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In many applications, the radiation pressure is an undesirable effect, so that the object is to 
suppress it. This paper is concerned with radiation pressure suppression through active 
control. The general idea of active control of a structure is to suppress the vibration by 
applying suitable feedback control forces, which requires sensors capable of measuring the 
state of the system and actuators capable of applying control forces. A control technique 
capable of suppressing the far-field radiation pressure is developed. 

PACS numbers: 43.30.Jx, 43.20.Rz, 43.40.Vn 

INTRODUCTION 

The subject of sound radiation from submerged elastic 
bodies, and in particular flat plates, is of current research 
interest in the field of underwater acoustics. Because the 

plate is in contact with the surrounding fluid, it gives rise to a 
general class of coupled problems involving "radiation load- 
ing." This radiation loading modifies the motion of the sub- 
merged plate via the excess acoustic pressure, which in turn 
depends on the vibration of the plate. As a result, an interac- 
tion between the fluid and the plate exists in the form of 
"feedback coupling." • Such interaction is generally charac- 
terized by the scale of motion of the plate surface compared 
to the acoustic wavelength of the fluid. The interaction be- 
comes significant when the free flexural wave velocity of the 
plate is less than the velocity of sound in the fluid. 2 

In most situations, the acoustic pressure exerted by a 
gaseous medium, such as air, on a vibrating plate made of 
common engineering materials has negligible effect on the 
dynamic response of the structure. Consequently, the re- 
sponse characteristics of the plate vibrating in the atmo- 
sphere are effectively the same as those obtained in vacuo. In 
contrast, the response characteristics of a vibrating plate 
submerged in a dense fluid medium can differ considerably 
from its characteristics in vacuo. This is particularly true for 
structures having large areas of contact with the surround- 
ing fluid, such as plates and shells. • 

Because fluids are generally compressible, a small 
amount of energy is radiated away from the vibrating plate 
in the form of sound. 2 There is a reaction exerted by the fluid 
on the plate in connection with this sound radiation. This 
fluid reaction is equivalent to an accession to the inertia of 
the plate. As a result, it causes an appreciable lowering in its 
resonant frequencies. In radiating acoustic energy into the 
fluid, however, a resistive term acting as a damping force on 
the plate is generated. This damping causes a freely vibrating 
plate to decay in amplitude. In addition, the fluid serves as a 
coupling medium by means of which the motion in one mode 
produces forces acting on another mode, thus causing a 
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transfer of energy from one mode to another. •'2 Further- 
more, it causes the shape of the modes of a freely vibrating 
plate in contact with fluid to change relative to the corre- 
sponding modes in vacuo. From the above discussion, it fol- 
lows that the problem of determining the structural response 
to given forces and the problem of determining the acoustic 
pressure in the surrounding fluid in response to a prescribed 
velocity distribution at the boundary must be solved simulta- 
neously. More often than not, the acoustic pressure genera- 
ted by a vibrating plate is an undesirable effect, and the inter- 
est lies in suppressing it. To this end, it is common practice to 
use passive means such as reconfiguring the structure, or 
using materials with a high damping coefficient. Reconfigur- 
ation of the structure may not always be feasible, and passive 
damping may not always be effective. 

The idea of active control of vibration implies the gener- 
ation of suitable feedback control forces to induce asympto- 
tic stability. 3 For mere vibration control, the feedback con- 
trol forces depend on the state of the system, namely, the 
displacement and velocity. In the case of sound radiation 
pressure suppression, there is the added task of relating the 
pressure to the vibration. Active control is carried out by 
means of sensors and actuators. For practical reasons, the 
actuators are best located on the structure, and the same can 
be said about the sensors. After the relation between the 

structural vibration and the sound radiation pressure has 
been established, the problem reduces to suppressing the 
modes of vibration that contribute the most to the radiation 

pressure. Reference 4 discusses active control of sound radi- 
ation pressure in air. This paper is concerned with active 
control of sound radiation pressure in fluid. 

I. THE PARTIAL DIFFERENTIAL EQUATION OF MOTION 

We are concerned with the problem of controlling a sub- 
merged plate, where the plate represents a distributed sys- 
tem governed by the partial differential equation s Lw(P,t) + m(P)ib(P,t) = f(P,t), P • fl, (1) 

in which w(P,t) is the displacement of a typical point P in- 
side the domain II of the system and at time t, L is a homoge- 
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neous self-adjoint differential operator of order 2p, m (P) is 
the mass density, andf(P,t) is a distributed force. The solu- 
tion w(P,t) ofEq. ( 1 ) is subject to the boundary conditions 

Biw(P,t) =0, P•o911, i-- 1,2,...,p, (2) 

where Bi are boundary differential operators of maximum 
order 2p - 1 and oaf/is the boundary of II. We assume that 
the force density can be written in the form 

f(P,t) =fo (P,t) +fc (P,t) +fd(P,t) +f•(P,t) , (3) 
where fo (P,t) is an open-loop control force, fc (P,t) is a 
closed-loop control force, fd (P,t) is a persistent disturbing 
force, andfv (P,t) is the pressure force exerted by the fluid on 
the vibrating plate. 

II. THE MODAL EQUATIONS 

Control of systems described by partial differential 
equations is not feasible in general, so that we propose to 
replace the partial differential equation, Eq. ( 1 ), by a set of 
ordinary differential equations. To this end, we consider the 
open-loop eigenvalue problem 

LW(P) =Am(P) W(P), Pc 11 (4) 

where W(P) is subject to the boundary conditions 

BiW(P) =0, P•oafl, i= 1,2,...,p. (5) 

Because œ is self-adjoint, the solution of the eigenvalue prob- 
lem consists of a denumerably infinite set of real eigenvalues 
A r and eigenfunctions Wr (P). Assuming that L is positive 
definite, all )It are positive. We denote them by 

2 (r 1,2,... ), where Or are the natural frequencies. /•r • (Dr = 
Moreover, the eigenfunctions are orthogonal and can be nor- 
malized so as to satisfy the orthonormality relations 4 

{Ws(P),m(P)Wr(P))=6rs, roS= 1,2,..., (6a) 

{W•(P),LWr(P))- 2 o)rt•r,, r,s, -- 1,2,..., (6b) 

where (g,h) -- œngh df• denotes an inner product and 6r.• is 
the Kronecker delta. 

Using the expansion theorem 

w(P,t) = • Wr(P)rlr(t), (7) 
r--1 

and following the usual steps, 4 we obtain the modal equa- 
tions 

,, 

2 
Tit(t) -)-o)rT]r(t) -- for(t) +fcr(t) 

+fdr(t) +fpr(t), r= 1,2,..., (8) 
where 

for(t) ={Wr(P),fo(P,t)), 

fcr(t) ={Wr(P),fc(P,t)), 

fdr(t) = {Wr(P),fd(P,t)), 

fpr(t) - {Wr(P),fp(P,t)), 

r= 1,2,..., (9a) 

r= 1,2,..., (9b) 

r= 1,2,..., (9c) 

r= 1,2,..., (9d) 

are corresponding modal forces. It is noted that, due to the 
radiation loading of the fluid, the modal equations, Eqs. (8), 
are coupled via the modal pressure forces. 

We consider the problem of controlling the distributed 
system by means of a finite number N of discrete actuators 
acting at the points P = Pi (i = 1,2,...,N). These actuators 

are used both for open- and closed-loop control. Discrete 
actuators can be treated as distributed by writing 

N 

fo (P,t) = • Foj(t)6(P-- pj ), (10a) 
j=l 

N 

fc (P,t) = • Fcj(t)6(P-- P•), (10b) 
j=l 

where Foj (t) and Fcj (t) are the open- and closed-loop com- 
ponents of the actuator force F• (t), so that 

Fj(t) -- foj(t) + fcj(t), j-- 1,2,...,$. (11) 
Inserting Eqs. (10) into Eqs. (9), we obtain 

N 

før(t): Z Wr(Pj)FøJ (t)' (12a) 
j=l 

N 

fcr(t) = Z Wr(Pj)Fcj (t)' r= 1,2, .... (12b) 
j=l 

Control of the entire infinite of modes is not feasible in 
practice, so that we propose to control a finite number n of 
modes only. Then, introducing the vectors 

Xlc(t) = [r/l(t) 9/2(t)'' '9/n (t) ] T, 
•1• (t) = [TIn+ i (t) Tin+2 (t)'''] T, 
foc(t) = [fo, (t) fo2 (t)' . 'fo. (t) ] T, 
foR(t) = [fo(,+ ,)(t)fo(,+2)(t)'"] T, 
fcc(t) = [fc, (t) fc2 (t) " 'fc,, (t) ] T, 
fcR(t) = [fc(,,+,)(t)fc(,,+2)(t)'" ] T, (13) 
fdc(t) = [fall (t) fd2 (t) ' ' 'fd, (t) ] T, 
fdR (t) = [fd(,,+,)(t)fd(n+2)(t)'''] T, 
fpC(t) = [fp, (t) fp2 (t) ' ' 'fp,, (t) ] T, 
fpR(t) = [fp(.+,)(t)fp(.+2)(t)'"] T, 

as well as the matrices 

A c -- diag(A 1Ai'' 'An ) 
2 

= diag (o)• 0)2 2" 'co.) , 

A R = diag(An+ • A.2'") 
2 . = diag(o)2• + • co,, + 2 ") , 

(14a) 

(14b) 

Eqs. (8) can be divided into two sets of modal equations, one 
for the controlled modes, denoted by the subscript C, and the 
other for the uncontrolled (residual) modes, denoted by the 
subscript R. The two sets have the vector form 

44c(t) + AcXlc(t) = foc(t) + fcc(t) 

(15a) + fdc(t) + fvc(t) , 
qR (t) + AR•IR (t) = for (t) + fcR (t) 

+ fdR (t) + fpR (t). (15b) 
It should be noted that, due to the modal interaction result- 
ing from fluid loading, these two sets of modal equations are 
coupled. However, it was shown that, in the case of a simply 
supported submerged plate, the coupling decreases as the 
mode number increases. • 

Introducing Eqs. (12) for the open- and closed-loop 
control forces into Eqs. (15), the modal equations for the 
controlled modes and for the residual modes become 
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i•c(t) + Ac•lc(t) =Bc[Fo(t) + Fc(t) ] 

+ fdc(t) + fpc (t) , 

iia (t) + Aa•!a (t) = Ba [Fo (t) + F c (t) ] 

+ fda (t) + fpa (t) , 
where 

Fo (t) = [Fo, (t) Fo2 (t) . . 'Fo.(t) ] r, (17a) 
F c (t) = [Fc, (t) Fc2 (t)" 'Fc.(t) ] r, (17b) 

are the open- and closed-loop force vectors, respectively, and 

Bc= [Bri ] = [Wr(Pi)], r= 1,2,...,n, 

i = 1,2,...,N, (18a) 

B n = [ Bri ] = [ tV• ( Pi ) ] , r -- n + l,n + 2,n + 3,..., 

i -- 1,2,...,N, (18b) 

(16a) 

(16b) 

are modal participation matrices for the controlled and re- 
sidual modes, respectively. 

III. CONTROL OF A PERSISTENTLY DISTURBED 

SYSTEM 

We consider the case in which the persistent disturbance 
is harmonic with frequency co. Letting the persistent disturb- 
ing force have the form 

fa(P,t) = fa(P)e iø•' , (19) 

wherefa (P) is a distributed force, and using the third of Eqs. 
(9), we obtain the modal disturbing forces 

fd•(t) = (W•(p),fd(P,t)) = f _Rot •are , r-- 1,2,..., (20) 

where 

fd• = ;•tVr(P)fd(P)dll, r= 1,2,..., (21) 
are modal disturbing force amplitudes. Equations (20) can 
be expressed in terms of corresponding vectors for the modal 
disturbing forces associated with the controlled and residual 
model as follows: 

ß 

f•c (t) = fac e'ø•', ( 22a ) 

fdR (t) = fdR eiWt, ( 22b ) 

where the constant vectors fac and fan are given by 

faC -- [fdl fd2'''fd,, ]'; 
fan = [fat,, +., fat,, + 2, '''1 r (23) 

and they define the amplitude of the modal disturbing forces. 

IV. EFFECT OF FLUID LOADING ON A SUBMERGED 
PLATE 

The pressure force exerted by the fluid on the vibrating 
submerged plate is defined as 

fp(P,t) = --p(P,t), (24) 
wherep(P,t) is the acoustic pressure at the fluid-plate inter- 
face. The acoustic pressure field in the fluid is governed by 
the solution of the three-dimensional wave equation and is 
related to the flexural displacement component of the plate 
via the fluid momentum equation at the fluid-plate inter- 
face. l 

For a submerged plate subjected to a persistent harmon- 
ic disturbance with frequency co, the acoustic pressure at the 
fluid-plate interface is given by • 

p(P,t) -- 
4rr 2 _o•4k2 • • 

, ) Xexp[i(yxx + yyy) ]dyx d?'y •%(t) , (25) 

where P• (x,y) are the in-plane coordinates of the plate, k 
and p are the acoustic wavenumber and density of the fluid, 
respectively, r/.• (t) - rL• exp(icot), and W.• (y• ,yy ) is the 
Fourier integral transform of the eigenfunction W.• (x,y) and 
is defined as 

= W.• (x,y)exp [ -- i(?5, x + •/yy)]dx dy, 

(26) 

in which y• and yy are the transform variables. 
The modal pressure forces are obtained by calculating 

the corresponding inner product, which implies substituting 
Eqs. (24) and (25) into Eq. (9d) and performing the neces- 
sary integrations. Consequently, the modal pressure forces 
become 

f•(t)_ipw2•(f• ;o• 1 
) xW•(•,yy)Wy(•,•y)d• d•y n,.(t), 

(27) 

where W t (•,•y) is the complex conjugate of W, (•,yy). 
Introducing the vectors 

f, (t) = [•, (t) •2 (t)...•,, (t)..- ] r (28a) 
n(t) = [v,(t) v•(t)...v,, (t).--] 5 (28b) 

the modal pressure forces can be written in the convenient 
form 

fp(t) = C•(t), (29) 
where C is an m X m complex modal coupling impedance 
matrix defined as 

c = ipo2 l 
x w•(r•,r • ) w, (r•,r• )dr• dr• ß (30) 

When the number of controlled modes is sufficiently 
large, the coupling between the controlled and uncontrolled 
modes become negligible, i.e., the off-diagonal entries in the 
matrix C corresponding to the higher modes tend to zero. 
This allows the modal pressure forces to be divided into two 
parts, one associated with the controlled modes and the oth- 
er with the residual modes, or 

fpa (t) Ca •!a t)] t) ' (31) 
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where the impedance matrices Cc and CR are defined as 

C c = [ Crs ], r,S, = 1,2 .... ,n, (32a) 
Ca= [Crs], r,s, = n + l,n + 2,..., (32b) 

where it is noted that CR is a mere diagonal matrix. 
Introducing fpc (t) and fpR (t) from Eq. ( 31 ) into Eqs. 

(16), the modal equations for the controlled and residual 
modes become 

44c(t) +(Ac- Cc)•lc(t) --Bc[Fo(t) + Fc(t) ] + Fdc(t), 
(33a) 

4•R (t) + (AR -- CR )alR (t) = BR [ Fo (t) + Fc (t) ] + FdR (t). 
(33b) 

V. OPEN-LOOP CONTROL 

We assume that the open-loop control is designed so as 
to reduce the effect of the disturbing forces on the controlled 
modes, or 

BcFo (t) + fdc(t) = O, 

which yields the vector of open-loop control forces 

Fo(t) = --B'cftc(t), 
where 

B•c (B cTBc)-IB T = C 

is the pseudo-inverse of Bc. 
Inserting Eq. ( 3 5 ) into Eq. (3 3a), we obtain 

(34) 

(35) 

(36) 

•c(t) + (Ac -- Cc)•lc(t) -- BcFc(t) + Dfdc(t) , 
(37) 

where 

D I BcB* (38) • • {• ß 

From Eqs. (37) and (38), we conclude that the effect of the 
persistent disturbances remains, albeit in reduced form. The 
extent to which this effect is still present depends on how 
close D is to a null matrix, which in turn depends on how 
close B *c is to an actual inverse B • •. Clearly, the effect 
diminishes as Bc approaches a square matrix and disappears 
completely when Bc is square, which happens when the 
number of actuators is equal to the number of controlled 
modes, N = n. 

Vl. CLOSED-LOOP CONTROL STATE EQUATIONS 

In designing closed-loop control, it is often convenient 
to cast the equations of motion in state form, particularly if 
the object is optimal control. Hence, let us introduce the 
modal state vector associated with the controlled modes 

w c (t) = [ •1 c r (t) 1 51 c r (t) ] r, as well as the coefficient matrices 
I 

0 Ac= Ac--Cc) I 

o 

(39a) 

(39b,c) 

Then, adjoining the identity •lc (t) =•lc (t), Eq. (37) can be 
rewritten in the form 

•Vc(t) =AcWc(t) +B•:Fc(t) +D'fdc(t). (40) 

We consider an optimal control Fc (t) that minimizes 
the performance index 

J= •l wcr (tf )Hwc(t f) 
2 

+ •-œ'•(wcrQwc + FcrR Fc )dt, (41) 
where ti and tf denote the initial and final time, respectively, 
and H, Q, and R are coefficient matrices. It can be shown 
that minimization of J yields the optimal control law 3 

Fc(t) = --R-•(B•)Vp(t)Wc(t) =G(t)Wc(t) , (42) 
where G(t) is a control gain matrix, in which P(t) is a 
2n X 2n matrix satisfying the matrix Riccati equation 

P(t) --P(t)A c --A t) Q = - 

+P(t)B•R-'(B•)rP(t), P(tf)=H. 
(43) 

For sufficiently large tf, the Riceaft matrix P(t) tends to a 
constant value. In this case, P is determined by solving the 
steady-state Riceaft equation, which is obtained from Eq. 
(43) by letting P = 0. The resulting nonlinear matrix alge- 
braic equation can be solved by means of Potter's method, 3 
which amounts to solving an eigenvalue problem of twice the 
order of the Riccati equation. We are concerned with the 
case in which the Riccati matrix is constant, so that the con- 
trol gain matrix G is constant. The closed-loop state equa- 
tions are obtained by inserting Eq. (42) into Eq. (40). The 
result is 

iVc(t) = (A c -- B •G)wc(t) + D'fdc(t). (44) 

VII. SOLUTION OF THE CLOSED-LOOP EQUATIONS 

We propose to solve Eq. (44) by expressing the solution 
as a linear combination of the closed-loop eigenvectors mul- 
tiplied by some time-dependent functions. To this end, we 
must first solve the closed-loop eigenvalue problem 

ACL U = UAcL, V TACL = ACL V T, (45) 
where 

Ac• = Ac -- B •G (46) 

is the closed-loop coefficient matrix, U and Vare matrices of 
the closed-loop right and left eigenvectors, respectively, and 
ACE is the diagonal matrix of closed-loop eigenvalues. The 
eigenvectors are normalized so as to satisfy the biothornor- 
mality relations 

VrU= I, VrAc• U= Ac•. (47) 

Then, introducting the linear transformation 

Wc (t) = Uuc (t) (48) 

into Eq. (44), multiplying on the left by V r, considering 
Eqs. (47) and recalling Eq. (22a), we obtain 

tic (t) = ACE Uc (t) + V rD 'fac d•' , (49) 
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which represents a set of independent equations. 
The solution of Eq. (49) has the form 

Uc(t) -- e^Ck'Uc (0) + (icoI-- AcL)-IVrD'fac ei'øt , (50) 
where, from Eqs. (47) and (48), 

Uc(0) = Vrwc(0) , (51) 

in which W c (0) is the initial modal state vector. Finally, 
inserting Eqs. (48) and (51 ) into Eq. (50), we obtain the 
solution of the closed-loop state equations 

Wc(t) = Ue^cLtVTwc(O) 

+ U(icoI -- ACE ) - • V rD 'fac ei•øt. (52) 

VIII. EFFECT OF THE RESIDUAL MODES 

From Eq. (52), we observe that the feedback control 
causes the effect of any transient excitation on the controlled 
modes to decay with time. Moreover, the effect of the persis- 
tent excitation is further reduced due to the phase shift. 
Equation (52) does not provide a complete picture of the 
system behavior, but only of the behavior of the controlled 
modes. The question remains as to how the control affects 
the uncontrolled residual modes. To answer this question, 
we use Eq. (33b) and write the modal equations for the re- 
sidual modes: 

qR (t) + (A R -- CR )•IR (t) = N R (t), 

where, using Eqs. (22b), (35), (42), and (52), 

N R(t) =B R[Fo(t)+F c(t)] +faR(t) 

= _ BRGUe^C'.'Vrwc(O) 

(53) 

+ - + vu(oz 

-- AcL ) - I V rD ' ] f ac }e "ø'. (54) 
Clearly, the first term on the right side ofEq. (54) represents 
a transient excitation and the second term a steady-state ex- 
citation. Equation (53) represents an independent set of 
equations. The steady-state solution is simply 

•, (t) -- -- (o21 Aa + C R )--I(fdR Be [B * 
t _icot 

+ GU(o - ) -' ] , 
(55) 

in which the subscript ss stands for steady state and does not 
identify a mode. 

IX. THE FAR-FIELD RADIATION PRESSURE 

The object of the control is to suppress the sound radi- 
ation pressure generated by the vibrating structure. Hence, 
to verify the effectiveness of the control, it is necessary to 
relate the radiation pressure to the vibration. For structures 
of complex configuration, this relation is not within the state 
of the art. A problem of considerable interest, and one per- 
mitting a solution, is that of rectangular plates. For rectan- 
gular planar radiators, the far-field sound pressure is given 
by Rayleigh's formula: I 

peikaf" f•' -- ib ( x,y,t ) p(R,O, qb,t) 2rrR3- , - b 
X exp[ -- ik sin O(x cos q5 

+ y sin qS) ]dx dy, (56) 

where ib(x,y,t) is the acceleration of a point x,y on the radia- 
tor, p and k are the density and wavenumber of the baffle, 
respectively, R, 0, and q5 are spherical coordinates, and 2a 
and 2b are the dimensions of the plate. 

X. CONTROL OF A RECTANGULAR PLATE 

We propose to suppress the acoustic pressure radiated 
from a vibrating simply supported uniform rectangular 
plate. The dimensions of the plate are 2a and 2b in the x andy 
directions, and the thickness is equal to h. The differential 
operator appearing in Eq. ( 1 ) has the expression s L -- D74 = D •x 4 + 2 •x2•y 2 + , (57) 

where D = Eh 3/12 ( 1 -- v 2) is the plate's stiffness, in which 
E is the modulus of elasticity, and v is Poisson's ratio. We 
note that p = 2. Moreover, if the origin of the x and y axes is 
at the center of the plate, the boundary operators are 

8 2 
B i = 1 and B 2 = along x -- + a, (58a) 

• •X2 • 
•2 

B• = 1, and B 2 = •y2' along y = • b. (58b) 
The natural frequencies have the values 4 

• --• + r,s= 1,2,..., (59) 
where m is the mass per unit area of plate, and the associated 
eigenfunctions are 

1 r•(x + a) 
W•.•(x,y) =•sin 

•mab 2a 

X sin s•(y + b) r,s, = 1,2, (60) 
2b 

where the eigenfunctions have been normalized so that 
• _•mW•.•dxdy= 1. 

From Eqs. ( 52) and ( 55 ), we can write the steady-state 
portion of the controlled and residual modal displacement 
vectors in the general form 

•lc•., (t) = Hc(w)e i'ø', •la,-, (t) = HA (co)e i'ø', (61) 

where Hc (co) and Ha (co) play the role of frequency re- 
sponse vectors. Then, denoting by Wc (x,y) and Wa (x,y) 
the vectors of corresponding eigenfunctions for the con- 
trolled and residual modes, respectively, and using Eq. (7), 
the steady-state response can be written as follows: 

w•.• (x,y,t) - [Wcr (x,y)Hc(cO) 

+ W• r (x,y)Ha (co) ]e •ø'. (62). 
In the case of steady-state harmonic response, it is con- 

venient to rewrite formula (56) in terms of frequency re- 
sponse functions. To this end, we identify the contribution of 
a single mode, namely, Wr.,. (x,y) to the steady-state response 
given by Eq. (62) and write this contribution in the form 

w, (x,y,t) = W, (x,y,co)d •ø', r,s = 1,2,..., (63) 
where 
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Wrs (x,y, co) = Hrs (co)sin r•r(x + a) 
2a 

X sinS•r(y + b) r,s, ---- 1,2,.. (64) 
2b 

in which Hrs (tO) is the frequency response associated with 
Wrs (x,y). Similarly, we can write the contribution of the 
mode Wrs (x,Y) to the far-field radiation pressure as 

Prs ( R,O, qb, t ) = Prs ( R,O,•,• ) e iøt , ( 65 ) 

where, using Eqs. (56), (63), and (65), 

p• ( R,O,4,w ) = -- • ( x,y,w ) 
2•R -, o 

X exp[ -- ik sin O(x cos 4 

+ y sin 4) ]dx dy. (66) 

At this point, it will prove convenient to introduce the nota- 
tion 

sin 0 cos 4 = a, sin 0 sin 4 = fl, (67) 
as well as 

r•/2a = k•, s•/2b - k•. (68) 

Then, inserting Eq. (64) into Eq. (66) and evaluating the 
integral, we obtain 

w:pei•f• ff - H• (•)sin k• (x + a) p•.•(R,O,4,w) = 2•R _• o 
Xsin k,(y + b )e - •"• + •y• dx dy 

2•R k 2 -- k•a • k 2 -- k2fl 2 

• ( eir•e - i•aa __ ei•aa) ( elsie - i•Bo _ ei•Bo) 

= (pe i•n/2•R ) Prs (0,•,•) , (69) 

where Prs (Ogb,cø) is a measure of the far-field pressure fre- 
quency response associated with the mode Wrs (x,Y). 

The total far-field radiation pressure at any given point 
(R,O,c/b) is obtained by summing up the contributions from 
all the vibrating modes, or 

• toeikR oo P(R'0'4'cø) 2•rR E • Prs (0,•,0) r:ls:l 

=Pe•aaP(•,d,•), (70) 
2•R 

where P(•,d,•) is proportional to the far-field pressure 
quency response, and it includes contributions from all 
modes. 

Xl. CONCLUSIONS 

This paper develops a technique for the active control of 
sound radiation from a vibrating plate submerged in fluid. 
The plate is subjected to a persistent excitation in the form of 
a harmonic force. The modes of vibration of the "radiation 

loaded" plate are divided into controlled and uncontrolled, 
or residual modes. A relation between the modes of vibration 

and the far-field radiation pressure is given. This relation can 
be used to select the modes to be controlled. 
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