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(ABSTRACT)

The engagement between an antiship missile and a ship’s defence system is in-
I

vestigated. The missile is equipped with proportional navigation guidance for

homing in on its ship target. The ship’s defense system consists of a radar, an
i

estimation system (the extended Kalman filter and the ”jump filter"! are used),

and a gun system.
i

' The performance index is defined as the estimated number of hits (EHITS) of

projectiles on the missile. The main objective of this dissertation is to determine

maneuvering periods for the missile which minimize the EHITS to evade the

ship’s gunfire under different engagement conditions. The maneuvering periods

are design parameters in the missile’s controls of both the vertical and the hori-

zontal planes. The engagement conditions are the follows : the maximum am-

plitude of the maneuvering functions, the homing in position of the missile on the

ship, the measurement noise condition of the ship’s radar, and the missile’s model

assumed in the ship’s filters. The missile’s control functions considered are peri-

odic and of specific types (sinusoidal, square and sawtooth waveforms); therefore,



the periods which minimize the EHITS in this study are suboptimal for the gen-

eral engagement problem.

Two methods are used to obtain the suboptimal periods: one is the ”brute force" _

method of computing the EHITS for certain equally spaced periods, the other

uses an optimization software to search for the minimum point. The results show

that the curve of EHITS vs. period is monotonically decreasing until it reaches a

minimum point. The optimal period increases with an increase in measurement

noise. Among the three waveforms used, the square wave gives the smallest op-

timal period and the sawtooth wave gives the largest one. The sinusoidal

I waveform with the period of 1.9 seconds is recommended. ·We consider the mis-

si1e’s_performance against a perfect radar, a modern radar, and an earlier model _

radar. The optimum EHITS resulting from the optimal periods are between two

and three EHITS for all three radars considered.
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Chapter 1 Introduction and Problem Statement ·

1.1 Introduction and Problem Statement . ‘

We investigate the engagement between an anti-ship missile and a ship’s defense
1

system. The ship is equipped with a fire control system consisting of a radar, a

filter and a gun system to track the missile’s trajectory, to predict the missile’s

future path, and to bombard it with projectiles. The objective of theship is to

maximize the "estimated number of hits" (EHITS) of projectiles on the missile. -

In order to meet this objective, the ship needs to filter radar data, estimate the

missile’s states, predict the missile’s future path, and intercept it with a steady _

stream of projectiles by aiming a gun with the proper coordinates. On the other

_ side, the missile is equipped with proportional navigation (PN) guidance for _
I

homing in on the ship and two control variables for maneuvering to evade the

ship’s gunfire. The objective of the missile is to maximize its survivability while

1
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en route to its ship target. lt desires, therefore, to minimize the EHITS. ln order

to meet this objective, the missile needs to optimally shape its trajectory using the

two control variables while homing in on the ship. One control variable shapes

the missile trajectory in the vertical plane, and the other shapes it in the hori-

zontal plane. An optimal shape is the one which minimizes the EHITS.

The problem investigated in this dissertation deals with the design of the missile’s

two open-loop control histories which the missile can use optimally to evade

guniire. Periodic controls are considered. Sinusoidal, square and sawtooth
n

waveforms are investigated. The specific problem addressed is what periodwillyield

a minimum number of EHITS, how will the period vary from waveform to

. waveform, and how will the period depend on various parameters of the engage-

ment. Since the waveforms considered are periodic and of specific types, the pe-

riods that minimizes the EI-IITS in this dissertation are suboptimal for the general

engagement problem.
4

The cost function is the EHITS as a function of the period. It is reasonable to

seek a period which minimizes the EHITS. For small periods the cost value is

very high since the missile’s trajectory maneuvers vary little from an easily pre-
i

dicted path and, consequently, the ship is able to place projectiles within a small

miss distance radius of the missile’s path. As the period is increased from zero

the cost will idecrease since the ship has difticulty in estimating small maneuvers

that are masked by radar errors and undetected maneuvers generate larger miss

distances. As the period is increased still further, the EHITS will reach a mini-

Chapter I Introduction and Problem Statement 2



mum and then increase as the ship detects the maneuvers and predicts projectile

interceptions more accurately. This study. is conducted to determine the period

yielding the minimum El—IlTS.

We use a point mass model for the missile. Proportional navigation (PN) is used

to home the missile in on its ship target. One PN constant, N, is for homing in

the vertical direction, and the other, N, is for the azimuth direction. N, and N,

are set at 3.15 and 3.0, respectively. The missile has two control variables for

· generating maneuvers to evade the ship’s gunfire. One control variable shapes

. the missile trajectory in the vertical plane, and the other shapes it in the hori-

zontal plane. In the vertical direction, maximum maneuver g level of_l .5, 2.5, and
l

3.5 are considered. o ln the azimuth direction, the maximum maneuver g level

considered are 1.0 and 2.0. The two control signals are considered to be periodic- _

sinusoidal, square, and saw-tooth waveforms. The main objective of this disser-

tation is to find the optimal period that minimizes the estimated number of

projectile hits that the ship can place on the missile.

The ship measures the position of the missile using radar. It measures the mis-

sile’s range, elevation and azimuth. We consider three different radars. The first

is perfect. The second·has the standard deviation radar errors of 15 ft in range,

0.003 rad. in elevation, and 0.001 rad. in azimuth. The third has 15 ft in range,

0.009 rad. in elevation, and 0.003 rad. in azimuth. The radar data is measured

at the rate 20 samples per second. The radar data is filtered with a two-level fil-

tering system. In the first level, an extended Kalman filter (EKF) is used to es-

cnoptot i rnttoenotaon and Problem Statement 1



timate the state vector of the missile. The state vector consists of three position

coordinates, three velocity coordinates and three guidance parameters that govern

the acceleration of the missile. The second level is used when the EKF diverges.

This usually occurs when the missile maneuvers which it does by changing the

values of its three guidance parameters. In the second level, a filter called the

jump tilter (JF) is used to estimate the change in the three guidance parameters

by processing the residuals of the diverging EKF. The estimated states of the
‘

missile are used to predict its future path. A projectile intercept point on the

~ predicted future path is determined by aiming a gun with the proper elevation

J and azimuth coordinates,. The projectile flyout satisfies a bullet drag model and

the law of gravity. The miss distance between the projectile’s trajectory and the .

" true missile’s trajectory is computed. This miss distance, the relative velocity·

I -vector between the missile and the projectile, and the geometrical size of the mis-

sile are used to compute the probability of a hit. Projectiles are lired at a rate of

' 3000 rounds per minute. The accumulated probability of hits for the entire mis-

sile’s trajectory is denoted as the estimated number of hits (EHITS). This is the

cost function that the missile wishes to minimize by selecting an ”optimal" period

for the two periodic control functions that will evade optimally the ship’s guntire.

For use in its tiltering system the ship must assume some model of the missile that _ .

it desires to track and to engage with a projectile. Two distinct models are used.

They are both nonlinear point mass models. The first model which we term the

PN system includes (1) proportional navigation which allows the missile to home

in on the location of the ship’s radar site and (2) three control parameters which -

cnnpnn 1 1nno«1oo«ton and Problem Statement 4



may take jumps to account for the missile’s maneuvering to evade the ship’s

gunfire. This model assumes knowledge of the missile’s PN constants. But this

assumption is not a serious problem. The problem with this model is that it as-

sumes that the missile’s aim point on the ship is known. This is not the case and

it cannot be estimated accurately enough until the missile impacts on the ship.

The second model which we term the NOPN system consists only of the three

guidance parameters to handle the acceleration of the missile as it maneuvers and

homes in on its ship target. Proportional navigation is not a part of this model.

Therefore, no assumption about the missile’s PN constants are needed. Conse-

_ quently, the NOPN system is a better model for the ship’s filtering process since

it involves quantities which are actually available to the ship. We use both sys- ~

tems and compare the results. 1 ·

1.2 Dissertation Outline

This dissertation is arranged as follows : In chapter 2, the models used in our

simulation are defined. Section 2.1 gives the various sub·models of the missile,

including the dynamic model, the models of the thrust, the lift, and the drag, and

the maneuvering guidance model. Section 2.2 gives a discretized equation of

motion for the projectiles which are fired by the ship. Section 2.3 presents the

performance index, or the cost function, used for the optimization process, while

section 2.4 provides a description of the whole engagement model.

cmpm 1 rnuoauasan and Problem searcmm s



ln chapter 3, the EKF technique is described. A literature review of the KF and

the EKF is given. First, an algorithm for the EKF is given in section 3.1. The

application of the EKF to our problem is then presented in section 3.2. Finally,

the Jacobian matrices needed in the three filters in our application are derived in

the remaining three sections.

In chapter 4, the JF technique is described. A literature review of the estimation

problem on tracking of a maneuvering target is given. To triggerthe execution
”

of the JF, a jump detection function is required. This is presented in section 4.1.

· —
”A

diverging EKF posesses errors in the state which we denote as the A-state.
U

i
Theses are govern by A-state equations. Three kinds of Aostate equations, the

Ax, the Ay, and the Au states, are given in section 4.2. The jump time and the
V

jump magnitude estimation, which uses the generalized likelihood ratio approach,

is given in section 4.3. A moving window technique for storing data is discussed

in section 4.4. In this section, a reinitialization technique is also provided to reset

j the stored data values to prevent them from excessively large values after a de-

tected jump and after every certain interval. I

In chapter 5, some parameters that we investigated in the period design are de-

scribed. Parameters that relate to the missile’s part are presented in section 5.1,

and those that relate to the ship’s filters arc given in section 5.2. Two tables are

given in section 5.3 to show the correspondence between these parameters and the

case numbers which are referenced in the discussion. Some parameters that are

L
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not listed in these two tables but mentioned in section 5.2 are discussed further

in section 5.4 to show the values we use.

In chapter 6, a description of the simulation program is given. A flow chart is

given to show the structure of the program. The main program description is

given in section 6.1. Section 6.2 gives the description of the EHITS module (the

subroutine EVAL). Section 6.3 gives the description of the missile’s trajectory

module. Section 6.4 gives the description of the lilters’ modules, which contains
U

the EKF module and the JTF module. Section 6.5 gives the description of the

projectile’s trajectory module. Section 6.6 gives the description of the POH

module, which computes the probability of a hit on the missile by a projectile.

· The optimization module is described in section 6.7.

Chapter 7 contains the discussion of the numerical results. The first three

' sections describe the results using the sinusoidal maneuvering function; Some

observations on the no-maneuver cases are given in section 7.1. The PN system
4

results and the NOPN system results are presented in sections 7.2 and 7.3, re-

·
spectively. Here, the PN system denotes the cases that the proportional naviga-

tion (PN) guidance constants are known to the ship’s tilters and are used in the q

1ilters’ model of the missile. On the other hand, the NOPN system denotes the

cases not using the PN constants. Additional results come from the square wave

and the sawtooth wave maneuvering functions as discussed in section 7.4. Some

results using the optimization process are shown in section 7.5. At last, some

conclusions are given in chapter 8.
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Chapter 2 Model Description

2.1 Nlissile Model

The model given below for the missile uses a coordinate reference frame located

on the ship with the origin at the ship’s radar. There are 6 state variables, i.e.

R, E, A, V, qb, and xl and 3 control variables, i.e. N2 , N, and P,‘.

R = V[sin¢sinE+cos(ml—A)cosd>cosE] (2.1)

E = 7%- [ sin rb cos E -1- cos(1l1 — A) cos gb sin E] _ (2.2)

A = ——L- [sin(nl1 — A) cos cb] (2.3)
Rcos E

V = — gsimb (2.4)

Chapter 2 Model Description 8



<l> = —N1E+—é [N2—cos¢>] (2,5)

Iß — N3A + Vcos ¢ U (2.6) ·

x·z Vertical Plane .
(

\ T I
. ‘ · cl? ° _

n v _ - , .'
0

n — 5 *
‘

_
. ml g

u R
.

x·y Horizontal Plane

r !

V ••• (0

O
*

‘ _

A
° _ a

where
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R is the range from the ship to the missile; (ft)

E is the elevation of the missile above the ship’s radar site; (rad)

A is the azimuth (or bearing) of the missile relative to the heading of the

ship; (rad)

V is the speed of the missile; (ft/sec)
I

45 is the flight path angle of the missile; (rad)

W is the azimuth heading angle of the missile; (rad)

T is the thrust; (lb-f)

_ _ D is the aerodynamic drag; (lb-f)

~ oz is the angle of attack, which is assumed to be small; (rad)

- P,8 is ·a parameter representing thrust over weight;
I

N, is theiproportional navigation parameter in elevation;
‘

. N, is the vertical maneuver (gravity bias) parameter (pop—up);

· N, is the proportional navigation parameter in azimuth;

N, is the horizontal maneuver parameter (pop-over).

The first three equations can be replaced by

1% = Vcos 45 cos xß (2.7)

y = Vcos 45 sin ab (2.8)

2 = — Vsin 45 (2.9)

by using the following transformation :

Chapter 2 Model Description l0



x = RcosEcosA (2.10)

y = RcosEsinA (2.11)

z = Rsin E
U

(2.12)

or

_ R = ./.8 +%+22 (2.13)

· E = sin-? ä
( — (2.14)

T
A = tan“l % (2.15) °

2.1.1 Thrust Model

The thrust is assumed to act along the missile’s center line. The thrust-to-weight

ratio is treated as a parameter:

T _
W - P3]? (2.16)

V l

or

Chapter 2 Model Description
.4 u
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T

P3where_
T

T is thethrust; (lb-t°)

. m is the mass of the missile; (slug) ·

° W = mg is the gross weight of the missile; (lb-f)

P, and P,‘· are constants related by

P32.1.2Lift Model _ ‘ »

The aerodynamic lift model is used :

- L = äSCL q (2.19)

or .

SC
ä = 5( E ap, a (2.20)

where

L is the aerodynamic lift; (lb-f)

m is the mass of the missile; (slug)

ri = ä
pV2 is the dynamic pressure; (lbsßtz) (2.20.1)

Chapter 2 Model Description 12



p =
p„e·“

is the air density; (slug/frz) (2.20.2)

po is the sea level air density; (slug;frz)

c is a constant; (2.20.3)

z is the altitude of the missile; (ft)

V is the missile velosity; (ft/sec)

S is the aerodynamic reference area of the missile; (frz)

CL = CL_ oz is the lift coefücient of the missile;

CL_ is the slope of the lift curve of the missile,which essentially

is a constant before the stall point;
SC · '

_ _ P2 = is a parameter treated as a constant; (ft}/lb·secz)

oz is the angle of attack, which can be calculated from
‘

J (N. U. + N. gf + ov. U. + N. gf
Gt = (2.21)

¢1P2

The following two equations are used in practice to smooth the measured line of

sight (LOS) rate that is measured by the missile.

UL = -{-[—UL—EV] (2.22)

U2 = —%-[—U2+ÄVcosd>] (2.23)

where 1 = 1%- second is the time constant.

Chapter 2 Model Description I3



V Y

- These rates are noisy in practice due to noisy radar returns from the ship. That

is, the radar signals bounce off various parts of the ship and their returns then

appear as noisy LOS rates. So, in practice, the missile will integrate these returns

and smooth them using equations similar to (2.22) and (2.23). We ignore this

noisy LOS rate process and assume that no integration or smoothing of these

rates are made. In this case, the equations relating the LOS rates to the values

used by the proportional navigation guidance system are the following :

‘ U, = — EV (2.24) _

U2 = Ä Vcos qö (2.25)} °

2.1.3 Drag Model _

A polar drag model is used : I

D = ¢iSCD (2.26)

l
CD = CDU + CDi =-" CDU + CLa

d2D

SC ~ SC '
ä = 2;( + t7< (2.28)

where

D is the aerodynamic drag;

Chapter 2 Model Description ' 14



67 is the dynamic pressure;

S is the aerodynamic reference area of the missile;

CD is the drag coefticient of the missile;

CDo is the zero-lift drag coefiicient of the missile;

CDI is the coefticient of drag due to lift, or the induced drag coefiicient.

Using the parameters defined as

SC 5C
Pl E -,7% , and P2 E (2.29)

‘we get
i

· = äP1+äP2(12

LSubstitutingequations (2.17), (2.28) and cos cx g 1 into equation (2.4), we get

V = P3gg—P1ci—P2ioz2—gsinq5 (2.31)

x

2.1.4 Maneuver Model

The maneuvering characteristics of a missile are governed by airframe, propulsion

and guidance parameters, which include thrust, lift, drag, proportional navigation

(PN) constants, and acceleration bias parameters. We focus our attention on the

guidance parameters. We note that the ship’s filters must assume some model
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of the missile that it desired to track and to engage with a projectile. It is as-

sumed that the ship has the information of the missile’s equations of motion for

the 6 states R, E, A, V, cb, and:/1. However, the control functions

P, , N2 , and N, are unknown to the ship. Therefore, We need two models for

the missile’s maneuvers. One is needed in the simulation of the missile’s trajec-

tory. The other is needed in the the fi1ter’s model of the missile for the ship.

. The thrust, lift, and drag models have been described in previous sections for the

missile, in which P3: is one of the control variables describing the amount of g’s
._

thrustbeing generated by-the missile. Next, we look at the acceleration bias pa- .

rameters and the PN constants for the missile. There are two acceleration bias
parameters, N2 and N, . N2 denotesthe number of

g’s
that the missile is pulling

l
in the vertical plane direction. N, denotes the number of

g’s
that the missile is

pulling in the horizontal plane direction. In the case of zero line-of-sight-rates, a

value of N2 = 1 corresponds to level flight ( i.e. no-maneuver in the vertical

plane ), while N,_ = 0 corresponds to no-maneuver in the horizontal plane. .

N2 = jQ(t)u(t_,) + 1.0 (2.32.1)

N, = ß(t)u(ts) (2.32.2)where ·
u(t,) is the step function started at the time t,.

A

ß(t) is one of the following periodic functions :
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(1) sinusoidal wave; (2) square wave; (3) sawtooth wave.

The above three parameters, P3; , N2, and N4 are three control variables used

. by the missile to evade gunfire. They also serve as additional states for the ship’s

tiltering process. The three parameters are in the followingform as seen by the

ship :
’

V Pgg = 0. (with jump) · (2.33.1)

N2 = 0. (with jump) — (2.33.2)

”
N4

=”
0. (with jump) _ (2.33.3) _

There ·are two PN constants, N, and N3. The constant N, is for homing in the

vertical direction and N3 is for the azimuth direction. The PN constants are

usually set in the neighborhood of 3.0. We use 3.15 for N, and 3.0 for N3 in the-

missile's model for its trajectory simulation. Depending on the assumption of

whether the missile's impact point on the ship is the ship’s radar site or it is any

place on the ship, there are two distinct missile's models considered by the ship.

One is the PN system and the other is the NOPN system, see section 5.2.4. If the

missile's impact point on the ship is known and if lt is the radar site then the ship

can advantageously use the missile's PN constants in its tilters. The resulting

· equations of motion are called the PN system. If the missile's impact point on the

ship is unknown to the ship it is best that the ship not assume that the missile is
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homing in on its radar site. Consequently, no PN constants are used in the ship’s

tiltering equations. We call this the NOPN system.

The acceleration in the elevation and azimuth direction respectively, A, and A,

, are given by

A, = N1 V1 + Nzg (2.34)

Aa = N3

V2andthe bank angle, 6 , satisfies _

6 = i "
—‘L 2.36an (A.) . ‘ >

2.2 Projectile Model

We consider the motion of the projectile as a function of gravity and drag. The

discretized equations of motion are used in the simulation program to reduce the

computation. Let the x-axis denote the direction of the horizontal plane

projection of the projectile’s trajectory so that the y components are all zeros.

Denote Rp as the range of the projectile, xp and zp , as its coordinates in the x-axis

and z-axis directions, respectively. At the initial time, t = 0. (sec.), the projectile

is lired from the origin, xp(0) = zp(0) = O. (ft), and its initial speed is given by
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V,(0) = 900. ft/sec with the x component V,(0) = VT(0) cos @(0) and the z

component V,(0) = VT(0) sin @(0) , where @(0) is the elevation angle of the

projectile. The time increment is At. ‘

l We consider a 20mm projectile similar to that described in [46]. We approximate

the parameters of such a projectile with the following data.

W = 0.0741b (weight) · (2.37.1)

S = .0034ftZ (projected reference area) ' (2.37.2)

CDU = 0.17 (coefticient of drag at zero Mach number) (2.37.3) _

_
1

Consider the standard atmosphere condition. The temperature at the sea level,

Tss is 519*) R. The temperature decreases linearly as the altitude increases in the
C

troposphere level, from sea level to the altitude hs = 36,089ft . Right above the

troposphere is the stratosphere where the temperature is a constant

Ts = 390°R. Suppose the altitude of the projectile at time t is zp(t) , which

stays within the traposphere, then · _ '

TU) = TSL"‘

This can be rewritten in the following nomalized form :

T(r)
l

Te(l‘) = = l—c4zp(t) (2.39)

l
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1 where '

T — TC = (2.40)hs

4 C = c =
(519 " 39O)0R 1f? lin 100cm

4 TSL 36039}; 5[9°R 12m 2.54cm fm

= 2.26xlO'5 (1/m) ' (2.41)

Let M„(t) denote the Mach number of the projectile at time t. -D

V .
MA!) = —;-·@· (2-42) '

. G

VA!) = asw T20) = am/1—¢4Z„(¢) (2-43)

The total drag coefficient CD of the projectile is considered to be Mach number

dependent.

_ cD = (2.44)

where CDU is drag coefficient at zero Mach number. We define

‘ 1p(z) = —-IMA:) (2.45)

By using the definition of Mach number we can show that ·
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Vw)
p(r) = 62 -——-—— (2.46)

X/ TX(r>

where

62 = -0.00074 (m/ sec) (2.47)

The velocity VT of the projectile is assumed to have the heading angle yp With re-

spect to x-axis. The speed in the x direction is denoted by V, and that in the z

direction is denoted by_ V,. They are given by ·

V, = VTcos yp
e

_ (2.48)
‘

V, = VTsin yp (2.49)

The correspond drag components are

D, = D cos yp (2.50)

D, = Dsin yp (2.51)

Note that

X — VT ( - )D D Vx 2 52

V2
D, = DT (2.53)

T
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so that the drag coefficients are

Vx

x VT

VZ
CD: = DT ” (2.55)

T

The equations of motion are

. - ÜSC1Jx
I

Vx = --7-71- (2.56)

· . . ÜSC0, .
_. VZ =· -*7* — 8 (2-57)

_
i

We approximate the left hand sides of these two equations by

. V z+Az — V‘ Vx 2 (2.58)

. V(t+At)—V(t)
VZ 2 -l——§-——L— _ (2.59)

With these approximations we have

‘ 5
. "SC

(2.60)

(
°SC

Vz(z+ Ar) = Vx(z)[1 —-ißßél] — gAz (2.61)
T
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We Deüne

a(t) (2.62)

with which we have
A-

I

C Vx(z + Ar) = Vx(z)[1 + a(z)] (2.63)

_ V„(r·+ A:) = Vz(r)[1 + a(z)] — gAz (2.64)

From the definition of dynamic pressure

_
l

5 · (7 = _—ä—pVT2~ .
C

(2.65)

we find that a(t) becomes

am = — —§pe(%) ¤/6*%%,;;; (2-66)

But

= Te ‘° (2.67)

where 6, is given by

C3 = = 32.2ft/ secz 36,089ft -1
· CR 1716.5frz I( secz °R) (519 * 390)%
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= 4.25 (2.68)

We define 6, as follows

1 ÜOSCD
Cl =

— 3**-7- (2.69)

Evaluating 6, using the above data we find that

_ 6, = —0.00098(l/m) (2.70)

We see that a(t)satisfies.

a(1) = C, eP<'>r;3(1) V,-(t) At (2.71) ·

The x and z coordinates of the projectile can be approximated by
‘

V A Vxp(t + A1) = xp(t) + ]At (2.72)

V + A + V
zp(r + Ar) = z,,(r) + ]A: (2.73)

With the speed equations&?¥6sp;.» anciäspz., we get the follows :

xp(r + Ar) = xP(t) + [1 + -ä- a(r)] (2.74)

zp(r + Az) = zp(t) + [1 + -%- a(z)] Vz(r) —
ägAz2 (2.75)
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The total magnitude of the velocity is

_ VT(r) = ,/Vf(t) + V§(r) (2.76)

the range of the projectile is

Rp(t) = „/2c§(t)+z;(t) (2.77)

the elevation angle of the projectile is _

T
z (t)E z = tan”1—L— 2.78,,() xpw ( )

2.3 Performance ll/Iodel

The purpose of this study is to tind optimal periodic control functions for the

missile to evade the tracking and the interception by a ship’s guntire system.

Three periodic maneuvering functions are investigated, i. e., sinusoidal, square,

and sawtooth waveforms.

Our performance index to be minimized is the estimated number of hits (EHITS)

on the missile by the projectiles. For each projectile iired, the probability of a hit

is computed based on the relative velocity vector between the missile and the

projectile, the miss distance between their trajectories, and the geometric size of
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the missile. The value of each probability of a hit is between 0.0 and 1.0. The

T accumulated probability of hits for the entire missile’s trajectory is denoted as the

EHITS. Due to bullet dispersion in practice, it is almost impossible to hit any

missile or object with our type of projectiles beyond 2500 feet. Also, there is little

utility for a projectile to hit the missile when the range of the missile is less than

300 ft. Therefore, the computation of the probability of hits starts at the missile’s

range of 2500 ft and ends at that of 300 ft. The missile has a speed of around

_ 930 ft/sec, thus, the period for the computation of the EHITS is only about 2.5

seconds. The projectiles are fired at a rate of 50 rounds persecond, therefore, the
‘

maximum possile EHITS are about 120.
h i

2.4 Engagement Model
i

On the ship’s side of the engagement we use extended Kalman filters (see chapter

3) and jump filters (see chapter 4) synthesized together to optimize the tracking

and- the prediction of the missile’s trajectory. We desire to maximize the esti-

mated number of hits on the missile. A firing rate of 50 Hz (0.02 seconds inter-

val) is used for projectiles.

On the missile’s side of the engagement, we seek to design the optimal mlaneu-

vering of the missile through changing the magnitude and period of periodic
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control functions N, and N4 to minimize the estimated number of hits by the

projectiles.

In this engagement model we fix the ship’s tiltering algorithm and treat it as an

optimal control problem in which the missile’s trajectory is to be shaped so that

it can evade the ship’s guntire.

Chapter 2 Model Description 27



Chapter 3 Extended Kalman Filter .

Estimation theory has been applied to aerospace systems for many years. Several

_ estimation algorithms have been developed for this purpose. Among these the V

Kalman filter (KF) is a well-known one. The transition of the KF from a rela-

tively abstract theory to applications in many aerospace systems took place

within a very short period right after it had been proposed by Kalman, R. E., [l]

and [2], in the l960’s. The KF is essentially a recursive solution to Gauss’ linear
‘

least·square problem. A least-square-fit interpretation of the KF is given in [3].

The KF is a recursive, minimum variance (unbiased), linear optimal estimator for

a linear system with gaussian, uncorrelated measurement error, [1 1]. Since it is

V recursive there is no need to store past measuremcnts. Since it is linear it requires

· minimal computation, even in on-line usage. This filter is based on the concept

of linear feedback of the estimation error vector, [4], though in practice this vector

is not used directly; where the estimation error vector is defined as the difference

between the estimated state vector and the true system vector.
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e = J? — x (3.1)

Furthermore, the KF generates its own error analysis, i. e. the computation of the

error covariance matrix P, see equation (3.6) and (3.12), provides an indication

of the accuracy of the estimation. The error covariance matrix P is a symmetric

matrix containing the variances and the covariances of the estimation error vec-

tor. The (i,j)th element of the P matrix is defined as

PU.!) = Elec] = EKG; — xr)(¤?j — ml · (3-2)

. where E is the expectation notation; e, and cg are the ith and the jth elements of

the estimation error vector, respectively. For the KF the error covariance matrix

depends on the covariances of the initial states and the covariances .of the radar
h

measurements Q and the dynamics.

The extension of the KF to nonlinear tracking system problems is made possible

by successively linearizing about the current estimated states, as has been done

by Schmidt and his group at the NASA/AMES Research Center, [5-6]. Their

results are formalized in what is now referred to as the "extended Kalman filter"

(EKF), [7-9], pp. 272-281 in [10], and pp.180-200 in [1 1]. The KF, which assumes

that all control inputs of the tracking system are known, is optimal for a linear

model with Gaussian noise. But an optimal nonlinear estimator requires an infi-

nite dimensional model for its realization, [12]. Consequently, the linearized es-

timator EKF is a suboptimal but practical estimator for a nonlinear system with
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a known maneuver. Schmidt in [13] describes the history of the recognition of the

KF
’s

utility and its subsequent development for aerospace applications. Some

of the survey work is also available in [7] and [14]. We employ the algorithm

V called the continuous-discrete extended Kalman filter, Table 6.1-1, Gelb [1 1].

3.1 Algoritlzmfor EKF _

· Consider a model of a nonlinear system to be given _by :

_ X =j(x—) + w ' (3.3)

where x is the n-dimensional state vector. V

f is a nonlinear function of the state vector.
I

w is the process noise, which is assumed to be a zero mean, white

gaussian sequence with covariance matrix Q(t).

~ Consider the nonlinear measurement model given by : _

I
2 = h(x) + v (3.4.1)

where 2 is the measurement.

_ h is a nonlinear function of the state vector. ~

v denotes the measurement noise,which is assumed to be a zero mean, _

white gaussian sequence with covariance matrix Q.
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,

In our problem the measurement model is a linear one and the measurement z
i

represents range (R), elevation (E) and azimuth (A) radar measurements.
I

Thcrefore, the linear measurement model is considered hereinafter as :

z = Hx + v (3.4.2)

There are two phases involved in an EKF ( or KF ) process. One is the propa-

gation phase, which is defined w. r. t. the time interval· [ t,,_, , 1*,,] , the other is

the update phase, which is defined w. r. t. the measurement time 1,,. These are

illustrated in the following figure.
‘

kth Ikth.
update I propagation
phase I phase ·

I < -—------·--------------·-·-- I < ---------------···--------·- I
I I I
I immediately changes I _ period AT I _

I I I,
I —·-·-----—--—------------··---·---I—--—---·--·-·----·------—-—·--·---I

discrete-continuous continuous
process process

The signs + and - refer to estimated quantities right after and right before the

update phase, respectively.
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3.1.1 The Propagation Phase

The propagation phase includes state estimate propagation and error covariance

propagation from time 1,;, to time 1,; . The propagation of the state estimate uses

the known nonlinear equations of motion evaluated at the estimated states. First,

we calculate the derivative of the estimated state vector using

¤¢<¢,:1,> =1‘I¤?<1Z’.i>>
‘ 661

where J?(1;,) is the estimated state vector at the begining time of the kth
1

propagation phase, 1,;,.
‘

.

We assume that the derivatives of the states remain constant through the kth

propagation phase, from 1,;, to 1,; We then use numerical integration to get the

estimated states at time 1,; .

In the error covariance propagation calculation we first calculate the derivative

of the P matrix using

P = F(J?) P + P F(J?)T + Q (3.6)

where Q is the covariance matrix of the process noise, which assumed

to be a constant diagonal matrix in our problem.

. F(J?) is the Jacobian of the nonlinear dynamics evaluated at the

estimated state J? at the begining time of the kth propagation time
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AFt»«<¢,.-r>> — [ ax ],.=,,(,,;_,, om

The (i,j)th element of the F matrix is _

F ·, · = —l— 3.7.(M 1) öxj ( 2)

. 3.1.2 The Update Phase _ _

The update phase consists of the state estimate update and the error covariance ·

update. In order to accomplish these two updates at time tk , we need to get the

Kalman gain matrix, K(t,,) first. The criterion for choosing the Kalman gain

matrix is to minimize the sum of the diagonal elements of the error covariance

matrix, P(t,;*) . In other words, it minimizes the length of the estimation error

vector e, [1 1]. The equation thus obtained for the K matrix is :

He,.) = Fm:) HT Vw" 6-8)

I/(rk) =. H P(z,§) HT
+ Q (3.9)

T
where Q is the covariance matrix of the measurement noise _

V(t,,) is the theoretical value of the predicted measurement residual

covariance matrix.

Chapter 3 Extended Kalman Filter 33



1 P(t,;) is the error covariance matrix obtained right after the k"'

propagation phase.

With the Kalman gain obtained, the state estimate update uses the following

equations :

»?<¢,:“> = fm:) + I<<»k>m> (3-10)

v('1k) = ZU;.) —— H>?(¢)Z) (3-11)

where y is the predicted measurement residual;
E

z is the measurement vector. ·

:€(t,;) is the estimated state vector obtained after the k"' update phase. .

The update of the error covariance matrix is obtained from the following

equation :

· PUZ) = U — K(¢k)H ]P(1Z) (3-12)

3.2 Application of EKF to Our Problem

We have a system with 6 states and 3 guidance parameters as additional states

(i. e., controls), but the computation cost of a nine states filter system (EKF and
C

JF) is unnecessary. Before entering into the filtering part, it is advantageous to
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decouple the system into three smaller systems since in our engagement problem

the estimation performance can be accomplished with very littile degradation.

We base this on the following observation : The three state variables

R, V, and P,} describe the longitudinal aspects of the state along the velocity

vector. The three state variables E, cb, and N, describe the longitudinal aspects

of the state in the vertical plane. The three state variables A, x/1, and N, describe

the lateral aspects of the state in the horizonal plane. Since the missile’s velocity

is approximately aligned along the line-of- sight of the missile / ship geometry,

we can decouple the state vector into the three state vectors without a loss in es-

timation performance. _
u A u

So, even though we use the whole set of equations of motion to simulate the true
i

missile trajectory data, we can use 3 separate filters to estimate the states and

controls (i. e., guidance parameters) using the measurements of R, B, and A,

respectively. The corresponding filters are called the R·filter, the E—filter, and the

A-filter, respectively. Since the states of the system consists of the states of the

three filters, we use the estimated values of the states from all three filters in the

nonlinear equations of the propagation phase to perform the propagation. _

7 The initial condition for the states of the three filters are :

i'

in :?,(O) = V(0)
‘ l

(3.13)

I ß3g(0)
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Ew)
-i..(0)= $(0) (3-14)

p 1060)

Ä<0)
¤?„(0)= $(0) (3-15)

— 0-(0)

v The initial condition for the three error covariance matrix P, , P,, and P, are di-

8gOI'13l lI1älI'lC8S Z - ·

_ ° 6Z(1) 0 0 _
1>,(0)= 0 6Z(2) 0 (3.16)

· 0 0 6Z(6)

0.311) 0 0 .
1¤,(0)= 0 6§(2) 0 (3.17)

0 0

0 0

1>,,(0)= 0 _6§(z) 0 ‘ (3.18)
0 0 6§(6)

Chapter 3 Extended Kalman Filter 36



We arrange the three states for each of' the three filters in the above order, and

the measurement used for each of the three filters is R, E, and A, respectively,

which is the first element for each filter. Thus the measurement model at the time

t,, for each of these 3 filters can be reduced to the following scalar equation form

Z('k) = X1 ((1)+ "(tk) (3-19)

where z is the measurement for each filter ·

x, is the first element of the states vector, which is R, E, and A,
u

respectively for each of the three filters.

. v is the measurement error for each filter.
” T

° ·

From equations (3.4.2) and (3.19) we get

H=[l 0 0] (3.20)

92 = E[v VT] = afl (3.21)

Therefore, the theoretical value of the predicted measurement residual covariance

matrix can be reduced to a scalar as follows :

V(rk) = H P(t,§)HT+ Q
I
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P11 P12 P13 1

=[100]Pz1 Pzz Pza (1,;) O +**13,
P31 Paz Paa 0

= P11('1:) + Ui, (3-22)

Note that V(t,„) is now simply a scalar.

The EKF gain matrix can be simplilied as : °

P11 P12 P13 1 P
·

' P °VW) PZI Pzz za (1,;) 0
P31 Paz Paa 0 ·

P11
· l= P2l (1,;) (3-23)

P31 .

The predicted measurement residual is simply _

V(k) (3-24)
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'We substitute these equations into the state estimate update and error covariance
[

update equations to complete the update phase.

For the propagation phase we need additional work to get the Jacobian matrix,

F, for each filter of the EKF.~

_ 3.3 Jacobian Matrix for R-filter

The state vector for the R-filter is given by

u
I

i

xf = [R V P3!]

U

(3.23)

Define ß(1-) and j§(2) as the right hand side of equation (2.1) and (2.31), respec-

tively : I

jQ(l) = RHS(R) = V [ sin gb sin E + cos(xb — A) cos qö cos E] (3.26)

ß(2) = RHS(V) = P3gg — Pl zi — Pzäzxz — g sin tb (3.27)

We assume a constant control P3!. Therefore,

jj(3) = RHS(P3g) = 0.
‘

(3.28)
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For the R-filter the F matrix in the error covariance propagation phase is calcu-

lated as follows :

@$0)
F I = = O. .„( J) öxrm „ I (3 29)

@$0) . .F,(1,2) = ———— = sm tb sm E + cos(1b — A) cos ¢> cos E (3.30)ö><„(2)

6){.(1) ·
= —·l = O. 3.31

2 öö - 662 ·'
.

P
F,(2,1) - öxrü)

— —(P1+P2oz)
GR

— Pzq
ÖR „ (3.32.1).

‘where

ÖÜ 6 1 2
612 ’ 612 ( 2 PV)

Substituting equatioris (2.20.1), (2.20.2), and (2.12) into the above equation, we

get °

= — ci sin E P « (3.32.2)

Define two variables as follows :

b = —N1EV+N2g (3.32.3)
P
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6 = —N3ÄVCOS 66 + Mg (3.32.4)

then equation (2.21) can be rewritten as :

. 22 = 12* + 621/(66%)

Subsequeutly,

L2 ... 2_ L L ......b2+¢2.?lÖR - ÜF; [6 ÜR +6 ÖR 3 Pääz ÖR (3.32.5)

22 -- 6;- L 7 · ·_
ÜR - NIV ÖR -1v,V R (3.32.6)

L- L: .2; 7
ÖR

—N3Vc0sq5
ÖR

N3!/c0s¢>
R

(3.32.)

Similarly, _

2 @Fi - 6662 _
1~‘,(2,2) - öxrm -

—(P7 +1561) ÖV
— Pzq ÖV V

(3.33.1)

where

6* ° 2*
-5% = pV = %- (3.33.2)

22* - 2 612 b..’._+
¤’

EiÖV - ap; [b ÖV +6 ÖV 3 Pgäz ÖV (3.33.3)
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= — N1 E — N1 Vl-3% = — 2NlE (3.33.4)

gig- = — N3.Ä cos qb — N3!/cos gb
-:2% = — 2N3Ä cos da (3.33.5)

öJ$(2)F„(2,3) — öxrm — g ($34)

ö)§(3) .
l F,(3,1) —

öxrm
— 0. (3.35)

h öß(3)
_ F,(3,2) —

öxrm
0. (3.36) .

ö)$(3)
3

~
I

F,(3,3) - öxrm
— 0. _ (3.37)

3.4 Jacobiarz Matrix for Ejilter

The state vector for the E·ti1ter is given by

xg = [E gb N2] (3.38)

Deüne ß(l)and)@(2) as the right hand side of equations (2.2) and (2.5).
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@(1) = RHS(E') = [sin ab cos E + c0s(1ß — A) cos d> sin E] (3.39)

. 1 . YM2) = RH$(¢>) = 7; [Ni (— EV) + Mg — g¢¤S ¢>] (3-40)

We assume a constant control N2. Therefore,

@(3) _ = = O. (3.41) „

For the E·ülter the F matrix in the error covariance propagation phase is calcu-

lated as follows : _ U ·

· @120) V . . ‘ ”
Fe(1,1) - öxeu) - —

R [s1nqSs1nE+c0s(tI1—A)cosd>c0s E] (3.42)

@120) V . .
Fe(l,2) - öx€(2) - R

[cos qb cos E + cos(¢ - A) sm ¢> sm E] (3.43)

@120) . 2
Fe(1,3) - öxeß)

—- 0. _ (3.44)

@ß(2) ·Fe(2!1) —
äxe(l)

°_@12(2) g Sin d>
= = — l- 3.46F€(2,2)

ÖXÄZ)
NlFe(1,2) + V

( )
I
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_ @120) _ 3 2F.0.3) — öxem — V (3.47)

ö&(3)F.(3.1) — öxem — 02 (3.43)

2 _ @126) _
Fe(3,2) —

öx€(2)
— 0. (3.49)

_ _ @12(3) _ .
F€(3,3) - öxeß)

— 0.
U l

(3.50)
I

3.5 Jacobian 11/Iatrix for A—filtc7· *

The state vector
(for

the A-iilter is given by
U

X; = [A 1// N4] (3-51)

Define j§,(l) andß,(2) as the right hand side of equations (2.3) and (2.6).

jQ1(l) = Rl—IS(A) = [ sin((b — A) cos da] (3.52)

jQ(2) = RHS(\/3) = [N3 (AVcos + N4g] (3.53)

We assume a constant control N,. Therefore,
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)Q(3) = RHS(N4) = 0. (3.54)

For the A-filter the F matrix in the error covariauce propagation phase is calcu-

lated as follows : V
I

F„(1,1)= = -7z-Fg-gg-cos((ü -A)eea¢> (3.55)

F„(1,2) = = ——Fa(1,1) _ (3.56)

I
F„(1,3) = = 0.

_ l l

I
(3.57)

Fa(2,1)
=-l

(3.58)

F„(2,2) = = N6F.<¤„2> x...
H (3-59)

F.<2.ß> = = Tgäg 1 13-60)-ß

Fa(3,l) = = O. (3.61)

é
5

F„(3,2) = = 0. (3.62)

chapter 6 Extended Kahnan Filter
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öf (3)F(3,3) = L- = 0. (3.63)“ ~ @><„(3)
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Chapter 4 Jump Filter

_ The EKF is usually poor at tracking a maneuvering target. In an unknown ma-

neuver case, the performance of the EKF_degrades because the actual trajectory

model is different from that assumed in the filter. In the case where. there is a
U

step change in the control (or input) variable, the EKF will accumulate errors and

possibly lose track (diverge) unless the step change is taken into account. For

example, the three guidance parameters in our missile system, P3! , N, , and N, ,

are treated as functions of time to describe the maneuvers of the missile. Any

time variation in any of these three parameters is treated as a jump in the tiltering

system of the ship.

This kind of estimation problem on tracking a maneuvering target has been

widely studied since 1970. A number of approaches have been proposed. Most

of these approaches have been compared to the EKF. Singer, [15], augmented

the fi1ter’s system model with a first order zero-mean, time correlated Gaussian
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noise process to handle the target’s acceleration. However, the statistical process

model is not best suited to describe a maneuver. The model used by Fitts, [l6],

is also affected by this problem. ‘

I
The multiple model adaptive filtering techinque is used in many papers, [17] -

[34]. This approach processes two (or more) independent filters in parallel, each

using a particular model of the target’s dynamics. The adaptive mechanism is

based on some conditional probabilistic computation.in real time; the one with

the minimum residual is dominant.
h

' Another popular approach uses a mechanism to detect a maneuver, [35] - [43].

When a maneuver ·is detected, the filter for the no-maneuver case, which is usu-U
J

ally the_ EKF, is compensated by another filter which is designed for the compu-

tation of the maneuvering characteristics, such as the magnitude, the time of
I

occurrence, etc. Among these, the ’jump filter’ (JF), [36] · [38], isused in the es-

timation part in our problem. A similar approach is used by Bogler [35].

Therein, the jump filter is called the CHP filter after its developers Chan, Hu and
J

‘ Plant, [39]. The combination of the CHP filter and the Extended Kalmam filter

is called the adaptive· Kalman filter in [35]. Herein, we refer to it as the Joint

filter, JTF. This type of filtering process was first analyzed by Willsky and Jones, _

[43].

The purpose and function of the JF can be described in the following three steps.
J

First, the jump of each guidance parameters is detected. Second, the jump time

Chapter 4
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and the jump magnitude is estimated. Third, the EKF states are adjusted ac-

cordingly after detection and evaluation of the jump.
l

Recall that there are three EK
F’s

called the R-filter, the E-filter, and the A·filter,

respectively. Therefore, we design three independent J
F’s

for each of the three

EKF’s. These combinations are called the joint filters (JTF). However, the

equations for these J
F’s

are the same except for the different subscripts, r, e, and

a. In this chapter we use only one of them to illustrate the JF equations and

neglect the subscripts, The index t,, is replaced by k; also tg by k+, and tg by ki

The index (k — 1, k) indicate the values used in the propagation phase from t,j_,

' to tg .
u

4.1 Residual Test for Jump Detection
l

We use a residual test to detect a jump. It is based on a comparision between the

predicted measurement residual and the theoretical error covariance as follows :

I A(k) = 62(k)— V(k) (4.1)

where

6 is an integrated weighted value of the predicted measurement residual;

V is the theoretical value of the predicted measurement residual

with the assumption of no jump as in equation
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An increasing positive value of A(k) denotes that the EKF process is diverging

from its expected performance. When this happens we declare that a jump in

states has taken place. This triggers the execution of the JF. No jump is con-

sidered when A(k) is non-positive.

The 6 in equation (4.1) is an integrated value over weighted predicted measure-

ment residuals, y(k) . The integration is described by the following recursive

procedure, where l is an exponential weighting factor.
4

o(k) = 6(k — .l)[l — l(k)] + 2(k) y(k) (4.2)
4

Here note that a heavier weight on the most recent residual is obtained when E
4

is larger. We use three differentvalues for Al(k) which depends on the magnitude

of N(k). . .

0.25 if N(k) S 3.0

).(k) = {0.33 3.0 < N(k) < 5.0 (4.3)

0.5 5.0 S N(k)

where

/
N(k) =

lg;-U- (4.4)
,/ V(k)

is the number of the standard deviations that the most recent residual y(k) is rel-

ative to that of the theoretical error covariance V(k) in the case of no jump. The
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definitions of equations (4.2) to (4.4) make it possible that a larger weight is put

on the predicted measurement residual which has a higher (value.

4.2 A State Eqaations ·

To obtain the jump error state equations, we analyze three different filtering

conditions for the EKF first.
1

— H, There is no jump in the system states and also no jump is
A assumed by the EKF. V

S
H, There is a jump in the system statesbut no jump is assumed ~

_ by the EKF. The EKF is not aware of the jump. I

H, There is a jump in the system states and the jump information

is assumed known to the EKF.
l

Let :?,, i,, and $2 denote the EKF estimate of the states for the conditions H,,

H,, and H2 , respectively. We know that 5E, and fz are optimal but E, is not.

4.2.1 The Ax State Equation ·
‘ _4

The propagation of the state estimate can be rewritten as a discrete linear

equation :
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:?(k“) = (D(k — 1,k) a?(k — 1 +) (4.5)

where (D(k — 1,k) is the transition from t,;_, to tg

In order to simplify the notations, we define

A(D(k - 1,k) = [I- K(k) H] (D(/c — 1,k) (4.6)

where

· K is the EKF gain matrix as in equations (3.8) and (3.23); .

H is the observation matrix as in equations (3.4.2) and (3.20);

(D is the transition matrix as in equation .

Substituting equation (4.5) into (3.10) and (3.11), and using the definition of

A(D, we get the equations for fz and 56, as foliows :

. :?2(k+) = K(k)z(k) + A(D(k — 1,k):/€2(k - 1+) (4.7)

}l(/c-) = K(k)z(k) -1- A(D(k - 1,k)1?1(k — 1+) (4.8)

We assume that a jump occurs at an unknown time tq with the magnitude Ax,.

The estimation of E, and SE, are identical before a jump. After a jump occurs, an

error, Ax, between these two estimation is given by

Ax(k) = 1?2(k)— ;](k) tk > tq (4.9)
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The jump error equation for Ax is obtained by subtracting equation (4.8) from

(4.7).

Ax(k) = Ad>(k — 1, k) Ax(k — 1) (4.10)

For the nonlinear system model and the measurement model given in chapter 3,

equations (3.3) and (3.4.2), the linearlized transition matrix from time t,,_, to tk is

<I>(k - 1, k) = eF("‘ "' "‘·l)
= I + F(tk — tk_l) (4.11)

iwhere 2
° ‘

— F is the Jacobian matrix in equations (3.7) and is further developed

for R—filter EÄtilter and A-filter for our problem in sections 3.3,
n

3.4, and 3.5, respectively. .
l

4.2.2 Au State Equation ‘

When we use the Ax equations we assume that any element of the system states

can take a jump, but this is not always true. In our problem, for the .system of

the missile, we do not expect that the missile takes a jump in its position elements

—_ ( (R, E, A or x, y, z) or in its velocity elements (V, d>, n/1). Jumps may occur in

the guidance parameters P2', N2, and N4 . For this reason we introduce a lower

dirnensional vector, Au, which contains only those states which define the jump

states. We can always rearrange the order of the system states so that
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Ax = DAu (4.12.1)

with

0
D = (4.12.2)

For example, in reference to our 3 filters we define

AP3g for R-filter _
(

Au = {AN; for E-filter (4.13)
u

AN4 for A-filter

then

•
0

_

.
·

D = Ü (4.14)
u

1

for each filter according to the state vectors arranged in sections 3.3, 3.4, and 3.5.

4.2.3 Ay State Equation

ln order to simplify the computation, Ax is further non-singularly transformed

into a constant state Ay.
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Define a recursive matrix

WW(0) = I (Identity) (4.15)

W(k) = A<D(k—1,k)W(k— 1), k2O (4.16.1)

equation (4.16.1) can be rewritten as

A<1>(k — 1, k) = W(k) W"l(k — 1), k 2 0 (4.16.2)

Substituting equation (4.16.2) into (4.10) and premultiply both sides with

W·'(k), we get _ °

W'l(k) Ax(k) = W'l(k — 1) Ax(k — 1) (4.17)
h

This motivate the definition of a new A state variable, Ay. Let

l
Ay(k) = W“l(k) Ax(k) (4.18)

This can be written in terms of Au as

Ay(k) = W_1(k)DAu(k) (4.19)

substituting equation (4.18) into (4.17) we get I

Ay(k) = Ay(k — 1) , tk > zq (4.20)

This constant A state variable, Ay, makes it possible to derive an efficient algo-

rithm for computing the jump magnitude and the jump time. Since Ay stays
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C0nStant after the jump time,tq, we can always get the Ay(l<) we need at any time

t,, , t,, 2 tq as Ay(q). That is

4y(/<) = 4901) , rk >1,, (4-21)

We have to store the values for ‘l’(t,), i = 0, 1, ...,k so that after Ay(k) has been

found we can use equations (4.18) and (4.19) to get Ax(k) and Au(k) from Ax(q)

and Au(q). ·

4.3 Estimation of Jump
3 _ — ,

2
To estimate the jump time we utilize the generalized likelihood ratio (GLR) ap·

proach, [29], [43]. GLR considers the ratio of the likelihood of a jump vs. no

jump,[37]. The estimated jump time is obtained as the time that maximizes the

logarithm of the GLR, (LGLR).

$(/0 = arg mgx /01, 4901, /<); k) (4-22)

U
then the LGLR can be written as‘ , ·

- f01, 4901, /<); /<) = 49T01, k) C01; /<) 4901, k) (4-23-1)

= dT(<1; k) 4901, k) (4-23-2)
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/4) dw- k) (4-23-3)

where

q/c

Cw; k) = 2 [AH(1)]T[A-%‘(1)]°‘[AH(f)] (4-24)
i=q+l

k
‘ dw; k) = E [AH(1)]T[A9Z(1)]"‘EAZ(1)] (4-25)

_
l

_' i=q+l -

andthe maximum likelihood estimate of the jump magnitude is
I

Aß(«$(k)„ k) k) 4(-$(4); k) (4-26)

Look at the summation equation of C(q,k) and d(q,k) we expect to do the calcu-

lation in recursive form and make it more efficient by storing the following :

C(O,i) = C(0,i— 1)+ [AH(i)]T[A92(i)]_l[AH(i)] (4.27.1)

d(0,i) = a'(0,i — 1)+ [AH(i)]T[A%(i)]”l[Az(i)] (4.27.2)

then

Cw„/4) = C(0-/<) - C(0-61) (4-28-1)

dw./<) = d(0-/<) — d(0-61) (4-28-2)
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To obtain further reduction in calculation, we detine two new series , Ü and Ä,

which have lower dimensions. Let

Ü(41; k) = DT ‘1’"T(<1) CM;/<)‘1’—l(¢1)D (4-29-1)

Ü(41; k) = DT ‘1’"T(<1)d(q;/<) (4-29-2)

Rewrite the LGLR function in terms of Au by substituting equation (4.19) into

equations (4.23.1) and (4.23.2), to get the following expressions :

k); k) = AüT(<1-/<)Ü(<1;1¢)A1?(41-/<) (4-30-1) 4

_ = Er(q; k) AÜ(q, k)

i
4

(4.30.2)

_

‘
= ET(-1; k) Ü—1(<1;/<)Ü(q;/<) (4-30-3)

With the expresions in terms of Ü and Ä, We only need to store Ü(0,i),Z1'_(0,i),

instead of storing C(0,i), and d(0,i). BydefiningU(i)

=
‘P"

(i)D (4.31.1)

the Ü and Ä series can be caculated from :& V

Ü(0,i) = U(i)Tc?(0,i) U(i)
U

(4.31.2)

6Y(0,i) = U(i)Td(0,i) (4.31.3)
i
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This reduces the storage requirement. For example, in our problem we need a
J

3x3 matrix for each C(0,i) and a 3xl vector for each d(0,i) , but only a scalar for

each C(0,i) and Ä(0,i) , i=0, 1, ..., k.

Also we note that the computation requirement is reduced considerably by using

C—’s and 6?’s when the JF equations are solved to find the jump time and the jump

magnitude. We use a numerical linear search scheme to find the maximum of the

LGLR function and the associated jump time. For each candidate point within

the moving window (see the next section), we have to calculate the value of the

LGLR either in terms of C
’s

and d’s by using equations (4.23.1) and (4.23.2), · ·

_
J

or in terms of C-’s and
Ä’s by' using equations (4.30.1) and (4.30.2). Obviously,

the latter equations, which contains only scalar calculation can be performed in

less time. The expense of doing the latter compared to rthe former is that the

computation at each EKF time step i is increased slightly. This is due to the ad-

ditional calculation for U(i) , which involves a 3x3 mairix inversion, and forget-

ting C(0,i) and Ä(0,i) from C(0,i) and d(0,i) , which involves some multiplications. ‘

Even so, it is more important to calculate the jump time and the jump magnitude

as fast as possible when the JF is triggered so that we can return to the EKF ex-
}
ecution without any delay.
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4.4 Moving Window and Reinitialization

In order to keep the storage requirement within bounds, we introduce a moving

window of length L, say L=50, for storing Ü(0,i) d(O,i) and U(i) in a circle fash-

ion. Thus only the most recent L data points are in storage. Those data points

which are older than the amount L counted back from the current one are written
over.

During the execution of the JF, the first step is to locate the stored data in the

. moving window. For this we need some indices to do the mapping between the

relative time series in the moving window and the absolute time series in theEKF. n ~
The stored data in the moving window is reinitialized after a jump is detected.

By reinitialization we mean that the base point values for the summations of C’s

and d’s are reset to zeros at the jump time and the
‘l'

matrix is reset as the identity

· matrix again.

Even though we make the reinitialization after the JF has been executed, it is still
i

possible that the interval between two conscutive jump detections creates a

problem. The problem is that the values of C(0,i) increase in values with each

time point th so that C(q,k) or C(q,k) , which are the differences between two large

values, C(0,q) and C(0,k) , are no longer accurate. The same thing also happens

for Üs, d
’s,

and d’s. For this reason, we do reinitialization at a selected time ·
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interval frequency, say 4 seconds to keep those values in bounds. Unfortunately,

by doing so it will introduce a problem for C(q,k) and d(q,k) since we’ve got dif-

ferent bases for them in the moving window stored data.

We can solve this problem by introducing a transformation matrix between these

two bases. First of all, let us define some notations. Let k denotes the time a

jump is detected, and let it also be the last data in the moving window. Let w

be the reinitialization time, which occurs before k in the moving window. Let ~

everything within the moving window before w have the first subscript l, and let

those after w have the first subscript 2. Let everything calculated before w but

transformed to the base after reinitialization has the second subscript 2. Let q

denote a point before reinitialization within the moving window. These notations

are illustrated in the following figure.

q reinitialization jump dectected
I time w time k
I I I
I I I

C1,Cl1,‘Y1 I C2,d2,lP2 I
I----·---··------·-·-----—-···-··--I----·---·--··-------—-·--·-----·--I
I I I I ------·----------···---·------ >

‘I’iz
I

I I I --·----·----------··-·--------·---— > diz I
I I °'''°°°°°'°“°°°°°°°°°°°°°°°°°°°°°°°°°> C12 I

I ‘ I
I I
| < ----------·--------··moving window·---------—---·------- >I
ist Lth
data data °
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For simplication, suppose there is at most one reinitialization within the moving

_ window. For example, we use 0.05 sec. as the propagation time for the EKF, and

there are 50 data points in the moving window. A reinitialization interval of 4

seconds, which contains 80 data points, is used to ensure the above simplified

assumption. -

The values of C(q,k) and d(q,k) in terms of system 2 can be broken into two parts,

one was evaluated in system 2, the other was evaluated in system l and needs to

be transformed into system 2. With the notations defined, we get the followings

l
_· Cz(¢l»k) = C2(W»k) + Cl2(q»W) _

u
(4-32-1)

· d2(‘1-k) = d2(W-k) + d12(¢l»W) (4-32-2)

Ü(q,k) and Ü(q,k) in terms of system 2 can then be obtained by using

@(4-/<) = U1;(<1)T Cz(<1J<)Uiz(<1) (4-32-3)

‘ ä2(¢I»k) = U1z(¢I)Tdz(q»k) (4-32-4)

The transformation between system 1 and system 2 is based on the change of
‘P

at the reinitialization time,w : -

‘ ‘P(w) =
‘~I’1

(w) w.r.t. system l (4.33.1)
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= *1*2 (w) = I w.r.t. system 2 (4.33.2)

(4-34-1)

U12 (4) = [‘1'11(4)]“‘ U1(4) =
‘1’1 (W) U1 (4) (4-34-2)

From deünitions of C(q,w), d(q,w), and AH we get the expressions for trans-

forming from system 1 to system 2

(4-35-1)d12

(4-W) = |I‘1’1 (W)]’Td1(0-W) — [‘1’1(W)]°Td1(0-4) (4-35-2)

Ü12(q»w) = UÄ (4) [ @(11-/<) — C1(0-4)] U12 (4)

= U3 (4) [ C;(0-/<) — Cz(0-W) ] U12 (4)

+ 1/$(-1) [C1z(0-W) — Cl2(O»q)] U12 (4)

= U3 (4) Cz(0-/<) U12 (4) '

+ UÄ (4) ‘1’IT(W) E <-"11(0-W) — C11(O-4)]‘1’I‘ (W) U12 (4)

= [‘1’1(W)U1(4)]T C;1(0-/<) [‘1’1 (W) U1(4)]



+ vl (4) (W)

(4) Tl (W) ‘l’YT(W) C11(0·q) Wil (W) ‘l’1(W)U1(4)

= [ ‘l’i (W)U1(4) JT Cz(0„/<) [V1 (W) Ur(4)]

+ U? (4) C1(0-W)U1(4) — Ür(0-4) (4-35-3)

= [‘¥'1(W)U1(4)]Td2(0J<) + Uf~(¢I)‘PT(W)d12(4-W)

= [‘l’1(·W)U1(4)]Tdz(0J<) ~ _
+ UT (4) Vi (W) ‘l’YT(W) d1(0,W) — vl (4)

(4) dl(0-W) — €?i(¤-4) (4-35-4)

Note that the tirst terms in equations (4.35.1) and (4.35.2) can be calculated and

stored at the reinitialization time w to avoid repeated computation. Note also
‘

that the Ö(0,i), the ä(Ü,i) and U,(i) have been stored at each time step t, so that

the Ü](0,q) in equations (4.35.3), the 6-Ä(0,q) in equations (4.35.4) and every U,(q)

are ready before the triggering of the JF's execution. _
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Chapter 5 Parameters Description

In the design of an optimal period for a maneuvering missile, we utilize either the

· sinusoidal wave, the, square wave, or the sawtooth wave, as the maneuvering class

of control inputs for the missile. These control inputs are investigated under se-

veral different parameters, some of which relate to the missile’s side, and others

to the ship’s side. These parameters are described in sections 5.1 - 5.2. Some

parameters are considered to be random so that it is necessary to average, spe-

cifically, the maneuver starting range and the measurement noise parameters.

The parameters essential for the investigation of the estimated number of hits

(EHITS) are presented in two tables. Therein we describe the relationship be-
l

tween these parameter values and the'case numbers, section. 5.3. Some of the

parameters under consideration are easy to get proper values for our purpose, e.

g., the process noise and the initial conditions for the ship’s filters. The influence
l

of these parameters on the EHITS and the values that we decide to use are given

in section 5.4.
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5.1 Parameters That Relate to the zwissile

There are two important parameters analyzed on the missile’s side: one is the

offset parameter and the other is the maneuver starting range parameter.

5.1.1 Offset Parameter

”
The missile may come in and hit the ship along any point. It is not necessary that

the missile’s impact point coincide with the location of the ship’s radar. On the

other hand, the ship uses the radar location as its origin in estimating the state
V

vector of the missile. lf the missile is homingwithout offset into the radar posi-

tion, a filter of'the ship can take advantage of this assumption and improve its

prediction performance.

To investigate the influence of different impact missile points on the ship, we

consider both the zero offset case and a nonzero offset case. By the zero offset

case, we mean that the missile is homing into the radar position on the ship. By

the nonzero offset case, we prescribe that the missile is homing into an impact

point which is 100 ft offset in the positive y-axis direction away from the radar.

Here, we are assuming that the y·axis lies along the length of the ship.
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5.1.2 Maneuver Starting Range Parameter

The maneuver starting range is the range measured from the ship’s radar to the
’

missile at the time when the missile starts its control input maneuver in either the
I

horizontal or the vertical plane.

Although the maneuver starting range is controlled by the missile, the actual

range traversed en route to impact in practice depends on the velocity of the

missile relative to the ship. Without knowing this relative velocity, the missile can

not predict precisely how its trajectory waveform will meet the ship at impact. _

i
With such knowledge, the missile could select a maneuver starting range which

maximizes its survivability en route to impact. Without such knowledge, it must

average its performance over a range of maneuver starting ranges. This is why

we consider M different maneuver starting ranges, e. g., M = 24, to evaluate the

cost for each run, and then compute the average. The 24 maneuver starting

ranges we use are RSTAR = 3250, 3500, ..., 8750, 9000 ft, where the uniform
i

spacing between the starting range points is 250 ft.
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5.2 Parameters That Relate to the Ship’s Filter

There are four parameters governed by the ship’s filter. They are the process

noise parameter, the initial values for the states, the measurement noise parame-

ter, and the knowledge of the missile’s PN constants. Each is described below.

5.2.1 Process Noise Parameter

· Theoretically, the error covariancematrix, P, in the EKF should be positive def-
P

inite. But due to numerical computational error and nonlinear dynamics, some
u

·

of the diagonal elements of the P matrix can become small and then possibly

negative. A view of equation (3.6) reveals that one way to prevent this error is

to assume a positive definite Q, which is the covariance matrix of the process

noise for each state. Two sets of the process noise have been used, a default one

and a larger one. The covariance matrices for the three filters, Q,_ Q, and Q, , re-

spectively, with the default process noise are given as follows :

1 0 0

Q, = Q, = Q, =
10“'l°

O I 0 (5.1)

0 0 1
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The diagonal elements in these covariance matrices are the auto-covariance val-

ues for each corresponding states. The off-diagonal elements are the cross-

covariance values, which are assumed to be all zeros.

The covariance matrix for the R-filter remains the same for the second set of the

process noise. Those for the E-filter and the A-filter are given in the following :

10-8 0 0
Qe = Qa =

Oi
IG-8 O (5.2) .

2 i
0 0 0.0625

5.2.2 Initial Conditions ' [

Two different sets of initial conditions for the filters have been used to show that

it is permissible to start the estimation from any range that is far enough com-

pared with the missile’s maneuver starting range. However, the second one,

which starts from a smaller range, is preferred since it takes less computations.

The first one starts the estimation from a larger range :

R = 15200.082, E = 0.00329,
·A

= 3.14159, (5.3.1)

V = 949.992, d) = O., R]! = 0.175, (5.3.2)

The second one on the other hand, starts the estimation from a smaller range :
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R = 9963.258, E = 0.00420, A = 3.09152, (5.4.1)

V = 936.34919, tb = — 0.00287, (/1 = 0.02478, (5.4.2)

5.2.3 Measurement Noise Values

We use computer generated, normally distributed random numbers as our meas-

urement noise data. Different measurement noise levels are taken into account :

the no measurement noise condition (perfect measurement data), the smaller

measurement noise value, and the larger measurement noise value. With the °

smaller measurement noise we mean that the standard deviations of the radar

errors have the values
U

s.t.d.(v,) = 15. (/2.) ' (5.5.1)

s.t.d.(ve) = 0.003 (rad.) ‘ (5.5.2)
a

s.t.d.(va) = 0.001 (rad.) · (5.5.3)

With the larger measurement noise we mean that the standard deviations of the .

radar errors have the values

s.t.d. ( v,) = 15. (ft.) (5.6.1)

s.t.d.(ve) = 0.009 (rad.) (5.6.2)
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s.t.d.(va) = 0.003 (rad.) (5.6.3)

where v is the measurement noise as in equation (3.19) and s.t.d.(v,) is the stand-

ard deviation of the measurement noise of the i-filter, i = R, E, A.

In view of the randomness of measurement noise, it is necessary to compute the

cost value by averaging N sets of different runs. Since we have already consid-

ered the effect of the maneuver starting range by averaging from M different

runs, and since these two effects 'are independent, we can combine these two ef-

fects without additional runs by letting N=M. That is, we generate a set of

measurement noise data for each maneuver starting range run. For a different

maneuver starting range, we generate a different set of measurement noise data

for it. Thus, for either a no noise, maneuvering case or a noise corrupted case,

we compute the average cost value from M different runs.
‘

5.2.4 PN Constant Parameter

We also consider different values for the PN constants, N, and N, in the model

of the missile in the filter. One assumes that the PN constants, which is 3.15 for

N, and 3.0 for N,, are known exactly; therefore it is called the PN system. The

other assumes that no PN constants information is used at all in the filter; there-

fore it is called the NOPN system. Actually, the PN constants are set to zero in

the NOPN system.

Chapter 5 Parameters Description 71



For the PN system, the equations of motion used in the filter are the same as

those for the missile stated in chapter 2.
4
For the NOPN system, since we do not

know the PN constants that the missile is using, it is necessary to define two new

states to take the place of N2 and N,. We define

~ V · -N2 = N2*'?NlE (.).7)

($.2)

° so that the effect of N1 and N; can be combined with N2 and N4 into IV; and

IV., respectively, to compensate for the lack of knowledge of N1 .and N;. As a

result, and equations can be rewritten without N1 and N 3 as follows : _

. . g ~ l¢>= "[7(Nz‘¢0$<l>) (5-9)

. g ~ _
= ———— V . 0ill

Vcos qö I 4 (5 1 )

5.3 The Case Number Tables

Some parameters described in sections 5.1 - 5.2 are essential for the investigation

of the cost value. These include the offset parameter, the PN contant parameter

and the measurement noise values. Two tables that describe the relationship be-

l 4
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‘
tween these parameter values and the case numbers are given in the following

pages. Table 1 on page 74 gives all the cases considered for the PN system.

Table 2 on page 77 gives all the cases considered for the NOPN system.

5.4 Cüllllilélll Oil PllI'lliIl8l€1’S

Some cases have been done to compare between the results for different process
I

noise conditions. While the filter’s performance is degraded slightly in the PN

system when the larger process noise is used, the NOPN system is improved

greatly by using the larger process noise. For example, in the NOPN system, the
t

p

no-maneuvering case, no. 101, the cost value is improved from 0. to 81.2 by just

changing the default process noise to the larger one. Similarly, in case no. 113,
I

the cost value is improved from 0. to 93.5. We also get some results which show

that the default process noise is better than the larger process noise. For example,

by using the default process noise in case no. 25, the mean cost is 70.95 for the

EKF and 66.0 for the JTF, whereas the mean cost is 54.85 for the EKF and 56.0

for the JTF by using the larger process noise. From this we say that the adding

of the larger process noise is a good tradeoff.

In some cases the results have also been compared for different initial estimation

range conditions decribed in section 5.2.2. The results are essentially the same l

with either initial condition. For example, in case no. 25 of the larger process
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Table 1. Parameters Values for the PN System as a Function of the Case
No. '

Case No AN;
(g’s

AN4 (g’s YOFF (f )Noise Type IWIGL
1 0.0 0. 0. 0 0
2 1.5 0. 0. 0 0
3 2.5 0. 0. 0 0
4 3.5 0. 0. 0 0
5 0.0 1. 0. 0 0
6 1.5 1. 0. 0 0
7 2.5 1. 0. 0 0 ‘
8 3.5 1. 0. 0 0
9 0.0 2. ~ 0. 0 0
10 1.5 2. 0. 0 0 _
11 p 2.5 2. 0. 0 0
12 3.5 2. 0. . 0 0

· 13 0.0 0. 100. 0 0
14 1.5 0. 100. 0 0
15 2.5 ‘ 0. 100._ 0 · 0
16 3.5 0. · 100. 0 0

· 17 0.0 1. 100. 0 0
18 1.5 1. 100. 0 0 -
19 2.5 1. 100. 0 0
20 3.5 1. 100. 0 0
21 0.00 2. 100. 0 0
22 1.5 2. 100. 0 0
23 2.5 2. 100. 0 0
24 3.5 2. 100. 0 0

noise, we get 58.57 for the mean cost for the EKF and 58.93 for the JTF at the

larger range initial condition. These are very close to those obtained by using the

smaller one, which is 54.85 for the EKF and 56.0 for the JTF. By using the

. smaller one, we reduce the computational time and expenses for the generation

and estimation of the missile trajectory by about two thirds that of the larger one.
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Table 1. continued
Case No AN; (gfs AN4 (g’s YOFF (f )Noise Type IWIGL

25 0.0 0. 0. 1 0
26 1.5 0. 0. 1 0

_ 27 _ 2.5 0. 0. 1 0 _
. 28 3.5 0. 0. 1 0 .

29 0.0 · 1. 0. l 0
30 1.5 · 1. 0. 1 0 ·
31 2.5 1. 0. 1 ~ 0
32 3.5 1. 0. 1 _ 0
33 0.0 2. 0. 1 0
34 1.5 2. 0. 1 O
35 2.5 2. 0. 1 0 °
36 3.5 2. 0. 1 _ 0
37 0.0 0. 100. 1 0
38 1.5 0. 100. 1 0
39 2.5 0. 100. 1 0
40 3.5 0. 100. 1 0
41 0.0 1. 100. 1 0‘ 42 1.5 1. 100. · 1 0
43 _ 2.5 1. 100. 1 .0 ·
44 3.5 1. _ 100. ' 1 0
45 0.0 2. 100. 1 O ·
46 1.5 _ 2. 100. 1 0
47 2.5 2. 100. 1 0
48 3.5 2. 100. 1 0
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Table 1. continued
Case No AN; (g’s AN4 (g’s YOFF (f )Noise Type IWIGL

49 0.0 0. 0. 2 0
50 1.5 0. 0. 2 0
51 2.5 0. 0. 2 0
52 3.5 0. 0. 2 0
53 0.0 1. 0. 2 O
54 1.5 1. 0. 2 0
55 2.5 1. 0. 2 0
56 3.5 1. 0. 2 0
57 0.0 2. 0. 2 0
58 1.5 2. 0. 2 0
59 2.5 2. 0. 2 0
60 3.5 2. 0. 2 0
61 0.0 0. 100. 2 0 .
62 1.5 . 0. 100. A 2 0
63 2.5 0. 100. 2 0
64 3.5 0. 100. 2 0
65 0.0 1. 100. 2 0 A
66 1.5 1. 100. 2 ' 0
67 2.5 1. 100. V 2 0

· 68 3.5 V 1. 100. 2 0 ·
69 0.0 2. 100. 2 0
70 1.5 2. 100. 2 0
71 2.5 2. 100. 2 O
72 3.5 2. 100. 2 0
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Table 2. Parameters Values for the NOPN System as a Function of theCase No. ‘
Case No AN; (g’s AN4 (g’s YOFF (f )N0ise Type IWIGL

101 0.0 0. 0. 0 1
102 . 1.5 0. 0. 0 1
103 2.5 0. 0. 0 1
104 3.5 0. 0. 0 1
105 0.0 1. 0. 0 1
106 1.5 1. 0. 0 1
107 2.5 1. 0. 0 1
108 3.5 1. 0. 0 _1
109 0.0 2. _ O. 0 1
110 1.5 2. ‘ · 0. 0 ° ‘ 1
111 2.5 2. 0. 0 ‘ 1
112 3.5 2. · 0. 0 1
113 0.0 0. 100. 0 _ 1

. 114 1.5 0. 100. 0 1
· 115 2.5 . 0. 100. 0 1

_ 116 3.5 0. 100. „ 0 1 · .
117 0.0 . 1; 100. A 0 1 „
118 A 1.5 1. 100. 0 1
119 2.5 1. 100. 0 . 1
120 3.5 1. 100. 0 1 -
121 0.0 2. 100. 0 1
122 1.5 2. 100. 0 1
123 2.5 2. 100. 0 1 °
124 3.5 2. _ 100. 0 1
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Table 2. continued
Case No AN;

(g’s
AN4 (g’s' YOFF (f )Noise Type IWIGL

125 0.0 0. 0. 1 1
126 1.5 0. 0. 1 1
127 2.5 0. 0. 1 1
128 3.5 0. 0. 1 1
129 0.0 1. 0. 1 l
130 1.5 1. 0. 1 1
131

”
2.5 1. 0. 1 1

132 3.5 1. 0. 1 1
133 0.0 2. 0. 1 1
134 1.5 2. 0. 1 - 1
135 2.5 2. 0. 1 1
136 3.5 2. 0. 1 1
137 0.0 0. 100. 1 1
138 1.5 0. _ 100. 1 1
139 2.5 0. 100. 1 . 1
140 3.5 0. 100. 1 1 -

* *141 0.0 1. 100. 1 ° 1
142 1.5 1. 100. l 1
143 2.5 1. 100. 1 1
144 * 3.5 1. 100. 1 1
145 0.0 2. 100. 1 1

‘

146 1.5 2. 100. 1 1
147 2.5 2. 100. 1 1 ’

148 3.5 2. 100. 1 1 _
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Table 2. continued
Case No AN;

(g’s
AN4 (g’s YOFF (f )Noise Type IWIGL

149 0.0 0. 0. 2 1
150 1.5 0. 0. 2 1
151 2.5 0. 0. 2 1
152 3.5 0. 0. 2 1
153 0.0 1. 0. 2 1
154 1.5 1. 0. 2 1
155 2.5 1. 0. 2 1
156 3.5 1. 0. 2 1
157 0.0 2. 0. 2 1
158 1.5 2. 0. 2 1
159 2.5 2. 0. 2 1 .
160 3.5 2. 0. 2 1
161 _ 0.0 0. 100. 2 1
162 1.5 0. 100. 2 ° 1
163 2.5 0. 100. 2 1
164 3.5 0. 100. 2 1
165 0.0 1. 100. 2 1
166 1.5 1. 100. 2 1 .
167 2.5 1. . 100. 2 1
168 3.5 1. ° 100. 2 1
169 0.0 2. 100. 2 1

. 170 1.5 2. 100. 2 1
171 2.5 2. 100. 2 ·· 1 ‘
172 3.5 2. 100. 2 1
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Chapter 6 Program description

The program is composed of several parts : the main program, the EHITS

module‘(the subroutine EVAL), the missile’s trajectory module, the filters module
h

(the EKF and the JTF), the projectile’s trajectory module, the POH (probability
i

of a hit) module-, and the optimization module. A brief flow chart is given in the

next page. . -

6.1 The Main Program

·
There are two methods used to obtain the optimal periods that minimize the cost,

EHITS. One is the "brute force" method of computing the cost for each period

between 0.7 seconds and 6.7 seconds with equally spaced intervals‘of 0.2 seconds.

The other uses the parameter optimization software (SPEYER) to find the period
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COIl1pllt€l' PI"0g|°3m

MAIN
I—;"*j——;‘*option 2

I
SPEYER option 2

°
I

option I

I FUNI

EVAL • • ‘

’ issile’s Trajectory Modul °

_ Filters Module ·

Projcctile
Trajectory Module

Prob. of Hits Module
’

more projectiles ?
A

V6

EHITS

. Brute force approach : do for a given period (uniform spacings). ·

. optimization approach: search for the optimal period.
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with minimum cost. The main program for the first method calls the subroutine

EVAL in a DO LOOP to compute costs, costl and cost2, for a given trajectory

of the missile. Cost} is obtained by using the EKF as the ship’s filter, and cost2

uses JTF as the ship’s filters. The main program for the second method calls the

subroutine SPEYER to get the optimal period which minimizes the EHITS. The

execution of the subroutine SPEYER needs a subroutine, FUN}, which supplies

the cost value and its gradients. The subroutine FUN} calls the subroutine

EVAL to compute the EHITS. · .

Input parameters are read in from the main program. These consists of

DT, IMAP, YOFF, RSTAR, T, R,
i I

E,A, V, PI—Il, PSI, RN}, RN2, RN3, ° for the missile’s trajectory module, -
RN4, P}, P2I, P3G, DN2, DN4

DSEED, LP, STD, P, INDP, IWIGL for the filters module,
I

-

EPS}, EPS2, EPSO, SPEPS, LC, ME,
U

MI, N, XOPT, CAYY, PERT, RODG for the optimization module, A

RNEAR, RLAST, TPROJ for the EHITS module, and

TRAD, TLNGTH, TPROJ for the POH module.

iA description of these parameters is given in Appendix B.
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6.2 The EHITS 1)/Iodule (The Subroutine EVAL)

The purpose of the subroutine EVAL is to compute the EHITS. First, it calls the

missile’s trajectory module to get the history of the missile’s state vector. Sec-

ondly, it calls the filters module twice, the first time for the EKF and the second

l time for the JTF to get two histories of the estimated trajectory (state vector) of

the missile. Thirdly, for each estimated trajectory, the subroutine EVAL calls the

projectile module every 0.02 seconds when the missile’s range is between 2500 feet

and 300 feet. Fourthly, for each projectile fired, the subroutine EVAL further

· calls the POH module to estimate the probability of a hit on the missile. Finally,

the probabilty of hits are accumulated to get the EHITS for each of the EKF

result and the JTF result, the higher value is used as the output of this subrou-

tine. i

6.3 The 1)/lissile’s Tmjectory lwüdlllß .

The missile’s trajectory module is made up of the following the subroutines :

TRAJ, STOR, CHANGE, LINTP, ASSIGN, MAP, DXDT, IGRAT4, OFF-

SET. The algorithm is shown in the flow chart in the next page.
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T = 0
Give initial missile’s states

Recompute the missile’s stats
Start maneuver ? Ö

ne

eet the next switch time 5 CALL CHANGE
(squarewave and sawtooth

wave only)
,_|

CALL DXDT Compute derivatives of
„ the missile’s states.

CALL IGRAT4 Fourth order Runge·Kutta
integration. I .

CALL STOR _
U

Store the missile’s
_ state vector.

R < V*AT Criterion for stop.

N es

STOP
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There are three types of periodic functions for both of the vertical plane control
u

(AN;) and the horizontal plane control (AN4). This option is determined by the

input parameter IMAP as follows :

IMAP 1 and 2 3 and 4 5 and 6
”

.
waveform sinusoidal square sawtooth

wave wave wave

6.4 The Filters Module _

· The filters module includes two filter algorithm, the EKF and the JTF. The op- '

tion of algorithm is determined by the input. parameter IW : lW=l for the EKF

and IW =2 for the JTF. This module needs the inputs of the first three elements

of the missile’s state vector for measurements at each time step. An initial guess

of the missile’s state vector is also required as an input. There are three filters for

V each of the EKF and the JTF algorithm, the R-filter, the E-filter, and the A-

filter.

6.4.1 The EKF Module
C

» The E_KF module is made up of the following subroutines : KALMJP2,

KALMAIN, UPDATE, XPDATA, XIGRA, and PIGRA. The subroutine

KALMJP2 is the entry subroutine of this module. It sets up the initial conditions
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for the state vector, the error covariance matrix, P, and the preparation of the

calling of an IMSL subroutine, GGNSM, then it calls the subroutine

KALMAIN. The IMSL subroutine GGNSM is used to generate vectors of

Gaussian distributed random data for the measurement noise. The option of the

measurement noise conditions is determined by the input parameter INDP and

STD : lNDP=l for the no·measurement noise condition, lNDP=2 with

STD=l5.0, 0.003, 0.001 for the smaller measurement noise condition, and

INDP =2 with STD= 15.0, 0.009, 0.003 for the larger measurement noise condi-

tion. '
„ The subroutine. KALMAIN calls the subroutine UPDATE to compute the up- ‘

date phase equations, then it does the propagation phase by calling the subrou~ · ,

tine XPDAT to compute the derivatives of x and of P and by calling the

subroutines XIGRA and PIGRA to do the integrations.

6.4.2 The JTF Module
l

The JTF module is made up of the EKF module and the subroutines JUMDET

JUMPF and GELG. The values of Ü(0,i), Ä(0,i), and U(i) are calculated for each

of the R, E, and A filter and stored in the subroutine UPDATE at each time step

r,. The calculation of the U matrix involves a 3x3 matrix inversion which is

computed by the subroutine GELG._ These values are stored in a circle fashion

and the length of the moving window is 50 time steps. The reinitialization of
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these values are executed at a time interval of 4 seconds (every 80 time steps).

The subroutine JUMDET for each of the R, E, and A filter are called by the

subroutine KALMAIN if lW=2. This subroutine computes the values of

6(k), U(k), A(k) , see equations (4.1) - (4.4), to determine whether there is a

jump. When a jump is declared by the subroutine JUMDET for any filter, the

subroutine J UMPF is further called by the subroutine KALMAIN to compute

the magnitude of the jump and the corresponding changes of the EKF estimated

states. The subroutine JUMPF also reinitialize the values of Ü(0,i) , d(0,i), and

ll(i) before it returns to the subroutine KALMAIN.
I

6.5 The Projectile’s Trajectorgv Module

The projectile’s trajectory module is made up of the subroutines PJFC, PJFLT,

XGRAT, and EOM. The firing elevation angle of the projectile, Q , is computed

iteratively with an initial guess, Q, (0), in the subroutine PJFLT. The estimated

state vector of the missile (which is obtained in the filters module) at the

projectile’s firing time is needed to simulate the missile’s future trajectory. The

dynamics of the missile are computed in the subroutine EOM. The subroutine

XGRAT is used to do the integrations of the states. Meanwhile, the projectile’s

trajectory is simulated by calling the subroutine PJFLT and using the current

Q,. The adjustment of Q, is then based on the relative range between the missile

and the projectile at a future time of the simulation. The estimated elevation
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angle of the missile is used as the initial guess of the first projectile’s elevation

angle @(0). For the following projectiles, the @ of the previous projectile is used

as @(0). The firing azimuth angle of the projectile is computed after the @ is

obtained. _ ' l

6.6 The POH Nlodule _

The purpose of the POH module is to compute the probability of a hit (POH) on

the missile by the projectile. It is made up of the following subroutines: ·

TSTPGM, CPAX, XMDATA, PJTM, NHIT, PROB, IOT, and SNVRSN. The

subroutine TSTPGM calls the subroutine CPAX to compute the miss distance

between the projectile’s trajectory and the true missile’s trajectory. The history

of the missile’s states, the elevation and the azimuth angles of the projectile are

required as inputs. The position and the velocity vectors of the projectile are
’

computed in the subroutine PJTM, and those for the missile are computed in the

subroutine XMDATA. These two subroutines are called iteratively by the sub-

routine XCPA at the same time step until the closest point of the missile and the

projectile (CPA) is found. The position vectors are used to compute the miss °

distance and the velocity vectors are used to compute the relative velocity be-

tween the missile and projectile; both are needed in computing the POH. After

the closest point is found, the subroutine TSTPGM then calls the subroutine

NHIT to compute the the endpoints of the rectangle over which the probability
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is to be estimated. This rectangle is used to take into account the geometrical size

of the missile on the POI—I. The subroutine PROB is called by the subroutine

NHIT to compute the probability at a specific point in the rectangle. The prob-

abilities over the whole rectangle points are then accumulated in the subroutine

NHITS. This value is the output of the POH module.

6.7 The Optimization lllodulo

The optimization code used is the subroutine package "SPEYER", which is de-

veloped by the control group i_n the Department of Aerospace and Ocean Engi-

neering at VPl&SU, [44]. The optimization algorithm is based on the .

variable-metric gradient method, which provides a quadratic terminal conver-

gence for tinding an unconstrained minimum. It employs a metric which is ad-

justed during the iteration cycles. This package can be used to solve the

optimization problem with multi-parameters and nonlinear constraints. There

are two approaches to handle the constraints; one is the gradient projection ap-

proach and the other is the penalty function approach. However, our problem

consists of only one parameter to be optimized and no constraints at all. There

are some simpler gradient methods available for this purpose. We just use

'SPEYER’ for future work consideration.
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lt is assumed that the costlfunction J to be minimized is smooth to the extent of

possessing continuous second order partial derivatives since the gradient vector, U

J, , as well as the cost function J itself need to be computed at the starting point.

The vector x contains the parameters to be optimized. The update of x is given

by following equation :

Ax = —oeHJ,
h

(6.1)

U i
where oz > 0 is a scalar step size parameter, and the H is a variable metric which

i
_ is selected arbitrarily at the starting point as a positive definite, symmetric matrix.

lt is updated by

· . H(x + Ax) = H(x) + AH (6.2)

where AH is computed accordingly to either of the following three algorithms : ‘

(1) BFGS _

Ax A,T H AJ, mf H TAH = — —·—?—————
+ vv (6.3.1)

Ax AJ, AJ, H AJ, ·

where

1*** HAJ
V = VA.!} HAJ, — ——,———’ä— (6.3.2)

Ax AJ, AJ, H AJ,

(2) DFP

l I
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T HAJ, AJ? H
Ax AJ, AJ, HAJ,

(3) Hoshino

AH
_— AxAxT[2AJ;HAJ, + AxTA1,]

AxTAJ,[AJ,THAJ, + AxTAJ,]

HAJ,AJ,? H + Ax AJ; H + HAJ,AxT (6 6)‘ AJKHAJ, + AxTAJ, ' ”

The option for the update of the variable matric is determined by the value of the

input parameter MDFP as follows :
J I

_

MDFP 1111 3 3
update algorithm no update BFGS DFPHoshinoIn

this dissertation the BFGS update algorithm is used. However, the update

algorithm is not critical for one-parameter optimization problem such as ours.

To use the software package, it is necessary to provide a subroutine, FUNI, to

calculate the cost function J, and the gradient vector J, . In our problem the cost

function (EHITS) is not analytic; therefore, both the J and J, are computed nu-

mcrically. The EHITS can be computed by calling the subroutine EVAL. The

gradient vector, which is actually a scalar in our problem, is computed by the n

centered difference method in the subroutine FUN1. In our problem, the cost
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function is the EHITS and the parameter to be optimized is the period used for

both N2 and N4 maneuvering functions.
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Chapter 7 Result and Discussion i

-All the results discussed in sections 7.1 — 7.3 for both the PN system (cases no. 1

- 72) and the NOPN system (cases no. 101 - 172) are obtained by using the —

sinusoidal maneuvering function and the conditions described below : (1) the ·

smaller process noise as statedin equation (5.1); (2) the nearer range for the ini-

tial condition of state estimation as described in equation (5.4); (3) 8 different

maneuver starting ranges from 3250 ft to 5000 ft with equally spaced intervals

of 250 ft. Since these results are used only to obtain an approximate value of the

optimal period and the minimum cost for each case, only 8 maneuver starting

ranges, combined with 8 different sets of generated noise, are used for averaging.

‘ n
The optimization process has not been used in obtaininguthese results; only the

cost vs. the maneuvering period from 0.7 seconds to 6.7 seconds, with equally

spaced intervals of 0.2, are computed. Section 7.3.3 gives some tigures to show

the influence of maneuvering period on the estimation of trajectories, the proba-

Chapter 1 Result and Discussion es



bility of a hit on the missile by each projectile (POH), and the estimated number

of hits (EHITS).

In section 7.4 and 7.5, more results for some selected cases are obtained by using

the larger process noise as stated in equation (5.2) to improve the performance

of the EKF, especially for the shorter period results. Also, 24 maneuver starting

ranges, combined with 24 different sets of generated noise are used to cover at

least one maneuvering period to get better averages for the larger periods results.

However, more maneuver starting ranges have little influence on the shorter pe-
‘

riod results. The square wave and the sawtooth wave are also used for the ma-

neuvering function. Some plots of the cost vs. the maneuvering period are shown

_ in section 7.4. Some results using the optimization process are shown in section _7.5. ‘
7.1 Cases Without Iilaneuverirzg

In order to investigate how the periodic maneuvers reduce the cost, some no-

maneuver cases, i.e. cases with ANz=0, AN4=0., are checked first. When the
missile comes in without any maneuver, the ship’s filters perform best since the

EKF is designed for the tracking of a no-maneuver target. Therefore we would

expect to get a better estimation for the no-maneuver cases as compared to the

maneuvering cases under the same filtering conditions.
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The cost values (EHITS) for some no-maneuver cases are listed in the followingtables : ”
Table 3. EHITS for the No-Maneuver cases for the PN System ‘

Case No 13 25 37 49 61
Noise Type 0 1 1 2 2

Y Offset 100. 0. 100. 0. 100. (ft)

EKF 83 55 30 (EHITS)
JTF 83 55 30 (EHITS)

Table 4. EHITS for the No-Maneuver cases for the NOPN System ·

Case No 113 125 137 149 161
V

Noise Type 0 1 ° 1 2 - 2‘ Y Offset 100. 0. 100. 0. 100. (ft)

EKF 81
u

93 34 37 _ 12 13 (El—l1TS)‘
JTF 81 93 · 34 37 12 13 (EHITS) _

Concerning the filters used, the EKF and the JTF, we can make the following
I

observation. Comparing the EKF results with the JTF results in these two tables,

we see that the cost values obtained by the EKF are the same as those by the

JTF. ln other words, the jump filter is not triggered for the no·maneuver cases

even under measurement noise condition. This implies that the jump filter is not .

executed due to any measurement·noise (or false jumps), which is expected since

the JF is designed for the purpose of detecting state jumps but not for the meas-

urement noise

It is shown in Table 3 that for the PN system under the offset condition,”cases

no. 13, 37, and 61, the cost values are all near zeros. That is, the PN system
‘
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totally fails when the missile has its aimpoint 100 ft offset in the y direction. This

implies that the performance of the PN system deteriorated whenever the missile

comes in with an offset. The reason for this is due to the erroneous assumption

of the PN system that the missile is homing in on the radar site. The PN con-

stants are assumed known to the PN system and are used in its model of the

missile in the filters. The function of the PN constants in the filters ensures that

the estimated trajectory of the missile will end at the radar’s origin. Ijlowever, the

origin of the coordinates is placed at the ship’s radar (see section 2.1), which is

100 ft away from the aim-point of the missile on the ship in the offset case. Thus,

the PN system enhances the filters’ performance slightly in the no-offset cases,
'

comparing case no. l to no. 101, etc., but it degrades tl1e estimation performance

in the offset cases., We note that the missile’s aim point on the ship is an un-

known quantity to the ship’s fire control system.
l

Conversely, Table 4 shows that the NOPN system can deal effectively with the

· offset condition as well as the no-offset condition. lt is further shown there that

the NOPN system performs equally well under both the offset condition and the

no-offset condition. For example, among those results obtained with no-

measurement noise, case no. 113, which is an offset case, has a higher cost value,
’

EHITS =93, than that of the corresponding no-offset case no. 101, which has the

EHITS of 81. One reason for this is that more uncertainties of the missile’s dy-

namics are taken into account in the filters of the NOPN system. Recall that for

the NOPN system, the effects of N, and N, and that of N, and N, are merged

together into two new variables, N, and N,. The estimation of N, and N, are in- ·
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fluenced by measurement noise more than that of N, and N4, since in the latter

case the PN constants N, and N, are further used as known constants.

For the no-maneuver cases, both the PN and the NOPN systems perform better

under the no·measurement noise conditions than under measurement noise exist-

ing conditions. Furthermore, as the covariance of the measurement noise in-

creases, the performance degrades. Take as an example the three no-maneuver

cases for the NOPN system with no-offset condition, cases no. 101,125, and 149. ‘

Among these, case no. 101 (the no measurement noise case) has the highest cost,

81 EHITS, and case no. 149 (the larger measurement noise case) has the lowest

cost, 12 EHITS. Therefore the missile has little chance to complete its mission if ‘

the measurement condition on the ship is perfect (no measurement noise). How-

_ ever, in the real world, there is always some measurement noise, which increases

the chances for the missile to avoid the ship’s gunlire and hit the ship.-A Consid-
i

ering the NOPN system on the ship, the two best no-maneuver cases we obtained

for the missile to get fewer hits are those under the larger measurement noise

condition, cases no. 149 and 161. The El~llTS is 12 and 13, respectively. How-

ever, these results cannot be generalized to maneuvering cases.

For those cases with zero-offset but with measurement noise conditions, it is

shown in the above tables that the PN system can do better than the NOPN

system. For example, case no. 25 (EHITS = 55) vs. case no. 125 (EHITS = 34 -

) show the results under the smaller measurement noise condition, whereas case

no. 49 (EHITS = 30) vs. case no. 149 (EHITS = 12) show the results under the
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larger measurement noise condition. However, this is not critical for those ma-

neuvering cases, as will be shown in the following two sections. _

Finally, Tables 3 and 4 show that the EHITS values are too large for the missile

to evade the ship’s guntire. This is a good reason for the missile to maneuver

instead of just employing constant controls.

7.2 PN System Results ·

The PN system cannot handle the offset condition as has been shown in section

_ 7.1. Therefore, we only discuss the no-offset cases for the PN system. The min- __

imum cost and _the optimal period for each AN; and AN4 combination for the

PN system under the no-offset and the no-measurement noise conditions are

listed in Table 5. Those for the PN system under no-offsetibut measurement

noise conditions are listed in Table 6 and Table 7. The former is under the

smaller measurement noise condition and the latter is the larger measurement

noise condition.
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Table 5. EHITS at optimal period for cases EHITS at optimal period for
cases No. 1-12 : PN System, No Offset, No Noise.

AN4 \ AN; 0.0
g’s

1.5 g’s 2.5 g’s 3.5
g’s

9-9 83- @$111 <-81+87)
g’s none 3.8 3.0 2.7 (sec.)
1.0 22. 3. 3. 3. (EHITS)
g’s 3.4 3.5 2.9 2.7 (sec.)
2.0 13. 2. 2. 3. (EHITS)
g’s 2.4 3.5 2.8 2.4 (sec.)

Table 6. EHITS at optimal period for cases No. 25-36 : PN System, No
Offset, Small Noise. _

° AN.1 \ AN; 0.0 g’s 1.5
g’s

2.5 g’s 3.5 g’s

0.0 54.5 17. ‘ 7. (EHITS)
g’s

none 2.3 _ 2.2 2.2 (sec.) „‘ 1.0 26. 3. (EHITS) ~
g’s

2.1 2.5 2.2 2.1 (sec.)

2.0 14. 3. 3. (EHITS)
g’s

2.0 2.4 2.1 (sec.)

Table 7. EHITS at optimal period for cases No. 49-60 : PN System, No
Offset, Large Noise.

AN4 \ AN; 0.0
g’s

1.5 g’s 2.5 g’s 3.5 g’s

0.0 30.5 3.3 (EHITS)
gs E 3.4 2.9 2.5 (566.)

13.5
“

3. 3. (Enns)
3.3 3.4 2.9 2.5 (sec.)

2.0 7.5 2. 2. 2. (EHITS)

g’s 2.5 3.5 2.7 2.5 (sec.)

cnlapm 7 Result and Discussion 99



There are two values for each case in these tables. The value in the lower blank

is the optimal period in each case. The value in the upper blank is the minimum

cost at that optimal period for that specific combination of AN: and AN4.

From these tables, we can see that the cost is reduced dramatically to a minimum

whenever there is a maneuver in the vertical plane (mainly due to the AN: effect),

the horizontal plane (mainly due to the AN4 effect), or both planes. In other

words, the higher the maneuvering level of g’s, the lower the cost value. For ex- _ _
F

ample, the first column of Table 5 shows that when AN: =0 the minimum cost _

decreases as A,Na increases. The same observations are found in Table 6 and

Table 7. This implies that the periodic maneuvers really help the missilein its

objective to evade the tracking and the gunfire of the ship. °
[

The tables further suggest that we can get a lower cost by maneuvering in both
4

planes. For example, in Table 5, the case with both AN: = 1.5
g’s

and AN4= 1.0

g’s has a lower minimum cost than that with only AN: =2.5 g’s. However, the
h

above observations are true within bounds. The missile cannot use unlimited

higher maneuvering levels of
g’s

in both planes. Since the use of the larger AN:

· and AN4 values above a certain point does not significantly improve the missile’s .

eyasion of tracking, AN:= 1.5
g’s

and AN4= 1.0 g’s are a reasonable choice for

the missile if the measurement condition for the ship is perfect. With this se-

lection, the EHITS is 2, which is already a very low value. Similarly, picking the

minimum effort of AN: and ANa to reach the minimum cost·value·(taking into

account the measurement noise for the ship), it is found that AN: =2.5 g’s and
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AN4 =2.0 g’s are suitable for both the larger and the smaller measurement noise

conditions. The optimal period is about 2.1 sec. for the former and 2.7 sec. for

the latter. Furthermore, the optimal periods in Table 5 are all higher than 2.4
I

seconds. Speciiically, in the case with AN; = 1.5 g’s and AN4= 1.0 g’s, the opti-

mal period is about 3.5 seconds. The optimal periods are all higher than 1.9 sec.

for the smaller measurement noise cases in Table 6, and higher than 2.5 sec. for

‘ those under the larger measurement noise condition in Table 7.

Comparing the corresponding cases in these tables, we see that most of the mini-

mum costs in Tables 6 and 7 are not lower than those in Table 5, the no-

' maneuver cases notbeen considered. This implies that the estimation job is not

degraded too much due to measurement noise conditions.

Here, we compare two cases : the one in Table 5 with ANz=l.5
g’s

AN4=O.,

which- has the cost _value 10, and the one with AN: =0, AN4=2.0 g’s, which has

the cost value 13 We might conclude that the AN; maneuver is more effective

than the AN4 maneuver in the sense that it can get a lower cost value by ma- _

neuvering at a lower level of g’s. However, we have used different initial condi-

tions for the error covariance matrices,. PE(0) for the E filter and PA(0) for the A

filter, which makes them incomparable. Also, the previous results imply that the .

larger error covariance values in the P matrix is beneticial to the EKF. This ef-

fect is not significant under the influence of the measurement noise condition.
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7.3 NOPN System Results

7.3.1 Results from No-Offset Condition

The minimum cost and the optimal period for each AN; and AN4 combination

for the NOPN system under no measurement noise and no-offset conditions are

listed in Table 8. Those for the NOPN system under the no-offset but with the

measurement noise conditions are listed in Table 9 and Table 10. ‘ The former is
‘ under the smaller measurement noise condition, and the latter is under the larger

one.

Table 8. EHITS at optimal period for cases No. 101-112 : NOPN System, '
' No Offset, No Noise.

AN4 \ AN z 0.0 g’s 1.5
g’s

2.5 g’s 3.5
g’s

0-0 · 82-2 IK 2- <EH¤TS>
g’s none 2.9 2.4 2.2 (sec.)
1.0 20. 3. 3. 3. (EHITS)
g’s

3.1 2.5 2.3 2.1 (sec.)
2-0 2- <EH02S>
g’s

2.1 2.3 2.1 2.1 (sec.)
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Table 9. EHITS at optimal period for cases No. 125-136 : NOPN System,
. No Offset, Small Noise.

AN4 \ AN: 0.0 g’s 1.5 g’s 2.5 g’s 3.5
g’s

34. 6.6 4.0 (EHITS)
none 2.9 2.5 2.3 (sec.)

I
.

3.5 2. 1.2 (EHITS)
2.1 2.3 2.3 (sec.)

· 2.0 6.
—

0.6 0.6 (EHITS) -g’s
2.1 2.1 2.1 (sec.)

Table 10. E1-1lTS at optimal period for cases No. 149-160 : NOPN System,
No Offset, Large Noise.

‘

AN4 \ AN2 0.0 g’s 1.5 g’s 2.5 g’s . 3.5
g’s~

. 0.0 ° 12.5 4.0 2.6 _ 2.8 (EHITS) ·
‘ g’s

none __ 4.3 2.9 3.3 5 (sec.)

LO EI 1-2 IK 2-11 <121—11TS>
g’s

4.3 3.3 3.3 2.5 , (sec.)

2.0 2.0 0.3 1.2 (EHITS)
g’s

2.5 5.1 3.3 2.3 (sec.)

I
The results show many similarities to the PN system, such as : the rapid re-

duction to a minimum cost by maneuvers; the lower cost by maneuvering in both

planes; the higher the maneuvering level of g’s, the lower the cost value within

some bounds.

. Comparing Table 8 to Table 5, Table 9 to Table 6, and Table 10 to Table 7, we

_see that the results obtained by the PN system and the NOPN system are close

for each maneuvering case under no-offset condition. For example, cases with
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AN; =2.5 g’s and AN4=2.0
g’s

in both Table 6 (PN system) and Table 9 (NOPN

system) have the same optimal period (2.1 sec,). Besides, the minimum cost is 3

for the former and 0.5 for the latter under the smaller measurement noise condi-

tion. ‘

Picking the minimum effort of AN; and AN4 to reach the minimum cost value, ·

it is recommended that AN; =2.5
g’s

and AN4=2.0
g’s

be used for the n0·offset
h

condition with the PN system used on the ship. With this choice, the optimal

periods are 2.1 seconds for no measurement noise and the smaller measurement
u

° noise conditions, and is 3.3 seconds for the larger measurement noise condition.
‘

7.3.2 Results for the Nonzero Offset Condition · °

The minimum cost and the optimal period for each AN; and AN4 combination

for the NOPN system under the no-measurement noise and the offset conditions

are listed in Table ll Those for the NOPN system under the offset condition and

the measurement noise conditions are listed in Tables 12 and 13. The former is

under the smaller measurement noise condition, and the latter is under the larger

one.
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Table 11. EHITS at optimal period for cases No. 113-124 : NOPN System,
Offset, No Noise.

AN4 \ AN; 0.0 g’s 1.5 g’s 2.5 g’s 3.5 g’s

9-9 7- 11 <EHr7S>
g’s none 3.0 2.4 2.3 (sec.)
1.0 20. 2.5 2.5 (EI-{ITS)
g’s 3.1 2.5 2.3 2.1 (sec.)

2.0 2. 2. (EHITS)
g’s 1.5 2.3 2. 2.1 (sec.)

Table 12. EHITS at optimal period for cases No. 137-148 : NOPN System,
Offset, Small Noise. _

AN4 \ AN; 0.0
g’s

1.5
g’s

2.5 g’s 3.5
g’s

E 0.0 37. 8.5 4.0 (El—1ITS)‘ ·
„ gs ß 2.9 2.5 2.3 . (sec.)

12- Ill 2- 11
2.5 2.3 2.3 (sec.)

2.0 2. 0.6 0.6 (EHITS)
g’s 2.2 2.3 2.1 (sec.)

Table 13. EHITS at optimal period for cases No. 161-172 : NOPN System,
Offset, Large Noise.

AN.1 \ AN 2 0.0 g’s 1.5 g’s 2.5 g’s 3.5
g’s

0.0 13.5 4.2 3.0 2.8 (EHITS)

gs 4.3 3.5 2.7 (sec.)
1.0 3.8 1.2 1.5 1.2 (EHITS)
g’s

3.3 5.5 3.3 3.2 (sec.)

2.0 2.5 0.5 0.3 1.2 (EHITS)
g’s 2.5 4.3 3.2 2.3 (sec.)
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Again, similar results are found as previously described. Picking the minimum
‘

effort of AN; and AN4 to reach the minimum cost value, it is recommended that

AN: =2.5
g’s

and AN4=2.0
g’s

be used for the offset condition with the PN sys-
‘

tem used on the ship._ With this choice, the optimal periods are found at 2.0

seconds, 2.3 seconds, and 3.2 seconds, respectively for the no measurement noise,

the smaller and the larger measurement noise conditions.

The results for the NOPN system under the offset condition are close to those .

under no-offset condition. This can be shown by comparing Table 8 to Table 11,
4

Table 9 to Table 12, and Table 10 to Table 13. Therefore,4the NOPN system is

A less sensitive
4to

the offset condition, unlike the PN system, which totally fails in —

the nonzero offset condition.
U 4

lt is recommended that the ship use the NOPN system. The reasons are : (1)
4

under the no·offset condition, the PN and the NQPN systems have close results;

(2) under offset conditions, the PN system fails but the NOPN system performs

. , as well as under the no-offset condition; (3) we do not have to know the PN

constants as we do in the PN system, which are seldom known precisely.

7.3.3 Influence of Maneuvering Period on Estimations

Some plots are given to show the estimated number of hits versus the range of the
4

missile, see figure 19, 23, and 27 for case no. 123 for the period of 0.9, 1.9, and

4
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2.9 seconds, respectively. The coresponding plots for theaccumulated estimated

number of hits vs. missile’s range are tigures 20, 24, and 28. The comparisons

between the true and the estimated trajectories for each case are given by figures

21, 25, and 29 for y-coordinate vs. x-coordinate, and figures 22, 26, and 30 for

z·coordinate vs. missile’s range.

lt is shown in figures 21 and 22 that for a maneuvering period like 0.9 sec. or less,

the JF is not triggered for execution, and the smoothing-out effect of the EKF

makes the estimated trajectory close to the true one. From figure 19, we see that

the probability of a hit increases oscillatorily as the missile’s range decreases, .

. which implies that the closer the missile’s range, the higher the probability of hit °
C

except for some dead zones where the projectiles totally miss the missile.

The function of the JF is shown clearly in tigures 26 and 30. Before the JF de-

tects a jump, the JTF estimation is exactly the same the EKF’s. These estimated ·

trajectories begin to deviate far from the true one when the missile starts its ma-

neuver. The JTF brings the estimated trajectory back to the true one whenever

the JF is triggered for execution.

7.4 Comparison Between Three Maneuvering Functions

We have recommended the NOPN system for the ship. The NOPN system per-

forms equally well under the no-offset and offset conditions, which depends on
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the aim point of the missile on the ship. Since the aim point of the missile in

unknown to the ship, offset conditions would be preferred. Therefore, some

NOPN system cases under offset conditions are selected for redoing to get some

improvements for the ship’s filtering process.

ln order to improve the estimation performance for the ship, these selected cases

use the larger process noise as in equation equation (5.2). In these cases 24 runs

of different maneuver starting ranges are used to get the averaged cost instead

of just using 8 runs. More maneuver starting ranges are found to have some in-

fluences on large periods results but little for short periods results. This is be-

cause more maneuver starting ranges are needed to cover at least one period for ·

the longer periods cases to get unbiased averages. Acost vs. period plot is given

for each of these cases, see iigures 1-9. The following table shows the corre-

1 spondence between the plot numbers, the case numbers, and some parametric °

values.

Table 14. Parametric Values and Case No. for the Redo Cases for the
Sinusoidal Maneuvering Function

Plot Case AN; AN4 Noise optimal EHITS
period

No No (g’s) (g’s) Type (sec.)
1 115 2.5 0. 2.2 9
2 121 0.0 2. 1.6 17
3 123 2.5 2. 1.9 2
4 139 2.5 0. 2.1 8
5 145 0.0 2. 1.6 10.5
6 147 2.5 2. 1.9 2
7 163 2.5 0. 2 3.5 2.8
8 169 0.0 2. 2 2.4 3.5
9 171 2.5 2. 2 2.7 1
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Again, Table 14 shows that the missile should maneuver in both the horizontal

and the vertical planes to get a lower EHITS. Therefore, only cases no. 123, 147, . _

and 171 are chosen further for redoing for the square wave and the sawtooth

wave maneuvering functions. These are shown in figures 10 - 12 for the square

wave maneuvering cases, and figures l3—l5 for the sawtooth wave maneuvering
A

cases.
A

There are two lines for each plot. The dotted line denotes the EKF results and

the solid line denotes the AJTF results. It.is shown that the dotted line has high

cost when the period is small, and the cost drops very rapidly as the period in-

_b creases. This implies that the EKF performs better for small maneuvering peri-A

ods of the missile, and the performance deteriates very soon as the periods

increases. This is due to the smoothing-out effect of the EKF as described pre-
A

viously. For small periods the cost value is very high since the missile’s trajectory

maneuvers vary little from an easily predicted path and, consequently, the ship

is able to place projectiles within a small miss distance radius of the missile’s path. A

As the period is increased from zero the cost will decrease since the ship has dif-

üculty in estimatirlg small maneuvers that are masked by radar errors and those

undetected maneuvers generate larger miss distances. As the period increased

still further, the EHlTS‘reaches a minimum and then increases as the ship detects

the maneuvers and predicts projectile interceptions more accurately. ~
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The jump filter (J F) is not triggered until the solid line separates from the dotted

line. ln most figures the solid line goes below the dotted line when they first

separate, but it stays there for only a very short period interval before going

above. This observation is due to the delay of the detection of the JF for a jump,

which means that in smaller maneuvering period cases, the JF cannot catch up

with the maneuvers. We remark that the JF needs a time delay to accumulatd

error residuals before it detects a jump, and also that there is a time delay in in-

tercept due to the projectile flyout. The time delays make the estimated trajectory

worse when the missile starts an opposite-direction motion soon after the previous

jump is estimated. Nevertheless, the JF does perform better than the EKF for

larger maneuvering periods.
‘

Both the EKF and the JTF have been used to do the estimation job. Each filter
4

gives a cost value. We take the higher cost value as the final cost value for the

EHITS. lt is shown in figures 1 - 15 that the EHITS decreases monotonically

until it reaches the minimum point.

Table 15. Comparison Between Three Maneuvering Functions

Measurement Noise Type 0(no) 1(small) 2(large)
Wave Form \ Case No. 123 147 171

sm. 2.0 2.0 (rzmrs)
2-7 (Sec-)

sim <EH¤TS>
<EH¤TS>

wave ua 3-3 <S¢¢·>
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Table 15 is given to show the comparative results between three periodic maneu- .

vering functions. Suppose the missile uses a square wave maneuvering function,

we expect that the JF would be triggered earlier to execute than other waveforms.

This is because that the maneuver is a constant between switches and the EKF

accumulates larger residules caused by the square waveform than others at the

beginning of the maneuvering. In contrast, the JF would be triggered the latest
A

for the sawtooth waveform among the three waveforms investigated. Thus, it is

shown in Table 15 that by using the square wave form the optimal period is the

_ smallest one, and by using the sawtooth wave the optimal period is the largest

one. However, the earlier detection. of a jump does_not necessarily imply the best

estimation for the entire missile's trajectory and higher EHITS. Similarly, the
A

_ later detection of a jump does not necessarilyimply lower EHITS. For example,

in case no. 147, the optimal period is 1.6 sec. for the square wave, which is the »
A

smallest, and that for the sawtooth wave is 2.4 seconds, which is the largest

among these three wave form results. ln these cases, the square wave result has
'

2.0 EHITS, which is not the best case for the ship, and the sawtooth has 4.0

· EHITS, which is not the worse case. for the ship, neither. Since these optimal

periods obtained by using different periodic waves are different, the dissertation

_ warrants the title "suboptima1 period design" instead of "optimal period design".

We select the best control waveform that has the minimum EHITS with the

longest optimal period from Table 15. For example, we observe that for case _no.

147 (the small measurement noise condition) in Table 15, both the sinusoidal and

the square wave have the minimum EHITS of 2.0, but the optimal period for the

A
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sinusoidal waveform (1.9 sec.) is larger than that (1.6 sec.) of the square

waveform. Therefore, we select the sinusoidal waveform with the period of 1.9

sec. as the best control waveform under the small measurement noise condition.

With the minimum EHITS, the missile has the highest survivability . With the

largest optimal period, the missile needs least maneuvering. Based on these cri-

terions, from Table 15, the optimal waveforms under different measurement noise

conditions are recommended as follows : (1) for the no-measurement noise and

. the small measurement noise conditions, cases no. 123 and 147, respectively, the

sinusoidal wave with the period of 1.9 sec. has the EHITS of only 2.0. (2) for

the large measurement noise condition, case no. 171, the sawtooth wave with the'
I

period of 3.3 sec. has the EHITS of only 1.0. Furtherfore, for case no. 171 the

sinusoidal wave with the period of 2.7 sec. is also a good choice since the EHITS

is as low as the minimum one (1.0 EHITS), and the optimal period (2.7 sec.) isnot too short. · u
When the ship’s radar noise condition is not known to the missile, the best

waveform among these three types is the sinusoidal wave with the period. of 1.9
—

seconds. This is an optimal choice for the no-measurement noise and the small

measurement noise condition, which have the minimum EHITS 2.0. Although

this is not optimal for the large measurement noise condition, but it only has 3.0

EHITS in this case.
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7.5 Optimization Cases ·

Case No 147 is chosen to go through the optimization process for the three peri-

odic maneuvering functions. This is an offset case under the smaller measure-

ment noise condition for the NOPN system with AN; =2.5
g’s

and AN4=2.0 g’s.

The initial guess for the optinization process should be selected carefully to reduce

· the computation time and ensure convergence to the global minimim point. As

described in the previous section, the curves of the cost function vs. the maneu-

vering period monotonically decrease until they reach the minimum point. With ·

this feature, we can always start with
‘a

small value period, for example, around

1.0 second, as an initial guess for the optimization process. ·
°

O

The perturbation step for the computation of the cost gradient should be selected

properly. It should be small enough so that the central difference equations ap-

proximate the differential equations. However, it should be large enough so that

the two perturbed points have two different costs, which yield a nonzero gradient.

The optimal periods obtained are 1.894 sec. for the sinusoidal maneuvering i

function, 1.567 sec. for the square wave, and 2.359 sec. for the sawtooth wave.

· The corresponding minimum costs are 2.270, 2.130, and 3.079 EHITS, respec-

tively. Figures 16 · 18 show the points which are selected automatically by the

program to be calculated during the optimization process for these three cases.
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Chapter 8 Conclusion

The period design for the maneuvering control function of the missile to evade the

_ tracking and the prediction capability of the EKF and the JTF (EKF+JF) has

been studied.
A

p Our results show that the ship should not use the PN system in its filters. For, ‘

· if it does then the EHITS on the missile are almost always zero. The reason for

this is that the PN system assumes that the missile impacts on the ship at the lo-

cation of the radar. The survivability is low, however, if the missile’s aim point

coincide with the ship’s radar site. When this is not the case, a filter using the
”

PN system will have large·errors in its estimate of the missile’s guidance param-

eters. The result is large miss distances of the ship’s projectiles and almost zero

EHITS on the missile. For this reason the ship should employ the NOPN system

which makes no erroneous assumption about where the missile will impact on the

ship.
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For the case that the ship uses the NOPN system (i. e., it does not use the PN
‘

constants in its tiltering process), three kinds of maneuvering control function for

the missile have been investigated for the optimal periods. It has been shown as

expected that the cuwe of the cost function vs. the maneuvering period is

monotonically decreasing until it reaches a minimum point.

It has been found that the magnitudes of the maneuvering function, AN; and

AN4, have some effects on the period design. We recommend that the missile

usesl.5 g’s < AN; < 2.5 g’s and l.0g’s < AN4 < 2.0 g’s. _

The radar measurement capability of the ship has some influence on the esti-

' mated number of hits on the missile by the projectiles. In most cases investigated,
C

we found that the optimal period increases with an increase in measurement

noise. This is to be expected since the tiltering system of the ship cannot detect

maneuvers which are masked by the ship’s radar errors. The missile’s period can

be increased without detection until the changes in the missile’s position relative

to the no·maneuver case matches the radar errors.

The shape of the maneuvering function is also essential to the period design. ‘

Comparing the result obtained using the three wave forms, we found that by us-

ing a square wave the optimal period is the smallest and by using a sawtooth

wave the optimal period is the largest.

Chapter s cehehraaeh us



When the measurement noise condition is known to the missile, the optimal

waveforms under different measurement noise conditions are recommended as

follows : (1) for the no-measurement noise and the small measurement noise

conditions, cases no. 123 and 147, respectively, the sinusoidal wave with the pe-

riod of 1.9 sec. has the EHITS of only 2.0. (2) for the large measurement noise

_ condition, case no. 171, the sawtooth wave with the period of 3.3 sec. has the

EHITS of only 1.0. The sinusoidal wave with the period of 2.7 sec. is also a good

choice since the EHITS is as low as the minimum one (1.0 EHITS), and the op-

timal period (2.7 sec.) is not too short. When the ship’s radar noise condition is

not known to the missile, some tradeoff should be made. We recommend that the .

missile uses the sinusoidal wave with the period of 1.9 seconds. The EHITS thus .

obtained are 2.0-- for the no-measurement noise and the small measurement noise
l

condition and is 3.0 for the large measurement noise condition.
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Figure 24. Accumulated Probability of Hits vs. Range, Case No. 123,
Period = 1.9, Sinusoidal Wave.
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Figure 25. True and Estimated y vs. x, Case No. 123, Period=1.9,
Sinusoidal Wave.
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Figure 26. True and Estirnated z vs. R, Case No. 123, Period=1.9,
Sinusoidal Wave.
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Figure 27. Probability of Hits vs. Range, Case. No. 123, Period=2.9,Sinusoidal Wave.
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Figure 28. Accumulated Probability of Hits vs. Range, Case No. l23,Period = 2.9, Sinusoidal Wave.
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Figure 29. True and Estimated y vs. x, Case No. 123, Period = 2.9,
Sinusoidal Wave.
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Figure 30. True and Estimated z vs. R, Case No. 123, Period=2.9,
Sinusoidal Wave.
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Appendxx A. Program Description »

MAIN _
PREMAP _ ‘ ._ · SPEYER _

FUNI
‘ ‘

EVAL
INIT“

4 STOR _
TRA.]

CHANGE
. LINTP ·

ASSIGN
— MAP

DXDT
STOR

MAP ‘
DXDT
IGRAT4
STOR . ·

· OFFSET -
TRANS‘
BACK

MATCH
TRANS _
KALMJP2

KALMAIN
GGNSM
UPDATEJUMDET · _

· ° _ JUMPF
XPDTA
XIGRA ‘

PIGRA
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MAIN Main program.

PREMAP Sub. to preset some variables according to different IMAP.

SPEYER The optimization process entry sub.

FUNI Sub. to supply the cost and its gradient for the opt. process.

EVAL Sub. to evalute the cost (EHITS) for given opt. parameter (period).

INIT Sub. to assign init. cond. to some parameters.

STOR Sub. to store the state vector of the missile at each time step.

TRAJ Sub. to compute the state vector history of the missile’s trajectory. _

CHANGE Sub. to recalculate states when the controls switch. _

LINTP Linear interpolation sub.
i

Ü ~ .
V

ASSIGN Sub. to assign states & controls to the corresponding variables. . a

. MAP Sub. to match proper waveforms of the controls due to different IMAP.

DXDT Sub. to calculate the derivatives of states.
i

IGRAT4 Fourth order Runge-Kutta method sub. for the integration of states,X.

OFFSET Sub. to add y offsets of missile homing-in position from radar.

TRANS Sub. to transform R, E, & A into X, Y, & Z coordinates.

BACK Sub. to transform X, Y, & Z into R, E, & A coordinates.

MATCH Sub. to prepare for the input data to sub. TSTPGM; called only when ICHG= 2.

KALMJP2 Sub. to set up init. values for f'1lter(s), the EKF and the JTF.

KALMAIN The entry sub. for the EKF and the JTF.

GGNSM IMSL sub. to generate normal distributed noise data.

UPDATE Sub. to do the update part of EKF.

JUMDET Sub. to check the possibility of a jump.

JUMPF Sub. to calculate the jump amp. a.r1d correct the states in that filter after a jump is de-

tected.

XPDTA Sub. to calculate the derivatives of states a.r1d the e'emer1t of the covariance matrix, P.
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RFIND
LINTP
ASSIGN
DELAY

PDIC
TRANS
FIND
DTMS

TSTPGM
PJFC

EOM
PJFLT
XGRAT

CPAX
PJTM
XMDATA ‘

NHIT
. PROB' IOT

_ SNVRSN '
TFIND

LINTP
ASSIGN ' .

‘

DELAY —
XIGRA Fourth order Runge·Kutta method sub. for the integration of states,X

PIGRA Fourth order Runge-Kutta method sub. for the integration of the elem. in the ·

covariance matrix.

RFIND Sub. to find the first firing time of projectiles and the corresponding position of the

missile.

DELAY Sub. to interpolate delayed time and position of missile from the given ones; called only

when IDLY= l.

PDIC Sub. to predict true position of missile for a given prediction time; called only when

· ICHG= 1 „

FIND Sub. to predict position of missile based on measured data for a given prediction time;

called only when ICHG = l

DTMS Fun. to calculate the distance between the two position evaluated in sub. PDIC &

l
FIND; used only when ICHG= l
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TSTPGM The entry sub. to evaluate the probability of a hit on the missile by the projectile; called

only when ICHG= 2.

EOM Sub. to compute equation of motion of the missile.

PJFLT Sub. to compute the elevation angle of the projectile.

XGRAT Fourth order Runge-Kutta integration subroutine.

CPAX Sub. to compute the closest point of approach of the missile and the projectile.

PJTM Sub. to compute the projecti1e's velocity and position vectors.

XMDATA Sub. to compute the missile’s velocity and position vectors.

_ NHIT Sub. to compute the endpoints of the rectangle counted for the effect of the missi1e’s

geometrty on the POH. _
S

PROB Sub. to accumulate the probabilities over the rectangle area.

n IOT
S

Sub. to compute ~the probability at specific point of the rectangle area.

SNVRSN. Sub. for computing sin(h) vs. h. _ ‘

E TFIND Sub. to find the next firing time of the projectiles and the corresponding position of the

. missile.
S
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Appendix B. Program Input Variables Description

XOPT The init. guess-va1ue(s) for the opt. parameter(s),X. 5.0
RSTAR The beginning ra.nge(ft) to start changing control of N; and N4 3500. '

DN2 The amp. of AN; 1.5
DN4 The amp. of AN4

' 1.0 ‘

IDATA = 1 : Read the traj. data from Disk 3 · 2
‘

= 2 : Use EKF and JTF before evaluating cost
ITRJ = 1 : Regenerate the traj. data; otherwise use the previous one 1
IWIGL = 1 : Use N, and N, in eom for both the true and the est. traj.;

otherwise Use N; and N4 in eom for both the true and the est. traj.
ILOOP The no. of DO LOOP for different values of X

= 1 whenever using the opt. process
ICHG = 1 : Use the simplilied prob. fun. 2

= 2 : Use the more realistic prob. sub.‘
IDLY = 1 : Use the delayed values of true traj. data as t11e approx. for the filters 0
DT The integration time interval of the true traj. data 0.05
VM The projectile’s ve1ocity(m/s). 900.
RNEAR The beginning range(ft) to evalute the EHITS 2500.
RLAST The ending range(ft) to evaluate the EHITS 300.
TPROJ The time interval for the firing of projectiles 0.02
T The init. value for time(s) used for both true traj. and the filters 0.
R The init. value for rar1ge(ft) used for both the true traj. and the filters 9963.26
E The init. value for the elevation angle(rad) 0.0042
A The init. value for the azimuth ang1e(rad) 3.09
V The init. value for the missile vel.(ft/s) 936.35
PHI The init. value for the angle(rad) ¢ -0.003
PSI The init. value for the angle(rad) 1/1 0.025

a.nd the filter
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YOFF The y-coord. offset of missile homing-in target from the position of radar 0 or 100 1
ZOFF The z-coord. offset of missile homing-in target from the position of radar 0.
P1 Constant defined in equation (2.29). 0.0117

for international unit used in sub. EOM 1.07279E -4
P2I Constant defmed ir1 equation (2.29). 2.136752
PI2 for intemational unit used in sub. EOM 335.4847
P3G = thrust/weight used for both the true traj. and the filter 0.41

'RNI Proportional navigation parameter in elevation 3.15
RN2 Vertical maneuver (gravity bias) parameter (pop-up) 1.0
RN3 The proportional navigation parameter in azimuth 3.0
RN4 Horizontal maneuver parameter (pop-over) 0.
IMAP = 1 : AN; has the form of sin. wave with teh amp. DN2;

= 2 : Both the AN; and AN; have the form of sin. wave;
= 3 : AN; has the form of square wave with the amp. DN2;
= 4 : Both the AN; and AN; have the form of square wave;
= 5 : AN; has the form of square wave. with 2 opt. parameters. _

X(l) = time interval of switching
“

X(2)=the amp. of the change of N;
= 6 : Both the AN; and AN; have the form of saw tooth wave;

DELT The time interval for switching of N; & N; in the case IMAP=4 _ 0.5

- LC The max. no. of opt. process cycle 5 ·
— N The no. of opt. parameter(s) 1

_ ME The no. of equality constraint(s) - 0
’Ml The no. of inequality constraint(s) 0 .
PERT

‘ The perturbation used for evaluating gradient .
‘ 0.001

EPSI Absolute specification of norm of the projected gradient required for 0.01 '
convergence · —

EPS2 Relative specification of norm of the projected gradient required for 0.001
convergence (relative to the norm at the first iteration) .

EPSO Factor applied to the intemal 1-D search 1.
SPEPS Tolerance on fun. values for 1-D search 0.001
RODG Init. step size when performing the 1-D search 0.2
IPPR The printout level (0-5) 4
LP (LP- 1) is the interpolation no. of data between two measurements to refinel

the data set for better estimation
INDP = 1 : no measurement noise; otherwise measurement noise exists 1
P The error covarance matrix for three filters 225., 4*0. 4.

· . 9.e-6, 4* , 4.
‘ 1.e-6, 4* , 4.
GR gravity constant (ft/sz)

’
32.2

G gravity constant (m/sz) 9.807
RO0 The air density constant at the sea level (lb-s 3/ft ‘ _ .23769e-2
RHOSEA Th air density constant at the sea level (Kg/m 3) 1.226
C The constant in English unit .327e-4

The constant in Intemational unit 1.07279e-
TRAD The diameter of the cross-section of missile (m) 0.5
TLNGTH The length of missile (m) 6.0
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