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Abstract 

Calcium (Ca) homeostasis is the maintenance of a stable plasma Ca concentration in the human 

body in the presence of Ca variability in the physiological environment (e.g. by ingestion and/or 

excretion). For normal physiological function, the total plasma Ca concentration must be 

maintained within a very narrow range (2.2-2.4mM). Meeting such stringent requirements is the 

task of a regulatory system that employs parathyroid hormone (PTH) and calcitriol (CTL) to 

regulate Ca flux between the plasma and the kidneys, intestines and bones. On the other hand, 

plasma phosphate control is less tightly, but simultaneously, regulated via the same hormonal 

actions. Chronic imbalances in plasma Ca levels are associated with disorders of the regulatory 

organs, which cause abnormal hormonal secretion and activity. These changes in hormonal 

activity may lead to long-term problems, such as, osteoporosis (increased loss of bone mineral 

density), which arises from primary hyperparathyroidism (PHPT) – hyper secretion of PTH. 

Existing in silico models of Ca homeostasis in humans are often cast in the form of a single 

monolithic system of differential equations and are not easily amenable to the sort of tractable 

quantitative analysis from which one can acquire useful fundamental insight. In this research, the 

regulatory systems of plasma Ca and plasma phosphate are represented as an engineering control 

system where the physiological sub-processes are mapped onto corresponding block components 

(sensor, controller, actuator and process) and underlying mechanisms are represented by 

differential equations. Following validation of the overall model, Ca-related pathologies are 

successfully simulated through induced defects in the control system components. 

A systematic approach is used to differentiate PHPT from other diseases with similar 

pathophysiologies based on the unique hormone/ion responses to short-term Ca disturbance in 

each pathology model. Additionally, based on the changes in intrinsic parameters associated with 

PTG behavior, the extent of PHPT progression can be predicted and the enlarged gland size 

estimated a priori.   

Finally, process systems engineering methods are used to explore therapeutic intervention in two 

Ca-related pathologies: Primary (PHPT) and Secondary (SHPT) Hyperparathyroidism. Through 



 

 

parametric sensitivity analysis and parameter space exploration, the calcium-sensing receptor 

(sensor) is identified as a target site in both diseases and the extent of potential improvement is 

determined across the spectrum of severity of PHPT. The findings are validated against existing 

drug therapy, leading to a method of predicting drug dosage for a given stage of PHPT. Model 

Predictive Control is used in drug therapy in SHPT to customize the drug dosage for individual 

patients given the desired PTH outcome, and drug administration constraints.    
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1 

1. Background & Literature Review  

1.1. Mathematical modeling in physiological control systems 

Since the development of control theory and, more so, the advent of digital computers, 

physiologists, mathematicians and engineers have sought to provide a better understanding of 

different physiological control systems through the applying a mathematical approach based on 

control theory (1). A significant amount of research has been carried out on some of these 

systems leading to the development of medical devices for patient treatment. In the clinical 

setting, some of these devices are being used to assist in processes such as: blood pressure 

control, body-temperature control, and tremor control for patients with epilepsy and Parkinson’s 

disease (2).  

The control engineering framework provides an efficient means of organizing the sub-processes 

constituting Ca regulation. This organization may seem counterintuitive to how physiological 

control systems are often viewed; however, this approach facilitates a fundamental understanding 

of the complex process of Ca regulation. To date, relatively little has been published on the 

application of mathematical modeling to calcium (Ca) control; and, none of the published 

research has explored Ca regulation using a control engineering framework.   

The increasing availability of detailed information and clinical data regarding the physiology 

involved in Ca regulation, and the existence of previous models allow for applying control 

engineering framework to the development of a representative model of plasma Ca regulation. 

Such a model can provide insight into the mechanisms involved in Ca regulation in both the 

healthy and diseased states. Ultimately, these insights may allow for the development and 

integration of external controllers in improving quality of care in patients with Ca-related 

pathologies. 

The literature review presented herein focuses on: i) the role of calcium in the body and how it is 

regulated; ii) the pathologies associated with defects in the Ca regulatory system; iii) approaches 

to modeling Ca regulation; iv) external controllers used in biomedical applications. Finally, from 

the review of the body of research on modeling Ca regulatory, the opportunities for improvement 

are identified, thus setting the path for this research.    
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1.2. Calcium in the body, its role and regulation – A synopsis  

Calcium (Ca) is distributed in three major areas in the human body. The skeleton/bone is the 

major storage site of Ca, which accounts for approximately 99% of the total body calcium. Here, 

most of the calcium exists in the form of bone mineral (hydroxyapatite) with the remainder 

making up the bone fluid. The remaining 1% of calcium is distributed between both the 

intracellular fluid and extracellular fluid (ECF)—or plasma (3). Plasma Ca concentration is 

approximately three orders of magnitude greater than in the intracellular environment. (4).  

The role of calcium varies depending on its location. Within the skeletal system, Ca is one of the 

chief components of bone mineral, which provides the strength and rigidity necessary for the 

bone to support the body and protect vital organs (5). Within the cell, Ca is important for 

intracellular processes, including: cellular volume and enzyme regulation, muscular excitation 

and hormonal secretion (4, 6, 7); while, plasma Ca is necessary for blood coagulation and 

membrane function (4). 

Notwithstanding the disparity of Ca levels among the different locations, Ca-dependent 

biochemical processes require that plasma Ca concentration—the nexus between the skeletal and 

intracellular environments – be kept within a narrow range, 2.45 ± 0.25mM for normal bodily 

functions (4, 5). This narrow range of homeostasis is maintained under varying conditions in the 

physiological environment (e.g., lactation, excess or inadequate Ca intake or excretion), through 

the varied processes of the body’s Ca regulatory system. Temporal or chronic disturbances in 

plasma Ca levels may result in impaired cellular activities leading to various pathological 

conditions. 

Intracellular calcium homeostasis is just as important as, and is impacted greatly by, plasma Ca 

regulation. Likewise, bone remodeling—although largely dependent  on the biomechanical needs 

of bone cells— is impacted by and depends on plasma Ca levels (5). However, intracellular Ca 

control is beyond the scope of this research and bone Ca will be dealt with inasmuch as it impacts 

on plasma Ca homeostasis.  

1.2.1. Plasma Calcium Regulation 

Although all calcium in the plasma exists in the ionized form, in medical literature, the term 

ionized Ca refers to the portion of Ca that is free (unbounded) and accounts for approximately 

50% of the total plasma Ca. Approximately 12% of plasma Ca forms soluble complexes with 

organic and inorganic anions, the remainder is protein-bound (5). However, only ionized Ca is 
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affected during regulatory control (4, 5). As such, and unless expressly stated, the term plasma Ca 

will be used to refer to ECF Ca and ionized Ca. 

In the human body, Ca homeostasis is achieved through the actions of four organs: the 

parathyroid glands (PTG) — a group of four glands located on the surface of the thyroid gland—

kidneys, bone and intestines. Calcium transfer between the plasma, and the kidneys, intestines 

and bone is regulated by the secretion of three hormones, namely, parathyroid hormone (PTH), 

calcitonin (CTN) and calcitriol (CTL). CTN plays a minor role in calcium metabolism in humans, 

as neither CTN insufficiency or excess has an impact on plasma calcium or bone mineral density 

(3, 4, 8). As such, the impact of CTN on Ca regulation is not addressed in this research. 

A schematic representation of Ca regulation is shown in Fig. 1.1; Ca-sensing receptors (CaR) 

located on the surface of parathyroid (PT) cells detect plasma Ca levels and respond to even small 

changes (±2%).  When Ca is low, the CaRs cause the chief cells of the parathyroid gland to 

secrete more PTH, which in turn acts on the kidneys and bone. In the kidneys, PTH has a two-

fold effect: firstly, it stimulates the production and secretion of CTL; secondly, it promotes 

increased Ca and reduced phosphate (PO4) reabsorption in the renal tubules. In the bone, 

increased PTH levels ultimately lead to net bone resorption (3-5). 

Ca
(Bone formation/

resorption)

Kidneys

Ca in 
urine

PTHCa

Ca2+ in meal

GUT

EXTRACELLULAR
FLUID

Ca
Calcitriol

PTH

Ca (re
absorbed)

Calcitrio
l

PTH
Calcitriol

Calci
tri

ol

PT GlandPT Gland

Figure. 1.1. A physiological representation of the calcium regulatory system.  

Dashed arrows represent the stimuli and solid arose, the transfer of ions and/or hormones 

between the extracellular fluid (ECF) and the PTG, bone, intestines and kidneys.  
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CTL, secreted from the kidneys, acts on the PTG, intestines and bone. In the PTG, it inhibits PTG 

cellular proliferation thereby reducing the capacity of the PTG to produce and secrete PTH. CTL 

increases intestinal calcium and phosphate absorption; and, in the bone, CTL acts in concert with 

PTH to stimulate osteoclastic bone resorption (3-5).  

Typically, the Ca excreted by the kidneys is balanced by Ca from intestinal absorption and 

likewise the Ca released from bone resorption is balanced by concurrent bone formation. Any 

short-term deficit of plasma Ca not matched by intestinal absorption is relieved by bone 

resorption, while excess plasma Ca is either excreted or formed into bone (3, 5). 

1.2.2. Phosphate regulation 

Phosphate, like calcium, is largely stored in the bone with the remainder distributed between the 

intra- and extracellular fluids. Phosphate regulation is not as well researched as Ca regulation, 

however, they are both regulated by the same hormones and as such their control occurs in 

tandem. However, unlike the tight regulation of plasma calcium, phosphate control is loosely 

controlled. Increased phosphate levels stimulate increased secretion of fibroblast growth factor -

23 (FGF-23) from the bone. Both phosphate and FGF-23 stimulate PTH secretion and counteract 

the stimulatory effect of PTH on CTL production. Increased PTH and FGF-23 levels inhibit 

phosphate reabsorption in the renal tubules; while sustained increases in PTH levels induce net 

bone resorption. Decreased CTL cause reduced intestinal phosphate absorption and inhibits PTH 

secretion.  Therefore, as with calcium, serum phosphate levels are controlled by the net effect of 

intestinal absorption, renal excretion and bone transfer (9).  
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1.3. Calcium and Phosphate Control – Organs & Processes 

This section focuses on the ion- and hormone-mediated processes occurring within the different 

regulatory organs.  

1.3.1. The Parathyroid Gland (PTG) – Ca sensing & PTH secretion 

Many plasma constituents have been reported to affect PTG function, both in vitro and in vivo. 

Some of these agents fall into the following general groups: organic and inorganic ions (e.g. Ca, 

Mg, La, Eu, phosphate, polyamines etc.), amines, calcitriol, steroids, lipid metabolites, and 

peptides (10). However, only a review of the relevant stimulants (calcium, phosphate and 

calcitriol) will be addressed here.  

1.3.1.1. Ion-sensing and “signal” transmission 

On their outer surface, calcium-sensing receptors (CaR) have a long amino-terminal domain that 

comprises determinants of calcium ion binding. CaR are connected to the surface of the chief (C) 

cells of the PTG through their coupling to G-proteins. The coupling is enabled through structures 

within the intracellular environment of the CaR.  The detected Ca level is transmitted to the C-

cells via these G-proteins thereby inducing action within the PT cells (10). There are no 

phosphate-sensing receptors within the PTG, however, elevated plasma phosphate levels 

stimulate PTH production in the gland by lowering plasma Ca (11).   

1.3.1.2. PTH Production & Secretion 

PTH, a non-glycosylated protein whose active form is PTH(1-84), is synthesized through a series 

of pathways beginning at the transcription of the PTH gene, forming messenger RNA (mRNA) 

within the nucleus of the parathyroid cells (10). PTH gene transcription and PTH mRNA 

synthesis  are reported to be significantly reduced by increased levels of both calcitriol and FGF-

23 (12-14). Additionally, the stability of the transcription product (PTH mRNA) is strengthened 

at low Ca levels and high phosphate levels (15). Conversely, PTH mRNA stability decreases at 

high Ca and low phosphate levels.  

The PTH precursor is then synthesized in the cytoplasm following which, a series of cleavage 

steps occurs ending with the active PTH first appearing in the Golgi apparatus. Once formed, the 

PTH migrates in two general forms: 1) small vesicles that eventually fuse to the cell membrane 

where the contents are secreted, into the plasma, independent of a stimulus; and, 2) mature and 
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immature secretory granules, from which the contents are released through a stimulus-mediated 

pathway. Mature granules are formed from the fusion of several immature granules (10). The two 

general forms of PTH in the cell allow for a tonic and pulsatile release of PTH. The frequency 

and amounts of PTH secreted during each pulse change depending on the prevailing calcemic 

conditions (low, normal or high Ca); however, the pulsatile pattern remains (16).  

Although the steps involved in the Ca-mediated secretion are not fully understood, research has 

shown that the Ca-regulated pathway comprises a number of membrane-trafficking events. These 

events are highlighted during hypercalcemia, where high Ca levels act to: inhibit the formation  of 

vesicles; block the fusion of vesicles and granules to the cell membrane; and inhibit granular 

maturation (10).  

In comparison to PTH production and secretion, less research has been carried out on PTG 

cellular proliferation. Parathyroid cellular proliferation is virtually non-existent under 

normocalcemic conditions (17); however, in vitro studies have shown that hypocalcemic 

conditions contribute to increased parathyroid cell proliferation (18) and calcitriol levels inhibit 

PT cellular proliferation (19, 20). Also, PT cells have been found to multiply at elevated 

phosphate levels in vivo (21, 22). 

1.3.2. The Kidneys 

Among their many functions, the kidneys play a dual role in maintaining Ca and phosphate 

homeostasis through calcitriol production and reabsorption of glomerular filtrate, both of which 

are differentially regulated by PTH and FGF-23. 

1.3.2.1. Calcitriol Production 

Vitamin D, usually ingested or synthesized in the skin by exposure to UV light, goes through a 

series of hydroxylation steps in the liver and kidneys before it is converted to its biologically 

active form, calcitriol (4). In the liver vitamin D undergoes loosely regulated hydroxylation 

within the hepatocytes  forming 25-hydroxyvitamin D3 (23). 

In the proximal tubule cells of the kidneys, high PTH and low phosphate levels induce the 

production of the enzyme, 1α-hydroxylase, which converts 25-hydroxyvitamin D3 to its 

biologically active form calcitriol (1α,25-dihydroxyvitamin D3; 1α,25-(OH)2D3) (4, 23, 24). 

Conversely, high FGF-23, hyperphosphatemia and calcitriol inhibit calcitriol synthesis (23, 25, 

26).  
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Calcitriol in the plasma forms a strong bond with transcalciferin (a vitamin-D binding protein); as 

such, a large quantity of calcitriol is required for the liberation of the free hormone; the resultant 

effect being a long plasma CTL residence time, 5-12 hours (27).  

1.3.2.2. Renal Reabsorption 

Along with inducing calcitriol production, the binding of biologically active PTH and FGF-23 to 

receptors in the proximal tubule cells allow for decreased phosphate reabsorption and increased 

calcium reabsorption in the distal nephron (4, 11).   

1.3.3. The Intestines – Absorption 

Calcitriol receptors within the intestinal cells join with calcitriol forming a complex, which 

initiates the formation of calcium-binding proteins (CaBP). Although the mechanism through 

which the CaBP works is unclear, it is believed that the CaBP aids in the Ca uptake through the 

cells (4, 28). Additionally, CTL increases intracellular intestinal phosphate absorption through 

upregulation of the phosphate ion transporters in the cells (29).  

1.3.4. Bone 

The bone is a connective tissue made up of a collagen fiber matrix which is hardened in place by 

the deposition of bone mineral, which is the major constituent of bone and contains calcium, 

phosphate, carbonate and magnesium with a molar ratio of 40:25:5:1 (30). Bone mineral is 

remodeled perpetually for the maintenance of structural integrity and bone health. The 

remodeling process is dependent on the combined activities of bone forming (osteoblasts – OB) 

and bone resorbing (osteoclasts – OC) cells (31). A layer of bone fluid lies across the outer 

surface of the bone mineral. The bone fluid is separated from the ECF by a bone membrane made 

up of bone lining cells. Bone fluid is rich in Ca and phosphate as it is in equilibrium with the 

mineral phase, therefore transfer of Ca and phosphate ions between the bone fluid and the ECF is 

hormone-independent (3).  

PTH and CTL promote OB and OC cellular proliferation (4, 5); however, PTH is the more 

important of the two hormones (31, 32). Under normal conditions, PTH secretion has both a 

pulsatile profile (16) which maintains a balance between OB and OC activity. However, during 

hypocalcemia or hyperphosphatemia, when there is a sustained increase in PTH levels, PTH 

inhibits the osteoblast synthesis of synthesis of collagen and other bone matrix proteins (31) 

resulting in net bone resorption.   
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1.3.4.1. Cellular Proliferation 

Fig. 1.2 is a schematic representation of the interactions involved in cell proliferation. Although 

the overall action of PTH results in increased resorption (osteoclastic activity) osteoclasts do not 

have PTH-receptors; it is the osteoblasts and their progenitors that do (33, 34). Multi-potential 

stem cells go through a series of proliferation and maturation before becoming osteoblast 

progenitors. TGF-beta, present in the bone matrix, influence the formation of these progenitors 

into osteoblast precursors (preosteoblasts – ROB/OBR) (34). At this point, PTH stimulates the 

maturation of ROB into osteoblasts (OB), which then carry out bone formation. Upon completion 

of their tasks, OBs transform into osteocytes, bone-lining cells or undergo apoptosis (34, 35).    

OBs contain a receptor— Receptor Activator of Nuclear Factor κ B (RANK)—that connects to 

the complementary ligand, RANKL, located on the surface of osteoclast precursors (36); the bond 

induces OC precursor differentiation into OC (37). However, osteoprotegerin (OPG), produced 

by OBs (38), inhibits the RANK-RANKL binding, and hence inhibits OC formation (39). Once 

formed, OCs resorb bone mineral and eventually undergo apoptosis. TGF-beta, released during 

bone resorption (40), promotes preosteoblast formation, inhibits OB formation and induces OC 

Figure 1.2. A schematic representation of osteoblastic and osteoclastic proliferation 
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apoptosis  (39, 41, 42) and are embedded in the bone matrix during osteoblastic bone formation 

(34). 

1.3.4.2. Fibroblast growth factor (FGF-23) production 

The primary site of production of FGF-23 is in osteoblasts and osteocytes in the skeleton (43). 

FGF-23 synthesis is stimulated by increased levels of plasma phosphate, calcitriol and PTH (44, 

45). However, the magnitude of increase in FGF-23 secretion is greater for phosphate and CTL 

than PTH. Additionally, the phosphate–dependent and CTL–dependent FGF-23 secretion is 

prolonged (approximately 1 hr and 8 hrs, respectively) in comparison to PTH, approximately 0.5 

hr (45-47).  

1.4. Pathologies associated with Ca metabolism in adults 

The primary manifestation of pathologies associated with Ca metabolism is usually a prolonged 

deviation in calcium levels above (hypercalcemia) or below (hypocalcemia) the normal range 

(normocalcemia).   

Chronic hypercalcemia occurs due to a loss of control in Ca regulation resulting in an increased 

accumulation of Ca in the plasma whether through sustained bone resorption, intestinal 

absorption, and/or inadequate renal excretion. On the other hand, chronic hypocalcemia occurs as 

a result of an ineffective response to the regulatory hormones (PTH and calcitriol) or excess 

phosphate in circulation (4). 

1.4.1. Genetic conditions: 

1.4.1.1. Familial benign hypocalciuric hypercalcemia (FBH) and  Autosomal Dominant 

Hypoparathyroidism (ADH) 

Familial benign hypocalciuric hypercalcemia (FBH) is an inherited genetic alteration of the 

calcium-sensing receptor (CaR). The alterations are usually missense mutations causing varied 

levels of inactivation of the CaR. Consequently, there is a normal-to-slightly elevated PTH level, 

asymptomatic hypercalcemia, incongruously low renal Ca excretion and an absence of 

parathyroid adenoma (48, 49). 

On the other hand, Autosomal Dominant Hypoparathyroidism (ADH) is a hereditary condition 

caused by an activating mutation of the CaR gene resulting in a gain-of-function in the receptor. 
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The physiological effects of the condition are hypocalcemia, marginally low PTH levels and 

hypercalciuria (48, 50).  

1.4.2. Acquired conditions 

1.4.2.1. Hyperparathyroidism (HPT) 

HPT results from an abnormal change from within the PTG or the Ca regulatory system both of 

which lead to an increase in PTG activity. The disease may present itself in one of three variants: 

primary (PHPT), secondary (SHPT) or tertiary (THPT) hyperparathyroidism (51). In general, all 

forms  of HPT are characterized by excessive PTH secretion resulting in increased bone 

resorption, hypercalcemia and hypocalciuria or depending on the severity of the disorder, 

hypercalciuria (4). Other medical conditions may arise as a result of the increased hormone and 

ion concentrations. For example, osteoporosis and osteopenia are complications of PHPT due to 

increased bone resorption, leading to lower bone mineral density; or kidney stones develop as a 

result of hypercalcemia and/or hyperphosphatemia in SHPT. 

PHPT is the third most common endocrine disorder in humans, and disproportionately affects 

postmenopausal women. It is characterized by an increase in PTH secretion due to PTG adenoma 

(benign tumorous growth) or hyperplasia (increased production of normal cells)  in one, or a 

combination, of the four PTGs (51). The specific cause of the growth is unknown, but it is 

believed to be associated with radiation exposure, as clinical observations have shown that 

individuals exposed to some forms of radiation show increased incidence in developing the 

disorder (52-54). At present, the only cure for PHPT is surgical removal of the affected gland; 

however, those who do not undergo surgery may be treated for related symptoms – low sex 

hormone levels and increased bone resorption. It is important to note that none of these  therapies 

result in reduced PTH levels (55-57). Calcimimetics are being increasingly used in PHPT to 

lower PTH levels (51).    

SHPT occurs due to a deficiency in the Ca regulatory system as a result of varied 

diseases/conditions including: inadequate dietary Ca intake; intestinal Ca malabsorption; vitamin-

D deficiency and kidney disease. The two major areas of clinical research are vitamin D 

deficiency and chronic kidney disease (51). In Vitamin D deficiency, PTH levels increase due to 

the reduced production and secretion of calcitriol thus removing one of the controls necessary for 

inhibition of PTH secretion.  On the other hand, PTH levels increase in chronic kidney disease 

due to a combination of effects – a decrease in renal mass causes a fall in calcitriol production 
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and a reduction in glomerular filtration rate (GFR). These result in reduced PTH clearance and 

reduced renal reabsorption, leading to hypocalcemia, hypophosphatemia; all three  effects cause 

an increase in circulating PTH (58).   

Treatment for SHPT depends on its causes, for Vitamin D deficiency,  Ca and Vitamin D (or its 

analogues) to restore PTH levels. For patients with chronic kidney disease, along with 

hemodialysis, administration of calcitriol and its analogues and calcimimetic drugs have been 

used to regain normal PTH levels (51). 

THPT occurs in individuals with long-established SHPT, of which the main characteristic is the 

non-suppressibility of PTH even by increasing Ca or calcitriol levels. This is usually the result of 

the underexpression of CaR on PT cells (59) or hyperplasia in any or all of the four PTGs (60, 

61). Treatment includes phosphate and/or vitamin D administration for calcitriol inhibition and 

increasing ionized Ca (51) .  

1.4.2.2. Hypoparathyroidism (HoPT)  

HoPT is an uncommon disease with symptoms of hypocalcemia, low or non-existent PTH levels 

and high phosphate concentration. The most common cause of the condition is inadvertent or 

unavoidable removal or damage to the PTG during surgery (of the thyroid, PTG or neck). The 

other causes are autoimmune and some genetic disorders (62). Treatment for hypoparathyroidism 

includes: thiazide diuretics (for reducing urinary Ca excretion), Ca supplements, Vitamin D 

metabolites and PTH (62).  

1.4.2.3. Chronic Kidney Disease (CKD)  

Chronic kidney disease (CKD) is considered as a systemic damage of the kidneys or reduction in 

kidney function— as measured by the glomerular filtration rate (GFR)— lasting in excess of 

three (3) months (63). Diabetes mellitus, hypertension and cardiovascular disease are the major 

initiating factors of CKD accounting for more than 65% of cases between 2005 – 2010 according 

to data from the National Health and Nutrition Examination Survey (NHANES) . Other initiating 

factors include: autoimmune disease, systemic infections, urinary tract infections, urinary stones, 

lower urinary tract obstruction and drug toxicity. Of the complications that develop during the 

progression of CKD, those pertinent to Ca and phosphate regulation include GFR decline, 

hyperphosphatemia, altered CTL metabolism and secondary hyperparathyroidism; these are 

discussed below.  
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1.4.2.3.1. GFR Decline 

The decline in GFR occurs due to the loss of an ample amount of nephrons. The nephron is the 

functional unit of the kidney of which there are approximately one million in each kidney and 

produces urine independently of each other. Each nephron is made up of two sections: (i) the 

glomerulus, a cluster of blood vessels (capillaries) where filtration occurs; and, (ii) the tubule, 

where the filtered fluid is converted to urine. The glomerulus comprises four main layers which 

make up the filtration barrier in the kidneys: glycocalyx, glomerular endothelium, glomerular 

basement membrane (GBM), and podocytes. The glycocalyx prevents the passage of large 

negatively charged macromolecules. The glomerular endothelium restricts the passing of cellular 

elements but allows the passage of water and small molecules (such as water, glucose, amino 

acids, salts, urea and some proteins). The glomerular basement membrane (GBM) restricts the 

passage of medium to large solutes (i.e. molecular weight > 1 kDa) while preventing the passage 

of negatively charged solutes. Finally, podocytes on surface of the GBM restrict the filtration of 

large anions (65, 66).  

The glomerular filtration rate (GFR) is the amount of amount of glomerular filtrate formed each 

minute (mL/min) in all the nephrons from both kidneys. For comparison between differently 

sized individuals a correction factor is introduced for body surface area (BSA), hence GFR is 

expressed as mL/min per 1.73m2, where the BSA for the average adult is approximately 1.73 m2 

(66). 

The standard measure of overall kidney function is GFR.  Within the normal population, GFR 

varies with age, sex and body size. In young adults the GFR is about between 120—130 mL/min 

per 1.73m2 varying 15-20% among individuals. After about age 20 – 30 years the GFR declines 

with age reaching 70 mL/ min per 1.73m2 by age 70 (67-69). Decreased GFR is defined as < 90 

mL/min/1.73 m2 and the interpretation of this decreased value depends on the presence of 

markers of kidney damage. The level of kidney function indicates the degree of CKD and is 

Table 1.1. Stages of Chronic Kidney Disease 

Stage Description GFR (mL/min per 1.73m2) 

1 Kidney damage with normal or increased GFR ≥ 90 

2 Kidney damage with mild decreased GFR 60 – 89  

3 Moderately decreased GFR 30 – 59  

4 Severely decreased GFR 15 – 29  

5 Kidney failure < 15 (or dialysis) 
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shown in the Table 1.1. 

The decline in GFR occurs due to the loss of an ample amount of nephrons. In an attempt to 

maintain the GFR, compensatory changes to the blood flow (hemodynamic response) occur in the 

remaining nephrons (glomerular hyperfiltration). Hyperfiltration leads to glomerular injury—in 

the form of glomerulosclerosis (hardening of the glomerulus) and glomerular hypertrophy 

(enlargement of the glomerulus)—thus, a further decline in GFR (71-74).  

Increased glomerular pressure (intraglomerular hypertension)—whether due to hyperfiltration or 

other initiating factors—causes further damage of the glomerulus thereby reducing GFR. In 

intraglomerular hypertension the epithelial cells separate from the capillary wall due to additional 

stress on the wall and increasing glomerular diameter (caused by hypertrophy). There is now 

additional passage for water, solutes and some macromolecules. However, these macromolecules 

are unable to flow through the intact GBM and accumulate in the endothelium. Over time, the 

accumulation of macromolecules reduces the space in the capillary walls, ultimately leading to a 

decrease in glomerular filtration (i.e. GFR) (75). 

Concomitant with the damage of the filtration membrane is the passage of excess proteins into the 

renal tubules, resulting in proteinuria which is the primary marker of kidney damage (76). Some 

of the filtered protein is absorbed in the tubular cells, triggering an inflammatory response which 

eventually leads to glomerulosclerosis and interstitial fibrosis (formation of excess fibrous 

connective tissue between tubular cells) (77, 78). This undoubtedly contributes to the decline in 

the GFR.  

Another factor in the progression of GFR decline and CKD is phosphate retention. Renal 

phosphate clearance decreases with the onset of deteriorating GFR (71, 79). The excess 

circulating phosphate precipitates with calcium in the interstitial fluid of the renal tubules thus 

triggering an inflammatory response which leads to the formation of excess fibrous tissue 

(interstitial fibrosis) and eventually renal tubular atrophy (80, 81). 

Of the many complications of CKD, the two directly associated with plasma calcium regulation 

are hyperphosphatemia—excess of phosphate levels in the plasma—and secondary 

hyperparathyroidism (SHPT). SHPT is a prolonged excessive secretion of PTH from the PTGs 

due to failure of one or more of the non-parathyroid calcium homeostatic mechanisms (51). 

Hyperphosphatemia (increased retention of plasma phosphate) is often a contributory factor in the 

development of SHPT. 
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At the onset of CKD, the phosphate regulatory system mitigates the increasing phosphate levels, 

keeping plasma phosphate within the normal range (82). However, the key hormones involved in 

phosphate control are abnormally adjusted: CTL is kept sub-basal and, PTH and FGF-23 remain 

high (83-85). With further decline in kidney function, resistance to the effect of FGF-23 occurs in 

both the PTG and kidneys (86, 87); resulting in increased phosphate retention leading to 

hyperphosphatemia, and as a result, even higher PTH and FGF-23 levels (82). 

Hyperphosphatemia is apparent in the more advanced stages of CKD (end-stage renal failure—

Stage 5) at which point the disease is often irreversible (88).  

1.4.2.3.2. Altered Calcitriol Metabolism 

The metabolism of calcitriol is altered during the progression of CKD due to a combination of 

hyperphosphatemia, metabolic acidosis and reduced metabolic clearance.  

Renal hydroxylation of 25-(OH)-D3, producing calcitriol, occurs in the proximal convoluted 

tubules cells (23, 89); the reduction in renal mass in CKD results in reduced sites for CTL 

production (90). The enzyme, renal 1α-hydroxylase is responsible for the hydroxylation step; 

however, its activity is suppressed by inorganic phosphate and increased by PTH (23). Therefore, 

increasing phosphate levels in CKD has an inhibitory effect on CTL production.  

Metabolic acidosis (MA) (accumulation of acid in the plasma) is frequently encountered in CKD. 

MA disturbs calcium metabolism through reduced bone mineral content resulting in increased 

plasma Ca and phosphate (91). The increased plasma Ca indirectly suppresses CTL production 

via the Ca-PTH axis while, the increased phosphate levels directly inhibit CTL through reduced 

renal hydroxylation of CTL precursors (90).  

With the reduced blood filtration in CKD, uremic toxins (nitrogenous waste compounds) and 

purine compounds (often the end product of digestion of certain proteins) are retained in the 

blood. Both sets of compounds have been shown to inhibit calcitriol production through the 

suppression of renal 1α-hydroxylase activity (92-94).  

Although CTL production is reduced in CKD, some of the attendant effects of CKD limit the 

metabolic clearance of CTL thus offsetting a decrease in plasma CTL levels (95).  Along with the 

bone, liver, intestine, CTL is also broken down in the kidneys where is it initially converted to 

1,24,25(OH)3D3 by the enzyme 24-hydroxylase (96). Synthesis of the enzyme is regulated, in 

part, by CTL (97-99), therefore, lower CTL levels result in lower 24-hydroxylase activity. 

Likewise, with the number of Vitamin D receptors (VDR) decreasing in CKD (58), a reduction in 
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physiological response to CTL follows, leading to decreased production of 24-hydroxylase (98). 

Additionally, uremic toxins have been found to inhibit both the synthesis of 24-hydroylase (100), 

as well as the enzymatic degradation of CTL (99). Therefore, the inhibitory effect of CKD plasma 

biochemistry on 24-hydroxylase activity results in diminished metabolic clearance of CTL.   

1.4.2.3.3. Secondary Hyperparathyroidism 

During the progression of CKD, increasing PTH levels occur owing to a combination of factors: 

reduced Vitamin D metabolites (including, CTL), increased phosphate levels and low Ca (101).  

The final step in the activation of Vitamin D to form calcitriol occurs in the kidneys and is tightly 

regulated by PTH, Ca and phosphate (23). In the progression of CKD, production of CTL is 

inhibited owing to the effect of several conditions that also accompany CKD. These include: 

declining renal mass—reduced sites for CTL production (51); phosphate retention which inhibits 

renal hydroxylation of CTL-precursors (23); hyperuricaemia (high plasma urea) and metabolic 

acidosis (102).  

PTH production and secretion is partly controlled by Vitamin D metabolites, in particular CTL. 

At the genetic level, PTH gene transcription is partly controlled by CTL and mediated by vitamin 

D receptors (VDR) in the PTG (58).  The number of VDR has been found to be drastically 

reduced in  patients with CKD (103) and rats and dogs that underwent nephrectomy (104, 105). 

The reduction of Vitamin D receptors (VDR) occurs due to the fact that CTL binding to VDR 

stabilizes the receptor and increases its half-life (106). Additionally,  CTL up regulates VDR 

mRNA in both the kidneys and PTG thus regulating the number of VDR (58). Therefore, 

declining CTL, and as a result PTG-VDR reduction in CKD, causes PTG-resistance to the 

inhibitory effects of CTL (i.e. higher PTH levels). 

Phosphate retention in CKD initiates a series of responses in the phosphate homeostatic control 

system which over time contribute to excess PTH secretion. Increased plasma phosphate levels 

stimulate FGF-23 and PTH secretion which act to reduce renal phosphate reabsorption (107). 

FGF-23 inhibits the production of CTL which leads to decreased intestinal phosphate absorption. 

However, the low CTL leads to increased PTH secretion (82). FGF-23 also directly inhibits PTH 

production and secretion (14, 108). 

In the PTG, the specific receptor for FGF-23 is formed by the two cofactors, the enzyme Type I 

membrane-bound α-Klotho (Klotho) and fibroblast growth factor-receptor 1 (FGFR1)—

Klotho/FGFR1 (109, 110). The detection of FGF23 by Klotho/FGFR1 initiates the inhibition of 
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PTH production in the PTG. Different studies have shown that there is an overall decrease in 

Klotho and FGFR1 in PTGs of patients with CKD (86, 111-113) which may be due to an intrinsic 

glandular defect, or, is a result of the dynamic biochemical changes brought on by CKD (86). 

This decline in Klotho and FGFR1 levels cause diminished response of PTG to FGF23, thereby 

indicating FGF23-resistance in the PTG of CKD patients (13, 14). As such, as CKD progresses 

increased phosphate retention and decreased  Klotho/FGFR1 leads to increasing PTH levels even 

in the presence of increased FGF23 (114). 

1.5. Approaches to Ca homeostasis modeling 

1.5.1. General Models 

From a review of the relevant literature, mathematical modeling of Ca homeostasis seems to be 

an understudied area. Since 1979, only a few papers have focused on describing mathematical 

models for calcium regulation (115-118). All the models reviewed have used the technique of 

compartmental modeling to isolate the different processes involved in Ca regulation and present a 

mathematical relationship for each.  

One of the first papers published on this topic was by Jaros et al., (115) who provided a computer 

model of the system in the face of unreliable data and unknown mathematical relationships. They 

divided the regulatory system into four groups, the: 1) distribution (extracellular fluid); 2) 

intermediary (bone – fluid and solid); 3) terminal (intestine and kidneys); and, 4) coordinating 

(Parathyroid gland, thyroid gland and vitamin D metabolism) subsystems. However, graphical 

interpolations were used to derive many of the relationships. With these limitations, the model 

could only simulate short-term scenarios, and were time consuming as, based on the computing 

environment, each simulation required continual operator intervention for its completion.  

Subsequent papers to this research framed calcium regulation in the form of a “designed” control 

system. Hurwitz et al., (117) improved upon the previous approach by describing the mechanism, 

as  a feedback-control system in birds. Here the bone, kidneys and intestines were considered the 

“control subsystems” and the PTH and calcitriol, regulating hormones. They also provided 

explicit differential equations for plasma Ca, PTH and calcitriol; and expressions for the flows of 

bone, renal and intestinal calcium. However several of the relationships were simplified by 

assuming linear and polynomial dependencies on Ca, while PTH and calcitriol secretory rates 

were determined through tabular interpolations. In a later paper (119), they combined their Ca 
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regulatory model with one representing the growth dynamics in chicks to simulate the impact of 

growth on Ca metabolism.   

A more detailed model for the human body was published by Raposo et al., (118) who improved 

upon the avian Ca regulatory model (117). Here they had more reliable clinical data and ‘newly’ 

established hormonal secretory expressions for PTH and calcitriol. Therefore, they could provide 

better mathematical representations for the ions and hormones. However, their representation of 

bone Ca transfer was limited and thus simplified due to insufficient data. For their model, 

calcium, PTH and calcitriol were the “controlling factors” and the “effector organs” were the 

parathyroids, bone, kidneys and intestines. They also used a hyperbolic tangent relationship to 

describe many of the secretory functions and defined an  ‘affinity’ term that would be hard to 

determine in actual clinical conditions.  

To date, the most complete model of calcium homeostasis has been that described by Peterson & 

Riggs (120), who adapted the model by Raposo et al., (118) and integrated aspects of bone 

modeling from two other papers (37, 121). For bone cell (OB and OC) proliferation, they 

included the work by Lemaire et al., (37), while they added a putative model for the PTH induced 

osteoblast intracellular activity that was qualitatively described by Bellido et al., (121). The paper 

largely focused on the therapeutic and diseased states effect on the bone biology.  

Unfortunately, trying to replicate these last two models (118, 120) proved futile as many of the 

parameter estimates in both papers were missing.  However, they function as a primary reference 

in developing the model discussed herein.  

1.5.2. Models based on a control system framework  

In devising a regulatory model to look at hypocalcemic pregnant cows, Ramberg et al. (116) 

framed the system in terms of signals: controlled (bone calcium mass and plasma calcium); 

disturbing (calcium intake and clearance – fecal, bone, placenta and milk); and controlling 

(intestinal calcium absorptive efficiency, fractional bone removal rate, and renal calcium 

fractional absorption). They ignored the role of hormones in the Ca regulatory system; instead, 

evaluating  the system using material balance where only the cow’s Ca inputs and outputs (diet, 

urine, feces, milk, bone and fetus) were taken into account.  

A designed control system approach more in line with control theory was purported by Saunders 

et al., (122) and improved upon by El-Samad et al (123). Saunders et al., (122) postulated that Ca 

homeostasis, in humans, is achieved through  a control scheme they defined as Integral Rein 
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Control (IRC). In IRC the system is under integral control and steady-state can be obtained 

through a few co-dependent state-variables that are independent of the external variables. A key 

feature of their work is that the set-points of the co-dependent variables are dynamically set rather 

than fixed. In the paper, calcium was the controlled variable and PTH and calcitonin the two co-

dependent variables whose set points are dynamically adjusted by a third variable, CgA (a 

chromogranin-derived peptide co-secreted with both hormones). The only rate considered in the 

model is that of intestinal calcium absorption. Although the physiological premise of their paper 

was not completely consistent with available medical literature, it explicitly showed that integral 

control is involved in calcium homeostasis. 

El-Samad et al., (123) then improved on this model providing a more physiologically 

representative model for the cow which incorporated the activity of PTH and calcitriol. They 

identified a proportional-integral (PI) feedback controller for regulating calcium homeostasis. 

Here, the renal calcium clearance is considered the disturbance; the process is ECF plasma Ca; 

and, the controller incorporates both PTH (proportional) and calcitriol (integral). However, their 

model did not address many of the intervening processes involved in Ca homeostasis and as such 

can only simulate an overall behavior of the Ca regulatory system.  

1.6. Controller Design in Biological Systems 

To date, there is no implementation of an external controller to a defective Ca regulatory model. 

However, such controllers have been developed for other biomedical systems, including glucose 

regulation (124), blood pressure control (125, 126) and  delivery of anesthesia (127). Common 

among these works is the use of variants of model predictive control (MPC) for controller design. 

The success of MPC in these applications makes it attractive for use in developing an external Ca 

regulatory controller.  

The basis of MPC design, and its superiority to classical control, is the use of a process model to 

predict future plant behavior and implement the necessary corrective actions such that the 

predicted output is as close as possible to the set point. There are four important elements to the 

structure of all MPC designs: 1) a desired reference trajectory for the process output (controlled 

variable – CV); 2) an appropriate model to predict the process output  over a given time; 3) 

calculating the optimization objective based on specified constraints and results from the process 

model; and, 4)  the plant measurement and predicted values are compared and the error used to 

update future predictions (128). 
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The advantages to using model predictive controllers in physiological systems include: 

1. MPC takes action for any predicted excursions before they occur whereas classical 

controllers respond only after the disturbance has occurred. This is due to the fact that 

MPC estimates future controlled variable (CV) behavior based on: i) previous 

manipulated variable (MV) inputs; and ii) measurement of the actual CV values which is 

used as a feedback signal to correct the CV predictions (124).  

2. MPCs can be tailored to a subject’s diurnal routine such that the controller MV inputs 

compensate for irregular behavior before they occur. PIDs only react to CV changes once 

they’ve occurred (129). 

3. CV and MV constraints are inherent in any biomedical problem which MPC easily 

handles. On the other hand, classical controllers require special formulations in 

compensating for such constraints which may result in erosion of controller performance 

(124, 130). 

4. Additionally, MPC is able to handle time delays, nonlinear processes and multivariable 

problems (131). 

Notwithstanding these advantages, there are a few drawbacks to MPC. Although MPC is easy to 

implement, the derivation of the model is more complex than the classical PID controller. 

Likewise, the computation time for the model can be very high and is even higher when 

constraints are considered. Finally, the benefits obtained from MPC is dependent on the disparity 

between the real process and the model used (132).  

In devising a model for glucose control in diabetic patients, Parker et al., (124) used 

compartmental modeling techniques to construct a basic model of the diabetic patient. Once 

complete, they developed a linear- model predictive controller using the identified step response 

model. Kwok et al., used a long-range predictive control  algorithm for the computerized drug 

delivery for blood pressure control in dogs (125) and later patients undergoing coronary artery 

bypass (126). Wada and Ward created a single-input multiple output controller using optimal 

control principles along with a pharmo-kinetic model for intravenous drug delivery to regulate 

drug concentrations at target site while limiting side-effect drug concentrations (127).  
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1.7. Opportunities for improvement in modeling Ca regulation 

1.7.1. Phosphate 

Owing to the limited information available regarding phosphate regulation and based on the fact 

that phosphate and Ca regulation occur in tandem, a minimal mathematical model is described. 

However, it would be helpful to have a more detailed model of phosphate regulation as it impacts 

PTH and CTL secretion and therefore Ca regulation. More importantly, the phosphate-PTH-CTL-

Ca interactions become more important during pathological states.   

1.7.2. Parathyroid hormone (PTH) 

As PTH is an integral part of Ca control, it is important to be able to model as much of its 

physiological behavior as possible. As such, it would be worthwhile to consider the following 

PTH secretory behaviors and stimuli that have been neglected:  

 pulsatile secretions during normo-, hypo- and hypercalcemia;  

 asymmetric response to hypo- and hypercalcemic episodes;  

 differential response to the rate of change of Ca;  

 response to phosphate and hormone changes.  

The incorporation of these complexities, especially phosphate and hormonal impacts, would aid 

in the development of external controllers for improving pathological conditions.  

1.7.3. Calcitriol 

Very little focus has been placed on calcitriol beyond its impact on intestinal calcium and  PTH 

secretion. However, it is known to have an impact on bone cell proliferation, and FGF23 and 

transcalciferin affect its secretion and circulation.  

1.7.4. Overall Ca regulatory model 

Neither of the two recent models (118, 120) are immediately replicable as many of the parameters 

are missing from their reports. However  both models serve as a guide in developing a working 

model. Also, meal Ca and phosphate are considered continuous inputs rather than transient inputs 

which is more consistent with physiological behavior. 

 



21 

 

1.7.5. Pharmacodynamic Models 

As mathematical modeling of Ca regulation is in its infancy, there aren’t any models available 

describing the physiological behavior in the presence of drugs and hormones used in the 

treatment of Ca-related disorders. A pharmacodynamic model of any of these therapies would be 

an important step in the development of an external controller that could be used for improving 

treatment.  

1.7.6. External Controllers 

A significant milestone in modeling Ca regulation would be the availability of an external 

controller to optimize clinical therapy administration (e.g. hormones, bisphosphonates or 

calcimimetics) while at the same time maintaining plasma levels of PTH and Ca and thereby 

alleviating the compounding effects of these disorders e.g. osteoporosis as a result of 

hyperparathyroidism. 
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2. A control engineering model of calcium regulation 

2.1. Introduction 

Calcium-dependent physiological processes require that, for normal human bodily functions, total 

extracellular fluid (ECF) Ca concentration be maintained within a narrow range, 2.45 ± 0.25mM 

(1, 2). This homeostatic requirement is met through the various processes constituting the body’s 

Ca regulatory system. Disorders in the Ca regulatory mechanisms cause abnormal hormonal 

secretion and contribute to chronic imbalances in plasma Ca levels, often leading to many other 

long-term physiological problems (2, 3). For example, enlarged parathyroid glands (PTG) lead to 

over-secretion of parathyroid hormone (PTH) causing hypercalcemia and excessive bone loss.  

Human Ca homeostasis is achieved through the coordinated actions of four organs: the PTG, 

kidneys, bone, and intestines. Ca transfer between the plasma and the kidneys, intestines and bone 

is regulated by the secretion of three hormones: calcitriol (CTL), calcitonin (CTN) and PTH (1, 

2).  

Figure 2.1A shows a schematic of hormonal Ca and phosphate (PO4) regulation according to the 

following mechanisms. Ca-sensing receptors (CaR) located on the surface of the PTG detect sub-

basal Ca levels (hypocalcemia) and stimulate the production and secretion of PTH through a 

complex intracellular pathway (4). In the kidneys, high levels of PTH induce two distinct 

responses: (a) production of CTL (1,25 dihydroxyvitamin D) via the hydroxylation of 25-

hydroxyvitamin D (5); and (b) increased Ca reabsorption in the renal tubules (1). Increased PTH 

levels, in concert with CTL, stimulate increased bone cell (osteoblasts and osteoclasts) 

proliferation; however, prolonged increases in PTH  inhibit  osteoblastic synthesis of bone 

collagen and other bone matrix protein, resulting in net bone resorption and subsequent transfer 

of Ca from bone to the plasma (6). CTL, in turn, inhibits PTH secretion by inhibiting PTG 

growth, and increases intestinal Ca absorption (1-4). The resulting net transfer of Ca from the 

kidneys, bone and intestines to the plasma increases plasma Ca to basal levels (normocalcemia). 

High Ca levels (hypercalcemia) produce the opposite response in each organ.   

Phosphate regulation, even though not as well studied, occurs in tandem with Ca regulation, as 

both ions are controlled by the same hormones (7). Supra-normal phosphate levels 

(hyperphosphatemia) stimulate PTH secretion, which causes increased bone resorption (net 

transfer of phosphate to plasma) and reduced renal phosphate reabsorption (increased renal PO4 
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excretion). CTL production is induced by the high PTH levels, but inhibited by 

hyperphosphatemia (8); the net effect is a reduction in CTL levels, leading to reduced intestinal 

PO4 absorption (7). The overall result is a return to normal plasma PO4 levels 

(normophosphatemia). 

Engineering control systems (such as a residential home’s HVAC system) consist of four basic 

elements: (a) the sensor receives relevant information about the variable of interest (room 

Figure 2.1. Diagrams of Ca regulation. 

(A) Schematic of physiological components and mechanisms involved in Ca homeostasis. (B) Corresponding engineering control 

system block diagram representation of plasma calcium regulation. 
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temperature) from (b) the controlled process (the room in question), and transmits this 

information to (c) the controller (the wall-mounted thermostat), which determines and sends 

appropriate corrective action signals to (d) the actuator (the compressor and fan) for 

implementation on the process (9). The biological control system responsible for Ca regulation 

may be represented similarly by identifying the physiological equivalents of each engineering 

control system component as follows:  (a) the sensor is the Ca-sensing receptor, CaR; (b) the 

controlled process is the plasma Ca and PO4 pools; (c) the controller is the PTG; finally (d) the 

actuators are the kidneys, bone and intestines. This leads to the block diagram representation of 

Ca regulation in Figure 2.1B, where each block represents a control system component connected 

by lines representing the information emanating from and conveyed to each component, 

according to the mechanistic description of the physiological processes represented by the block 

in question.   

From this perspective, we observe that computational modeling of human Ca regulation in the 

literature has been cast in the form of a series of graphical interpolations (10) or a single 

monolithic system of differential equations (11, 12). Alternatively, organizing the complete Ca 

regulatory system into interconnected functional components produces a modular representation 

that is easier to validate with clinical data module-by-module; it also results in an overall system 

that is easier to analyze holistically and from which greater fundamental insight can be derived. 

2.2. Materials and Methods 

The dynamic behavior of PTH, CTL, bone cell proliferation, ECF Ca and phosphate are modeled 

as a system of nonlinear ordinary differential equations derived from material balances applied to 

each component sub-processes as depicted in Figure 2.1B. The resulting equations, relevant 

parameters, and initial conditions, are summarized in Tables 1 and 2.  A detailed description of 

each component sub-process along with the general assumptions and other considerations follow.  

1) All hormones and ions are uniformly distributed in the ECF and their concentrations are 

identical to that in the plasma.  

2) Consistent with receptor theory and physiological dose-response characteristics (13, 14), 

the rates of secretion, production or proliferation, and all hormone/ion dependencies, are 

described by the logistic function,  𝐻(𝑥) given in Eqn. (1). The input variable, 𝑥 is the 

stimulus used to elicit the response, 𝐻;  𝐴𝑥 and 𝐵𝑥 are, respectively, the minimum and 

maximum rates; 𝑆𝑥 is the midpoint (the value of 𝑥 corresponding to a half-maximal 

response); 𝑚𝑥 is the slope of the curve at 𝑆𝑥.  
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3) Phosphate regulation is based on the description in reference (12). 

4) The effect of calcitonin (CTN) is ignored since its role in Ca regulation is not as 

important as that of PTH and of CTL (1, 2). 

5) Least squares optimization is employed in parameter estimation. 

6) All model simulations are carried out using MATLAB® and Simulink®. 

7) Component defects are implemented as first-order dynamic changes over time in the 

relevant parameter values.   
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Table 2.2. Model Equations 
  

  

Logistic Equation   𝑃𝑂4(𝑖) = 𝜆𝑃𝑂4𝑖𝑃𝑂4𝑚𝑒𝑎𝑙 (9) 

𝐻(𝑥) = (𝐴𝑥 − 𝐵𝑥) [1 + (𝑥
𝑆𝑥

⁄ )
𝑚𝑥

]⁄ + 𝐵𝑥 (1)  
Actuator - Kidneys  

Process – Plasma   𝑑𝐶𝑇𝐿 𝑑𝑡⁄ = [𝐻1(𝑃𝑇𝐻) + 𝐻(𝑃𝑇𝐻𝑟𝑃)]𝐻(𝑃𝑂4) − 𝑘𝐶𝑇𝐿𝐶𝑇𝐿 (10) 

𝑑𝐶𝑎(𝑝) 𝑑𝑡⁄ = 𝐶𝑎(𝑖) + 𝐶𝑎(𝑏) − 𝐶𝑎(𝑢) − 𝐶𝑎(𝑑) (2) 
 

𝐶𝑎(𝑢) =
𝐺𝐹𝑅

𝑉
{

𝐶𝑎(𝑝)[0.1 − 0.09𝐻2(𝑃𝑇𝐻)], 𝐶𝑎(𝑝) ≤ 𝐶𝑎𝑡ℎ𝑟

(𝛼𝐶𝑎𝑢𝐶𝑎(𝑝) + 𝛽𝐶𝑎𝑢),               𝐶𝑎(𝑝) > 𝐶𝑎𝑡ℎ𝑟 
} (11) 

𝑑𝑃𝑂4(𝑝) 𝑑𝑡⁄ = 𝑃𝑂4(𝑖) + 𝑃𝑂4(𝑏) − 𝑃𝑂4(𝑢) − 𝑃𝑂4(𝑖𝑐) (3)* 
 

𝑃𝑂4(𝑢) =
𝐺𝐹𝑅

𝑉
𝛼𝑃𝑂4𝑢𝑃𝑂4(𝑝) (12) 

Sensor – Ca-sensing receptor (CaR) on PTG   Actuator  - Bone  

𝐶𝑎(𝑠) = 𝐾𝑠𝑒𝑛𝑠𝐶𝑎(𝑝) (4) 

 

𝐶𝑎(𝑏) = 𝜎𝐶𝑎𝑏 {

(1 − 𝜆𝐶𝑎𝑏) + 𝜆𝐶𝑎𝑏 [𝐻(𝑂𝐶)(𝑅𝐴𝑁𝐾𝐿
𝑂𝐶⁄ )

𝛾𝐶𝑎𝑏
]

−
𝐶𝑎(𝑝)

𝐶𝑎(𝑝)0

[(1 − 𝜆𝐶𝑎𝑏) + 𝜆𝐶𝑎𝑏 (
𝑂𝐵

𝑂𝐵0

)]
} (13)* 

Controller – Parathyroid Gland (PTG)  
 

𝜋𝑃 = 𝜆𝑏 (
𝑃𝑇𝐻 + 𝑃𝑇𝐻𝑟𝑃

𝑃𝑇𝐻0

) [𝜆𝑏 (
𝑃𝑇𝐻 + 𝑃𝑇𝐻𝑟𝑃

𝑃𝑇𝐻 + 𝑃𝑇𝐻𝑟𝑃 − 𝑃𝑇𝐻0

) + 𝑃𝑆]⁄  (14)* 

𝑑𝑃𝑇𝐻 𝑑𝑡⁄ = 𝐻(𝐶𝑎(𝑠))𝑃𝑇𝐺 −  𝑘𝑃𝑇𝐻𝑃𝑇𝐻 (5) 
 𝑃𝑂4(𝑏) = 𝜆𝑃𝑂4𝑏𝐶𝑎(𝑏) (15) 

𝑑𝑃𝑇𝐺

𝑑𝑡
=

𝜆𝑃𝑇𝐺

𝑃𝑇𝐺0

{
(𝑃𝑇𝐺𝑚𝑎𝑥 − 𝑃𝑇𝐺)[𝜑𝑃𝑇𝐺𝑇𝑃𝑇𝐺

− + (1 − 𝜑𝑃𝑇𝐺)]

−𝑃𝑇𝐺[𝜑𝑃𝑇𝐺𝑇𝑃𝑇𝐺
+ + (1 − 𝜑𝑃𝑇𝐺)]

} (6)* 
 

𝑑𝑃𝑂4(𝑖𝑐) 𝑑𝑡⁄ = 𝑘𝑎𝑃𝑂4𝑖𝑐𝑃𝑂4(𝑝) − 𝑘𝑏𝑃𝑂4𝑖𝑐𝑃𝑂4(𝑖𝑐) (16)* 

𝑇𝑃𝑇𝐺
± = 1 ± 𝑡𝑎𝑛ℎ[𝜆𝐶𝑇𝐿(𝐶𝑇𝐿 − 𝐶𝑇𝐿0)] (7)  Model Disturbance – PTHrP production  

Actuator - Intestines   𝑑𝑃𝑇𝐻𝑟𝑃 𝑑𝑡⁄ = 𝑉(𝑅𝑃𝑇𝐻𝑟𝑃 − 𝑘𝑃𝑇𝐻𝑟𝑃𝑃𝑇𝐻𝑟𝑃) (17) 

𝐶𝑎(𝑖) =
𝐶𝑎𝑚𝑒𝑎𝑙

𝑉
(𝐻(𝐶𝑇𝐿) + 𝜆𝐶𝑎𝑖) (8) 
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Table 2.3. Parameter Estimates 

Parameter Value Units Parameter Value Units 

𝐶𝑎(𝑝)0 1.715E+01 mmol φPTG 8.500E-01 Unitless 

𝐶𝑇𝐿0 1.260E+03 pmol 𝐴𝐶𝑎(𝑠) 4.641E+02 pmol.hr-1 

𝑂𝐵0 7.282E-04 pM cells 𝐴𝐶𝑎(𝑠) 6.276E+03 pmol.hr-1 

𝑃𝑂4(𝑖𝑐)0 4.516E+04 mmol 𝑚𝐶𝑎(𝑠)𝐴 -3.000E+01 Unitless 

𝑃𝑂4(𝑝)0 1.680E+01 mmol 𝑚𝐶𝑎(𝑠)𝐵 -2.500E+02 Unitless 

𝑃𝑇𝐺0 5.000E-01 Unitless 𝑚𝐶𝑎(𝑠)𝑚 -1.500E+02 Unitless 

𝑃𝑇𝐻0 5.526E+01 pmol 𝑚𝐶𝑎(𝑠)𝑆1 1.800E+01 mmol 

Cameal 9.158E-01 mmol.hr-1 𝑚𝐶𝑎(𝑠)𝑆2 1.500E+01 mmol 

Cathr 3.108E+01 mmol 𝐴𝐶𝑇𝐿 4.150E-01 Unitless 

GFR 6.000E+00 L.hr-1 𝐵𝐶𝑇𝐿 0.000E+00 Unitless 

ka,PO4ic 5.180E+01 hr-1 𝑚𝐶𝑇𝐿 -8.416E+00 Unitless 

kb,PO4ic 1.927E-02 hr-1 𝑆𝐶𝑇𝐿 1.306E+03 pmol 

kCTL 8.660E-02 hr-1 𝐴1,𝑃𝑇𝐻 3.228E+00 hr-1 

kPTH 3.199E+01 hr-1 𝐵1,𝑃𝑇𝐻 1.000E+00 hr-1 

kPTHrP 6.932E+00 hr-1 𝑚1,𝑃𝑇𝐻 -2.000E+01 Unitless 

Ksens 1.000E+00 Unitless 𝑆1,𝑃𝑇𝐻 9.823E+01 pmol 

PO4,meal 5.695E-01 mmol.hr-1 𝐴2,𝑃𝑇𝐻 1.045E+00 Unitless 

PS 1.500E+02 Unitless 𝐵2,𝑃𝑇𝐻 0.000E+00 Unitless 

PTGmax 1.000E+00 Unitless 𝑚2,𝑃𝑇𝐻 -6.520E+00 Unitless 

V 1.400E+01 L 𝑆2,𝑃𝑇𝐻 5.186E+01 pmol 

αCau 3.146E-01 Unitless 𝐴𝑃𝑂4 1.034E+00 Unitless 

αPO4u 5.545E-02 Unitless 𝐵𝑃𝑂4 4.182E-01 Unitless 

βCau -5.710E+00 mmol 𝑚𝑃𝑂4 1.242E+01 Unitless 

γCab 6.038E-01 Unitless 𝑆𝑃𝑂4 1.860E+01 mmol 

λb 2.907E+00 Unitless 𝐴𝑂𝐶 1.271E+00 Unitless 

λCab 1.500E-01 Unitless 𝐵𝑂𝐶 9.951E-01 Unitless 

λCai 1.500E-01 Unitless 𝑚𝑂𝐶 -1.188E+00 Unitless 

λCTL 2.143E-03 pmol-1 𝑆𝑂𝐶 9.615E-01 pM cells/pM cells 

λPO4b 4.640E-01 Unitless 𝐴𝑃𝑇𝐻𝑟𝑃 -4.630E-01 hr-1 

λPO4i 7.000E-01 Unitless 𝐵𝑃𝑇𝐻𝑟𝑃 5.280E-01 hr-1 

λPTG 7.500E-02 hr-1 𝑆𝑃𝑇𝐻𝑟𝑃 1.534E+00 pM 

πP - Unitless 𝑚𝑃𝑇𝐻𝑟𝑃 5.888E+00 Unitless 

σCab 7.973E-01 hr-1 𝑅𝑃𝑇𝐻𝑟𝑃 1.04E+01 to 3.0E+01 pMhr-1 
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2.2.1. Sensor: G protein-coupled Calcium-Sensing Receptors (CaR)   

Ca regulation begins with the detection of Ca ions that bind to an amino-terminal domain located 

on the surface of the calcium-sensing receptor (CaR) (Fig. 2.2). The CaRs are attached to the 

surface of the PT cell via coupling to G-proteins which transmit the detected Ca signal to the cell 

(16). In some families, hereditary mutations of the CaR gene result in Familial Benign 

Hypocalciuric Hypercalcemia (FBH)—a loss-of function mutation, characterized by elevated 

PTH, low Ca excretion and mild-to-high hypercalcemia; or Autosomal Dominant 

Hypoparathyroidism (ADH)—a gain-of-sense mutation, characterized by low PTH, high urinary 

Ca excretion and, hypocalcemia (17).  

In our model, the two processes of CaR sensing of plasma Ca, 𝐶𝑎(𝑝), and G-protein transmission 

of the signal, are combined and represented by a single, linear static relationship between 𝐶𝑎(𝑝) 

and the sensor output, 𝐶𝑎(𝑠), where the constant of proportionality is the sensor gain, 𝐾𝑠𝑒𝑛𝑠. For a 

healthy individual, 𝐾𝑠𝑒𝑛𝑠 is unity; for those with genetic mutations in the CaR, the gain-of-

function mutation is represented as an increase in 𝐾𝑠𝑒𝑛𝑠 for ADH, or for FBH, missense mutation 

is represented as a decrease in 𝐾𝑠𝑒𝑛𝑠.  

Figure 2.2. Model of the Ca-sensing receptor (CaR).  

The extracellular portion of the CaR detects Ca and other 

agonists and transmits the signal to G-proteins embedded 

to the intracellular surface of the PT cell and connected to 

the CaR at the points labelled C. This figure is copied 

from (15)- Hofer.   
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2.2.2. Controller: The Parathyroid Glands 

PT cells have a two-fold response to changes in 𝐶𝑎(𝑝): (i) cellular proliferation and (ii) increased 

PTH production (4),  jointly resulting in an overall increase in PTH secretion. Brown (18) first 

proposed a reverse sigmoid relationship to represent the combined Ca-mediated PTG response. 

However, as shown in Figure 2.3, the change in PTH as a function of 𝐶𝑎(𝑝) is asymmetric: 

generally higher under conditions of hypocalcemia (Figure 2.3 - HoCa) and lower under 

hypercalcemia (Figure 2.3 - HCa) (1, 4, 19). We use a model proposed in reference (20) to 

capture this asymmetry. Estimates of the unknown parameters in the response function, 

𝐻(𝐶𝑎(𝑠)), are determined from published clinical data on PTH responses to induced hypo- and 

hypercalcemia in healthy subjects (21-23).  

Increased levels of CTL are known to inhibit PT cellular proliferation both in vivo and in vitro 

(24) – a form of regulatory negative feedback. Although the mechanism by which this occurs is 

not yet fully understood (25), a cell-surface receptor-like mechanism has been proposed (4). The 

overall inhibition of PT cellular proliferation by CTL is therefore represented as in reference (11). 

Additionally, consistent with the literature (3, 19), the half-life of PTH in the plasma (related to 

 𝑘𝑃𝑇𝐻, the rate of PTH decay) is set at 1.3 minutes.  

Figure 2.3 The Ca-PTH curve.  

 PTH secretory response to plasma Ca. during both hypercalcemia 

(HCa) and hypocalcemia (HoCa). Our model captures the asymmetry 

with the indicated ‘Combined’ curve. 
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2.2.3. Actuator 

2.2.3.1. Kidneys: Calcitriol Production 

Circulating vitamin D3 undergoes 25-hydroxylation, a loosely regulated process in the liver, 

forming 25-hydroxyvitamin D3 (25-OH-D3). In the kidneys, PTH from the controller and 

circulating PO4 regulate the renal hydroxylation of 25-hydroxyvitamin D3 (25-OH-D3) to form 

the physiologically active CTL (1, 25-dihydroxyvitamin D3) (5, 8). In the model, we assume an 

infinite supply of CTL precursors, so that hepatic hydroxylation may be ignored. On the other 

hand, we represent renal hydroxylation as a product of the PTH- and PO4-dependent logistic 

functions, estimating the associated parameters from clinical data (26-28). Additionally, a CTL 

half-life of 8 hours (29) was used to determine the CTL elimination rate. 

2.2.3.2. Kidneys – Renal Calcium Reabsorption 

“Ca excretion” in the kidneys is defined as the difference between the filtered load―non-protein-

bound Ca (i.e., soluble Ca)―and the amount reabsorbed. Filtered Ca is computed as the 

difference between total plasma Ca and insoluble Ca. About 80% to 90% of the filtered Ca is 

reabsorbed by processes linked to sodium reabsorption (30), and approximately 10% of the 

filtered Ca is further reabsorbed by PTH-dependent processes (1). Additionally, Ca reabsorption 

is limited by the capacity of the renal tubules (1). The net effect is a maximum tubular 

reabsorptive capacity for calcium (31), represented as “Ca threshold” (𝐶𝑎𝑡ℎ𝑟), the concentration 

of 𝐶𝑎(𝑝) above which there is no additional renal reabsorption. Finally, for normal bodily 

function, a minimum Ca excretion rate of approximately 1mmol/day is necessary (1).  

Renal excretion is represented in the model by a piecewise continuous curve where below the Ca 

threshold, tubular Ca reabsorption is 90% passive and 10% PTH-dependent and above the 

threshold, Ca excretion is independent of PTH levels and varies linearly with 𝐶𝑎(𝑝) levels. 

Parameter values are determined from literature data (31).  

2.2.3.3. Intestines – Calcium Absorption 

The rate of Ca absorption which matches the rate of renal excretion at steady state (1), is 

regulated through both active and passive pathways. Passive absorption via the paracellular 

pathway accounts for 8% to 23% of total absorption, while transcellular active absorption is CTL-

dependent (1, 30, 32). Therefore, we assume that passive absorption accounts for an average of 
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15% of total intestinal Ca absorption. Parameter values for CTL-dependent active absorption are 

determined from data published by Heaney et al (33).  

2.2.3.4. Bone Cell Proliferation, Formation, and Resorption 

The bone cell proliferation model used in this work is based on reference (34). To incorporate 

that bone model into our overall model, the PTH and PTHrP concentrations in the fractional PTH 

receptor occupation expression (𝜋𝑃) were normalized as shown in Eqn. (14). Finally, the model 

linking bone cell proliferation to calcium flux is taken from reference (12) with parameters 

estimated using clinical data (35).  

2.2.4. Model disturbance: PTH-related peptide (PTHrP) production  

In order to capture tumor-related effects on Ca regulation adequately, PTHrP production must be 

included in the model. PTHrP is important in many physiological processes in utero and 

neonatally, including Ca control, (36) but has no effect on calcium control in the healthy adult 

(3). However, its production by some cancerous cells causes abnormal responses in the Ca 

regulatory system (37) (Figure 2.1B). While PTHrP activates PTH receptors, thus effecting 

responses identical to those of PTH in the kidneys and bone, it stimulates less CTL production 

than does PTH (3, 27). 

Estimates of unknown parameters associated with plasma PTHrP levels are based on the 

following data: PTHrP has a half-life of 2-8 minutes (38); average basal PTHrP level in healthy 

subjects is 1.34pM (39), and varies between the range 2.4-51.2pM in patients with Humoral 

Hypercalcemia of Malignancy (HHM) (40). In addition, since PTHrP action is identical to that of 

PTH in the bone and renal tubules but dissimilar in CTL production, PTHrP concentration is 

added to the PTH concentration term in (i) the PTH-mediated CTL secretion term, 𝐻2(𝑃𝑇𝐻) in 

eqn. (11), and (ii) the fractional PTH receptor occupation expression (𝜋𝑃) in eqn. (14); finally, an 

independent term for PTHrP-mediated CTL production is added in eqn. (10). 

2.2.5. Process: ECF Calcium and Phosphate 

𝐶𝑎(𝑝) and 𝑃𝑂4(𝑝) concentrations in the ECF are determined from the net ion transfer rates from 

the kidneys, intestines, bone and any “disturbances” introduced via intravenous infusions. 
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2.3. Results  

In what follows, the basic model is first validated against clinical data from healthy subjects. 

Subsequently, the utility of the validated model is demonstrated through a systematic comparison 

of model predictions of various Ca-related pathologies against corresponding physiological data 

of patients with relevant pathologies.    

An important attribute of the model is its ability to predict the dynamic responses of CTL, renal 

Ca excretion, bone cell proliferation (CB ratio) and other such physiological variables that are 

often unavailable for direct measurement but which provide additional insight into the overall 

performance of the Ca regulatory system. For ease of comparison the simulation results are 

presented not in their usual clinical units but as changes relative to healthy baseline values. 

2.3.1. Model Validation 

The datasets used for model validation are from clinically induced hypo- and hypercalcemia in 

healthy subjects, in response to infusions of sodium EDTA, sodium citrate, or calcium gluconate. 

The corresponding model simulations are obtained by representing the experimental stimulus as 

an appropriate 𝐶𝑎(𝑝) disturbance with magnitude and duration matching those of the clinical 

infusion. The results are shown in Figure 2.4.  
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Figure 2.4A shows scaled measurements of the average plasma Ca response of a group of healthy 

patients to a 2-hour infusion of sodium EDTA followed by a 10-hour recovery (35), with the 

corresponding model simulation superimposed. Similarly, as shown in Figure 2.4B, we are able 

to predict the PTH response during a 2-hr sodium citrate infusion (21) accurately. In response to 

the same sodium citrate infusion, Figure 2.4C shows the corresponding dynamic profiles of CTL, 

renal Ca excretion (𝐶𝑎(𝑢)), and CB ratio; quantities not reported in the study possibly because 
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Figure  2.4. Response of healthy subjects to induced hypo- and hypercalcemia:   

(A) Calcium response to 2-hr infusion of sodium EDTA (37); (B) Ca and PTH response during 2-

hr infusion of sodium citrate (19); (C) Model prediction of Ca, PTH, CTL, urinary Ca and CB 

ratio response during and after 2-hr infusion of sodium citrate; (D) Ca and PTH response during 

2-hr infusion of calcium gluconate (20); (E) Model predictions of Ca, PTH, CTL, urinary Ca and 

CB ratio response during and after 2-hr infusion of calcium gluconate. 
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they are unmeasurable. Induced hypocalcemia causes an initial rapid increase in PTH with a 

corresponding increase in CTL and reduced Ca excretion. Upon removal of the disturbance, the 

subsequent increase in plasma Ca causes a gradual reduction in PTH with a consequent increase 

in renal excretion, 𝐶𝑎(𝑢). Owing to its slower dynamics, CTL levels continue to rise long after 

PTH levels have peaked. Once normocalcemia is achieved, the inhibitory effect of high CTL 

levels on PTH secretion dominates the Ca-dependent PTH secretory response thus causing PTH 

to fall to sub-basal levels until CTL returns to baseline. Finally, PTH induces increased bone cell 

proliferation (CB ratio) resulting in net bone resorption; because bone cell proliferation is a slow 

process, the CB ratio takes a long time to return to basal levels.  

In response to hypercalcemia induced by 2-hr calcium gluconate infusions in healthy subjects 

(22), Figure 2.4D shows how our model simulation accurately predicts clinical observations of 

PTH and Ca. Figure 2.4E shows our model prediction of the associated responses of the clinically 

unreported Ca excretion, CTL and CB profiles during infusion and recovery. The increased Ca 

inhibits PTH secretion leads to lower CTL secretion, greater Ca excretion, and negligible bone 

cell proliferation.  

With the preceding results validating both our proposed modeling approach and the resulting 

model of Ca regulation itself, we are now in a position to use the modeling framework to 

investigate Ca-related pathologies as control system component defects. Understanding a 

particular pathology in terms of an appropriate control system component failure provides a 

unique perspective from which effective treatment procedure (targeted to the identified 

component defect) may be postulated and subsequently tested. 
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 Figure  2.5. Simulations of pathologies as ECS component defects:  

(A – D) FBH (Sensor defect) – Reduction in sensor gain. (A) Sensor gain change trajectory; (B) PTH, CTL, urinary Ca (Cau) 

responses; (C) Plasma Ca. (D) Model prediction and clinical observation of Ca and PTH response to 2-hr clinical infusion of 

calcium gluconate in FBH (39). (E– G) ADH (Sensor defect) – Increase in sensor gain. (E) Sensor gain change trajectory; (F) 

PTH, CTL, urinary Ca (Cau) responses; (G) Plasma Ca response.  (H – K) PHPT (Controller defect) – Increase in PTH 

secretion. (H) PTH change trajectory; (I) CTL, urinary Ca and CB ratio responses; (J) Plasma Ca response. (K) Model 

prediction and clinical observation of Ca and PTH response to 2-hr clinical infusion of calcium gluconate in PHPT (39).  (L – 

N) HoPT (Controller defect) – Decrease in PTH secretion. (L) PTH change trajectory; (M) CTL, urinary Ca, CB ratio 

responses; (N) Plasma Ca.  



47 

 

2.3.2. Model Utility: Investigation of Diseased States as Control System 

Component Defects 

2.3.2.1. Familial Benign Hypercalcemia (FBH) and Autosomal Dominant Hypoparathyroidism 

(ADH) - (Sensor Defects)   

FBH, characterized by elevated PTH, low Ca excretion and mild-to-high hypercalcemia (17), is 

due to a missense mutation of the CaR gene. From a control system perspective, therefore, FBH 

arises from a sensor defect.  To investigate the phenomenon within our control system 

framework, the loss of receptor sensitivity characteristic of FBH is represented by a 12% 

reduction in the sensor gain,𝐾𝑠𝑒𝑛𝑠, occurring gradually over time according to the trajectory 

indicated in Figure 2.5A. A simulation of the consequences of this alteration is shown in Figures 

2.5B-C. The reduced CaR sensitivity causes higher PTH secretion which in turn induces 

increased CTL secretion (indicating increased intestinal Ca absorption) and hypocalciuria (Figure 

2.5B) leading to an overall increase in 𝐶𝑎(𝑝) (Figure 2.5C), precisely as observed in FBH patients 

(17). Additionally, so that our simulation results match clinical data of induced hypercalcemia in 

FBH subjects (Figure 2.5D) (41), we increased the maximum (𝐵𝐶𝑎) and minimum (𝐴𝐶𝑎) PTH 

secretory rate parameters in 𝐻(𝐶𝑎(𝑠)). Such increases are indicative of PTG growth and are 

consistent with clinical findings of enlarged PTGs in some cases of FBH (17, 42). 

Conversely, but in conceptually similar fashion, low PTH, hypercalciuria and hypocalcemia, the 

pathophysiology associated with ADH, a gain-of-function mutation of the CaR gene, can be 

reproduced from the control system model by simulating the sensor defect as increased sensitivity 

of the CaR.  A 12% increase in 𝐾𝑠𝑒𝑛𝑠 occurring gradually as indicated in Figure 2.5E results in an 

expected reduced PTH secretion which  in turn causes a similar reduction in CTL levels and 

increased Ca excretion (Figure 2.5F) ultimately causing a reduction in 𝐶𝑎(𝑝) (Figure 2.5G).  

2.3.2.2. Primary Hyperparathyroidism (PHPT) and Hypoparathyroidism (HoPT) - (Controller 

Defects)  

In PHPT, adenomatous or hyperplastic PTGs secrete excess PTH that induces increased renal Ca 

reabsorption, bone resorption and intestinal Ca absorption, leading to hypercalcemia (2, 43). 

Because the PTG is the controller in the control system framework, PHPT therefore arises from a 

controller defect. This phenomenon is represented in our model by increasing 𝐵𝐶𝑎 and 𝐴𝐶𝑎 and 

reducing the slope (𝑚𝐶𝑎(𝑠)
) to achieve a 3-fold increase in PTH levels at steady-state (Figure 

2.5H). The result is an increase in CTL levels, a reduction in renal excretion and a significant 
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increase in CB ratio (higher bone resorption) (Figure 2.5I) and ultimately, a 30% increase in 

𝐶𝑎(𝑝) (Figure 2.5J).  

Conversely, HoPT, characterized by inappropriately low or no PTH secretion, reduced CTL, 

hypercalciuria and hypocalcemia (44) is reproduced in simulating by decreasing 𝐴𝐶𝑎 and 𝐵𝐶𝑎 to 

obtain a 25% decrease in PTH from initial basal levels (Figure 2.5L). The result is lower CTL 

secretion, increased Ca excretion and a lower CB ratio (net bone formation) (Figure 2.5M), all 

combining to produce a 30% reduction in 𝐶𝑎(𝑝) (Figure 2.5N).  
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 Figure 2.6. Simulations of pathologies as component defects in the ECS Ca model .   

(A – C)   HHM (Process disturbance) – PTHrP production. (A) PTHrP; (B) PTH, CTL, urinary Ca and CB responses; (C) 

Plasma Ca response; (D – F) Vitamin D deficiency (Actuator defect) – No production of CTL. (D) CTL; (E) Calciotropic 

response of  PTH, urinary Ca and CB ratio; (F) Plasma Ca response. (G – I) CTL missense in the PTG (Controller defect). 

(G) Detected CTL in the PTG; (H) Calciotropic response of PTH, CTL, urinary Ca and CB ratio; (I) Plasma Ca response.  
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2.3.2.3. Humoral Hypercalcemia of Malignancy (HHM) - (External Factor: Actuator 

Disturbance)  

HHM arises because of tumorous secretion of PTHrP, which induces increased bone resorption 

and reduced Ca excretion leading to hypercalcemia. The resulting hypercalcemia causes reduced 

PTH secretion, which in turn leads to lower CTL levels (45). Since PTHrP from tumor cells affect 

processes in the actuator, from a control system perspective, HHM occurs due to an external 

factor disturbing the actuator. The phenomenon is introduced in our framework through the 

addition of PTHrP-secreting tumor cells (Figure 2.1B) and is simulated by increasing the PTHrP 

production rate, 𝑅𝑃𝑇𝐻𝑟𝑃, to obtain a five-fold increase in PTHrP levels (Figure 2.6A). The result 

is lower PTH and CTL levels, reduced renal Ca excretion and increased CB ratio (net bone 

resorption) (Figure 2.6B), with the net effect of an increase in plasma Ca levels (Figure 2.6C).  

2.3.2.4. Vitamin D deficiency (VDD) - (Actuator Defects)   

Vitamin D deficiency causes a reduction in the production of CTL which in turn results in 

increased PTH secretion, bone resorption and normocalcemia (46). This phenomenon 

corresponds to a defect in the very first of the four actuator blocks in Figure 2.1B, simulated in 

our model, by reducing the production of CTL in the kidneys to zero as shown in Figure 2.6D, 

essentially decommissioning this actuator. The consequent elimination of the inhibitory effect of 

CTL on PTH secretion causes a 40% increase in PTH levels which leads to (i) increased Ca 

reabsorption in the kidneys and (ii) net bone resorption through a 10% increase in the CB ratio  

(Figure 2.6E), with an overall effect of a marginal increase (2%) in plasma Ca levels (Figure 

2.6F).  

2.4. Discussion and Conclusions 

Based on the premise that effective regulation of physiological processes is achieved by 

biological control systems that possess direct analogs with engineering control systems (ECS), we 

proposed a modeling and analysis framework for plasma calcium regulation in the form of an 

ECS. Such an approach achieves two important objectives: (i) the collection of complex sub-

processes subtending Ca regulation can be organized into interconnected functional modules, 

thereby facilitating modeling and analysis of the entire system; and (ii) pathologies can be 

understood in terms of ineffective regulation caused by identifiable component defects/failures. 

The unknown parameters within each functional block were estimated using data from relevant 

clinical tests of healthy subjects; and the overall model was validated with additional clinical data 
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from induced hypo- and hypercalcemia. We have shown that the resulting model is capable of 

predicting both short- and long-term physiological changes in the Ca homeostatic environment, 

under both healthy and pathological conditions.  

The PTH oversecretion characteristic of PHPT is implemented by an increase in the maximum 

(𝐵𝐶𝑎) and minimum (𝐴𝐶𝑎) PTH secretory rate parameters. Our simulation results for PHPT 

(Figures 2.5H-K) are consistent with the general clinical observations of the disease (2, 43), 

except that the hypocalciuria predicted by our model is consistent with less than 25% of PHPT 

cases (47). In order to predict the PTH response to clinically induced hypercalcemia (2-hr 

calcium gluconate infusion) in PHPT subjects (Figure 2.5K) (41) more accurately, it was 

necessary also to reduce the hypercalcemic slope (𝑚𝐶𝑎(𝑠)𝐴).  The relative change to the slope is 

therefore an indicator of decreased PTH secretory response to changes in 𝐶𝑎(𝑝) in PHPT 

compared to the healthy model (41, 48) and possibly an indicator of the degree of PHPT.   

In their review, Diaz et al., (4) hypothesized that a cell-surface receptor-like mechanism drives 

CTL-mediated PTH secretion; therefore, we investigated the effect of a missense in this receptor 

on Ca regulation by implementing a 95% reduction in the PTG-detected CTL (Figure 2.6G)—a 

controller defect. The resulting calciotropic response—increased PTH, CTL and CB ratio, 

reduced urinary Ca and hypercalcemia (Figure 2.6H–I)—is similar to that resulting from a 

decrease in 𝐾𝑠𝑒𝑛𝑠 (FBH). However, the magnitude of the effect is markedly lower for CTL-

missense. This finding suggests that the pathological effects of receptor defects (Ca or CTL) on 

the PTG are similar, differing only in the magnitude of the respective effects on PTH secretion. 

Note, therefore, that our ECS model of Ca regulation makes it possible to differentiate 

pathologies that may otherwise be confounded.  

While qualitatively accurate in general, quantitatively, the model predictions of pathological 

conditions do not always match all clinical observations of Ca, PTH, CTL, urinary Ca, and/or CB 

ratio as precisely. This is likely due to the fact that our model simulations of pathologies are 

based on individual component defects in the ‘healthy’ model (i) without accounting for the 

possible effects of external hormones/ions on Ca regulation under pathological conditions; and 

(ii) assuming that the pathologies in question manifest as defects isolated to a single component 

with no “interactions” from or on other sub-processes.  

Nevertheless, taken together, we have demonstrated how the control engineering framework 

provides an efficient means for organizing the various physiological sub-processes constituting 

calcium regulation and facilitates a fundamental understanding of this complex physiological 
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process. The resulting mathematical model adequately predicts the short- and long-term dynamic 

characteristics of the Ca regulatory system in both healthy and pathological states. The model 

provides novel insights into Ca regulation by generating results about physiological variables that 

are currently unmeasurable. Furthermore, the framework facilitates the testing of hypotheses 

about mechanisms underlying the emergence of known pathologies. Currently, we are using the 

model to explore the differential diagnosis of Ca-related pathologies with similar 

pathophysiologies; as well as, to identify potential sites for therapeutic intervention in different 

Ca-related pathologies.   
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3. Modeling Phosphate Control and Chronic Kidney Disease 

Plasma phosphate plays an important role in chronic kidney disease (CKD), as such, a more detailed 

description of phosphate regulation is required than the minimal representation provided in Chapter 2; 

therefore this chapter serves as a continuation of Chapter 2. Note that the updated Ca—phosphate model 

is only used in simulations associated with kidney disease; all other pathologies discussed in this research 

are simulated using the previous model.     

3.1. Phosphate Control 

Phosphate regulation occurs in tandem with Ca regulation as they are both regulated through the actions 

of PTH and CTL. In hyperphosphatemia, the high plasma PO4 levels cause the increased production and 

secretion of fibroblast growth factor-23 (FGF-23) from the osteocytes and osteoblasts in the bone. Both 

high PO4 and increasing FGF-23 induce increased PTH secretion from the PTG. In the kidneys, both 

FGF-23 and PTH reduce PO4 reabsorption in the renal tubules. Additionally, there is a net reduction in 

CTL levels as CTL production is stimulated by high PTH levels but is inhibited by both 

hyperphosphatemia and FGF-23. The fall in CTL levels results in decreased phosphate absorption in the 

intestines. Increased phosphate excretion and reduced intestinal absorption lead to decline in plasma PO4 

to basal levels. The converse is true for hypophosphatemia (1).   

A detailed description of the mechanisms of phosphate regulation, as depicted in Figure 3.1 is presented 

below. The combined Ca-PO4 regulatory system, shown in Figure 3.2, is then validated using the same 

Figure 3.1. Engineering control system block diagram of plasma phosphate regulation 
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datasets of clinically induced hypo- and hypercalcemia in health and disease, as presented in Chapter 2. 

The general assumptions outlined in Chapter 2, are employed in the updated model as well: 

1) All hormones and ions are uniformly distributed in the ECF and their concentrations are identical 

to that in the plasma.  

2) Consistent with receptor theory and physiological dose-response characteristics (2, 3), the rates of 

production and secretion, and all hormone/ion dependencies, are described by the logistic 

function,  𝐻(𝑥) given in Table 2.1. The input variable, 𝑥 is the stimulus used to elicit the 

response, 𝐻;  𝐴𝑥 and 𝐵𝑥 are, respectively, the minimum and maximum rates; 𝑆𝑥 is the midpoint 

(the value of 𝑥 corresponding to a half-maximal response); 𝑚𝑥 is the slope of the curve at 𝑆𝑥.  

3) Parameter estimation and model simulation are carried out using MATLAB® and Simulink®. 

4) Component defects are implemented as first-order dynamic changes over time in the relevant 

parameter values. 

3.1.1. Sensor: Osteoblasts/Osteocytes 

Phosphate ions are detected by the osteoblasts and osteocytes in the bone through a yet unknown 

mechanism (4). As with the Ca-sensing receptor, we assume a linear relationship between the process 

variable, 𝑃𝑂4(𝑝), and the phosphate sensor output, 𝑃𝑂4(𝑠); the constant of proportionality is the phosphate 

sensor gain, 𝐾𝑃𝑂4,𝑠𝑒𝑛𝑠, where a value of unity is assumed.  

3.1.2. Controller: Osteoblasts/Osteocyte 

Since the impact of PO4 and CTL on FGF-23 secretion is greater and more prolonged than PTH (5-7) and 

since PTH regulates both PO4 and CTL levels (1, 8), we assume that FGF-23 synthesis and secretion is 

adequately described by both PO4- and CTL-dependence.  As such, the FGF-23 production and secretory 

term is an addition of two logistic functions for both PO4 and CTL. Parameter values for these 

expressions are estimated from published clinical data (9, 10).  

There are two immunometric assays commonly used in the measurement of human FGF-23. The “C-

terminal” assay measures both the intact FGF-23 peptide and carboxyl terminal (C-terminal) fragments 

with results reported in reference units (RU)/mL. The “intact” assay detects the intact FGF-23 peptide and 

its measurement units are pg/mL (9). However, there is no correlation between the two assays in 

determining FGF-23 levels in the physiologic range (9, 11) and the range of FGF-23 in health and disease 

is hard to come by due to insufficient data. We therefore use the healthy baseline for the intact peptide, 35 

pg/mL (9) and a normalized range of 0.7-7 consistent with the literature (6, 7, 9). Finally, the FGF-23 

elimination rate was determined from a half-life of 58 minutes (12). 
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3.1.3. Actuator  

3.1.3.1. Parathyroid Glands 

FGF-23 and CTL suppress PTH mRNA synthesis (13-15) while the stability of the transcription product 

(PTH mRNA) is strengthened at low Ca levels and high phosphate levels (16). We therefore updated the 

PTH balance equation, described in Chapter 2 (Eqn. 5), to include a logistic function for both PO4- and 

FGF-dependent PTH production. Parameters for the phosphate and FGF-23 dependent functions  are 

estimated from the literature (17). 

3.1.3.2. Kidneys – Calcitriol Production 

Owing to the lack of clinical data describing the effect of FGF-23 on CTL, we assumed that our 

representation of PO4-dependent CTL production, 𝐻1(𝑃𝑂4), incorporates the FGF-23 effect because: i) 

both FGF-23 and PO4 inhibit 1α-hydroxylase synthesis during CTL production (8, 18); and, ii) FGF-23 is 

stimulated due to increases in PO4 levels (1). 

3.1.3.3. Kidneys – Renal phosphate Reabsorption 

In the literature, there is no consensus regarding the actual site and mechanism of action of FGF-23 in the 

kidneys; however, it has a similar mechanism to PTH in inhibiting phosphate reabsorption (19). As such, 

we assumed equal weighting of the normalized concentrations of PTH and FGF-23 and use a logistic 

expression which takes the sum of the normalized concentrations of PTH and FGF-23 as input, thus we 

have 𝐻(𝐹𝐺𝐹 + 𝑃𝑇𝐻).  

More than 80% of the phosphate filtered in the glomerulus is reabsorbed in the proximal tubules and less 

than 10% in the distal segments of the nephron (20-23). Additionally, as with renal Ca absorption, there is 

a maximum tubular phosphate absorption rate beyond which, phosphate excretion increases linearly with 

plasma phosphate levels (24). Therefore, we use a piecewise continuous function to represent phosphate 

excretion. Below the threshold, excretion is dependent on FGF-23 and PTH while above the threshold, 

excretion is hormone independent. The value of the threshold and parameters for active and passive 

reabsorption are estimated using data from the literature (25).  

3.1.3.4. Intestines – Calcium Absorption 

Seventy percent of daily dietary phosphate intake is absorbed in the intestines (26) and the  average 

phosphate intake is 30-50 mmol/day in humans (1). Seventy percent of this absorption occurs via a non-



59 

 

saturable paracellular pathway, while the remainder occurs through a Vitamin D-dependent transcellular 

pathway (1, 27, 28).  Therefore, we assume a daily PO4 intake of 40 mmol/day, and use a logistic 

expression to describe the CTL-dependent absorption; the parameters values are  estimated from the 

literature (29). 

3.1.3.5. Bone Cell Proliferation, Formation and Resorption 

Phosphate transfer between the bone and plasma is assumed to be proportional to Ca transfer and a ratio 

of 0.464 is used as described in the literature (30).   

3.1.4. Process: ECF Calcium and Phosphate 

Plasma phosphate concentration is determined using the net ion transfer rates from the kidneys, intestines, 

and bone. 

 

Figure 3.2. The engineering control system block diagram representation of combined plasma calcium and phosphate regulation. 
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3.2. Chronic Kidney Disease  

Like the pathologies presented in Chapter 2, kidney disease originates from a defect in one organ–the 

kidney. As such, kidney disease is considered an actuator defect. During the progression from kidney 

disease to chronic kidney disease (CKD), the control system response to prolonged waste accumulation in 

the plasma leads to defects in several of the other regulatory subprocesses, namely PTH and CTL 

production, and even the process itself. Therefore, in modeling CKD, multiple changes within different 

component blocks are required. A detailed mathematical description of the key changes in the updated 

model is presented below followed by validation with clinical data. The updated expressions for CKD are 

given in the Appendix. 

Renal failure: In CKD, the decline in function of the renal tubules is manifested in reductions in: the 

glomerular filtration rate (GFR); the hormone-dependent portion of Ca/PO4 reabsorption; and CTL 

production. An independent term—renal failure (𝑅𝐹) — is introduced to indicate the fractional decline in 

renal function. 𝑅𝐹 is proportional to GFR (the clinical measure of renal failure), which is unitless and  

varies from 1 to 0.1.  

Ca/PO4 excretion: We multiply the hormone-dependent Ca and PO4 reabsorption by the factor, 𝑅𝐹; 

because, in the absence of sufficient data, we assume that the change in reabsorption is proportional to the 

decline in renal function.          

Circulating CTL: We assume that circulating CTL decreases proportionally with the loss in renal 

function; as such, we amend the CTL secretory term in the CTL production equation to include  𝑅𝐹.  

Ca/PO4 Precipitation: In the healthy body, calcium phosphate (found in bone) solubility is very low (~ 

7x10-5 M) while plasma Ca levels are 2-3 orders of magnitude higher. In order to maintain such high 

levels of plasma Ca, plasma PO4
3- concentration is very low and phosphate ions exist in the form of 

HPO4
2- and the solubility of CaHPO4 is 2 x 10-3M (31). In their 1966 study, Hebert et al., showed that 

increasing plasma phosphate concentrations caused a reduction in plasma Ca levels via CaHPO4 

formation rather than through simultaneous calcium excretion (32).  

Taken together, we assume that only CaHPO4 is formed during hyperphosphatemia and that the plasma 

Ca/PO4 threshold, beyond which CaHPO4 begins to form, is the healthy baseline. With increasing plasma 

PO4 levels, the excess PO4 forms CaHPO4 and plasma Ca is lowered according to the stoichiometric ratio.  
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Secondary Hyperparathyroidism: In order to account for the PTG hyperplasia that occurs during CKD, 

the same model as used in PHPT is employed for SHPT (increasing the maximum and minimum PTH 

secretory rates and reducing hypercalcemic slope).  

3.3. Model Validation 

3.3.1. Ca/PO4 Regulation 

In this section, the results from the more comprehensive Ca-PO4 model—denoted as the “Combined” 

model—are compared with both the clinical dataset and the results from the previous model— denoted as 

“Model (1)”. As the dynamics of Ca control were discussed in the previous sections, the focus of this 

section will be on the observable differences between the two models as well as the dynamics of the 

combined model as it relates to phosphate control. 
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The dynamic profiles of Ca, PTH and CTL from both models (Figure 3.3A-C) are identical in the 

simulation of a 2-hour infusion of sodium EDTA followed by a 10-hour recovery (33). However, owing 

to the impact of plasma phosphate and FGF-23 on PTH secretion, which was incorporated in the 

combined model, the maximum PTH reached is higher in the combined model than in Model (1) (Figure 

3.3B). Additionally, the dynamics of plasma phosphate and FGF-23 are now available from the combined 

model. The increase in PTH induces CTL production which in turn causes FGF-23 production Figure 

3.3C-D. Both FGF-23 and PTH cause increased phosphate excretion resulting in lower plasma phosphate 

(Figure 3.3D). Although the low phosphate levels inhibit FGF-23 formation, there is net FGF-23 secretion 

due to the greater effect of increasing CTL levels. The profiles in Figure 3.3A-D indicate the variations in 

settling times of the different hormones/ions. Ca and PTH return to basal levels within 10 hrs (Figure 

3.3B), CTL and FGF-23 returns to steady-state within 35 hrs (Figure 3.3C-D) and phosphate has the 

slowest dynamics with a settling time > 40hrs (Figure 3.3D). This observation underscores the fact that 

plasma calcium is tightly regulated whereas plasma phosphate is loosely controlled.  

Again, the calcium and PTH responses to hypocalcemia and hypercalcemia (Figures 3.4A-B) induced by 

2-hr sodium citrate infusion (34) and 2-hr calcium gluconate infusions (35) respectively, in healthy 
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 Figure 3.3. Calciotropic response, for both models, to induced hypocalcemia (2-hr infusion 

of sodium EDTA (33)) in healthy subjects:  

(A) Calcium. Model predictions of calciotropic responses: (B) Ca and PTH; (C) CTL and, 

(D) Phosphate and FGF-23  
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subjects are identical in both models and are similar to the clinical data. Further analysis of the 

biochemical profiles intra- and post-infusion leads to some interesting observations (Figure 3.4C). The 

hypercalcemia-induced decrease in PTH causes a decrease in CTL secretion. The decreasing PTH leads to 

increasing renal phosphate reabsorption, while the low CTL reduces intestinal phosphate absorption. The 

net effect of phosphate retention and low intestinal absorption is an increase in plasma phosphate. As 

PTH levels increase, there is a corresponding increase in renal phosphate excretion thus lowering plasma 

PO4 levels.  

The diverging increases and decreases in phosphate and CTL levels cause FGF-23 levels to fluctuate over 

the response period (Figure 3.4C). Initially, there is a net zero effect of the increase in PO4 and decrease 

in CTL on FGF-23 secretion; however, as time progresses, the effect of decreasing CTL on FGF-23 

production dominates resulting in a fall in FGF-23 levels. As phosphate levels increase to a maximum, 

the PO4 effect dominates CTL-inhibition, leading to an increase in FGF-23 levels. Once the nadir of CTL 

and the crest of phosphate levels have passed, the net effect of the lowering PO4 and the, still sub-basal 

but, increasing, CTL is a further decrease in FGF-23 levels. As plasma PO4 and CTL approach basal 

levels, their combined effect causes an increase in FGF-23 back to baseline levels.  

The calciotropic response to calcium gluconate in subjects with primary hyperparathyroidism is shown in 

Figure 3.5. The PTH profiles during infusion are identical in both models, and comparable to the clinical 

data. The intra- and post-infusion response profiles to hypercalcemia are slightly different in PHPT 

(Figure 3.5B) than in healthy subjects (Figure 3.4C). Since PTH levels are already high in PHPT, PTH-

induced phosphate excretion is slightly higher than in healthy subjects. The hypercalcemia-induced 
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 Figure 3.4. Ca and PTH response during 2-hr infusion of: 

 (A) sodium citrate (Ramirez) and (B) calcium gluconate (35); (C) Model predictions of Ca, PTH, CTL, urinary Ca and CB ratio 

response during and after 2-hr infusion of calcium gluconate (35). 
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decrease in PTH causes a similar decrease in CTL that leads to lower intestinal phosphate absorption and 

ultimately, an initial decrease in plasma phosphate levels. No such decrease was observed in the 

predictions for the healthy subjects (Figure 3.4C). At the same time, FGF-23 levels are reduced due to 

lower CTL- and phosphate levels, thus contributing to the reduced phosphate excretion (Figure 3.5B). As 

PTH levels increase there is still a reduction in FGF-23 levels, the net effect of PTH and FGF-23 is a 

continued reduction in renal phosphate excretion, which contributes to increasing plasma phosphate 

levels, even with a continued reduction in intestinal absorption due to lowering CTL. Plasma phosphate 

reaches a maximum as CTL and FGF-23 pass their minimum because the now-increasing FGF-23 and the 

near-basal PTH cause an increase in renal excretion thus lowering plasma PO4. At the same time, CTL 

returns to basal levels thus countering the loss of plasma PO4 through increasing intestinal absorption.  

3.3.2. Chronic Kidney Disease 

We validate our CKD model using clinical data of plasma biochemistries in two sets of patients (36). The 

first set is a cohort of 113 patients with CKD who were not undergoing dialysis nor taking phosphate 

binders. This cohort was divided into four groups according to their renal function (measured by GFR). 

The second set is a control group of 89 healthy volunteers.  For our simulations, we simulate the plasma 

biochemistries of the healthy group to use as our reference point. We then simulate each of the CKD 

groups by reducing the renal function from the healthy reference to the reported value.   

Figure 3.6A-D shows our prediction of plasma Ca, PTH, PO4 and CTL compared to the clinical data. In 

general, our model predicts the profile of all four plasma biochemistries very well.  

A 

 

B 

 

 
Figure 3.5. Model prediction and clinical observation of Calciotropic response to 2-hr 

clinical infusion of calcium gluconate in PHPT subjects.  

(A) Ca and PTH; (B) Ca, PTH, CTL, phosphate and FGF-23 
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In accounting for Ca loss due to CaHPO4 formation in CKD, we assumed that the amount of Ca lost from 

the plasma is equivalent to the stoichiometric amount used to form CaHPO4 (i.e. 1 mole Ca/ mole 

CaHPO4).  However, in reproducing clinical presentations of Ca in CKD, we found that this only holds 

for renal function decline down to 40%. Below 40%, the fraction of plasma Ca used in CaHPO4 formation 

declines, as is shown in Figure 3.6E. Therefore, we adjusted the factor to account for this deviation. This 

deviation may be due to the fact that at lower renal function  (𝑅𝐹 <  60%), hypocalcemia becomes 

prevalent, as such, only small amounts of Ca can be precipitated from the plasma.  
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At very low renal function (𝑅𝐹 < 0.3), the model overestimates plasma PO4 (Figure 3.6C which may 

occur due to unaccounted changes in PO4 regulation. Owing to insufficient data, the effect of FGF-23 on 
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 Figure 3.6. Comparison of Simulated results  and clinical observations of plasma biochemistry changes among 

patients with varied severity of kidney disease (as determined by a decline in renal function/GFR) (36).  

All biochemistries are presented relative to the healthy basal levels: (A) Ionized Calcium; (B) PTH; (C) 

Phosphate; (D) Calcitriol. (E) The precipitation of Ca salts during CKD progression is indicated by the Ca factor. 

(E) CTL production in CKD progression declines according to the CTL production factor.   
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renal phosphate reabsorption is lumped with PTH, therefore, any change in FGF-23 effect on the renal 

tubules during CKD is unaccounted for.    

In preliminary studies we found that our simulation results for CTL levels in different stages of CKD did 

not match the clinical data when using a proportional relationship between declining renal function (RF) 

and circulating CTL levels. Therefore, we multiplied the CTL production rate by a factor (𝑟𝐶𝑇𝐿,𝑑𝑒𝑔). 

Figure 3.6F shows the relationship between  𝑟𝐶𝑇𝐿,𝑑𝑒𝑔 and declining renal function, the factor decreases 

proportionally with renal function down to 𝑅𝐹 = 40%; below  this, the factor remains at a constant value. 

Therefore, a sigmoid function can be used to represent the relationship between 𝑟𝐶𝑇𝐿,𝑑𝑒𝑔 and 𝑅𝐹. 

The disproportionate decrease in CTL levels compared to the decline in renal function may be due to the 

net effects of hyperphosphatemia and metabolic acidosis in inhibiting CTL synthesis (8, 37-40) as well as 

the reduced metabolic clearance of CTL in CKD (41). 

Figure 3.7 shows the simulation results of progressive decline in renal function. For each simulation, the 

renal function is gradually reduced from the healthy reference  down to the desired value. Each data point 

represents the steady-state end-point at each renal function.  

Normocalcemia and normophosphatemia persists down to ~ 50% renal function, below this, 

hypocalcemia and hyperphosphatemia appear (Figure 3.7A). Below 50% RF, hyperphosphatemia 

increases disproportionately to the decrease in plasma Ca. As discussed before, there may be alterations in 

the PO4 regulation—during later stages of CKD—that are not accounted for in our model.  

Below 70% renal function, circulating PTH starts increasing, while CTL decreases (Figure 3.7B). The fall 

in CTL occurs due to the loss in capacity for CTL production in the renal tubules. This suggests that the 

healthy kidneys have a “buffer” or excess capacity of approximately 30% to produce CTL. As renal 

function declines, the capacity of production of CTL also declines, thus reducing circulating CTL. There  

is a further decrease in CTL levels at approximately 30% renal function, which coincides with the 

dramatic increase in plasma PO4. The declining CTL has less inhibitory effect on the PTG, thus PTH 

synthesis and secretion increases and is reflected in PTH levels. The rate of increase of PTH becomes 

steeper below 50% renal function because both hypocalcemia and hyperphosphatemia appear.        
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The results of FGF-23 (FGF), osteoclast-to-osteoblast ratio (CB ratio) and Ca flux from the bone, urine 

A 

 

B 

 

C 

 

D 

 

E 

 

F 

 

 Figure 3.7. Simulated results of calciotropic response to progressive decline in renal function: 

 (A) Ionized Ca and Phosphate; (B) PTH and CTL; (C) FGF; (D) Renal Ca excretion and Intestinal Ca 

absorption; (E) Ca transfer from bone to plasma; (F) bone osteoclast-to-osteoblast (CB) ratio. 



69 

 

and intestine are readily available from the model and can be used to provide greater insight into the 

progression of CKD. Between normal RF and 50% RF, the profile of FGF-23 (Figure 3.7C) is identical to 

that of CTL; below 50%, the profile follows that of plasma PO4. FGF-23 synthesis is induced by both 

CTL and PO4; however CTL has a greater effect, therefore the decline in CTL levels causes a similar 

decrease in FGF-23 levels between 70% to 50% renal function. As the extent of hyperphosphatemia 

increases, PO4 induces FGF-23 synthesis resulting in increased FGF-23 levels.  

Upon initial decline of renal function (100% to 80%) there is no change in Ca flux in the kidneys (Figure 

3.7D), this suggests that there is a 20% excess capacity for renal excretion. On further decline of renal 

function, there are two piecewise linear regions of decline in Ca excretion, the difference in slopes is due 

to the effect of PTH on renal reabsorption. Between 80% and 40% renal function, PTH levels are slightly 

high (up to 2X normal), thus only a fraction of PTH-dependent renal reabsorption occurs, as a result, the 

decline in Ca excretion is less than the decline in renal function. However, below 40% renal function, 

when PTH levels are very high ( > 4X normal), PTH-dependent renal reabsorption is maximum, thus only 

PTH-independent Ca excretion occurs, thus the decline is directly proportional to the decline in GFR.  

As expected, intestinal Ca flux varies with CTL levels (Figure 3.7D), however, the effect of CTL is 

diminished below 60% renal function even though minimum CTL is observed at 20% renal function. This 

suggests the existence of a CTL threshold, below which no transcellular (i.e. CTL-dependent) Ca 

absorption occurs. A similar observation is made from the work done by Heaney et al., in exploring the 

Ca absorptive effect of Vitamin D metabolites (42). 

Bone Ca flux (Figure 3.7E) and the osteoblast-to-osteoclast (CB) ratio (Figure 3.7F) provide interesting 

insight into the mechanism of CKD progression. Since the bone model takes only plasma PTH as input, 

then any change in CB ratio is attributed to PTH. Therefore, as with PTH, CB ratio remains normal down 

to a renal function of ~70%; between 70% and 40% RF, there is marginal increase in CB ratio (up to 2.5X 

normal) (Fig. 3.7F). Below 40% renal function, CB ratio increases dramatically, from 2.5X to ~ 20X 

normal. On the other hand, below 70% renal function the Ca flux from bone increases linearly up to ~ 3 

orders of magnitude greater than basal levels. It is this dramatic increase in bone flux that maintains 

normocalcemia between 70% and 50% renal function when there is significant decrease in intestinal Ca 

flux.  

Rix et al., observed a decline in total body bone mineral density correlating with declining renal function 

(36). The group found that the measured biochemical markers of bone turnover (formation and 

resorption) all showed a strong negative correlation with GFR and the serum levels of these markers were 
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significantly increased in the group of patients with advanced stages of renal failure. This finding supports 

our simulation results of significantly increased bone Ca flux and CB ratio for RF less than 40%.  

In summary, compared to Ca regulation, plasma PO4 is loosely controlled and is therefore not a major 

player in certain Ca-related pathologies; modeling these pathologies require a detailed model of Ca 

regulation and only a minimal model of PO4 regulation. However, in order to investigate the role of 

phosphate levels in some Ca-related pathologies, a more detailed description of PO4 regulation is 

required. The updated Ca-PO4 model provides a more complete description of phosphate regulation with 

additional insight into the calciotropic responses of CTL and PTH and the heretofore unmentioned protein 

FGF-23. Additionally, the ease with which PO4 control was incorporated in the model emphasizes the 

flexibility of our approach in modifying and adding component blocks or even entire systems. The 

updated model offers the potential to explore more complex Ca-PO4-related pathologies and our 

simulation of CKD provides the opportunity to explore potential therapeutic sites in the pathology.    
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4. A Model-Based Approach to Diagnosing Primary Hyperparathyroidism  

From preliminary simulations, we observed that simulations results of intravenous Ca infusion in the 

models of the different Ca-pathologies suggested divergent calciotropic responses (plasma Ca, PTH, CTL 

and urinary Ca) in the different pathologies. As such, this chapter details the research into identifying an 

effective method to differentiate the hypercalcemia-causing pathologies that are  most common, and often 

confounded due similarities in clinical presentations.       

4.1. Introduction 

The two most common pathologies, accounting for ninety-percent (90%) of hypercalcemia cases are 

primary hyperparathyroidism (PHPT) and hypercalcemia of malignancy (HHM). Other less common 

causes of hypercalcemia include, familial benign hypocalciuric hypercalcemia (FBH) and Vitamin D 

intoxication (1). 

PHPT is characterized by a secretion of excess PTH due to adenoma or hyperplasia of one or more 

parathyroid gland(s) (PTGs) with the only cure being surgical removal of the affected gland(s) (2). In a 

majority of patients (70-80%) the condition is asymptomatic and is most commonly discovered through 

incidental finding of elevated PTH along with  normocalcemia or elevated serum calcium (Ca) (2-4) or, in 

rare cases, low-normal PTH (5). FBH, a missense-mutation of the calcium-sensing receptor (CaR), 

presents similar characteristics to PHPT, namely, hypercalcemia with high-normal PTH (6) and is 

ultimately isolated from PHPT through a review of family history (2). HHM is caused by the secretion of 

PTH-related protein (PTHrP) from cancerous cells and has a similar pathophysiology to PHPT (7). 

However, unlike in PHPT, PTH and CTL are suppressed and osteoclastic and osteoblastic activities are 

decoupled in HHM (8-10).   

There is no standardized test for differentially diagnosing the causes of hypercalcemia (11); however, the 

biochemical investigation steps include: measurement of plasma Ca (on two separate occasions), PTH, 

PTHrP, and urinary Ca along with a review of family history of FBH (2). For PHPT, both pre-operative 

serum Ca and PTH generally increase with increasing adenoma weight, yet these biochemical parameters 

cannot accurately predict parathyroid adenoma size (12, 13). However, given that Ca-mediated PTH 

suppressibility decreases with adenomatous growth (14, 15), several studies have proposed PTH 

suppressibility through intravenous (IV) Ca infusion as a means of identifying different stages of PHPT 

(11, 16). Furthermore, PTH suppression through oral Ca loading is suggested as a good measure for 

differential diagnosis (17-19). However, these tests were limited to specific cases (such as normocalcemic 
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PHPT in osteoporosis) (19), or only used analysis of too few calciotropic biochemistries (Ca, PTH, 

calcitonin and gastrin) (17, 18).  

The aim of this chapter is to explore the effects of short-term Ca loading on FBH, PHPT, and HHM and 

determine if such a method is effective in the differential diagnosis of these three diseases, and identifying 

the extent of PHPT progression. This approach is similar to the IV glucose test for determining insulin 

secretion and resistance (20) now used in the diagnosis of diabetes.      

4.2. Materials and Methods 

4.2.1. Clinical datasets  

Group characteristics and PTH suppressibility data were taken from two previous clinical studies (14, 16). 

Khosla et al., (1993) (14): 11 FBH patients (3 male, 8 females; ages 24-49); 7 females with PHPT (ages 

29-75); and 12 normal volunteers (3 male, 9 females; ages 25-57). 

Zhao et al. (2011), (16): 1) 20 healthy volunteers (aged 50.7±3.7 years) with normal serum Ca and PTH; 

2) 17 patients with “Mild” PHPT (aged 49.6±3.6 years) characterized by elevated serum intact PTH and 

mild elevation of fasting total Ca (2.5-2.75 mM) and confirmed PHPT; and, 3) 73 patients of 

undetermined (ND) PHPT status (aged 42.2 ± 1.7 years) with normal plasma Ca levels and elevated PTH, 

unconfirmed PHPT and no evidence of secondary HPT. 

4.2.2. Model simulations  

A detailed description of the healthy and pathology models used in this work is given in Chapter 2; only 

the adjusted model parameters for the current simulations are discussed herein. All parameters are 

initially estimated by an ad-hoc method to determine the optimum range; subsequently the final values are 

improved using least squares estimation. Following this, each model is simulated with the relevant Ca 

loading until the post-infusion steady state is achieved. The calciotropic response of Ca, PTH, CTL and 

urinary Ca are then analyzed. 

Calcium loading or calcium disturbance (𝐶𝑎(𝑑)): Identical infusion rates and times, for each dataset, are 

implemented in each model through the disturbance block. For the Khosla et al., (1993) datasets (Healthy, 

FBH, PHPT) and HHM, we use three (3) different Ca loadings: 1) as described in their work (14), one 

hour infusion of 0.025 mmol elemental Ca/kg followed by 0.05 mmol elemental Ca/kg for the second 

hour; then two modified loadings:  2) 30-minute infusion of 0.025 mmol elemental Ca/kg; and, 3) 60-

minute infusion of 0.025 mmol elemental Ca/kg. The loading implemented in the Zhao et al., (2011) 
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datasets (Healthy, ND and Mild PHPT) is as described in the paper (16),  two hour infusion of 4 mg 

elemental Ca/kg per hr. 

Healthy: Each model is first initialized using the baseline serum Ca and PTH provided in each study for 

the relevant groups (14, 16). Ca loading is then implemented, as described above, and the PTH secretory 

rate parameters (hypercalcemic slope (𝑚𝐶𝑎(𝑠)𝐴) and minimum and maximum PTH secretory rates (𝐴𝐶𝑎(𝑠) 

and 𝐵𝐶𝑎(𝑠))) are estimated such that the simulated PTH response matches the clinical data. These 

parameters then serve as a reference for the other pathology groups within the relevant clinical study. 

FBH (sensor defect): The missense mutation of the CaR associated with FBH is implemented as a sensor 

defect—a decrease in sensor gain (𝐾𝑠𝑒𝑛𝑠). Using the healthy model as a basis, 𝐾𝑠𝑒𝑛𝑠 is decreased from 1 

to 0.88, such that simulated ionized Ca at steady-state is identical to the reported baseline serum ionized 

Ca. 𝐴𝐶𝑎(𝑠) and 𝐵𝐶𝑎(𝑠) are then estimated such that the steady-state serum PTH matches the reported 

baseline. Finally, Ca loading is simulated and the estimates of 𝑚𝐶𝑎(𝑠)𝐴 and 𝐴𝐶𝑎(𝑠) corrected to match the 

clinical PTH response profile.  

HHM (actuator disturbance): We implement a four-fold increase in the circulating PTHrP levels, 

consistent with clinical presentation (21), by adjusting the PTHrP production rate in the PTHrP 

production block,. Once steady-state is achieved, Ca loading is then applied.  

PHPT (controller defect): For PHPT cohorts (14, 16) in both studies, the PHPT model is first initialized 

using the reported group baseline serum Ca and PTH. The minimum and maximum secretory rate 

parameters (𝐴𝐶𝑎(𝑠) and 𝐵𝐶𝑎(𝑠)) and the PTH secretory slope midpoints (𝑚𝐶𝑎(𝑠)𝑆1  and 𝑚𝐶𝑎(𝑠)𝑆2) are then 

estimated such that the steady-state PTH and Ca are the same as the reported baseline values. Finally, Ca 

loading is implemented and the parameters related to hypercalcemia—minimum PTH secretory rate 

(𝐴𝐶𝑎(𝑠)), PTH secretory slope hypercalcemic midpoint (𝑚𝐶𝑎(𝑠)𝑆2) and hypercalcemic slope (𝑚𝐶𝑎(𝑠)𝐴)—

are optimized using the group PTH response data. 

For individual patients, since no PTH baseline data is given, each model is initialized using the individual 

baseline serum Ca and the group baseline PTH provided. Ca loading is applied to the model and 

parameters related to hypercalcemia (as noted above) are estimated using the individual patient PTH 

response data.   

4.2.3. Performance Analysis 

Along with the comparison of intra- and post-infusion response profiles of Ca, PTH, CTL and urinary Ca, 

the following expressions are computed to aid in our analysis:  
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1) The rise/fall time (𝑇𝑟/𝑓,𝑥,%) is the time taken (post-infusion) for the hormone/ion (x = Ca, PTH or 

CTL) response to rise (r) or fall (f) to a predetermined fraction of its final value. We use 10% for 

all analyses except when determining shorter observation times, in which case 25% is used. 

2) The urinary Ca ratio (𝑢𝐶𝑎𝑡 =
𝐴𝑈𝐶 𝐶𝑎𝑢+𝑡

𝐴𝑈𝐶 𝐶𝑎𝑢−𝑡
) is the ratio of the amount of Ca excreted in a period of 

time 𝑡 hours after and 𝑡 hours prior to the start of infusion.   

3) PTH suppression (𝑃𝑇𝐻𝑠𝑢𝑝𝑝 =
𝑃𝑇𝐻𝑏𝑎𝑠𝑒−𝑃𝑇𝐻𝑚𝑖𝑛

𝑃𝑇𝐻𝑏𝑎𝑠𝑒
× 100%) is measure of the observed reduction in 

PTH compared to baseline PTH concentrations. 

4.3. Results 

Unless otherwise stated, all simulation results are normalized using pre-infusion baseline values provided 

to account for differences in biochemical characteristics across the different groups. For convenience, the 

estimated minimum PTH secretory rates and hypercalcemic slopes are reported relative to the relevant 

study’s healthy values and are thus denoted as 𝐴𝐶𝑎(𝑠),𝑟 and 𝑚𝐶𝑎(𝑠)𝐴𝑟, respectively. We equate PHPT 

progression with increasing PTG mass, therefore, for the PHPT cohort in reference (14), we consider 

PHPT progressing from patient #1 to #7 since the PTG mass increases from patient #1 to #7. From our 

simulations, the responses for PHPT Patients 3 and 4 are identical to the PHPT group mean. Therefore, 

we consider responses for PHPT#3 or #4 to be synonymous with the group mean response. Additionally, 

for ease of presentation, where necessary, only responses for Patients 1, 4 and 7 are displayed, indicating 

early, mid and late stage PHPT, respectively.  

4.3.1. Model Predictions  

Figure 4.1 shows our model simulations of clinical PTH response to 2-hr Ca loading for all groups and 

individual patients in both studies. The model predictions are better for the group data (Fig.4.1A, D – F) 

than for individual PHPT patient data (Fig. 4.1B and C). This is due to variability in individual patient 

data and differences in response times (the time taken for an observable PTH change in response to Ca 

loading). PHPT patients # 1, 2, 4 and 6 show less variability compared to patients 3, 5 and 7 (Fig. 4.1B 

and C). The response times for PHPT# 1, 4 and 7 were 10, 30 and 45 minutes, respectively (Fig. 4.1B and 

C) which is greater than the 5 minutes observed in Patients # 3, 5 and 6. On the other hand, PHPT#2 

seemed to respond within 10 minutes of infusion but the PTH secretion at 15 and 30 minutes returned to 

basal and resumed responding thereafter (Fig. 4.1B).  
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4.3.1.1. PTH suppression  

Figure 4.2 shows the response profiles for 2-hr Ca loading for both clinical studies. When comparing 

Healthy, FBH, PHPT and HHM, the lowest suppression at ~24% is observed in HHM (Fig. 4.2A) since 

A 

 

B 

 

C 

 

D 

 

E 

 

F 

 

 Figure 4.1. PTH suppression from Ca loading 

Model simulations vs. clinical data. Khosla et al., dataset (Khosla, 1993) – (A) Groups: Healthy, FBH, 

PHPT; (B – C) Individual PHPT patients. Zhao et al., dataset (Zhao, 2011) – Groups: (D) Healthy; (E) 

Undetermined (ND); (F) Mild PHPT. 
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baseline PTH levels are already near minimum (22). For PHPT#1, the first hour PTH response profile 

was identical to the FBH and Healthy groups but eventual PTH suppression was 6% lower (Fig. 4.2A). 

PTH suppression decreases within the PHPT group, greatest in PHPT#1 and least in #7. Additionally, 

from Table 4.1, PTH suppression in HHM (24%) lies within the range of advanced stages of PHPT (8-

33%), Patients 6 and 7. These suppression levels indicate that the PTG ability to respond to induced 
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hypercalcemia is greatest in Healthy and FBH individuals, decreases with increasing PTG adenoma mass 

in PHPT and, is least in HHM.  

4.3.1.2. Ca, PTH, CTL and urinary Ca excretion response profiles 
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 Figure 4.2. Model groups and individuals intra- and post- infusion profiles.  

(A-E) Calciotropic response of Healthy, FBH, HHM and PHPT Patients #1, 4 and 7 based on 2-hr infusion of Ca gluconate as 

described in the reference (14): (A) 2-hr PTH response. Intra- and post-infusion response of: (B) Ca; (C) PTH; (D) CTL; and, 

(E) urinary Ca. 

 (F-I) Calciotropic response of Healthy, Mild and ND groups based on 2-hr infusion of Ca gluconate as described in the 

reference (16). (F) 2-hr PTH response. Intra- and post-infusion response of:  (G) Ca (H) PTH, (I) CTL. 
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The settling time, (the time it takes, post-infusion, to return to within 2% of basal levels) varies across all 

4 groups for Ca, PTH and CTL. For plasma Ca (Fig. 4.2B), the settling time occurs between 3-5 hours for 

FBH and Healthy groups, varies from 10-48 hours within the PHPT group and is about 48 hours for 

HHM. In FBH and Healthy, PTH settling times are similar at 13-15 hours, the PHPT group ranges from 

17- 28 hours and HHM is 48 hours (Fig. 4.2C). Interestingly, when returning to steady-state, the Healthy 

and FBH groups and PHPT#1 overshoot their basal levels, which accounts for their long settling times. 

Therefore, considering the PTH rise time (𝑇𝑟,𝑃𝑇𝐻,0.1) we see shorter times 3.5hr, 5.2hr, and 7.2hr for FBH, 

Healthy and PHPT#1, respectively, but no significant differences between PTH settling and rise times in 

later stages of PHPT or in HHM (comparison not shown). The PTH overshoot in Healthy, FBH and 

PHPT#1 (Fig. 4.2C) indicates the sensitivity of the PTG to changing Ca levels, which decreases as PHPT 

progresses (14, 15) and is ineffective in HHM.   

Due to its slower dynamics, the maximum CTL suppressibility occurred within 2-6 hours post-infusion 

for Healthy, FBH, and PHPT groups versus within 2 hours post-infusion for PTH. However, since 

circulating PTH induces CTL secretion, CTL suppression follows the same trend as PTH (Fig. 4.2D). 

Table 4.4. Parameter estimates and correlation with parathyroid function and mass 

 

PTH 

Suppression  

(%) 

𝑚𝐶𝑎(𝑠)𝐴𝑟 𝐴𝐶𝑎(𝑠),𝑟  

PTH Rise 

time (hrs) 

(𝑇𝑟,𝑃𝑇𝐻,0.1) 

Urinary Ca 

ratio 

(𝑢𝐶𝑎4) 

Measured 

PTG mass 

(mg) 

Predicted 

PTG mass 

(mg) 

Zhao et al., 2011 

Healthy 79% 1 1.0 8.1 3.1 - - 

ND 63% 0.85 1.5 11.7 10.4 - 44 

Mild 43% 0.95 3.6 20.9 6.1 - 161 

Khosla et al., 1993 

Healthy 78% 1.0 1 5.2 2.6 32.5 - 

FBH 78% 1.88 1.2 3.5 2.8 - - 

HHM 24% 1.00 1.0 48.3 1.4 - - 

PHPT #1 72% 1.45 5 7.4 8.7 110 239 

PHPT #2 54% 0.62 8 13.2 1.7 250 407 

PHPT #3 44% 0.67 10 16.3 1.4 330 419 

PHPT #4 44% 0.67 10 16.3 1.4 590 419 

PHPT #5 61% 0.90 7 11.3 2.8 620 351 

PHPT #6 33% 0.35 11 19.1 1.2 3840 4004 

PHPT #7 8% 0.05 12 25.8 1.2 7670 7588 
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CTL suppression is greatest in the Healthy and FBH groups and both groups have similar levels of 

suppression (24% - 28%). CTL suppression decreases with PHPT progression, from 21% in Patient #1 to 

negligible (1%) in Patient #7 and, likewise, is negligible in HHM (3%).  

PTH is one of the principal drivers of urinary Ca excretion. As such, urinary Ca profiles (Fig. 4.2E) 

follow the trend of the PTH response, rising to maximum excretion at 2 hours with an eventual return to 

basal excretion. There is an approximate 3-fold increase in excretion rate in Healthy and FBH and a 

negligible increase in HHM and PHPT, in general. However, PHPT#1 showed a significant increase (~ 

13X basal) in Ca excretion which we attribute to PTH falling to within the “healthy” range and is 

discussed below.  

Figures 4.2F-I show the simulation results for clinical data presented in reference (16). PTH suppression 

was greatest in the Healthy group (79%) and decreases from the ND to Mild groups, 63% and 43%, 

respectively. The post-infusion Ca and PTH profiles show that the Mild group has a slower settling time 

than the Healthy and ND groups (Figs. 4.2G and H). Although the ND and Healthy groups had identical 

Ca profiles (Fig. 4.2G), 𝑇𝑟,𝑃𝑇𝐻,0.1 was shorter and the overshoot greater in the Healthy group (Fig. 4.2H). 

These results indicate a successive decrease in PTG function from Healthy to ND to mild.   

The profile of urinary Ca ratio is shown in Figure 4.3A; there is a minimal increase in Ca excretion within 

2-10 hours of infusion in mid-stage PHPT (1.2-1.4), late-stage PHPT (1.1-1.2) and HHM (1.3-1.4). 

Meanwhile, there are dramatic increases in the FBH group (1.2-2.8) and the Healthy group (2.0-2.6). The 

largest increase in urinary Ca ratio is observed in PHPT#1 varying from 4.9-8.7 times the pre-infusion 

amounts. The maximum ratio occurs at the 4-hr mark for PHPT#1, FBH and Healthy models, indicating 

that most of the Ca load is excreted within 4 hours of start of infusion. There is a dramatic increase in 

𝑢𝐶𝑎𝑡 between 2 and 4-hours for both FBH and PHPT#1 which is attributable to the generally high total 

Ca excretion observed in the 4-hr vs. 2-hr from the start of Ca infusion (Fig. 4.2E).  

4.3.1.3. Ca, PTH and CTL rise/fall times 

In Figure 4.3B, Ca, PTH and CTL 𝑇𝑟/𝑓,0.1 follow the same trend across the different pathologies and 

within the PHPT group. The Ca fall time and PTH and CTL rise times are shortest in the Healthy and 

FBH groups, longer and increasing with PHPT progression and longest in HHM. As the PTG is the 

controller in the Ca regulatory system, all processes within the actuator (CTL production and Ca transfer 

to/from plasma) are directly or indirectly triggered by PTH. Given the rapid renal tubular reabsorption 

response (Fig. 4.2E) to circulating PTH levels, the Ca fall times 𝑇𝑓,𝐶𝑎,0.1 for the Healthy and FBH groups 

and PHPT#1 are similar to the PTH rise times, 𝑇𝑟,𝑃𝑇𝐻,0.1, (+/- 0.3hrs) (Fig. 4.3B). However, as PHPT 
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progresses, 𝑇𝑓,𝐶𝑎,0.1 becomes progressively longer than 𝑇𝑟,𝑃𝑇𝐻,0.1 (Fig. 4.3B) due to the minimal changes 

in renal Ca excretion (Fig. 4.2E) in the later stages of PHPT. However, 𝑇𝑟,𝐶𝑇𝐿,0.1 is much longer (~1.5 to 

4X) than 𝑇𝑟,𝑃𝑇𝐻,0.1 (Fig. 4.3B) due to the slower CTL dynamics.  

For the 2-hr infusion in the healthy group, 𝑇𝑓,𝐶𝑎,0.1 and 𝑇𝑟,𝑃𝑇𝐻,0.1 differed  by only 0.4 hours (Fig. 4.3B). 

A similar observation is made for the 30- and 60-min infusions for the Healthy group (Fig 4.3C-D). 

Likewise, the models of FBH and PHPT#1 exhibit similar trends for the 2-hr (Fig 4.3B) and the 30-min 

and 60-min infusions (Fig 4.3C-D). However, the differences in Ca fall time and PTH rise time become 

noticeable as PHPT progresses and also in HHM (Fig. 4.3B). Also, 𝑇𝑟,𝑃𝑇𝐻,0.1 is shorter than 𝑇𝑓,𝐶𝑎,0.1 as 

PHPT progresses from PHPT#2 to #7 (~ 4 to 14hrs); however 𝑇𝑟,𝑃𝑇𝐻,0.1 is longer than 𝑇𝑓,𝐶𝑎,0.1 in HHM 

(Fig. 4.3B). Taken together, we can use the Ca fall time and PTH rise time from intravenous Ca infusion 

to differentiate FBH, PHPT and HHM as well as to identify the extent of PHPT progression. The 

observation time for each subject will vary depending on the underlying pathology. The observation time 

may be shortened by increasing the threshold from 10% to 25% or by reducing the infusion time. When 

we compare the PTH fall time for a threshold of 25% vs. 10% and 30-min Ca infusion, we observe 

reductions of 0.3hrs, 0.9hrs, 1.3hrs and 8hrs for FBH, PHPT#1, PHPT#4 and HHM, respectively (results 

not shown).  
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 Figure 4.3.  Simulation Results. 

(A) Urinary Ca excretion ratio for Healthy, FBH, HHM and PHPT#1,4 &7; (B) Ca fall time and , PTH 

and CTL rise times for Healthy, FBH, HHM and PHPT#1-7 based on 2-hr Ca loading as described in 

(14). (C) Ca fall time and, PTH and CTL rise times for Healthy, ND and Mild based on 2-hr Ca loading 

as described in (16). (D) Ca fall time for Healthy, FBH, HHM and PHPT#1 and #3 based on 30 and 60 

minute Ca loading. (E) PTH rise time Healthy, FBH, HHM and PHPT#1 and #3 based on 30 and 60 

minute Ca loading 
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4.4. Discussion 

4.4.1. Minimum PTH secretory rate and PTG   
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 Figure 4.4.  Analysis of parathyroid function.  

(A) Minimum PTH secretion vs. PTG adenoma mass. (B) Semi-log plot of PTG mass 

and minimum PTH secretion. (C) PTH suppression vs. minimum PTH secretion. The 

dashed line represents our approximation of the data. (D) PTH rise time vs. 

hypercalcemic slope. The dashed line represents the PTH rise time for the healthy model. 

(E) Semi-log plot of PTH rise time vs. hypercalcemic slope, the line indicates the 

equation of best fit to the data.  
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The minimum PTH secretory rate, 𝐴𝐶𝑎(𝑠),𝑟 increases with increasing PTG mass and has two distinct 

regions (Fig. 4.4A-B). From the semi-log plot in Fig 4.4B, we see that the slope of the line, indicating the 

rate of change of 𝐴𝐶𝑎(𝑠),𝑟 with respect to PTG mass is higher in the early- to mid-stages of PHPT and 

lower in the later stages. This indicates that the amount of PTH secreted per unit mass of gland decreases 

as PHPT progresses. A similar observation was found in secondary HPT where larger PT hyperplastic 

glands did not secrete more whole PTH per unit mass than smaller hyperplastic ones (23). Since PTH 

suppression decreases with increasing PTG mass (15) and has a direct correlation with minimum PTH 

secretory rate (Fig. 4.4C), we propose that the above relationship in Fig. 4.4B can be used to estimate 

PTG mass in PHPT a priori. However, our analysis is based on limited post-surgical data and the 

relationship can be improved further with additional data of Ca loading and post-surgical PTG mass in 

PHPT subjects. 

We observe that, for PHPT, 𝐴𝐶𝑎𝑟 increases with increasing PTG mass (Figs. 4.4A-B). Additionally, PTH 

suppression decreases with increasing 𝐴𝐶𝑎𝑟, (Fig. 4.4C). This is expected because 1) PTH suppression 

decreases with PTG mass (15) and, 2) from its definition, PTH suppression is dictated by the minimum 

PTH secretory rate. Therefore, we propose the following expression, as depicted in Fig. 4.4C, to describe 

their relationship: 

𝐴𝐶𝑎𝑟 = √𝐴𝐶𝑎𝑟,𝑚𝑎𝑥
2 (1 −

𝑃𝑇𝐻𝑠𝑢𝑝𝑝
2

𝑃𝑇𝐻𝑠𝑢𝑝𝑝,𝑚𝑎𝑥
2)  

 

4.4.2. Ca-dependent PTH secretory slope and PTG behavior  

The estimated hypercalcemic slopes (𝑚𝐶𝑎(𝑠)𝐴𝑟) decrease in PHPT as PTG mass increases (Table 4.1) and 

there is an exponential decrease in PTH rise time as 𝑚𝐶𝑎(𝑠)𝐴𝑟 increases (Fig. 4.4D-E). Taken together, 

we purport that the PTH rise time increases with increasing gland size. Previous studies have shown that, 

in PHPT, there is evidence of altered signaling between the CaR and PT cells (24); and decreased CaR 

and Ca-sensing protein mRNA expression (25-29), yet no correlation between this loss in mRNA 

expression and PTG adenoma mass (25, 26). However, there is no evidence of CaR mutation in PHPT 

(30, 31). Given these observations, we hypothesize that the slope (𝑚𝐶𝑎(𝑠)) in the Ca-dependent PTH 

secretory term, is a measure of the combined effect of Ca signaling between the CaR and PT cells and the 

calciotropic response of the PTH production and secretory sequence. Therefore, the decreasing 𝑚𝐶𝑎(𝑠)𝐴𝑟 

during PHPT progression points to the declining signaling and PTH production/secretory response in 

hypercalcemia, contributing to increasing PTH rise times. 
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4.4.3. Ca excretion and its indication in pathologies 

As presented in our previous work Chapter 2, the PHPT model results in hypocalciuria at steady-state, 

which is observed in less than 25% of cases (32). In order to account for hypercalciuria in PHPT, we 

would need to decrease the estimated renal Ca threshold (𝐶𝑎𝑡ℎ𝑟)—the Ca level at which Ca excretion is 

independent of circulating PTH. In the absence of sufficient data for renal excretion in PHPT, we retain 

the estimates from our healthy model. However, partial renal resistance to PTH activity has been noted in 

cases of PHPT (33, 34), therefore, a reduction in 𝐶𝑎𝑡ℎ𝑟 may indicate that, in PHPT, the high PTH levels 

cause PTH-desensitivity in the renal tubules. Additionally, we purport that the efficiency of handling 

excess Ca loading through renal Ca excretion decreases as PHPT progresses as evidenced by 𝑢𝐶𝑎4 in 

PHPT# 1 (8.7) vs. PHPT#2-7 (1.7 to 1.2) in Table 4.1. This is primarily due to the elevated circulating 

PTH levels and our assumed PTH-desensitivity in the renal tubules, especially in the later stages.  

We theorize that the urinary Ca excretion response for PHPT#1 (Fig. 4.2E) is indicative of the initial 

development of PHPT. In the early stage, induced hypercalcemia suppresses PTH to within the “healthy” 

range where the renal tubules are still sensitive to PTH. As such, urinary Ca reabsorption is reduced 

resulting in increased excretion. In addition, between the 5-10 hr marks the Healthy and FBH groups 

undershoot basal Ca excretion coinciding with their respective PTH overshoot. However, there is no such 

undershoot for PHPT#1; because, PTH has now returned to PHPT (supra-healthy) levels, thus forcing Ca 

excretion back to pre-infusion levels.    

4.4.4. Predictions for Zhao et al., (2011) dataset 

Using our findings, we can confirm the detection of early stage PHPT in the undetermined (ND) clinical 

group in Zhao et al (16). PTH suppression was greatest in the Healthy group, lower in the ND and least in 

the Mild PHPT group (Fig. 4.2F). On the other hand, the estimated 𝐴𝐶𝑎(𝑠),𝑟 increased from the Healthy to 

the ND to the Mild group (Table 4.1). There is an anomaly in the hypercalcemic slopes as the 𝑚𝐶𝑎(𝑠)𝐴𝑟  

for the Mild cohort was greater than that of the ND group (Table 4.1). This may be attributed to the long 

sampling time (30 minutes) (16). A comparison of the Ca, PTH and CTL 𝑇𝑟/𝑓,0.1 shows that the times for 

all three components increased from Healthy to ND to Mild (Fig. 4.3E). Finally, the 4-hr urinary Ca ratio 

is higher in ND than in both the Healthy and Mild groups (Table 4.1). Taken as a whole, we see that the 

characteristics of the ND group are similar to that of early stage PHPT from the Khosla et al., (1993) 

dataset analysis. Furthermore, using the equation in Fig. 5B, we estimate that the average PTG mass in 

the ND and Mild groups are 44 mg and 161 mg, respectively.  
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Notwithstanding the analysis provided by our simulation of the clinical data, there are a few caveats to be 

noted. First, Khoo et al., (2007) noted that dynamic changes in PHPT calciotropic response may occur in 

the presence of secondary contributing factors (35). As such, the accuracy of our estimated model 

parameters are dependent on the calciotropic responses to IV Ca loading and any external factors 

impacting Ca regulation at the time of testing. Secondly, For the Zhao et al., (2011) dataset, given the 

short half-life of PTH (< 5 mins) (36, 37), the frequency of sampling in the second dataset (30 minutes) 

(16) and the fact that full PTH suppression may occur within the first 20 minutes in some individuals (36, 

38), PTH may be significantly suppressed in all three groups by the 30-minute mark. Thus, data points 

within the 30-minute sampling period are necessary for a more representative PTH response profile and a 

more accurate estimate of 𝑚𝐶𝑎(𝑠)𝐴. Finally, PTH dynamics vary across race, gender and age groups (39-

41), we developed the relationship between PTG mass and 𝐴𝐶𝑎𝑟 using data from a mid-western US 

population (14) and applied the results to a mainland Chinese population. Although our results confirmed 

the conclusions of the study by Zhao et al. (16), it may be best to use group-specific data in determining 

and applying predictive relationships for PTG adenoma mass 

In conclusion, the two major indicators of parathyroid function in our simulations are the minimum PTH 

secretory rate and the hypercalcemic slope, both of which dictate calciotropic response. Through a 

systematic review of PTH suppression, minimum PTH secretory rate, hypercalcemic slope, urinary Ca 

ratio and PTH rise time from 30-min IV Ca loading, we can isolate FBH, PHPT and HHM from each 

other. In the case of PHPT, we can also identify the stage of progression and predict the PTG mass. The 

analysis requires no additional information or patient history; it will prove useful in early detection of 

PHPT. Additionally, we propose using population-specific data in determining the predictive 

relationships for PTG adenoma mass.  
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5. Potentiation of the calcium-sensing receptor across the spectrum of primary 
hyperparathyroidism  

Having shown that it is possible to identify the various stages of primary hyperparathyroidism, the 

objective of this chapter is to explore the benefits of increasing the sensitivity of the calcium-sensing 

receptor across the spectrum of primary hyperparathyroidism.  

5.1. Introduction 

Increased parathyroid activity and oversecretion of parathyroid hormone (PTH) stemming from an 

adenomatous or hyperplastic growth of the PTG is termed primary hyperparathyroidism (PHPT) (1).  This 

excessive secretion of PTH induces an increase in the calciotropic responses of the kidneys, bone and 

intestines resulting in: elevated CTL levels, thus higher intestinal calcium (Ca) absorption; increased bone 

resorption, thus lower bone mineral density (BMD); and, reduced Ca excretion. The net transfer of Ca 

from the bone, intestines and kidneys to the plasma gives rise to hypercalcemia (2).  

The only cure for PHPT is surgical removal of the affected gland(s); however, medical treatment is 

considered for those that do not meet the criteria, or are unsuitable, for surgery (1). Current treatments 

include: hormone replacement therapy and bisphosphonates, which reduce plasma Ca and bone 

resorption; (3, 4) and calcimimetics (5).      

Calcimimetics are a class of drugs that potentiate the effects of ionized Ca in parathyroid cells (6) through 

positive allosteric modulation of the Ca-sensing receptor (CaR) (7). The compounds, without triggering 

any functional activity in the CaR (7, 8), bind to the CaR thus enhancing signal transduction in the 

receptor thereby increasing receptor sensitivity to plasma Ca. In clinical studies, cinacalcet (CNC), a 

second-generation calcimimetic, has been shown: to upregulate CaR expression and decrease PTH levels 

in uremic rats (9); and, to inhibit PT cellular proliferation and prevent PTG weight and/or volume 

increases in partially nephrectomized rats (10). In humans, CNC has been proven to provide long-term 

reductions in serum PTH, Ca and phosphate levels across the entire spectrum of PHPT severity and in 

secondary hyperparathyroidism (SHPT) (11-14). However, in severe cases of PHPT, CNC has been 

reported to reduce or normalize serum Ca but modestly reduces or, in some cases has no effect on PTH 

levels (15-17). 

To date, there has been no published literature on in silico studies of CaR activation in various stages of 

PHPT. Therefore, given that we can identify the extent of PHPT, we seek to explore the impact of 

increasing CaR sensitivity on Ca-regulation across the spectrum of PHPT. Additionally, we model CNC 
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therapy as reported in the literature (18) and, from this, develop a method to determine the optimum CNC 

dose a priori. The results of the study are reported herein.  

5.2. Materials and Methods 

5.2.1. Clinical datasets  

Clinical data of Ca-related plasma biochemistries in PHPT subjects are taken from two studies (18, 19). 

The relevant group mean baseline ± SEM, or range, are reported below. Due to the similarity of the Ca 

and PTH values for the 30mg, 40mg and 50mg CNC cohorts in the study, data for the combined CNC 

group is used (18). 

1. Khosla et al., (19): seven patients with PHPT; serum Ca, 2.60 ± 0.05 mM; serum ionized Ca, 1.46 

± 0.02 mM; PTH, 9.31 ± 1.51 pM. 

2. Shoback et al., (18): 16 patients with PHPT; serum Ca, 10.6 (9.4 –12.7) mg/dL; PTH, 102 (67–

186) pg/mL. 

5.2.2. Model simulations 

PHPT severity: In Chapter 4, we found that: the hypercalcemic slope (𝑚𝐶𝑎(𝑠)𝐴) decreases with PHPT 

progression; the minimum PTH secretory rate (𝐴𝐶𝑎) increases with PHPT progression and 𝐴𝐶𝑎 

approaches a maximum value. As such we used the estimated parameters for Patients 1, 4 and 7 (19) 

(reported as early-, mid- and late-stage PHPT). Additionally, we interpolated between the ranges of 𝐴𝐶𝑎 

and 𝑚𝐶𝑎(𝑠)𝐴 to get a better distribution of PHPT severity. Reported values of 𝐴𝐶𝑎 are relative to that of 

the healthy model.  

Calciotropic response to CaR activation: The CaR is represented by the sensor in the ECS diagram and 

the characteristic function is given by Eqn. (5.1). Plasma Ca (𝐶𝑎(𝑝)) is detected by the sensor (CaR) 

which transmits the signal (𝐶𝑎(𝑠𝑒𝑛𝑠)) to the cell. The sensitivity of the CaR is indicated by the sensor gain 

(𝐾𝑠𝑒𝑛𝑠), which for the normal CaR in PHPT is unity.  

𝐶𝑎(𝑠𝑒𝑛𝑠) = 𝐾𝑠𝑒𝑛𝑠𝐶𝑎(𝑝)      5.1 

Each model of PHPT is first simulated with an initial 𝐾𝑠𝑒𝑛𝑠 of unity until steady-state is reached, at which 

point 𝐾𝑠𝑒𝑛𝑠 is increased and simulation continues until a new steady-state is reached. The steady-state 

values for Ca, PTH, urine Ca (Cau), calcitriol (CTL) and osteoblast-to-osteoclast (CB) ratio, at both the 

initial and final steady-states are recorded. This procedure is repeated for all changes in 𝐾𝑠𝑒𝑛𝑠 in 
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increments of 0.1 up to 𝐾𝑠𝑒𝑛𝑠 =  2. However, for late-stage PHPT, 𝐾𝑠𝑒𝑛𝑠 is increased in increments of: i) 

0.1 up to a 𝐾𝑠𝑒𝑛𝑠 of 2; ii) 0.25 up to a 𝐾𝑠𝑒𝑛𝑠 of 3; and, iii) 0.5 up to a 𝐾𝑠𝑒𝑛𝑠 of 4.  

Cinacalcet (CNC) therapy in PHPT:  

The mechanisms involved in CNC lowering of PTH can be lumped as follows: i) CNC dissolution in the 

gastrointestinal (GI) tract; ii) CNC transfer to the plasma; ii) CNC activation of CaR; and, finally, iv) 

PTG response to increased sensitivity of the CaR. 

The maximum reduction in PTH in the CNC cohort was approximately 47% (18), which coincides with 

the observed PTH suppression in early PHPT (Patient 1) (19). As such, 𝐴𝐶𝑎, and 𝑚𝐶𝑎(𝑠)𝐴 were initially 

chosen to be the same as early stage PHPT, the final values are determined using least squares estimation 

to match the Ca and PTH data provided. CaR sensitivity was studied for this model, as described above.   

Cinacalcet in the GI tract and plasma: We approximate the processes of CNC dissolution in the GI tract 

and transfer to the plasma as a series reaction and estimate the cinacalcet profile in the plasma, 𝐶𝑁𝐶(𝑝), 

using Equation (5.2). The parameters are defined as follows: 𝐶𝑁𝐶𝑔𝑖,0 is the initial dose of CNC ingested 

in the GI tract at time, 𝑡 =  0; 𝑘𝐶𝑁𝐶𝑔𝑖
 is the rate of transfer from the GI tract to the plasma and 𝑘𝐶𝑁𝐶𝑝

 is 

the rate of removal of CNC from the plasma. 𝑘𝐶𝑁𝐶𝑔𝑖
 and 𝑘𝐶𝑁𝐶𝑝

 are estimated such that the maximum 

CNC in plasma occurs at 4 hours post-dose (20).  

𝐶𝑁𝐶(𝑝) =
𝑘𝐶𝑁𝐶𝑔𝑖

𝐶𝑁𝐶𝑔𝑖,0

𝑘𝐶𝑁𝐶𝑝−𝑘𝐶𝑁𝐶𝑔𝑖

(𝑒
−𝑘𝐶𝑁𝐶𝑔𝑖

𝑡
− 𝑒

−𝑘𝐶𝑁𝐶𝑝𝑡
)           5.2 

Plasma CNC activation of the CaR: The reported maximum PTH reduction, for the 30mg, 40mg and 

50mg doses of CNC, at Day 1, are taken from the literature (18). The corresponding 𝐾𝑠𝑒𝑛𝑠 for each PTH 

reduction was recorded and a relationship between CNC dose and 𝐾𝑠𝑒𝑛𝑠 developed.  

The plasma CNC profile and results from CNC activation of the CaR are used to simulate CNC therapy in 

PHPT.  
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5.3. Results 

For ease of comparison, and unless otherwise stated, all simulation results are normalized using baseline 

values. 

5.3.1. Calciotropic response to activation of the Ca-sensing receptor: 

The increases in 𝐾𝑠𝑒𝑛𝑠 cause decreases in PTH, CTL, CB ratio and Ca across all stages of PHPT (Fig. 

5.1A-C). However, only in early-stage PHPT is there any significant change in urinary Ca excretion (Fig. 

5.1A). In early-stage PHPT (Fig. 5.1A), as 𝐾𝑠𝑒𝑛𝑠  increases, PTH levels decrease to a minimum of 51% of 

baseline. The downturn in PTH-stimulated synthesis of CTL precursors in the kidneys leads to a 

corresponding decline in CTL levels down to a minimum of 71% of basal levels. In the bone, the lower 

circulating PTH reduces bone cell proliferation  such that a maximum decline of 21% is observed in the 

CB ratio. Finally, the falling PTH causes a complementary reduction in renal Ca reabsorption leading to 

an overall increase in Ca excretion up to 21% above basal levels. The combined effect of these changes in 

Ca regulation, is a reduction in circulating ionized Ca down to 85% of baseline.  

For both early and mid-stage PHPT, the maximal effect of 𝐾𝑠𝑒𝑛𝑠  on PTH level—and by extension, CTL, 

CB, Cau and plasma Ca—is observed near a 𝐾𝑠𝑒𝑛𝑠  of 1.5 leading to a corresponding maximum change in 

CTL, CB, Cau and plasma Ca (Fig. 5.1A-B).  This maximal effect will be explored in detail later. On the 

other hand, up to a 𝐾𝑠𝑒𝑛𝑠 = 4, no maximal effect of 𝐾𝑠𝑒𝑛𝑠  on PTH level is observed in late-stage PHPT; 

however, at this 𝐾𝑠𝑒𝑛𝑠, the changes in plasma Ca, CTL,CB and Cau are minimal (Fig. 5.1C).  

In both early and mid-stage PHPT, the rate-of-change of all variables (Ca, PTH, CTL, Cau and CB) with 

respect to a change in 𝐾𝑠𝑒𝑛𝑠  increases to a maximum at a 𝐾𝑠𝑒𝑛𝑠  of 1.1 and decreases thereafter, with no 

observable change beyond a 𝐾𝑠𝑒𝑛𝑠  of 1.5. For late-stage PHPT, the derivative of all variables increases to 

a maximum at 1.1 and decreases thereafter reaching a minimum beyond a 𝐾𝑠𝑒𝑛𝑠  of 4.  The rate of change 

of PTH with respect to 𝐾𝑠𝑒𝑛𝑠, for early- and mid-stage PHPT, increases up to 3 and 1.9, respectively at a 

𝐾𝑠𝑒𝑛𝑠 = 1.1  and decreases to zero between a 𝐾𝑠𝑒𝑛𝑠  of 1.1 and 1.5 (Fig. 5.1D). Yet, for late-stage PHPT, 

the rate of change of PTH increases up 0.25 at a 𝐾𝑠𝑒𝑛𝑠  of 1, decreases to 0.06 between a 𝐾𝑠𝑒𝑛𝑠 range of 

1.1 and 2, decreases to 0 thereafter (not shown). These findings indicate that the responses in the CaR-

mediated PTH suppressing mechanisms are greater  upon initial activation (sensitization) and moderately 

increase with further activation. However, for late-stage PHPT, there is moderate increase in the CaR-

mediated PTH secretory mechanisms beyond initial activation.     
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The maximum change in PTH levels, due to increasing 𝐾𝑠𝑒𝑛𝑠, decreases with the severity of the 

pathology, and by extension, the maximum changes in CTL, CB, Cau and Ca also fall with PHPT 

progression. For a 𝐾𝑠𝑒𝑛𝑠 of 2, the changes in PTH levels are 49%, 29% and 12% in early-, mid- and late-

stage PHPT, respectively, with the corresponding changes in plasma Ca being 16%, 5% and 1%, 

respectively (Fig. 5.1A-C). 

Given that there is a maximum PTH change with increasing 𝐾𝑠𝑒𝑛𝑠  in PHPT, we looked at the impact of 

𝐾𝑠𝑒𝑛𝑠  changes across all the PHPT models. Figures 5.2A-B show the maximum observed change in PTH 

and Ca with incremental changes  in 𝐾𝑠𝑒𝑛𝑠  for varying  minimum PTH secretory rates (𝐴𝐶𝑎). In general, 

for all  models, there is a threshold value of 𝐾𝑠𝑒𝑛𝑠  beyond which any further increase will result in no 

observable change in PTH and Ca levels. This threshold value decreases as 𝐴𝐶𝑎 increases. The maximum 

change in PTH (and Ca) with the corresponding threshold 𝐾𝑠𝑒𝑛𝑠  are 45% (14%) at 1.6, 36% (9%) at 1.5, 
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 Figure 5.1. Simulated calciotropic response (ionized Ca, PTH, CTL, urinary Ca (Cau) and 

CB ratio) to changes in sensor gain in: 

 (A) Early-, (B) Mid-, and (C) Late-stage PHPT. (D) Comparison of the rate of change of 

PTH with respect to changes in sensor gain in Early-, Mid- and Late-stage PHPT.   
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and 11% (1%) at 1.3 for 𝐴𝐶𝑎 of 6, 8 and 15, respectively (Figure 5.2A-B). However, for the 𝐴𝐶𝑎  = 2 (i.e. 

‘very’ early PHPT), hypocalcemia occurs before the maximum PTH change is observed. As such, we 

define the critical sensor gain (𝐾𝑠𝑒𝑛𝑠,𝑐𝑟𝑖𝑡) as  the value of 𝐾𝑠𝑒𝑛𝑠  beyond which any further increase will 

result in either hypocalcemia or no observable change in PTH levels. From these we infer that the 

relationship between 𝐴𝐶𝑎 and 𝐾𝑠𝑒𝑛𝑠,𝑐𝑟𝑖𝑡 can be represented by the logistic function; and the relationship 

between 𝐴𝐶𝑎 and maximum change in PTH is a linear (Figs. 5.2C-D).  
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Figure 5.2. Simulation results of sensor gain changes in healthy model (ACa =1) and various stages of PHPT 

(ACa >1): 

 (A) Maximum change in PTH; (B) Maximum change in plasma Ca. Correlation between PHPT severity and (C) 

critical sensor gain, and (D) Maximum change in PTH 
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5.3.2. Cinacalcet Therapy 

In order to implement cinacalcet therapy in our model, a relationship between the activation of the CaR 

and CNC in the plasma is required; however, no such information is available. This relationship is 

inferred by using information from the maximum observed PTH change, on Day 1, in clinical 

administration of CNC (18) and our correlation between 𝐾𝑠𝑒𝑛𝑠  and PTH change.  

From the CaR activation profile of the CNC-treated PHPT model, there was a maximum PTH reduction 

of 45%, with a corresponding  plasma Ca of 14%, occurring at a 𝐾𝑠𝑒𝑛𝑠  of 1.6 (Fig. 5.3A). From the 

literature (18), the maximum observed PTH reductions for 30mg, 40mg and 50mg doses of CNC were, on 

average, 15%, 37% and 47%, respectively. Using these observations and the profile in Figure 5.3A, we 

used a logistic function to describe the correlation between the change in 𝐾𝑠𝑒𝑛𝑠  and the administered 

CNC dose (Fig. 5.3B). Minimum stimulation of the CaR (∆𝐾𝑠𝑒𝑛𝑠 = 0.04) occurs up to approximately 25 

mg of administered CNC, between 25mg and 65 mg, 𝐾𝑠𝑒𝑛𝑠  changes proportionally with CNC dose. At  a 

dose of 65mg CNC, ∆𝐾𝑠𝑒𝑛𝑠 = 0.6 and no significant change is observed in 𝐾𝑠𝑒𝑛𝑠 beyond 65 mg. 

The estimated profiles of CNC in the GI tract and plasma for twice daily doses of 50mg CNC are shown 

in Figure 5.4A. The maximum CNC observed in the plasma increases between the first and second doses 

and remains constant in subsequent doses. Owing to the frequency of CNC intake, the minimum CNC in 

the plasma is approximately 40% of the maximum amount. The corresponding effects of plasma CNC on 
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Figure 5.3. Simulation results of :  

(A) changes in plasma Ca and PTH in response to changes in sensor gain in the CNC-treated 

PHPT cohort (18). (B) Correlation between prescribed CNC and expected changes in sensor 

gain  
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𝐾𝑠𝑒𝑛𝑠  are also presented in Figure 5.4A. Upon first dose, 𝐾𝑠𝑒𝑛𝑠  increases to a maximum of 1.25; in 

subsequent doses, the attained maximum is 1.4, while the minimum observed 𝐾𝑠𝑒𝑛𝑠  is 1.04.      

In Figures 5.4B-D, the simulated PTH responses to 50mg, 40mg and 30mg doses of CNC are within the 

PTH ranges measured in the clinical study (18). The simulation results provide a better prediction of the 

clinically observed mean at 40mg and 50mg than at 30mg. For both 30mg and 40mg, PTH results for the 

second of the two daily doses more closely match the clinically observed mean than for the first dose. 

There is a minimum observed PTH level that occurs within one hour of the first administered dose of 

CNC while all subsequent minima are higher and coincide with the maximum plasma CNC, which occurs 
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Figure 5.4. Simulation results of CNC therapy: 

 (A) twice daily dose of 50 mg cinacalcet: CNC release profile in the GI tract and plasma and, Sensor gain response. (B-

C) Simulated vs. Clinical PTH response to twice daily dose of (B) 50mg, (C) 40mg, and (C) 30mg cinacalcet in patients 

diagnosed with PHPT. The bars represent the standard error recorded in the literature  188).  
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2-6 hours post-dose. For example, at 40 mg, the initial minimum PTH reached is approximately 40% of 

basal levels, while successive doses of 40 mg CNC result in a minimum PTH of 60% of basal levels 

(Figure 5.4C). During CNC-therapy, PTH does not return to basal levels, but instead varies within a sub-

basal range of: 50% - 85% for 50mg, 60% - 85% for 40mg and 87% - 92% for 30mg (Figures 5.4B-D). 

The calciotropic response to 20-day CNC therapy is shown in Figure 5.5. As previously noted, PTH 

levels decrease proportionally with increasing CNC strength. By day 20, PTH is lowered to an average of 

92%, 76% and 64% of baseline for 30mg, 40mg and 50mg CNC, respectively, with corresponding CTL 

levels of 98%, 91% and 80% of baseline. Bone cell proliferation decreases to a minimum during the first 

6 days of drug therapy, but increases to a sub-basal endpoint thereafter; both the observed minimum and 

20-day endpoint vary with CNC strength. Although there is an initial increase in Ca excretion, 

proportional to the change in PTH, there is no significant change in urinary excretion by day 20 for both 

the 30 mg and 40 mg doses (Figures 5.5 A-B). On the other hand, the Ca excretion endpoint for the 50 mg 

dose is 10% above baseline (Figure 5.5D). The combined effect of the changes in PTH, CTL, CB and 

urinary Ca is a reduction in Ca levels to 99% (30mg), 93% (40mg) and 86% (50mg) of baseline. 

A 

 

B 

 
C 

 

D 

 
 Figure 5.5. 12-hr moving average of calciotropic response to twice daily dose of cinacalcet over 20 days.  

(A) 30mg; (B) 40mg; (C) 50mg; (D)Renal Ca excretion profile for twice daily 50mg CNC 
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5.4. Discussion 

The results of this study indicate that in the early stages of PHPT, both serum Ca and PTH may be 

reduced to the normal range, however, as PHPT progresses, normocalcemia is more likely, while PTH 

remains high; and, in severe cases, both hypercalcemia and elevated PTH levels persist. These findings 

are supported by clinical observations of CNC therapy in PHPT subjects: i) for patients administered a 

50mg CNC over a 15-day period, both serum Ca and PTH were reduced to the normal range in patients 

with a pre-CNC treatment mean PTH baseline of 91 pg/ml (normal range, 10-62 pg/ml) (18); ii) during a 

2-year treatment period, serum ionized Ca was normalized in 81% of patients, while 25% had normal 

PTH with pre-treatment mean PTH of 141± 78 pg/ml (21); and, iii) for 7  patients treated with CNC over 

a 3-117 week period (median 31 weeks), normocalcemia was observed in 1 patient, while none showed 

any observable change in serum PTH, with a  pre-treatment mean PTH of 744pg/mL (16). Furthermore, 

in PHPT, PTH secretion increases with gland size, likewise, the PTG minimum secretory capacity 

increases with the size. Khosla et al. (19), showed that PTH suppression, through induced hypercalcemia, 

decreases with increasing gland size. As a whole, the simulation results and clinical observations imply 

that there is a limit to the effect of CaR activation in suppressing PTH levels in PHPT. This limit is 

dictated by the difference between the basal and minimum secretory rates, and the limit decreases with 

increasing severity of PHPT. 

Studies have shown that CNC shifts the Ca-PTH setpoint leftward (8, 22), lowers the maximal PTH 

secretory rate in normal bovine PT cells (8) and reduces the minimum and maximum PTH secretory rates 

in subjects with secondary hyperparathyroidism (SHPT) (22). The impact of CNC on minimum PTH 

secretion in PHPT is yet to be addressed; however, some studies have reported that CNC therapy in 

patients with severe PHPT provides no observable change in PTH levels (15, 16). Therefore, in the 

absence of sufficient data, one can speculate that if, in severe cases of PHPT, CNC provides no PTH 

suppression then, in general, CNC does not lower minimum PTH secretion in PHPT. This implies that 

there is a maximum possible PTH suppression in all cases of PHPT, which remains unchanged with CNC 

therapy. Therefore, the correlations presented in Figures 5.2C and D can serve as a guide to the clinician 

in indicating the expected benefits, given a patient’s minimum PTH secretory rate.  

Since the degree of PTH suppression varies with the severity of PHPT, then the relationships between 

administered CNC dose and (i) 𝐾𝑠𝑒𝑛𝑠, and (ii) PTH suppression vary according to the severity of the 

disease. Therefore, there is a family of curves (similar to Figure 5.3B) across the spectrum of the disease. 

The approach presented herein provides a blueprint with which such curves can be determined; these 
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curves may then be used as a part of the decision support system  in determining the optimal dose of CNC 

for a desired PTH reduction given the extent of PHPT.  

In general, the simulation results for short-term CNC therapy are consistent with the clinical observations. 

With the exception of Ca excretion, all calciotropic responses decrease proportionally with the 

administered dose of CNC (18). Although a similar increase in urine calcium for the 50-mg dose was 

observed in both the simulation and clinical results (11% vs. 13%), there was no similarity between the 

two results for 30-mg (-1%, simulated vs. 51%, clinical) and 40-mg (-1%, simulated vs. 15% clinical). 

Nevertheless, the authors reported no consistent trend in the effect of CNC on Ca in urine (18). It is 

important to note that the model does not account for the effect of renal CaRs, which are known to 

participate in Ca regulation (23), therefore changes to urinary Ca due to CNC activation of renal CaR are 

neglected. Regarding bone biology, the decrease in bone osteoclast-to-osteoblast (CB) ratio, across all 

doses of CNC, indicates a change in bone turnover. No information of the impact of CNC on bone 

biology was provided in the short-term study (18). However, in a year-long study, the same authors 

reported that no significant changes in BMD were observed, but bone turnover markers increased in the 

CNC group (24).    

There is a noted difference in 𝐾𝑠𝑒𝑛𝑠  required to elicit a significant change in PTH levels in both SHPT 

and PHPT. In preliminary studies of CaR activation in SHPT, we’ve noted a 𝐾𝑠𝑒𝑛𝑠  up to 1.06 

corresponding to approximately 85% decrease in PTH levels in SHPT (not presented). Also, Goodman et 

al., (25) noted  that CNC elicited the same percentage change in PTH levels in SHPT patients, regardless 

of the biochemical severity of the disease, and the percentage change was proportional to the administered 

dose of CNC. On the other hand, the simulation results show that  the greatest change in PHPT is a 49% 

reduction in PTH levels in early-PHPT, occurring at a 𝐾𝑠𝑒𝑛𝑠  of 1.6; and, clinical observations show that 

CNC therapy in severe cases of  PHPT had no effect on PTH levels (16). Collectively, these findings 

suggest differences in the two pathologies at the level of the CaR. In SHPT, there is reduced CaR 

expression in hyperplastic PT cells compared with healthy PT cells (26) and the expression decreases 

with disease progression in SHPT (27). In PHPT, there is reduced CaR expression in hyperplastic and 

adenomatous PT cells (28)  and a loss-of-function mutation of the CaR has been observed in some cases 

of PHPT (29-32). Despite the lower CaR expression, several studies have shown substantial decreases in 

PTH levels to induced hypercalcemia in SHPT patients undergoing dialysis (33-35) while no such 

observations are reported in PHPT. As a whole, the evidence suggests that there is a difference in the 

mechanism of CaR-mediated PTH production in both PHPT and SHPT.       
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As with any model, the accuracy of the results is dependent on the dataset from which the parameters are 

estimated. Therefore, the relationships derived  between the critical sensor gain and PTH severity, and 

maximum PTH change and PTH severity can be improved with a larger dataset of clinically induced 

hypercalcemia in various stages of PHPT. Furthermore, a larger dataset of CNC therapy in PHPT patients 

across the spectrum of the pathology can be used to improve the relationship between sensor gain and 

CNC dose and maximum PTH change and CNC dose. Additionally, for a better prediction of long-term 

CNC therapy in the different stages of PHPT, more detailed information regarding the effect of disease 

progression on the different subprocesses of the Ca-regulatory system should be incorporated.   

In conclusion, this study shows that through determining the effect of increases in CaR sensitivity in 

various stages of PHPT, we can determine the relationship between the critical sensitivity of the PT CaR 

and the maximum possible change in PTH, for each stage of the disease. For any stage of PHPT, this 

relationship can be used to identify the potential improvement in PTH levels a priori. Furthermore, our 

model can reproduce the calciotropic effects of short-term cinacalcet therapy in PHPT subjects; and, in so 

doing we developed a useful method to determine the optimum dose of CNC required to elicit the 

maximum reduction in PTH levels. Our approach provides a blueprint for developing similar correlations 

across the different stages of PHPT for CNC and other calcimimetics. Ultimately, these correlations can 

be used as part of the decision support system in prescribing the optimum doses for a desired PTH change 

using calcimimetic therapy.   
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6. Identifying potential therapeutic targets in hyperparathyroidism  

This chapter is, in some sense, a continuation of the previous chapter. However, the objective here is to 

show how the process systems engineering methods can be applied to the models of Ca regulation in 

identifying potential sites for therapeutic intervention in  related pathologies and customizing therapies 

for individual patients. In comparison to the previous chapters, the focus more on the mathematical 

aspects of the research.   

6.1. Introduction 

Hyperparathyroidism (HPT) develops due to increased parathyroid activity emanating from within the 

PTG or from an external abnormal change affecting Ca regulation thus inducing increased PTG activity. 

Primary HPT (PHPT) develops from an unprovoked adenomatous or hyperplastic growth of the PTG and 

is characterized by high PTH levels, hypercalcemia and low bone mineral density (1). Secondary HPT 

(SHPT) is a late-stage complication of chronic kidney disease (CKD) and is characterized by high PTH 

levels, hypocalcemia and increased bone loss (1). The current medical treatments for HPT include: 

hormone replacement therapy and bisphosphonates, both of which reduce plasma Ca and bone resorption, 

(2, 3) and calcimimetics, which suppresses PTH production (4).  

Calcimimetics are a class of drugs that potentiate the effects of ionized Ca in parathyroid cells (5) through 

positive allosteric modulation of the Ca-sensing receptor (CaR) (6). The compounds enhance signal 

transduction in the receptor, thus increasing receptor sensitivity to plasma Ca, through binding to the 

CaR, while not triggering any functional activity in the CaR (6, 7). In clinical studies, cinacalcet (CNC), a 

second-generation calcimimetic, has been shown: to upregulate CaR expression and decrease PTH levels 

in uremic rats (8); and, to inhibit PT cellular proliferation and prevent PTG weight and/or volume 

increases in partially nephrectomized rats (9). In humans, CNC has been proven to provide long-term 

reductions in serum PTH, Ca and phosphate levels across the entire spectrum of PHPT severity and in 

SHPT (10-13).  

The developments in the fields of control theory and digital computing have facilitated greater research in 

the area of physiological control systems (14) to the extent that medical devices have been developed for 

administering optimal therapeutic treatment in a variety of diseases (15). Calcium (Ca) regulation is one 

of the more important control systems in the body (16), yet, only limited work has been performed  in the 

mathematical modeling of Ca regulation in humans (17-19). The models of Ca regulation presented in the 

literature were either empirical models or a single monolithic system of differential equations, neither of 

which lends itself easily to quantitative analysis. Jaros et al., (17) first purported an empirical control 
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system model of Ca regulation; however, since then, more detailed mechanistic information of  several 

Ca-regulatory subprocesses have been elucidated.  As a result, in Chapter 2, we developed a model of 

plasma Ca regulation using an engineering control system (ECS) framework to represent the biological 

process of Ca regulation in both the healthy and diseased states.  We now seek to apply process systems 

engineering methods to both PHPT and SHPT with an aim of: identifying potential target sites for 

therapeutic intervention, validating our results with existing therapies; and providing a means for 

determining optimum treatment given the extent of the pathology and the desired patient outcome. 

6.2. Modeling & Computational Strategy 

6.2.1. State-space patient models 

In this chapter, two different versions of the model of Ca/phosphate regulation are employed. The first, 

used in the simulations associated with PHPT and outlined in detail in Chapter 2, provides a 

comprehensive description of the mechanisms involved in Ca regulation, but only a minimal 

representation of phosphate control. The second model, used in the simulations associated with SHPT, 

incorporates a more detailed description of phosphate regulation and is described in Chapter 3. A first 

principles approach is used in describing the processes of:  phosphate sensing, fibroblast growth factor-23 

(FGF-23) production, intestinal phosphate absorption, and renal phosphate reabsorption. Finally, the 

mathematical description for PTH production in the controller is updated to include the effects of plasma 

phosphate and FGF-23 on PTH synthesis.  

Although SHPT occurs due to abnormal activity of the controller (PTG), the condition is a late-stage 

complication of chronic kidney disease (CKD), an actuator defect. A brief description of the 

modifications to the second model in representing CKD and SHPT are described. 

In CKD, the fractional decline in renal function is represented by an independent, dimensionless term RF, 

which varies between 0.1 and 1, indicating complete failure or normal renal function, respectively. In 

determining urine Ca and phosphate, RF pre-multiplies the GFR and the hormone-dependent portions of 

Ca and phosphate reabsorption. As CTL production declines disproportionately with renal failure, a CTL-

production degradation factor (𝑟𝐶𝑇𝐿,𝑑𝑒𝑔) is introduced, which is a function of the 𝑅𝐹. As CKD worsens, 

the increase in phosphate retention leads to precipitation of calcium-phosphate salts, therefore, two 

additional terms, λPO4d and λCad are added to the plasma calcium and phosphate balance equations such 

that a fraction of the excess plasma phosphate, and by extension Ca, is consumed in CaHPO4 formation. 

Finally, PTG hyperplasia is modeled as previously described in Chapter 2. All equations and parameter 

values used in the model are listed in the Appendix. 
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6.2.2. Identification of target site and model behavior over the parameter space 

In identifying the potential target sites for therapeutic intervention, we used the expression for the 

normalized sensitivity analysis (Eq. 6.1) (20) to identify the parameters to which PTH and Ca are most 

sensitive. The system variables (PTH and Ca) are denoted by 𝑦, and the model parameters by 𝑝. 

𝑁𝑆𝐶𝑖𝑗(𝑡) =
𝑝𝑗

𝑦𝑖

𝜕𝑦𝑖(𝑡,𝒑)

𝜕𝑝𝑗
|
𝑝

, 𝑖 = 1,2; 𝑗 = 1, … , n      6.1 

All model parameters are explored in the analysis as follows:  

Step 1. Initialize parameters with the reference values.  

Step 2. Run simulation until steady-state is achieved. 

Step 3. Input 2-hr Ca disturbance to induce hypercalcemia, as described in the literature (21), and 

continue simulation until steady-state is achieved  

Step 4. Calculate NSC 

Step 5. Change parameter 𝑝𝑗, Repeat Steps 2-4 

Step 6. Reinitialize 𝑝𝑗 with reference value. Repeat Step 5.  

The more important parameters are reported along with their physiological significance. Additionally, 

from the results of the sensitivity analysis, we identify the behavior of the model variables over the 

parameter space.  

6.2.3. Implementation of existing cinacalcet (CNC) therapy 

Ingested CNC is dissolved in the GI tract and transferred to the plasma where it is transported to the site 

of action—the sensor—which induces a change in PTH secretion. The sequence of actions can be 

represented by the expressions 𝑔1, 𝑔2, 𝑔3 in Eqn. 6.2: where the subscripts 𝑝, and 𝑔𝑖 represent the plasma 

and gastrointestinal (GI) tract, respectively.  

∆𝑃𝑇𝐻 =  𝑔1(∆𝐾𝐶𝑎,𝑠𝑒𝑛𝑠)

∆𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 = 𝑔2(𝐶𝑁𝐶(𝑝))

𝐶𝑁𝐶(𝑝) = 𝑔3(𝐶𝑁𝐶(𝑔𝑖))

               6.2 

From identifying the PTH response over the range of sensor gain, the function 𝑔1 is determined. Plasma 

CNC concentration profile, 𝑔3, is approximated by the series reaction expression given in Eqn. 6.3. The 

parameters are defined as follows: the subscript 𝑔𝑖, 0 refers to the ingested amount at 𝑡 = 0; the rates of 

transfer from the GI tract to the plasma, 𝑘𝐶𝑁𝐶𝑔𝑖
, and CNC removal from the plasma, 𝑘𝐶𝑁𝐶𝑝

, are estimated 
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such that the maximum CNC in plasma occurs at 4 hours post dose, in PHPT (22); for SHPT, 𝑘𝐶𝑁𝐶𝑔𝑖
 and 

𝑘𝐶𝑁𝐶𝑝
 are estimated using pharmacokinetic data from the literature (23). Finally, clinical studies of CNC 

administration in PHPT and SHPT subjects provide data for the change in PTH for each dose of oral CNC 

administered (24, 25); therefore, 𝑔2 can be determined. All expressions and parameter estimates are 

described in Tables 6A.3-4. 

𝐶𝑁𝐶(𝑝) =
𝑘𝐶𝑁𝐶𝑔𝑖

𝐶𝑁𝐶𝑔𝑖,0

𝑘𝐶𝑁𝐶𝑝−𝑘𝐶𝑁𝐶𝑔𝑖

(𝑒
−𝑘𝐶𝑁𝐶𝑔𝑖

𝑡
− 𝑒

−𝑘𝐶𝑁𝐶𝑝𝑡
)     6.3 

6.2.4. Model predictive control 

A nonlinear model predictive controller is constructed for plasma PTH control in the SHPT model based 

on PTH levels and daily CNC intake. The optimization problem solved by the MPC is given by: 

min
𝚫𝐮(k)

(𝚫𝐮(k)T𝐇𝚫𝐮(k) + 𝐜𝐓𝚫𝐮(k)) 

Subject to: 𝐀𝐳 ≤ 𝐛                 6.4 

Where 𝐇 and 𝐀 are matrices of tuning parameters and hard constraints, respectively; the vectors 𝐳 and 𝐛 

are linear functions of the output prediction vector and past inputs. The aim of the quadratic program is to 

minimize the error in setpoint tracking and the manipulated input movement, over the sequence of future 

input moves, 𝚫𝐮(k) (26). 

In this application, the ultimate goal is to reduce the PTH to the desired setpoint in SHPT. This is 

achieved by determining the CNC dose needed (manipulated variable) through minimizing the error 

between the model PTH output and the setpoint. The modeling strategy used is based on the CNC 

administration protocol. CNC is available in 30, 60 and 90 mg tablets, and for SHPT, should be titrated 

no more frequently than ever 2-4 weeks through sequential doses of 30mg increments, once daily, up to a 

maximum of 180mg (22). Therefore, the considerations for the MPC strategy are as follows: i) a mixed-

integer quadratic program (MIQP) solver (27) is used such that 1 unit represents 30 mg of CNC; ii) 

incremental changes in CNC dose constraints— 𝚫𝐮(k) ∈ ℤ = {−1,0,1}; and, iii) CNC dose constraints— 

𝑢 ∈ ℤ = {0,1, … ,6}. 



111 

 

 

6.3. Results & Discussion  

6.3.1. Sensitivity Analysis in PHPT  

Figure 6.1A shows the normalized sensitivity coefficients over time for the three parameters to which 

PTH is most sensitive along with the NSC profile with respect to Ca (Fig. 6.1B). Additionally, the 

parameters with a NSC > 0.75 are listed in Table 6.1. The most sensitive parameters are associated with 

processes that directly impact PTH secretion or Ca transfer to/from plasma (Table 6.1). The steady-state 

concentration of PTH is most strongly affected by  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 (sensor gain—CaR sensitivity), and 

 𝑆𝑃𝑇𝐻,2 (the concentration of PTH that determines the amount of PTH-induced Ca reabsorption); however, 

of the two, 𝑆𝑃𝑇𝐻,2 has a greater impact on Ca at steady-state. On the other hand, during induced 

A 

 

B 

 

Figure 6.1. Model parameter sensitivities for selected parameters with the greatest influence on: 

 (A) PTH  with the corresponding (B) Ca results.  

Table 6.5. Maximum Normalized Sensitivity Coefficient at steady-state for Select Parameters 

Parameter Sub-process NSC (PTH) NSC (Ca) 

 𝐾𝐶𝑎,𝑠𝑒𝑛𝑠  Ca - sensing 1.97 0.01 

𝑆𝑃𝑇𝐻,2 
Ca excretion 

1.95 -0.20 

𝐺𝐹𝑅 1.12 -0.25 

𝑘𝐵 Bone Resorption 1.09 -0.22 

𝑚𝑃𝑇𝐻,1 CTL production 1.03 -0.16 

𝐷𝐴 

Bone Resorption 

0.88 -0.17 

𝑘4 0.87 -0.17 

𝑃𝑆 0.77 -0.25 
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hypercalcemia, 𝑃𝑆—the ratio of PTH binding/unbinding in the bone— has a greater effect on both Ca and 

PTH. 

These results underscore the importance of these parameters in Ca regulation. Since PTH is the regulatory 

response of the controller, any change in the signal transmitted from the sensor will result in a 

corresponding response in the controller. Therefore, changes in  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 —a measure of the CaR 

sensitivity — result in a compensatory change in PTH. The kidneys play a key role in plasma Ca 

regulation, retaining about 98%–99% of the filtered Ca (28). A portion of the Ca retained is PTH-

dependent and 𝑆𝑃𝑇𝐻,2 indicates the amount of PTH required for half-maximal reabsorption of Ca. 

Therefore, changes to 𝑆𝑃𝑇𝐻,2 have a direct impact on Ca transfer to the plasma thus plasma Ca levels and, 

via the sensor, PTH secretion. Interestingly, 𝑃𝑆 has a more indirect role on Ca than the previous two 

parameters; altering the rate of PTH binding and unbinding in the bone determines the amount of bone 

cell proliferation, which ultimately impacts on net Ca transfer between the bone and plasma (29). At 

steady-state, plasma Ca and PTH are mildly affected, however, during induced hypercalcemia, the change 

in 𝑃𝑆 greatly impacts net bone formation thus plasma Ca levels and ultimately PTH.  

6.3.2. Exploration of the parameter space 

With the exception of  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 , all the parameters listed in Table 6.1 indirectly modify  PTH secretion 

through altering plasma Ca levels which is detected by the sensor. The sensor gain, however, alters PTH 

levels through directly stimulating the PTH secretory mechanism. As such, we seek to explore the effect 

of changing CaR sensitivity on model behavior.  

In Chapter 4, we identified the key parameters that change with PHPT severity  and the range of over 

which each parameter varies; also, the minimum secretory rate parameter 𝐴𝐶𝑎 can be used as a 

quantitative identifier of the stage of disease (Chapter 4). Therefore we use this information to simulate 

how changes in  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠  affect Ca-regulatory behavior in different stages of PHPT.  Figures 6.2A-B 

show the simulation results of changes in  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠  in early-stage and mid-stage PHPT, respectively.  

Increases in  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 cause a corresponding decrease in PTH which induces changes in CTL, CB ratio 

(an indicator of net bone resorption) and  Cau (renal Ca excretion) , leading to lower plasma Ca. The 

magnitude of change across all the calciotropic variables decreases from early to mid-stage PHPT (Figs 

6.2A-B).  
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Note that there is a corresponding change in renal Ca excretion (Cau) in  early-stage PHPT (Fig. 6.2A) 

A 

 

B 

 

C 

 

D 

 

E 

 

F 

 

 
Figure 6.2. Simulated calciotropic response (ionized Ca, PTH, CTL, urinary Ca (Cau) and CB ratio) to 

changes in sensor gain in PHPT 

(A) Early-stage (ACa = 6) and, (B) Mid-stage (ACa = 10).  

Simulation results of sensor gain changes in various stages of PHPT: (C) Maximum change in PTH; (D) 

Maximum change in plasma Ca.  

Correlations between PHPT severity, (measured by the minimum secretory rate, ACa) and: (E) critical 

sensor gain; (F) Maximum change in PTH. 
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while there is no significant change in mid-stage PHPT (Fig. 6.2B). Renal Ca reabsorption is partially 

PTH-dependent, increasing with PTH levels up a particular threshold (30) beyond which, maximum 

hormone-dependent reabsorption occurs. PTH levels increase with PHPT progression, however in the 

early-stages PTH levels are high, but close to the healthy range, and more importantly, below this 

threshold. As PTH levels decrease, due to changes in the  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 , the Ca reabsorbed, via the PTH-

dependent portion, also decreases leading to an overall increase in Ca excretion. Conversely, in later 

stages of PHPT, PTH levels are much higher than the threshold PTH in the kidneys. As a result, CaR-

induced decreases in PTH levels do not reduce PTH below this threshold, thus there is no change in 

hormone-dependent reabsorption and Ca excretion.  

There is a corresponding decrease in change in PTH levels (and Ca) across the spectrum of PHPT severity 

(Fig. 6.2 C-D) and, for each stage of the disease there is a maximum observable change in the PTH. As 

observed in clinical studies, this maximum change is dictated by the gland size (21), which determines the 

minimum PTH secretory rate, 𝐴𝐶𝑎 (Chapter 4). Furthermore, this maximum change in PTH first appears 

at a particular sensor gain, which is defined as the critical sensor gain (𝐾𝐶𝑎,𝑠𝑒𝑛𝑠,𝑐𝑟𝑖𝑡)— the value of 

 𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 beyond which any further increase results in no observable change in PTH levels. A plot of the  

𝐾𝐶𝑎,𝑠𝑒𝑛𝑠,𝑐𝑟𝑖𝑡 vs 𝐴𝐶𝑎 reveals a correlation that can be represented by the logistic function (Fig. 6.2E); also, 

the change in PTH is inversely proportional to the extent of the disease (𝐴𝐶𝑎) (Fig. 6.2F). In the very early 

stages of PHPT (𝐴𝐶𝑎 < 5) the correlation overestimates the 𝐾𝐶𝑎,𝑠𝑒𝑛𝑠,𝑐𝑟𝑖𝑡 (Fig. 6.2E) because 

hypocalcemia occurs before the  maximum change in PTH is observed. The utility in these findings is that 

they can be used to infer the best possible outcome—in terms of PTH reduction—for any given case of 

PHPT. Any therapy designed to enhance CaR sensitivity, without causing a functional change in the 

receptor, will result in identical responses as shown in Fig. 6.2C. The therapy will need to stimulate the 

CaR to a maximum sensitivity as shown in Fig. 6.2E and provide a maximum reduction in PTH as 

depicted in Fig. 6.2F. With this in mind, we apply our findings to calcimimetics used in PHPT.        

6.3.3. Cinacalcet Therapy in PHPT 

Since  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠  is the equivalent of the sensitivity of the CaR, then the impact of calcimimetics on 

increased CaR sensitivity is represented by the analysis above. As such, we apply the results to a case 

study of CNC therapy in PHPT subjects. A cohort of 16 patients with PHPT having similar plasma PTH 

and Ca were divided into three groups  given 30mg, 40mg or 50mg CNC; each group was administered 

twice daily doses of CNC for a 15-day period. Plasma biochemistries were monitored hourly on day 1 and 

day 15 starting at the time of first dose (24).  
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Using the baseline plasma biochemistry and the maximum observed change in PTH, on Day 1, we 

estimated the parameters to represent the severity of PHPT and predict the group behavior. Likewise, we 

used the data of the maximum recorded PTH at each dose strength on Day 1 (Fig. 6.3A) to determine the 
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Figure 6.3.Simulation results of response to CNC administration.  

(A) Clinical data of maximum change in PTH vs administered CNC dose. (B) Correlation between 

prescribed CNC dose and change in sensor gain.  (C) Simulation results of CNC profile in the GI tract 

and plasma and corresponding sensor gain response from twice daily dose of 50 mg cinacalcet. (D-F) 

Simulated vs. Clinical PTH response to twice daily dose of (B) 50mg, (C) 40mg, and (D) 30mg 

cinacalcet in patients diagnosed with PHPT. The bars represent the standard error recorded in the 

literature  (24).  
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corresponding 𝐾𝐶𝑎,𝑠𝑒𝑛𝑠,𝑐𝑟𝑖𝑡, therefore, the change in sensor gain; which resulted in a correlation for this 

stage of the disease (Fig. 6.3B). Fig. 6.3C shows the CNC release profiles in the GI tract and plasma and 

the corresponding sensor gain for twice daily dose of 50mg CNC and Figs. D-F show the predicted and 

clinical PTH response profile to twice daily CNC dose on Day 15 (24). The simulation results provide a 

better prediction of the clinically observed mean at 40mg and 50mg than at 30mg. For both 30mg and 

40mg, PTH results for the second of the two daily doses more closely match the clinically observed mean 

than for the first dose. In general, the model is a good predictor of PTH response to CNC therapy.  

Table 6.2 outlines the reductions in calciotropic response between Day 1 baseline and Day 15; the 

simulation results are the final 12-hr average of the relevant variable on Day 15. In general, the simulation 

results show a proportional improvement in the calciotropic response with increase in CNC dose. 

Although individual group PTH values are not reported for Day 15, the clinical average  PTH reduction 

for the  CNC-treated cohort (20.3%)  is similar to that of the 12-hour average of the simulated PTH 

reduction on day 15 (22.7%). The model generally underestimates the calcium response, but provides a 

better prediction for the 50 mg dose rather than the 30 and 40 mg doses. The predictions for Ca excretion 

vary greatly from the clinical observations, however, the authors reported no consistent trend in urine Ca  

(24). Nonetheless, a general increase in urinary Ca can be expected because the decrease in PTH may 

lower the PTH-dependent Ca reabsorption, thus increasing Ca excretion. It is important to note that the 

model does not account for the effect of renal CaRs, which are known to participate in Ca regulation (31), 

therefore changes to urinary Ca due to CNC activation of renal CaR are neglected. No clinical 

observations were made on markers of bone biology and CTL levels, but our simulations show a 

reductions in CTL and CB ratio proportional to the dose of CNC. This is expected because PTH 

stimulates CTL synthesis and bone cell proliferation; therefore CNC-induced changes in PTH will cause 

an associated decrease in CTL levels and CB ratio.  

Table 6.6. Comparison of reductions in calciotropic responses between Days 1 and Day 15 

 30mg 40mg 50 mg 

 Clinical Simulated Clinical Simulated Clinical Simulated 

Ca 11% 1% 18.7% 7% 18.5% 14% 

PTH* - 8% - 24% - 36% 

CTL - 2% - 9% - 20% 

CB - 5% - 15% - 22% 

Urinary Ca -51% 1% -15% 1% -15% -11% 

 Individual group PTH results on Day 15 were not reported, instead a mean predose PTH 

reduction of 20.3% was reported for the combined CNC-treated cohort. The average PTH 

simulated reduction for the cohort is 22.7% . 
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6.3.4. Validation of SHPT model  

Before we can identify the potential therapeutic target sites in SHPT, we show that the model is robust 

enough to predict the various stages of CKD leading to SHPT.  Clinical data of four groups of patients 

with CKD who are not undergoing dialysis nor taking phosphate binders (32) is used in validating our 

model. The comparison between simulation results and clinical observations are presented in Figure 6.4. 

In general, our model predicts the profile of all four plasma biochemistries very well. At very low renal 

function (RF <0.3), the model overestimates plasma phosphate (Figure 6.4D), this may occur due to 

unaccounted changes in phosphate regulation. Owing to insufficient data, the effect of FGF-23 on renal 

phosphate reabsorption is lumped with PTH, therefore, any change in FGF effect on the renal tubules 

during CKD is unaccounted for. Additionally, the fraction of phosphate consumed during phosphate salt 

precipitation may be underestimated by the model; however, given the limited data available on 

phosphate salt formation, any changes would be purely speculative and would affect Ca concentration, 

given the stoichiometry involved. 
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6.3.5.  Responses in SHPT to changes in sensor gain 

Similar parameter sensitivity analysis was done on the model of SHPT to determine the parameters to 

which PTH is most sensitive. We found that, similarly to PHPT, PTH is very sensitive to changes in 

 𝐾𝐶𝑎,𝑠𝑒𝑛𝑠  in SHPT. Therefore, an exploration of model response over the range of  𝐾𝐶𝑎,𝑠𝑒𝑛𝑠  is carried out. 

Unlike in PHPT, changes in PTH occur over a shorter range in SHPT (Fig. 6.5A), maximum PTH 

reduction is observed at ∆𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 = 0.06 compared to ∆𝐾𝐶𝑎,𝑠𝑒𝑛𝑠 = 0.6 in PHPT. The magnitude of 

reduction observed in SHPT (85%) is much greater than in PHPT (60% at the onset of PHPT–Fig. 6.2C, 

𝐴𝐶𝑎  =  2).  

Interestingly, unlike PHPT, the magnitude of PTH change in SHPT is independent of the degree of the 

disease (results not shown). Similar clinical observations were made in CNC treatment of SHPT patients 

where CNC caused the same percentage change in PTH levels regardless of the biochemical severity of 
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Figure 6.4. Comparison of Simulated results  and clinical observations of plasma biochemistry changes 

among patients with varied severity of kidney disease (as determined by a decline in renal 

function/GFR) (32).  

All biochemistries are presented relative to the healthy basal levels: (A) Ionized Calcium; (B) PTH; (C) 

Phosphate; (D) Calcitriol.  
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the disease (25). In both SHPT and PHPT, there is reduced CaR expression in hyperplastic PT cells (33, 

34); however, a loss-of-function mutation of the CaR has been observed in some cases of PHPT (35-38).  

Despite the lower CaR expression, several studies have shown substantial decreases in PTH levels to 

induced hypercalcemia in SHPT patients undergoing dialysis (39-41) while no such observations are 

reported in PHPT. As a whole, the evidence suggests that there is a difference in the mechanism of CaR-

mediated PTH production in both PHPT and SHPT.  

6.3.6. Cinacalcet therapy in SHPT 

From published pharmacokinetic data of CNC administration in SHPT patients  and changes in plasma 

PTH (23), parameters for the expressions in Eqn. 6.2 and 6.3 are determined and the correlation for 

change in sensor gain and administered CNC is given in Fig 6.6A.  

A 

 

B 

 
 Figure 6.5. Simulation results of sensor gain changes in SHPT: 

(A) Changes in PTH and CTL; (B) Changes in plasma ionized Ca and phosphate. 
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In validating the model, clinical data of CNC administration in 3 groups of SHPT patients on 

hemodialysis, administered once daily dose of 25mg, 50mg or 100mg CNC was used (25). The baseline 

biochemistry  data for the cohort was used to estimate the parameters to  represent the stage of the 

disease. The comparisons of the simulated results and clinical observations are shown in Fig. 6.6B-D. In 

general, the model provides good prediction of the clinically observed PTH response; however, at higher 

CNC doses (100mg), the model overestimates the change in PTH beyond 12-hrs postdose. The deviations 

may be due to the differences between the clinical groups/data used for parameter estimation and results 

validation, or the expression used for 𝑔3 may not be representative. Although important in the treatment 

of CKD/SHPT (1), the results for plasma Ca and  phosphate levels are not addressed since the changes are 

negligible at maximum CaR sensitivity Fig 6.5B.  

A 

 

B 

 
C 

 

D 

 

 
Figure 6.6. Simulation results of CNC therapy in SHPT. 

(A) Correlation between administered CNC and maximum change in sensor gain, estimated from (23). 

Simulation results vs. Clinical observations of PTH response to clinical administration of (B) 25 mg; 

(C) 50 mg; (D) 100mg CNC SHPT patients (25).  
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6.3.7. Model Predictive Control (MPC) in CNC Therapy 

Having successfully validated the model of CNC administration in SHPT, we seek to highlight the utility 

of MPC in customizing CNC dosage given various desired outcomes. The results for three different 

scenarios are presented. 

From Fig. 6.7A, the maximum change in PTH is not directly proportional to the dose of CNC, therefore 

an impulse profile for each dose is determined. Also, the effect of 120mg, 150mg and 180mg doses are 

marginally different; as a result, the profile of 150mg is used to estimate the response profile of all three 

doses. Therefore, four impulse response profiles are generated (30mg, 60mg, 90mg, 150mg); accordingly, 

a dynamic matrix and all dependent matrices are computed for each of the four doses. In implementing 

the QDMC strategy, at each step of the on-line computation, the gradient vector, 𝒄, is computed using the 

dynamic matrix associated with the previous CNC dose; likewise, the corresponding matrix, H, for the 

previous CNC dose is used. 
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6.3.7.1.  Scenario 1: Determine the dosage profile for a PTH setpoint of  50% of baseline 

A maintenance dose of 150mg is required for a 50% reduction in PTH levels (Fig. 6.7B), the titration 

phase is 8 weeks.  Note that the PTH levels reach a minimum within 3-hours postdose and settle at a 

maximum level of approximately 85% of baseline within 16-hours postdose (Fig. 6.7A), therefore PTH 

levels fluctuate around the setpoint, as seen in Fig. 6.7B. For ease of comparison, the 12-hr average PTH 

is used in subsequent results.  

  

  

Figure 6.7. Simulation results of MPC use in CNC therapy in SHPT subjects.  

(A) 24-hr PTH profile for CNC doses of 30mg -180mg. (B–D)  Simulation results of Model Predictive Control use in 

determining optimum dosage profile for SHPT under different conditions: (B) PTH response to CNC therapy over a 12-

week period targeting a PTH setpoint of 0.5. dCNC is the incremental change in CNC at each input period and CNC is the 

actual dose of CNC administered. (C) PTH response to MPC of CNC administration for a target PTH setpoint of  0.5 and a 

dosage frequency of every 12- or 24-hours. (D) PTH response to MPC of CNC administration for a target PTH setpoint of  

0.5 or 0.25 and a dosage frequency of every 12-hours. 
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6.3.7.2. Scenario 2: For a PTH setpoint of 50% of baseline, compare the dosage profiles of CNC 

administered once or twice daily 

The maintenance dose of CNC decreases with an increase in daily frequency. For a frequency of twice 

daily, a CNC dose of 60 mg is required, with a 2 week titration phase compared to 150 mg once daily and 

an 8 week titration phase.  Additionally, after 25 weeks at twice daily CNC, the average PTH is 

approximately 40% of baseline compared to 55% at once daily.  

6.3.7.3. Scenario 3: At a frequency of twice daily, compare the dosage profiles for PTH setpoints of 

50% and  25% of baseline 

At a setpoint of 25%, the maintenance dose is 150mg with an 8 week titration phase compared to 60 mg 

at 50%.  

6.4. Conclusions 

The results presented in this work show that process systems engineering concepts can be applied 

successfully to models of Ca-related pathologies. Applying parameter sensitivity analysis (PSA)  to the 

model of PHPT, we found that the processes of: calcium-sensing in the PTG; hormone-dependent Ca 

reabsorption in the kidneys; and PTH binding/unbinding in the bone offer the greatest potential benefit in 

altering both PTH and Ca levels. However, of the three processes, only Ca-sensing directly affects PTH 

production and secretion; the other processes affect PTH through changes in plasma Ca concentration.  

Having identified the parameter(s) of interest, determining the model behavior over the parameter space 

allows for determining the extent of the benefit of the parameter. In PHPT, the maximum reduction in 

PTH decreases with increasing PHPT severity; likewise, there is a critical sensor gain at which this 

maximum is observed and the critical sensor gain decreases with PHPT severity. From this analysis, we 

developed two key  correlations: i) between the critical sensor gain and PHPT severity (indicated by 

minimum PTH secretory rate); and, ii) between the maximum PTH reduction and PHPT severity. The two 

correlations describe the change in CaR sensitivity required to achieve a maximum reduction in PTH at 

any given stage of PHPT. 

Exploring the parameter space also provides insight into the differential behavior of the same sub-process 

in different pathologies. The change in sensor gain required to elicit a substantial change in PTH levels in 

PHPT is one order of magnitude greater than the change in sensor gain needed in SHPT. Additionally, the 

reduction in PTH is independent of disease severity in SHPT and is greater than the change in PHPT. This 
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highlights a fundamental difference in the way CaR affects PTH production and secretion in both PHPT 

and SHPT.    

One application of the correlations derived through parameter space exploration is the prediction of 

cinacalcet behavior in PHPT and SHPT. The models provide a good prediction of clinical CNC therapy in 

both pathologies. Additionally, a further correlation was developed that allows for determining the CNC 

prescription based on the desired change in PTH; however, this correlation is particular to the stage of 

PHPT modeled. Nevertheless, the approach used herein provides a blueprint with which a family of such 

curves can be developed for varying stages of PHPT. Ultimately, these correlations between sensor gain 

and CNC dose across the spectrum of PHPT severity can be used to deduce the optimum CNC dose given 

a particular stage of the pathology.   

Chronic Kidney Disease is a complex pathology with varying complications, including SHPT; effective 

treatment requires controlling several key variables (plasma biochemistries) within a target range. Model 

Predictive Control offers a unique opportunity to customize CNC therapy for SHPT patients. The 

preliminary work presented herein, with varying PTH setpoints and CNC dose frequency shows that 

satisfactory predictions of SHPT behavior is possible and CNC dosage regimen can be customized to 

achieve different patient outcomes under different administration protocols.  

In summary, this work shows that process systems engineering methods can be used to identify potential 

therapeutic target sites in Ca-related pathologies. Parameter space exploration helps to determine the 

extent to which these sites affect the different plasma biochemistries in the pathology and by extension, 

the maximum benefit they provide. The findings can be applied to existing therapies in order to validate 

the approach as well as to improve the patient care through dosage customization. 
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Table 6A.7. Model Equations – Ca/Phosphate Control (Healthy)    

𝐻𝑖(𝑥) = (𝐴𝑖𝑥 − 𝐵𝑖𝑥) [1 + (𝑥
𝑆𝑖𝑥

⁄ )
𝑚𝑖𝑥

]⁄ + 𝐵𝑖𝑥 (1) Actuator – Kidneys (CTL Production, Ca/PO4 excretion)  

Process – Plasma  𝑑𝐶𝑇𝐿 𝑑𝑡⁄ = [𝐻1(𝑃𝑇𝐻) + 𝐻(𝑃𝑇𝐻𝑟𝑃)]𝐻2(𝑃𝑂4(𝑝)) − 𝑘𝐶𝑇𝐿𝐶𝑇𝐿 (10) 

𝑑𝐶𝑎(𝑝) 𝑑𝑡⁄ = 𝐶𝑎(𝑖) + 𝐶𝑎(𝑏) − 𝐶𝑎(𝑢) ± 𝐶𝑎(𝑑) (2) 𝐶𝑎(𝑢) =
𝐺𝐹𝑅

𝑉
{

𝐶𝑎(𝑝)[0.1 − 0.09𝐻2(𝑃𝑇𝐻)], 𝐶𝑎(𝑝) ≤ 𝐶𝑎𝑡ℎ𝑟

(𝛼𝐶𝑎𝑢𝐶𝑎(𝑝) + 𝛽𝐶𝑎𝑢),               𝐶𝑎(𝑝) > 𝐶𝑎𝑡ℎ𝑟  
} (11) 

𝑑𝑃𝑂4(𝑝) 𝑑𝑡⁄ = 𝑃𝑂4(𝑖) + 𝑃𝑂4(𝑏) − 𝑃𝑂4(𝑢) ± 𝑃𝑂4(𝑑) (3) 𝑃𝑂4(𝑢) =
𝐺𝐹𝑅

𝑉
{

𝑃𝑂4(𝑝)[𝐻(𝑃𝑇𝐻 + 𝐹𝐺𝐹)], 𝑃𝑂4(𝑝) ≤ 𝑃𝑂4,𝑡ℎ𝑟

(𝛼𝑃𝑂4𝑢𝑃𝑂4(𝑝) + 𝛽𝑃𝑂4𝑢),  𝑃𝑂4(𝑝) > 𝑃𝑂4,𝑡ℎ𝑟 
} (12) 

Sensor – Ca-sensing receptor (CaR) on PTG  Actuator  - Bone (Resorption/Formation)  

𝐶𝑎(𝑠) = 𝐾𝐶𝑎,𝑠𝑒𝑛𝑠𝐶𝑎(𝑝) (4)   

Controller – PTG (PTH production)  𝐶𝑎(𝑏) = 𝜎𝐶𝑎𝑏 {

(1 − 𝜆𝐶𝑎𝑏) + 𝜆𝐶𝑎𝑏 [𝐻(𝑂𝐶)(𝑅𝐴𝑁𝐾𝐿
𝑂𝐶⁄ )

𝛾𝐶𝑎𝑏
]

−
𝐶𝑎(𝑝)

𝐶𝑎(𝑝)0
[(1 − 𝜆𝐶𝑎𝑏) + 𝜆𝐶𝑎𝑏 (

𝑂𝐵

𝑂𝐵0
)]

} (13) 

𝑑𝑃𝑇𝐻 𝑑𝑡⁄ = 𝑃𝑇𝐺[𝐻(𝐶𝑎(𝑠)) + 𝐻1(𝑃𝑂4(𝑝)) + 𝐻(𝐹𝐺𝐹) − 1] − 𝑘𝑃𝑇𝐻𝑃𝑇𝐻 (5) 𝜋𝑃 = 𝜆𝑏 (
𝑃𝑇𝐻 + 𝑃𝑇𝐻𝑟𝑃

𝑃𝑇𝐻0
) [𝜆𝑏 (

𝑃𝑇𝐻 + 𝑃𝑇𝐻𝑟𝑃

𝑃𝑇𝐻 + 𝑃𝑇𝐻𝑟𝑃 − 𝑃𝑇𝐻0
) + 𝑃𝑆]⁄  (14) 

𝑑𝑃𝑇𝐺

𝑑𝑡
=

𝜆𝑃𝑇𝐺

𝑃𝑇𝐺0
{
(𝑃𝑇𝐺𝑚𝑎𝑥 − 𝑃𝑇𝐺)[𝜑𝑃𝑇𝐺𝑇𝑃𝑇𝐺

− + (1 − 𝜑𝑃𝑇𝐺)]

−𝑃𝑇𝐺[𝜑𝑃𝑇𝐺𝑇𝑃𝑇𝐺
+ + (1 − 𝜑𝑃𝑇𝐺)]

} (6) Phosphate detection by osteocytes  

𝑇𝑃𝑇𝐺
± = 1 ± 𝑡𝑎𝑛ℎ[𝜆𝐶𝑇𝐿(𝐶𝑇𝐿 − 𝐶𝑇𝐿0)] (7) 𝑃𝑂4(𝑠) = 𝐾𝑃𝑂4,𝑠𝑒𝑛𝑠𝑃𝑂4(𝑝) (15) 

Actuator – Intestines (Ca/PO4 absorption)  𝑃𝑂4(𝑏) = 𝜆𝑃𝑂4𝑏𝐶𝑎(𝑏) (16) 

𝐶𝑎(𝑖) =
𝐶𝑎𝑚𝑒𝑎𝑙

𝑉
(𝐻1(𝐶𝑇𝐿) + 𝜆𝐶𝑎𝑖) (8) Osteocytes (FGF-23 production)  

𝑃𝑂4(𝑖) =
𝑃𝑂4,𝑚𝑒𝑎𝑙

𝑉
[𝐻2(𝐶𝑇𝐿) + 𝜆𝑃𝑂4,𝑖] (9) 𝑑𝐹𝐺𝐹 𝑑𝑡⁄ = [𝐻3(𝑃𝑂4(𝑠)) + 𝐻3(𝐶𝑇𝐿) − 1] − 𝑘𝐹𝐺𝐹𝐹𝐺𝐹 (17) 
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Table 6A.8. Model Equations – Pathologies as Component defects    

PHPT – Controller Defect  Chronic Kidney Disease – Actuator Defect  

𝐻(𝐶𝑎(𝑠)) =
𝐴𝐶𝑎𝜒𝐴𝐶𝑎 − 𝐵𝐶𝑎𝜒𝐵𝐶𝑎

[1 + (𝐶𝑎(𝑠) 𝑆𝐶𝑎⁄ )
𝑚(𝐶𝑎(𝑠))

]
+ 𝐵𝐶𝑎𝜒𝐵𝐶𝑎   Renal Failure: 𝑅𝐹 = 𝑅𝐹𝑡𝑓 + (1 − 𝑅𝐹𝑡𝑓)𝑒−(𝑘𝑅𝐹𝑡)  

𝑚(𝐶𝑎(𝑠)) = 𝜒𝑚𝐶𝑎 {
𝑚𝐶𝑎𝐴 − 𝑚𝐶𝑎𝐵

[1 + (𝐶𝑎(𝑠) 𝑚𝐶𝑎𝑆⁄ )
𝑚𝐶𝑎𝑚

]
+ 𝑚𝐶𝑎𝐵}

𝜒𝑚𝐶𝑎 < 1
  CTL Degradation   

𝑆𝐶𝑎 = 𝐶𝑎(𝑠) {
𝐴𝐶𝑎𝜒𝐴𝐶𝑎 − 𝑘𝑃𝑇𝐻𝑃𝑇𝐻𝑃𝐻𝑃𝑇,0

𝑘𝑃𝑇𝐻𝑃𝑇𝐻𝑃𝐻𝑃𝑇,0 − 𝐵𝐶𝑎𝜒𝐵𝐶𝑎

}

−1/𝑚(𝐶𝑎(𝑠))

  
𝑑𝐶𝑇𝐿 𝑑𝑡⁄ = 𝑟𝐶𝑇𝐿,𝑑𝑒𝑔{[𝐻1(𝑃𝑇𝐻) + 𝐻(𝑃𝑇𝐻𝑟𝑃)]𝐻2(𝑃𝑂4(𝑝))} − 𝑘𝐶𝑇𝐿𝐶𝑇𝐿 

𝑟𝐶𝑇𝐿,𝑑𝑒𝑔 = {[1 − 𝐻(𝑅𝐹)]𝑒−(𝑘𝑅𝐹𝑡) + 𝐻(𝑅𝐹)} 
 

PHPT – PTH resistance in CTL production  Reduced Ca/PO4 excretion  

𝐻1(𝑃𝑇𝐻) =
𝐴1,𝑃𝑇𝐻 − 𝐵1,𝑃𝑇𝐻𝜒𝐵1𝑃𝑇𝐻

[1 + (𝑃𝑇𝐻 𝑆1,𝑃𝑇𝐻⁄ )
𝑚1,𝑃𝑇𝐻

]
+ 𝐵1,𝑃𝑇𝐻𝜒𝐵1𝑃𝑇𝐻   𝐶𝑎(𝑢) =

𝐺𝐹𝑅

𝑉
𝑅𝐹 {

𝐶𝑎(𝑝)[0.1 − 0.09𝐻2(𝑃𝑇𝐻)𝑅𝐹], 𝐶𝑎(𝑝) ≤ 𝐶𝑎𝑡ℎ𝑟

(𝛼𝐶𝑎𝑢𝐶𝑎(𝑝) + 𝛽𝐶𝑎𝑢),               𝐶𝑎(𝑝) > 𝐶𝑎𝑡ℎ𝑟  
}  

Cinacalcet Therapy in PHPT – CaR targeting  𝑃𝑂4(𝑢) =
𝐺𝐹𝑅

𝑉
𝑅𝐹 {

𝑃𝑂4(𝑝)[𝐻(𝑃𝑇𝐻 + 𝐹𝐺𝐹)𝑅𝐹], 𝑃𝑂4(𝑝) ≤ 𝑃𝑂4,𝑡ℎ𝑟

(𝛼𝑃𝑂4𝑢𝑃𝑂4(𝑝) + 𝛽𝑃𝑂4𝑢),  𝑃𝑂4(𝑝) > 𝑃𝑂4,𝑡ℎ𝑟  
}  

𝐶𝑎(𝑠) = [𝐻1(𝐶𝑁𝐶2) + 1]𝐾𝐶𝑎,𝑠𝑒𝑛𝑠𝐶𝑎(𝑝)  CaHPO4 Formation  

CNC as ingested: 𝑑𝐶𝑁𝐶1 𝑑𝑡⁄ = −𝑘𝐶𝑁𝐶1,𝑃𝐻𝑃𝑇𝐶𝑁𝐶1  𝐶𝑎(𝑑) = {
0,                                    𝐶𝑎(𝑝) × 𝑃𝑂4(𝑝) ≤ 𝐶𝑎 × 𝑃𝑂4𝑡ℎ𝑟

(𝑃𝑂4(𝑝) − 𝑃𝑂4(𝑝),0)𝜆𝐶𝑎𝑑 , 𝐶𝑎(𝑝) × 𝑃𝑂4(𝑝) > 𝐶𝑎 × 𝑃𝑂4𝑡ℎ𝑟

  

CNC detected by CaR:  𝑑𝐶𝑁𝐶2 𝑑𝑡⁄ = 𝑘𝐶𝑁𝐶1,𝑃𝐻𝑃𝑇𝐶𝑁𝐶1 − 𝑘𝐶𝑁𝐶2,𝑃𝐻𝑃𝑇𝐶𝑁𝐶2  𝑃𝑂4(𝑑) = {
0,                                     𝐶𝑎(𝑝) × 𝑃𝑂4(𝑝) ≤ 𝐶𝑎 × 𝑃𝑂4𝑡ℎ𝑟

(𝑃𝑂4(𝑝) − 𝑃𝑂4(𝑝),0)𝜆𝑃𝑂4𝑑 , 𝐶𝑎(𝑝) × 𝑃𝑂4(𝑝) > 𝐶𝑎 × 𝑃𝑂4𝑡ℎ𝑟

  

  Cinacalcet Therapy in SHPT – CaR targeting  

  𝐶𝑎(𝑠) = [𝑓(𝐶𝑁𝐶2) + 1]𝐾𝐶𝑎,𝑠𝑒𝑛𝑠𝐶𝑎(𝑝)  

  𝑓(𝐶𝑁𝐶2) = 𝑆𝐶𝑁𝐶2,𝑆𝐻𝑃𝑇 [
𝐴𝑑𝐾 − 𝐵𝑑𝐾

𝐻2(𝐶𝑁𝐶2) − 𝐵𝑑𝐾
− 1]

1
𝑚𝑑𝐾

⁄
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  CNC as ingested: 𝑑𝐶𝑁𝐶1 𝑑𝑡⁄ = −𝑘𝐶𝑁𝐶1,𝑆𝐻𝑃𝑇𝐶𝑁𝐶1  

  CNC detected by CaR:  𝑑𝐶𝑁𝐶2 𝑑𝑡⁄ = 𝑘𝐶𝑁𝐶1,𝑆𝐻𝑃𝑇𝐶𝑁𝐶1 − 𝑘𝐶𝑁𝐶2,𝑆𝐻𝑃𝑇𝐶𝑁𝐶2  
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Table 6A.9. Parameter Estimates 

Parameter Value Units Parameter Value Units 

𝐶𝑎(𝑝)0 1.715E+01 mmol 𝐴𝐶𝑎(𝑠) 4.641E+02 pmol.hr-1 

𝐶𝑇𝐿0 1.260E+03 pmol 𝐵𝐶𝑎(𝑠) 6.276E+03 pmol.hr-1 

𝑂𝐵0 7.282E-04 pM cells 𝑚𝐶𝑎(𝑠)𝐴 -3.000E+01 Unitless 

𝑃𝑂4(𝑖𝑐)0 4.516E+04 mmol 𝑚𝐶𝑎(𝑠)𝐵 -2.500E+02 Unitless 

𝑃𝑂4(𝑝)0 1.680E+01 mmol 𝑚𝐶𝑎(𝑠)𝑚 -1.500E+02 Unitless 

𝑃𝑇𝐺0 5.000E-01 Unitless 𝑚𝐶𝑎(𝑠)𝑆1 1.800E+01 mmol 

𝑃𝑇𝐻0 5.526E+01 pmol 𝑚𝐶𝑎(𝑠)𝑆2 1.500E+01 mmol 

Cameal 9.158E-01 mmol.hr-1 𝐴1,𝐶𝑇𝐿 4.150E-01 Unitless 

Cathr 3.108E+01 mmol 𝐵1,𝐶𝑇𝐿 0.000E+00 Unitless 

GFR 6.000E+00 L.hr-1 𝑚1,𝐶𝑇𝐿 -8.416E+00 Unitless 

kCTL 8.660E-02 hr-1 𝑆1,𝐶𝑇𝐿 1.306E+03 pmol 

kPTH 3.199E+01 hr-1 𝐴1,𝑃𝑇𝐻 3.228E+00 hr-1 

kPTHrP 6.932E+00 hr-1 𝐵1,𝑃𝑇𝐻 1.000E+00 hr-1 

KCa,sens 1.000E+00 Unitless 𝑚1,𝑃𝑇𝐻 -2.000E+01 Unitless 

PO4,meal 5.695E-01 mmol.hr-1 𝑆1,𝑃𝑇𝐻 9.823E+01 pmol 

PS 1.500E+02 Unitless 𝐴2,𝑃𝑇𝐻 1.045E+00 Unitless 

PTGmax 1.000E+00 Unitless 𝐵2,𝑃𝑇𝐻 0.000E+00 Unitless 

V 1.400E+01 L 𝑚2,𝑃𝑇𝐻 -6.520E+00 Unitless 

αCau 3.146E-01 Unitless 𝑆2,𝑃𝑇𝐻 5.186E+01 pmol 

αPO4u 5.545E-02 Unitless 𝐴1,PO4 1.034E+00 Unitless 

βCau -5.710E+00 mmol B1,PO4 4.182E-01 Unitless 

γCab 6.038E-01 Unitless m1,PO4 1.242E+01 Unitless 

λb 2.907E+00 Unitless S1,PO4 1.860E+01 mmol 

λCab 1.500E-01 Unitless AOC 1.271E+00 Unitless 

λCai 1.500E-01 Unitless BOC 9.951E-01 Unitless 

λCTL 2.143E-03 pmol-1 mOC -1.188E+00 Unitless 

λPO4b 4.640E-01 Unitless SOC 9.615E-01 pM cells/pM cells 

λPO4i 7.000E-01 Unitless APTHrP -4.630E-01 hr-1 

λPTG 7.500E-02 hr-1 𝐵PTHrP 5.280E-01 hr-1 

πP - Unitless SPTHrP 1.534E+00 pM 

σCab 7.973E-01 hr-1 mPTHrP 5.888E+00 Unitless 

φPTG 8.500E-01 Unitless RPTHrP 1.04E+01 to 3.0E+01 pMhr-1 
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Simulation of pathologies 

In simulating the different pathologies, the following forcing function is used. The actual parameters and 

their healthy and disease state values are listed in Table 3.  

𝑝𝑝𝑎𝑡ℎ = 𝑝𝑑𝑖𝑠𝑒𝑎𝑠𝑒𝑑 + (𝑝ℎ𝑒𝑎𝑙𝑡ℎ𝑦 − 𝑝𝑑𝑖𝑠𝑒𝑎𝑠𝑒𝑑)𝑒−𝑘𝑝𝑎𝑡ℎ𝑡  

 [e.g. 𝐾𝑠𝑒𝑛𝑠,𝐹𝐵𝐻 = 𝐾𝑠𝑒𝑛𝑠,𝐹𝐵𝐻,𝑑𝑖𝑠𝑒𝑎𝑠𝑒𝑑 + (𝐾𝑠𝑒𝑛𝑠,ℎ𝑒𝑎𝑙𝑡ℎ𝑦 − 𝐾𝑠𝑒𝑛𝑠,𝐹𝐵𝐻,𝑑𝑖𝑠𝑒𝑎𝑠𝑒𝑑)𝑒−𝑘𝐹𝐵𝐻𝑡] 

Table 6A.10. Parameter estimates for pathologies 

 Parameter Value at healthy state Value at diseased state 

FBH 

𝑘𝐹𝐵𝐻 2.315E-02 - 

𝐾𝑠𝑒𝑛𝑠,𝐹𝐵𝐻 1.000E+00 8.800E-01 

𝐴𝐶𝑎(𝑠),𝐹𝐵𝐻 6.033E+02 7.526E+02 

𝐵𝐶𝑎(𝑠),𝐹𝐵𝐻 9.414E+03 1.774E+04 

𝑚𝐶𝑎𝐴𝐹𝐵𝐻 -4.500E+01 -4.342E+01 

ADH 

𝑘𝐴𝐷𝐻  2.315E-02 - 

𝐾𝑠𝑒𝑛𝑠,𝐴𝐷𝐻 1.000E+00 1.12E+00 

𝐴𝐶𝑎(𝑠),𝐴𝐷𝐻 6.033E+02 5.958E+02 

𝐵𝐶𝑎(𝑠),𝐴𝐷𝐻 9.414E+03 7.021E+03 

PHPT 

𝑘𝑃𝐻𝑃𝑇 2.777E-02 - 

𝐴𝐶𝑎(𝑠),𝑃𝐻𝑃𝑇  4.022E+02 4.022E+03 

𝐵𝐶𝑎(𝑠),𝑃𝐻𝑃𝑇 1.255E+04 3.766E+04 

𝑚𝐶𝑎𝐴𝑃𝐻𝑃𝑇 -2.305E+01 -1.544E+01 

𝑚𝐶𝑎𝐵𝑃𝐻𝑃𝑇  -2.500E+02 -1.674E+02 

𝑚𝐶𝑎𝑆1,𝑃𝐻𝑃𝑇  1.800E+01 2.122E+01 

𝑚𝐶𝑎𝑆2,𝑃𝐻𝑃𝑇  1.500E+01 1.769E+01 

HoPT 

𝑘𝐻𝑜𝑃𝑇 2.777E-02 - 

𝐴𝐶𝑎(𝑠),𝑃𝐻𝑃𝑇  4.022E+02 2.370E+02 

𝐵𝐶𝑎(𝑠),𝑃𝐻𝑃𝑇 1.255E+04 4.927E+03 

𝑚𝐶𝑎𝐴𝑃𝐻𝑃𝑇 -2.305E+01 - 

𝑚𝐶𝑎𝐵𝑃𝐻𝑃𝑇  -2.500E+02 - 

𝑚𝐶𝑎𝑆1,𝑃𝐻𝑃𝑇  1.800E+01 1.080E+01 

𝑚𝐶𝑎𝑆2,𝑃𝐻𝑃𝑇  1.500E+01 9.000E+00 

HHM 

𝑘𝐻𝐻𝑀 1.390E-02 - 

𝑅𝑃𝑇𝐻𝑟𝑃 1.040E+01 4.160E+01 

𝐴𝐶𝑎(𝑠),𝑃𝐻𝑃𝑇  4.022E+02 - 

𝐵𝐶𝑎(𝑠),𝑃𝐻𝑃𝑇 1.255E+04 - 
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𝑚𝐶𝑎𝐴𝑃𝐻𝑃𝑇 -2.305E+01 - 

𝑚𝐶𝑎𝐵𝑃𝐻𝑃𝑇  -2.500E+02 - 

Vitamin D 

Deficiency 

𝑑𝐶𝑇𝐿 𝑑𝑡⁄ = 𝜒𝑉𝐷𝐷[𝐻1(𝑃𝑇𝐻) + 𝐻(𝑃𝑇𝐻𝑟𝑃)]𝐻(𝑃𝑂4) − 𝑘𝐶𝑇𝐿𝐶𝑇𝐿 

𝑘𝑉𝐷𝐷  4.630E-01 - 

𝜒𝑉𝐷𝐷 1.00E+00 0.00E+00 

CTL 

missense 

𝑇𝑃𝑇𝐺
± = 1 ± 𝑡𝑎𝑛ℎ[𝜆𝐶𝑇𝐿(𝜒𝐶𝑇𝐿𝑚𝑖𝑠𝑠𝐶𝑇𝐿 − 𝐶𝑇𝐿0)] 

𝑘𝐶𝑇𝐿𝑚𝑖𝑠𝑠 6.994E-01 - 

𝜒𝐶𝑇𝐿𝑚𝑖𝑠𝑠 1.00E+00 0.05E+00 
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7. Conclusions and Future work 

7.1. Conclusion 

This research offers an alternate approach to modeling and investigating physiological control systems. In 

our work, the physiological subprocesses of Ca regulation are mapped onto their corresponding 

engineering control system (ECS) block components. Thus, the subprocesses of Ca control are grouped 

based on their function in the control system as opposed to being grouped based on the organ in which the 

subprocesses occur. In so doing, the approach facilitates a fundamental understanding of the complex 

physiological process of Ca regulation. The impacts of the individual subprocesses (or individual 

component blocks) on Ca regulation are explored through partial or complete removal of the different 

blocks or through varying the parameters in the underlying equations in each block. The Ca regulatory 

response to each scenario (partial or total block removal or variation of parameter estimates) ,when 

compared to clinical observations of Ca-related diseases, indicate how the pathologies can be represented 

by the model. As such, the framework allows for the ease of exploration of Ca-related pathologies 

through representing the diseases as component block defects or external factors causing a system 

disturbance.  

One of the interesting things about the model is that it provides insight into the transient behavior of some 

of the model variables. For instance, in model predictions of healthy subjects calciotropic response post-

Ca infusions ( Fig. 3.5C) there are fluctuations in the FGF-23 levels induced by the opposing effects of 

diverging increases and decreases in PO4 and CTL levels on FGF-23 secretory rate. Fluctuations are also 

observed in the CTL levels when simulating HHM due to dissimilar effects of decreasing PTH 

concentration and increasing PTHrP levels on CTL secretory rate (Fig. 2.6A). Another example is the 

PTH undershoot (Fig. 2.4C), or overshoot (Fig. 2.4E) when retuning to steady-state after induced hypo- 

or hypercalcemia, respectively. This is caused by the expression used to model Ca-dependent PTH 

secretion. These observations could be viewed as artifacts of the model, and owing to insufficient clinical 

data, we cannot currently validate these model predictions. However, we are confident that these 

predictions are representative of the physiological response as in the case of Ca infusion in the model of 

healthy subjects, the overall model has been validated using clinical observations during Ca infusion; and 

in the cases of HHM, the steady-state responses are consistent with clinical presentations of the 

pathology.   

Another benefit of this approach is that it allows for the isolation of pathologies that are associated with a 

particular function of the organ of interest rather the entire organ. As an example, in previous models, Ca 
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detection in the PTG by the Ca-sensing receptors is not separated from PTH production and secretion; 

however, in our work, the two subprocesses are treated separately (Ca-detection—sensor; PTH 

production/secretion—controller). As such, genetic mutations of the CaR are easily represented as defects 

of the sensor while, based on previous models, the pathologies can only be represented as a defect of the 

PTG.  

Our approach opens another gateway in further exploring the known and unknown mechanisms involved 

in the different subprocesses of Ca regulation. Each parameter or set of parameters, in the model, is 

related to a physiological entity, thus exploring the range over which the parameter(s) affect the Ca 

regulatory system gives insight into the behavior of the associated physiological entity in Ca regulation in 

both health and disease. In the case of models of pathologies, exploring the parameter(s) range(s) 

provides an indication of: the extents to which the pathology may progress as well as the extents to which 

the site could possibly be perturbed when considering potential therapies.        

Representing Ca regulation as an ECS allows for the ease of addition of component blocks, as such, 

interacting control systems and/or external factors can easily be incorporated into our model of Ca control 

(e.g. estrogen control system, due to its effect on PTH and CTL levels; or, intracellular Ca control system, 

which may affect plasma Ca levels). By the same token, our model of Ca regulation can be included in 

any broader model of physiological control systems. For example, plasma Ca is necessary for blood 

coagulation and muscle contraction, therefore a model for the regulation of blood coagulation, or muscle 

contraction, will include plasma Ca and therefore, allows for the addition of the overall system of Ca 

control.  

The model of Ca regulation offers the ease of supplementing or replacing defective blocks in the Ca 

regulatory system with external control systems, whether via drugs or a combination of biomedical 

devices and drugs developed to replace the defective components. For example, in some cases of 

thyroidectomy, parathyroidectomy, or radial neck surgery the parathyroid glands (the sensor and 

controller in the Ca regulatory system) may be partially or completely removed leading to long term 

hypoparathyroidism. At present, the only therapy is managing the symptoms through administration of Ca 

supplements and Vitamin D metabolites.  Using the model of Ca regulation, we can explore the behavior 

of PTH in maintaining normocalcemia and develop a biomedical device—external sensor and 

controller—to replace the activity of the PTG.  

Notwithstanding the opportunities presented by our model, the scope of application may be limited due to 

some of the challenges faced and underlying assumptions made in developing the model. The major 

challenge faced in developing the model is the lack of sufficient data for estimating some of the model 
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parameters and validating some component blocks. Since all the clinical data used in this research is taken 

from the literature, parameter estimates are only as good as the quality of the available data. For processes 

that are heavily researched (e.g. Ca-dependent PTH production) we are confident in the parameter 

estimates. However, in many cases only limited data is available to estimate the relevant parameters; this 

is often due to either too few data points being reported or, in many cases, the researchers may only be 

interested in the interactions of few biochemical variables that elicit a given response while our model 

requires information of additional variables. As an example, PTH production is affected by Ca, CTL, PO4 

and FGF-23, however, in clinical studies of the impact of plasma Ca infusion (or chelation) on PTH, Ca 

and PTH levels are reported throughout the period of observation, while for  plasma CTL and PO4, if 

reported, only the baseline values are given. For, FGF-23 it has only been recently discovered (compared 

to CTL and PTH) hence, there is only limited research data available on FGF-23 in Ca regulation; and, 

there is a major discrepancy, and no correlation, between the two measuring techniques that are currently 

used in measuring FGF-23 levels.  

In our model, we neglect the effects of subject demographics (age, sex, and ethnicity) on Ca regulation. It 

is known that PTH levels vary across age, sex, and ethnicity, however no such information is available for 

the other calciotropic hormones. Additionally, the available datasets used in estimating the relevant 

parameters vary across the different subject demographics such that it is infeasible to consider the group’s 

(or patient’s) age, sex, or ethnicity when validating or predicting calciotropic behavior.  

For simplicity, we assumed that plasma biochemical concentration is uniformly distributed throughout the 

body; therefore the concentrations of Ca, PTH, CTL, PO4 and FGF-23 in all regions of the plasma are 

constant. However, this assumption is not correct as there may be localized excess or scarcity of 

hormones or ions in the plasma surrounding certain tissues based on cell-to-plasma hormone/ion flux 

owing to ongoing intracellular Ca- or PO4-dependent activity. Likewise hormone concentrations will vary 

between the site of production and the target site due to the time taken to travel around the circulatory 

system and across the different membranes. In order to take this non-uniformity into account 

Consistent with receptor theory and physiological dose-response characteristics, the rates of secretion, 

production, or cell proliferation, and all hormone/ion dependencies, are described by the logistic function 

that only considers, as input, the concentration of the stimulating variable. However, in some instances 

where the responses are fast, i.e. within minutes, the rate of change of the stimulating variable may also 

be a factor in the response and should possibly be incorporated as an input to the logistic function. For 

instance, in Fig. 4.2 A-C, our model provides a satisfactory prediction of PTH response to induced 

hypercalcemia with varying calcium infusion rates; however, the model does not fully capture the 
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transient PTH response caused by the changing rates of calcium infusion. Although this phenomenon is 

rarely experienced in adulthood, it is important in the growth dynamics of children. Therefore, in order to 

extend the model to pediatrics or in diseases related to the bone where there may be large changes in the 

bone-plasma Ca flux, PTH dependence on the rate of change of Ca would need to be considered. 

While qualitatively accurate in general, quantitatively, the model predictions of pathological conditions 

do not always match all clinical observations of Ca, PTH, CTL, urinary Ca, and/or CB ratio as precisely. 

This is likely due to the fact that our model simulations of pathologies are based on individual component 

defects in the model representing the healthy state (i) without accounting for the possible effects of 

external hormones/ions on Ca regulation under pathological conditions; and (ii) assuming that the 

pathologies in question manifest as defects isolated to a single component with no “interactions” from or 

on other sub-processes.     
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7.2. Future work 

Future research in computational Ca regulation can be distributed in three general areas: i) expanding the 

equations in the component blocks to include the mechanistic details of the relevant processes; ii) 

incorporating other physiological control systems into the framework; and, iii) exploring other 

pathologies and potential therapies. Coupled with each of these areas is the need for clinical research to 

provide the necessary data for parameter estimates and validation.      

7.2.1. Improving the mechanistic details: 

The rates of secretion, production or proliferation, and all hormone/ion dependencies, detailed in this 

research, are determined based on the macroscopic variables (Ca, PTH, CTL, PO4 and FGF-23). 

However, the mechanisms involved in hormone production and secretion and cell proliferation involve 

many other biological factors. With sufficient clinical data, we could model the effect of these factors on 

hormone production and cell proliferation. Such an improvement could provide a better understanding of 

the intracellular/molecular actions involved in Ca regulation. Also, a more detailed description of the 

mechanisms involved in the different subprocesses could indicate what intracellular activities initiate the 

development of Ca-related pathologies. Some specific examples for detailed mechanisms are listed below.           

7.2.1.1. Sensor:  

In our model, one parameter, the sensor gain, is used as an indicator of the plasma Ca detection and signal 

transmission. In reality, intracellular signaling occurs through a complex signaling network within the 

cytoplasmic region. Therefore, the sensor gain represents all the interactions occurring within the cell. 

With sufficient clinical data of the intracellular factors involved in signaling, we could incorporate these 

pathways into the sensor block. Ultimately, this improvement would be useful in offering insight into the 

differing behavior of the CaR in both PHPT and SHPT. One question left unanswered by the current 

model is, what accounts for the differences in CaR-mediated PTH reduction in PHPT and SHPT? 

7.2.1.2. Controller:  

CTL, PO4, FGF-23 and Ca affect intracellular PTH mRNA transcription and stability and ultimately PTH 

production and secretion. These mechanisms are not considered in our model; however, with sufficient 

clinical data of intermediate product, a more detailed description of all these intracellular mechanisms 

involved in PTH secretion could prove insightful in further investigating how pathologies such as SHPT 

and PHPT develop and progress. 
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PT cellular proliferation occurs during PTH production and secretion in hypocalcemia and in several 

pathologies; a minimal representation of PTG growth is used in the model.   At present, the mechanisms 

involved in PT cellular proliferation have yet to be unravelled; however, once sufficient clinical data 

becomes available, we can incorporate the mechanisms of PTG growth which could elucidate the 

mechanisms through which PTG-related pathologies develop and progress.  

7.2.1.3. Actuator: Kidneys – CTL Production 

The model does not consider the mechanisms involved in CTL synthesis; however, very little is 

information is available about the pathways involved. Once sufficient clinical data becomes available, we 

can incorporate this information into our model which will then allow us to investigate the impact of renal 

failure on CTL production. Additionally, since Vitamin D is a precursor to CTL production, the 

improvement will allow us to study the impact of Vitamin D deficiency on renal function.   

7.2.1.4. Actuator: Kidneys – Ca/PO4 reabsorption 

The data used in estimating the parameters for Ca and PO4 absorption does not account for the PTH– and 

FGF-23–dependent portions of Ca and PO4 reabsorption because of insufficient clinical data. However, 

when clinical data specific to PTH– and FGF-23–mediated renal Ca and PO4 reabsorption becomes 

available, we could use this date to reevaluate the parameter estimates thus improving the model 

predictions for renal Ca and PO4 excretion. This improvement would allow for further research into how  

Ca and PO4 reabsorption changes during renal failure.   

7.2.1.5. Actuator: Bone  

The hormone/ion transport across the different sections of the bone (bone tissue and bone fluid) and the 

different boundaries (bone tissue-bone fluid and bone fluid-plasma boundaries) can be described by the 

diffusivity and the mechanisms of mass transport. With sufficient experimental data, we could estimate 

the relevant parameters. Such an improvement in the model could be prove useful in investigating the 

development of osteoporosis and the propensity for bone fractures, as well as, to elucidate the disparity in 

bone resorption during HHM and PHPT.   

7.2.2. Incorporating other physiological control systems: 

Calcium in the extracellular fluid is important for many physiological functions including blood clotting 

and muscle contraction. Our model of Ca regulation could be incorporated into computational models of 

these physiological processes. Such an improvement may allow for: (i) greater understanding of the 
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interactions between the two processes and (ii) exploration of additional pathologies. It is important to 

note, that variations in localized plasma concentrations has to be considered when undertaking this 

coupling of “separate” models (e.g. the model of Ca regulatory and the model of blood coagulation). For 

the reason that these processes do not occur throughout the body at the same time, but rather localized at a 

particular site of action.  

Magnesium (Mg) deficiency affects some aspects of Ca regulation, namely, PTH production and renal Ca 

retention; and is associated with vascular calcification in chronic kidney disease. Mg concentration is 

regulated through similar processes as Ca control; therefore, incorporating plasma Mg control in our 

model of Ca regulation could provide additional insight in the progression of some Ca-related 

pathologies. Likewise, incorporating Mg control in the model will increase the number of pathologies we 

can investigate. 

The half-life of CTL in the plasma is increased due to transcalciferin, which is affected by estrogen levels. 

Likewise, estrogen blocks PTH-induced osteoclast formation, and is a part of therapeutic intervention in 

osteoporosis. Therefore, estrogen regulation could be incorporated in the overall model which would be 

useful for further exploring the development and progression of PHPT and ultimately, osteoporosis.  

7.2.3. Exploring pathologies and potential therapies 

In this research, the correlation between CNC dose and PTH reduction is developed for one stage of 

PHPT. Therefore, more clinical data of CNC therapy in various stages of PHPT is needed to develop the 

correlations of CNC dose vs. PTH reductions across the spectrum of PHPT.  

In terms of parameter space exploration, only a small number of parameters were investigated (see 

Chapters 4-6). As such, further exploration into the parameter space of relevant parameter combinations, 

along with performing uncertainty analysis on these parameters would provide further insight into Ca 

regulation in health and disease.  

Although consistent with clinical observations, the model for SHPT does not accurately predict the 

observed PO4 and Ca response to CNC therapy. Therefore, further clinical exploration of the effect of 

CNC on Ca-PO4 regulation in SHPT is needed and the results used to improve the model of SHPT.  

We proposed a method to customize CNC therapy for individual patients with SHPT given the stage of 

the disease and a target PTH level. We could validate this method using the following clinical data: i) 

patient plasma biochemistry (Ca, PTH, PO4, and CTL) before and during CNC therapy; ii) CNC dosage 

regimen during both titration and maintenance periods. Additionally, with an improved model of SHPT, 
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we can include additional biochemical constraints based on the Kidney Disease Outcome Quality 

Indicators (KDOQI) guidelines to further improve CNC dose regimen.  

Several drugs are used in the treatment of CKD, phosphate binders, CTL substitutes, cinacalcet and Ca 

supplements. We could identify the pharmacodynamic effect of the different drugs on the Ca-PO4 

regulatory system and in so doing, develop a protocol to identify the optimal dose of the combination of 

drugs given various biochemical targets and constraints. Again, we could compare these model prediction 

to clinical observations of patients administered any, or a combination, of these drugs.  

PTG behavior varies with age, gender and race; however, in determining the relationship between the 

PTG size and minimum PTH secretory rate in PHPT, these factors were neglected due to insufficient data. 

Therefore, more clinical data of PTH response to induced hypercalcemia in PHPT and PTG mass post 

parathyroidectomy could be used to first determine if these demographics are important enough to be 

considered, and if so, determine the parameter estimates for PTG size prediction for different patient 

groups.  

 


