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Effects of an in-plane axisymmetric magnetic field on the vibration of a thin
conductive spinning disk
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This paper details the derivation and solution of the governing equation for linear transverse
vibrations of a thin perfectly conducting rotating disk subjected to an axisymmetric in-plane
magnetic field having a circumferential flux pattern. Previous works on plates and shells have
hypothesized that the application of a magnetic field is capable of increasing the natural frequency
of a thin conductive plate. Analytical results show a significant increase in maximum stable
operating speed of a thin disk in the presence of a magnetic field. The effect is dependent on both
thickness and magnetic field strength. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1855463g

I. INTRODUCTION

Thin, spinning disks have a broad range of mechanical
applications, including data storage drives, circular saws, and
turbomachinery. In these applications, it is desirable to have
the thinnest possible disk spinning at the highest possible
angular velocity. It is also desirable to keep transverse vibra-
tions to a minimum.1 In a computer disk drive, for example,
transverse vibration can have consequences ranging from
track misregistration2 to a catastrophic failure. It is thus im-
portant to avoid exciting resonance frequencies during the
operation of these devices. In a stationary disk, there are a
series of vibrational modes consisting of waves traveling in
opposite directions around the disk, with the natural frequen-
cies of the two waves of each mode being the same. As the
disk is spinning, the frequencies of the waves traveling in the
direction of the angular displacement increase, while the fre-
quencies of the waves traveling counter to the angular dis-
placement decrease. As angular velocity is increased, the fre-
quencies of the backward traveling waves diminish to zero.
The lowest velocity at which any of the modes has a zero
frequency is referred to as the critical speed. After this point,
the disk is considered to be elastically unstable. At higher
speeds, aerodynamic coupling effects3 cause the disk to flut-
ter. Recent developments in the field4 have pointed toward
active control models to reduce these vibrations.

A method to passively increase the critical speed of a
thin conductive spinning disk using an electromagnetic field
is presented in this paper. The magnetoelastic governing
equation accounting for the electromagnetic forces generated
by an electric field coupled with the elasticity of the thin disk
is analytically derived. The application of an in-plane elec-
tromagnetic field on a thin rectangular strip of a conductive
material has been shown5 to produce an increase in stiffness
and consequently in the natural frequency. In this paper it is
shown that the application of an axisymmetric, in-plane elec-
tromagnetic field produces an increase in the critical speed of

a spinning disk. The field in this case is that would result
from a current carrier concentric with the disk and oriented
perpendicularly to its surface.

II. DEVELOPMENT OF GOVERNING EQUATIONS

The magnetoelastic governing equations of spinning
disks are derived upon the following assumptions:sid the
disk is modeled as Kirchhoff’s plate, thus there is no varia-
tion in the rotational stresses throughout the thickness of the
plate;sii d the vibrations in the disk are assumed to be linear,
and bending stresses are negligible;siii d the disk is secured
by a rigid clamp, which allows no displacement at the inner
radius; sivd there is no slipping between the clamp and the
disk; svd the effect of rotary inertia is considered to be neg-
ligible; and svid as it only effects vibrational modes that do
not have critical speeds,6 disk-spindle coupling is neglected.

The resulting mechanical model has been widely used7

and shown to closely follow predict findings.
Assuming that the disk is immersed in a magnetic field,

which is axisymmetric and constant in time, and spinning at
a constant angular velocityV the governing equation of
transverse vibration, in a fixed system of coordinates may be
expressed as follows:
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where wsr ,u ,td denotes the transverse deflection of the
middle plane of the disk,sr andsu are the in-plane rotational
stresses and are defined using the zero displacement model,6

qsr ,u ,td is the transverse load resulting from the magnetic
field, and assuming a perfectly conductive disk, may be ex-
pressed as follows:8
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wherehW sedshr
sed ,hu

sedd andhWshr ,hud are disturbed quantities of

magnetic field,HW 0sH0r ,H0ud, generated by the deformation
of the plate outside and inside of the disk area, respectively.
In Eq. s2d, s•d± denotess•d±, s•duz=±h. Considering the case of

a current carrier concentric with the diskHW 0r =0 and HW 0u

=sJ0/2prdeWu=H0eWu. HereinJ0 is the current density.
The components of the perturbed magnetic field inside

the perfectly conductive disk are determined7 by hW =rotsuW
3HW 0d. The body forcesfW can be expressed in the formfW

=rot hW 3HW 0. The magnetic field,hr
sed , hu

sed , hz
sed, outside the

disk area are determined by solving the following boundary
problem:

¹2fsed = 0;
]fsed

]z
= hzuz=±h; hW sed = = fsed. s3d

Assumingwsr ,u ,td=usr ,tdeinu, with n defining the num-
ber of nodal diameters, the solution of Eq.s3d may be rep-
resented in the form
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whereJm is a Bessel function of the first kind of orderm and
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Substituting Eqs.s3d ands4d into Eq.s2d, and accounting
for Eq. s5d, the equation of motions1d can be converted to
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where

Ksr,sd =E
0

`

JmslrdJmslsddl. s7d

III. SOLUTION METHODOLOGY

The transverse displacement of the disk is approximated
by the following Frobenius polynomial:

wsr,u,td = s1 + A0r + A1r
2 + A2r

3 + A3r
4deisnu+vtd. s8d

The constantsAi are specified to satisfy the four bound-
ary conditions, which define a clamped inner radius,

FIG. 1. Definition of modal shapes.

FIG. 2. Critical speeds of selected modes magnetic
field intensity.
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and a free outer radius,
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The integral in the right-hand side of Eq.s6d has been
evaluated numerically, and expressed in a form consistent
with Eq. s8d. Replacement of Eq.s8d into the governing
equation yields a residual termL that is minimized in the
Galerkin sense,

E
k

1

Lfwsr,u,tdgwsr,u,tddr = 0. s11d

Solution of Eq.s11d for v results in a pair of roots rep-
resenting the natural frequencies of the forward and back-
ward traveling waves of thes0,nd mode. Examples of these
modal shapes are outlined in Fig. 1.

IV. RESULTS AND DISCUSSION

Unless otherwise stated, the numerical results presented
here consider a steel disk with a clamped radius of 25 mm,
an outer radius of 100 mm, and a thickness of 0.1 mm. In
Fig. 2, the effect of the magnetic field strength on critical
speed is plotted. It is also evident that as the strength of the
magnetic field is increased, the first mode to become critical
changes, and in some cases, two modes may become critical
at the same speed.

The thickness of the disk has been found to have a sig-
nificant interaction with the magnetic field. Figure 3 high-

lights the effect of the disk thickness on the critical speed.
The solid lines represent the stability loci for the first three
critical modes with a magnetic field intensity of 1000. The
dashed lines indicate the stability of the disk without a mag-
netic field.

V. CONCLUSIONS

In this paper the theoretical modeling and numerical so-
lution of the transverse vibration and critical speed of a spin-
ning disk immersed in a magnetic field and the study of the
magnetoelastic interactions are presented. Results reveal that
the application of a magnetic field causes a significant in-
crease in both the disk’s stationary natural frequency and its
critical speed. The effects of the magnetic field on the disk’s
critical speed are inversely proportional to thickness and out-
side radius. For practical ranges of disk geometry and field
intensity, the critical speed may be increased by over 50%. In
applications where the operating speed of the disk is fixed,
an induced magnetic field could allow the use of a disk that
is thinner than would otherwise be practical. In addition, it
has been found that the first vibrational mode to become
unstable varies with disk geometry and magnetic field inten-
sity.
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FIG. 3. Critical speeds of selected modes vs disk
thickness.
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