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The bending vibration of cantilevered thin-walled beams of arbitrary closed cross section exposed 
to time-dependent external excitations is investigated. The beam model used in this study 
incorporates a number of nonclassical effects, namely, transverse shear, secondary warping, 
anisotropy of constituent materials, and heterogeneity of the construction. An exact methodology 
based on the Laplace transform technique aiming at determining the frequency-response 
characteristics is used, and numerical illustrations emphasizing the effects of a number of 
geometrical and mechanical parameters on the frequency response behavior are displayed. ̧  1995 
Acoustical Society of America. 

PACS numbers: 43.40.Cw 

INTRODUCTION 

A great deal of interest for a better understanding of the 
response behavior of composite structures subjected to time- 
dependent external excitations is manifested in the literature. 
This interest is due to the increased use of advanced com- 

posite materials in the various fields of the modern technol- 
ogy. Due to their exotic properties, the advanced composite 
material structures are likely to play a great role in the con- 
struction of the next generation of aeronautical and aerospace 
vehicles, as well as of naval constructions. In spite of the 
evident importance, to the best of the authors' knowledge, 
with the exception of studies by Bank and Kao • and Lee and 
Chao, 2 the main body of the research was devoted entirely to 
study the response behavior of composite structures modeled 
as plate and shells (see, e.g., Ref. 3). Little work has been 
done toward the study of the response behavior of thin- 
walled beams in general and of their counterparts, with 
closed cross-section contours, in particular. The absence of 
such results is more intriguing as this structural model is 
basic when dealing with a number of important constructions 
such as airplane wing and fuselage, helicopter and turbine 
blades, tilt rotor aircraft, as well as many other ones widely 
used in mechanical engineering. This paper is devoted to this 
topic. 

I. STATEMENT OF THE PROBLEM: BASIC 
ASSUMPTIONS 

The case of cantilevered thin-walled beams of arbitrary 
closed cross section is considered. It is assumed that the 

beam is symmetrically composed of transversely isotropic 
material layers (the surface of isotropy being parallel to the 
reference surface of the beam structure). This implies that the 
structure exhibits both a geometrical and physical symmetry 
across its thickness. 

Two coordinate systems are used in the forthcoming de- 
velopments: (i) a global Cartesian orthogonal (x,y,z) one, 

where (x,y) denote the cross-section beam coordinates and z 
the spanwise coordinate, and (ii) a local orthogonal system 
(n,s,z) where n and s denote the thicknesswise coordinate 

normal to the beam midsurface and the tangential one along 
the contour line of the beam cross section, respectively (see 
Fig. 1). 

In order to substantiate the theoretical beam model the 

following assumptions are adopted: 3-8 
(1) The cross sections of the beam do not deform in 

their own planes. 
(2) The transverse shear flexibility exhibited by the ad- 

vanced composite material systems is taken into consider- 
ation. 

(3) The hoop stress resultant Nss is considered negligi- 
bly small with respect to the remaining ones. 

(4) As a result of the considered anisotropy of the ma- 
terial layers, of the symmetry of the structure and of the 
assumption that the external loads are distributed along the 
beam z axis only, an exact decoupling of transverse bending 
(flapping) (expressed in terms of variables v 0 and Ox), lateral 
bending (lagging) (expressed in terms of u0 and Oy), and 
twist (in terms of •b) is obtained. Herein, we will confine 
ourselves to the transverse bending (flapping) motion only. 

Having in view the importance of the secondary warping 
effect (see in this sense the monograph by Gjelsvik 8 where 
the physical significance of this effect is clearly emphasized) 
and since secondary warping induces transverse bending, 
this effect will be also considered. As a result of the incor- 

poration of the transverse shear effect, the analysis devel- 
oped herein could also accommodate the case of thick- 
walled beams for which case hmax/b•>O.1 where hma x 
denotes the maximum thickness of the beam, b denoting a 
typical cross-sectional dimension. In spite of this, the stan- 
dard terminology of thin-walled beams will still be used. 
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h -- 1.016 ß 10-2m 
b -- 5.08 ß 10-2m 
c-- 0.25m 
L = 2.032 m 

FIG. 1. Geometry of the cantilevered box-beam (not to scale). 

mi. EQUATIONS OF MOTION: BOUNDARY 
CONDITIONS 

The equations of undamped motion and the associated 
boundary conditions of thin-walled beams can be obtained 
via Hamilton's variational principle. 5-7 The equations of mo- 
tion associated with the transverse bending constitute a part 
of the general equations of motion as derived in Refs. 6 and 
7. These are 

! 

(Soo'Qy +py=I 1 , (la) 

8•9 x 'M•-Qy=I 2 . (lb) 

Here py[=py(Z;t)] denotes the transverse distributed load- 
ing; I• and 12 denote the inertia terms defined as 6 

I• - b'o • mo ds, (2a) 
12- •x • moy 2 + m2 •ss ds, (2b) 

where 

N 

(m0,m2)=• F h(k) p(k)(l,rt2)drt (3) 
k=l dh(k_l) 

denotes the mass terms. In addition, Vo[--=Vo(Z;t)] and 
Ox[----Ox(z;t ) ] denote the transverse displacement and the ro- 
tation about the x axis, respectively, N denotes the number of 
constituent layers, •( )ds denotes the integral along the 
closed midline contour, P(k) denotes the mass density of the 
kth layer, while the primes and overdots denote derivative 
with respect to the z coordinate and time t, respectively. In 
Eqs. (1), Q y and M x denote the transverse shear force in the 

y direction, and the bending moment about the x axis, re- 
spectively. As obtained in Refs. 6 and 7 they are defined as 

Qy (z;t)= • dy dx) N s z •ss - N z n •ss ds, (4a) 

Mx(z;t)= YNzz-Lzz •ss ds, (4b) 

where Nzz, Nsz, and Nzn denote the local spanwise, tangen- 
tial shear, and transverse shear stress resultants, respectively, 
while Lzz denotes the local stress couple. Their expression in 
terms of strain components can be found in Ref. 7. 

Based on the equations of motion (1), on the constitutive 
equations associated with Qy and M x and on the geometric 
equations correlating the strain measures with the displace- 
ment quantities, 6'7 the equations governing the bending mo- 
tion are obtained as 

ass(vg+ O•)+py=bl•)'o, (5a) 
! 

a330•-ass(Uo+ Ox)=b2•x . (5b) 

Here the global stiffness quantities a33 and ass are expressed 
as 

a33= Klly2+K44 •ss ds, 

a55= A66 • q-A44 •ss ds, 
where 

(6a) 

(6b) 

- •, (7a) Kll=All Al• 
K44 = D l l ---- D, (7b) 

denote the local stiffness quantities, A// (i,j = 1,2,6) and D 
denote local membrane and bending stiffness quantifies, 
while A44 denotes the local transverse shear stiffness. They 
are defined in a genetic form as 

N 

• (k) Aij = Cij (n(•,)- n(•,_ •)), (8a) 

N 

1 • .•(•)• 3 Di•=• = ci• tn(•)-n•k_•)). (8b) 
where the index (k) accompanying a certain quantity identi- 
fies its affiliation to the kth layer. 

In the evaluation of stiffness quantities (8) and implicitly 
of the ones given by Eqs. (6) and (7), one should have in 
view that associated with a transversely isotropic material, 
the nonzero elastic coefficients expressed in terms of the en- 
gineering constants are as (see Ref. 9) 

C•i=(Ev'2-E')E/A, C•2 =-(Ev'2+E'v)E/A, 

C13=-v'(l+v)EE'/A, C33=-(1-v2)E'2/A, 

(C•-C•2)/2=G[----E/2(1 + v)]. 

(9) 
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In Eqs. (9), A is expressed as A = (1 + v) 
(2Ev'2+E'v-E'),E, rand E', v' denote Young's moduli 
and Poisson's ratios associated with the surface of isotropy 
and transverse to the surface of isotropy, respectively, while 
G and G' denote the tangential and transverse shear moduli, 
respectively. For a single layered construction, the mass 
terms b l and b 2 are 

b l= • ph ds, 

• h3 b2 = py2h + p •-• 

(10a) 

where h denotes the wall thickness of the beam. The govern- 
ing system of Eqs. (5) of fourth order requires prescription of 
two boundary conditions at each edge. For cantilevered 
beams, the boundary conditions (BCs) are, at the beam root 
(z=0), 

vo=Ox=O, (11) 

and at the beam tip (z = L), 
! 

v 0 + 0x=0, (12a) 

0x' = 0. (12b) 

III. ALTERNATIVE FORM OF GOVERNING 
EQUATIONS 

Equations (5) and the associated boundary conditions 
[Eqs. (11) and (12)] can be expressed in terms of Vo(Z,t) 
alone. Having in view the potential usefulness of such a rep- 
resentation, it will be recorded here. Obtainable through the 
elimination of Ox in the original governing equations, this 
new form is given by 

1 

bl ..,, b2b.'o) + • (a33PJ;-b215y) tiffin • (a330 0-- a33ø0 a55 a55 

+ blt)'o- b2t)'g-py=O, 

whereas the boundary conditions are 

(13) 

v0=0, (14a) 

bla33 a33 ) It! "! 

--• Uo+ •py =0 at u0 a55 a55 
1 

v0+ -- 
a55 

(14b) 

and 

bl Py t! 

v0- • b'0+ =0, (15a) 
a55 a55 

it! "! 

a33v 0 -b2v o- • 
bla33 ..t a33 t 

-• Uo+ • py=O 
a55 a55 

at z=L. (15b) 

Having in view that a55 defines the transverse stiffness, con- 
sideration in Eqs. (13)-(15) of a55-• c• yields the Euler Ber- 
noulli counterpart of the bending equations. 

It should be remarked that in both formulations (i.e., for 
both shear deformable and classical bending beam models), 

fourth-order governing equations are obtained. A similar re- 
sult obtained within the theory of solid beams was reported 
in Ref. 10. 

IV. SOLUTION METHODOLOGY 

The goal is to exactly determine the bending frequency 
response characteristics of thin-walled beams excited by a 
harmonically time-dependent point load 

py-- Fo6(Z - Z0) exp( i tot). (16) 
In Eq. (16), 6( ) denotes the Dirac distribution while F 0 and 
to denote the amplitude and the excitation frequency of the 
concentrated load, respectively. For evident reasons, the gov- 
erning system of Eqs. (5) and the associated boundary con- 
ditions, Eqs. (11) and (12), will be converted first to a non- 
dimensional form. To this end the following dimensionless 
quantities are defined: 

t7o---- v o /L, r/----z/L, r/o-• zo /L, •--= rOot, 

&= to/to0, Po=Fola55, (17) 

where to0(=/•02(a33/bl L4) 1/2,/•0= 1.8751) is a reference fre- 
quency. For a harmonic time-dependent input, due to the 
linear character of governing equations, the response is also 
harmonic, of the same frequency. 

Upon replacing in Eqs. (5) and BCs (11) and (12) tY0 and 
0 x as given by 

Ox( = s( ' 
in terms of the dimensionless variables (17), the governing 
system and the boundary conditions become 

(a) the governing system 

V, nn + S,n+ F06 ( r]- r/0 ) + a55L 2 
V=0, (19a) 

b2 a55 L2(V,n + S)+ /3g•32S= 0 (19b) S, nn a33 bl L2 
and 

(b) the boundary conditions 

at r]=0,' V=S=0, (20) 

(21) and at •7 =1, V,n+S=S n=0. 

In Eqs. (19)-(21) the differentiation with respect to the non- 
dimensional spanwise coordinate is denoted as 
( ),n--d( )/d•7. An exact solution to the problem can be 
obtained via the Laplace transform technique used in the 
space domain. 11 

Upon applying to Eqs. (19) and (20) the Laplace trans- 
form, in conjunction with the transformed counterparts of the 
BCs at •7=0 [Eqs. (20)], a system of algebraic equations 
expressed in matrix form is obtained: 

gll gl = //•1 q_ (22) 
g21 g2 /z 2 S n(0) ' 
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Here •'{-- •'(s) =•(V(rD)), •{--•(s) =•(S(rD)), where s 
denotes the Laplace transform variable, V, 7(0) 
=-dV/d r/I 7=0, while the elements g ij and/•i are given by 

a33 T]04(• 2 
--S 2 gl• + a55L 2 ' g12--s, 

a55L2 2 b2fl•&2 a55L2 
g21 =• s, g22=s + bl a33 L2 •, (23) a33 

/• 1 = - •0e- • v0, /•2 = 0. 

Upon solving Eqs. (22) for P(s) and •(s) one obtains 

{P(s)} 1 •11 j•12]{-•oe-SVo+V,(O)} g(s) =j s,.(0) ' ' (24) 

where 

1200 

•:• lOOO 

800 

600 

400 

200 

%=0.7• 

Tto=OJ.• 

o 
o.o o.1 0.2 0.3 0.4 o.5 0.6 0.7 0.8 0.9 1 .o 

g=gllg22--g12g21, J•ll=g22, •12 =--g12, 

J•21=-g21, J•22=gl• ß 

The inverse Laplace transform of Eq. (24) yields 

where 

v(v)) s(v) = G21 G22 0 

v ,(0)} x s:,(0) ' 

Fll F12 

F21 F22 

(25) 

(26) 

Gij= m•_- I dg/ds eSm( •- 70), (27a) 

and 

Fi•= • j-•g/•] m=l 
e sin7. (27b) 

$•---$m 

Here s m denotes the mth root of the polynomial g, M(=4) 
denotes the number of roots of g, while Y( ) denotes Heavi- 
side's distribution. 

Enforcement in conjunction with (26) of boundary con- 
ditions at r/= 1, Eqs. (21), yields a system of equations for 
V, v(0) and S, v(0) given by 

d21 d22 ] Sly(0) = f2 ' 
where the elements dij and fi(i,J = 1,2) are given by 

d•=(F•,•+F2•)I•:•, d12=(F12,•+F22)IT=l, 

d21 = F21,717 = 1, d22 = F22, 717 = 1, (29) 

f i = •o[Gil,7r( V- T]O) q- Gil a( V- T]o)] 7= 1- 
The response functions •70( r]; &) and 0x( r]; fo) corresponding 
to a given excitation frequency (referred to as frequency re- 
sponse functions) are determined by replacing the solution of 
Eqs. (28) [i.e., V, 7(0) and S, 7(0) ] into Eqs. (26). The natural 
frequencies of the composite thin-walled beam are obtained 
as the roots of the determinantal equation det(dij)=O. 

FIG. 2. Distribution along the beam span of V X 10-6 for three locations of 
the loading and for a prescribed &= 0.2. 

Knowing the frequency response functions of the sys- 
tem, •0(r/;&) and Ox(r/;&), the response to any arbitrary 
time-dependent excitation F(r/;•) can be determined. 

In this case, the response quantities t70(r/;•) and Ox( 
can be determined in terms of a convolution integral 12 

Ox(;t) = (30) 
where 

l f+•{•o(v;'•)}ei,•½ 2,n- _• Ox( r/;•) d• (31) 
•-1 denoting the inverse Fourier transform operation while 
•-denotes a dummy nondimensional time. 

Equations (30) and (31) indicate that determination of 
frequency-response functions constitute a basic step toward 
determination of the response to arbitrary time-dependent ex- 
citations. 

V. NUMERICAL ILLUSTRATIONS 

The frequency-response characteristics of a single layer 
cantilevered box-beam constructed of a transversely isotro- 
pic material is considered. Its geometrical characteristics are 
displayed in Fig. 1, whereas the elastic constants of its con- 
stituent material are 

E=206.84 GPa, E/E'=4, •,=•,'=0.25, 

E/G'=5, p=7495 kg/m 3. (32) 
Figures 2 and 3 display the distributions of V(r]) and S( 
determined for three locations of F 0 along the beam span and 
for a prescribed &= 0.2. 

Figures 4 and 5 depict the distributions of V(r]) and 
S(r]) for three values of the amplitude of the point load/50 , 
located at %=0.5 and for a prescribed &=0.2. 

Figures 6-9 depict the distribution of V(r]) and of S( 
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no=0'7S 

I I I I I I I I I 
.20 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Span •1 

FIG. 3. Distribution along the beam span of S X 10-4 for three locations of 
the loading and for a prescribed 6)=0.2. 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

FIG. 6. Distribution along the beam span of V X 10 -6 for a number of 
excitation frequencies (of the loading of amplitude •0-- 5 X 10 -6 applied at 
•0=0.75). 
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FIG. 4. Distribution along the beam span of VX 10 -5 for three amplitudes 
of the loading applied at %=0.5 and for a prescribed 6)=0.2. 

for a number of external frequency excitations of the concen- 
trated load of amplitude •0 = 5 x 10 -6 applied at %=0.75. 

Figures 10-12 display the distributions of V at the tip 
versus excitation frequency (&) for a loading of amplitude 
•0 = 5 x 10 -6 applied at %=0.75. 

The resonance behavior illustrated in Figs. 10-12 can be 
ada_ptively controlled as to eliminate its damaging effects. 
This can be accomplished via a methodology similar to that 
developed in:Ref. 13. 

For a full understanding of the trend of variation of 
V(r/) and S(r/) as displayed in Figs. 6-12, it is necessary to 
point out that the first three eigenfrequencies of the consid- 
ered structure are 

•=1, 6.16, and 16.9. 

.lO 

.2o 

.3o 

.7o 

•o=5 x 10 '5 

•'o =.•x 10 '6 

F'•=I x 1o '5 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Span rl 

FIG. 5. Distribution along the beam span of S X 10-4 for three amplitudes 
of the loading applied at %=0.5 and for a prescribed 6)=0.2. 
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o.o o. 1 0.2 0.3 0.4 0.5 o.6 0.7 0.8 o.9 1 .o 

Span TI 

FIG. 7. Distribution along the beam span of V X 10 -6 for a number of 
excitation frequencies (of the loading of amplitude •0 = 5 X 10 -6 located at 
•0:0.75). 
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? 6 

•=6 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Sp• q 

FIG. 8. Distribution along the beam span of S X 10 -4 for a number of 
excitation frequencies (of the loading of amplitude •o = 5 X 10 -6 applied at 
Vo=0.75). 

Vl. CONCLUDING REMARKS 

A structural model and solution methodology devoted to 
the study of the bending vibration response of laminated 
composite cantilevered thin-walled beams of arbitrary closed 
cross section subjected to a harmonically oscillating concen- 
trated load are presented. The beam model incorporates a 
number of nonclassical features, such as anisotropy, trans- 
verse shear, and secondary warping. The solution methodol- 
ogy which is based upon the Laplace transform technique 
enables one to determine exactly the frequency-response 
functions as well as the eigenfrequencies of the system. The 
numerical illustrations emphasize the role played by the ex- 
citation frequency, location along the span, and amplitude of 
the concentrated load, etc. 

The possibility of determining the response in the time 
domain to an arbitrary time-dependent distributed load was 
also considered. Finally, it should be pointed out that within 
a classical beam model (for which an infinite rigidity in 

1 oooo 
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0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 

FIG. 10. Distribution of VX 10 -6 at the tip versus excitation frequency 
(0.5•<&•<1.5) for a loading of amplitude •o=5X10 -6 applied at 
•7o=0.75. 
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FIG. 11. Distribution of VX 10 -6 at the tip versus excitation frequency 
(5.5•<&•<6.5) for a loading of amplitude •o=5X10 -6 applied at 
rlo=0.75. 
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FIG. 9. Distribution along the beam span of V X 10 -6 for a number of 
excitation frequencies (of the loading of amplitude •o = 5 X 10 -6 located at 
•o=0.75). 

100 . 

5 

0 
15 16 17 18 

FIG. 12. Distribution of VX 10 -6 at the tip versus excitation frequency 
( 15 •< &•< 18) for a loading of amplitude •o = 5 X 10 -6 applied at •7o=0.75. 
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transverse shear is postulated) higher eigenfrequencies would 
be predicted. 5 

In such a case, the resonance regions corresponding to 
Figs. 10-12 would be shifted toward higher excitation fre- 
quencies. This shows that the inadvertent disregard in the 
analysis of transverse shear flexibilities featured by the actual 
beam can result in an overestimation of the resonance fre- 

quencies and, consequently, in the underdesign/misuse of 
such structures exposed to time-dependent excitations. 
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