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Optical resonance of a two-level atomic system 
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Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061 
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The method of multiple scales is used to derive a solution of the damped optical Bloch equations of a two
level atomic system due to a strong pulsed field. The time dependence of the oscillations of the atomic 
inversion influenced by detuning and power broadening is found. The population inversion consists, in 
general, of three terms: a quasisteady term, a quasisteady term that decays with time, and an oscillatory term 
that also decays with time. In the limit of constant fields, the solution of Torrey for damped systems and 
that of Rabi for undamped systems are recovered. For an adiabatic switching of the field, the solution for 
undamped systems reduces to that of Crisp in the adiabatic following limit. An equation describing the 
field envelope is derived for an arbitrary amount of detuning. At exact resonance, this equation reduces to 
a pendulum equation, in agreement with previous analyses. 

PACS numbers: 32.1O.Ks 

INTRODUCTION 

The damped optical Bloch equations have been used to 
express the response of near-resonant atoms to an ap
plied field. Some of these near-resonant optical 
phenomena have strong analogues in nuclear and elec
tron spin resonances such as optical nutation, photon 
echoes, and free induction decay. However, many other 
effects, particularly those involved in the propagation 
of intense pulses of radiation, are peculiar to the optical 
region of the frequency spectrum. This work is con
cerned with some nonlinear effects due to an off-reso
nant pulse which varies slowly compared with the 
precession period of the Bloch vector while its duration 
is not short compared with the relaxation times. 

The semiclassical optical Bloch equations arise 
directly and naturally from the Heisenberg picture. 
In the rotating wave approximation and in a rotating 
frame, the equations describing the nearly stationary 
Bloch vector p with the components u, v, and W are1 

du 
-=-Av 
dt ' 

dv [ -=Au+K w, 
dt 

dw 
Tt=-K[V, 

(1) 

(2) 

(3) 

where A = W - Wo is the detuning, Wo is the frequency 
associated with the level in question, [(t, z) is the am
plitude of the electric field E defined by E=[(t,z) 
x cos(wt - Kz), U and v are the dipole components, W 

is the inversion, and K is the dipole moment. 

Incoherent, possibly nonelectromagnetic, interactions 
are introduced into the two-level atomic dynamics by 
way of phenomenological relaxation constants, in the 
manner in which Bloch incorporated relaxation effects 
into the magnetic resonance theory. These constants 
are intended to account for the effects of collisions, of 
natural spontaneous decay, and of all other incoherent 
line-broadening processes. Thus, the damped Bloch 
equations are1 

(4) 
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dv 
- = - Y2v+Au + K[W, 
dt 

dw = _ y (w - w ) - K[ v dt 1 e , 

(5) 

(6) 

where Y1=1/T1 and y2 =1/T2 are decay constants, and 
we is the equilibrium value of the inversion when E = O. 

Along with Eqs. (4)-(6), we introduce the classical 
in-phase and in-quadrature Maxwell's equations 

(7) 

(K :z + k a~t ) [(t, z) = rrk2RK f: v(t, Z;A')g(A' - A) riA' , 

where R is the atomic density, K is the wave number, 

(8) 

(9) 

k = wi c is the vacuum wave number, g(A' - A) is an 
inhomogeneous line-shape detuning function defined as 
the fraction of dipoles within the detuning interval dA' , 
and WI is the inhomogeneous half-width at half-maximum 
of g(A' - A). 

For the case of continuous fields (i. e. , [ is a con
stant), Rabi2 and Torrey3 gave detailed exact solutions 
for the undamped and damped Bloch equations, respec
tively. Under certain conditions, it is possible to re
move the restriction that [ be constant and find ap
proximate solutions to the damped Bloch equations. 
Crisp4 presented an approximate solution by utilizing 
the adiabatic following limit, 5 in which [(t, z) and the 
Bloch vector components vary slowly on the scale A-I. 

In this paper, we use the condition that the Bloch vec
tor components are slowly varying functions of time and 
present an approximate solution of the damped Bloch 
vector equations by using the method of multiple 
scales. 6 This technique has been successfully used by 
the authors7 to solve the density-matrix equations under 
the influence of a strong pulsed field. We consider 
square as well as adiabatic pulses so that the results 
for a constant field can be easily recovered and the 
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oscillations due to initial polarizations of the system 
can be derived. 

AN APPROXIMATE SOLUTION 

We assume that the field amplitude c(l,z) varies 
slowly with respect to the time scale n-I , where n is the 
the precession frequency of the Bloch vector equations, 
and express this fact by writing C =C(T,Z), where T=Et 
with E being the small parameter. Since Eqs. (4)-(6) 
are a system of equations having slowly varying co
efficients, one can use the method of multiple scales6 

to determine an approximate solution to these equations. 
To this end, we let 

u= FI(T;E) exp(1J) + GI(T;E), 

v = F 2 (T;E) exp(1J) + G2 (T;E), 

W= F3 (T;E) exp(1J) + G3 (T;E), 

where 

d 
dt = ~(T). 

(10) 

(11) 

(12) 

(13) 

Substituting Eqs. (10)-(13) into Eqs. (4)-(6) and 
equating the coefficients of exp(n1J) on both sides with 
n = 0 and 1, we obtain 

EGf + y2 GI + AG2 = 0, 

EG~ + y2G2 - AGI - KCG3 = 0, 

EG~ + yIG3 + KCG2 = YIw., 

EF~ + (~+ y2)FI + AF2 = 0, 

EF~ + (~+ y2)F2 - AFI - KC F3 = 0, 

E~ + (~+ yl )F3 + KCF2= 0, 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

where primes denote differentiation with respect to the 
argument. 

To solve these equations, we expand the G's and F's 
in power series in terms of E as 

Gn(T;E) = Gno(T) + EGnl ( T) + 000, 

Fn(T;E)= Fno(T) + EFnl(T) + 000, 

for n = 1, 2, and 3. 

(20) 

(21) 

Substituting Eq. (20) into Eqs. (14)-(16) and equating 
the coefficients of EO, we have 

y2 GlO + AG20 = 0, 

y2 G20 - AGlO - KC G30 = 0, 

ylGSO + KC G20 = YIw •. 

The solutions of these equations are 

GlO= - KAyIrCw., 

G20 = Kyl y2 rCW., 

G30 = y l (A2 + ~)rwe' 
where 

To determine the F nm , we substitute Eq. (21) into 
Eqs. (17)-(19), equate the coefficients of EO and Eon 
both sides, and obtain 
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(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

order EO 

(~+ y2)FlO + AF20 =0, 

(~+ y2)F20 - AFlO - KcF30 = 0, 

(~ + yJF30 + KC F20 = 0; 

order E 

(~ + y2)Fu + AF2I = - Ffo, 

(~ + y2)F2I - AFu - KC F31 = - F~o, 

(~ + y1 )F3I + KC F2I = - F~o. 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

As will be evident later, we need both the equations of 
OlEO) as well as O(d to obtain a solution that is valid to 
OlEO). 

The homogeneous equations (29)-(31) have a non
trivial solution if, and only if, the determinant of their 
coefficient matrix vanishes. This condition leads to 
the following eigenvalue equation for ~: 

(~ + YI)(~ + y2 )2 + K2(~ + Y2 )C2 + A2(~ + YI) = O. (35) 

Since Eq. (35) is cubic, it has three roots. In general, 
one of them is real and the other two are complex con
jugates of each other; that is, 

(36) 

where a, b, and n are real functions of T. Corresponding 
to each of these eigenvalues, Eqs. (29)-(31) yield the 
following eigenvectors: 

F ~m + Y2 A ( ) 
20= ---A- m T, 

(37) 

(38) 

(39) 

for m = 1,2, and 3. The functions Am are still unde
termined at this level of approximation; they are de
termined by invoking the solvability condition at the 
next level of approximation. This is the reason for 
writing down the terms of OlE) as well as those of OlEO) 
in Eqs. (17)-(19). 

Since the determinant of the coefficient matrix of the 
homogeneous parts of Eqs. (32)-(34) vanishes accord
ing to Eq. (35), if one attempts to solve these equations 
by using Cramer's rule he will find that F u , F2H and 
F31 are unbounded, and hence Eqs. (32)-(34) are un
solvable unless all the numerators vanish. The vanish
ing of these numerators yields the following solvability 
condition: 

Ffo A 0 

F~o ~ + Y2 -KC =0, (40) 

F~o KC ~ + Y1 

or 

w + Yl)(~ + Y2 ) + K2C2]1io - A(~ + Yl)F~o - A KC1So = O. (41) 

Substituting for the Fmo from Eqs. (37)-(39) into 
Eq. (41), using Eq. (35), and integrating the resulting 
equation, we obtain 
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Am=cmA(~m) 

'" CmA[A2 - (~m + y2)2 + K2(~m + Y2)2(~m + yl)-2[2]_1/2, (42) 

where the cm are complex constants in general which 
can be deter mined from the initial conditions. 

With the above results, we find the following first-
• order uniform expansion: 

U = clAA(a) exp[ I a( r) dt] + C2X( r) exp[ I b( r) dt] 

xcos[ IQ(r)dt+ 8(r) + e] - KAylr(r)[(r)we + O(E), (43) 

v = - [c1(a + y2)A(a)exp(j' adt) + C2X Xl exp(j' b dt) 

Xcos( I Qdt + €I + 81 + e)] + Kyly2r[We + o(d, (44) 

W= K[[ 81:: ~: A(a) exp (f adt) + c2X X2 exp (f bdt) 

xCOS(JQdt+8+82+e )]+Yl(A2+tS)rWe +O(E), (45) 

where C1> C2 , and e are real constants to be determined 
from the initial conditions 

x(r) exp[i8(r)] = A[b(r) + mer)], 

Xl (r) exp[i81( r)] = b( r) + Y2 + iQ( r), 

X2(r) exp[i82( r)] = [b( r) + Y2 + iQ( r)] 

x [b(r) + Y1 + iQ(r)]-I. 

(46a) 

(46b) 

(46c) 

The functions a(r), b(r) + iQ(r), and b(r) - m(r) are the 
three roots of the cubic algebraic Eq. (35). For general 
values of Yl and Y2 , and for a given value of [(r), one 
can solve the cubic equation (35) to obtain a, b, and Q, 
and hence u,v, and w. 

When [(t, z) is a constant function of time, the 
present solution has the same form as that obtained by 
Torrey using Laplace transform techniques. 

For special cases such as equal decay constants or 
no damping, the roots of Eq. (35) and hence Eqs. (43)
(45) may have simple forms as demonstrated below. 

THE CASE OF EQUAL DECAY CONSTANTS 

When Y1 = Y2 = Y (which is a reasonable assumption 
for strong collisions), 

~l=a=-Y (47a) 

and 
~2 = b + iQ = - y+ i[A2 + K2[2(r»)1/2. (47b) 

In deriving Eqs. (39) and (42), we assumed that ~m 
+ Yl * O. However, when Y1 = Y2, ~1 + Y= O. In this case, 
we set ~1 +y=O in Eqs. (29)-(31) and (41); the result is 

F10 =A1(r), F20 =0, F30= -[A/K[(r)]A1(r), (48) 

Combining these equations and solving for A 1( r), we 
have 

A1(r)= C1K[/Q. 

Therefore, Eqs. (43)- (45) reduce to 

(49) 

(50) 

U=Cl~~~) exp(-yt)+~(~ exp(-yt)cos [SQ(r)dt+e] 

_ K[(r)w
e
(Q2 + y)_l + O(E), (51) 
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v = c2 exp(- yt) sin( I Q dt + e) 
+ K[ YW e(Q2 + y)_l + O(E), 

C A C K[ (f) W = -i2 + -t- exp(- yt) cos Qdt+ e 
+ (A2 + Y)W

e
(Q2 + y)-1 + O(E). 

UNDAMPED CASE 

In the absence of damping, Y1 = Y2:::: 0, 

~1=a=O 

and 

~2= b + iQ= i[A2 + K2[2(r)y/2. 

In this case, we note that 

lim y1r=0. 
y 1- 0 

Y2- 0 

v = c2 sin (IQ dt + (3) + O(E), 

W = - ct + C2~[ cos(/ Q dt + J3) + O(E). 

For the case of a rapidly switched field [i. e. , 

(52) 

(53) 

(54a) 

(54b) 

(55) 

(56) 

(57) 

[( - 00, Z;A) * 0] and for the general initial conditions 

U=uo, v=vo, and w=wo at z=-oo, 

Eqs. (55)-(57) become 

u_K[(r)[uoK[(-oo)-WoA] + A 
- Q(r)Q(-oo) Q(r)Q(-oo) 

x [[uoA+WoK[(-~S (f~ Q(r)dt) 

- va sin (/:00 Q(r) dt) ] + O(E), 

v=vocos (f~ Qdt)+ Q(~oo) [UoA+WoK[(-OO)] 

x sin (f~ Q dt) + O(E), 

_ A[UoK[(- 00) - woA] + K[ 
w-- QQ(_oo) QQ(_oo) 

x [[uoA+woK[(_OO)Jcos(f~ Qdt) 

-vo(f-~ Qdt)] + O(E). 

(58) 

(59) 

(60) 

(59) 

(61) 

When the atom is initially in the ground state, U o = va 
= 0 and wo= -1, and Eqs. (59)-(61) reduce to 

u= Q(r)~t- 00) [[(r) -[(_oO)cos(f~ Q(r)dt) ] + O(e), 

(62) 

(63) 
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1 
W= a(r)a(- 00) 

X [~2 + K2c(r)c(- oo)COS (f: a(r)df)] + O(E). (64) 

When the field is constant, c(r)=c(-oo) and a(r) 
= a( - 00). In this case, the lower limits in the integrals 
of Eqs. (62)-(64) are replaced by zero, and these 
equations reduce to 

u = (2KC ~/a2)sin2tat + O(E), 

v= -(K[/a)sinat+ O(E), 

2K2C2 
• 21 

w=-l+---nzsm '2 at+ O(E), 

which agree with those of Rabi. 2 

In the adiabatic following limit C ( - 00 ) = 0, and 
Eqs. (62)-(64) reduce to 

Kc(r) 
U=[~2+K2c2(rlF72 +O(E), 

V=O(E), 

~ 

W= - [~2 + K 2c2(r)y/2 + O(E), 

(65) 

(66) 

(67) 

(68) 

(69) 

(70) 

which agree with the solution of Crisp4 to o(d. A higher
order correction to v can be obtained from Eq. (34) 
with ~ + Y1 = O. The result is 

~KC'(r)E 2 
v=-[~2+K2c2(r)J3/2 +O(E). (71) 

It can be easily shown that this solution agrees with 
the exact solution for self-induced transparency in the 
linear regime. 4 

EXACT RESONANT CASE 

As mentioned before, the present solution is valid 
when the field variation is small compared with a. For 

. small fields, this condition is satisfied only for large ~, 
while for strong fields, the solution is valid for all 
detunings including the zero case. Thus, for a square 
pulse for which C (- 00) is not small, as ~ - 0, 
Eqs. (62)-(64) reduce to 

u=O, 

v = - sin[~: Kc(r) dt], 

W= - cos[~: Kc(r)dt], 

(72) 

(73) 

(74) 

which is the exact solution. Comparing Eqs. (72)-(74) 
for the exact resonant case with Eqs. (62)-(64) for the 
off-resonant case, we conclude that the off-resonant 
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dipole response to the field cannot be written in the 
same form as the exact resonant response but with a 
detuning-dependent amplitude. In other words, the 
factorization assumptions does not hold according to the 
present theory. 

PULSE ENVELOPE 

Substituting for v from Eq. (63) intoEq. (8) and 
assuming that C(t,z)=C(~), where ~=t-z/V and V is 
the constant pulse phase velocity, we obtain 

.. 1'" 8(- 00) sin[Jt (Bz + ~'2)1/2dt] 
e=c:t ['2 '" 2 1/2 g(~'-~)d~',(75) -'" e (_ 00) +~, ] 

where e=KC, .:t=1Tk2RK2(K/V-k/c}-\ and dots denote 
differentiation with respect to ~. 

When ~ = 0, Eq. (75) reduces to 

(76) 

which agrees with previous analyses. 1 Equation (76) 
shows also that the factorization assumptions does not 
hold. 

CONCLUDING REMARKS 

We used the method of multiple scales to obtain an 
approximate solution of the damped Bloch equations, for 
an arbitrary amount of detuning, due to the influence of 
a strong pulsed field. This solution can be specialized 
to recover the solutions of Rabi2 and Torrey3 for con
stant fields, and the solution of Crisp4 in the adiabatic 
following limit. A number of special cases are 
discussed that include strong collisions, exact reso
nance, and undamped systems. The problem of pulse 
envelope is also discussed .• 
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