix

(Xo)=

(11)

It has been assumed that 8(xo) is twice continuously
differentiable. In addition, assumethat [(os/
aXo•aXo•aXo•)8(Xo)i
has a finite upperboundfor all XoeS

where Vf• is the Nx 2 matrix whose /th row in the
gradient

and i, j, k= 1 or 2. Given the normality of the errors in

,IXo),
a7oz
a f(x
a f(x iXo)

the model, it followsthat as M-• , M•/•'(• 0- Xo)iS
asymptoticallynormally distributed N(0, I;•(Xo)). Remember that M is determined by the physical properties

aXoa

at x o. Since

of the source

/(XtXo)=

IV.

then from (10) and (11) we have for all N>• M,

= [vO(xo)]
where •

(12)

is the diagonal matrix with elements

•Ol,
2 ß. . ,

co•tand VO(Xo)is the Mx2 matrix whosem,jth
elementis (a/axai)Om(xo).

pendent of the array size as long as n =N>• M.
that at most

M sensors

are

needed

for

This

vectors.

This

result

still

holds

when

the variance-

letB•

the case

that

the medium

or the boundaries

of the waveguide are slightly nonstationary during the
period when the received signals are being filtered.
In
order to model the effect of this nonstationarity, assume
that the filtered signal received at x• from a source at

where Eu(xi)=0, EU2m(Xt)
= 0'm,
•' and u(x i) is independent
of ½(xi) for each i = 1,... ,M. In other words, expres-

independent

are correlated. In this case the •ix matrix in (12) is the
M x M variance-covariance of (e•,..., ½

andm =I,...,M,

It is often

OF THE WAVEGUIDE

m=X

covariance matrix of the e m is not diagonal, i.e., the œm

For eachj=l,2

NONSTATIONARITY

f(x,lXo)
= E Om(Xo)[T;Zqbm(Xi)+Mm(Xi)]'
(16)

the maxi-

mum likelihood estimation of xo, provided that the x•'s
are chosen to make the rows of • linearly

and the medium.

x o is given by the expression

It is clear from (12) that the elements of Ix are indemeans

maximum likelihood estimator •o is one of the solutions
to Eq. (15) (see Chap. 5, Rao.n)

denotethe

sion (5) is modified by adding a stochastic perturbation

term u(xi) to y7•Zqbm
(see Chap.6, Tolstoy and ClayZ•').
The results given in the previous sections still hold as

long as the 0m(X
o) have the previously assumedsmoothness, but •M is replaced by •u + Z•, where Z• is the

maximumof I(a/aXo•)Om(Xo)l
for Xoe$. Givena vector
a = (a•,a•.)r of unit length, it followsfrom (11) by the

variance-covariance

matrix

of the perturbation

terms.

Assume that Z• is nonsingular and is independent of the
array geometry. The perturbation effects raises the

Schwarz inequality that
M

asymptotic

• • + B •.)

variances

of the maximum

likelihood

esti-

mators of the xo•, since

a[v o(Xo)] ;/[vo (Xo)]
a < a Ivo(Xo)]
•<2X-•-'•M,

(13)

where

x (n•+ Z.)-z[V0(Xo)]a,

(17)

for a½ 0 and V0 ½0. This result is hardly surprising.
2 is very large for large m, the
It is also clear that if am
precision of the maximum likelihood estimator is limi-

•'•'= max{B•}andX=min(co•}.

ted as if M was

bounded.

Thus the variance of a__n
unbiased estimator of Xo• is

boundedbelow by X(2B•M)-•. For a nondiagonal•M,
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•. MAXIMUM
L[KEL[HOODESTIMATIONOFx
0
Assume that the M sensor array is constructed so that

the MxM matrix •- (•m(x•)) is nonsingular. Then the
model

can be written

y =ßr

(o(Xo)+ ),

(14)

ß e e

e ß e

distributed with variance-covariance matrix •,
conditions

for the maximum

,

then

likelihood
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