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(ABSTRACT)

Elastic·plastic stress·strain models are developed for lnitially anlsotroplc soils. The

models are developed for both total stress (undralned) analyses and for effective stress

(drained) analyses. For anlsotroplc undralned coheslve solls under monotonic loading an

elastic-plastic isotroplc-hardenlng model ls developed. For complex loading conditions the

model is extended using multlsurface plastlcity. For effective stress analyses of solls, the

Cam·Clay model concepts are generallzed for lnitially anlsotroplc soils. Both isotroplc and

anlsotroplc hardenlng are used in the model. The behavior of the models is investigated un-

der several loading conditions and some comparisions are made with experimental trlaxlal

data. A nonllnear three-dlmensional finite element program is developed ln which the models

are implemented. An updated Lagranglan large dlsplacement analysis is also included. The

constltutive models developed are used to lnvestigate the influence of initial anisotropy on the

bearing capacity, deformation and pore pressure development under footings in both plane-

strain and three dlmensional conditions. It ls found that for the range of anisotropy encount-

ered in the field, the deformation and bearing capacity are signilicanfly different.
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C H A P T E R 1

INTRODUCTION

Almost all solls exhibit some degree of anlsotropic behavior. Yet in most analysis the

influence of anlsotropy ls neglected. However, the presence of anlsotropy in solls can signif-

lcantly influence the analysis, in particular the analysis of stresses and displacements under

foundatlons, bearing capacity , stabllity of embankments and slopes, and earth pressures on

retainlng structures.

The classical methods of analysis in soll mechanics treat the problem of deformation and

stabllity separately, i.e., settlement analysis and bearing capacity calculations. Solls contin-

uously yleld, thereby showing that deformation and failure analyzes cannot be seperated.

Also, in most of the classical methods, the soll ls treated as an lsotropic media. For defor-

mation analysis the soll is treated as an elastic solid and for stabllity analysis it is treated as

a rigid-plastic body. Only in a few cases is the anlsotropy of the soll included in the analysis.

ln these cases, the theory of anlsotropic elastlcity ls used for deformation analysis and an

anlsotropic failure crlteria is used for stabllity analysis. However, the real behavior of solls

is too complex to be modeled by such simple theories. With the development of numerical

1 INTRODUCTION 1



methods, particularly the linlte element method, it is now possible to do a complete analysis

of soll mechanics problems, i,e., an incremental elastlc·plastic analysis can be done so that

the continious yielding nature of solls can be included in the analysis. ln recent, years a large

number of constltutive models have been developed to analyze the behavior of solls. These

models, along with the finite element method, have been used to analyze problems in soll

mechanics. Most of these models treat the soil as an isotropic media.

The behavior of solls is generally nonlinear, anlsotroplc, hysteretlc and rate and path

dependent. ln the past the theory of plasticlty has been successfully used to predict stresses,

strains and limit loads under different loading conditions. EIasto·pIastic models have been

developed for both static and cyclic loading conditions and have been used under a wide va-

riety of loading conditions. Because the behavior of solls is very complex, no single model

can be used for all possible loading conditions. For small strains a simple elastlcity model can

be used. For large strains and under monotonic loading conditions a nonlinear elastlcity

model or a simple isotropic hardening plasticlty model can be used with accuracy. However,

under a general varying state of stress, an advanced plasticlty model is necessary to obtain

good results.

While a large amount of work has been done in the elasto-plastic analysis of isotropic

materials, little work has been done in the elasto-plastic analysis of initially anlsotropic ma-

terials. This is unfortunate, as most solls exhibit some degree of anisotropy. lt is essential

that initial anisotropy be included in the analyzes of geotechnical problems, as anisotropy can

influence bearing capacity, deformations, earth-pressures and stability of geotechnical struc-

tures.

The aim of this thesls is to extend the classical isotropic elastic-plastic models to account

for the initial anisotropy of the soll. These models will be developed for undrained and ef-

fective stress analyzes of solls, and will account for both initial and induced anisotropy of the

soll. The models will be implemented for the linlte element analysis of a number of problems

in soll mechanics.
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This thesls has been dlvided into seven Chapters. ln Chapter 2 the causes and types of

anisotropy in solls are brlel'ly discussed. The basic concepts of the theory of plastlcity and

various isotropic and anisotropic yield criteria are reviewed. Also, some of the results ob-

tained from the limit analysis of anisotropic materials are discussed.

ln Chapter 3 elastic-plastic constitutlve models are developed for the undralned behavior

of anisotropic clays. Both isotropic hardening and multisurface theories are used in develop-

ment of the model. The general response of the model is investigated under simple loading

conditions and some comparisions are made with experimental data.

In chapter 4 elastic-plastic constitutlve models are developed for the anisotropic behavior

of both clays and sands. These models can be used for both drained and undralned condi-

tions. Both isotropic hardening and kinematic hardening theories are used in developing the

models. The response of the models is investigated and some comparisions are made with

experimental data

Chapter 5 describes the implementation of the models into llnite element analysis. A

three-dimensional llnite element program was developed for nonlinear analysis of solls. The

models developed in Chapters 3 and 4 have been implemented into the program. As plastic

deformation can lead to large displacements, geometric nonlinearity was also considered.

A large deformation capability based on the updated Lagrangian formulation has been im-

plemented in the program.

ln chapter 6 strip and rectangular footings on anisotropic solls are analyzed by the tinlte

element method under both drained and undralned conditions. The influence of anisotropy is

investigated on both the deformation and failure of the footings. The tlnite element analysis

takes into account the initial anisotropy of the soll, three-dimensional stress conditions and

the influence of overconsolldation on the deformation and failure ofthe footings. The influence

of initial anisotropy on the pore pressure development, ylelding below the footlng and surface

displacement proüles is also analyzed. The influence of anisotropy on the stabillty and de-

formation of an embankment is also investigated.

Finally, in Chapter 7 the summary and concluslons derived from this study are presented. .
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PLASTICITY OF ANISOTROPIC SOILS

Introduction

In this chapter the causes of anisotropy in soils and their stress-strain· strength behavior

is briefly examined. The anisotropic behavior of soils under both drained and undrained

conditions are discussed.

As the theory of plasticity will be used to develop the models, the basic concepts of the

theory of plasticity as applied to anisotropic materials are briefly discussed and the various

anisotropic yield criteria examined. Also, some of the classical methods of limit analysis and

the relevant results obtained by these methods for anisotropic media are investigated.

2 PLASTICITY THEORY 4



Causes of Anisotropy

Almost all soils exhibit anisotropic behavior in both strength and stress-strain response.

Anisotropy in soils is caused by the manner of deposition and the non-uniform initial state of

stress in the soil. The anisotropy arises due to the difference in vertical and horizontal

stresses which develop during deposition and this Ieads to prefered orientation of the soll

structure (26). Futher anisotropy could develop due to the complex stress history experienced

in the past by the soil. This includes deposition,erosion, geologic movements and earthquake

motions.

The anisotropic response of soils can be seperated into two parts; inherent anisotropy

and induced anisotropy. lnherent anisotropy ls the anisotropy exhibited in strength and stress

strain response upon initial loading. lf samples of an unstressed anisotropic media are tested

, in directions which are mutually perpendicular, different stress-strain behavior will be ob-

served (see Figure 2.1). This includes the initial elastic moduli, as well as the ultimate

strength. This type of behavior is called initial anisotropy.

induced anisotropy is the anisotropy developed in soils due to the loading process. Load

an initially isotropic material in one direction and unload. Reload the same sample in a di-

rection normal to the tirst loading direction. The stress-strain response of the two cases may

be different. Thus an initially isotropic material has become anisotropic. This type of behavior

is called induced anisotropy. Usually the two types of anisotropy exist simultaneously. Under

undrained conditions many clays exhibit induced anisotropy. lf the loading process causes

rotation of the principal stresses, the undrained stress strain behavior may be anisotropic (22).

As this anisotropy is caused due to loading and depends on the stress path, lt is also called

induced anisotropy.

The anisotropic behavior of sands has been examined by many researchers (2,3,68).

Experiments carried out under both triaxial and plane strain conditions on sand samples in-

clined to the direction of deposition indicate anisotropy in both strength and stress-strain re-

2 PLASTICITY THEORY 5
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Figure 2.1 General Response of Anisotropic materials
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sponse. The angle of internal friction can vary between 2 to 8 degrees over the angle of

internal friction measured in the direction of depositation. The strains can vary by over 200

percent. Anisotropy in sands arises chiefly due to the mode of deposition of the sand layer.

This Ieads to preffered orientation of the sand grains. Figure 2.2 shows the strength and

stress-strain variation with the angle of loading for triaxial tests on sand (2).

Initial anisotropy is exhibited by clays under undrained conditions (1,8,13,22,41,59,60).

The anisotropic behavior of undrained clay is due both to the mode of sedimentation and the

previous stress history experienced by the soil. Many overconsolidated clays and clays con-

solidated under an anisotropic stress state also exhibit anisotropic behavior. The drained

response of these same clays may be isotropic. The undrained anisotropic behavior is due

to the previous stress history of the clay and due to different stress paths during loading. This

can result in anisotropic undrained behavior, while the drained response is essentially ·

isotropic. The undrained shear strength can vary by over 50% in two mutually perpendicular

directions and the elastic moduli can differ by a factor greater than 2.0. This is important in

the short term analysis of structures on clay. Initial anisotropy can influence both bearing

capacity and deformation. Figure 2.3 shows the stress-strain response of London clay under

undrained conditions (1). The stress strain response is plotted for a horizontal sample ( 9 =

0. ) and for a vertical sample ( 9 = 90.). The clay displays anisotropy both in the elastic re-

sponse as well as in the strength.

Under drained conditions, some sensistive and overconsolidated clays exhibit anisotropic

response (36,41,69). Limited data is available for the drained anisotropic behavior of clays.

Anisotropy is exhibited both in strength and stress-strain behavior. The variation in strength

can be up to 50% and the elastic moduli can vary by over 200% (69). Figure 2.4 shows the

stress-strain response of a senstitive clay under drained triaxial conditions (69). The stress

strain response is plotted for samples inclined at various angles to the horizontal. Both the

stress strain response as well as the volume change exhibit anisotropy.

2 PLASTICITY THEORY 7
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Plasticity Theory

The basic assumption in the theory of plasticity is that, there exists a yield surface in the

stress space, such that, for all states of stress within the surface, the response ofthe material

is elastic. States of stress on the surface exhibit elastic-plastic response. No state of stress is

allowed outside this surface. ln general the yield surface is of the form,

F(6, a,k) = 0 (2.1)

where 6 is the stress vector, a is the translation vector and k is a scalar parameter. Where

for F < 0, the response is elastic and for F = 0, the response is elastic-plastic. The various

forms of F(6, a,k) will be discussed in the next section.

lt is assumed in the incremental theory of plasticity that the incremental strain can be

separated into an elastic component and a plastic component (29,72).

dd = dä + dä (2.2)

where dz is the total incremental strain vector, ds' is the elastic incremental strain vector and

daß is the incremental plastic strain vector. It is further assumed that there exists a plastic

potential and that the plastic incremental strain vector is proportional to the gradient of this

potential. This is the normality condition (72,29).

dä = xä (2.3)66

where Q is the plastic potential and X is a proportionality constant to be determined by the

consistency condition. This condition states that during deformation the stress point should

not penetrate the yield surface. This is given as,

dF = 0 (2.4)

Equation 2.3 can also be written as (42),

Ä
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dzp
= nq(nId6)/K (2.5)

Where K is the plastic modulus and n„ and n, are the normalized potential and yield function

gradients (42) given by,

_ 60 60 r 60 -1/2¤q ;;(( öc) (ac ll (2-6)

¤1 ööllöo) ((36))
If Q = F, then the material is said to have an associated flow rule; if Q is not the same

as F, then the material has a non-associated flow rule. ln this thesis, only associated flow

rules will be used, as this results in a symmetric stiffness matrix. In general, most frictional

materials require non-associated flow rules. However, the increase in accuracy obtained by

using a non·associated flow rule is offset by a reduction in computing costs due to Iesser

computer storage and computation time.

Further the elastic strain increment is given as,

6;* = D—1dU (2.7)

where D is the elastic constitutive matrix. Substituting the flow rule and the above equation

into equation (2.2).

ds =
D_1dG

+ nq(•J66)11< (2.8)

Solving for da

ds = (D — Dnfnqb/(K + n{Dnq))dz (2.9)

Equation 2.9 can be written as,

dß = (0 — np)6; =
¤*‘°6;

(2.10)
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Where D*P is the elastic·plastic matrix and DP is the plastic matrix.

Anisotropic Yield Criteria

ln the previous section, a brief description of the theory of plasticity and yield criteria was

given. ln this section, some of the yield criteria used for anisotropic materials will be dis·

cussed. The yield criteria will be classitied as pressure·independent criteria and pressure

dependent criteria. Pressure-independent yield criteria are used for materials whose yielding

is independent of the the hydrostatic pressure. These yield criteria are used for undrained

analysis. Pressure-independent yield criteria are used for materials whose yielding depends

on the hydrostatic pressure, such as sands and effective stress analysis of clays.

Some commonly used pressure—independent yield criteria are the Von·Mises and the

Tresca criteria (29,39). The commonly used pressure-dependent yield criteria are the Mohr-

Columb and the Drucker-Prager criteria (15).

The most important pressure-independent yield criteria for anisotropic materials is the

Hill's criteria. This is a generalization of the Von·Mises criteria for anisotropic media(29). lt

is given by;

E 2 — 2 — _ 2 2 2 2 _
(02 — 02) + G(02 ·- 01) + H(01 02) + 2L0,1 + 2M05 + 2N06 — 1 (2.11)

Where

E = + %. - %)

5 = 1. .%. - .15.)
Xs X1 X2

5 = + J; - .%.1
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i.=-*2 M--L2 N--*2

Where X,, X, and X, are the yield strengths in the 1,2 and 3 directions. S, is the the shear

strength in the 2-3 plane, S, is the shear strength in the 1-3 plane and S, is the shear strength

in the 1-2 plane.

Some generalizations of the Mohr-Columb criteria for anisotropic media have also been

developed by Baker and Krizek (4) and Livhen and Schlarsky (34). Here, a variation of C and

tp is assumed. Where C is the cohesion and tp is the angle of internal friction.

C = Cmax " (Cmax " Cmln)
$i"2‘V

tan ep = tan q>„,,,, — (tan <p„,,x — tan 41,,,,,,) sinzw (2.12)

v = ß — ws - fg)

where ß is the orientation of the failure plane. These criteria are not convenient for numerical

analysis as the orientation of the failure plane has to be determined.

Another important yield criteria for anisotropic materials is the Wu-Tsai yield criteria (64).

F,6 + 6TF,6 = 1 (2.13)

where F, is a 6-1 vector and F, is a 6-6 matrix of material properties. The coeflicients of these

are to be determined experimentally. This is a very complete yield criteria. In its general

form, it is pressure-dependent but can be easily reduced to a pressure-independent form, and

this can be used for materials which exhibit different strengths in tension and compression.

Similar criteria for more general cases is given by Goldenblat-Kopnov (72);

(F,6)° + (6TF,6)° + ...... = 1 (2.14)
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where F, and F, are matrices of material parameters as in equation 2.13, and a and b are

constants. This criteria is too complex for practical purposes. A more convenient criteria for

pressure-independent materials was given by Drucker and Edelmam (23). This can easily be

generalized for pressure·dependent materials;

(S - a)TE(S — a) = 1 (2.15)

where a are tensors that locate the surface in stress space, S are deviatoric stress vectors

and E is the anisotropic/distortion matrix. This criteria has been used for anisotropically

hardening materials.

Another approach is to use tensor functions to express yielding (10). The yield function

is expanded as a tensor polynomial in terms of plastic strains, the coefücients of which are to

be determined experimentally. This form is not very easy to use in practice, as a large num-

ber of coefficients are to be determined.

Hardening Rules

To describe the complete elastic-plastic response, the hardening behavior has to be de-

scribed. Figure 2.5 illustrates the uniaxial stress-strain response of an ideal elastic-plastic

material. Along OA the response is elastic. Along AB plastic response is observed. At B the

material unloads in an elastic mode upto D. From D to B the material loads in an elastic mode

up to B. Any loading above B is plastic. This increase of yield strength upon reloading is called

’hardening’. Hardening can be linear or nonlinear. Most soils exhibit nonlinear hardening.

The plastic modulus can vary from intinity (initial yield) to zero at failure. However in many

cases linear hardening is a suitable approximation. The two basic types of hardening rules

used in the theory of plasticity are isotropic hardening and kinematic or anisotropic hardening.
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Figure (2.6) illustrates isotropic hardening. As the stress point moves outward in stress

space from the initial surface, the yield surface expands uniformally with the stress point

without distortion. For isotropic hardening the yield function can be written as;

F = F(6,k) (2.16)

Where k is a scalar called the hardening parameter and usually represents the size of the

yield surface.

Figure (2.6) also illustrates kinematic hardening. As the stress point moves in stress

space, the yield surface translates in stress space without changing shape or size. For

kinematic hardening, the yield function can be written as;

F = F(6,a) (2.17)

where a is the translation vector. The translation vector represents the position of the yield

surface in stress space. The translation of the yield surface in stress space ls specified by a

translation rule. Several translation rules exist. Two of the more common rules are described

below;

a = cap (2.18)

da = dp(6 - a) (2.19)

where c and dp are constants to be determined from the consistency condition and, da is the

incremental translation vector.

ln general, the stress strain behavior of many materials is very complex; hence, both

isotropic hardening and kinematic hardening have to be used. More complex types of hard-

ening will be described in the next two chapters.
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Limit Analysis of Anisotropic Media

There are three methods used for limit analysis, the slip-line method, the theorems of

limit anaIysis(upper and lower bound theorems) and the limit equilibrium method. ln the

slip-line method, the equations of equilibrium and the yield criteria are combined to give a set

of differential equations in the yielded area. These equations are transformed to curvilinear

coordinates, such that the transformed coordinates coincide at every point in the yielded re-

gion with the direction of slip. These are known as the slip-line field. These, along with the

boundary conditions are used to study the state of stress in the yielded zone and compute the

limiting condition. This method is described in detail by Sokolovskii (63), where several ap-

proximate methods are developed to compute limit Ioads of structures, stability of slopes and

earth pressures for isotropic solls.

Slip—line solution for the ultimate load of a rigid punch on a semi·infinite anisotropic me-

dia under plane strain conditions was obtained by Hill (29). The above solution was extended

by Davis and Christian (19) to obtain bearing capacity factors for strip footings on undrained

anisotropic clays.

The theorems of limit analysis give an estimate of limit Ioads. ln the lower bound·

theorem, a stress field is assumed which does not violate either the yield condition or the

equilibrium equations. This theorem gives a lower bound-estimate of the limit load. ln the

upper-bound theorem a kinematically admissible velocity field is assumed and the limit load

is calculated by equating the rate of internal and external work. This gives an upper bound

estimate of the limit Ioads.

The limit theorems have been applied to some cases involving anisotropic media. The

bearing capacity and slope stability problems under undrained conditions have been analyzed

by Chen (15). He also analyzed slope stability under drained conditions. He assumed that the

cohesion varies with direction, while the friction angle is constant in all directions. The

bearing capacity of a strip on an anisotropic soll which exhibits both anisotropic cohesion and

2 PLASTICITY THEORY 19
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frictlon angle has been analyzed by Livheh.M and Shklarsky.E (34) for the special case where

the anisotropy of cohesion is identical to the anisotropy of the friction angle. This solution has

limited application, as such a case is unlikely to be encountered in reality.

The limit equilibrium method has been tradltionally used in soll mechanics for approxi-

mate stability analysis. In this method, a critical failure surface is obtained. This failure surface

is used to calculate the limit load. The advantage of this method is that it is easy to use.

However, it does not yield either an upper-bound or a lower-bound solution.

The methods of limit analysis determine the limit Ioads, but give no information about the

deformation. In practice, both the collaspe load and the deformation are required. The linite

element method along with elastic-plastic models can be used to calculate both limit loads

and deformations.
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MODELS FOR PRESSURE-INDEPENDENT MEDIA

Introduction

ln this Chapter, new models are developed for initially anisotropic pressure-independent

media. These models can be applied to the short-term, undrained analysis of clays, metals,

composites and other initially anisotropic materials. The models are applicable for both initial

and induced anisotropy.

ln section 3.2, the elasticity of an anisotropic body is reviewed. The experimental deter-

minatlon of the elastic constants are brietiy described. In section 3.3, an elastic-plastic model

for an initially orthotropic pressure-independent media with isotropic work hardening is de-

veloped. Determination of the parameters required for the model are also described. ln sec-

tion 3.4, an anlsotropic·hardening multisurface model for an initially orthotropic

pressure-independent media is developed and the determination of the parameters required
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is also discussed. Finally, in section 3.5, the general response of the above models and

comparison with experimental data for both isotropic and anisotropic materials are presented.

Anisotropic Elasticity

The theory of anisotropic elasticity has been developed in detail by Lekhitsky (33), where

several analytical solutions of practical value have been given. Elastic analysis of anisotropic

soll under both drained and undrained conditions has been investigated by Feda (24),

Pickering(49) and Gibson (26). Several solutions of practical value can also be found in (26).

Here a brief introduction to the theory of anisotropic elasticity is given.

The relation between stress and strain for an elastic body is given as;

6 = D6 (3.1)

where 6 is the stress vector (6-1), 6 is the strain vector (6-1) and D is a (6-6) symmetric elastic

constitutive matrix.

For a general anisotropic elastic body, 21 elastic constants are required. However, here

only an orthotropic elastic body will be considered.

An elastic body that has 3 planes of elastic symmetry is called an orthotropic body(figure

3.1). lt requires 9 independent elastic constants. The stress strain relations for an orthotropic

elastic body in the material principal planes are given in appendix A. The nine constants are

the moduli E, ,E, and E, , the shear moduli 6,, ,6,, and 6,, , and the Poissons ratios v„ .

For an incompressible media, that is one with no volume change, only 6 elastic constants are

required. lmposing the condition of incompressibility 6, = 0 ,the magnitude of the Poissons

ratios can be determined in terms of the elastic moduli (appendix A).

An elastic body that has a plane of isotropy is called a cross anisotropic body (figure 3.2).

Five independent elastic constants are required in this case. For an cross anisotropic body

in the material principal planes, the strain and stress relations are given in appendix A. Here
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the constants are E and v the Youngs modulus and Poissons ratio in the plane of isotropy

and
E”

and
v‘

the Youngs modulus and Poissons ratio out of plane. G* is the out ofplane

shear modulus. For an incompressible cross-anisotropic media, only 3 constants are required

(appendix·A). It should be noted that the above equations are valid only in the principal

planes. ln other cases, appropiate transformations should be used. These are described in

appendix-A.

Finally, for an isotropic elastic solid only two elastic constants are required. Where E and

v are the Youngs modulus and Poissons ratio. For an incompressible media only one con-

stant E is required (v = .50)

The elastic constants can be determined from triaxial tests (37,26). The procedure for

determining the elastic constants for a cross- anisotropic material from triaxial tests ls de-

scribed below. For a cross·anisotropic material, three elastic constants, the elastic moduli in

the horizontal direction (1·direction), the elastic moduli in the vertical direction (3-direction),

and the out of plane shear modulus are required.

The elastic moduli can be determined by conducting tests in the horizontal and vertical

directions;

E1 = (3.2)

E3 = (3.3)

The shear moduli can be determined from a test on an inclined sample. Transforming the

stress strain equations;

1 _ 1 _ cos46 _ sin‘6 1 2v21
EE ‘ la T Ti,....26 ...29, * T

‘°·"’
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Where E, is the modulus measured in the inclined test and 9 is the angle of inclination from

the 1 axis. For undrained analysis the value of v can be determined from the

incompressibility condition.

Isotropic-Hardening Model (IHM-PI)

ln this section, a pressure—independent, elastic-plastic model is developed for an initially

orthotropic media. The model can distinguish between elastic and plastic strains. Also the

loading/unloading conditions can be easily determined. The models based on nonlinear

elasticity (such as the hyperbolic model), are not capable of this. lt is assumed that the

hardening is isotropic, i.e. the initial anisotropy of the material does not change during defor-

mation. Hence, the model cannot account for induced anisotropy. Also unloading is assumed

elastic. Therefore, the model is limited to monotonic loading conditions.

The above assumptions limit the applicabillty of this model. However, the model is sim-

ple and easy to implement. A more general model which overcomes the above Iimitations will

be presented in the next section. -

The first elastic-plastic model for initially orthotropic materials was developed by Hill (29).

This model is a generallzation ofthe Von·Mises work-hardening model. The Hill’s yield criteria

is described in Chapter-2. Most other models for initially orthotropic materials with isotropic

hardening are based upon modifications of Hill’s theory (27,59,60,66,62). Here a work hard-

ening model with isotropic-hardening is developed and the elasto-plastic constitutive matrix

is derived. For an isotropic-hardening model the yield function is of the form (figure 3.3);.

F(6,k) = 0 (3.5)

Where k, the hardening parameter is a scalar which is a monotonically increasing function of

plastic deformation (plastic work). The form of F(c,k) is chosen as;
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i=(«,i0 =
«’M¤ — P2(k) = 62 — P2(k) = 0 (3.6)

where E is called an equilvalent stress. This is a general quadratic form. M is the distortion

matrix, P(k) is the size of the surface. For an orthotropic media M in the material principal

planes is given as;

M21 M22 M26 0 0 0

M31 M62 M33 0 0 0
M = (3.7)

0 0 0 MM 0 0

0 0 0 0 M55 0

0 0 0 0 0 M66

M has 9 independent constants. Where M„ ,M„ and M„ are related to the yield normal

strengths in the 1, 2 and 3 directions and MM ,M,, and M„ are related to the shear strengths.

M12 „M„ and M,, are the coupling terms. The pressure·independent condition is obtained

by imposing the incompresibility condition;

P=ÄöF+öF+öF :0 38Ev (ÖÖ1
ÖU2 öog)

( )

Substitute equation (3.6) into equation (3.8). Solving for Mu ,M„ and M„ ;

M12 = ‘”·5(M11 + M22 “ M33)

M26 = ‘·5(M22
“"

M66 ‘ M11)

Hence, for a incompressible orthotropic media , only 6 independent constants are required.
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ln this formulation, it will be assumed that the coefticients of M is constant during de-

formation. Futher M is normalized by setting M„ = 1.0.

For a cross anisotropic media with the plane of isotropy in the 1-2 plane, only 3 inde-

pendent constants M11. M„ and M„ are required because;

M11 = M22

For an isotropic media, only one constant is required. ln this case M is given by;

1.0 -.5 -.5 0 0 0

-.5 1.0 -.5 0 0 0

-.5 -.5 1.0 0 0 0
M = (3.11)

0 0 0 3. 0 0

0 0 0 0 3. 0

0 0 0 0 0 3.

Substituting equation 3.11 into equation 3.6, the resulting yield condition will reduce to the

Von-Mises yield condition. It has been assumed in the model, that the coeflicients of M are

constant with deformation,i.e., the anisotropy does not change during deformation. A more

general formulation could include the variation of M with plastic strains(distortional harden-

ing). However this would result in a large number of additional parameters.

Derivation of Elastic·Plastic Matrix

As explained in Chapter 2, the total incremental strain is expressed as the sum of the

elastic and plastic incremental strains;

ds = ds' + dr!
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dz° =
D—1d6

(3.12)

dgP6

where A. is a constant to be determined. The other terms have been detined previously.

Substituting the expressions for the elastic and plastic incremental strains into the equation

for total incremental strain;

dz = D”°d6 + ME) (3.13)
66

As the stress point cannot penetrate the yield surface, the consistency condition requires;

dF = (l)Td6 — A). = 0 (3.14)
G6

where A =
—Substituteequation 3.13 in equation 3.14;

06 = o°"d6 (3.15)

Where the elastic-plastic matrix is,

¤°"=¤—¤!2-grün/A+i’oä 3.16((ö6)(ö6))( (ac) löcll ( )

Where A is proportional to the hardening modulus. In this model an associated tlow rule will

be used, i.e. F=Q.

To obtain a complete discription of the elastic-plastic process, A has to be evaluated. In

the work—hardening model the scalar hardening parameter is chosen as the plastic work done

during deformation. The work-hardening model has been commonly used for isotropic media.

Zienkiewicz (70) developed a method to evaluate A for an isotropic media. Here a method is
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presented to evaluate A for an initially anisotropic material. The incremental plastic work is

given as;

dk = {agp = ödzp (3.17)

Where dk is incremental plastic work, 6 is an equivalent stress defined in equation 3.6 and

d?/' an equivalent incremental strain given below;

T pdip = (3.18)6

Substitute equations 3.17 and 3.12 in the expression for A.

öF 7öQA = — —— .ac (3 19)

Solving for
ä

, by substituting equation 3.6 and 3.17;

öF öP 56—— = -2P-——— = -2-- 3.20ök ök agp ( ’

Substitute equation 3.20 into equation 3.19;

1 A = (3.21)
ää Ö6

Define H = as the plastic modulus, therefore;

A = 2H67-(Q) (3.22)
Ü6
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Derermination of Parameters

In this section, a method will be given to determine the components of the M matrix and

H the hardening modulus from undrained triaxial tests. For a cross-anisotropic media, three

elastic constants, three plastic constants, the hardening modulus and the strength at initial

yield are required. The procedure to determine the elastic constants is given in section 3.2.

The plastic constants are determined from the failure stresses in undrained triaxial tests. lt

has been assumed in this model that the anisotropy does not change during deformation, i.e.

the anisotropy at initial yield is identical to the anisotropy at failure. Here the components of

the M·matrix will be calculated from the failure stresses. The size ofthe yield surface at initial

yield is calculated from the stresses at initial yield.

Consider a triaxial test in 1-direction (figure 3.4);

_ r 2 _ 2 2 _
F(6,k) — 6 M6 - P(k) — MN5, — P(k) — 0 (3.23)

Solving for P(k) as M,, = 1.0;

P = S1 = U1 "

Öcwhere5, is the failure strength in the 1-direction and oc is the confining pressure. The size

of the yield surface at initial yield is determined by substituting the value of 0, at initial yield

into equation 3.24. Consider a similar test in the 3-direction(figure 3.5);

F(6,k) = 67-M6 — P(k)2 = m„s§ — P(k)2 = 0 (3.25)

Solving for M„ ;

S2
M3, = Jg (3.26)

S2
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where S, is the yield strength in the 3-direction. To determine M„ , a test on a sample in-

clined at an angle theta to the material principal planes is required. Let 6, be the axial stress

at failure and 6, be the conlining pressure in the triaxial test. Using the tranformation matrix

in appendix·A, the stresses in the material principal planes can be determined. let these be

6„.6„ and r . Substitute into equation 3.6;

F(6,k) = {M6 - p2(k) = M„«§,, - M„«,,.«„„ + ei, + MSG? - P2(k) = o (3.27)

Solving for M„ ;

MSG =
(P2 — M„(¤§„ —2¤„¤.„> + ¤ä„> (328)

T

The determination of H is described below. For a test in the 1-direction, E reduces to S, .

Substituting in equation 3.18;

crdsp

Therefore;

H = -—- (3.30)
dz?

where H is the slope of the stress versus the plastic strain curve.

To get an expression for the hardening modulus , the stress strain curve can be approximated

by the Ramberg·Osgood model (30,56)shown in ügure 3.6;

= 2 + I< l
“

3.316 E ( E) ( )

Where E is the initial modulus and K and 11 are curve lit constants determined from;
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where m, =

?
at o =o,

For practical purposes the size of the yield surface and the moduli could be normalized by yhe

mean effective pressure in the ground. Then the parameters could be determined at any

mean effective pressure.

An elastic-plastic work hardening model for initally orthotropic pressure-independent

materials was developed. An expression for the hardening moduius was derived and a pro-

cedure for determining experimentally the plastic parameters and the plastic moduius de-

rived. The model described here can be used for the undrained analysis of anisotropic clays

under monotonic loading conditions. This model has been implemented in a linite element

program which will be described in Chapter 5.

Multisurface Model (MSM-PI)

The model described in the previous section cannot account for induced anisotropy. The

anisotropy for the material remains unchanged during deformation. Further unloading is

purely elastic. Real materials show both induced anisotropy and reverse plasticlty. ln this

section a multisurface model is developed which can account for both types of behavior.
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The first elastic-plastic model for an isotropic pressure-independent material with

anisotropic-hardening was developed by Prager (72); subsequently several other models with

anisotropic-hardening were proposed. The expression for some of the hardening rules is

given in Chapter-2. Another approach to anisotropic-hardening was taken by Baltov and

Sawczuk (6). The yield function was expanded as a tensor polynomial in terms of the plastic

strains, the coefücients of which were determined experimentally. These models gave good

results for simple loading conditions. To model material behavior under complex loading

conditions, the multisurface models (43) and the bounding surface models (16,32) were de-

veloped.

However, most of the models were proposed for initlally isotropic materials. Only a few

models attempted to account for the initial anisotropy of the material. Edelman and Drucker

(23) and Dafalias (17) proposed models for initlally orthotropic materials, but did not imple-

ment these models. Here a multisurface model is developed for pressure-independent initlally

orthotropic materials.

The multisurface model was first proposed by Mroz (43). The stress space is assumed

to contain a finite number of yield surfaces, each with a constant plastic moduli. As the stress

point moves from its initial state it engages the first yield surface. The surface translates in

stress space with the stress point. A translation rule is prescribed such that no surface inter-

sects another. The surfaces engaged by the stress point translate together without inter-

section, the plastic modulus used is that of the current surface. A surface not engaged does

not influence deformation (figure 3.7).

During unloading, the stress point detaches itself from the current surface. Till the stress
l

point again engages the first surface the response is elastic. Once the first surface is engaged,

plastic deformation occurs. Hence the model exhibifs reverse plasticity and induced

anisotropy (figure 3.7). This model has been applied to metals (43) and to the undrained be-

havior of clays (52,53). The model described in this section is an extension of the isotropic-

hardening model developed in the previous section, to account for anisotropic-hardening.
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This model can account for initial orthotropy, induced anisotropy, and reverse plasticity. The

two·surface model will be discussed in detail in the next Chapter.

Derivation of Elastic·Plastic Matrix

The yield function chosen for the yield surfaces is of the form;

F"' = («"' - ¤"')'M(«"' — am) — (F’")2 = 0 (3.33)

where m ls the surface number. M is the distortion matrix(pressure independence condition

imposed), which is the same for all surfaces and is to be constant during deformation. The

distortion matrix is described in the previous section. a is the translation vector which locates

the surface in stress space. P is the size ofthe yield surfaces and is assumed constant during

deformation.

The Mroz translation rule is assumed (43),

da = dp(6m+1 - sm) (3.34)

where da is the incremental translation vector and dp is a constant to be determined from

the consistency condition. 6"' and
0*"*‘

are the stresses on the m surface and the projected

stresses on the m+1 surface at the congugate point (figure 3.8). Where 6***** is determined

from,

m _ m m+1 _ m+1-i(°
m"

) = -—-———(°" '
(3.35)

P Pm+1

Solving for
6"'*‘

an expression for the incremental translation vector can be obtalned (43).

da = dp((Pm+1 — F"')«"' — («"'F"'*' — «"'*'F’")) (3.36)
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The constant du is obtained from the consistency condition, i.e., the stress point remain on

the yield surface.

Ldc — da) = 0 (3.37)
öc

The elastic-plastic constitutive can be written as;

dß = ¤°"66 (3.38)

Where D°P is given as;

r
¤°" = D — (3.39)

(K + n Dn)

where D'P is the elastic-plastic matrix and K is the plastic modulus and n are the normalized

gradients given in equation 2.5.

Determination of Parameters

A method is given to determine the parameters required for the multi-surface model for a

cross-anisotropic material, from undrained triaxial tests. For a cross-anisotropic material,

three elastic constants, three yield strengths and the plastic modulus and size of each surface

are required. The elastic constants are determined as before (section 3.2). The plastic con-

stants are calculated from the failure stresses.

For a cross-anisotropic material with the 1-2 plane as the plane of isotroPY„ when the in-

itial values of a are zero, a test in the 1-direction;

”
F(6, a) = M„S$ — P(k)2 = 0 (3.40)

Solving for P(k) as M„ = 1.,
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P = S1 = (G1 — GC) (3.41)

S, is the yield stress and where oc is the confining pressure. From a similar test in the

3-direction,

S2
M13 = g- (3.42)

S6

where S1 and S, are the yield stresses in the 1 and 3 directions respectively. M„ can be

calculated from a test on an inclined specimen (section 3.3).

To calculate the plastic modulus and the sizes of each surface, linearize the stress strain

curve into several linear segments, each linear segment representing a surface in stress

space and having a constant plastic modulus. The plastic modulus is determined from the flow

rule (equation 2.5). Linearizing the stress-strain curve in the 1-direction, the plastic modulus

of each surface (linear segment) can be calculated;

2 d$1
K = —(—-) (3.43)3 de?

The size of each surface can be calculated from the stress-strain curve in the 1·direction,

as P'" = S1 (Figure 3.9).

Again the sizes of the yield surfaces and the moduli can be normalized by the mean ef-

fective pressure in the ground. To summarise, in the above section an elastic-plastic multi-

surface model has been described. The elastic-plastic matrix and the translation rule have

been derived. The model developed here can model both initial and induced anisotropy of

clays under undrained conditions.
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General Response and Comparison

ln this section the general response of the models described in the previous sections will

be investigated. Also some comparisons will be made with experimental data. The models

have been implementated in a finite element program. In this section one element is used to

simulate test conditions. The purpose is to study the model response and to validate the linite

element program.

To study the response of inclined specimens, the stiffness matrix is transformed from the

material principal plane to the global refrence system using the transformation matrix de-

scribed in the appendix A. The angle of incllnation of the specimen is used to determine the

components of the transformation matrix.

(1) Strength Variation

Figure 3.10 shows the variation in strength for a cross-anisotropic sample, calculated

using the failure criteria given in equation 3.4. For a cross-anisotropic material, three

strengths are required. These are the strength in the vertical direction ( 5,,,, ), the strength in

l
the horizontal direction ( 5,,,, ) and a strength in an intermediate direction ( 5,,,, ). The fol-

lowing values have been assumed,

5,,,, = 10.0 psi

5,,,,, = 2.5 psi

5,,,, = 5.5 psi

Using the above values the components of the M matrix can be calculated, using the

procedure described in section 3.3.

M„ = 1.0

M,, = .0625

3 PRESSURE-INDEPENDENT MEDIA 45



1.00 = _

Ö
3

1

8

1
0.75

O

<¤° 0 60\ ° „
cn
5

In

0.25
~

"

0.00

0 15 30 IIS 60 75 90

8

Figure 3.10: Undrained Anisotropic Strength Variation

3 PRESSURE-INDEPENDENT MEDIA l 46



M6, = 1.85

The variation in strength can then be calculated by using the transformation given in appendix

A.

The variation in strength predicted above, is commonly observed in undrained clays (12).

The failure criteria used can model any quadratic variation in strength.

(2) Stress strain response of isotropic-hardening model

In this section the response of the isotropic-hardening model is studied. For the isotropic

hardening model the following parameters are required.

(a) Elastic moduli and Poissons ratios ( calculated from the incompresslbility condition): For

a cross·anisotropic material, with the 1-2 plane as the plane of isotropy, three elastic pa-

rameters E,,E, and G,, are required.

(b) Yield strengths ( components of the M-matrix): For the cross-anisotropic material, three

yield strengths P, M„ and M6, and the initial size of the yield surface are required.

(c) Ramberg-Osgood parameters K and 11 (determined from a stress strain curve, equation

3.32)

To study the response of the model, the stress strain data of anisotropic Kalonite clay from

Mitchel (41) is used (see Figure 3.11). In Figure 3.11 0, is the axial stress, oc ls the contining

pressure and 6 is the angle of inclination from the horizontal direction. Mitchel (41) conducted

undrained triaxial tests on anisotropic Kalonite clay, in both the horizontal ( 6 = 0. ) and ver-

tical ( 9 = 90. ) directions. The horizontal direction will also be reffered as the 1-direction,

and the vertical direction will be reffered as the 3-direction. A triaxial test in the horizontal

(1-direction, 9 = 0.) direction is a test in which the axial stress is applied in the 1·direction
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and the conüning pressure is applied in the other two directions. This data is sufticient to

model the response in the material principal planes. To study the response of inclined speci-

mens, the shear modulus 6,, and M„ are to be determined. In this analysis, a stress-strain

curve for a specimen inclined at an angle of 60. degrees to the horizontal plane is assumed,

and the parameters required for the model are calculated from these three curves ( figure

3.11).

The elastic moduli are calculated from the stress-strain curves in the horizontal and

vertical directions. The out of plane shear moduli is calculated from the stress-strain curve

of the inclined specimen (section 3.2). The plastic constants are calculated from the failure

stresses in the horizontal, vertical and inclined specimens (section 3.3). The Ramberg-

Osgood parameters are determined from the stress strain curve in the horizontal direction.

These are then used to study the response of specimens inclined at various angles to the

horizontal plane. The parameters used in the analysis are given below.

E, = 67.0 kg/cm*

E, = 78.0 kg/cmz

6,, = 26.5 l<g/ cm'

P = .40 kg/ cm' (initial size)

M„ = 2.25

K = 940.

11 = 2.46

Figure 3.12 shows the experimental (and assumed) and the predicted stress-strain re-

sponse in the triaxial test as the cross-anisotropic sample is rotated with respect to the prin-

cipal material directions. lt is observed that as the angle of inclination of the specimen

increases, the stress-strain curves exhibit both a stiffer elastic response and a higher failure

strength. The response is typical of undrained samples of clays (1,41). Note the strains are

in percent.
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In the ne><t example the response of the model is investigated for increasing values of

anisotropy. To study the influence of anisotropy, a parameter b is defined as the ratio of the

strength in the vertical direction to the strength in the horizontal direction. A value of b=1.

implies an isotropic clay and increasing values of b imply increasing anisotropy of the clay.

To study the influence of strength anisotropy only, the elastic response of the soll is assumed

to be elastic. The parameters used in the analysis are;

E = 67.0 kg/ cm'

K = 940.

ii = 2.46

P = .40 kg/ cmz (initial)

M„ = é

As the response of the clay is investigated only in the material principal planes, the shear

terms are not needed. Figure 3.13 shows the influence of anisotropy on the stress·strain re-

sponse of undrained clays. Four cases are analyzed, b=1.0, b=1.15, b=1.42 and b=2.0.

The value b=1.0 implies an isotropic clay. By increasing the values of b, the influence of

strength anisotropy on the stress-strain response can be analyzed. A stiffer response and

higher strength is observed as the ratio increases.

(3) Multisurface Model Response

To study the response of the multisurface model the stress strain data of anisotropic

London clay by Atkinson (1) is used. The following parameters are used in the analysis.

E, = 3500. psi

E, = 4200. psi

M„ = .64

Where 1 is the horizontal direction and 3 is the vertical direction. As the stress strain

response is required only in th_e material principal planes, the shear terms are not required.

The multisurface model also requires a stress strain curve which is linearized into several
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linear segments ( each linear segment representing a surface). The plastic modulus and size

of each surface is calculated from equation 3.43 (see section 3.4). ln this case the stress strain

curve in the horizontal direction is Iinearized. lt is linearized into five segments (5—surfaces).

The surface parameters are given in table 3.1.

ln ügure 3.14, the response of the multisurface model is investigated under a single cycle of

loading. The ügure shows the stress strain response in both the horizontal and vertical di-

rections. The model can predict reverse plasticity and the hysteris loop.

(4) Comparison with Experimental Data

ln this section, some comparison with experimental data is made for both isotropic and

anisotropic media. Both the isotropic-hardening model and the multisurface model will be

used in the following analysis. As the response is required only in the material principal

planes, M„ and G1, are not required. As before 6, is the axial stress and 6, is the conlining

pressure. Direction-1 refers to the horizontal direction as well as to 6 = 0. and direction-3

refers to the vertical direction and to 9 = 90. degrees.

Figure 3.15a shows the stress strain response of Kalonite clay (5) under undrained triaxial

conditions consolidated under a conlining pressure of 58.0 psi. The model parameters were

calculated from figure 3.15a for both the isotropic-hardening model (Ramberg-Osgood pa-

rameters) and the multisurface model ( 5 surfaces). The parameters used are given below

and in table 3.2.

isotropic Hardening Model-Parameters

E = 6500. psi

K = 362000000. psi

·q = 4.45

P = 15. psi (initial)

These parameters are used to recalculate the stress strain response of the clay at a conlining

pressure of 58. psi and also the response at a conlining pressure of 40. psi (figure 3.15b) Ex-

cellent agreement was observed in both cases.

3 PRESSURE-INDEPENDENT MEDIA 53



Table 3.1 Properties for multisurface model-London cl8Y
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Table 3.2 Properties for multisurface model-Isotropic Kaolinite
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Figure 3.16a shows the stress strain response of San Francisco bay mud(11) sheared

under undrained triaxial conditions. The model parameters for both the isotropic—hardening

model and the multisurface model were calculated from the stress·strain curve of figure 3.16a.

Then these were used to predict the stress strain response of the same clay which was

anisotropically consolidated with a horizontal conlining pressure of 2.08 kg! cm' and a verti-

cal confining pressure of 3.18 kg! cm' (figure 3.16b). The parameters used in the analysis are

given below and in table 3.3;

Isotropic-Hardening Model-Parameters

E = 145. Kg! cm'

K = 1920000.

11 =3.58

P = .7 kg/cm' (initial)

Both the isotropic-hardening model and the multisurface model predictions compare well with

the experimental data.

Figure 3.17 illustrates the stress strain response of anisotropic kaolinite clay (41), speci-

mens of which were sheared both in the horizontal and vertical directions under undrained

triaxial conditions. Figure 3.17a compares the stress strain response with the results of the

isotropic-hardening model. The model parameters were calculated from the horizontal curve

and were used to predict the stress strain response in both the horizontal and vertical di-

rections. Figure 3.17b also compares the experimental data with the results of the multisur-

face model. Again the model parameters were calculated from the horizontal curve ( 5

surfaces were used in the analysis). The parameters used in the analysis are given below

and in table 3.4;

Isotropic Hardening Model-Parameters

E, = 67.0 kg/cm'

E, = 78.0 kg!cm*

K = 940.

11 = 2.46
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Table 3.3 Properties for multisurface model·Bay mud
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M„ = .75

P = .40 kg/cm! (initial)

Good agreement is observed in both cases.

Figure 3.18 compares the stress strain response of anisotropic clay (1) with the results

of both the lsotropic-hardening model and the multisurface model. Figure 3.18a compares the

experimental stress strain response of anisotropic London clay in both the horizontal and

vertical directions with the results of the lsotropic-hardening model. Again the parameters for

the models were calculated from the stress-strain curve in the horizontal direction. These

parameters were used in the models to predict the stress-strain response in both the vertical

and horizontal directions. Figure 3.18b compares the experimental results with the predictions

ofthe multisurface model. The plastic modulus was calculated from the horizontal curve, using

tive linear segments. The parameters used in the analysis are given below and in table 3.5;

lsotropic Hardenlng Model-Parameters

E, = 3500. psi

E, = 4200. psi

K = 3000000. psi ‘

11 = 4.69

P = 10.0 psi (initial)

Good agreement is observed in both cases.

The models could be used to predict the response of the specimens in any inclined di-

rections, however limited data was available. The comparisons made in this section prove

the capability of the models to predict the stress strain behavior of anisotropic undrained

clays. ~
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Table 3.4 Properties for multisurface modeI·Anisotropic Kaolinite

¤
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Table 3.5 Properties for multisurface model-Anisotropic London c|3Y

¤ size(p) psi modulus(k) psi
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C H A P T E R 4

MODELS FOR PRESSURE·DEPENDENT MEDIA

Introduction

ln the previous Chapter models were developed for elastic-plastic pressure-independent

media. These models can be applied to non-granular or non-frictional media, and the short-

term undrained analysis of clays. In this Chapter, pressure-dependent elastic-plastic models

are developed for granular or frlctional media and as such they can be applied to effective

stress analysis of soils.

The basic features of a pressure-dependent model are described in Chapter 2. Mohr-

Coulomb and Drucker·Prager models are the earliest models of this type. Drucker, Gibson

and Henkel (21) suggested the modification of the models to include work hardening for soils.

Roscoe, Schofield and Wroth (57) developed the Cam-Clay model based on the isotropic work

hardening theory. This model was later modified by Roscoe and Burland (58) to include shear

distortion and is called the modified Cam-clay model. These models were subsequently
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generalized by Zienkiewicz and Naylor (70) and Bannerjee and Stipho (7) for tinite element

analysis.

Mroz, Norris and Zienkiewicz (44) and Prevost (54) developed kinematic hardening mod-

els for solls. These are called the multisurface models. In these models, several yield sur-

faces are used to descrlbe the anisotroplc yielding of soll. Later, the same concepts were

used to develop the two-surface or the bounding surface model by Dafallas and Hermann (18)

and Mroz, Norris and Zienkiewicz (44). These models are a special case of the multisurface

models. The use of the two-surface models can reduce computational and storage costs with

little loss of accuracy (55).

However, most of the models developed were for inltially lsotropic materials. The initial

anisotropy ofthe of the soll was considered only in a few models. A cap model for transversely

lsotropic materials was developed by Baladi and Sandler (5). Ghaboussi and Momen (25)

developed an lsotropic-hardening model for inltially transversely anisotroplc sands. Both the

above models were developed for transversely anisotroplc solls and were based on the

lsotropic work hardening theory. Hence they are limited to monotonic loading conditions.

Here, a pressure-dependent model for inltially orthotropic soils is developed. Both lsotropic-

hardening and kinematic-hardening are employed. Hence, the model can be used for general

loading conditions. The model can be applied to both sands and clays (both normally con-

solidated and over-consolidated).

This Chapter is divided into four sections. ln section 4.2, an elastic plastic lsotropic-

hardening model for an inltially orthotropic media will be described. In section 4.3, this model

is extended to account for kinematic hardening. In section 4.4, the determination of the pa-

rameters required for the models are discussed. Finally in section 4.5, the general behavior

of the models are investigated and some comparisons with experimental data are made.
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lsotropic·Hardening Model (IHM-PD)

In this section, an elastic-plastic lsotroplc-hardening model for an initially orthotropic

pressure·dependent media (granular or frictional) is developed. This model ls based on the

concepts developed by Roscoe, Schofield and Wroth (57) and Roscoe and Burland (58) and ls

generalized for initial orthotropy. The model ln its general form can be applied to both sands

and clays. As isotropic-hardening ls used, the model is limited to monotonic loading condi-

tions. Also the model gives reasonable results only for normally and lightly over-consolldated

solls. The two·surface model described in the next section overcomes both the above limita-

tions. The advantage of the isotropic-hardening model is that it is easy to implement and

computatlonal costs are low compared to the anisotropic-hardening models.

The failure surface is assumed to be of the form;

E = np

E2 = 6rMG (4.1)

(Ö-1 + U2 + Ö-3)

"
= lf"-

Where p is the hydrostatic pressure and M is the distortion matrix (assumed to remain

constant during deformatlon) previously described in Chapter 3 with the pressure independ-

ence condition imposed and n is a material constant (figure 4.1). Equation 4.1 represents a

ellipital cone in the principal stress space.

The form of the yield surface is chosen as (figure 4.1);

- 2 62 2F(p,6,k) = (p —a)
+ —? - a (k) = 0 (4.2)

n
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where k is the hardening parameter and
’a’

is the size of the yield surface. Also,
’a’

is equal

to half the value of pc , where p„_ is the consolidation pressure. The yield surface is also

called the consolidation surface or the bounding surface. Equation 4.2 represents an ellipsoid

in principal stress space. For isotropic materials and under triaxial conditions the yield func-

tion reduces to the form developed by Roscoe and Burland (58) for the modified Cam·Clay

model.

q = O1 " Oc

P = (o, 4;; 2oc) (43)

2F<p.q.k) = ip — alz + ig; — a2lk> = 0

For states of stress within this surface, the response is elastic. For states of stress on the

yield/consolidation surface the response is elastic plastic.

During loading, a stress point which is on the yield/consolidation surface moves outward.

As the stress points moves outward the yield/consolidation surface expands with the stress

point. During unloading, the stress point detaches itself from the yield/consolidation surface

and the unloading is purely elastic. During reloading, the behavior is elastic till the stress

point touches the yield/consolidation surface, after this elastic-plastic deformation takes place.

However, when the stress point reaches the failure surface, unlimited deformation occurs

at constant stress and volume (figure 4.1). The behavior is perfectly elastic-plastic.

lf initially the stress point is on the yield/consolidation surface, the soil is called

normally—consoIidated. lf the stress point is within the yield/consolidation surface the soil is

called over-consolidated. Here, only normally consolidated and lightly over-consolidated soils

will be considered.

ln general k the hardening parameter is a function of deviatoric and volumetric strains (46).

k = @(65) + @(65) (4.4)
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where 6; is the plastic volume strain and sg is a measure of the deviatoric plastic strains.

However here only volumetric hardening will be considered;

k = —6" (4.5)

Where e# is the plastic void ratio. In this formulation it has been assumed that the M-matrix

remains constant during deformation. To have a more general formulation, the components

of the M-matrix should be functions of the plastic strains. However this would increase the

number of parameters needed for the model.

Derivation of Elasto-Plastic Matrix

ln this section, the elasto-plastic matrix will be derived, using the above concepts.

Differintating equation (4.2);

.. rgg = 2Ip al + 26 M (4_6)
öc 3 n?

The plastic incremental strain is given as (42);

n(nTd6)df = ——— (4.7)
K

Where K is the plastic modulus and n are the normalized gradient. The consistency condition

requires that the stress point does not penetrate the yield surface.

äF öFdF = (—-)d0 + (——)dep = 0 (4.8)
Öö öep

Where de" is given as;

dap = - (1 + e0)de€ (4.9)
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Substitute equations (4.6), (4.7) and (4.9) into equatlon (4.8) and solve for K;

4 1 + -K a)da (4.10)
(E-lüäl66 ÖG

where da = Ä.oeß
The total incremental strain can be separated into elastic and plastic components (42);

dz = ds' + da"

dz° = D”1d6 (4.11)

Using the above relations, the elastic-plastic matrix can be obtained(42).

d6 = (D - (DnTnD)/(K + nTDn))dz (4.12)

where D is the elastic matrix.

The evolution of the parameter
’a’

has to be determined through the use of the isotropic

consolidation test (ligure 4.2). Assuming that the variation of
’a’

with
’e’

is given as (44);

p _ p
a = a,exp(-%:—E—) (4.13)

aa —¤l S5 — ¤"d = —— = ——- —-— 4.14a öep K_K¤><¤(K_K> ( )

where a, is the size of the yield surface at initial consolidation pressure p,, at void ratio 6,,

. 7( is the slope of the loading path of the test and ic is the slope of the unloading path.

ln the pressure—dependent model the elastic moduli are also pressure-dependent;
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E = E,(%)”1 (4.15)
I

where n1 is a constant (n1 =1. for clays and n1 =.5 for sands) and E, is the value ofE at p

= Pl

This model can also be applied to undrained analysis. For linite element calculations, the

formulation of Bannerjee and Stipho (7) is used to impose the undrained conditions as follows.

u = K,s (4.16)

Where K, is given as;

1 1 1 0 0 0

1 1 1 0 0 0

1 1 1 0 0 0Kn = Ko
0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

’
where u is the pore pressure and K, is the solid·fluid bulk modulus. This matrix is

added to the constitutive matrix during assembiy calculations. The pore pressure can be

· calculated from the strains using equation (4.16). This method gives good results for states

of stress small compared to the failure stresses. Near collaspe conditions the numerical er—

rors will create problems (7). For better results a pore pressure degree of freedom should

be added to the element.

The model developed in this section can be used for normally·consolidated and lightly

over·consolidated solls. lt can model the initial anisotropy of the soil under both drained and

undrained conditions.
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Two-Surface Model (TSM)

In the previous section, an isotropic-hardening model was developed. This model is

useful for modelling monotonic loading processes for normally-consolidated solls. For over-

consolidated soils and under general loading conditions a anisotropic-hardening model is re-

quired. ln this section, a Two·surface model is developed, which is a special case of the

multisurface model. The model described in this section is a generalization ofthe model de-

veloped by Mroz, Norris and Zienkiewicz (44) for initlally orthotropic media. The description

of the model can be divided into two parts,

(1) when the stress point is on the bounding or consolidation surface (figure 4.3).

(2) when the stress point is within the bounding surface.

Case 1 is identical to the description given in the previous section and will not be dis-

cussed here. To model anisotropic-hardening, a new yield surface is introduced within the

consolidation surface, the consolidation surface is also called the bounding surface. The yield

surface translates and expands within the bounding surface. Therefore, it can model

anisotroplc-hardening, When the stress point is on the bounding surface, the yield surface

also passes through the stress point. As the stress point moves outwards, both the bounding

surface and the yield surface expand such that the ratio of their sizes remains constant (figure

4.3).

lf the stress point is within the bounding surface, it can be either on the yield surface or

inside the yield surface. lf the stress point is within the yield surface, the response is elastic.

lf the stress point is on the yield surface, eIastic~plastlc deformation occurs with a plastic

modulus that is proportional to the distance of the yield surface from the bounding surface.

The plastic modulus is interpolated from an interpolation rule which is specified.
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Derivation of Elastic·Plastic Matrix

The bounding surface is defined as before;

I

- 2 E2 2F(6.p.k) = (P — al + 7
— a (k) = 0 (4.17)

n

The yield surface is assumed to be;

r
- M -F(6.p.¤.k) = Ip — m2 + — a§(k) = 0 (4.18)

n

where a is the translation vector which Iocates the yield surface in stress space, E is the

translation vector along the p axis,
’a’

is the size of the bounding surface and 6, is the size

of the yield surface. For isotropic materials and under triaxial conditions, the yield function

reduces to the form used by Mroz, Norris and Zienkiewicz (44) .

For the yield surface, translation and hardening rules have to be specified. The trans-

lation rule is (44);

(Boa — aä + 6(a — 60)) (da —da0)
d =dap. ao dag

(6 11) (4 19)

where da is the incremental translation vector and dp a constant to be calculated from the

consistency condition. The first term in equatiion 4.19 represents the translation terms and

the second term in the equation represents the expansion terms. The consistency condition

states that;

öF öFdF = -2016 — dll) + #(160 = 0 (4.20)Ö6 Üag
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To determine dp ,da,, is to be evaluated from the hardening rule. The hardening rule is given

below. As the ratio of the sizes of the yield and consolidation surfaces is assumed to be

constant during deformation, da, can be written as;

da = E12-dep = (—‘?-)Äide" (4 21)
° asp ¤¤ aw ‘

An expression for is given in equation 4.14. Substituting equation (4.19)and equation

(4.21)into equation (4.20) the constant dp can be calculated.

The only thing left is to specify the interpolation rule, from which the plastic modulus can

be calculated. This is done by assuming an interpolation for the plastic modulus such that the

plastic modulus is proportional to the distance of the yield surface from the bounding surface.

Define 5* as the distance between the stress point and the conjugate point on the bounding

surface (44).

(6 - E I28>< (po _ pb)2)112 (422)

where 6,, and p, are calculated on the yield surface and EP and p, are calculated on the

bounding surface at the conjugate point. Then, the plastic modulus is defined as (44);

KP = KP, + (KPO — KP,)(%)("+‘) (4.23)
o

6; = SUP(öx) (4.24)

KP is the plastic modulus and KP, is the plastic modulus on the bounding surface at the

conjugate point and KP, is the plastic modulus on the yield surface at 5* = 5,,. The constant

y is to be experimentally determined. SUP( 5* ) is the largest value of5 previously reached.

Therefore KP will have a value of KP, , when the yield surface is in contact with the bounding

surface, and a value of kP,, when it is furtherest from the bounding surface.
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the model developed in this section can be used for both normally- consolidated and

over-consolidated soils. lt can model both initial and induced anisotropy. lt can be used for

drained and undrained conditions.

Determination of Parameters

ln this section the parameters required for the pressure-dependent models will be discussed.

The parameters to be determined are;

(1) A the slope of the loading path in lsotropic consolidation test,

(2) ic the slope of the unloading path in lsotropic consolidation test,

(3) n slope of failure surface,

(4) components of the M matrix,

(5) K„ and y , interpolation constants for two-surface model

A and ic can be obtained from the lsotropic consolidation test. For the lsotropic-

hardening model, unloading is assumed to be elastic (figure 4.2).

The constant n and the components of the M-matrix can be determined from the effective

failure stresses. Here a method is given to determine the parameters for the lsotropic hard-

ening model from triaxial tests. Consider a cross-anisotropic material with the 1-2 plane as the

plane of isotropy. From a triaxial test in the 1-direction,

E = 01 - 0c (4.25)
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where 0, is the effective axial stress at failure in the 1-direction (horizontal direction) and

0, is the conüning pressure. Solving for n from equation 4.1;

3 -

(0, + 20,)

Equation 4.26 represents a straight line of slope n in a plot of the deviatoric stress at failure

versus the mean pressure at failure. M,, can be determined from a triaxial test in the

3-direction, Solving for M3, from equation 4.1;

2 2n (0 + 20 )
M3, = —J—-% (4.27)

9(03 — 03)

where 0, is the effective axial failure stress in the 3-direction (vertical direction) and 0, is

the confinlng pressure. Under triaxial conditions n can be related to the friction

angle(Mohr-Columb failure condition);

n = (423)
6 — sm (p

To obtain a physical interpretation of M3; . define b as a anisotropic strength factor. Where

M,, =
é

. Here b is the ratio of the slope of the failure surface in the triaxial test in the

3-direction to the slope of the failure surface in the 1·direction (equation 4.26). The other pa-

rameters can be obtained from inclined tests.

For the two-surface model, the two interpolation constants KM, and g, and the size of the

yield surface a, are needed. These can be determined from the isotropic consolidation test

(ügure 4.2). Figure 4.2 shows the e·Iog(p) plot. The unloading path is usually not a straight

line as assumed in the isotropic model. The value of a, is determined as the distance AB

(figure 4.2). B is the point on the e-log(p) plot where the unloading curve deviates from a

straight line. The interpolation constants are obtained by curve fitting this unloading path (44).
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General Response and Comparison

The models described in the previous sections were implemented into a tinite element pro-

gram. ln this section the general response of the models and some comparison with exper-

imental data is studied. A single element is used in this analysis. The procedure is identical

to the one used in Chapter 3. The purpose is to test the models developed in this chapter,

with other models and to validate the program.

Isotropic Media

To test the model and the program, the ünite element results will be compared with the results

of similar models (exact solutions) for isotropic media. The ünite element results are com-

pared with the constitutive law of Mroz, Norris and Zienkiceiwz (44). This is a generalization

of the modified Cam-Clay model. Figure 4.4 shows the comparison of IHM-PD results with the

constitutive law of reference (44), for weald clay. The clay was modelled under drained triaxial

conditions, at a conlining pressure of 120. psi. The initial void ratio was .50. The hardening

parameters were obtained from an isotropic consolidation test and n was obtained from the

failure stresses in the triaxial test(44). As the clay is isotropic and normally consolidated, no

anisotropic parameters are required. The parameters used are;

e, = .5

n = .87

v = .3

G = 1000. psi

X = .092

ic = .027
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Where 0, is the axial stress and 0, is the confining pressure. The stress strain curve and the

volume strain are plotted. Good comparison is observed. Note the strains are in percent.

Figure 4.5 shows the response of the same clay under undrained conditions. To model

the undrained condition the procedure described in section 4.2 is used. The solid-fluid bulk

modulus is taken as 50 times the elastic modulus. In the tinite element analysis the

lmcompressibility condition can only be maintained approximately, whereas in the constitutive

law this condition is exactly maintained. Inspite of this approximation, good results are ob-

tained, for stress strain response, pore-pressure development and stress—path.

Figure 4.6 compares the response of the two·surface model (TSM), with the constitutive

law of Mroz, Norris and Zienkiewicz(44) for weald clay. Figure 4.6 shows the unloading re-

sponse of the clay in an isotropic consolidation test. The clay was unloaded from a initial

isotropic pressure of 120 psi, at a void ratio of .50. The parameters are identical to those used

to model the clay in ligures 4.4 and 4.5. ln addition to the parameters used to model the clay

for ligures 4.4 and 4.5 , the two-surface model parameters are required. These are obtained

by curve litting the unloading path in the test. The size of the yield surface is obtained by

determining the point where the unloading path deviates from a straight line. The two-surface

parameters are;

K,, = 24000.

y = 2.5

ä = 6.
Excellent agreement is obtained. The above examples validate the model and the finite ele-

ment program.

Figure 4.7 compares the results of IHM-PD, with the results of the associated cam-clay

model(ACCM) and the associated modified cam-clay model (AMCCM), for a Iabotory prepared

isotropic soft clay (7). The clay has an initial void ratio of .95 at a contining pressure of 53.0

psi. lt is sheared under undrained triaxial conditions. The parameters are taken from refer-

ence 7.
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6,, = .95

n = 1.05

v = .3

G =1000. psi

7L = .140

ic = .05

Figure 4.7 compares the stress strain response and the pore-pressure development pre-

dicted by the models. lt can be observed that the IHM-PD and the AMCCM give identical re-

sults, whereas the stress strain response predicted by the ACCM is significantly different.

This is because IHM-PD reduces to the AMCCM for isotropic media. However, all the models

predict essentially the same pore-pressure development.

Figure 4.8 shows the same clay now overconsolidated with an OCR =1.2 (7). To model

the overconsolidation, the soll is loaded isotropically to the consolidation pressure and then

unloaded isotropically to obtain the appropriate overconsolidation ratio. Similar results are

observed. The AMCCM gives similar results as the IHM-PD.

Anisotropic Media

The comparisons made above were for isotropic media. ln this section the general re-

sponse of the models for anisotropic media will be investigated. Some comparisons will be

made with experimental data.

To study the infiuence of anisotropy, b is defined as the strength in the vertical direction

to the strength in the horizontal direction (here b is the ratio of the slope of the failure surface

in a triaxial test in the vertical direction to the slope of a similar text in the horizontal direc-

tion). The stress strain response is studied for various values of b. The material parameters

used in this simulation are taken from the data of weald clay (44). For example b=1.0 cor-

responds to isotropic clay, hence it is identical to the clay used in figure 4.4, with a friction
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angle of 22. degrees, and the clay with b=1.42 corresponds to a clay with a horizontal fric-

tional angle of 22.0 degrees and a vertical frictional angle of 29.7 degrees under triaxial con-

ditions. ln addition to the data in figure 4.4, the anisotropic parameters are needed. As the

response is investigated in the material principal planes, the shear terms are not needed. The

only anisotropic parameter needed is M„ . The elastic response is assumed to be lsotropic.

e„ = .5

n = .87

v = .3

G = 1000. psi

7. = .092

ic = .027

M., = g
Figure 4.9 shows the stress strain response for various values of b. Some volume change

curves are also plotted. lt is observed that anisotropy influences both the stress strain and

volumetric strain response, a higher value of b leading to a stiffer response.

In figure 4.10 the stress strain curves of a clay with b=1.42. (tigure 4.9). are plotted for

samples inclined to the principal directions of anisotropy under drained triaxial conditions.

Where 6 is the angle of inclinatlon of the sample from the 1·direction (horizontal direction).

The elastlc response is assumed lsotropic and M„ is assumed proportional to M„ . The

anisotropic parameters used are;

ä «5

M„ = 1.5

This response is typical of senstive clays and sands (69).

So far, the drained response was analyzed. Now the response of the same soil will be

studied under undrained conditions. The procedure described in section 4.3 for imposing the

undrained condition is used. Figure 4.11 and Figure 4.12 shows the stress strain response,
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stress path, and pore pressure curves for a isotropic (b=1.0) and a cross anisotropic (b= 1.42)

clay. The clay is identical to the one used in ligures 4.9 and 4.10. It is found that a higher pore

pressure is obtained for the isotropic material (b=1.) than in the anisotropic material

(b=1.42). This is because under the same stress, greater plastic flow takes place in the

isotropic material than in the anisotropic material. This Ieads to a higher pore pressure de-

velopment. This undrained response is typical of some clays (1,37). The values of the pa-

rameters used in the analysis are taken from ref (44) and are given in the ligures.

In the above analysis, it was assumed that the soil was normally-consolidated. Now the

response of the same clay is investigated under overconsolidated conditions. Figure 4.13

shows the comparison between the isotropic hardening model and the TSM for an anisotropic

overconsolidated soil (OCR=2.,b=1.42) under drained triaxial conditions. The procedure for

overconsolidation is described in the previous section. The TSM parameters are taken from

the data of weald clay (44) and are the same as those used in figure 4.6. Figure 4.13 illustrates

the stress·strain response predicted by the two models for an anisotropic clay in both the

vertical and horizontal directions. The isotropic-hardening model exhibits an initial elastic

response followed by elastic-plastic deformation, whereas the two-surface model exhibits

plastic flow at a very low stress level.

Figure 4.14 shows the failure stress state under triaxial conditions for an anisotropic

sand(2). The sand used is rounded Leighton Buzzard sand, with a specific gravity of 2.64 and

porosity of 34.1 percent. Figure 4.14 shows the failure stresses on the p·q plane. The sand

was tested at various angles to the plane of deposition at a confining pressure of oc = 55.0

KN! M2 For an isotropic sand, all the data should have resulted in a single point on the p·q

plane. As the sand exhibits anisotropy, several data points are obtained. This is because of

different axial stresses at failure in each case. Figure 4.14 also shows the same data plotted

on the E -p plane(equation 4.1). lt can be observed that the data plot as a straight line which

passes through the origin. The experimental data approximately fit the straight line E ·p

anisotropic failure criteria.
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Figure 4.15 shows the stress strain relations of anisotropic Toyoura sand tested under

triaxial conditions (47). The sand has a mean grain size of .15 mm and a void ratio of .68 at

a confining pressure of .5 kg/ cm' . The sand was tested in both the vertical and horizontal

directions and at two different conlining pressures. ( .50 and 2.0 kg/ cmz The strength param-

eters n and M„ were calculated from the failure stresses from the test with a confining pres-

sure of .5 kg/ cm' . The elastic moduli were calculated from the stress strain curves in the

same test. The hardening parameters were taken from reference (47).

e„ = .68

n = 1.7

E, = 250. kg/cmz

E, = 300. kg/cm!

v = .15

7l. = .025

ic = .007

M„ = .81

The experimental results are compared with the results of the IHM-PD. lt is observed that the

model predictions compare well with the stress strain curve in the horizontal direction.

Whereas for the vertical sample, the comparison is not good at low strains, but compares well

near failure. Fair agreement is observed in both cases. The material parameters are given

on the figure. Better agreement could be obtained if deviatroic-hardening is considered, be-

cause in sands deviatoric-hardening can be important (46).

4 PRESSURE-DEPENDENT MEDIA 97



25

8=90.20 Ü0

¤ 8= O.NE 15 ¤· Q
01 0

.2

^U 10 ¤ 2E)
2um cc = _50 kg/cm

%
5 -’—"‘ E5? .

Ü QQ0

0.0 2.5 5.0 7.5 10.0
STRAIN Z

30

8=90.
25 Ü

0

20 ¤ 8= O.
0NE Ü

0
E 15 0 0
.¤¤

„° 10 2I
22 oc = 2.0 kg/cm

3
5 il- EXP

Ü Ü Ü IHM—PD
0

0.0 2.5 5.0 7.5 10.0

STRAIN Z
Figure 4.15: Comparison of model prediction with experimental data·Anisotropic Toyoura sand

4 PRESSURE-DEPENDENT MEDIA 98



FINITE ELEMENT METHOD FOR PLASTICITY PROBLEMS

Introduction

ln the previous Chapters constitutive models were developed to analyze nonlinear material

behavior. These models are to be used in the solution of boundary value problems which are

of interest in soil mechanics. Due to the nonlinear nature of the problems, a numerical

method has to be used in the analysis. The linite element method has been successfully used

in the solution of elastic-plastic boundary value problems.

In this Chapter the finite element method for elastic-plastic analysis will be described.

As plastic deformations can result in large deformations, a method for large deformation

analysis will also be described. Finally, the implementation of the models developed in the

previous Chapters is discussed.
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Finite Element Method

The basic concept of the tlnite element method is the ideallzation of an actual continuum

as an assemblage of discrete elements interconnected at their nodal points (70). The un-

knowns, in this case the nodal displacements are interpolated over the element by shape

functions. This reduces the boundary value problem to the solution of a set of algebraic

equations of the form;

R = i<"u (6.1)

where R is the global load vector, U is the global nodal displacements and KG is the global

stiffness matrix.

For elasticity problems the global stiffness matrix is;

NRG = z l<° (5.2)
l=1

where K' is the element stiffness matrix and N is the number of elements. The element

stiffness matrix is given by;

K° = L/BTDBdv (5.3)

where B is the strain displacement matrix and D is the stress-strain matrix.

s = Bu (5.4)

6 = Ds (5.5)

The above method is complete for the solution of a linear elastlc problem. For a material with

a nonlinear stress-strain behavior, additional steps are needed. Several methods exist for the

solution of nonlinear problems. Some of the commonly used methods are the tangent

modulus method, Newton-Raphson and direct iteratlon (70).
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ln this thesis the tangent modulus method is used. ln this method, the total load is applied

in small load increments. At the beginning of each load increment, the appropiate stress strain

matrix D is calculated for each element. The stiffness matrix is calculated for each element.

Then the global stiffness matrix is assembled. This system of equations ls solved to obtain

the incremental nodal displacements and the incremental stress for each element. The total

stresses and displacements are obtained by summing the results of each increment.

u' =
u’°‘

+ du (6.6)

6* = 6*** + d6

The accuracy of this method depends on the size of the load increment. Accuracy can

be improved by iteration within each increment. Here the residual load vector correction ap-

proach is used. The residual load vector ls defined as;

xy = •l°vBT6dv - R (5.7)

For equilibrium xy = 0.

However, due to the nonlinearity of the material, xy will not be zero. This residual load

vector is added to the load vector as a correction. The system of equations is iterated till the

residual load vector is below the allowable error. This procedure is good for monotonic

loading. For cyclic loading small load steps are essential to maintain equilibrium.

The models described in the previous Chapters are implemented into finite element pro-

grams using the above method for nonlinear analysis. An 8-noded isoparametric three di-

mensional brick element is used in the analysis.
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Large Deformation Analysis

Plastic deformations can result in large deformations and large changes in geometry.

When large deformations occurs, the small strain theory is no longer valid. This can result in

errors in the solution of some elastic-plastic boundary value problems.

For large deformation, analysis either the Lagrangian or the Eulerian formulations can

be used. ln the Lagrangian analysis, the coordinate system remains fixed during deformation

(28,67). ln the Eulerian formulation, the coordinate system moves during deformation (48).

ln large deformation analysis of elastic-plastic materials it is important that the stress

strain law be written using a stress measure that is frame indifferent. This is because the

stress-strain tensor is a function of the stress tensor. lt is shown by Prager (51) that the

, Jaumann rate of of the Cauchy and Kirchoff stress tensor is frame indifferent. Carter, Booker

and Davis (14) used the Jaumann rate of the Cauchy tensor. This however Ieads to a non-

symmetric matrix. ln this work the formulation of Mcmeeking and Rice (38) is used. The

Jaumann rate of the Kirchoff stress tensor is used. This gives a symmetric stiffness matrix.

The stress-strain law is written as;

1; = DÜ,,,6,,, (5.8)

(U1,} + v,„l Ä . . .where 6,, = —$— and 1,, is the Jaumann rate of the Kirchoff stress tensor. In this

section both the tensor and vector notation are used for convenience.

lt is shown by Mcmeeking and Rice (38) that for large displacement analysis, the stiffness

matrix using the above definetion of stress can be written as;

K° = j'vBTDBdv + j'v((Nk)5oU(N,,)_, - 2(B,,,)TcU(B,,,))dv (5.9)

The second term is called the initial stiffness matrix and B is defined as;

(N,- + NL,)
BU = (5.10)
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Where N are the shape functions.

The true or Cauchy stress increment is;

d°1} = *17 " O-ijsll T °'11«¢°1«1 + O-jkmkj (511)

(U1,} ' U},1) . .
where co,] = and do',} is the Caushy stress increment.

ln the finite element calculation, the stiffness matrix is calculated at every load increment,

using the current configuration and stress level. The finite element equations are solved to

obtain the nodal displacements. Equation 5.8 is used to obtain the Kirchoff stress increment

and equation 5.11 is then used to calculate the true stress increment. This stress increment

is added to the previous stresses and stored. The mesh is updated using the calculated dis-

placements. This configuration and the stresses obtained are used to calculate the stiffness

matrix for the next load increment.

This large deformation formulation is implemented in the finite element program. To test

this formulation, the finite element results were compared with analytica! results for a simple

problem. The problem chosen is a block compressed under plane strain conditions. Figure

5.2 shows the comparision of the two analysis for a body under homogenous plane strain

conditions. One element was used in the analysis. The finite element results were compared

with the results of Toh and Sloan (65). Excellent comparision is obtained. The parameters

used in the analysis are taken from (65) and are given below.

Youngs modulus E = 100. kg! cmz

Possions ratio v = .3

Initial length L, = 1.0 cm
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Implementation of Models

In this section some of the details of the implementation of the models developed in

Chapters three and four are discussed. As each model is very different from the others, it

was decided to place each model in a separate program. However the basic program is the

same in each case. This is a three dimensional finite element program with an eight noded

brick element.

(a) Pressure·lndependent lsotropic·Hardening Model (FEM3D-PIM)

The description of the model is given in Chapter 3. Here only a description of the com-

putational aspects are described. Due to the presence of anisotropy, direction is important.

, Therefore, all stresses are transformed from the global coordinate system to the material co-

ordinate system. The constitutive matrix is calculated in the material coordinate system and

transformed back to the global coordinate system.

ln an elasto-plastic problem two states of stress exist. For states of stress within the yield

surface, the behavior is elastic and the elastic constitutive matrix is used in the calculation

of the stiffness. For states of stress on the yield surface, the elasto-plastic matrix derived in

Chapter 3 is used. As the hardening modulus usually varies nonlinearly the appropiate value

of the modulus should be used.

As finite loading steps are used, an element which is elastic initially may turn plastic

within the load increment. ln this case, the stresses are scaled uniformly to the yield surface.

This is done by reducing all the stresses uniformly such that the yield condition is satistied.

The left over stresses are added to the load vector as a correction. For elements which are

plastic, the yield surface expands so that the stress point passes through it.

lf during the analysis an element is found to have unloaded during a load step, the anal-

ysis is repeated using elastic properties for the element. The loading and unloading criteria

are determined as (37);
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-%d6 < 0 unloading

%Ed6 = 0 neutral loading (5.12)

> 0 loading

During unloading the yield surface is unchanged and the response is elastic.

The program has a geometric nonlinear capability. As the updated Lagrangian de-

scription is used, the mesh is updated after each load increment. The program can also sim-

ulate incremental buildup. Before an element is buildup, it is treated as an air element with

a very small stiffness. ln the appropriate load step, the true material properties are assigned

to the element, and gravity loads are calculated.

(b) Multisurface Model (FEM3D-MSM)

The implementation of this model is complex due to the presence of several yield sur-

faces. For each element the size and location of each surface has to be stored. In the cal-

culation of the translation of the yield surface a large number of computatlons are needed.

This results in larger memory space and increases computational costs. Also, very small

loadsteps are needed to malntain stabllity. The isotropic·hardening model is generally stable

compared to the multisurface model.

The elastic response is the same as the isotropic·hardening model. When the stress

point reaches the lirst yield surface, the stresses are scaled as before. On futher loading the

surface translates with the stress point and the appropriate hardening modulus is used. The

incremental translation vector is calculated from the translation rule given in Chapter 3. The

stiffness matrix ls calculated using the current plastic modulus, stress state, and translation

vector.
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lf during loading the stress point reaches the next surface, the first surface is discarded

and the new surface is used for futher calculations. This includes both the plastic modulus

and the translation vector. This procedure is repeated with other surfaces. The last or outer-

most yield surface is usually assigned a low value for the plastic modulus. Thus the material

behaves as an elastic perfectly-plastic media.

If an element is found to have unloaded during a load increment, the results of this in-

crement are discarded. lmmediate unloading is assumed to be elastic. The analysis is re-

peated with the new properties.

(c) Pressure-Dependent Isotropic·Hardening Model (FEM3D·PDM)

The derlvation of this model is given in Chapter 4. The implementation of the model is

similar to the pressure·independent isotropic- hardening model. For states of stress within the

yield surface the behavior is elastic. The elastic properties are dependent on the pressure.

For states of stress on the yield surface the eIastic~plastic matrix derived in Chapter 4 is

used along with the appropiate hardening modulus. During initial yield the stresses are

scaled to the surface. During loading the yield surface expands with the stress point. lf an

element is found to have unloaded during the Ioadstep the analysis is repeated using the

elastic matrix.

The program has a large displacement analysis option based on the updated Lagrangian

scheme. The nonlinear analysis is similar to that of the pressure-independent isotropic-

hardening model.

As the size of the yield surface depends on the consolidation pressure, the initial stress

calculation is important. The initial size of the yield surface is calculated as,

00245% + P2)
a = -IT-— (5.13)
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where E, p and n are defined previously. The program can also be used for undrained anal-

ysis. The method for calculating the system bulk modulus and the pore pressures are given

in Chapter 4.

(d) Two·Surface Model (FEM3D-TSM)

This model is described in Chapter 4. The implementation of the model can be separated

into two parts. When the state of stress is on the bounding surface, the implementation ofthe

model is the same as the isotropic·hardening model. lf the stress point is within the bounding

surface and the yield surface, the behavior is elastic. The behavior is elasto-plastic if the

stress point is on the yield surface.

For elastic states of stress the elastic pressure-dependent matrix is used. lf the stress

point is on the yield surface, the appropiate hardening modulus is used with the elastic-plastic

constitutive matrix derived in Chapter 4. The surface can translate and expand during defor-

mation and the translation and expansion rules given in Chapter 4 are used.

The loading and unloading condition is the same as described for the multisurface model.

Initial unloading ls elastic.

The initial size of the bounding surface is as described in the isotropic-hardening model.

It is futher assumed that the ratio of the sizes of the bounding surface and the yield surface

is a constant. The initial position of the yield surface may be specified or calculated. lf the

soil is normally consolidated the bounding surface and the yield surface pass through the

stress point (initial stress). The position of the yield surface can be calculated from the

translation rule.

lf the soil is overconsolidated the position of the yield surface can be calculated from the

initial stress and the size of the surface.
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APPLICATION OF MODELS TO SOME SOIL MECHANICS

PROBLEMS

Introduction

ln this chapter the models developed in chapters 3 and 4 are used to obtain solutions to

some soil mechanics problems by the finite element procedure described in chapter-5. Par-

ticular importance is given to the influence of anisotropy in these problems. The influence of

anisotropy on the load·dispIacement response, stress, displacement, and pore-pressure dis-

tribution and stabllity is studied. Where analytica! solutions exist, comparisons will be made.

As plastic deformation leads to large strains, geometric nonlinearity ls included in the analy-

sis.

Both two and three-dimensional problems are studled. In most cases, only monotonic

loading conditions will be investigated, in order to keep computational costs low. ln a few

cases general loading conditions will be investigated.
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The problems analysed are;

(a) Strip Footing(pIane strain analysis)

(b) Rectangular Footings(three·dimensionaI analysis)

(c) An Embankment on clay Iayer(plane strain analysis)

Strip Footing(Plane Strain analysis)

Pressure·lndependent Model

ln this section the models developed in chapter-3 are used in the analysis of a footing on

a layer of clay under plane strain and undrained conditions. The pressure·independent

models are used in the short-term undrained analysis of clays. These models give no infor-

mation on the pore·pressure-development. However, the pressure·independent models are

easy to use and can give good information on the displacement and stability of structures on

undrained clays. For monotonic loading conditions, the isotropic-hardening model can be

used to give reasonable answers (44). Therefore in most cases studied here, the isotropic-

hardening model will be used as it is simple to use and computational costs are low.

In figure 6.1 the curve Iabeled b=1.0 shows the load displacement response of a strip

footing of total width 2.0 ft on a layer of isotropic undrained clay. The clay is assumed to be-

have as a perfectly plastic material. The properties required for the analysis are the elastic

modulus E and the yield strength or cohesion. The value of the possions ratio is taken as .485

which is calculated from the incompressibllity condition (The exact value should be .5, but this
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Ieads to a singular matrix and an alternate formulation has to be used). The values of the

parameters used in the analysis are assumed as,

E = 30000. psi

v = .485

C = 17.5 psi

The clay layer is analysed by using 36 elements and 15 load increments. Geometric

nonlinearity is also included in the analysis. The load displacement curve shows an initial

linear response. At a load of about 55.0 psi initial yielding takes place. From here, the load

displacement curve shows a nonlinear response and reaches collapse at a load of 95. psi.

Figure 6.1 also shows the limit load for isotropic clay. This is calculated as 5.14 C where C is

the cohesion. The finite element results are close to the exact solution. The theoritical value

of the limit load is 90. psi, where as the finite element analysis predicts a value 95. psi. lt is

extremely difficult to capture numerically the exact limit Ioads for perfectly·plastic media. A

very line mesh and small load increments are needed. However the limit Ioads obtained are

cloase enough. Also in the analysis a clay layer of finite depth was assumed, where as in the

theory a layer of infinite thickness is assumed.

To study the influence of anisotropy, a parameter b is detined as the ratio ofthe strength

in the vertical direction to the strength in the horizontal direction. Two cases of anisotropy

are studied, b=1.42 and b=.707. The strength terms in shear and the elastic moduli are as-

sumed to be proportional to b. The parameters used are given in the table 6.1. Figure 6.1 il-

Iustrates the influence of anisotropy on the load displacement response and limit Ioads.

The Poisson ratios are calculated from the incompressibility condition and M„ lt

can be seen that anisotropy influences both the load displacement response and the limit

Ioads. Table 6.2 compares the theoritical limit Ioads for the anisotropic clay with the finite el-

ement results. Theoritical results for the limit load on anisotropic clay have been obtained

by Christian and Davis (19) and Chen (26). Christian and Davis (19) used the results of HiIl(29)

to obtain a lower bound solution for the limit Ioads of a strip footing on anisotropic undrained

clays. Chen (26) used limit analysis to obtain limit Ioads. The finite element results are close
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Table 6.1 Properties for plane strain analysis-Undrained

@6 ¤$¤ @ M6
.707 30000. 21210. 7189.10170.Q

60000. 30000. 10170. 10170.
30000. 44260. 14400. 10170. 1.5

6 Al=m.icA1·1ou or rvioosus 116



to the theoritical results, even though the failure criteria used in the theoritical analysis is

different from the one developed in chapter 3.

The above analysis shows that the model along with the ünite element analysis are sat-

isfactory to obtain limit loads and load displacement relations for undrained anisotropic clays.

ln figure 6.2 the ratio of the bearing capacity for anisotropic clays, to the bearing capacity

for isotropic clays RN, is plotted for various values of b. As b tends to zero, the bearing ca-

pacity also tends to zero. For values of b less than 1.0, the bearing capacity is inliuenced

essentially by the vertical strength. For values of b greater than 1.0, the bearing capacity

increases with b, and the bearing capacity is inliuenced by both the vertical and horizontal

strengths.

The results presented above are obtained assuming the clay behaves as an elastic-

perfectly plastic media. This assumption is useful for obtaining limit loads. Most solls exhibit

an initial elastic response, followed by a eIastic·pIastic hardening behavior. Finially at failure

a perfectly plastic state is reached. To obtain the complete response of the footing, the

hardening behavior of the clay has to be taken into account. In many cases linear hardening

may be assumed. A linear hardening material is one which has a linear stress-strain re-

sponse after initial yield.

Figure 6.3 shows the infiuence of hardening on the load displacement response. To study

the influence of hardening, an anisotropic clay with b=.707 is analyzed. The properties of this

clay are given in table 6.1. For simplicity, linear hardening is assumed. ln this case there is

no limit load and the load displacement curve always rises. The load displacement response

is investigated for various values of H/E ratio, where H is the plastic modulus. H/E=0. implies

perfectly plastic behavior and H = GO implies elastic behavior. Figure 6.3 shows the load

displacement response for H/E ratios of 0, 1. and GO for an anisotropic clay. Hardening can

greatly influence the load-displacement response.

Figure 6.4 compares the spread of yielding in anisotropic and isotropic clays at a load of

70. psi. The distribution of the yielded zone under the load is infiuenced greatly by the
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Table 6.2 Comparison of limit Ioads

§ P-<4044~/> P-<»=004>
-404 44-0
1.42 116.0 120.0

6 Ai¤i=LicA11ou or Mo¤s1.s 115



I1

. 5
D

¤?
.é

1Im

9.

E.1
0 . 5

IAnisotropic ratio-b

Figure 6.2:Influence of A¤isotrOpY·$tYiP
F°°‘i“g

6 APPLICATION or Mo¤s•.s 116



anisotropic strength of the soil. The anisotropic clay with b=.707 has reached collaspe at this

load, where as the clay with b=1.42 has just begun to yield.

Figure 6.5 compares the surface displacement profiles for both isotropic and anisotropic

clays. lt can be seen that anisotropy does not influence the surface profile, although the

magnitude of the displacement is greatly influenced by the anisotropy of the clay.

The strip footing has also been analyzed using the multisurface model. An isotropic clay

is used in the analysis. The properties of the clay are;

E = 30000. psi

v = .48

C = 17.5 psi

To simplify the analysis, a soil with linear hardening is assumed (E/H=1.0). ln this case

only two surfaces are needed for the analysis. An inner yield surface and an outer failure

surface. The parameters of the surfaces are given in table 6.3.

Figure 6.6 compares the response of the footing predicted by the multisurface model and

the isotropic hardening model for monotonic loading conditions. The results of the two anal-

ysis sre similar. The results obtained are close because linear hardening has been assumed

and the loading is monotonic and proportional. In general, the results would be different as

the plastic modulus varies continuously in the isotropic-hardening model and varies in a

piece-wise linear manner in the multisurface model. Note that ln case of the multisurface

model, the soll at the end of the loading is no longer isotropic.

The same problem is analysed for a single cycle of loading, using the multisurface

model. Figure 6.7 shows the Ioad·displacement response for a load-unload-reload condition.

The initial response on loading is elastic. When the stress point reaches the yield surface, the

surface translates with the stress point and both elastic and plastic strains are obtained. Upon

unloading, the initial response is elastic. However, when the stress point reaches the yield

surface, plastic flow occurs. On reloading, the initial response is again elastic, followed by

plastic flow. The multisurface model can therefore predict the hysteric response of the soil.
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Table 8.3 Properties for multisurface model
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In the isotropic-hardening model, the unloading is elastic; hence it cannot predict the hysteric

behavior of the soil.

ln the multisurface model developed here, the sizes of the yield surfaces do not change

with plastic deformation. To predict realistic behavior of the clay under cyclic loads, the size

of the yield surfaces should be made a function of the plastic strain. The size of the yield

surfaces should decrease with increasing plastic strain. This gives better agreement with ob-

served results. The model developed here assumes that the surfaces are of constant size.

However, this model gives reasonable results for a small number of loading cycles.

ln all the cases analysed the clay layer was assumed to be homogenous. Generally the

clay strength increases linearly with depth and this case can be easily incorporated in the

analysis.

Pressure·Dependent Model

(1) Drained Analysis

ln this section the models developed in Chapter·4 are used in the analysis of a footing

on a layer of clay under plane strain conditions. The problem analysed is a strip load on the

surface of the soil. Also a surcharge of 250. psf is applied on the surface.

This problem is analysed under both drained and undrained conditions. The pressure-

independent models which were used in the previous section gave no information about the

pore·pressure-development. This information is needed for a complete understanding of the

problem. The procedure for imposing the undrained condition and calculating the pore-

pressures ls given in Chapter-4. Because the behavior of the soil depends on the consol-

idation pressure, a method for calculating the initial conditions in the ground is given in

Chapter 5. Here the influence of anisotropy is investigated on the load deformation response,

pore-pressure-development, and stress and displacement distribution.

The clay used in the analysis is Weald clay. The properties of the clay are taken from

reference (44). Figure 6.8 shows the load displacement response of a strip load on a
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normaIly·consoIidated isotropic clay (b=1.0). Figure 6.8 also illustrates the influence of

anisotropy on the load displacement response for various values of b. Where b is the ratio

of the effective failure strength in the vertical direction to the effective failure strength in the

horizontal direction. (b is the ratio of the slope of the failure surface in the vertical direction

to the slope of the failure surface in the horizontal direction). The shear strength and the

elastic moduli are taken in proportion to b. These are given in table 6.4.

The properties of the isotropic clay are assumed as;

K, = 1.0

density = 100. psf

A = .092

1< = .027

v = .3

G = 144000. psf

tp = 22. degrees (n=.87)

For the isotropic soil, tp = 22. degrees corresponds to a n value of .87 in the triaxial test.

Under plane strain conditions, the failure condition for the isotropic soil can be made equiv-

alent to the Mohr-Columb criteria by replacing n by n,„„ . Where n,„, is given as;

nm, = (6.1)
(3 + sin tp)

This equation can be obtained by equating the Mohr-Columb criteria and the failure cri-

teria of the isotropic soil under plane strain conditions. For tp = 22. degrees the value of n,„„

is .215. This value of n is used in the analysis. This is done because in most limit analysis

of frictional media, the Mohr-Columb criteria is used to obtain limit loads. The elastic prop-

erties and the anisotropic strength parameters are given in the table below. Geometric non-

linearity is also included in this analysis.
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Table 6.4 Properties for plane strain a“a‘Y$‘$‘D”i“ed

psi M„„374400. 374400. 144000. 144000. Q
374400. 449280. 177400. 144000. Q
374400. 541648. 204480. 144000. 1.5
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The value ofthe Poisson ratlos ls taken as .30 and M„ = lt can be observed in figure

6.8 that no limit condition is reached. This is because the mode of failure in the finite element

analysis is very different from that assumed in limit analysis. The footing undergoes pro-

gressive failure in the finite element analysis. This is because the soil developes plastic

strains from the start of loading,(in a normally consolidated soil the stress point at the start

of loading is on the yield surface). This type of response is typical of many solls, as most solls

exhlblt a nonllnear response well before the failure state is reached. Hence the ultimate load

is to be estimated from some ultimate deformatlon criteria. The theorltlcal limit load for the

isotropic soil is 2400. psf.

To deüne the ultimate load, the displacement due to the theorltlcal limit load on an

isotropic soil, is taken as the allowable displacement. The load which causes the same dis-

placement on an anisotropic soil, is defined as the ultimate load for the anisotropic soil. Fig-

_ ure 6.9 plots the ratio of the ultimate load for an anisotropic soll to the ultimate load for an

isotropic soil RP, versus b. lt is observed that a small change in b, causes a large change in

the ultimate load. this is in contrast with the undrained analysis of the previous section, where

a small change in b causes a proportional change in the ultimate load. This is because for

frictional media, the ultimate load is proportional to the tangent of the friction angle, whereas

for a cohesive media the ultimate load is directly proportional to the cohesive strength. lt

should be noted that unlike the undrained case, the bearing capacity is also a function of the

footing width. However the above analysis gives a indication of the infiuence of anlsotropy

on the dlsplacements and failure of the footing. To obtaln the response of a specific problem,

the program developed will have to be used.

Figure 6.10 illustrates the surface profile under drained loading. As before anlsotropy

influences the maximum displacement, but not the shape of the profile. Note also that the

shape of the profile ls different from the shape of the profile under undrained loading. This is

because in this case volume change under loading takes place, whereas under undrained

loading there is no volume change.
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Figure 6.11 compares the load-displacement responses of a normally consolldated clay

with a clay of overconsolidation ratio of 1.5. Both isotropic and anisotropic clays are analysed.

It it observed that the overconsolidated clay exhibits a stiffer resonse. This is because initially

the load response of the overconsolidated clay is elastic, where as the normally consolldated

exhibits an elasto·plasto response from the start. Figure 6.11 also compares the response of

the overconsolidated soil predicted by the isotropic hardening model and the two·surface

model. The two·surface model response is softer than the response of the isotropic hardening

model. This is because of plastic flow below the consolidatlon surface. However at this low

overconsolidation ratio, the responses predicted by the two models are not very different. At

higher overconsolidation ratlos the predlctions can be signiticantly different. Clays with higher

overconsolidation ratlos are not analysed, as these clays exhiblt softening.

(2) Undained Analysis

Here the same problem is analysed under undralned conditions, using the pressure depend-

ent model. The procedure for imposing the undralned condition is given in chapter 4. Figure

6.12 illustrates the undralned load displacement response for an isotropic and an anisotropic

soil. The influence of anisotropy on the load displacement response is signiflcant, but not as

large as in the drained analysis. Compared to the drained analysis, the undralned response

is stiffer. This is to be expected, as the undralned modulus is always higher than the drained

modulus.

Figure 6.13 illustrates the surface proüles for undralned loading. The surface profiles are

similar to those obtained using the pressure-independent model, but are different from the

profile in the drained analysis. This is because no volume change takes place in the undralned

analysis.

Figure 6.14 illustrates the influence of anisotropy on the pore·pressure development be-

low the footing. In figure 6.14 the ratio of the pore pressure to the pore-pressure developed
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at the surface of the lsotropic soil is plotted with depth. The lsotropic soil developes a higher

pore-pressure, as it undergoes higher plastic straining compared to the stiffer anisotropic soil.

lt should be noted that unlike the elastic case, the pore-pressure profiles change with the

level of loading. This is because the pore-pressure developed at any depth dependes on its

stress state. The pore~pressure proüles plotted in figure 6.14 are plotted at low stress levels.

This is because at stress states close fo failure, the method used to obtain the undrained

condition leads to numerical problems.

Rectangular Footings(Three·Dimensional Analysis)

Pressure-Independent Model

ln this section the response of rectangular footings on undrained clays is analysed and

the lsotropic·hardening model is used in the analysis.

Figure 6.15 shows the load displacement response of a square footing of size 2.0 ft by 2.0

ft on a layer of lsotropic clay. The material is assumed to be perfectly-plastic. The parameters

used in the analysis are assumed as,

E = 30000. psi

v = .485

C = 17.5 psi

Figure 6.15 also compares the limit load (classical solution 6.0C) with the results of the

finite element analysis. Good comparison is obtalned. The theoretical limit load is 100. psi,

where as the finite element analysis predicts a value of 104.0 psi.

Figure 6.15 also shows the influence of anisotropy on the load displacement response

and limit loads. As before, both the shear strength and the elastic moduli are taken propor-

tional to b. The parameters assumed in the analysis are given in table 6.5.

6 APPLICATIGN OF MODELS 134



0 . '5

I
/“ I

IE

n/
IGO I FT
I

· IX-0. 6 / 5 II‘ -6-6+3 16:1 .00
I

Ä:1
_

1 • 0 Z: I-

0 5 10
X/B

Figure 6.l3:Surface profile-Undrained Analysis

6 Arrucxnou or moosns · 135



0

EE',
E
Ei - 5
¤

Q b=l . OO

X b=1 . 42
I .

- 1 0
O l

IPore-PressureRatio
“/ug;

Figure 6.14 Pore·Pressure Ois1ribu1ion·S1rip Foo1Ing'

6 Asmecmou or monats *36



2 0 0

1 7 5

1 50
b=1.42

1 25
.,4 b=l . OO
ig. 1 Limxt-Lead

g b= . 707"’
75

50

25

0
0

•
0 0

•
S 1

• 0 1
• 5

¤1sPLAcEMEm UN)
Figure 6.15 Undrained Load·DispIacement Response-Square Footing

6 m¤¤.¤cA·no~ or monsis 137



Table 6.5 Properties for three dimensional anaIysis~Square footing
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The anisotropy of the clay has a significant influence on the deformation and failure of the

footing. ln figure 6.16 the ratio of the anisotropic limit load to the isotropic limit load R,,_, is

plotted versus b. As b increases the anisotropic limit load increases. Compared to the plane

strain case, the influence of b is less siginificant for the square footing. This is because of the

three dimensional stress distribution below the footing and the limited zone of influence ofthe

square footing.

Figures 6.17 and 6.18 illustrate the surface profiles and yielding for isotropic and

anisotropic clays. Anisotropy influences the maximum displacement, but not the shape of the

profile. However both the surface profile and the spread of yield are different compared to the

plane strain analysis. This is again due to the three dimensional nature of the problem.

Figures 6.19 and 6.20 illustrate the influence of orthotropy on the response of a square

footing. To study the influence of orthotropy, o is defined as the ratio of the Iateral strength

to the horizontal strength. o=1.0 represents a cross anisotropic soll. In this case a soll with

b=1.42 is used in the analysis, where b is the ratio of vertical strength to horizontal strength.

The properties used in the analysis are given below and table 6.6.

The elastic and strength parameters in the 1-3 plane are, E, = 30000. psi, G,, = G2, =

14400. psi and M,, = M„ = 1.50. lt can be observed that orthotropy can have a significant

effect on the limit Ioads. ln figure 6.20 the ratio of the limit load for the orthotropic soll to the

limit load for the cross·anisotropic soll R„„ is plotted versus 0. Orhotropy can have a large

effect on the limit Ioads, but the effect of orthotropy on the limit Ioads is less significant than

the effect of cross-anisotropy.

Figures 6.21 and 6.22 illustrate the response of a rectangular footing of size 2.0 ft by 4.0

ft on undrained anisotropic clays. The parameters used in the analysis are the same as used

ln the analysis of the square footing. As before anisotropy influences both the deformatlon

and failure of the footing. In figure 6.22 the ratio of the limit load for anisotropic soil to the limit

load for an isotropic soil for a rectangular footing R,„ is plotted versus b. Also plotted are

similar curves for a strip and square footing. The rectangular footing exhlbits a response in

between the strip and square footing.
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Table 6.6 Propertied for three dlmenslonal analysls·Orth0tropy
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Figure 6.23 compares the influence of anisotropy on the elastic displacement, for square,

rectangular and strip footings. Anisotropy has a large influence on the displacements in all

cases. However the influence of anisotropy on the shape of the curves is the not significant.

Pressure Dependent Model

The same square footing has been analysed under drained conditions, using the pressure

dependent model. The parameters used in the analysis are the same as those used in the

drained analysis of the strip footing. Due to the three-dimensional nature of the problem, the

failure criteria for the isotropic soil cannot be reduced to the Mohr-Columb criteria. However

as the stress condition below the centre of the square footing is nearer to the triaxial condi-

tion, the n value obtained from triaxial tests will be used (n=.87). Figure 6.24 illustrates the

load-deflection curves for isotropic and anisotropic clays. The theoritical limit load for the

isotropic clay is 2320. psf. Again no limiting condition is reached and a ultimate load is defined

as the load which causes the same deflection as a load of 2320. psf causes on an isotropic

clay. No limiting condition is reached, because the mode of failure is different than that as-

sumed in the limit analysis. Also in this case the failure condition is different than that as-

sumed in the limit analysis.

Figure 6.25 illustrates the influence of anisotropy on the ultimate load. In figure 6.25 the

ratio of the limit load for anisotropic soils to the limit load for isotropic soil R„, is plotted versus

b. Compared to the plane strain case the influence of anisotropy ls less significant on the

ultimate load. This is because of three-dimensional effects and the limited zone of influence

of the square footing as compared to the strip footing. However the influence of anisotropy

is large when compared to the undrained analysis.

Figure 6.26 illustrates the surface profile under drained conditions. The profile is not very

different from the undrained case.
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Embankment on Shallow Clay Layer

The next problem analysed is an embankment on a shallow layer of clay. The

embankment is analyzed under undrained conditions and under plane strain conditions. The

pressure·independent model is used in the analysis. The loading is simulated by building up

the embankment layer by layer. Five loading steps are used, and in each step, 20% of the

layer is builtup. Details of this method are given in Chapter 5. The influence of initial

anisotropy of the clay layer on the deformation and yielding are investigated. Three cases

are analysed, b=.707, b=1.00 and b=1.42, where b is defined as before. The properties of

the clay and the dimensions of the problem are given below;

E = 10000. psf

v = .48

C = 500. psf

, M== = é

K, = 1.0

density = 100. psf

L = 10. lt

D = 10. ft

H = 10. ft

Where L is the top width and H is the height of the embankment, and D is the depth ofthe

layer. The slope of the embankment is 45. degrees. Figure 6.27 shows the deformation of the

layer for a fixed height ofthe embankment for various degree’s of anisotropy of the clay layer.

lt can be seen that the influence of anisotropy of the clay layer on the deformation can be

significant. Table 6.7 compares the ratio of the maximum displacement at the centre of the

embankment 8,,,,,, to the maximum displacement for the isotropic clay 5,,,,,,, with b.
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Table 6.7 lnnuence of anisotropy on embankment displacements
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Figure 6.28 shows the zones of yield al the end of construction of the embankment for

various values of anisotropy of the clay layer. The anisotropic clay with b=1.42, has just be-

gun to yield at the end of construction, whereas for the anisotropic clay with b=.707 plastic

collaspe has occoured. Hence anisotropy signilicantly influences the stability of the

embankment.
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C H A P T E R 7

SUMMARY AND CONCLUSIONS

ln recent years a large number of constitutive models have been developed to analyze

the nonlinear behavior of soll, and these models have been used along with the flnlte element

, method to obtaln solutions to a number of problems of practical interest. Most of these

models have treated soll as an initially isotropic material. Yet most solls display some

anlsotropic behavior. The aim of this thesis has been to develop elasto-plastic models for in-

itially anlsotropic solls and to use these models along with the flnlte element method to obtaln

solutions to problems ln which the soll displays initial anisotropy.

Models were developed for both pressure·independent media and pressure- dependent

media. Pressure independent models can be used for the undrained/total stress analysis of

clays. Pressure dependent models can be used for the effective stress analysis. Both isotropic

and klnematic hardening theories were used in developing the models.

An isotropic-hardening model was developed for initially orthotropic pressure- inde-

pendent media. This model ls a generalization of the von-Mlses model. A method was de-

veloped to determine the hardening modulus and the anlsotropic parameters. The model can
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be used for monotonic loading conditions. However, the isotropic-hardening model cannot be

used for general loading conditions, because it assumes elastic unloading and cannot account

for induced anisotropy. To overcome these limitations, a multisurface model was developed

for initially orthotropic pressure- independent media. ln this model, several yield surfaces are

introduced to model the anisotropic hardening behavior. This model can be used for complex

loading conditions, as it can account for both initial and induced anisotropy. For both these

models a simple method was developed to obtain the strength parameters and the plastic

modulus. The response of these models was investigated under simple loading conditions.

Some comparisons were made between undrained triaxial test data and theoritical model

predictions for isotropic as well as anisotropic solls. Good comparisons were obtained.

The pressure-dependent models were based on Critical state concepts. To model the

anisotropic behavior, an ellipicital cone was used as the failure surface and a distorted

ellipsoid was used as the consolidatlon surface. To model complex loading conditions, a yield

surface was introduced within the consolidatlon surface. This model can exhibit anisotropic-

hardening and is called the two-surface model. A method was given to obtain the model pa-

rameters from simple tests. The response of the models was investigated under simple

loading conditions. Comparisions were made with other constitufive laws and a limited

amount of experimental data.

The general behavior of the models was investigated under various loading conditions

and some comparisons were made with experimental data for both isotropic and anisotropic

solls.

A nonlinear ünite element program for elasto-plastic analysis was developed and the

above models were incorporated into the program. A large deformatlon analysis based on the

updated Lagrangian approach was included in the program. Also included were sequential

buildup, automatic mesh generation, and graphics for three·dimensionaI analysis.

The flnite element program was used to study the behavior of strip, rectangular and

square footings. The models developed were used in the analysis. The aim was to investlgate

the influence of initial anisotropy, on the bearing capacity, deformation, and pore·pressure
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development under footings under both plane strain and three-dlmenslonal conditions. Both

undrained and drained situations were analyzed. It was found that anisotropy can have a

significant influence ofthe deformation and failure of the footings. For the range of anisotropy

encountered in the field, the deformation can vary by over 100% of the isotropic deformation,

and the bearing capacity by over 75% of the isotropic undrained bearing capacity. Under

drained conditions, the anisotropy can result in similar results. However anisotropy has little

influence on the surface displacement profile for both drained and undrained situations. The

influence of anisotropy on the stability and deformation of embankments was also investi-

gated.

From the above study, the following conclusions can be drawn.

The pressure-independent models can be used for undrained analysis of anisotropic

clays. The models are simple to use and easy to implement. The determination of the pa-

rameters is simple and can be determined from undrained tests. The model predictions

compare well with undrained trlaxial data for both isotropic and anisotropic soils.

For monotonic loading conditions, both the isotropic-hardening model and the multisur-

face model gave similar results. The isotropic hardening model is simpler to use. However,

it cannot account for induced anisotropy and assumes elastic unloading. The multisurface

model can account for induced anisotropy and be used for nonmomotonic loading conditions.

The pressure-dependent models can be used for both drained and undrained conditions.

The models are general and can be used for both clays and sands. These models are more

complex compared to the pressure·independent models. However, with the pressure-

dependent models information about the pore pressure·development can also be obtained.

Futher comparisons are needed with experimental data to verify these models.

For overconsolidated soils the two surface model gives more reasonable results than the

isotropic-hardening model. However, at low overconsolidation ratlos the difference is not sig-

nificant.

ln the linite element analysis with monotonic loading conditions, both the isotropic-

hardening models and the anisotropic-hardening models gave similar results. However, the
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isotropic-hardening models are simpler to use, computationally economical, and numerically

stable compared to the anisotropic-hardening models.

Finite element analysis of footings on undralned anisotropic clays show that anisotropy

has a signiticant influence on both the deformation and bearing capacity of the footing.

Anisotropy has the largest influence on the bearing capacity of the strip footing, and the least

on the bearing capacity of the square footing. The rectangular footings exhibit a response

inbetween the strip and square footing. The bearing capacity can differ by over 100% of the

isotropic bearing capacity. Anisotropy has a signiticant influence on the undralned displace-

ments. The anisotropic displacement can differ by over 100% of the isotropic displacement.

The anisotropic displacement is not significantly influenced by the shape of the footing. Also

the surface profile is not significantly influenced by anisotropy.

Some studies of square footings on orthotropic clays indicate that orhotropy of the clay

can have some influence on the bearing capacity and deformation ofthe footing. Howeverthis

is less important than the cross-anisotrpic influence.

Under drained conditions anisotropy has an even larger influence on the bearing capac-

ity. As before the influence of anisotropy is larger in the strip footing. Anisotropy influences

the magnitude of displacement, but not significantly the surface profile. However the drained

surface profile is different from the undralned surface profile, specially for the strip footing.

The difference is less signiticant for rectangular and square footings.
'

Some studies of strip footings under undralned conditions show that anisotropy influ-

ences the development of pore·pressure below the footing. A higher pore-pressure is devel-

oped in the isotropic soil compared to an anisotropic soil(b>1.). However the pore pressure

profiles below the footing are not significantly different.

Anisotropy influences both the settlement and stability of embankments on clays. Both

the displacement profile and the spread of yielding are influenced by the anisotropy of the

clay.

The following recomendations are suggested for further study,
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The constitutive models developed in this thesis can be extended to include sohening and

time dependent phenomenon. The models developed here are limited in application to a

small number of loading cycles. These models can be extended for cyclic loading.

Futher comparisons with experimental data should be made to validate the models and

investigate the applicability of the models to various soils.

Finally, the models along with the linite element method can be used to investigate the

influence of anisotropy on various geotechnical structures.
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Appendix A. Elastic Relations For Orthotropic Media

For an orthotropic elastic material the stress strain relations in the material principal

planes can be written as;

$1•• V 1 V
E2E1

E2 E3

*23 *23 *12
Y = Y =* Y = ——23 623 13 623 12 612

Not all the constants are independent. For symmetry requirments;

E1"21 = E2V12
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E2V12 = E1V21

For an incompressible orthotropic elastic material, three more conditions have to be

satistied.

_ nz + nz — 1
V12

‘ #,**7-1'T2 "2

vw = 1 — v1z (A.3)

1 "' V13

E E Ewhere n,=ä- , n,=—ä and

n,=Foran cross anisotropic material with the 1-2 plane as the plane of isotropy, the stress

strain relations in the material principal planes can be written as;

X

E =
(Ö1_VÖ2) _ V Ö3

1 E E x

E =
(62

_
v01)_ vxcz

2 E E x

62) Ö3
= ————- + —- A.4E3

E E
X ( )

T22 T12 T12
=

— i ——-• 'Y T-
_;-1AY23

G x Y12 G 13 G x

For an incompressible media, the following relations are valid;
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V12 = 1 “.5n2V12

= v23 = -5

Finaliy for an isotropic elastic material, the stress strain relations can be written as;

__ 181 V(¤g + 63))

6 =l·(6 —v(6 +6))2 E 2 1 3

_ 1
S3I

I I
Y23 = **;,3 Y12, = "_§ 'Y12

=Theelastic constitutive matrix for an orthotropic material in the material principal planes

is given as;

D12 D22 D23 0 0 O

0 0 0 Du 0 0

0 0 0 0 DSS 0

0 0 0 0 0 DSS

Where

E1(1 “ V22V2,2)
D11 = *'l···—F
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D _ E2(V12 T V12"21) _
12 ‘ **‘,;‘—*‘

D
_ E2(V12 T V12"21)

13 ‘ *'—'

D =
E2(1 “ V13V31)

22 F

D
__ E31V23 + V21V13)

2:1 ‘ ‘""*"

D =
5:111 ' V12V21)

33 F

D44 = G12 Dss = G23 D66 = G12

F = 1 " V12V21 ' "12V21 " V23V32 ' V12V23V31 “ "21V12V22

If the global coordinate system does not coincide with the material principal directions, the

D matrix has to be transformed.

¤" = TIDT, (A.6)

where T, is the transformation matrix. The components of T, consist of the direction cosines

of the angles between the two coordinate system.

z"6

= T„6 (A.10)

where T, is given as;
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I? mf nf I,m1 m1n1 n,l,

lä mä /*2 /2m2 m2/72 /*2,2

T
_ lg mg nä lams mans ns/s

2/1,2 2m1m2 2/71,,2 (/1'"2 T /2m1) (m1n2 + m2n1) ("1/2 + /,2/1) .
2/2/g 2n'2n*g 2n2ng (/2'na + ’3m2/ (m2/,3 "‘ m3n2) (,,2/3 + "2/3)

2/sI, 2msm1 2nsn1 (lsma + umg) (nlgfu + nung) (ng/1 + n1/3)

T, can be written as;

Tt =Ts
Tr

T, can be written as.

TQ 2TR
T, =

Ii T
(A.12)

2 T
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