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This paper discusses new work concerned with developing structural sensors and associated 
signal processing techniques that provide time domain estimates of far-field pressure or 
structural wave-number information. The sensor arrangement consists of multiple 
accelerometers whose outputs are passed through an array of linear filters. The impulse response 
of each filter is constructed from the appropriate Green's function for the elemental source area 
associated with each sensor. The outputs of the filter array are then summed in order to predict 
far-field pressure or wave-number information somewhat analogous to the well-known boundary 
element technique. A major significance of the approach is that it provides time domain 
information and can thus be efficiently applied to active structural acoustic control approaches. 

PACS numbers: 43.40.At, 43.40.Rj, 43.60.Gk 

INTRODUCTION 

Structure-borne sound is an important problem in 
many applications, and it is of prime interest to predict 
acoustic radiation from vibrating structures. Indeed, the 
radiation information is often used to develop appropriate 
control approaches. Acoustic holography • has been suc- 
cessfully applied to prediction of far-field radiation from 
real structures. For example, the technique may involve 
measurements of the acoustic pressure on a 2-D plane lo- 
cated in the near field using an array of microphones. The 
measured data are then transformed in the frequency and 
spatial domains to provide far-field information in a 3-D 
space. Structural acoustic systems have also been modeled 
using the boundary element method 2. In this approach, the 
structural response, known at discrete locations, is used to 
construct a solution of the Helmoltz integral by solving a 
linear system. Both of the above methods allow the study 
of the radiation behavior of complex structures. However, 
the use of both methods results in extensive computations 
(FFT, matrix inversions, etc.) on a large amount of data. 
Therefore, "real time" prediction cannot be readily 
achieved. Here, we define "real time" to be in the time 
domain. 

This paper, the first of two companion papers, presents 
a real time prediction technique using structural sensors. 
The analytical development will emphasize important as- 
pects for application to the active structural acoustic con- 
trol (ASAC) technique. TM In this approach, a feedforward 
adaptive controller minimizes one or several real time error 
signals representing acoustic radiation information. Tradi- 
tionally, the error signals are the output of microphones 
located in the far field. However, the use of microphones is 
often impractical in real applications and research is now 
addressing the development of structural sensors to replace 
error microphones. In that respect, much attention has 
been focused on new sensing materials (PVDF films, optic 
fibers) originally used in active vibration control. 3 When 

applied to acoustic radiation, the sensor should provide 
information related to the far-field pressure such that only 
the structural response contributing to radiation is ob- 
served. As a result, the controller dimension is reduced and 
better performances are achieved. Clark and Fuller 4 have 
discussed the use of PVDF film modal sensors in the feed- 

forward control approach applied to rectangular acoustic 
radiators. By choosing the appropriate location and shape 
of the PVDF film, only those structural modes that effi- 
ciently radiate to the far field are observed. In related 
work, Baumann et al.,5 have developed radiation filters for 
use in state feedback approaches to map structural states to 
radiation states of the system and demonstrated their use 
in sound radiation control from impulsively excited struc- 
tures. 

In both of the above works, the sensor output provides 
global radiation information related to the total acoustic 
power radiated by the structure. The present work is con- 
cerned with estimating far-field pressure radiated in pre- 
scribed directions. The approach implements point struc- 
tural sensors (i.e., accelerometers) in parallel with an 
array of digital filters to obtain an error signal directly 
related to the far-field pressure in a prescribed direction. 
Namely, the sensor output is shown to be proportional to a 
time-shifted version of the far-field radiated pressure. The 
present analysis is limited to estimation of radiation from 
planar surfaces of finite extent. The relation between struc- 
tural response and far-field pressure becomes more com- 
plex in case of nonplanar geometries and will be investi- 
gated in future work. 

In the first part, the theory underlying the technique is 
presented. Following the ideas developed in boundary ele- 
ment method, the Rayleigh's integral that gives the far- 
field pressure radiated from a planar source, is approxi- 
mated by a finite summation of filtered acceleration signals 
measured at a number of points on the structure. Two 
related sensing approaches are analytically outlined. In the 
first configuration, the filter array is designed to model the 
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transfer functions between the acceleration and the radi- 

ated pressure of the elemental source area associated with 
each sensor. Then, the same approach is applied to evalu- 
ate the acceleration wave-number component in a pre- 
scribed direction. The corresponding discrete summation 
can be referred to as the spatial discrete wave-number 
transform analogous to the well-known time domain dis- 
crete Fourier transform. It is shown that this wave-number 

domain error information yields the same control perfor- 
mances as the far-field pressure when used in a feedforward 
control approach. The second part of the paper discusses 
the practical implementation of the technique. Two design 
methods are proposed for constructing the digital filters. 
The first involves frequency domain design algorithms us- 
ing the analytical transfer functions derived in the first 
part. The second approach implements time domain opti- 
mal filtering techniques that allow the filters to be designed 
from experimental data. 

Results of computer simulations on the sensor design 
and its application to active control of radiation from a 
baffled planar radiator excited by broadband disturbances 
will be discussed in the companion paper in order to illus- 
trate the use of the sensing procedure. 

I. THEORY 

A. Pressure sensing configuration 

Based on Rayleigh's integral, an expression that de- 
pends solely on the structural acceleration measured at 
discrete points on the vibrating surface is derived for the 
far-field pressure radiated from planar sources. 

1. Rayleigh's integral 

The Helmoltz integral equation relates the pressure 
field complex amplitude P(r) at field point r in terms of the 
surface pressure P(r0) and its gradient defined over the 
radiating surface S(r0•S). Assuming a harmonic time de- 
pendence of the form e jøt, where ro is the angular frequency 
of the source, the Helmoltz integral can be written as 6 

P(r) = P(r0) • (r--r0) 

-g(r-ro) • (ro) dS (r•S), (1) 
where ,/is the outward normal unit vector and g(r), the 
free-space Green's function defined in the free field as 
g(r) = ( 1/4rrl r I ) exp (jkol r I ); ko = co/c is the acoustic 
wave number, and c is the speed of sound. Applying the 
boundary condition prescribed over S, 

(ro)= -p•(ro) (roeS), (2) 

where p is the fluid density, the pressure field is expressed 
in terms of the surface pressure and the fluid particle ac- 
celeration over the radiating surface, the latter being equal 
to the structural normal acceleration distribution 

I;•(r0) =--o2W(r0). In the above notation, I;•(r0) refers 
to the complex amplitude of the second time derivative of 

the normal displacement w(r0,t)= }V(r0)e jøt. 
In the case of an infinite planar source, it can be shown 

that the surface pressure term vanishes when replacing the 
free-space Green's function g(r) by G(r)=2g(r), which 
satisfies the Neumann boundary condition •G/•,/(r)=0 
for reS, 

P(r) =2p ;s g(r--r0) I;•(r0)dS(r0). (3) 
When IP(r0) is nonzero over a finite surface (i.e., the 
structure is finite and located in an infinite baffle), analyt- 
ical evaluation of the above representation becomes possi- 
ble only in the far field. Removing the denominator of the 
Green's function from the integral produces the Rayleigh's 
formula for planar radiators 6 

/2 fS /kølr-rølli•'(r0)dS(r0) (rrl >> Ir0]), P(r) =•-•r e- 
(4) 

where r= Jr]. This formulation can be physically inter- 
preted as an infinite sum of monopoles with volume accel- 
eration IP(r0)dS(r 0) located on an infinite rigid planar 
surface (in this case the amplitude of the free point source 
is multiplied by a factor of 2). 

2. Discrete Rayleigh's integral 

In practice, the structural response can only be evalu- 
ated at a finite number of points by means of point trans- 
ducers such as accelerometers. Hence, it is necessary to 
approximate the far-field pressure, expressed in Eq. (4) 
with continuous coordinates, by an expression involving a 
finite number, Nd, of discrete coordinates (ri•S0, 
i= 1,2,...,Nd). The resulting approximation will be referred 
to as the discrete Rayleigh's integral. Following the same 
idea developed in the boundary element method, the sur- 
face integral is approximated by a discrete summation over 
the integrand evaluated at a finite number of points. The 
surface S is discretized in N d surfaces S i(S = S 1 [..J S 2 

LJ --. LJ S•..d) such that a piecewise constant approxima- 
tion for W(r 0) can be made over each $i, i.e., 
I•(r0) = I;•'(r/) on S i. Substituting IiP(r 0) in Eq. (4), the 
radiated pressure can then be approximated by 

p•Va fs P(r)=•--• r • IP(ri) e -jkolr-rol dSi(ro). (5) i=1 i 

The above expression defines the piston approximation: the 
far-field pressure is constructed by summing the radiated 
pressure of Nd pistons with uniform acceleration distribu- 

.o 

tion W(ri) and surface Si. Assuming exp(-jk01r-r01 ) is 
almost constant over each elemental surface $i, a simpli- 
fied expression is obtained by removing the exponential 
term from the integral in Eq. (5), 

P •1 ffff(ri)e-Jkølr-rilsi' (6) P(r) =•-•r i= 
The far-field pressure is now approximated by the acoustic 
radiation of Nd monopole sources of volume acceleration 
IYv'(ri)Si located on a rigid baffle. Equation (6) is referred 
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to as the monopole approximation. Both approximations 
are equivalent in the far field when the acoustic wavelength 
is much larger than the characteristic dimension a i of the 
elemental surfaces Si(koai,•l ), i.e., in the far field, the 
rigid piston can be replaced by a monopole source. As the 
radiation control will be applied in the low-frequency 
range, the monopole approximation is used here. 

disturbance 
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accel erometers 
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ß 
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..- e 1 (n) 

e 2 (n) 

'.. 

pressure 
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Introducing the time dependance,/i)(ri,t) = I•(ri)e j•øt, 
in Eq. (6), the discrete far-field pressure is expressed as the 
summation of the filtered acceleration signals measured at 
locations r i on the structure, 

pd(r,t)--Pd(r)eJ•øt= • Hi(o) I•(ri)e j•øt. 
i=1 

(7) 

The frequency response functions Hi(to) are written sub- 
stituting ko=to/c in Eq. (6) as 

( Hi(to) =•--;rzrr exp --jto• It-r/I) i= 1,2, ,Na (8) c 

The dependence of Hi(to) on the field point r has been 
omitted for brevity. It is seen from Eq. (8) that the fre- 
quency response functions to be modeled present a con- 
stant magnitude and a linear phase with a positive acoustic 
time delay ri= I r-ril/c making the frequency response 
functions causal. This important property motivates the 
use of finite impulse response filters in the sensor imple- 
mentation. 

Now, the sensor is described in the discrete time do- 
main. The signals are sampled with the sampling frequency 
Fs. FIR filters are commonly represented in terms of their 
discrete impulse response {U t, /=0,1,...,L}. In matrix 
form, the output y(n) of the filter at time t n is expressed as 

L 

y(n)=UrX(n)= • Upc(n--l), 
l=0 

(9) 

where U is a column vector containing the filter coeffi- 
cients, 

U--[U 0 U 1 --- UL] r (10) 

and X(n) is a column vector containing the filter input 
sequence, 

X=[x(n) x(n--1) ---x(n--L)] r. (11) 

Here, T denotes the transpose operator. Using the above 
representation, the sensor output e(n) at time tn is ex- 
pressed as 

e(n) = • uirxi(r/), (12) 
i=1 

where Xi(n) is the ith sampled acceleration signal at time 
t n and U i the impulse response of the associated FIR filter 
for the ith accelerometer. The above configuration can be 
extended to a multiple output sensor involving a set of filter 
arrays. The jth output becomes 

beam 

FIG. 1. Sensing configuration applied to a I-D beam. 

ej(n) • iT i = Uj X (n), (13) 
i=1 

i 

where Uj(n) denotes the ith impulse response of the jth 
filter array. As an example, Fig. 1 presents the block dia- 
gram of the sensing configuration applied to a baffled sim- 
ply supported beam. In this arrangement, two filter arrays 
processing the output of three accelerometers give the pres- 
sure at two different locations in the far field. 

B. Wave-number component sensing configuration 

The same approach is now applied to the evaluation of 
the structural wave-number component. This second sens- 
ing configuration is shown to be equivalent to the first 
method in terms of radiated energy and thus, can be used 
in a feedforward control approach. Moreover, using the 
analogy with the time domain discrete Fourier transform, 
the wave-number transform approach allows for an inves- 
tigation of spatial sampling and resultant aliasing. 

1. Wave-number transform of a 2-O rectangular 
radiator 

Using rectangular coordinates, the spatial response of 
a 2-D planar source is represented in the wave-number 
domain in terms of its acceleration distribution •(x,y) 
and the components k x and ky of the structural wave num- 
ber kf in the x and y direction, respectively, 

I7•( kx ,ky) = IY•(x,y)eJ( k•x+ k• v) dx dy. 
(14) 

The time dependence e j•øt has been omitted for brevity. The 
above surface integral can be interpreted as the spatial 
Fourier transform of the acceleration distribution W(x,y). 
In the case of a finite rectangular radiator with length L• 
and width Ly located in an infinite rigid baffle, Eq. (14) 
simplifies to 

-• ;+Lx/2 f +L/2 ii•(x,y)eJ(k•x+k•V) dx dy ' [•/r( kx'ky) -- -- Lx/2 -- Ly/2 
(15) 

The above wave-number domain representation allows 
the study of the acoustic energy radiated in the far field 
directly from the structural response. As shown in Ref. 7, 
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Simply-Supported - - 
Beam 

Rigid Baffle 

FIG. 2. Coordinate system of the simply supported beam. 

the far-field radiated energy-is due only to the supersonic 
wave numbers, k f, smaller than the acoustic wave number 
ko=o/c, 

(/c}+ ky2)'/2<k0 . (16) 
It follows that a wave-number sensor designed for acoustic 
radiation control will be required to observe only low val- 
ues of wave numbers. 8 

The relation between the wave-number information 

and the acoustic radiated pressure is now outlined. The 
Rayleigh's integral is written in the spherical coordinates 
(r,O,(k) defined in Fig. 2 using the following approxima- 
tion: 

[r-r0[ -• r-x0 sin 0 cos •b--y0 sin 0 sin •b. (17) 

Substituting Eq. (17) in Eq. (4) yields 

P(r,O, tk) pe-jko r fLx/2 fly/2 .. = 2•rr a- Lx/2 d --Ly/2 W(xø'Yø) 
X e j kø sin 0(x 0 cos •b +y0 sin •b) dx 0 dyo. ( 18 ) 

By comparing Eqs. (15) and (18), the far-field pressure 
can now be expressed in terms of structural information as 

pe-jkor .• oo . 

p(r,O,•,t) = 2rcr W(kx'ky)e•ø't' (19) 
where k x and ky are defined by 

kx- ko sin 0 cos •b, ky = ko sin 0 sin •b. (20) 
Multiplying both sides of Eq. (19) by the complex conju- 
gate quantities yields 

I P( r,O, ck ) 12= ( p/2•rr) 21 •(k•,ky)12. (21) 
From Eq. (21 ), it is seen that the acoustic energy radiated 
in the direction defined by 0 and •b is determined solely by 
the structural wave-number component corresponding to 
k• and ky in Eq. (20). These values of k• and ky are always 
smaller than the acoustic wave number ko=w/c; they cor- 
respond to the supersonic structural wave numbers that 
characterize the radiating components of the structural vi- 
bration. Therefore, a sensor that evaluates the wave- 

number component at prescribed values of k• and ky de- 

fined in Eq. (20) can effectively replace an error 
microphone located in the far field at angles 0 and •b. Such 
a sensor will be referred to as a structural wave-number 
domain sensor. 

2. Discrete wave-number transform 

As done previously, the integral i.n Eq. (15) is approx- 
imated using Na rectangular elements of dimension Ax by 
Ay by a finite summation in the form 

I•r(kx,ky) .• Ax Ay • I•r(Xn•,Yny)eJ(k•xn?k3Y% ), 
nx=l ny=l 

(22) 

where Ax= L•/N• and Ay= Ly/Ny (N• and Ny are the 
number of elements in the x and the y direction, respec- 

tively). The collocation points (Xn•,y%) are defined by 
Xn= -- L•/2 + Ax/2 (2n•-- 1 ) and Yny = -- Ly/2 + A y/ 
2 (2ny -- 1 ), where n•= 1,2,...,N• and ny= 1,2,...,Ny. 

Introducing the time dependence, the discrete wave- 
number component is expressed as the summation of the 

acceleration signals li) ( Xnx ,Y% ,t ) -- IYff !.Xrnx ,Yny) e jøt filtered 
by the frequency response function Hnxny(ro), 

,.• 

-- • • Hnxny(ø) IY•(Xnx,Yny)e jot, 
nx----1 ny=l 

(23) 

where 

Hn•ny(O) =Ax Ay exp(jor%%). (24) 
The above frequency response functions present a constant 
time delay, 

Xnx sin 0 cos • +y% sin 0 sin • 
. (25) Tnxny • C 

Recalling the time convention •jtot, the frequency response 
functions in Eq. (24) can be modeled by causal, linear 
phase FIR filters only if the time delay defined in Eq. (25) 

is negative. Since rnxny take both positive and negative val- 
ues, a modified delay must be introduced in order to make 
the filters realizable. 

It is next demonstrated that the above requirement 
that results in a time-shifted error information can be sat- 

isfied in feedforward control. In this case, the controller is 
defined so as to minimize the mean square value of the 
sensor output, i.e., J=E(e2(t)) (Ref. 9). After control 
(after convergence in the case of an adaptive structure), 
the error signal e(t) can be assumed to be stationary in a 
steady-state disturbance, i.e., E(e2(t))=E(e2(t--At)), 
where At denotes a time delay. This important property 
implies that a time-shifted version of the actual error signal 
will result in the same control performances. Also, it is 
straightforward to show that the error signal e(t) is of 
arbitrary magnitude: since the optimal solution for the con- 
troller is found by setting the partial derivatives of J with 
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respect to the compensator coefficients to zero, any con- 
stant multiplicative factor will cancel. Note that the above 
result does not apply to model reference control; ]ø in that 
case, the error signal is required to match a prescribed 
reference signal instead of being minimized. Moreover, 
when using several error signals, the proportionality con- 
stant should be the same for each sensor array. The above 
results can be verified by plotting the cost functions 
J=E(e2(t)) and •=E(•2(t)) versus the weights of the 
compensator where E(t) =ae(t-- At) is a proportional 
time-shifted version of the original error signal (a constant 
factor). It is seen that both surfaces have the same mini- 
mum but different shapes. Hence, a proportional time- 
shifted error signal influences the convergence process of 
the feedforward adaptive controller but does not alter the 
optimal solution. 

The above discussion yields several important results. 
First, in order to satisfy the causality requirements of the 

frequency responses in Eq. (24), the time delays q'nxny can 
be replaced by •'-nxny = q'nxny -- At, where At > 0 is such that 
each modified time delay •'-nxny be negative. Second, the 
equivalence between the pressure and wave-number infor- 
mation can be further analyzed. Recalling Eq. (19), the 
wave-number compon. ent evaluated at k x and ky given by 
Eq. (20) appears to be proportional to the time-shifted 
acoustic pressure p ( r,O, qb, t q- r?c ) radiated in the direction 
defined by 0 and •b. It follows that using the wave-number 
information as an error signal in a feedforward control 
approach leads the same optimal solution as the far-field 
pressure information. This gives a physical interpretation 
of the wave-number component evaluated in the super- 
sonic region and confirms the validity of its use as error 
information. 

3. Wave-number spectrum 

The previous section derived the transfer functions 
used to evaluate a single wave-number component 
lY•d(kx,ky). The approach is now formally extended to 
provide information over the entire wave-number spec- 
trum. 

As shown previously, only the supersonic wave num- 
bers are of interest in radiation control, i.e., (k2• 
+ky2)•/?<k o. Physically, they relate to a particular direc- 
tion of radiation at angles 0 and •b. Hence, a multiple out- 
put structural sensor is built by choosing discrete values of 
k•, ky and constructing for each of them the appropriate 
transfer functions as given in Eq. (24). In order to obtain 
a constant time delay over the frequency bandwidth (linear 
phase), k• and ky must also satisfy Eq. (20) where 0 and •b 
are fixed. In other words, the structural wave numbers 
must be proportional to the driving frequency. 

The diagram of Fig. 3 shows the discrete wave-number 
spectrum for a 1-D structure (ky=0) at two driving fre- 
quencies w] and w?. The solid lines represent the modulus 
of the discrete wave-number component defined in Eq. 
(23). The dots represent the same quantity evaluated by a 
multiple output sensor at three discrete values of k• be- 
tween --k0 and k0. Each of these discrete values corre- 

(D 1 

FIG. 3. Typical multiple output wave-number sensor diagram. 

spond to a fixed direction of radiation (0,•b=0) and thus, 
are located on lines of equation kx=w/c sin 0 in the 
(k• ,w) plane. Therefore, the frequency response of the sen- 
sor output in the direction 0 is obtained by plotting the 
wave-number component corresponding to k• located on 
this line. 

As an example, Fig. 4 presents the magnitude and 
phase of the continuous [Eq. (15) ] and discrete [Eq. (23) ] 
wave-number components evaluated along the direction (0 
=75 ø, •b=0) versus frequency for a simply supported 
beam. The phase angle is relative to the input disturbance. 
The closed-form expressions for the continuous and dis- 
crete wave-number components are derived in the appen- 
dix. The beam characteristics and natural frequencies are 
given in Tables I and II, respectively. The model assumed 
0.15% damping in the 20 modes included in the beam 
analytical response [Eqs. (A1) and (A3)- •/p=0.0015, 

180 

9O 

-90 

-180 

;Jx :, t i .q • i/ ..i/';. •\'... :•. i.."3/ki:.. - 
• • '-• .. • .½7 i t•"..•. .-...•:9 / il'x\ 

0.01 
0 100 200 300 400 500 600 700 800 900 

Frequency (Hz) 

FIG. 4. Wave-number component corresponding to 0=75 ø for a simply 
supported beam; (a) •, continuous representation; (b) - - -, (c) 
.... , (d) ........ discrete representations using three, four, and five point 
sensors, respectively. 
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TABLE I. Beam characteristics. 

Length 0.38 m 
Width 0.04 m 

Section 0.0002 m 2 

Mass density 3132 kg/m 3 
Bending stiffness 5.3290 N/m 2 

p= 1,2,...,20]. The structure is surrounded by air with den- 
sity p= 1.27 kg/m 3 and sound velocity c=343 m/s. The 
disturbance point force has magnitude F--0.35 N and is 
located at x0----0.15 X Lx/2. Three, four, and five accel- 
erometers are used respectively to provide wave-number 
information over the first five structural modes. As ex- 

pected, the overall error between continuous and discrete 
representations decreases when the number of accelerom- 
eters is increased. In the three cases [curves (b), (c), and 
(d)], negligible error is noticed for frequencies up to the 
third mode. The error becomes significant above the third 
mode when a three point sensor is used. However, four and 
five point sensors give good approximation up to the fifth 
mode, the best result being obtained with Na= 5. To sum- 
marize, the far-field radiation of the low order structural 
modes of a simply supported beam is roughly approxi- 
mated by a small number of monopole sources equally 
spaced on the beam. Note that other types and locations of 
excitation would show similar behaviors. The next section 

discusses how these errors are related to the discrete ap- 
proximation. Their influence on the control performances 
will be addressed in the companion paper. 

4. Analogy of the discrete wave-number transform 
with the time domain discrete Fourier 

transform--Sampling aspects 

Analogous to the time domain Fourier transform and 
its discrete representation (DFT), the discretization mech- 
anism of the wave-number sensing procedure is further 
investigated. The case of the simply supported beam used 
previously is considered here for simplicity. 

Recalling Eqs. (15) and (23), the continuous and dis- 
crete wave-number components become, respectively, 

+ cx/2 !7F(x)eJk• x dx, (26) •( kx) = Ly _ Lx/2 
Nd 

I•Y'd(kx) = Ly AX • I•Y'(xi)e jk•i, 
i=1 

(27) 

where xi= -- L,,/2 + Ax/2 (2i-- 1 ), i= 1,2,...,Na. The above 
representations are analogous to the time domain Fourier 

TABLE II. Beam analytical natural frequencies. 

Mode Natural frequency (Hz) 

1 31.73 

2 126.9 

3 285.6 

4 507.7 

5 793.2 

6 1142 

transform. The time variable is replaced by the spatial co- 
ordinate x, Ax being the sampling period, and the fre- 
quency variable by the structural wave number or spatial 
frequency, k•. The beam response, l;•(x), can thus be seen 
by analogy as a time domain signal of finite duration cor- 
responding to the length L• and its discretized version, 

oo 

W(xi), i= 1,2,...,Na, as a Na sample sequence with sam- 
pling period corresponding to Ax, where Ax--L•/Na. 

Applying the properties of the time domain DFT, a 
fundamental relation between continuous and discrete rep- 
resentations in the wave-number domain is expressed as 

= W(k,,) (k,,), ( 28 ) 

where ß denotes the convolution product. The spectral 
window 5•v(k,,) solely depends on the sensor arrangement, 
i.e., location and number of point sensors. In the case of 
equal spacing, it takes the closed form given by Eq. (A16) 
of the Appendix. The representation in Eq. (28) is useful 
since the influence of the sensor arrangement on the wave- 
number component estimate is solely determined by 
5•v(k•,). As described in the Appendix, the spectral win- 
dow obtained in the case of equally spaced point sensors 
has large amplitudes at wave numbers k•=nK s, where 
Ks=2•r/Ax is the spatial sampling frequency and n is an 
integer. It follows that significant contribution to the dis- 

.. 

crete wave-number component Wa(k•) comes from contin- 
uous wave-number components that are far removed from 
the wave numbers of interest, i.e., •(k• - nKs). Unless the 
continuous wave-number spectrum has zero amplitude 
above and below the Nyquist wave numbers 4-Ks72 ' these 
aliasing errors will affect the accuracy of the wave'number 
component estimate. The beam wave-number spectrum ex- 
tends from -- oo to d- oo since it has finite dimensions [Eqs. 
(A8) and (A 10) ]. Therefore aliasing occurs no matter 
how large K• is. However, it will be greatly reduced when 
the Nyquist wave number is above the main peak of all the 
modes present in the bandwidth of interest, i.e., 
K•/2 > p•/L•, or Nd > P, where p is the index of the highest 
mode found in the response. Also, the use of nonregular 
sampling is of interest. In this case, the aliasing effects can 
be reduced by designing some appropriate spectral window 
associated with a particular sampling scheme. Further in- 
vestigation of spatial sampling and aliasing aspects will be 
the topic of a later paper. 

II. SENSOR DESIGN 

The previous section discussed prediction of sound ra- 
diation using analytical expressions for the frequency re- 
sponse functions of the radiation filters. This part addresses 
the design of the digital filters used to model the frequency 
response functions in the sensing procedure. Since the ear- 
lier sections have shown the equivalence of a Rayleigh's 
integral and a wave-number-based approach, the following 
derivations will only consider sensors based on the wave- 
number information. The transfer functions derived before 

are first modified in order to optimize the number and 
length of the FIR filters. Two filter design methods in the 
frequency and time domains, respectively, are then de- 
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scribed. The first design method is model-based; it uses the 
analytical transfer functions in the frequency domain. The 
second design method allows the use of time-domain ex- 
perimental data measured on the structural acoustic sys- 
tem. 

A. Modified radiation transfer functions 

The choice of the time delay Ar introduced in Sec. 
I B 2 is first discussed. The case of a 1-D structure (ky=0) 
is considered for simplicity. The structure is of finite width 
and its response is assumed to be constant in the y direction 
(see Fig. 2). 

The discrete wave-number component corresponding 
to the direction 0 is written as the summation of the struc- 

tural acceleration measured at a number of points 
(xi,y=0) equally spaced and multiplied by the radiation 
transfer functions Hi(co) (i= 1,2,...,Na), 

Nd 

[Pd(k•)= Z •,(o)[P(x•). (29) 
i=1 

Using a unit magnitude factor and a positive time delay Ar 
to ensure causality in Eq. (24), the modified frequency 
response functions for the radiation filters are written as 

Hi(co) = exp (jcoffi), 7"•- = 'T i-- A7'N<0 ( i = 1,2,...,Sd) ß 
(30) 

The number of coefficients of the ith FIR filter should 

be at least greater than the time delay ?i divided by the 
sampling period Ts= 1/Fs. Therefore, it is desirable to 
make I?i[ as small as possible. An optimal value for Ar is 
Ar=max{ri) where i= 1,2,...,Nd. For this particular value 
of At, one of the delays ?i becomes zero while the others 
are minimum. As a first result, the number of coefficients 
of the FIR filters is optimized since the set of delays is 
made minimum. Second, the transfer function correspond- 
ing to the largest ri becomes equal to unity (zero time 
delay). Thus, the number of filters used in the sensor is 
reduced by one. In other words, the optimal Ar results in 
a smaller computational effort. A rule of thumb to deter- 
mine the number of coefficients N i can be expressed as 

Ni=R (Fi/T•) +E, (31) 

where R (x) rounds up the real x (next integer to x), T• is 
the sampling period, and E is an integer between 0 and 2. 

B. Frequency domain design 

In the frequency domain, the filter coefficients are ob- 
tained by minimizing, in the least-square sense, the error 
between the desired and the modeled frequency response 
functions over the frequency range of interest. The desired 
frequency response is generated from Eq. (30). The mod- 
eled frequency response H•"(co) can be found from the 
filter finite impulse response { U•,I=O, 1,...,Ni--1) as fol- 
lows: 

N i- 1 

m7'(co) = Z V•e-Jø"tTs, i= 1,2,...,Sd. 
l=0 

(32) 

180 

o 90 

0 

-180 
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FIG. 5. Analytical and modeled sensor output: (a) •, analytical 
discrete representation; (b) .... , (c) ......... modeled discrete representa- 
tions with e= 0 and e= 1, respectively. 

Most of the existing frequency domain design algorithms 
allow the use of a weighting function such that the mini- 
mization be only effective over the frequency range of in- 
terest. Minimizing over the entire frequency range [0,F•/2] 
would reduce the accuracy of the modeled frequency re- 
sponse function. The algorithm implemented in the Matlab 
function invfreqz (software by Math Works 11) is used 
here. 12 

To illustrate the design procedure, the discrete wave- 
number component of the beam described earlier is now 
modeled by an array of filters. The sampling frequency is 
F•= 3000 Hz and the design frequency range extends from 
0 to 850 Hz including the first five bending modes. In this 
example, Nd=4 point sensors, i.e., four structural mea- 
surement points, are implemented to evaluate the wave- 
number component corresponding to radiation in the di- 
rection 0= 75 ø. Returning to Fig. 4, this case corresponds 
to the curve (c). The optimal value for Ar is determined 
from the time delays r i (i= 1,2,3,4) as explained in the 
previous section. This choice implies that only three filters 
need to be designed, one transfer function being equal to 
unity. Using the rule of thumb given in Eq. (31 ) with e =0, 
the FIR filters have three, two, and one coefficient(s), re- 
spectively. A second case uses e= 1, i.e., four, three, and 
two coefficients, respectively, are then determined. The 
sensor output spectrum is computed from the modeled fre- 
quency response functions of Eq. (32) and compared to 
the analytical discrete wave-number component. The re- 
sults are presented in Fig. 5. The case e=0 (dashed line) 
gives a relatively good approximation at the resonant fre- 
quencies while some error is noticed off-resonance. Very 
small error is obtained with e= 1 (dotted line). Note that 
since the delays r i are replaced by •i=ri -- At, the phase of 
the analytical and modeled wave-number components in 
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disturbance 
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.: accelerometers 
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beam 

FIG. 6. Time domain sensor design applied to the simply supported 
beam. 

Fig. 5 is different from the phase shown in Fig. 4 by a 
linear phase factor exp(--jw At/c). 

C. Time domain design 

The time domain design uses adaptive filter theory. 9 It 
involves the measurements of the time varying structural 

response at each location (xnx,Yny) (nx--1,2,...,Nx, 
ny= 1,2,...,Ny) along with the radiated far-field pressure in 
a prescribed direction. The filter coefficients can be found 
either on-line using the time domain LMS algorithm or 
off-line by computing the optimum least-square solution. 
In this method, the sensor includes the dynamics of the 
real system along with the response of the measuring in- 
strumentation. This property is an advantage over the first 
design method, which uses analytical expressions and does 
not model the dynamics of the instrumentation. However, 
the time domain design depends on the excitation charac- 
teristics, i.e., the filter impulse responses represent the op- 
timal solution over a given bandwidth for a particular type 
and location of excitation. For example, a sensor based on 
a particular disturbance input force may be inaccurate 
when the structure is controlled by the pair of moments 
induced by a piezoelectric actuator at a different location. 
However, these variations can be considered small enough 
compared to the degree of precision required for the sen- 
sor. 

It has been shown previously that the time-varying 
wave-number component is proportional to the time- 
shifted pressure p(r,t+ r/c). Thus, the desired sensor out- 
put •(t) can be expressed in function of the measured 
acoustic pressure as 

•(t) =p [r,t-- At+ (r/c) ], (33) 

where Ar>•0 accounts for causality. In addition to the cau- 
sality requirement in Eq. (30), At is required to satisfy 
(r/c-- At)/Ts= A, where A is an positive integer. The de- 
sired sensor output can then be expressed in the discrete 
time domain as •(n)=p(n q-A). Figure 6 shows the block 
diagram of the time domain sensor design in the case of a 
1-D simply supported beam. It should be noted that the 
delay z -a in the sensor path makes the system causal and 
equivalent to the time shift z +a in the pressure path since 
p (n) = •(n- A) = d (n). The error to be minimized is the 

difference between the measured pressure and the sensor 
output: e(n) =d(n) -E(n). The acceleration at time tn_ a 
measured at point xi is denoted x'(n). The error signal 
e(n) can be expressed in matrix form by the following 
general formula: 

e(n)=d(n)-Xr(n)U=d(n)-UrX(n). (34) 

The column vector U contains the Ni coefficients of the 
filters _U i (i= 1,...,Na), 

- U•' (35) 

The column vector X (n) is defined as 

x(n ) 
' xi(n -- 1 ) 

X(n)= •i(n)), where5i(n)= . . 

) 
• (36) 

Here, X(n) and U both contain K=•Ni elements 
X•(n) and U•(k= 1,...,K), respectively. Equation (34) 
can be rewritten in closed form as 

•a •i-• 

e(n)=d(n)- • •o U}xi(n-J) i=1 ' 

K 

=d(n)- • U•X•(n). (37) 
k=l 

The cost function to be minimized is defined as the mean- 

square value of the error signal, 

J(U•:)--E{e2(n)) 

= E{d2 (n))--2E{d(n)Xr(n) )U 

+ UrE{X(n)Xr(n) )U. (38) 

The above expression is a quadratic function of the filter 
coefficients Uk. Thus there is only one optimal solution. 
Differentiating J(Uk) with respect to U• in Eq. (38) pro- 
duces 

c9J c9e(n) 

c9U• (U•)=2E e(n) c9U•, =--2E{e(n)X•,(n)}, 
(39) 

where X•(n) denotes the kth element of X (n). The opti- 
mum solution can be obtained by substituting Eq. (37) in 
Eq. (39) and setting the partial derivatives with respect to 
U• equal to 0 for k-- 1,2,...,K. These K linear equations are 
rearranged in matrix form as 

Rx•U = Ra•. (40) 

Here, Rx• denotes the autocorrelation matrix of the input 
signals contained in the vector X(n) and Ra•, the cross- 
correlation matrix between the input signals and the de- 
sired output signal d(n): 
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E{X•(n)Xr(n)} 
E{X2(n)XT(n)} 

Rxx = : , (41) 
ß 

.E{Xs:( n ) Xr ( n ) } 

E{d( n )X• ( n ) } 
E{d(n)X2(n)} 

R•= : . (42) 
ß 

E{d(n)Xt:(n)} 

Alternatively, the LMS algorithm ø can be used to 
adapt the coefficients Uk (k--1,2,...,K) in order to mini- 
mize the cost function J(Uk) using the steepest descent 
method, 

OJ 

U•(n + 1 ) ---- U•(n) --• • (U•), (43) 
where • controls the stability and rate of convergence. The 
time domain LMS algorithm uses an instantaneous gradi- 
ent approximation yielding the following update equation: 

U•,(n+l)=U•,(n)+2•e(n)X•,(n) (k= 1,2,...,K). 
(44) 

III. CONCLUSIONS 

A new sensing technique using point structural sensors 
has been developed for the prediction of far-field pressure 
or structural wave-number information in the case of vi- 

brating finite rectangular radiators. The approach is based 
on the discretization of the Helmoltz integral over the ra- 
diating surface. By choosing an appropriate Green's func- 
tion, the term related to the surface pressure vanishes and 
the radiated pressure becomes only a function of the radi- 
ating surface acceleration. The practical implementation 
uses accelerometers to measure the structural response and 
FIR filters to model the transfer functions associated with 

each elemental area. The summation of the filter outputs 
gives a good estimate of the far-field pressure radiated in a 
prescribed direction or its equivalent wave-number expres- 
sion. When applied to feedforward control approaches, the 
filter array is optimized to considerably reduce the compu- 
tational load thus making the technique easy to implement 
on real structures. 

As opposed to the use of distributive sensors that filter 
the efficient radiating modes in the spatial domain using 
shaped PVDF films, the present method filters the struc- 
tural information in the time domain using digital filters. 
Filters being easier to design and more selective than 
PVDF films, this real time structural acoustic sensor is 
believed to yield better control performances in a pre- 
scribed direction. In addition, unlike PVDF films that are 
shaped for a single modal response, the described sensor 
gives radiation information over a broadband frequency 
range. 

The present approach is only valid for the case of pla- 
nar radiators. In the case of more complex geometry, the 
Rayleigh's integral cannot be used and a formulation in- 
volving another type of Green's function needs to be de- 
rived or the structural diffraction terms accounted for. 

Further investigation will extend the technique to those 
cases and experimentally demonstrate its use on real struc- 
tures. 
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APPENDIX 

Analytical expressions for the beam response, its con- 
tinuous and discrete wave-number transforms are derived. 

The beam shown in Fig. 2 is simply supported with length 
Lx and width Ly. An harmonic point force f(t)----Fe jot is 
applied at location (x=x 0, y--0). The beam response is 
assumed to have constant amplitude of motion in the y 
direction and the radiated acoustic field is investigated in 
the x-z plane (4=0). The surrounding media is air; it is 
assumed to have negligible influence on the in vacuo struc- 
tural response. 

1. Structural response 

The beam out-of-plane displacement complex ampli- 
tude W(x) can be expressed as an infinite summation over 
each modal response 

+ o• Lx Lx 
W(x) = --5- <x<-5-' 

p--1 

where qp (co) is the pth modal displacement and 0p(x) is 
the pth eigenfunction. Taking the origin of the coordinate 
system at the center of the beam, the eigenfunctions cor- 
responding to the simply supported boundary condition 
are 

Op (x) = (2/m) •/2 sin [ yp (x + Lx/2) ], (A2) 
where yp=prc/Lx. The factor (2/m)•/2 results from the 
normalization chosen for the eigenfunctions, such that they 
are orthonormal with respect to the mass rn of the beam. 
The modal displacement qp(co) is given by 

1 

qp(co)=Hp(co)Op(xo)F= 2 Op(Xo) F, COp -- 09 2 q- 2 j ,ieto pro 
(A3) 

where He(co) is the pth modal frequency response func- 
tion. Here, cop and % are the pth natural frequency and 
modal damping ratio, respectively. The analytical natural 
frequencies are defined as 

E1 

c%2= Yv4 P•s ' (A4) 
where p• is the beam density, S• the beam section, and E1 
is the Young's modulus bending inertia product. The ac- 
celeration response is obtained by taking the second partial 
derivative with respect to time of the displacement re- 
sponse, 

•(x,t) ---- ffff (x)e jøt= --co2 W(x)e jøt. (A5) 
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The beam response is now sampled with Na points at 
locations %= -- L ff 2 + Ax/2 (2i-- 1 ), i= 1,2,...,Na , where 
Ax= LffNa is the sampling period. The discrete accelera- 
tion response can be expressed using Dirac distributions as 

Nd 

i=1 
(A6) 

This representation will be useful when deriving an alter- 
native expression for the discrete wave-number transform. 

2. Wave-number transform 

Substituting ky=0 in Eq. (15) yields the following 
single integral for the one-dimensional acceleration wave- 
number transform: 

•' • f Lx/2 IY•(kx) Ly lY•(x)e jk• dx. (A7) 

Equation (A7) can be rewritten in terms of the modal 
acoustic influence functions as 

fa)=-co 2 51 epfo)pfa), 
œ=1 

where 

(A8) 

= f rx/2 •'p(Ic,,) Ly g,p(x)e jt'• dx. (A9) 
a- z,,,/2 

Here, •p(k•) is defined as the wave-number transform of 
the pth eigenfunction. Hence, it can also be referred to as 
the pth modal wave-number component. Substituting Eq. 
(A2) in Eq. (A9) yields 

(•_) •/2{ cos(k•Lff2) 2yp •e(k•)=Ly --j sin(k•Lff2) (•-k•) ' 
(A0) 

where cos(k•Lff2) is used when p is odd and sin(k•Lff2) 
when p is even. As seen in Eq. (A10), •e(k•) is either 
purely real (odd mode number) or purely imaginary (even 
mode number). Its zeros are expressed as 

(2n + 1) ye, for p odd, n integer, 
and 2n + 1 • •p, 

k•= 2nye, for p even, n integer, (A11) 
and 2n% •p. 

3. Discrete wave-number transform 

Let •{g(x)) denote the wave-number transform op- 
erator, 

•{g(x)• = g(x)e +fi'• dx. (A12) 

Using the discrete representation in Eq. (A6), the discrete 
wave-number transform is expressed as 

=Ly.Z• I•(x)• • 6(x--xi) . (A13) 
i=1 

An important property of Fourier transforms yields 

= W(k,,)*6•v(k,,), 

ax Y_, 
i=1 

(A14) 

where ß denotes the convolution product and 6/v(k•) is a 
spectral window given by 

6•( k•) = Ax • e j•'•i. 
i=1 

(A]5) 

Substituting xi in terms of L•, Ax, and i, the above expres- 
sion can be rewritten as 

sin (k,,NaAx/2) ej•:•, ( _ z,,+ •%ax)/2 (A 16) 6•v(k•) = Ax sin (k:,,:Ax/2) ' 
The magnitude of 6/v(k•) takes its maximum value at an 
infinite set of wave numbers k•= nK s, where Ks----2•r/Ax is 
the spatial sampling frequency and n is an integer. It is 
symmetric and periodic with period K s , i.e., 

l -- I'N<kx) l and I'N<kx) l --16v(kx+nKs) I. 
In brief, 16•v(k•)l is approximately like an infinite row of 
sinc functions spaced K s apart. 
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