
Design of active structural acoustic control systems 
by eigenproperty assignment 

Ricardo A. Burdisso and Chris R. Fuller 

Vibration and Acoustic Laboratories, Mechanical Engineering Department, Virginia Polytechnic Institute 
and State University, Blacksburg, Virginia 24061-0238 

(Received 9 June 1993; revised 8 March 1994; accepted 22 April 1994) 

The traditional design approach of feedforward control systems involves the selection of number 
and location of the actuators and sensors based on some physical understanding of the system. This 
empirical methodology yields satisfactory results for simple structures and sinusoidal inputs. 
However, such a heuristic approach can easily result in an inefficient control system with an 
unnecessarily large number of control channels for complex structures and more realistic 
disturbances. In this work an efficient formulation is presented for the design of actuators and 
sensors for structurally radiated sound reduction. The technique is based on the modification of the 
eigenstructure such that the system responds with the weakest set of modal radiators. The technique 
is applicable to both narrow-band and broadband excitations. The formulation is demonstrated for 
controlling the odd-odd modes of a simply supported plate driven by a point force located at the 
center of the plate. The radiation due to the first three odd-odd modes is reduced with a single-input, 
single-output (SISO) controller. The control actuator and error sensor are implemented with 
piezoelectric (PZT) ceramics and polyvinylidene fluoride (PVDF) films, respectively. It is shown 
that the design approach yields excellent global sound reduction. 

PACS numbers: 43.40.Vn 

INTRODUCTION 

Sound radiated by vibrating structures is a persistent 
problem in numerous industrial applications, and it has long 
been a subject of research interest in the acoustic community. 
The common practice of using passive techniques often re- 
sults in heavy systems that are inefficient at low frequencies. 
In recent years, considerable effort has been devoted to ac- 
tive control techniques to reduce low-frequency structurally 
radiated sound. The understanding of the physics of the prob- 
lem has yielded efficient control strategies. One such ap- 
proach has been proposed by Fuller I in which the control 
inputs are applied directly to the vibrating structure while 
minimizing radiated sound or related variable. This tech- 
nique, known as active structural acoustic control (ASAC), 
has been implemented using both feedback and feedforward 
control approaches. 2-6 The control approach to be imple- 
mented mostly depends on the nature of the disturbance in- 
put, i.e., steady-state sinusoid, random, or transient. For ap- 
plications in which the noise field is due to persistent inputs, 
the potential of the ASAC technique in conjunction with 
adaptive feedforward control approaches has been clearly 
demonstrated. 4-6 

The design of feedforward control systems involves the 
selection of the type, number, location, and size of the actua- 
tors and of the error sensors whose outputs are sought to be 
minimized. The traditional design approach in feedforward 
control is to select actuators and sensors based on some 

physical understanding of the behavior of the uncontrolled 
system. In general, this empirical methodology yields satis- 
factory results for ASAC when the error transducers are mi- 
crophones placed in the acoustic field that directly observe 
the quantity to be minimized and when the excitation is a 

single sinusoid. However, this heuristic approach can easily 
result in an inefficient control system with an unnecessarily 
large number of control channels even in simple systems and 
is exacerbated when structural sensors are used. Wang et al. ? 
investigated the optimum location of actuators to minimize 
radiation from panels with microphones used as error trans- 
ducers. It is demonstrated in this work that for single- 
frequency excitation, both on and off resonance, the opti- 
mally located actuators achieved a far better global reduction 
of sound than actuators whose position are chosen only upon 
some physical considerations. 

As a result of rapid advances in specialized actuator and 
sensor materials, today research thrust is toward developing 
smart or adaptive systems with actuators and sensors being 
an integral part of the structure. 8 The typical transducer to be 
embedded in a structure will be distributed in nature. In par- 
ticular, induced strain piezoelectric (PZT) ceramics 9'1ø and 
shape memory alloys TM as actuators, and polyvinylidene fluo- 
ride (PVDF) films •2'•3 and fiber optics TM as sensors have 
shown potential for ASAC applications. The design of con- 
trol systems of structures with integrated transducers will be 
even more critical since these error sensors will not directly 
measure acoustic pressure which is the quantity to be re- 
duced and not all structural motion is well coupled to the 
radiation field. Clark et al. •5 extended the work of Wang ? to 
optimize the location of piezoelectric actuators and both the 
location and size of PVDF strain sensors on a simply sup- 
ported plate excited harmonically. Analytical and experimen- 
tal results showed that a simple single optimally located PZT 
actuator/PVDF sensor pair rivaled the sound reduction 
achieved with three arbitrarily located PZT actuators and 
three error microphones. 

These formal optimization approaches TM clearly dem- 
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onstrate that optimally located actuators and sensors can 
have a profound impact on the performance of the active 
control system. Even more important is the fact that signifi- 
cant levels of attenuation can be obtained with far less num- 

bers of properly located transducers, thus reducing the di- 
mensionality and complexity of the controller. Unfortunately, 
these direct optimization techniques require the evaluation of 
t•e radiated pressure at each step of the minimization pro- 
cess. The acoustic prediction that will certainly be carried out 
numerically for real structures is a computationally intensive 
analysis. Thus, these design optimization techniques cannot 
be realistically implemented to complex structures and dis- 
turbances in the present form because of computational time 
aspects. 

In this paper, a new efficient design formulation for 
feedforward ASAC systems is proposed. The actuators and 
sensors are designed such that the controlled structure will 
respond with a set of poor radiating modes. To this end, the 
formulation takes advantage of recent work that demon- 
strated that an active feedforward-controlled structure will 

respond with a new set of eigenproperties whether vibration 
or radiation is being attenuated. •6'•7 It was demonstrated that 
for radiation control the controlled eigenfunctions were all 
nonvolumetric or inefficient (weak) radiators. •7'•8 The con- 
trolled resonant frequencies and associated eigenfunctions 
are a function of the selected control actuators and error sen- 

sors and are independent of the disturbance input. Thus, the 
design approach is based on finding the actuators and sensors 
configuration such that the controlled structure will respond 
with the weakest set of modal radiators. These weak radia- 

tors are defined here as the eigenfunctions with the lowest 
radiation efficiency and are obtained by solving an eigen- 
value problem. The formulation is valid for both narrow- 
band and broadband excitation inputs. The design formula- 
tion is demonstrated on a simple supported plate excited with 
white noise. 

I. SYSTEM RESPONSE 

The structure is assumed linear and subjected to a sta- 
tionary disturbance input. Thus the analysis is carried out in 
the frequency domain by simply taking the Fourier transform 
of any time-dependent variable. For the sake of clarity, the 
formulation will be presented for a planar radiator and a 
single-input, single-output (SISO) control system. However, 
there is no loss of generality in the design methodology pro- 
posed here. A typical SISO feedforward-control arrangement 
is shown in Fig. 1. In feedforward control the undesirable 
response of a system due to the "primary" disturbance input 
is reduced by applying a "secondary" control input. The 
control input is obtained by feeding a reference signal into 
the compensator, G(60). The compensator is designed such 
that the output from an error sensor is minimized. In 
feedforward-control approaches, the reference signal should 
be "coherent" to the disturbance input signal, and it is as- 
sumed here that it is directly obtained by tapping the distur- 
bance input. 

..,,t p(r, e, q•) 
z 

r .....-' ... 

x 

Disturbance .... r'•'•_t, ••" .• 

FIG. 1. General arrangement of a SISO feedforward ASAC system. 

A. Structural response 

The structural response w(x,y,60) can be expressed as a 
linear combination of the modes as 

N 

w(x,y,60)= • q,,(60)c),,(x,y), (1) 
n=l 

where q,•(60) is the nth generalized modal coordinate, 
•b,•(x,y) is the nth eigenfunction, and N is the number of 
modes included in the response. The modal displacement can 
be written as •6 

q,,( 60) = [f nF( 60) + unU (60) ]H,,(60), (2) 

where f,, is the nth modal disturbance force, F(60) is the 
Fourier transform of the disturbance input, u n is the nth unit 
modal control force, U(60) is the Fourier transform of the 
control input, and H(60) is the nth modal frequency response 
function, given as 

1 

Hn( 60)- 2 60 2 , (3) 60n-- + J 2 •'n 60 n 60 

where to n and sr,• are the nth natural frequency and modal 
damping ratio, respectively, and j is the imaginary number. 
Equation (2) assumes that the modes have been normalized 
with respect to the mass distribution. 

The optimum frequency content of the control input 
stems from minimizing a cost function, which is the mean- 
square value of a structural response monitored by an error 
sensor. Since the goal of this work is to design what is 
termed as adaptive structural systems, actuators and sensors 
contained within the structure will be the only transducers 
considered in this study. Then, the Fourier transform of the 
error sensor output can also be represented as the sum of the 
linear contribution of each mode as follows: 7 

N 

e(60)- • q,,(60)SCn, (4) 

where so,, is the nth modal error component which is a func- 
tion of the characteristics of the error transducer, i.e., discrete 
or distributed. 

The modal error components Sen and the unit modal con- 
trol forces u,, are a measure of the relative observability and 
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controllability of the modes by the error sensor and control 
actuator, respectively. By minimizing the cost function with 
respect to the control input, it can be shown that the spec- 
trum content of the control input is given by 16']9 

•N n=lgnfnHn(0•) 

S(w): G(w)F(w) = - N •nunHn( r(,o), (5) 

where G(w) is the compensator that relates the control input 
u(w) to the disturbance input F(w). For a nonminimum 
phase control system the optimum compensator G(w) is not 
implementable for broadband disturbances. For single and 
multiple frequency disturbances, the optimum compensator 
is always realizable. As discussed later, the design approach 
presented here will yield a control-error path that is mini- 
mum phase and thus the design formulation is applicable to 
any type of input. The controlled response can now be com- 
puted by solving Eq. (5) for the control input U(w) and 
replacing it into Eq. (2) and this into Eq. (1). The uncon- 
trolled response can be computed by simply setting U(w) to 
zero in Eq. (2). In this SISO control configuration, the error 
output is theoretically driven to zero by the control input at 
all frequencies. 

B. Acoustic response 

The far-field pressure radiated by a harmonically vibrat- 
ing planar structure can be computed from the structural re- 
sponse by using the Raleigh integral 2ø as follows: 

fA e -jkR p(•,ro) impo V(Xs,Ys) dA (6) 2rr R ' 

where, as shown in Fig. 1, ?= (r, 0, •p) is the polar coordinate 
of the observation point in the acoustic field; rs=(xs,ys), 
where x s and y• are the coordinates of the elemental surface 
dA having normal velocity u(x•,ys); A is the area of the 
radiator; R is the magnitude of the distance from the elemen- 
tary source and the observation point; P0 is the fluid density; 
and k is the acoustic wave number given as k = w/c, where c 
is the speed of sound in the medium. Here, it is assumed that 
the acoustic medium is air and thus no feedback of the fluid 

motion into the structure takes place. 
Again the radiated pressure can be expressed as a linear 

contribution of the modes as 

N 

p(t•,ro) = • qn(rO)pn(t•,ro), 
n=l 

(7) 

where 

•A e -jkR impo irøC•n(Xs ,Ys) R dA (8) Pn(t•'rø)= 2rr 
is the radiated pressure distribution given by the nth mode 
with surface velocity iW•n(X,y ). The controlled acoustic 
sound field can be computed by replacing Eq. (2) into (7). 

It should be noted that typically the computation of the 
radiated pressure for a complex structure will be performed 
numerically by finite/boundary element codes. 2• This analy- 
sis is a computationally intensive process, and therefore any 

efficient controller design approach should minimize the 
number of acoustic evaluations. The following work is di- 
rected toward achieving this goal. 

II. CONTROLLED SYSTEM EIGENPROPERTIES 

The previous analysis provides the tools to compute the 
controlled structural and acoustic responses. However, it 
does not give any insight into the control mechanisms. Since 
the design approach proposed here is founded on the under- 
standing of these mechanisms, the main aspects of the dy- 
namic behavior of feedforward-controlled structures will be 

described in the sequel, while a full detailed description can 
be found in Ref. 16. The traditional view of feedforward- 

controlled systems is of "active cancellation" where the 
modes of the structure excited by the "primary" disturbance 
input are canceled by the "secondary" control input of ap- 
propriate magnitude and phase driving the same structural 
modes. This view arises from the fact that the system re- 
sponse can be interpreted as the superposition of the distur- 
bance and control responses as suggested by Eq. (2). How- 
ever, recent work has shown that the feedforward-controlled 

system responds effectively with a new set of eigenfunctions 
and eigenvalues to the disturbance input. •6 

The eigenproperties of the feedforward controlled sys- 
tem are governed by the characteristics of the controller 
G(w) in Eq. (5). Because of the constraint imposed on the 
structure by driving the error signal to zero at all frequencies, 
it can be shown that the controller reduces the dynamic de- 
grees of freedom of the system by 1, and thus the controlled 
system has (N-1) new eigenvalues and associated eigen- 
functions. The undamped controlled system eigenvalues, h t, 
are computed such that the following equation is satisfied: 

N N 

• •nUn H (J-/'m-- •-1) =0, l= 1,...,N- l, (9) 
n=l m=l 

rn•n 

where /d, rn=(tOrn) 2 is the mth uncontrolled system eigen- 
value. This implies that if the structure is excited at a fre- 
quency near the control system pole frequency, 
f•=(h•)•/2/2rc, the controlled structural response will be 
very large (or unbounded for an undamped system, •',=0). 
This behavior takes place even though the error sensor out- 
put vanished at all frequencies. 

The controlled system eigenfunction Cb•(x,y) associated 
to the eigenvalue h• is easily computed once the controlled 
system eigenvalue has been determined. They can be ob- 
tained as a linear combination of the uncontrolled modes. 

That is, 
N 

•p•(x,y)= • F•nqbn(X,y) (10) 
n=l 

and the expansion coefficients are 

I'ln=ClUn/(Xl--/'•n), r/= 1,...,N, (11) 

where C• is a constant that is included since the controlled 
mode shapes are arbitrary to a constant multiplier, and it can 
be computed such that [ (F•) 2 + (F •2) 2 +... + (F•v) 2] _ 1. 
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The eigenproperties of the controlled system given by 
Eqs. (9)-(11) are a function of the control input, through the 
unit modal control forces u,, and of the error variable, 
through the modal error components •,. An important aspect 
of the eigenproperties are that they are independent of the 
disturbance input. This implies that once the control actuator 
and error sensor are selected the eigenstructure of the con- 
trolled system is completely determined independently of the 
nature of the disturbance input including frequency content, 
location and distribution. 

III. DESIGN APPROACH 

The main goal in ASAC is for the control system to 
render a controlled response that poorly couples with the 
acoustic medium, thus resulting in minimum radiated sound 
power. This objective can be accomplished if two conditions 
are met. 

(i) The resonant frequencies of the controlled structure 
must lay away from the dominant part of the disturbance 
input spectrum. In other words, the controlled system reso- 
nances should be detuned from the excitation input. 

(ii) More important, the controlled or residual structural 
response should be a linear contribution of weak radiating 
modes. 

As mentioned in the previous section, the controlled sys- 
tem has new resonant frequencies and associated eigenfunc- 
tions that are only a function of the selected actuator and 
sensor. Thus, this concept can be merged with the above 
conditions to yield an efficient design approach. The design 
formulation proposed here can be stated as to find the opti- 
mum actuator and sensor configuration that yields a con- 
trolled structure with eigenproperties that satisfied the above 
two conditions. 

The first step in the proposed design formulation is to 
find the desired set of controlled system eigenfunctions with 
which the controlled structure should respond. The sought 
eigenfunctions should be weak modal radiator and this can 
be mathematically formulated by requiring the desired eigen- 
functions to have the lowest radiation efficiency possible. 
Since the controlled eigenfunctions are given as a linear 
combination of the uncontrolled eigenfunctions, this implies 
a search for the desired expansion coefficients (Ftn)a in or- 
der to achieve this objective. 

To compute the radiation efficiency, the ratio of the ra- 
diated power to the average mean square velocity of the ra- 
diating surface is required. The radiated pressure due to the 
/th controlled eigenfunction driven harmonically at fre- 
quency to can be computed using the modal surface velocity 
distribution v(x,y)= itoqbl(x,y ) substituted into the Rayleigh 
integral, 2ø Eq. (6). Considering Eq. (10), the controlled 
modal pressure distribution is given in terms of the unknown 
desired coefficients, (Fln)d, and of the uncontrolled modal 
pressure distribution, pn(?,to), as 

N 

pt(?,to)= • (Ftn)aPn(?,to). (12) 
n=l 

The radiated sound power at frequency to due to the/th 
controlled mode over the region D in the acoustic field is 

computed by integrating the acoustic time average intensity 
as 

t9o c 
D 

ao (]3) 

and replacing Eq. (12) into (13) gives 
N N 

II,(to)= Z Z (F,n)a(F,m)aIInm(to) 
n=l m=l 

r[II(to)]{rt}a, (14) 

where the elements of matrix [II(to)] are 

II.(,o)-f f PnPmdD, (15) po c 
D 

the desired expansion vector is r, 
and the superscript T denotes the vector transpose. 

Matrix [II(to)] is symmetric and positive definite be- 
cause the radiated power is always positive for a nontrivial 
vector {Ft} a. The term I-Iag(to ) represents the radiated 
power by the nth uncontrolled eigenfunction, while the term 
I-[rim(to ) represents the radiated power due to the acoustic 
coupling between the nth and mth uncontrolled eigenfunc- 
tions. If the cross term I-Inm(to ) vanishes, the modes are said 
to be acoustically uncoupled. The important implication is 
that the radiation due to the nth mode can not be used to 

destructively interfere with the radiation due to the mth mode 
such that the average radiated power over the region D is 
reduced. 

The average mean-square velocity for the controlled 
mode oscillating at frequency to can be easily computed as 

= 5-X 4,t ,y)aA. (16) 
A 

Again, it is straightforward to show that the average mean- 
square velocity becomes 

(17) 

where matrix [V(to)] is also symmetric and positive definite, 
and its elements are 

Vnm(to)=5-•i ' q•n(Xs,Ys)q•m(Xs ,ys)dg. (18) 
A 

Finally the radiation efficiency of the /th controlled eigen- 
function is defined as 22 

1 IIl(•O) 1 
Sl<'ø>-goc -goc ' 

(19) 

The desired expansion coefficients (I'ln)d that yield the 
lowest radiation efficiency for the controlled modes are ob- 
tained by minimizing St(to) in Eq. (19) with respect to the 
coefficients (Ftn)a with the constraint 
This constrained minimization problem can be efficiently 
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solved by recognizing that the stationary values of S•(to) can 
be obtained by solving the eigenvalue problem 

{[II(to)]-Sl[V(to)]Apoc}{Fl}a={O}, l= 1,...,N. 
(2o) 

Because of the symmetry and positive-definite proper- 
ties of the matrices, the N eigenvalues S• are all real and 
positive and they are ordered such that S•<S2<'"<S•v. 
The eigenvalue St represents the radiation resistance at fre- 
quency w of the/th desired controlled eigenfunction that is 
given as a linear combination of the uncontrolled modes by 
the coefficients of the eigenvector {F•}a. Because the SISO 
control system considered here has (N-1) eigenfunctions, 
the optimum set of controlled eigenfunctions is that with the 
(N-1) lowest radiation efficiency. Thus the desired expan- 
sion coefficients (I-'ln)d are the first (N-1) eigenvectors in 
Eq. (20). These eigenfunctions form a set of independent 
basis functions for the controlled system. 

The desired eigenfunctions found above are optimum in 
the sense that they have the lowest radiation efficiency at the 
single frequency w. For broadband excitation, the controlled 
eigenfunctions should have low radiation efficiency in the 
frequency range of the excitation input. This can be accom- 
plished by solving for the minimum of the weighted radia- 
tion efficiency: 

1 {F r t l}d Ei= 1B/[H(tøi)]{Ft}d 
r L , (21) S•(W)=Apoc {F•}a•;i=•Bi[V(wi)]{F•} a 

where B i is a weighting constant, and matrices [II (wi) ] and 
[V(wi) ] are computed at L frequencies w i . The eigenprob- 
lem of Eq. (21) will then yield a set of optimum eigenfunc- 
tions that have low radiation efficiency, in some weighted 
sense, at the L frequencies w i . Then, the computation of the 
uncontrolled modes radiated pressure is required at L fre- 
quencies. This analysis, in particular if numerical techniques 
are used, is a computational intensive process and care 
should be exercised in selecting both the number and values 
of the frequencies w i . Sensitivity analysis of the acoustic 
pressure with respect to the frequency should be useful 
here.23, 24 

It should be mentioned that Curiefare 2• developed a 
similar eigenvalue formulation for obtaining the optimum 
velocity distribution on a finite beam that minimizes the ra- 
diation efficiency of the beam response at a single frequency. 
It was suggested in this work that the optimum velocity re- 
sponse could be used as the objective function for the design 
of active control systems. Though similar in concept, the 
proposed formulation differs markedly from Cunefare's work 
in a fundamental aspect. Here the formulation searches for 
controlled eigenfunctions that are weak radiators and that are 
independent of the frequency. 

A. Optimum modal parameters 

The expansion coefficients Fin are a function of the unit 
modal control forces u n , the uncontrolled eigenvalues /.t n , 
and the controlled eigenvalues Xi, as depicted by Eq. (11). 
Thus the unit modal control forces and the controlled eigen- 
values can now be determined so they yield the desired ex- 
pansion coefficients found from the solution of the above 

eigenproblem. However, the number of expansion coeffi- 
cients to match is N x (N-1) while there are 2(N-1) de- 
sign variables, i.e., (N- 1) relative modal control forces and 
(N- 1) controlled eigenvalues. Therefore, the desired expan- 
sion coefficients can be achieved only in some least-square 
sense. The controlled eigenvalues X I and modal control 
forces u n can then be obtained by solving the following 
least-square constrained minimization problem: 
Minimize 

N-1 N I --]-Zn 2 F(Un,Xt)= • • (Ftn)a-ct Xt an /=1 n--1 

(22) 

such that 

N 

Z l/n-- , 
n=l 

( •' 1)lower • ( •- 1) • ( •' 1) upper' (23) 

The equality constraint represents the normalization of 
the modal control forces since the relative controllability of 
the modes is the only relevant information. The upper and 
lower limits of the inequality constraints on the values for 
the controlled system eigenvalues • are selected based on 
the characteristic of the spectrum content of the disturbance 
input. For example, if the disturbance input consists of mul- 
tiple sinusoids, the controlled eigenvalues are selected such 
that they are not coincident with any of the excitation sinu- 
soids. It is also important to remark that the controlled eigen- 
values X• are restricted to have real positive values. The im- 
plication of this constraint is that the optimum compensator 
G(w) is physically realizable. The solution of the minimiza- 
tion problem can be carried out efficiently by a number of 
optimization routines and yields the unit modal control 
forces u n and the controlled eigenvalues •. 

Recent work 17 has shown that, given u n and X•, the 
error modal components •n can be computed from the char- 
acteristic equation of the controlled system in Eq. (9). Re- 
placing the optimum controlled eigenvalues • and unit 
modal control forces u n found from the solution of the above 
optimization problem into Eq. (9) gives •7 

A2• A 22 ''' A 2•v 0 i ". ! : 

[A(N_•)• A(N_i) 2 ... A(N_i) N iN 0 
N 

with A ln: l•n H (]•n-- •'l)' (24) 
m=l 

rn•:n 

The homogeneous linear system of equations is such 
that the only relevant information is the relative observability 
of the uncontrolled modes by the error sensor. Thus assum- 
ing the Nth mode is observable, then by setting •v to 1, the 
modal error components can be obtained by solving the re- 
duced linear system of equations 
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All A12 '" A•I•v-• •12 A21 A22 ... A2•N_•) 
i '.. i : 

A(N_i) • A(N_•i 2 ... A(N_•N_• ) •-1 
A1N 
A2N 

A ( •,_ • ) •, 

(25) 

The optimal modal error so,, and control u n components 
define completely the control system configuration in the 
modal domain. The design of the control system in the modal 
domain as carried out in this formulation offers a number of 

advantages. The performance of the controller can be inves- 
tigated with the modal parameters alone before the transduc- 
ers are selected. Control issues such as number of control 

channels for a required reduction can be addressed effec- 
tively. This approach also allows for the investigation of dif- 
ferent kinds of actuators and sensors with minimum addi- 

tional computational effort. 
This modal information needs to be transformed into 

physical transducers that can then be implemented on the 
structure. The type of actuator and sensor, i.e., discrete or 
distributed, to be implemented is an application-dependent 
problem and beyond the main focus of the proposed design 
approach. For the sake of completeness, the implementation 
of physical strain-induced transducers is, however, illustrated 
in the numerical section. 

IV. NUMERICAL EXAMPLE 

The applicability of the design formulation presented 
here is demonstrated for an uniform simple supported plate. 
This structure was selected because analytical solution of 
both the structural response and the radiated sound field are 
available. The plate is assumed made of steel with density 
ps=7833 N.s2/m 4, Young's modulus E=2.0X10 TM N/m, 
Poison's ratio v=0.3, thickness h=0.002 m, and dimen- 

sions Lx-0.38 rn and Ly=0.3 m. The spectrum of the dis- 
turbance excitation is assumed to be white noise in the 

[0-800] frequency band. To compute the response of the 
system, it is assumed a modal damping ratio of 1.0% in all 
modes (Srn = 0.01), and the number of modes included in the 
analysis is N-8. Since the proposed design is based on the 
modal representation of the system's response, the nth natu- 
ral frequency an eigenfunction of the plate is 

Wn= X/Dp/psh( Tx2 + Ty2)' (26) 
C•n(X,y ) =K sin( yxX)sin( yyy), 

where yx = rrnx/Lx, yy='rrrty/Ly, Dp=Eh3/12(1 - v 2) is 
the flexural rigidity, (n x,ny) are the modal indices tradition- 
ally used for rectangular panels that are associated to the n 
index used in the theoretical analysis, n-->(nx,ny), and 
K=(4/LxLyhps) •/2. 

The plate is assumed baffled to eliminate the acoustic 
interaction between the back and front radiation and facili- 

tate the analytical predictions. The radiated far-field pressure 

due to each of the plate modes was first computed by solving 
the Rayleigh integral in Eq. (8). Assuming the observation 
point to be in the far field (kLx>> 1 and kLy>> 1), Eq. (8) has 
a closed-form solution given by 22 

pn(t?, to) = 
-- W2poLxLyK e-J trr 

2 rr3 n xn y r 

(--1)nye-Jkl•-- l ) X (t•/nyrr)2_l ' 
where 

(-1)nxe-Jtra-1) ( cr/nxrr)2-1 

(27) 

a=kL x sin 0 cos ½, fi=kLy sin 0 sin ½. (28) 

The uncontrolled modal far-field pressure distribution in 
Eq. (27) can now be used to compute the auto- and cross- 
modal radiation power terms in Eq. (15). The aim in this 
control example is to attenuate the total radiated power. Thus 
the integration of the local intensity is carried out over one 
half hemisphere, which for convenience is computed numeri- 
cally. 

The modes of a simply supported plate can be collected 
in four groups which are the odd-odd, even-odd, odd-even, 
and even-even modes. Solving Eq. (15) shows that the 
cross-radiation power terms between modes from different 
groups vanish. This implies that the modes in a group are 
acoustically uncoupled from the modes of the other groups. 
Conversely, the only acoustic coupling takes place between 
modes of the same group. For example, the (1,1), (3,1), and 
(1,3) odd-odd modes have nonzero off-diagonal elements. 
This implies attenuation of sound produced by these modes 
can be achieved by these modes interacting with each other. 
In other words the cross-radiated power would balance the 
direct radiated power. This is the essence of ASAC where 
sound attenuation can be achieved by restructuring the 
acoustically efficient modes rather than controlling each one 
of them. On the other hand, the (1,2) and (3,2) odd-even 
modes are not acoustically coupled with the odd-odd modes. 
Thus the radiation over a half-hemisphere due to these 
modes cannot be canceled by the odd-odd modes. It is evi- 
dent that for the simply supported plate problem the odd- 
odd, even-odd, odd-even, and even-even modes should be 
controlled independently. Thus, a control system design 
should start by careful identification of not only the strongly 
radiating modes but also of the acoustic coupling. 

The applicability of the design formulation is demon- 
strated for controlling the radiation due to the (1,1), (3,1), 
and (1,3) modes with a SISO controller. To this end, it is 
assumed that these are the only modes excited by both the 
disturbance and control inputs and observed by the error sen- 
sor. This can be expressed mathematically by setting the 
modal parameters fn, Un, and •n to zero for all modes except 
the odd-odd ones. 

A. Desired controlled eigenfunctions 

The first step is the design process is to find the desired 
controlled system eigenfunctions. The single frequency of 
300 Hz was selected to compute the matrices [II(to)] and 
[V(to)] to form the eigenvalue problem of Eq. (20). The 
solution of the eigenvalue problem yielded three eigenvalues 
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TABLE I. Radiation efficiency and expansion coefficients of desired eigen- 
functions. 

Radiation efficiency, St x 10- 3 

0.239 1.13 

Desired coefficients, { F•}a 

TABLE III. Controlled system eigenproperties. 

Resonant frequency ft=(kt)l/2/2rr (Hz) 

t/x ,t/y) 

f1=399 f2=700 

Expansion coefficients Fin 
Fln F2n 

(1,1) -0.367 0.128 (1,1) 0.224 -0.314 
(3,1) 0.361 -0.893 (3,1) -0.877 0.371 
(1,3) 0.857 0.431 (1,3) 0.424 0.874 

and associated eigenvectors. Since the SISO controller re- 
duces the number of dynamic degrees of freedom by 1, the 
desired expansion coefficients (Fln)d are the first two eigen- 
vectors. The radiation efficiency at 300 Hz, eigenvalues St, 
and associated expansion eigenvectors {F/} a of the desired 
controlled eigenfunctions are given in Table I. 

B. Optimum modal parameters 

The optimum modal parameters, i.e., modal control and 
error components, can now be computed. The next step is to 
find the unit modal control forces u n and controlled eigen- 
values h n that yield the desired expansion coefficients of 
Table I. This is achieved by solving the minimization prob- 
lem in Eqs. (22) and (23) where the controlled eigenvalues 
h l are not constrained as in Eq. (23) because the spectrum of 
the excitation input is white noise. The minimization process 
was carried out by using the optimization IMSL routine 
DUNLSF (nonlinear least squares problems), which yielded 
the optimum unit modal control forces u n shown in Table II 
and two controlled resonant frequencies at 399 and 700 Hz 
as shown in Table III. These values yielded the expansion 
coefficients shown in columns 2 and 3 of Table III. These 

coefficients are almost identical to the desired coefficients 

obtained from the solution of the eigenvalue problem in Eq. 
(20) and presented in Table I. The modal control forces and 
controlled eigenvalues can now be used in the linear system 
of equations in Eq. (26) to solve for the modal error compo- 
nents •n; they are given in Table III. 

The resulting modal parameters listed in Table II define 
completely the control system. The controller has modified 
the eigenstructure of the system in such a way that the con- 
trolled structure will respond with two weak radiating 
modes. To illustrate this fact, the radiation efficiency for the 
three odd-odd uncontrolled eigenfunctions and the two new 
controlled eigenfunctions was computed and they are plotted 
in Fig. 2. This figure shows clearly that the controlled modes 
have substantially lower radiation efficiency than the uncon- 
trolled modes. It is also very interesting to note that, by 

TABLE II. Modal control and error components. 

Modal parameters 
Mode 

(n x ,ny) u n •n 

(1,1) -0.534 0.924 
(3,1) 0.479 0.329 
(1,3) 0.697 0.192 

numerical integration, the controlled eigenfunctions are non- 
volumetric. Since the response is a linear expansion of the 
modes, this implies that the net volume displaced by the 
controlled plate is zero at all frequencies. This same phenom- 
enon was observed by the authors •8 in studying the dynamic 
behavior of feedforward-controlled systems using micro- 
phones in the far field as error sensors. 

The sensitivity of the controlled eigenfunctions to the 
selected frequency used in Eq. (20) is an important issue. 
Solving the eigenproblem in Eq. (20) for different values of 
the frequency within the excitation band showed that the 
desired expansion coefficients did not vary substantially. 
Even though this is not a general conclusion, this suggests 
that in the proposed design approach the solution of the 
modal acoustic field could be efficiently carried out at a 
small number of frequencies. Since this analysis is the most 
computational intensive process, the proposed design ap- 
proach has clear computational benefits over direct optimi- 
zation methods for complex structures and excitations. 

C. Control system performance 

The control system is completely defined in the modal 
domain in terms of the optimal modal parameters in Table II. 
The performance of the controlled structure can be investi- 
gated with these modal parameters alone before physical 
transducers are devised. The effectiveness of the control sys- 
tem was evaluated for a disturbance input consisting of a 

o10 

o 

• 10 -• 

-- ......- 

_ 

I I ! ! I I II I I I I I I I I 

100 1000 

Frequoncy (Hz) 

FIG. 2. Radiation efficiency of uncontrolled ( .... ) and controlled ( 
eigenfunctions. 
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FIG. 3. Acceleration response at disturbance force location before ( .... ) and 
after ( ) control. 

point force located at x=O.5L x and y=O.5Ly. To illustrate 
the dynamic behavior of the plate before and after control, 
the acceleration response of the plate at the disturbance lo- 
cation was computed. The amplitude is shown in Fig. 3 as a 
function of the frequency. The dashed line is the uncontrolled 
response and shows resonant peaks at the frequencies given 
in Eq. (27). On the other hand, when the control input is 
applied, the response shows resonance behavior at the fwo 
controlled resonant frequencies given in Table III. The vibra- 
tion levels of the controlled structure are slightly lower than 
the uncontrolled system, i.e., amplitude of the second con- 
trolled mode is the same as the (1,1) uncontrolled mode. 
Similarly, the before- and after-control far field pressure at 
r = (0 ø,0 ø,4.5Lx) was also computed. The sound pressure 
level in decibels (dB re: 20 /xPa) is shown in Fig. 4 as a 
function of the frequency. This figure shows that the sound 
levels produced by the controlled structure are well below 
the level generated by the uncontrolled one. This is due to 
the low radiation efficiency of the controlled modes that re- 
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FIG. 5. Radiation directivity on the x-z plane at 352 Hz: uncontrolled ( .... ) 
and controlled ( ). 

suits in a weak coupling of the controlled response with the 
acoustic medium. This phenomenon takes place in spite of 
the vibration levels being comparable to the uncontrolled 
response levels. 

The radiation directivity in the horizontal x-z planes was 
then computed at selected frequencies and they are shown in 
Figs. 5 and 6. In all figures, the dashed and continuous lines 
represent the uncontrolled and controlled sound radiated 
pressure at a distance of 4.5L x . Figure 5 shows the far-field 
radiation at 352 Hz, corresponding to the resonance of the 
uncontrolled (3,1) mode, which shows excellent global re- 
duction. Similar behavior was observed for each of the un- 

controlled resonant frequencies. More interesting is to inves- 
tigate the radiated sound at the controlled system resonance 
frequencies. Figure 6 shows the far-field radiation at 399 Hz, 
which is the second resonance of the controlled system. In- 
spection of this plot demonstrates that even though the re- 
sponse of the plate is very large (because of the resonance) 
the radiation is not increased significantly. Again this is be- 
cause the controlled mode has very low radiation efficiency. 

To evaluate the overall performance of the control con- 
figuration, the sound pressure spectrum was integrated over 
the bandwidth from 0 to 800 Hz. The integrated spectrum is 
used to plot the overall radiation directivity in the x-z plane. 
Total radiation directivities before and after control were 

computed for the x-z planes and are shown in Fig. 7, respec- 
tively. These plots show that an average global sound pres- 
sure level reduction of 15 dB is obtained over the whole 

spectrum, thus attesting to the effectiveness of the design 
approach presented here. 

The process of designing a structural actuator and sensor 

lOO 

75 

50 

25 

I 90ø 
o 
100 75 50 25 0 25 50 75 100 

SPL (dB Ref. 0.00002 Po) 

FIG. 4. Far-field pressure at ?--(4.5L x,0ø,0ø) ß uncontrolled ( .... ) and con- 
trolled ( ). 

FIG. 6. Radiation directivity on the x-z plane at 399 Hz: uncontrolled ( .... ) 
and controlled ( ). 
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FIG. 7. Total radiation directivity on the x-z and planes: uncontrolled ( .... ) 
and controlled ( ). 

that yield the optimum modal parameter is not a key aspect 
of formulation presented here. However, for the sake of com- 
pleteness and as well as clarity in the presentation, the design 
of the strain-induced actuator and sensor is presented in the 
Appendix. 

V. CONCLUSIONS 

A formulation has been presented for the design of adap- 
tive structures for ASAC applications. The methodology 
makes use of the fundamental concept that sound radiation 
can be effectively reduced by changing the overall radiation 
efficiency of the structure. The formulation also takes advan- 
tage of the fact that the feedforward-control system changes 
the dynamic properties of the structure. The understanding 
and merging of these two phenomena lead to an efficient 
method for the design of actuators and sensors. The method 
is based on the premise that the optimum actuator and sensor 
will change the eigenstructure of the system such that the 
controlled response consists of a modal series of weak radia- 
tors. The control configuration is first defined in the modal 
domain by computing the optimum control and error modal 
parameters. Using this information, the physical actuator and 
sensor can be then constructed. This particular separation 
between the modal and physical domain offers the advantage 
that different transducers and configurations can .be investi- 
gated with minimum computational effort. The design ap- 
proach was illustrated for controlling the odd-odd modes on 
a simply supported plate problem driven by a point force. A 
SISO controller was designed and the results show excellent 
reduction over the whole spectrum. 
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APPENDIX: STRAIN-INDUCED ACTUATOR AND 
SENSOR DESIGN 

For the sake of completeness, in this appendix a proce- 
dure to design an structural actuator and sensor that yield the 
desired modal parameters is briefly presented. The actuator 
and error sensor are implemented with multiple piezoelectric 
PZT patches and a single PVDF film, respectively. Mechani- 
cal models that relate the transducer parameters, i.e., size, 

(a) 

(b) 

2p. 

2py[;•. 
(x, ,y• ) 

i 
i 

PZT 

FIG. A1. Optimum (a) PZT control actuator and (b) PVDF film error sensor. 

location, etc., to the modal control and error components are 
required. Assuming the control input consists of M fixed-size 
PZT patches driven by the same control signal either in- or 
out-of-phase. Then, the nth modal control force can be 
shown to be given by 26 

M 

lln=' E Pi 
i=1 

Tx2 + 3/3'2 {COS[ Tx(Xci+Px)]--COS[ Tx(Xci--Px)]} 
7xyy 

X {cos[ •y(y ci qt._ py) ] _ cos[ Ty(Yci--Py)]}, (A1) 

where P i = _ 1 indicates the relative phase between the PZT 
patches, (x c ,Yci) are the unknown center coordinates, and 
2px=O.1L x and 2py-O.1Ly are the fixed dimensions of the 
patch. The design variables are the relative phase and coor- 
dinates of the patches and are obtained by minimizing the 
cost function 

N 

F(Vi ,Xci ,Yci) = •3 I(un)opt-- Unl 2, 
n=l 

(A2) 

where the optimum modal control forces (Un)op t are the val- 
ues in Table II for the odd-odd modes and zero for all the 

others. The optimization process in Eq. (30) is continuous in 
the variables (Xci ,Yci) and discrete in the phase indicator Pi 
and number of patches M. The solution of this optimization, 
carried out using IMSL routine DUNLSF, is straightforward 
and leads to the control configuration shown in Fig. Al(a). 
The control input for the SISO controller consists of four 
patches driven in phase by the control signal U(w). 

The error sensor was implemented with a single PVDF 
film patch. If needed multiple patches, whose electric output 
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are summed to obtain the error signal, can be considered. 
The nth error modal component can be shown to be given 
as 12 

Yx + e 3 2 [ cos( 3/xX 1) -- COS(3/xX2) ] •n-- e31Ty 
)<[cos( Tyy l)- cos( TyY 2) ], (A3) 

where (x• ,y•) and (x2,Y2) are the lower left and upper right 
corner unknown coordinates, and e3• and e32 are charge per 
unit area in the x and y directions, respectively. The coordi- 
nates that determine the size and location of the PVDF film 

are obtained by minimizing 
N 

F(xl,y•,x2,Y2)- • I(•n)opt-•,l 2, 
n=l 

(A4) 

where the optimal modal error components (•n)opt are again 
obtained from Table II for the odd-odd modes and zero for 

all the other modes. The PVDF film error sensor is shown in 

Fig. Al(b). 
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